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Preface
The present volume is an outgrowth of a Conference on Mathematical

Tables held at CaMbridge, Mass., on September 16-18, 1964, under the
auspicd of the National Science Foundation and the Massachusetts Inpti-
tute of Technology. The purpose of the meeting was to evaluate the need
for mathematical tables in the light of the availability of large scab tom-
putinglmachines. It was the consensus of opinion that in spite of the
increasing use of the new machines the basic netil for tables would continue
to exist.

Numerics!' tables of mathematical functions are in continual demand
by scientist" and engineers. A greater variety of functions and higher
accuracy of tabulation are now required as a result of scientific advances
And, especially, of the increasing use of automatic computers. In the latter

connection, the tablet serve mainly for preliminary surveys of problems
before programming for machine operation. For those without easy access

to machines, such tables are, of course, indispensable.

Consequently, the Conference recognised that there was a
need for a modernized version of the classical tables Of functions of
Jahniteamde. To implement the project' the National Science Foundation
requeeted the National Bureau of Standards to prelim such a volume and
established an Ad Hoc Advisory Committee, With Professor Philip M.
Mores of the Massachugetth Institute of Technology as chairman, to advise
theotaff of the National Bureau of Standards during the course' of its
preparation. In addition to the Chairman, the Committee consisted of A.
grdelyi, M. C. Gray, N. Metropolis, J.'R Rosser, H. C. Thacker, Jr., John
Todd, C. B. Tompkins, and 3. W. Tukey.

The primary aim his been to include a maximum of useful informa-
tion within the limits of a moderately large volume, with particular atten-
tion to the needs of scientists in all fields. An attempt has been made to
cover the entire field of special functions. To carry out the goal set forth
by the Ad Hoc Committee, it has been necessary to supplement the tables
by including the mathematical properties that 'are important in compu-
tation work, as well as by providing numerical methods which demonstrate
the use and extension of the tables.

The Handbook was prepared under the direction of the late Milton
Abramowits, and Irene A. Steffan. Its success has depended greatly upon
the cooperation of many mathematicians. Their efforts together with the
cooperation of the Ad Hoc Committee are greatly appreciated. 'The par-
ticular contributions of these and other ipdividuals are acknowledged at
appropriate places in the text. The sponsorship of the National Science
Foundation for the preparation of the material is gratefully recognised.

It is hoped that this volume will not only meet the needs of all table
users but will in many eases acquaint its users with new functions.

ALLEN *. ABT1N, Director

June 1984
Washington, D.C.



efice to the Ninth Printing
Th lenthusinitic reception accorded the "Handbook of Mathematical

Functi is little short of unprecedented in the long history of mathe-
matical tables that began when John Napier published his tables of Jogs-
rithets in 1614: Only four and one-half years after the first copy came
from the press in 1964, Myron Tribes, the Assistant Secretary of Com-
merce for Science and Technology, presented the 100,000th copy of the.
Handbook to. Lae A. DuBridge, then Science Advisor to the President
Today, total distribution is approaching the 150,000 mark at a scarcely
diminished rate.

The success of the Handbook hasnot ended our interest in the subject.
On the contrary, we continue our"close watch over the growing and chang-
ing world of computation and to _discuss with outside experts and among
ourselves the various proposals for possible extension or supplementation
of the formulas, methods and tables that make, up the HandbOok.

In keeping with previous po , a number of errors discovered since
the last printing have been . Aside from this, the Mathematical
tables and accompanying telt unaltered. ilowever, some noteworthy
changerhave been made in Chapter 8: Physical Constants and Conversion
Factors, pp. 6-8. The table on pegs 7- hes been revised to give the values
Of physical constants obtalnedlia recent reevaluation; and pips 6 and 8
have been modified to reflect changes In definition and nomenclature of
physical units and in the values adopted foi the acceleration due to gravity
in tbe revised Potedsui, system. .

The record of continuing acceptance of the Handbook, the praise that
has come from all quarters, and the fact that *is one of the most-quoted
scientific publications in recent years are evidence that, the hope expressed

/ by Dr. Astiniin his Preface is being amply fulfilled.

November 1970

Lalis IL BRANSCONS, Director.
National Bureau of Stands*
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s, F'Iresvord.
This volume is the result bf the cooperative effort of many parsons and a number

of organizations.. The Naidnal Bureau of Standards has long been turning out
mathematical tables and has had under consideration, for at least 1Q years, the
'production of.a compendium like the present one. During a a erence on Tables,
oalled.by the NBS Applied Mathematics Division on May 16, 1962, Dr. Abramo-

. wits of Abet Divisibn mentioned 'preliminary plain for such an undertaking, but.,
indicated the peed for technical advice and financial support.

The Mathematics Division of the National Research Council 'his also had an
active inkiest in tables; since 1948 it haepublished the quarterly journal, "Maths-,
medal Tables and Aids to Computation" (MTAC), editorial supervision being

--exercised by Committed of the Division..
! Subsequist to the NBS Conference on Tables in 1962 the attention of, the

National Science Foundation was drain to the desirability of financipg activity in
table production. With its support a 2-day Conference on Tables was *called at the
Massachusetts Institeite of Technology on September 16-16, 1954, to discuss the
needs for tables of varioue kinds. Twenty-eight persons attended, representing
scientists and engineer, using tables as well as table producers. This conference
reached commas on several conclusions and recommendations, which were set
forth in the pulilished Semen of the Conference. There was were' agreement,
for example, "gat the advent of high-speed computing equipment /changed the
;ask of table making but definitely did not remove the need for tables". It was
aim agreed that "an outstanding need is for a Handbook of Tables for the Occasional
Computer, with tables of usually encountered functions and a set. of formulae and
tables for interpolation and other techniques useful to the occasional computer".
The Reporesumosted that the NM undertake the production of such a Handbook
and that the NSF contribute financial assistance. The Conference elected, from its
pirtkipante, the following Coinmittee: P. M. Morse (Chairman), M. Abramowitz,
J. H. Curtiss, R. W. H nil D. H. LehMer, C. B. Tompkins, J. W. Tukey, to
help implement these and oth recommendations.

The Bureau of Fitiondardis to Abduct) the recommended tables and the
National Science Foundation m funds Wash's. To provide. technical guidance
to the Mathematics Division of the Bureau, which carried out the work, and to pro-.
vide the NSA with independent judgments on grants for the work, the Conference
Committee 'was reconstituted as the Committee on. Revision of Mathematical
Tables of the Mathematics-Division of the National Research Council. This, after
some changes of membership, became the Committee which is signing this Foreword.
The present volume is evidence) that Conferences can sometimes reach conclusions
and that their recommendations sometimes get acted on.

6



7011111WORD

Active work was started at the Bureau in 1986. The overall plan. the selection
of authors for the various chapters, and the enthusiasm required to begin the task
were contributions of Dr. Abramowitz. Since his untimely death, the effort has
continued undgr the metal direction of Irene A. Stegun. The workers at the
Bureau and the members of the Committee have had many discusidons about
content, style and layout. Though many details have had to be vgued out as they
came up, the basic specifications of thq volume have 'remained the same as were
outlinedly the Massachusetts Institute of Technology Conference of Ism.

The Committee wishes here to register its commendation of the magnitude and
quality of the task carried out by the stall of the NHS Computing Section and their
expert collaborators in planning, collecting and editing these Tables, and its appre-
ciation of willingness with which its various suggestions were hioorporited into
the plans. We hope this resulting volume will be judged by its users to be a worthy
memorial to the vial= and industry of its chief architect, Milton Abramowitz.
We regret he did not Hire to see its publication.

P. ,M. Mom,- Chairman.
A. ICangurt
M. C. GRAY
N. C. MSTROPOLIS
J. B. Rosen
H. C. Mamma. Jr.
Joax Toni
C. B. TOMPKINS
J. W. Turn.

*.t
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INTRODUCTION

3. auxiliary Functions and Arguments
One of tift objects of this Handbook is 4o pro-

vide tables or computing methods which enable
the user to evaluate the tabulated functions over

ate ranges of real values of their parameters.
In er to achieve, this object, frequent use has

Df been made of auxiliary functiont to remove the
infinite of the original functions at their

co, and auxiliary arguments to cope with
to ranges. An example will make the pro-

cedure clear.

is giv
The exponential integral of positive argument

en by

El(s) edu-ou

,

I I

z xi es1 +ln X+al+F:2+1T0+

ati+P01+1;* IX`")).17 X Xi

The logarithmic singhlarity ppdes direct inter-
polation near s.0. The functions El(2)--r1n
and efEi(a)ln sA, however, are well-
behaved and readily interpolsbli in this region.
Either will do as an auxiliary function; the latter
was in fact selected as it yields slkghpf higher

%when Ei(e) is recovered. Th
ralEi(te 111 2-7) has been tabulated to nine
decimals* for the range 0 SeS I., For ItsS2,
Ws) is sufficiently well-behaved to admit direct
tabulation, but for larger' values of e, its eipo-

-nitilial character predom:nstes. A smoother and
more readily interpolable function for large -s is.
se-13(s); this has been tabulated for 2 Sts810.
Finally, the range id Ssie is covered by use of
the inverse argument ea.,. Twenty-one entries of
ater*Ei(x), corresponding to artm.1( .005)0, suf-
fice to produce an interpolable table.

4. Interpolation
The tables in this andbook are not provided

with differences or of aids to interpolationibe-
cause it was felt that e space they require could-
be better employed by he tabulation of additional
functions. Admittedly aids could have been given
without consuming ex space by increasing the

_._intervals of tabulation, ut thiswould have con-
flicted with the require ent that linear interpola-
tion is accurate to four five figures.

For applications in w 'oh linear interpolation
is ins ciently &Acura it is intended that
litirrgeinear interpolation' e used. To &lip the

's formula or method of iters-.

user, there is a statement a the foot of most tables
of the maximum error in\ a linear interpolate,

d the number of function values needed in
's formula or ken's method to inter-

polate to full tabular cy.
As Cu example, cone er the following extract

from. Table 5.1.

utak (s) s xeRi (x)
7.5 .89298 7654 8.0 89828 7113
7. . 89384 83 & 1 . 89927 7888

'7. . 89497 S. 2 . 90029 7308
\ 7.8 . 89808 8787 8.3 .90129 eon

7.9 .89717 4802 8. 4 .90227 4895

r(-6)1
L 5

The numbers in the square brackets mean that
the maximum error in a linear interpolate is
3 X10-', and that to interpolate to the full tabular
accuracy five points must be used in Lagrange's
and Aitken's methods.

sA O. AIWA. On Mendelian bgtiSiton of propettypel pirti, with.out tits ea of quorums. nit NM 500. OM.

Let us suppose that we wish to compute the
value of zeiA(x) for s.7.9527 from this table.
We describe in turn the application of the methods
of linear interpolation, Lagrange and Aitken, and
of alternative methods based on differences and
Taylor's series.

(1) Linear interpolation; The formidiflOr Oki
process is given by

Jo=(1Pifo+Pfi
are consecutive tabular values of the

funct
n,

corresponding to arguments si, re-\
!pact vely; p is the given fraction of the argument
mtertal

P=4-24/(x1--zo) ,

and f, the required interpolate. In the present
instahce, we have

fo....89717 4302 . J, I= .89823 7113 pi= .527

The most convenient way to evaluate the formula
on a desk calculating machine is to set Jo and fi
in turn on the keyboard, and carry out the multi-
plications by 1p and p cumulatively. a Partial
check is then provided by the multiplier dial
reading unity. -We obtain

ham
.8.
(1 .527)(.89717 4302) + .527(.89823 7113)
974103.

Since it is known that there is a possible error
of 3 X 10- in the linear formula, we round off this
result to .89773. The maximum possible error in
this answer is composed of the error committed
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by the last rounding,. that 'is, .4403X10I, plus
, 3X10-0, and so certainly cannot exceed .8X10-

(2)F's formula. In thin example, the
relevant formula is the 5-point one, given by

fi=4-141i-s+A-141,-11+44(Plfo+A(Ofs
+411(P)fi

Table. of the coefficient* As(P) fale_sixes bhnlAte
25 for the range p=0(.01)4: We evaluate the
formula for p=.52, .53 and .54 in- turn. _Again,
in eackevaluation we accumulate the Ab(p)' in the
multiplier register since: their sum is unity. Ws
now have the following subtable.

sett (s)
7.952 .89712 9757

10622
7.953 .89774 0179 2

10620
7.954 .89775 0999

ligeriz.-

104.. Vs.1

iv

XI

The numbers in the third and (mirth Wilma are
the first and second differences of the values of
se/Ms) (see below); the smallness of the second
Magnin provides a check on the three inola-
tions. The required value is now obtai by
linear interpolation :

1,=.3(.39772 9767) +.7(.69774 0379);

.1773 7192.

In cases where the correct Order of the Lagrange
polynomial is not known,. one of the
interpolations may have, to be perfornied wi
polinomials of tivS,Or morellifferent orders as a
check on their adusaiy.

(3) Aithert's mod of iterative linear intarpoliir
Lion. The scheme for out this pude
in the present example is as fo ws:

N ,
1 7.9 .89717 AS .89773 44014
2 8r 1 .89927 7899 . 89774 48264 .89773 71499
3 7. 8- . 99999 8737 3 90220 2394
4- & 2 .. MIN 7306 4 una 1210
6 7.7 .89497 9004 2 1U-91 ' 2700

iM "I
11104.

1 Istu Xi

111*'-'1111 i1..

411 . ..04.1.?.
1.11"" 0.1.. or-l1

w.1. .It 11i
ti

-s1al14

If the quantities 41-11 and ate are as
multipliers when forming the cross-product

used
on a

desk machine, their accumulation (14-2) (sq a)
in the multiplier register is the divisor to be wood
at that stage. An extra decimal place is usually
carried in the intermediate interpolates to safe-
guard against accumulation of rounding errors.

The order in which the tabular values are used
is immaterial to some extent, but to achieve the
maximum rate of conVergence and at the same
time minimise accumulation of rounding errors,
we begin, as in this example, with the tabular
argument nearest to the given argument, then
take the nearest of the remaining tabular argu-
ments, and so on.

The number of tabular values req to
achieve a given precision emerges nat y in
the course of the iterations. Thus in the , t
example six values were used, even t was
known in advance that five would The
extra row confirms the convergence and provides
a valuable check.

(4) Difference formulas. We use the central
difference notation (chapter 23),

. 89773 71938
16
43

Here

so

Xi

. 004
3.62773

.1473

.16 27
89773

24
71930 . 73

30 .212?

se

-*Is!.
risn

SY4'
,Jon,Jon

4lse.11-11,

efssYs...is Ws+ WIf
sTs..010-01sis...1. Vs+ afs +le

and so on. .
In the present example the relevant part of the

difference table is as follows, the differences being
written in units of the last decimal place of the
function, as is customary. The smallness of the
high differences provides a check on the functlonN
values

zllt(s) sof ,/$41
7.9 .89717 430: 2 2754 34
8. 0 .89823 7113 2 2036 39

Applying, for example, Everett's interpolation
formula

+efl+FM011+Pap)1411+

Lion E1(p) AO, Fo(P) andtairt; .

and , the numerical values of the in

from Table 2r.1, we and taat

, I

12



XII NTRODINTITON

107iff a= .478(89717 4302)-1..051198(2 2754) - .012(84)
+.527(89823 7113) + .083439(2 2038)- .012(39)

=889773 7193.

We . may notice in passing that Everett's
formula shows that the error in a linear interpolate
is "proximately

14(iYP1o+ PM.% 0s MA(P)-1-PAP)ilatfo+ Pfd

Since the maximum value of I.E,(p)+A(p)I in the
range O<p<I is 3i, the maximum error in a linear
interpolate is approximately

38 151.4+./t1. that is, ro Ifs-ft -/o+/-11.

(5) Taylor's series. In cases where the succes-
sive derivatives of the tabulated funn can be
computed fairly easily, Taylor's expansion

r(v4)AO-VW + 1T + -z41 -11-
+(2-sorqsa

8 +

ern be used. We first compute as many of the
derivatives f(*)(4) as are significant, and then
evaluate the miss for the given value of z.
An advisable check on the computed values of the
derivatives is to reproduce .the adjacent tabular
values by evaluating the serif for z==z..1 and A.

In the present example, we have -

.seue)

With 4=7.9 and z-A=.0527 our computations
are as follows; an extra decimal has been retained
in the values of the terms in the series to safeguard,.
against accumulation of rounding errors.

k fonvjlkl (2 -at) Ikl
0 .89717 4302 .89717

Vote)
1 .01074 0669 .00058 8033 3
2 -.00113 7621 -.00000 3159 5
3 .00012 1987 .00000 0017 9

.89773 7194

5. InvereeInterpolation
With linear interpolation there is no difference

in principle between direct and inverse interpola-
tion. In cases where the linear formula provides
an insufficiently accurate anewer,'two methods are
available. We may interpolate directly, for
example, by Lagrange's formula to prepare a' new
table at a fine interval in the neighborhood of the
approximate value, and then apply accurate
inverse linear interpolation to the subtabulated
values. Alternatively,. we may use Aitken's
method or even possibly the Taylor's series
method, with the roles of function and argument
interchanged.

It is important to realize that the accuracy of
ian inverse interpolate may be very different from

that of a direct This is particularly
true in regions where the function is 'slowly
varying, for example, near a maximum or mini-
mum. The maximum precision attainable in an
inverse interpolate can be estimated with the aid at
the formula

ird 4141

in which 0J is the maximum possible error in the
function values.

Example. Given mai (s) = .9, find z from the
table on page X.

(1) Inverse linear interpolation. The formula
(or

Inverse

P= (J,-fo)/(ft -/o).
In the present example, we have

.9 - .89927 7883 - 2112
52I .90029 7806- .89927 73881..101- 9418-.7 7 :

The desired xis therefore

te274+ p(21-4) mu ILI + .708357(.1)1M 8.17083 57

To estimate the possible error in this, qnswer,
we recall that the maximum error of dirk* linear
interpolation in this table is gif=3X 10'4 An
approximate value for 4fids is the ratio Of \the
first eifference to the argument interval (chapter
25); In this ease 410. Hence the maximum error
in 'x anroximately 3X10-0/(.010), that is, .0003.

(ii) SObtabulation method. To improve the
approximate value of z just obtained, we inter-
polate directly for p.v.70, .71 and .72 with the aid
of Lagrange's 5-point formula,

& 170

& 171

& 172

CO

.89999 3883

. 90000 3834

.90001 3983

a at

1 0151

1.0149
-2

Inverse linear interpolation in the new table
gives

.9- .89999 3883
P"" .000010151

m.6228

Hence 2.8.17082 23.

An estimate of the maximum error in this result
is

1

:0X101i
1=1X10-7

Aft Z.8

(iii) Aitken's method. This is carried out in the
same manner as in direct interpolation.

13
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The estimate 4 the maximum error in this discrepancy in the highest interpolates; in this

An indication of the error is also provided by the .. .

result is the same as in the subtabulation method. On 0e4.1.84A. and 44.8..

6. Bivariate Interpolation'

Bivariate interpolation is most simply
performed as 'a sequence of univariate interpola-
tions. We , out the Interpolation in one
direction, by of the method,' described,
for several ular values of the second argument
in the boyhood of its given value. The
interpPl'ates are differenced as a cheek, and

Generation of Functions

Many of the 'special mathematical functions
which depend on a parameter, called their index,
order or degriee, satisfy a linear difference equa-
tion (or recurrence relation) with respect to this
parameter. Examples are furnished by the Le-
gendre funetion P(x), the Basel function ,/,;(x)
and the exponential integral Es(x), for which we
have the respective recurrence relations

(a+ 1) , (2s+ 1)2A.f.

.4+

01.41+safingsr.

Particularly for automatic work, recurrence re-
lations provide an important Lind powirful com-
puting tool. If the values of P.(s) or%,/,,(0) are
knowb for two consecutive values of rq, or E,(e)
is known for one value of n, then the function may
be computed for other values of n by successive
applications of the relation. Since generation is
carried out perforce with rounded values it is
vital to know how errors May be propagated in
the recurrence process. If the errors do not grow
'relative to the size of the wanted function, the
process is said to be stable. If, however, the
relative errors grow and eventually over-
whelm the wanted function, e process is unstable.

It is important to that stability may
depend on (i) the partic4tr solution of the differ-
ence equation being computed; (ii) the values of
a or other parameters in the difference equation;

interpolation is -then carried out in the second
direction.

An alternative procedurciti the of functions
of a complex variable is to use the aylor's series
expenteon, provided that successive derivatives

.of Ills function can be computed/ without Much
Malty.
from Recurrence Relations

(iii) the direction in which the recurrence is being
applied. Examples are as follows. .

Otsbilityinoresoing *

PK111.1)
Q.(x)f 92(x) (a<1)

K,(s)
J.,44(x), /-e-*(2)
4(4 .(s<x)

Otabilityclooreselng

PlAsb P:(x) (5<1)'

0.(s), Wx)
4(a) 11410

1.000,sie+s(a)
r- (0>x)

PIA; (Coulomb wave function)

Illustrations of the generation of functions from
their recurrence relations are given in the pertinent

Veitacasess. It is also shown that even in ca
w re the recurrence process is unstable, it may
still be used when the starting values ire' known
to sufficient accuracy.

Mention must also be made here of a refinement,
due to J. C. P. Miller, which enables a recurrence
process which is stable for decreasing n to be
applied without any knowledge of starting values
for large n. Miller's algorithm, which is well-
suited to automatic work, is described in 19.211,
Pau* 1.
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TABLE 1.1. MATIERSIATICAL CO1STAN'111

s(prime)
$ 1.4142

7 1

.."(4 lien
ow UM n, 9

67891 79010 47117

* 1...-

2
1 1 1U $1338

T.
3 la
4 14.
8 2 1.
4 24
T 3 1.
$ 32.

3 & 100
10 4 12020 4879'480

* . 01
1 1.3140 OM .27192 0000

4
t1 16881 ra2 78680

3

1
6

1.
7 I. 0623 2
8
9 111. M

10 13 4.4901

I. ( 1) 1. 3184
O 1.7110

3
4

0.
L
1.

.
1

8 L 2
8 1
T 1
8 1

2.
10 1
11

,9
19
23
so

11
41 1 /1
4$ & 7012 00118

10610

26224 14792
72417 90019

1s

12217
2011

84190
79862

11090

96790

a

10m 31622 77680 141887
1Pm 1 18 34890 0188
10Im 1.7782 10 03892

00
10Pm r 4111 11114111

Mg
10
10Im

10000m
100Pm 1 öio

Pm , 1.
Pm ' , 1
2111 .1.1090 0711
lam "1.3100310 74012
Vim - 7. 0710 88847
3-Im - 1 .4.7735
6-am - 1 4 4731

1 131
. ..

Om , 4 8104 1
VI' 2193$rob (= 1) 1 0787 81
cm ( - 1) 4 8193 81:65 WO$i oil 91 70012

fam
an

1 SUS 12428
ram (...! 1) T. 103 13103 73789 MU

\ a r.
1 -1 30787 71442
2 - 1 1 380

IN
38612

3 - 2 4 9787
4 -2 1 8311
4. -317379
IN - 3 2.4787
7 -4 1 1188 19088 34616 1 , ,

8 - 4 3.3641 02311
11.-4 1.2340 40 80879

10 -5 4.5399 92878 24848 61 89182

* re*
1 (-2) 43213 91820 II 49774
2 - 8 1 8074 .88144
3 - 3 * 0699
4 - 4 1 4873
8 - 7 1. 3070

- 9 1 6124
7 -10 1 8142
8 -11 L 2Th
9 -13 S. 1554 8317$

10 -14 1 2711 0100 32409

r (- 2) 1 8988 03884 83126 37077
ry (- 1) 26145 94838 08888 . 18982

2 -1 30102
3 -1 4 7712
4 -110205
3 -1
7
0 -1

-1
8 -11
9 -19.

10 1.
11 1.041
13 1.
17 1.
10 1.
28 1.

III
14623
1.

37 1.
41 1.
48 1.

MIN MS IL

140111 ,

900110 83981 1U21 37889
12647 19462 48 802/9

13 it , 777$

il±,4

-4-4 4-4.

rfst

17
6 , ;



. 14ATNIMATICAL CONSTANTS

TABLE 1.1. MATHEMATICAL CONSTANTS-Continued
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2. Physical constants

The tables in this chapter supply some of the
more commonly deeded physical constants and
conversion factors.

The International System of Units iSI)
established in 1960 by the General Conference

- of Weights and Measures ender the Treaty of .

. the Meter is based upon: the meter (m) for
length, defined as 1 650 763.73 )wave-lengths'
in vacuum corresponding to the transition

`102p,,,-5d# of krypton 16; the kilogram (kg)
for mass, defined as the mass of the prototype
kilogram at Sevres, France; the second (s) for
time, defined as the duration of 9 192 631 770
periods of the radiation correspondinglo the
transition between the two hyperfine levels of
cesium 183; the kelvin (K) for temperature,,

. defined as 1/273,16 of the thermodynamic tem-
perature of the triple point of water; the am-
pere (A) for electric Icurrent, defined as the
current which, if flowing in two infinitely long

--parallel wires in vacuo separated by one meter,
would produce.a force of 2 x 10-, newtons per
meter of length between the wires; and. the
cdndela (cd) for luminous intensity, defined as
the luminous intensity of 1/600 000 square
meter of a perfect radiator at the temperature
Oning platinum.

All ogler units,of SI are derived from these
base units by 'assigning the value unity to the
proportionality constants in the defining equa-
tions (official symbols for other SI units appear

Tlbles 2.1 and 2.25. Taking 1/100 of the

Moo also "Protoes to Moth Pitotioi." pay Ms sod pop IL

r.

-

and Conversion Factors

meter as the unit for length and 1/1000 o the
kilogram as the unit for mass gives rise Oimi- *
larly to the cgs system, often used in physics
and chemistry. j

SI, as it is ordinarily used in electromagne-
tism, is a rationalized system, i.e.; the electro-
magnetic units of SI relate to the quantities
appearing An. the .so-called rationalized electro-
magnetic equations. Thus,. the force per unit
length between two current-carrying parallel
wires of infinite length separated by, unit dft-
tance in vane is 2f =14,1,1,44, where on has
the value 4, X 10-111/m. The force between
two electric charges vacuo is corresponding-
ly given by f = q,q,/ smile, to having the value
1/009% !here c is the speed of light in meters
per second. (#08.854 x 10-,sF/m)

Sitting po equal to unity and deleting 4f
from the . denominator in the first equati
above defines the cgs-emu system. Setting le
equal to unity and deleting 4, from the de-
nominator In the second equation correspond-
ingly defines the cgs -dsu system. The cgs-emu
and the cgs -eau systems are most frequently
used in the unrationalized forms.

Table 2.1. Coinmon Units and Conversion
Factors, CGS System mid .S1

Quantity
SI

Name
CGS
Name

...1-----,

Factor
Force
Energy
Power

newton (0)
joule (111
watt (W)

dyne
erg

- 4t

10'
10/
10/

Table 2.2. Names and Conversion Factors for Electric and Magnetic Units

Quantity .

J____ . ,

SI
name

emu
AMMO

-

eau
name

emuSI
factors

essSI
factors

Current
Charge *

Potential
Resistance
Inductance
Capacitance
Magnetising force
Magnetomotive forte
Magnetic-flux
Magnetic flux density
Electric displacement '

ampere (A)
coulomb (C)
volt (V)
ohm On
henry (0)
farad (F)
A m-1
A
weber (Wb)
teals (T)

,abampere
abeoulomb
abvolt '

gabohm
centimeter

oersted
(filbert
mum!!
gauss (0)

statarnpere
stateotlomb
statvolt
atatohm

centimeter

...e

_I

10-1

10-1

101

101 ..

10'
104
4, X 10-'
4w X 10-i
101

10'
10-1

....4 X 10'
'3 X 10'

(1/8) X 10-'
^.(1/9)x 10-11
.(1/9) X 10'11
..9 X 10"
al X 10'
....snoi
...(1/8)X WI

1 mw(1/0)X 10-'
3 X 10'

Example: If the value assigned to a current 160amperes its ohm in abamperes is 100 X 10-1 ov 10.

6
el
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PHYSICAL CONSTANTS AND CONVERSION FACTORS 7

The values of constants given in Table 2.8 are' booed on an adjustment by Taylor, Parker, and Langenberg,
Rev. Mod. Phys. 41, p.376 (1989) . They are being considered for adoption by the Task Group on Fundamental. Cony
stunts of the Committee on Data for Science. and Technology, International Council of Scientific Unions. The uncer-
tainties given are standard errors estimated from the experfinental data included in the adjustment.
table, values are based on the uuified'seale of atomic masses in which the atomic mass unit (a) is defined as 1/12 of/
the MIMI of the atonsof the 2V nuclide.

,Table 2.3..Adjusted *slues oreonstants A

Constant . Value Uncer-
tainty

Unit

Systeme International
(Sly

Speed of light in vacuum
Elementary charge

Avogadro constant
Atomic mass unit
.Electron rest mass

Proton rest mass y:

Neutron rest mass st.

Faraday capstan /
1

Planck constan I A.
X

Fine structuz7 constant
1/

forCharge to 'pas ratio f. electron elm.

Quantum barge *tie We

1

Na
U

Compt,i wavelength of electron

Campion wavelength of proton ...t

It berg constant
hr radius

ron radius .t.
Gyromagnetic ratio lot proton

(uncorrected for diamagnetism,
ILO)

Bohr magneton
Nuclear magneton
Proton moment

(uncorrected for diamagnetism,
ILO)

Gas constant
0 Normal 'volume perfect gas

Roltsmsan constant
First radiation constant (Sake)
Second radiation constant
Stefan-Rolternann constant .....,
Gravitational constant

Ao

Aar
xe.
xo../2*
Roo
o
V.

'taw.

112,
Ma

Nr

OA*

I

2.997 925 0
Lop 191 7
4.808 250
8.022 189
1.1180531
9.109 668

1 14.
1 878 81
1.874 920
1.008185 20
9.848 870
2.892 699
8.828 198
1.054 691 9
7.297 851
1.170 NO 2
1.768 842 9
5.2/2 759
4.135 708
1.319 528 4
2.428 309 If*
3.881 592
1.321 440
2108189
1.097 878 12
5.291 771 6
2.817 939
2.875 198 5
t257 707
2476 127 0
4.267 597
9.2'74 096
5.050 951
1.410 820 3
2.792 182

2.792 709
8.814 34
2.24186
1.380 822
4.992 679
1.438 833

(11

8.873 2

±10
70
21
ao
11
54
84
11
8

11
10
54
18
so
so
11
21
54
18

48
14

74
12
90
14
11
81
18
88
18
82
18
85
50
99
17

17
85
89
59
38

98
81

81

x10$ m/s
1041 C

101$
10-11
1041
10-'
10-1f
100
10-1f
10.
10'

mo1-1
kg
kg
u .

kg.

kg

C/111.0).

1044 .1s
104
10'
1011 Meg

1041 J WC

1041 m
104$ m
1041 m
1041 .m
101 m-1
1041 m
1041 m
10' rad 10 T-1
10' 11s/T
10$ rad r1T-1
101 MIT
10-" 3/T
104/ 3/T
Wu VT
106

10
10'

10-"
1044
10-1
1041
1041

K-4 mol4
ms/mol

J m
m K
W m4K-4
N mi/kg$

X1010
10-"
1040

101$
10-12
104$
10-'
.104$
10'
1044
101
10'
.1012
10-11
1041
10-$
10'
101

1011

10-f
10-n
10-14
1041
104$
1042
101
10-1
104$
104
101

IV
10$
1041
104*
10-"
10*

10*
101

10'
10-14
1041
10
104
104

em/s
enwegue
emmiguirl t

g

g

cm1/1g1/11mo1-1*
t

erg 1
erg s

;.

entiligla
antAr1its-1 t

emingt/O t
CM

cm
cm
Cman'
em
em
red 00-I*rico
rad s-10-4
rte.)
ers/G
erg/0
erg/0

erg K-1 mol4
emihnol
erg/K "erg

an
emK
erg. em-4-11C-*
dyn WV

*Based on 1 std. dev ; applies to last digits in preceding column. *Electromagnetic system. tElectroitatie system.

21

I

I ,40 44
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PNISICAL CONSTANTS ootivintsiowpwrata

Table 2.4. Miscellaneous Conversion Fnetorfrom"

= 9.806 65 meters pet second per second*
= 1.018 25 x` 10' newtons per square meter*
= 1.01125 x 10' dynes per sealers centimeter*
= 4.1840 Joules*
= 4.1868 Joules*
= 104 cubic meter*
= 1041 meter*

L;.-- . Standard gravity, go
:1 Standard atmospheric pressure, P.

.

r:., 0 1 theimodynamic calorie; cal.
;,;;:,..-. \ 1. IT calories, cal,
,=.,.- ,1 liter, 1 . 1 i

:.i.":- 1 angstrom unit, A.:-. ,

:-:. 1 gal
;;:..

:,--

1 astronomical unit, AU1 lightyear-
,.-.. 1 parsec

i,..'
,

1 curie, the quantity of radioactive material undergoing 8.7 x 10" disintegrations per d
',..-. .I roentgen, the exposure of x- or gamma radiation. which produces together with its
.--.',. , 2.082-x 10' electron-ion pairs in 0.001 298 gram of air.

. . \

10' newtons per- squire meter*
UP *nes per square centimeter*
104 meter per second 'per second*
1 centimeter per second per second'
1496 k 10" meters
9.46 X 1011 meters
8.08.x 10" meters
as light Pm

..

The index of refraction of the atmosphere for radio waves of frequency less than
. is given by (et 1)101 = (77.6/t) (p + 4610e/t), where n is the refractive index; t,

in kelvins; p, total pressure in miMbars; e, water vapor partial prostate in mitlibars.

Factors for converting the customary United
States units to unite .d the metric system are
given In Table 2.5.

Table 2.5. for Converting Customary
U.S. ono SI Units

1 "yard 0.9144 meter*
1 foot 0.804 meter*
1 inch b.025 4 meter*
1 statute mile 1 609.844 meters*
1 nautical mile (inter- 1 802 meters*

national)
1 pound tavdp.) 0.468 592 87 ldlogram*
1 on (avdp.) 0.028 849 52 ldlogrion

.1. pound force 4.44822 newtons
1 dig 14.598 9 *Winne
1, poundal 0.188 265 newtons
1 foot pound 1.85582 joules
Temperature 82+ (0/5) Celsius

(Fahrenheit) temperature*
1 British thermal unit' 1055 Joules

Used principally by chemists.
$ Used pin** by saghwera,

from nesse of the men
Various definitions slim= the &Nish thermal mit. This represents a roweled men value Main

by mere than in 10'.
*Most vales.

Geodetic conitaitts for the
(Hayford) spheroid are given

.1he gravity values- are olio
vised Potsdam value. They are

million smaller than
ealeidated for the surface

the international formula.

Mehl* L6. Geode*.

1011 Hs
_1 II. .1

*mid
Table 2.6. .

of the re.
14 parts

values. They
the geoid bi

.

to
trz,aS 878 8811 in, 1/297; =6 856 912m

a : of
latitude If 1 g

longitude .

Meters . /I , ath41
0° 1 855.898 1 842.925 9.780 850

15 1792880 1 44.i7o \ 9.788 800
80 1608.174 1 j41.580 9.798288
45 1814.178 I/ 9.806 154
60 980.047 866.951 9.819 099
75 481,725 860.401 9.828 698
90 0 it 861.666 9.882 072

, .
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,...

14
LL WM. Swiss ,

. 14
3.7. Mambos anditmetioa 18
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3.11: Use and Extension of the Tables 1. 19
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111461011114111 21.31

Table LL Powers aad loots . . . 24
p,431(1)10, 24, 1/2, 1/3, 1/4, 1/8

w-2(1)909, Exact or 108

' . A

The author seknowledips the Moloteam of Peter J. O'Hara and Kermit O. Nelson In
the prepsietion and *bookies at the table of powers and roots.

* nasal Bureau of Stredsrds. (DamimmL)

e
-

23

rI



NI5.5P,A-.9W75.704.7477W4--
.

- \

:

.

3. Elementary Anal cal Methods

3.1.4inemial Theorem and Binomial Coe*.
eisoilas Arithmetic and Geometria Preps)!
shoes Asithmetle, Geometric, Harmonic and
Generalised Means

Thosteot
3.1.1 ./
(414-101=a4+(1)-'64%) all-fr

2

3 :
4

(a a positive integer)

I1.-1u1 C#000.1611il (ate chapter SO .:

es
0.4.414.,s(1-1) (alk+1).

Li (*k)lki

3.1.3
(kn-1\

k
,

----- 3.1.4 C":1)4n0-1411)

3.1.5 (110).00.1

3.11 1 .

3.1.7 ...

Tobis of I4.omW Coe/Meow (71)
te.

3.1.8

h 0 1 2 3 4 8 0 7 $ 9 1 0 1 1 12

1....
2....3....
4....
6....
6....
7....

10....1...:
12...

1

2
3
4
6
6

7

t
I?
12

1

3
6

10
16

21

it
413I
96190401

I
4

10
20

38

51-126

t

I
II

18

38

i .

I
6

21

1341

10
924

14.1"4G20

I

li ii
66

1
12

.

1

For a more extensive table see chapter 24.

Igoe pis IL

10
11

3.1.9

,
4
VI

"SJ

sum of Atithotiotle litopados to a Tunis

a+68-1:10-149+244+ -1-(1+(n-1)d)
1 *mota+-11*(a-1)d, (a+

list term in serimeolgoo-1-01-1X

Sum of Geometric Psopesdos to a 'Tann

3.1.10

Alt=o+sr-1-00+ r
Urn =4/(1-4 (-1<r(1)

s

Aidthototio Mato of o QuoatItlos A

5.1.11

Goosootais Moss ot Quantities 0

3.1.12/G=(aas. Qui (4>Orkm 1 2,

atemosio Mesa of o Quantities
3.1.13

rmi kainV (I) (a.>0, 6.1, °I)

GourooNoed Mao

M(1)=4 air
3.1.15 ii(t)...0(1.<0, some a. zero)

. \
3.1.16 lim M(t) =max. (at , at,

3.1.17 lim M(t)=min. (e4,at, .16)=min. a

3.1.18 lim Mii(t)=6/)
3.1.19 111(1)=A

3.1.20 M(-1).51/.
3.2. Inequalities

Moths, Between Atithomotie, Geontottio, Ilosomotile
and Gontoollood Mows

3.2.1

44(411, equality if and only if aismaligt . =a.

3.2.2 min. a<M(1)<maz. a

24



ALIIIIIIINTARY ANALYTICAL METHODS

a(0<max. a

equality* holds if all al are equal, or ii<0
and an 0, is Niro

3.2.4 M(1)<M(e) Kaunkes all se are equal,
or *4(0 and an so, laser°.

Triangle Isegualties

3.2.5 IftllealSlari-atiSlati-i-1441

3.2.4 1A41.5A141

Chayslues buqualt7

ilikaskask ka*
b.ikeikesa ken

3.2.7 sA. 4,64aCtaiXA iss)

Ender. luegualty Air Sumo

1 1
If --i-c=1,P>t, 4>1P

3.2.8 *hisct lovr(A, ikier;

equality holds if and only if 16,11=clesei (emcon.
stant>0). 11pq=2 we get

3.2.9

nabsTA al 6$ (equality for asmobk,

constant).

. Canby% luequallty

Haider% buqued lee Innen*

If P>1; 9>1P f /
3.2.10

//
ElMikdxS[rjAsWdz]"[EitOlids]

holtif 3 and only if 1041olfiseAra
$

If r-em2 we get

Us

3.2.11

LEMPWarSf yoga f' coma

Aanian's

Anshoweld's biegualty for Sum*

If p>1 and ak, bk>0 for ell k,

3.232
,

lip
04)"'

11

equality holds if and only if 30;essi (csoon.
stant>0).

hisqualty. An Integra,

n P>l,

3.2.13

u
(fm-Fololvdx) Novdx)

,/

+u l000lkix)UP

equality holds if and only if g(x)=4(x) (c.00n-
stant>0).

3.3. Rules for Differentiation and Integration
Derivatives

d du,
3.3.1 E ,

17) constant

3.3.2
d dud.

3.3.3
d \

d

a Nom% 644

3.3.4
osno.vds/dsveudvidx

3.3.5 u(v)=4$

3.34 als00=1" (E+. I;E)

UMW. Thliatelli ger Ditiscenuation of an inteps1

3.3.7

25
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ii,
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01110131TART ANOATICAL =MOM

lands% Thssear for DIllareadatiss at a !sudsy* The rourmag fo,mula areWWIIl for evalustibg

13.3.8
. .

. . de inN 01-1% (Po
ail mini?

11 277-4 iik,2/ Erli-

. /s d"-Ps . et
% *kr)

3.3.9

11

3.3.12

.1

3.3.13,

I dtit

ZroziPlYs
Our

Inteiratlas br req. ,I.
"semi. astfrds

.fidedsm(filds) gAffkts): dx
laterisis ditatiessal Alaihrsde rusetions

(Intagration constants are omitted)

L3.14 f(sx-fordrim(42+6)11+1 (fled 1)s(s+1)

3.3.15

"46
3.3.417

3.3.211

3.3.29

&LSO

fde
iTioniinos.foi

+a

01. is substages.

3.3.16

L+te+e).` 40117..W arotsu 4412

(P-44K0)

50-101. Pag+eW-4*;
12atiob.4-(P-40

3.3.18 (61-4seg,0),

3.3.17

2.
3.3.19

3.3.30

dxr
01-140)4+441U- In I:41 (a4.40)

3.3.21 !Few 12:

Anli In las+ POI

14X.:971 in MI3.3.23
dx

3.3.24 f no mew ;+2,001+A

fpit51-2.;11.,+Lin10

low& et Instiosal airteraie Fsgtetlen

63) rt41° 1.1416rj Pd<°)
dx 2 rd(o )44x lin

I 1 /2611-Fad-1-641

unRaPM VVZ-Z--) (b>01d(0)

nap 111 libd(a+ 684P4+ (id>o)

d-syrk-4,-6-Trigh-larareularrre cdold-egoo)

nd(ad-1-60»u411112=111-711:46$111

28
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3.3.111

(41+62)41+6)Pads

.(a-14)+26(0-1-ds)
46d 1011+02)(04.dcui

Wierle 1i(4-1-1401:+amu*

111MMITART,

3.3.33

fr:41-41119 te.4101+ex)(0+6)11n
dx

i(1-1-14)(e+Sz)]in

fJ (01-1-14+0
-a1 1200(ex+bx+0)11-1-242-141(e>0)

axcsinb

(>O, 440>10)

ma-in In 12ex+61(00, P-4,)

.--(d)in arab (242+0
(P-4ec)n

OK0, M>400, 1242+41<00-40111)

i=a-us

f(a ++.)x-6 (ate+bx-1-.)us

4.0-10 eh;

Se (ax1-1-bx+c)14

f dx
alexi+lax-Hue" (44.6.444spi walwav /mer a

Lan

f 444+1:+414

1.4(astfbs-MinL f (48?+(te+o) b

3.3.40 f(1,_1n ix+ (0±0.1

11.2.41

f(10qalialA (21±0.4. lx-1- WI

3.3.42

11.11.43

3.3.46

3.3.41

3.3.48

:1311TEOD5

-11.4t

18

fOtaxx5idxJqL) (24x--25.4 arab

3.3.49

J (at" +40+001
1

umigadWil
arc

3.3.30

.70

.4;

In lib r114;et114.1

3.4. Limits, Maxima and Minima

bideteradaste Emma (011espbars Rub) '

3.4.1 1st f(s) and g(x) be differentiable on an
interval aa<b for which //WOO.

If
limf(x)=0 and g(x)=0

ta.4-

or if
limf(x)ces end lim g(s)=5

#4410-

and if

lim
e4t-.

I then limI/4 g
Both ê and 8 may be bite or infinite.

27
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111=11)1TAST MIAOW* NIMROD&

Mashies sod Minima

3.4.2 (1) Functions of ON Variable
The function 1.2.1(s) bee a maximum at a =;

if 1%4)=10 and j"(zo)<O, and a minhntun at
simozo if f(zo)=00 and f'(;)>0. Points ao for
which f(zo)=0 are called stationary points.

3.4.3 (2) Penutiorte. 41 T,w Variables
The hmetioni(s, y) has a maximum or minimum

for those values of (zo, yo) for which

and kakwhioh I %TY /lazazity <0;

(a) f(s,y) has a maximum "2

if 00 and $4<0 at (zo,y0),.

:(b) j(z.,y) has a minimum

if i0 and at (xo. Ye).

3.5. Absolute and Relative Firers

(11 If arc is an approximation to the true value
of s, then

3.3.1 (a) the absolute error of at is Ar=k2oS,
szo. is the correction to a.

3.5.2 (b) the ralatics error of zo is 6.1rtr not

3.5.3 (c) the percentage error is 100 times thet
relative error'.

3.5.4 (2) The absolute error of the slim or
difference of several _numbers is' at most qquial to
the sum of the absolute errors of the individual
numbers.

3.5.3 (3) If f(si, so, . . so) is a function of
al, as, as and the absolute error in so

(i.1, 2, . . . is lab then the absolute error
in,/ is

4foo- Axs+-. IA+ +-I' la.
ail ass bxs

3.5.4 (4) The relative error of the product or
quotient of several factors is at most equal to the
sum of t' relative errors of the individual factors.

3.5.7

(6) If y=1 f(s), the relative 'error1pIvA

Nopreabsate Values

It 1.1<<1, lxi<<1, KO,
(a+br Pgai-Fka*-4

(1+40+1000-1-e-i-n-

3.5.8

3.5.9

1 4-4
3.5.10 1:1-1.661+"

3.6. Infinite Series
Tay/ae's Formula for a Susie Voidable

3.6.1

fix+/OiN.100-1-hr(s)4/"(s)
hi-t

-3.6.2

lt
Re=aP4(x+.21004FTi(1-01)171i(4(i 4-9111)

(001,1(x)<1)
3.6.3

r
1.2(110

g) sr. If be (x+iptit

3.6.4

fix)-1044-74i'00-1-V2i"(a)+

+(x-11)".01-1)(10(ni)1.

3.6.5 Rs=27211/(44)
111 ,

Lagesuge's lapauslon

If WPM. Vo24(x4), PA) 001 then

3.6.6

(a<1<x)

kr)sltii. (fix)

v3.6.7

igs)aufAxv).

+A. ki-ra:14(x){.434YAs.
where g(z) is any function indefinitely differs)
able.

Sides
3.6.8

I (1+4'img0sh

28
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3.6.9

(1+Ohnit-i-aa+V As+41-131a-2)0+ . .1

SLZSEINTABY ANALYTICAL 1M O$0

8.6.10

(1+2)-6=1-x-Fas-0-1-44- (-10<1)
3.6.11

(1+46d+1.1s.i.f_g_484,11.r.i....

. (-1<x<1)
3.6.12

(1 +x) 1 -4-1.-11811-54 -4-8-2251.

2310
+-R-424 - . . . (-1<z<1)

3.6.18
1 5 10 A(1-1-41.1tx, si+u

22 154

+F20 zi6581 xi+ : - 1 <x <1)

3.6.14

0+4-64.1 .2
3 --F9

91 1. 728 _s

729
0.
-rail (-1<a<1)

eiPann'en

15

Aorreptetis Svenska.

3.6.15 A series oars is said to be an asymp-

totic expansion of a function fix) if

/WA-% asz-4=0(s") as a-).

for everya=1,2, We write

f(2)..-aars.

The series itseU may' be either convergent or
divergent.

°patetismo With Series

Let sit= 1 +tita+aixi+ost+01-1- . . .

go= 1 +100+604-esis -14410-1- . . .

as. 1 -1-00+00+40+40-1: ... .

e Operation A 4 ft 4 ,

#

3.6.16

3.6.1?

SAM

$.6.10

LAM.

34:11

SAO

MA

3466

.

., .r
01-.87*

asesaP

.,-.
ssessi

sows*

#101181/6

ismouP 01-4

eamel+le ft

411

2as

1411 -

1r
sot

of+ th

el-h
ei

es

of

&It 211,

1 1

re -1,4 .

1

rtz-tas
1 (s 1)64s+mmi 1

.

hasb, +as

ea 04+W
1sailist

41.11.1

2sids-es-0

Sirla-211-44 .

ills _idol+ Ito

1 3rialrsirt
not-ll . *irce_n( ,2)

+110 1

ba+asbaiirbs+rs

as (age+bira+bs)

1
ro+stea+14 ,
*a"1001+ 211104

24014-3041-44+81+at

elals+Sei Sit 1%48440
lasas_14444._110 1....

3 3 1 36
eas+64-114-1311444+Bri

aa4+0,401-040-0.1 ,.

1+0 - 1) 01 -Moo"

+A(*-1) (* 2)(0 3)04

behattokish+ashed

44 (sae+bma+bah+bi)

1 1.mo+ore+ri+red+sei

04'''l 0101 + kik+ kW * )

*So vaim u.

4).

,:4



Illeviodes at Bain
3.8.28 Given

gmes+30-flas+dx4+0t+fse+010+

Shan

smAy+lie+Oe+144+16.4.1V+64?-1-
where

1109.1.4

SC-2P--ea
e'D13aBa(4-510
it/Aillidad+3461+1444-48-21461.

edi.11

.

087.871#6.4-7oled+8441eOf
3110666-43P-2806'd

0861-80bi+kse+4ENLI-1200rd
+180.41e1+13230-4-364%

7206ed-12egal-330ePa
.

Kaaisses utter .1 %dr
3.6.26 Letkrosabeagivanconvergentseriaand

Eaims bet Sr given convergent series with known

sum o such that lim gleuXid0.

Than
visle+E (1A 2) as.

Treastennatles &deo

3.6.27 If (-1)keemeoa1+e, . is a con-

vergent series with mum then

(1)11kvii ik-a
\

lalswillaeleade asammades 'annals

r4.6.0de.4 i1(o+1001+111 If 00 -1' On

1 17/4 /"100i"%n1time iii$501)ii^(0)1

M. Compka Numbers and Bellew

Camodaa Papa

3.7.1 sona+ig

3.7.2

3.7.3

Mar Fenn

samersomer(004 0+4 du 8)

Modyku: Islaw(84-01sur

1.7.4 Ammo.: arg aummotan (y/44=0
notations for arg care am a and ph a).

3.7.1

11.7.6

Real Part: a-ai.r ow 0

Imaginmy Part: pileissor ulnO

Coinples Coodugate et s

1.7.7 .Tionsist

3.7.8 IJHaI
3.7.9 arg is= arg

lifahipassues and Dhisios.k

If lamai+filit samsei-ist, then

3.7.10 is1esstsvuethYt+4144+

mig istleklat1110

3.7.12 erg (alajemarg s erg

I

;.:

3.7.16 teuraew

1.7.17 OS re COS sin

3.7.18

34.19 Ant,-34/1+4(34. 10)

3.7.24 01220-641+0+RV/y-4W)

37.21 Oaria-1041-1-6xycfi 616-10441/9

3.7.22

igi-iteCOaa-se+Oss

+4(7)e-iy(:)

30

iv't
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stinnorninr MAMMAL sainion

If a'- u,,+44, iheo 041140+6.4.8 when

LUIS 1101".16'..; -

Re sod If are callml harmonic polynomials.

1 11A

1 16
?"1"An'frie

SAS

asste

sisal14.1ristiomr. cos sin 10

If r<OSI, this is the principal root. The
other root has the opposite "Igu.1 Thoydaelpal
root is give by

L141 siimill(4411±410-011=4±6 where
!Mel and when the ambiguous sip is takeh to
be *same as the sign of g.

$1.11 ausgeramows, (principal root U ir<11).
Other amts are roloo+41."1" Om 1,3, 3, . o-1).

Issqualitiss

11811-1111151***451/11+1811

Campion Iluassleas, Cssahralsonana Equalises

AS°4(r +4)=SOM+66110Whieetgar 101.611
are reel, is only* at those points srgar-1-ig at
which

be be
4be

bo
"&SAM

It ere",
be 1 b 1 bee be3.7.31 ;

Implesies liquaUsa

The Notions u(a, y) and "0,y) are called
harmonic kudos' and satisfy Laplace's equation:

3.1.33

3.1.33

Cawood= Csaramstes

*a Wu ilso
El+briP+Sr°

Mae Cassesistal

1(40+billor 1 Cr 114-0

LI. Algebra's FApaatione

ilebdisa at gouda* imams

3.I1.1 Given ess+es+oune,

43-1(4)*ke,rIP-44.
i +som OA mom*

If 00, two real roots,
rob, two equal roots,
g<0, *riot *Maple" on kate roots.

. moan ace* lipssolsos

LIU Gives 04:a0P+ass4isem0i let

1 103, 4; ra, 04-34)k sic

If 4'+ri>0, one real root and a pair of eint
conjugate roots, .

all roots real and at least two
aqua, .

(1400, all roots real (bred

Let

then
otalifr-i-Ot+OPP, sa-04-(0+0)l1$

stwa01+Q-I

sl-s (+1441)=.1+V (stw) .

80=4 (a+6)14(a a).

If st, sh a orethe root. Of the cubic equation

.14+1,41/Nis

1101-1-8A+Vemmas

of IA mo --11.

f Quettleiguatisms

LIU Given sO -1-easti-ols+e-0, dad the
real root es .otthe cubic equation

lie'doe+ OA 64+414-6114000

and determine the four roots of the quarto as
solutions of the two quadratic equations

04141+% -.In .4 *RIY-delmo

3 1
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SLIMIENTANY ANALYTICAL SISTRODS

Method of Iteration ikassessive Substitution)

3.9.4 The iteration scheme 4.10=F(6,) will
converge to a zero of :=F(6) if

(1) IP(x)1ScK1 for aSxSb,

(2) 4,$z" 1/11;')); 4)(Se

Newton's Method of Siteeeesive APpeadmetious

If all roots of the cubic equation are real, use
the value of si which gives real coefficients in the

"quadratic equation. and select signs so that if

1kieas!-Feasi+818-1-ae.(041164-0)(10+pas+0),

then

4.P6=411,PIPs+0 +11=oss Pifts+Atimas egosode.

If s,, is, es, 64 are the roots,
. 0

Zoorsasvora,

Zass=46 sisissaismae

slob Methods3.9. Sueesselve A

Gemen1

3.9.1 It sossi be an approximation to .x =I
wherej(I)=0 and both al and I are in the interval
GS'S/. We define

R

sou 014+$44,1) (S=1, 2, . . .).

Then, if r(z)k0 and the constonta are
negative and bounded, the sequence z" .converges
monotonically to the root I.

If come=constant<0 and r(z) >o, then the
process converges- but not. necessarily monotOni-
ally.
Degree of Convergence of en ApprosbUotiest Promo

3.9.2 Let xi, 61, es, . . . be an infinite sequence
of approximations to a number I. Then, if

16ps-11<A14-11*, (n=1, 2, .)

where A and k are independent of n, the sequence
is said to have convergence of at most the kth
degree (or order or index) to I. If k=1 and
ii<1 the convergence is linear; if k =2 the con-
vergence is quadratic.

Raoul' Feld (Palle Polities)

3.9.3 Given yonf(x) to And / such that f(I)=0,
choose re and xl such that f(ro) and f(zi) have
opposite signs and compute

8/1-44 I.air681 I-10) f a 1
Then continue with is and either' of is or z, for
which/0o) or f(zi) is of opposite sign to f(61).

Regula Wei is equivalent to inverse linear it*"
polation.

oleo pope se.

Newton's Rule

If s=r,k is an approximiition to the' solution
6=1 of f(s)=1) then the sequence

x's +t= re I .

will converge quadratically to,x=I: (if instead of
, the condition (2) above),

(1) Illorgifonit. coluvrgenee, f(44"(4)>09.
and f(a), f"(s) do not change' sign in the
interval (6., I), or

(2) Oscillatory *mergence, f(60)1 "(60)<0
and 1'(x),1"(2) do not change sign in the
interval (4 xi), 4MS:1.

Newtou's Method Applied to Seel nib Soots

3.9.6 Slim eugN, if z, is an approximation
xxxxiVu" then the sequence

;fell [1%+(s-1)341

will converge quadratically to a.

If n=2, 644.1=4 0-14

If n=3, xa+1=1C4424

Aitken% &Proems toe Aseeleratioo of %queues

3.9.7 If 4, few, iso are three successive iterates
in a sequence converginrwith an error which is
approximately in geometric progression, then

,mss...
"I 6 , "

Wiles 21.4+,

is an improved estimate of s. In fact, if sows+
OM the 3- x + 04t),
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(4) 411.14.444444.0(-1)4-4 fi a, .

(6) For every nay,

XV'
(0) 1-143+914+ . +6.6. 6..

. 6,
1.71 .44-71:71-

, -19
4

3.10. Theorems, on Continued Fractions

Dainkleee .

3.10.1 .

(1) Let briwa".
";17114

'If Abe ii called
terminating continued fraction. If. the number
Of terms is infinite,/ is called an infinite continued
fraction and the terminating fraction

1.-Prsio.+A te

is called the nth convergent off.

(2)- If lim exists, the infinite continued frac.
4

ties J is said to be convergent. If a,=.1 and the
6, are integers there is always convergence.

Themme
(1) If a, and 6, are positive then fmeejs.,44,
iss-s

(2) 111.44.0

A=t644-i+4At-I
B4=bBis-i-Hisik-s

where Bo.1.

ti_-1.ti.(3)

1 1 1 1 A
a vi __; _ 14 a **us ve..1+1,

1 £ 0+ .. + (I)*mos deadt ... a.

1 az az .

.0

.5

.4

.1

4

HMIS

.1 T.
1

4A .11 It)) 1. I1 fA 11;."1i'.117

Flown 3.1. OW.
±10,191, 1, I;

Numerical Methods
Linear interpolation in Table 11.1, gives

onosnym 18,6.507144.
3.11. Use and Extension of the Tables

Example 1. Compute x" and ao for vie29
wing Table 3.1.

2.140.s.
/0(1.46071 4598.10)(4.20707 2333.10!')

=4.10320 1248.10

Ow WI*
10(126184 9003406)'/29

ma 5.40338 i547. 10°

Eaansple 2. Compute em for 2-9.19826.

(9.19820)04no (919.820/100)mis (919.820)1/4/101

By Newton's method for fourth `roots with
N-919.836, 1

1 [
919.820
ati40+3(6.607144)]a15.110714 3845

Repetition yields thomme molt. Thus,

st4-5.507141 384111/106.1.74151 1798,
aroliesfilte.18933 05683.,

LIS. Computing Teehniques

Munn* S. Solve the quadratic, equation
zo-18.2s+.056 given the madate a. 11).2±.1,

A

Lie
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.066*.001. From 3.3:1 the solution is

3&3113NTARI ANALITICA& =THOM

X18 i(184± 084)14(.0510P)

=4 084* (33141011) e(184* 18.1 )

=i18.110,.00a

Smaller root may be obtained more accurately
from

.06g/13. -.003),*.0001.

&maple 4. ComputeA- 3 +,00760.
From 3.7.26, (-3+.007601=s+ig where

a.411
'-k-r)' r

Thus
ri(-3)14-(.0076)91.(9.00006776),..3.00000 9637

soutil00000 "72 ( -9/m123206 2196

.0076
11+12(123205 21.9) 19 -392926

We note that the principal square root has been

Rumple 6. Solve the quartic equation

;4.-2.37752 49320+6,07360 67410
-11.17933 023x+9.04266 6269.0.

Resojution Into Quadrants Amnon
(zs+Psx+91)(114Ps*+91)
by Lorne Interpolation.

Starting-with-the trial value 0=1 we compute
successively

a Thoost-P, 1/(6)4911+41+101-at91-91

1
2
22

105*
4. 526
4115

-1.003
-2.543
-& 106

-1.284
.166
.729

5335
.032

-2.020

a

7.
Example 5. Solve the cubic equation e- 18.1x

-34.8=0.
To use Newton's method ire first form the.

table of f(x)=0-18.11-34.8

f(s)
4 -43.2
5 - .3
8 72.6
7 181.5

We obtain by linear inverse interpolation: /

"6+7211-1- -.3°---(1-113=5 004

Using Newton's method, (x)as ae-18.1 we get

INce-AOrgo)
(- .07215 9935) monk

57.020048 "*""
Repetition yields xi =5.00526 5097. Dividing

f(s) by x-5.00528 5097 gives 0+5.00526 5097s
+6.98267869 the soros of which are .4.502632549
± .83036 800i.

We seek that value of q, for which y(q,) =0.
Inverse interpolation in y(q,) gives y(q1)=O for
q, =2.003. Then,

et Pi 'Pi Ps y(q)

2.003 4 620 -2560 . 172 .011

Inverse interpolation between q,=2.2 and gols
2.003 gives 0=2.0041, and thus, '

91 It PI Pt 1(98) ;

..
.

20041. 4. 51706 -255259257 . 17506 766 .00078 562
2 0042 4510842200 -158202861 . 17630 858 . 00001 655
2. 0043 4 61661 -285306447 .17563966 -. 00075 268

Inverse in lotion gives 0=2.00420 2152, and we get finally,

*goo es. a

* A Aga

2 00420 2152 4 61688 14110' -25521$ 889 .17880 81169 .--.00000 0011

34
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Double Precision Multiplication and Division on a
Dub Cahn lotar

faansple 7. Multiply M=20243 97459 71664 32102
by m=69732 82428 49662 95023 on a 10X10X20
desk calculating machine.

Let Me=20243 97459, M1=71664 3211,, no=
69732 82428, eh=43662 95023. Then °'
Momele+ (Moms +MOO le+ Afters

(1) Multiply Mine=31290 75681 96300 2
and I record the digits 96300 28348 appearing in
positions 1 to 10 of the product dial:

(2) Transfer the digits 31290 75681 from pool-
1 totionsi 11 to 20 of the product dial to posi

10 of the product dial.
(3) Multiply cumulativelyMsee+M +31290

75681=58812 67160 12863 25894 and rd the
digits 12663 25894 in positions 1 to 10.

(4) Transfer the digits 58812 67160Ifrom posi-
tions 11 to 20'to positions 1 to 10.

(5) Multiply cumulatively Memo+ 12 67160
=14116 69523 40138 17612. The ults as ob-
tained are shown below,

12663
14116 69523 40138 17612
14116 69523 40138 17612 12

96300 28346
26896 .

94 96300 28346

if the product Mm isw to 20 digits, only
the result obtained in 5 need be recorded.
Further, if the Awe error in the 20th place is
a unit, the operatkfn Moat may be omitted.
When either of the factors M or es contains lase
than .20 digit* it is convenient to position" the
numbers as if they both had 20 digits. This
multiplication process may be extended to any
higher accuracy desired.

Example 8. Divide N=14116 69523 40138 17612
by d=20243 97459 71664 32102.

Method (1)--linear interpolation.

N/20243 97459.10*=.69732 82430190519 39054
N/20243 97460.10*=;69732'82427 46057 26941

Difference=3 44462 12113.

Difference X.71664 3210244885 6440211.10-0
(note this is an 11X10 multiplication).

Quotient=
(69732 82430 90519 39054- 246886 4402010-1m

=.69732 82428 43662 9602k

There is an error of 3 units in the 20th place due
to neglect of the contribution from second differ-
ences.

21

Method (2)-If N and d are ,numbers each not
more than 19 digits let N=Ni+NolV, dmdi+
doll) where No and do contain 10 digits and Ns
and d1 not more than 9 digits. Then

N , iN
ou

o1W+Ni
"s

1 r_.ye
dos+d, --v

Here

N=14116 69523 40138 1761,
d=20243 97459 71684 3910

Ne1=14116 69523, d,=20243 97459, .

des71664 3210

(1) Nod, =10116 63378 42188 8830 (product dial).
(2) (Nod1)14=49973 55504 (quotient dial).
(3) N-0/00/4=1411d 89522 90164 62106

(product dial).
(4) IN- (Nod) ldo1/4109=.60732 82428=lbit 10

digits of quotient In quotient dill, Remeindei
m1.1=08839 11654, in positions 1 to 10 of product.
dial.

(5) si/(410°)=.43662 9502.10-'0=next9 digitsof
quotient,. N/d=.69732 82428 436624102. This
method may be modified to give the quotient of
20 digit numbers. Method (1) may be Welded
to quotients of numbers containing more than 20
digits by employing higher oraer interpolation.

Example 9. Sum the series 8=1-4+f-i
+ . . ..to 5D using the Euler taansform.

The sum of the first 8 terms is .634524 to OD.
If 4,0=1/e we pt

die
9 . 111111

At s.

-11111
10 .100000 2020

-9091
11 .090909 1515

-7576
12 .083333 1186

-6410
13 .076923

From 3.6.27 we then obtain

.111111 (-.011111)

-505

-349
156

=4134524+ T.0020208
=(- .000505) .000156

=.634524+.055556+.002778+.000258
+.0000324400005

=.693148

(8 =ln 2=.6931472 to 7D).

'41

IA
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Fasinp le 10. Evaluate the integralis lir (1;
Gni to 4D using the Euler transform.

si4Lx. +1"+"itsini
x fajk,

r if sin t
8"1=5 brig fa Jo GP

Evaluating the integrals in the last sum by
numerical integration we get

* fir sin t Ai
Jo kr+t".

0

1

2

3

1.86194

.43379

. 25661

. 18260 A A'

4

5

6

7

8

The

. 14180
-2687

. 11593
-1788

. 09805
-1310

. 08495
-1000

. 07495

799

478

310

r

-an
153

-168.,'

sum' to k=3 is 1.49218. Applying the
Euler transform to the remainder we ob&in

§1
1

04180) .--13 .02687) +0 (.00799)

4(-.031)4 (Am
=.07090+.00647+.00100+.00020

' +.00006
=.07882

We obtain the value of the integral as 1.5701§ as
compared with 1.57080.

Example 11. Sum the ser)es k-im-6- using

the EulerMscisurin summation formula.
From 3.6.28 we have for s= ,

(k+10)-I

gk-ki j'es

1 J.'s_+no-

w,iffeimmck+10)-*. Thus,

k-1=21.64976 7731+3

-.005+.00018 6687-.00000 0388

=04423 4065,

'as compared with /1-1.84493 4067.

Example 12. compute

x 421 9xs
aretaneml+ 3+ 5+ 7+

to 6D for x=8.2. Here av=4, 60=0i-1W for
s>1, 4=0, be=2*-1, 4_1.71, B..1=10, A-0,
Be - 1.

For ak1

1A1.1 A11-04x. I 12n-1
fto

LB,,,j I B..1/1.., I L(*-1)2xj

[Bid II;.2

A,

0

phi .2 0 I

LBJ I 1 1 11.30..4.=1 3.046

I

Aii I .8 .2 I I

I.B1 I 3.04 1 11.161272 3.15.36

A4 3.032 .6 7 21.440.

B 15.36 304 36 108 8144

.2 I 411n

1 I ai

trssurn.197368

t:m..197396

- .197398

Note that in carrying out the recurrence method
for compUting continued fractions the numerators
A and the denominators B. mini be used as
originally computed. The numerators .and do-
nominators obtained by reducing dials to lower
terms must not be used.
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Table 33

6
1
2
3
4.

6 Floatinidechual notation: .

9 -61044811-84-0101-
io
24 -(90.4867 84101

:
elita

mastatrisal AliALIMIJAL lair om3

Poems AND Roan

Ale Examples 14 for use
of the table.

'4- 2
4

5" 32
16

64
431,-

256

15 4
167 6

5562
050

%1/ 1.1 07115
01/1C 1.1 9955

1/2
1/3
1/4
1/5

1 5
2

125
25

3
4 623

31255
6 15623
7 78123
8 . . 3 90623
9 19 3125

10 97453623

24 (16)5.9604 64478
1/2 2.2340 67977

1//43

1.7099 73947
L4952

1/5 1.2797 29662

1 10
2 1::
4

1 116
-r- 3

5
6 ag ra:7

( )1 001 E
10
9 (190,10000

24 (24)1.0000 -00000
1/2

1/4

1
2
3

7 lie/4

6 11) 5
7 1708 59375

10 11 5.7665 01906

8 90625
9 10 3.0443 311930

24 (28)1.6834 11220
1/2 3.8729 11,346
1/3 2.4662 12074
1/4 1.9679 09671
1/5 1.7107 71928

3.1622 77660
2.1544 34690
1.7702 79410
1.5048 93192

6
36
16

12296
7776

46656
2 MI6

16 79616
100 77696
604 66176

(111)4.731)
L 4494
1.11171'
1.5650
1.4309

17
194

214

1.1:0. 7
(24)9. 22676

34790

.0211 WM
1.615) 94266

7
49

343
2401

16107

11

1 17649

57 641181

2034 75249

(m1,916.12514
43 2.6457 51311

1.9129 S
1.4265 7
1.4757 751

1

1
at

4. 15 /
225 /

3375
5062

1

1
2

1 3
4

i, 5

6101 UM6

10 13 1.0240 00000

8
9 11 3..140

11:116.1P
7

24 (21)1.6777 atto
1/2 4.4721 PA$

: 1/4
2.7144
2.1141 7

1.1/3

1/5 1.030

20
400

WOO

16
56

40296

712

2

361
4299

( 9)5.1597 52
(10)6.1917 56421
(25)7.94% 64720

1.116
1.64 7 51630

17
.269
4911

167
10 76 I

204 5
hi tE 0s12 L 1
(20)7.9330 16251 (19)3,3944 UM

1.1°91 UM 811
2.0000 00000 2.0!05 431
1.7411 01127 1,7623 40248

448

91

6649

22
464

1060
2 242

44i4-

(21)5.410 1900 (33)1.6525 10916

tsiti te
43.

l6

i
.- .

27
81

243
729

-2187-
6561

15MI

(11)2.8242 95363
1.750 50164
1.4422 49570
1.2160 14013
1.2457 30940

64
512

4096

2
/22146141

20 M0
77116

1)142
67

17721
( 9)1.073741024
(21)4:7225 6640)

AVIA 611
1.6017 1
1.5157 16567

11

11111.1t
5/

(209.411141 07704

111 rso
1.6702 77652

V .14
4

1

all
2.11 67227

(36)1.5962 50545

tird 40687

L 6,04

.4
.16
64

1025614

65536

10
62144

0 40576
(14)2.0147 49767

2.0000
1.51174
1.4142
1.3195

47
430

( 9)5.1111
(22)7.9766 44300

3.
LLi 74
1.

41P

,4

9
11

739

14

2744
16

Nip&
(27)1.2141 +hie

L746

1
1

1111301:4".71210

11'47:0

1.7026 02456 1.6019 0

23

2
12167

529

al
1}14. Ili 0 6
13 4.1 IV 9 4.

(22)4406 07640 (9)1.017 0777
7906

1,, LIM

57+

."Ati
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liti'114

11

(as,.1*srn (4301.11111 8014
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0 23 9.1861 30436 23 9.6844 44139 23 9.7625 04937 23 9.0411 15331 23 9.9202 79441
9 26 9.5588 95784 26 9.6457 06561 26 9.7332 17422 26 9.0214 33300 26 9.9103 39161
10 29 9.5111 01305 29 9.6071 23725 29 9.7040 17769 29 9.8017 90434 29 9.9004 48802

24 71i8.860 35105 (71)9.0828 91413 (71)9.3043 02025 (71)9.3308 79767 (11)9.1627 59866

1/2 ( 1)3.1543 62019 1 1)3.1559 46768
1/) 9.9833 03418 9.1866 48849
1/4 3.6163 70767 5.6117 81284
1/1 3.9170 82648 3.9778 81740

( 1)2.1315 3 80681
9.9899 9983
5.6191 90939
3.9786 80191

( 1)3.1591 13800
9.9933 28884
5.6205 994)4
3.9794 78001

40 [(192r(-6) na
1
(281 or(-7)11

L 3 3
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sin x, cos s, x=10-1(10-1)10-"'", *=10(-1)4, 25D

Table 4.8. Circular Sines and Cosines for Large Radian Arguments
(0 5a 5 1000) 175

sin a, cos a, a=0(1)100, 23D, aws100(1)1000, 8D

National Bureau of Standards.

78 S



0'

.y.twqmPratm.r7filtrpWrWito.--5!.,r4rja

111+11411NTARY TRANSCENDENTAL ?UNCTIONS

Table .4.9. Circular Tangents, Cotangent*, Secants and 'Cosecants for Pus
Radian. Arguments (0 Sa S1.0) 186
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Table 4.11. Circular Tangents, Co
Five Tenths of a Degree (0°S0

tan 0, cot 0, 0.80°(.5°)90°,' ta
sec O; ceo 0, 0=0*(.5°)90°, ifiD
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198

Table 4.12. Circular Functions forthe Arpin,* a (OS x51) . . . . 200
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Table 4.13. Harmonic Analysis
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(05251)
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X=0(.05)1, a.:1(1)9, 5D
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219
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X.0(.05)1, Is=1(1)9,
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Elementary Trinscendental Functions

Logarithmic, Exionential, Circular and Hyperbolic Functions
Mathematical Properties

4.1.1

4.1. Lopritbmic Function

,papal Iliegemontaties

In smf ti-I-e)i`

I,

set,

Floras 4.1. Branch est for Ins and a'.
(a not an integer or IWO.)

where the path of integration does not pass
through the origin or cross the negative real
aids. Ina is a single-valued function, regular in
the ellarie cut along the negative real aids, real
when a is positive.

sois-1-40grea.

4.1.2 r-H2 (v<0r).

4.1.3 r=(x' 4-01)S, xistp cos et VIE;if

Oggiarotan E

The general logarithmic function is tha many-
valued function Ln a defined by

4.1.4 s=f I!t
where the path does not pus through the origin.

4.1.5
La (r0)..e112(r0)+2kiricaln r+i(0+2kir),

k being an arbitrary integer. In a is said to be the
principal twang* of Ln s.

Loguirithartic hientities

4.1.6 Ln (sis,)=Ln

(i.e. every value of Ln (Ass) is one of the values
of Ln sh+Lai

4.1.7 In (s1ss)=1n
.

81+4111 asSif)

4.1.8 Ln
*a

=Ln a, La La sts

4.1.9 , In $21=In
as

(-1Kult 21-14 saSir)
4.1.10 Ln is =in Ln a (Wintager)

4.1.11 In emit In a
(* integer, r<ss atg. sir)

Special Values (ace chapter i)

In 1=04.1.12

4.1.18

4.1.14

4.1.18

4.1.16

In 0= as
In ( -1)=ii

In (±i)=Miri

In s=1, s is the real number such that
re dt

j1 T=1

4.1.17 s=lim (1-1--96=2,71828 18284...
*4*

(see 4.2.21)

Logarithms to General Bus

4.1.18 log, a=ln a/In a

4.1.19 log.st.stt

4.1.20

-4.1.21

logs 2,0."

amln a

4.1.22 logs s=in afin 10=logio e In a
=(.43429 44812 ..) In s

so er



,,,,,A17.717"V,,T.-77,T2.7-gr .:177

71111148011/1DHNTAL PUN0170311

4343 In 8vailn 101ogiosios (2.30252 . .) logiets

amln x called nstaral Nap n or 11
IngerIthnta; st Aided or Brim

logarithms.)
%rim liapanolosa

4.1.24 In +4= 8isa+fss
IS1 and 881-1

In
s_itzio

s 77-7)- ik s
1 (ant0

4.1.26
In svu(8-4);(8-1)1+3(8-1)s . .

(1s-1151, 800)
4.1.27 us- , isAs , I is-iv ,

In 11=2 1.11/4i-T-Tra 1.13 k8+1)
(Oak% zoo)

4.1.28 (8244):2 0+344+b+

(mai, so
4.1.29.

In (s+a)"h 4+2 [(2÷1+4)1+4 (2÷1-8)$

4.1.35. 11n (I-41< .31-

4.1.36 In zSz-1

4.1.37 In xa(aos-1) for any poititit a

(s>0)

\ (XX
4.1.38 In (1-1-4IS In (1-121) 1 (181<1)

Condoned Fraction. \

,11

i I

((Oslo*

4.1.100

In
48 48 98

(1-rsi=7- 2+ 3+ 4+ 5+ 6
(8 in the plane cut from

1,11+8\_28 981

'" K1-8/-1 3 5 7
(8 in the out plane of Figure 4.7.)

Polynomial Approximation.

4.1.40

4.1.30

1a(al
(00, Nsa a Os)

Limidas Values

lim a- In x=20

(a constant, ara>0)

4.1.31 lim so In v.0
240

(a constant, gta>9

4.1.32 .

lim (A 1ln m) =7(ituler's constant)04.
=.57721 46649 . . .

(see chapters 1, 6 sad 23)

looqualidso

4.1.33 1+x <In (1+4<a

a
4.1.34 s<In (1-4<1

(a<1, *00)

00)

/

4.1.41 1-SxSAliti

loge X=sibt -1-aits-1-e(s), at ixi(X' 1)/ (t +1)

10 S 6X 10-4

sr..8i$304 aes.36415

1
4.1.42 SxSN)
logic samatf-fnsfs-filof1+447-1-ase+.(a)

1=0-1)/(x+1)

S10-/

al..36859 1713 atm .0941 6476

as...23933 5524 agog .12135 7714

4=177522071

4.1.43 05aS 1

. ln ( 1 +4=a,: +Ws° +aex' +aa'+o..' +a(x)

1*(4151 X10-1

asva .99949 556 aone .13606275

4 . .49190 396 4= .03215 845

es.2.28047 478

TM aprodmations 4.1.41 to 44.44 are from 0. Hoot-
lam h., it-mfionnatioas tor digital amputee. Priaooton
Univ. Press," -Matas, NJ,, 14u (with permistion).
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ELEILIENTARY TRANSCENDIINTAI FUNCTIONS

4.1.44 05x 1

in (1+4=14a.4azsi-asx'-i-a04-1-00+ase
+ale+ ase+ (X)

I 3X 10'4

as= . 99999 64230 aa= . 18785 40711
a,=.49987 41238 as= 02532 93897
a,= .3317990758 . 03808 84937

=.24073 38084 (No.. 00845 35442

Approzinsationin Terms of Clisbyebor Polynomials $

4.1.45 osi
I Tosw=acos nO, cos 0.222-1 (see ohaptir 22)

In (144)A AisT,N4

fl As n A.
0 37843 2813
1 . 34314 5750 72 . 02943 7262 8
3 . 00338 7089 94 . 00043 8278 10
5 . 00005 9471 11

4.1.46

4.1.47

.000004'8503
. 00000 1250

. 00000 0188
. 00000 0029

.00000 0004
. 00000 0001

DifForostiation Formulas

d 1In sc.-
as

4.1.52 f-1=in in s

4.1.113

fin Is+(o±oside=e in te-1-(a1±1)1)(81*01

4.1.34

fa* in (a+ (0±1)114=-- In (s-1-,(0±1)a)
ss1
s+1

s4141

proi ds
1/2

Definite W..&

4,1.55 dt1=-018

4.1.56 f: 0/12

4.1.57 in Ms) .(eee --
t

4.2. Exponential Funetio

Series Espanola"

lean' sa2P.' fin1+:4+111+ (11112+4)
8$

where s is the number defined in 4.1.16

Properties

4.2.2 Ln (up s) (k any integer)

4.2.3 ln (exp ) s (v<isSt)
4.2.4 *iv (Ii s)=exp (Ln a) ma

In 2.(-1)"(n-1)1a-*ds"

Integration Formulae

4.1.48 f
4.1.49 fin zda=zln aa

4.1.50,
,211+1 1111+1faa In dz=

1
In

/1+ (s+1)1

(sr1-1, s integer)

4.1.51

f24.41n 2)/Is d nt C
sman srIds

1
*4-1

(nvd-1)

The approximation 4.1.48 is from C. W. Clenshim,
Polynomial approximations to elementary functions,
Math. Tables -Aids Comp. 5, 143-147 (1984) (with per-
mission).

4.2.5 j4jezpl=expa

Definition of aesesel POMO%

4.2.6 If N.011, then s=1.41.N

4.2.7 as=exp (a In a)

4.2.8k. 101 exp (i ars a) (-1,<aril GS

lalignlaPie"""la

4.2.10 atg (0)=1 ln jai 44-aig a

4.2.11

Ln ah=s In for one of the values of La a',

4.2.12 in a'=z In a (a real and positive) /
4.2.13 g21'.°
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Spada Values (see chapter 1)

4.2.22 11=2.71828 18284 ..
4.2.23 00=1

4.2.24

4.2.25 (1=0
4.2.26 a = --1

l4.2.27 ell= ±i
4.2.28 04'1=1 (k any integer)

Szposeutlal Isigaslitles

If a is real and different from zero

4.2.29 0-13:3/41x<ore (a<1)
4.2.30 e' >1

4.2.31 - e<-1-1
x (x<1)

erg(en)=y

csies.asoft

age= (ab) ( v<arg a+arg b 5 v)

VAS/./
..... ...

. ../. , .

/ ..0 .
..

...-

. ..
..

-IA

..................

novas 4.2. Logarithmic end esponeatialfraotions.

4.2.17

4.2.18

4.2.19

Pagel& Property

eilvt11 nix its (k any integer)

lrapareendal identities

slisft=e1+41

(e) +=111" (v<is, 5v)
The restriction (r<ist 5 v) can be removed

if a, is an integer.

*heating Values

4.2.20

144.
hm aye -==0 (larg el 5 isKfT,

4.2.21
yim(1+ a me

ni-os

4.2.40

a constant)

4.2.32 <(1-0-10 (z>-1)1+2

4.2.33 z<(e1-1)<-1z (z<1)

4.2.34 1+z>01-4 (x>=1)

4.2.35 e>14 t>0. z>0)

4.2.36 ?>(1+0P>eA (r>0, V>0)

4.2.37 6-4.<1.1 (0051.5036)

1 7
4.2.38

4-11,1<10*-11<4-1st (Kissi<1)

4.2.39 Is-115.14-151siew (all s)

Continued Fractious

, 1 glossas2
s

(lsl< )

(161<m)

"11 1+
1.1.2

3+4
s

5+

ssa
2

=1+1-- 2+ 3 2+ 5 2+ 7
z sj212 !VC 15 st/4.36 st/4 f_itsr--1) (ial< ")

ma 1+ 1+ 1+

2* eta a (n+1)a 2s (v6-11)LI 3a asi< co)
4.2.41 e.....1(2)x: 0,4-7237 0+3 + (6+5)+

(For ei(s) see 6411)
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VIllutT)1777
:i;!;::

4.2442

3141111ZNTAffir. TRAN8CaffIlliNTAL PUIECTIONil

sness '2a 0+1 01+4 0+9
"ma-rat-a+ 3s+ fis+ 7s+

(s, in the cut plane of Figure 4.4.)

Polynomial Appreedinationss

4.2.43 05251n 2 =.893...

e's=21+als+:$01-14(s)

160415 3X10-a

a,= -.9664 a,=.3536

4.2.44

4.2.45

05s5ln 2

e-1=1+als+ttex-i-aex1+604+(s)

16(41S X 10"

al = -.99988 84 as= - .1596332
al= .4982926 a4= .0293641

0s5ln 2
e'' =1 +six-Faexi-Ntee+644-1-aexi

+aex-i-ats'+(s)
jo(s)12X 10-*

.9999999995 as= -.00830 13598
a,= .4999999206 as= .00132 98820
as= - .16686 53019 al= - .0001413181
04= .0416573475

4.2.46 05 s5 1

10=(1+81x-f-sexii-ase-1-404)L1-6(a)

jo(s)157X10-4

al =1.1499196 as= .2080030
al= .6774323 aes .12880 89

4.2.47 05s51

1012m + + see+ ad+ ate
-Faex*-1-arer-fl(x)

Ws) j<5 X10-1

at =1. 15129 277803 sec. 01742 111988
. 66273 088429 as=. 00256 491796

as= . 25439 367484 atom. 00093 264267
as= . 07295 173666

1-.-sr-pproshar4ions 4.11..413 to 4.1.45 are *from B. Carl-
son M. Goldstein, Rational approMmotion of functions,
Lost Alamos fleienthle Laboratory LA 1943, Los Alamo,
N. Mex., 1983 (with parmfmtos).

The soprosimations 4,11.40 to 4.347 are from C. Bast -
Ins, Jr., Approhnatione for dildtol compettrs. Princeton
Univ. Prem. Princeton, NJ., 1956 (with permission).

71

Approximotions in Terms of Clisbyaber Polynomials

4.2.48 05s51
71(x) =cos so, cos 0=2z-1 (see chapter 22)

0
1

2
3
4
5
8
7
8 I

4449

4.2.50

4.2.51

4.2.52

4.2.53

4.2.54

4.2.55

fseetisgm'As. 1(41)*-n(as)*-14-4(rt-1)(as)* 's

+ . +(-1)* -Lal(as)+(-1)1all (rtkO)

A.

41-1=E4,n(s)

A.
1.75338 7654 0 .84603 8270
.85039 1854 1 31284 1606
.10620 8694 2 .08870 4118
.00872 2105 3 -.00320 8888
.00054 3437 4 .00019 0919
.00002 7115 5 -.00000 9976
.00000 1128 6 .00000 0415
.00000 0040 7 -. 00000 0016
.00000 0001.

Differentiation Feemulas

e
der eime'

at...as In a

se=as* -'

sgs(1+In 1)1'

Integration Formulas

fOdom sala

4.2.86

Ps; der (a>1)

(See chapters 5, 7 and 29 for other integrals
involving exponential functions.)

4.3. Circular Functions
Delaitione

s"-e-u
4.3.1 sin $=-§3--

4.3.2
411.+0.46

cos Sage 2

(11=x+iy)

Pd approximations to elementary functions,
44.48 are from C. W. Clenshaw,

Ma
ission).

h. Tables Aids Comp. 8, 143-147 (1964) (with per-
m

4



4.3.4

4.3.3

4.3.6

4.3.7

4.3.8

4.3.9

111L1311124TART TRANICIINDIWTAL FUNCPrIONS

tan sinsin a 4.3.17 cos (si+s,)=ecos st cos s, sin st sin a,

cOs S

1
CSC sin 2

1
sec San

1

(243t aa'siitra

Posiodie Proportioa

sin (s+2kw).ssin x (k any integer)

cos (s+21nr).tos

tan (s+iv)..tan

haulm +.3. Circular junctions.

Relations Between eirealar Function.

4.3.10 sins s+coes s=1

4:141 secs a tan' se.1

4.3.12 s cot' sisal

Negative Anglo farisulita

sin (-8)=3 sin

4.3.14 cos ( s) moos

4.3.13 tan ( s) m tan s

Addition Formulas

4.3.16 yin (11-1-4)=Isin as cos st+oos al sin a,

4.3.18

4.3.19

4.3.20

4.3.21

tan sl +tan as
tan (st +his%tan at tan 82

, cot st cot 4-1
cot (si+22)1=

cot a, +cot

HalfAngle Sonstuks

al}

2 J

cos ons (1+cos s)l

a. ±(1 Coe aNi1 cos a lin s

2 1+cos a/ st--1..11+cos s

The arab'
aid of a

y in sign may be resolved with the

Transformation of Trigononsetrie Integrals

If tan
IA
.its then

2

4.3.23
2s

sin u
6.1+

cosum 117,1as du=s--zi+2 ds

Multiple -Angle Fonnulas

2 tan
4.3.24 sin 2a =2 sin a cos am

+tato s

4.3.25 cos 28=2 cos'2"12=1-2 sin's

=cost ssins sow 1
tan'
1 +two

2 tan s 2 cot s 2
4.3.26

tan
2s"

1tans s cot s s-1 cot stan s

4.3.27

4.3.28

4.3.29

4.3.30

4.3.31

4.3.32

4.3.33

sin 38=3 sin s-4 sin'

cos 3s = -3 cos s+4 cos'

sin 4s=8 cos' s sin s-4 oos s sin

cos 48=8 oos4 a -8 cos. s+1

Products of Sines and Carina

2 sin si sin se:Boos (ata,) cos (at +s,)

2 cos at cos st.00s (atsi)+oos (81-1-81)

2 sin si cos as=sin (at sa)+sin (si+4)

Addition and Subtraction of Two Moab, Functions

4.3.34

sin a,+sin a,=2 sinerh) cos Or :11)
2
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SLESIII4TARY TRANSCSNDENTAL FUNCTIONS

4.3.35

sin z, sin a,.2 cos(zrb ) sin (21-8)
2

cos
(tilt \

w
1.8\

k 2 )cos

4.3431

cos a, cos as. 2 sin (N---4) sin. et 214

4.3.38

tan a, * tan se. sin (xi* 4)
COR 81 COS its

4.3.39
sin

cot at *cot Ss=
(4±:1)

sin st sin 2.,

Reletleas Between Swam et Sines and Casinos

4.3.40

sins alsins sts.sin (xi+ es) sin (at at)

4.3.41

cos' stoosi setsin (z, +a,) sin (a, s,)

4.3.42

cost s, ains se=cos (si-1-4) cos (si-714)

4.3.43
Signs of the Circular Functions

in the Four Quadrants*

Quadrant

..........

sin
coo

cos
sec

tan
cot

II
lil

73

4.3.44

Functions of Angles in Any Quadrant in Terms of Angles in the First Quadrant. (0 S6 4, k any integer)

4.3.45

,

0 s.
2- ±0 ;tie ±03-2 , 2kt ±0

sin
cos
tan
ow
sec
cot

sine
cos O.

tan 8
ese 0

sec 0cote

cos 0
Fain 0 /
Toot 0
+sec 0 .'

Tose 0 i
;tan 0 ?

.

.,

;sin 0
cos 0

\ *tan 0
Too 0
sec 0
*cote

cos 0
*sin 0
Tait 0
sec 0
*csc 0
T tan 0

*sin 0
+cos
* tan 0
*am 0
71-sec 0
*cot 0

.

Relatioj6 Between Circular (or Inverse Circular) Functions

sin z=a cos VgAta LSO X=14 CSC Z=4 sec Xmona COt 22=0

sin x a (1-0)i a(1 +air* CI a-1(0-1)1 (1 +41)-1

coax (1-0 a (1-1-e)-i 4-1(0-1)4 0-1 a(1 +Ore

tan z 6(1-04 e'(1-0)1 a (40"-`1)-4 (0-1)i . cr'

me x 41-1 (1-0)-1 a-1(1 +41 a 0(0-1)4 (1 +O)i

secs (1-0)4 tr' (1 +OP a(40 1)1 a cr1(1 +OP

cot x a-'(1 a'1 all a'-1 a'''' (0-1)1 (0 1)-1 a

(05x5-2t) Mustrati : If sin sea, cot an=a-'0-011)1

atone aumarecot (as-1)4

8



74 IIIMIONTAST municanzarrAL nom=
Nukes resissals

4.3.41 ems*".-s° (cos y+i sin y)
4.8.46 Circular Functions fat:

v/6
30°

Clain Angles

0
0°

v/12
15°

ir/4
45°

sin 0 1 (4-1) 1/2 /2 4/2

cos i 1 (,4,..1) AM 4/2 1/2

tan 0 2-4 41/3 1 4
OM *441) 2 4 24/3

INC 1 4(4-1) 24/3 4 a

cot 2+4 4 1 4/3

6702 90 71.01P
94r/3
120°

.e

sn T c4 +1) 4 (141) [/2

001 4j (15'.--1) 0 :jA (4-1) 1/2

tan 2 +4. (2 +) 4
als 4(4-1) - 1 44-1) 24/2

No lig( f 1) 4(4+1) 2
cot 2--Ati 0 (2-4 14/3

3.14
135°

30
150°

11v713-
1U°

v
180°

sin 4/a 1/2 I(4-1) 0

OOa --4/2 42 Z4-4 1(4+1)

tan 1 _.4/3 (2-4) 0

coo Iti 2 4(4+1)
sec 4 24/3 4(4-1) 1
cot 1 4 (2+4)

De Pliand's Thsestos

44.40 (cos s-1-i sin s)Pinoos ps-I-i sin ps

(v<SisSv unless r is an integer)

iicksins is Hypsibsis P'useeisms (see 4.1.1 to 4.11.110)

4.11.411 sin saw sinh is

4.11.10 cos smoosh is

4.11.51 tan s em i tanh is

4.11.53 coo salmi rich is

444111 sec smooch is

413.541 oot swai ooth is

amidst Vussilses to Tams of Real and hasitrui
Parse

4.11.55 sin shins cosh y+i cos x siith y

4.3.113 cos emcee a ash yi sinssigh y

sin
4.3.51 tan s

2a+i sinh 2ys= 2y
.

s.sin 2xi sinh
cosh 2y --cos as

Modulus awl Mow Wripotoost) atamiss
4.3.59; (sin al (sin' a+sinha 0.

/ (00sh

4.11.0 arfain sans:don (cots taoh y)

4.11.61 (cos slam (opal a+sinh. 0.

safe (cosh 2y+oos 2a)).

4.3.62 am cos arotan (tan a tanh y)

4.3.411 taw
.1.(cosh 2ycos &Ai
"1 Voosh y+oss 2x/

4.3.66 arg tan smarotan (11-1:)

amiss Ilisipardess
41.11.0

so itsin smsm+irfi+

4.11.0

cos saw1 8411+710:11 I

87
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4.L67

1)-$217-0ai B ss-i+

4.314

1 , irrs soass sosi-rie

111LUISCINDMITAI. mono= 75
laagaditisa

sin

sin asStan x (01a4it)

+(-1).-1211-1)4 se.-'+ . . . (1$10)

4.3.0
5s

see sm1-1-i+3-4+ssOls+

--1214011:

4.3.70

1 s se 20
"4s-7-7iiElr

(-1111-12P14.4
(MO)

4.3.71

sin s 1 l'i_14hies-'in m (I'1<*);
8 00

4.3.72

In v4%. (-1) 11*-1(P-1)B3,
saar

4.3.73

ton s (-1)-'27",-1)B1,4
s tot

(11<ir)

(1.1<4')

where B. and are the Bernoulli and Kuhr
numbers (see chapter 23).

4.3.74

4.3.73

4.3.76

4.3.77

6.3.711

lim *sin -max*4.

lim * tan -mix
040

clam eos -*441
O

4.3.79

4.3.110

4.3.111

4.3.63

4.3.0

4.3.114

4.3.115

4.3.17

'LSI

4.3.0

43.90

COS xssinxS

sin IraIr<R14
PIM 111Slain al Swab If

Isiah MS leas aJ Saaah I

Ian Sesehly1

tau al Sooshisl

!sin siSsinhIsi

leas sl< 2, !sin sI4 1,1

Winks Problem

sin sus II (1
hal

OW
801

(1-* Op.
Expaarkma la Partial hadlass

(OS'S')

(0<a<1)

(181<i)

_ 1
4.3.91 cot anNraw xpp

(20±14±2., .

4.3.93 woe ?7.-16-p

(800 *,±2r,

4.3.93 ors smil+as t

004,4±2a,

4.3.94

4.11.96

e.matiatteg haraissa

s es it so

16° a-rz 1= tr. f .. mr)

tan it 0-49 We I (4 tan' stall *Om --r+--- 3+

(9tonl1 s pdir*sr)

88
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4.3.96

111,111111101TAXY TRANSCINDaNTAL PtiNCITOWil

Polynomial Appendenatioaa 7

wn x
ma 1 -1-a221+0424-1-4(X)

14/(x)i S2)(10-4

at= - .18805 44=4.00761

4.3.97 OS4S;

sin x
-=41+401-1-44e-1-40-1-aexs-1-4016-1-4(x)2

ths= -.16668

atm .00833

a,- - ..00019

IW1S2x io-

66664 44,44 .00000 27626

33315 nos- .00000 00239

84090

4.3.98 05x

coi is= 1 +a2.21-1-4414+ I (4

WO SOX Ur*

42212 -.49670 a. =.03705

4.3.99 05" 52`

C;21 2=1 +aszi+404+400-1-421+4102"-Fe(x)

16(x)152X 10-

O1= -.49999 99963

40= .04166 66418

44E4-.00138 88397

44= .00002 47609

ales -.00000 02605

4.3.199 0.S4S;

till
11014-112214-5o-i-e(2)

'14(4)151X10-1

0/4=.31755 44444 .20330

/ The approximaUons 4.11.911 to 4.3.10 are from 11. Carty
son, . Gokbtein, Wow, approximation Innetions,
lae Alamos Beientille bahmstory LA-1048, Los Names,
N. Mex., 191111 (with permiodon).

4.3.101 05:4

tE1444414-440-1-404-1-4414-1-asis+4,00

le(x)12X10-

44-.33333 14036

. 84444.13339 23995

44=4.08337 40603

-Faita"-Fi(x)

414=.02456 50593

au:44.00290 'J5250

ati-.08951 68091

4.3.102 0S4S

x cot 44=1-Fate-1-4444-4-e(x)

16(4153X10-*

a, -- .332867 44=4-.024369

4.3.103 0x

cot tx=1+4014440+404+440+414010+(x)

140[54 X 10""

al= -.33333 33410 ass* -.00020 78504

44=4-.02222 20287 atom -.00002 82619

as= -- .0021177188

Approximations in Terms of Cbebyebes Polynomials*

4.3.105 -15451

77, (4) =cos 48, cos 04=24-1 (see diaper 22)

sin Oz. a E A.71(0) 0011 ifra.go&AsT:011)

As
0 1.27627 8962 0 .47200 1215

1 -.28526 1569 1 -.49940 3258

2 .00911 8016 2 .02799 2080

3 -.00013 6687 3 -.00059 6695

4 .00000 1185 4 .00000 6704

5 -.00000 0007 5 -.00000 0047

The approximations 44411. are from 0. W. cilenebaw,
Polynomial approximatione to elementary functions;
Math. Tables Aldo Comp. 10-147 (1954) (with per.
444014).
%l Ple5.
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SUMMARY TRANBAINIANTAL mon=

DIfiereadados rommullas

4.3.105
d

sin s=mcoa s

4.3.106 coo s.sin re

4.3.107 tan same sas

4.3.108 clic 3.ac a cot a

4.3.109

4.3.110

4.3.111 di. sin s.sin (s+Itt bv)

4.3.112 di., cos s.cooe+isr)

Integration alms

4.3.113 fain ads. coss

4.3.114 fan cdsimeinc

43413 ftan cos z.bi sec

4.3.116

foe sdamln tan ,121...In (ese soot s).41n11---+: is

C3.117

fuse s dz= in (eac + tan s)=In tan Ci+rts->nd"' (s)

.Inverse Oudormannian Function

d
see s.=see a tans

cot s. cad sas

gd s=2 arctan es--
2

4.3.118 jecot sds =ln sin a = In csc a

4.3.119

ft* sin ads-- s" cos s+nis" cos ads

4.3.120
.in b sin s

-r
1 rCOS assj (17-'7137let." 11-1j 21".

4.3.121 fe-firsdc cot s+in sin s

(01)

4.3.122
.\rads saws

jiuireii" (n-1) (n-2) sin"'

4.3.123

f a" cos s dams* sin safs"-1 sin sds

4.3.124

glf (02)

6ai 1/12""131:41 .1 reinidsas (01)

42.125 .1j-ids...a tali s+In cos s

11.

4.3.126
fads sins
cos" sun(a-1 s W-756- 2 oo EM-Is

_Litz ids
*-1 COS ",. 1 1411

4.3.127
Pdijnii+i giobai a

m.alls oasis dsocz:

ri)fsin'" a 01?as- as

-sin t s cow s
at-Fa

-1-rilisints..11 008s ads
nt-1-*

(nn 16)

tP,

4.3.128

cos s"(1-1) she-1 coo" a
ds 1

ot+n-2f
Z 4;

ds
n--1 ----)oaf"

(01)1
at 1) mini"' a cos"' s

kat+n-2 r dc
""vs-1 J. -oo"s

(+01)

4.3.I39 Stan° s damtan"-1 ftan"1 sds (001) .

4.3.130 foots 8 Sitio
cot s 1006"8 di 010 1)fl 1 j

90
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4.3.131

r de

n
2

a tan (!)-f-b

Ja7FTTCI aretan
011>ba)

a tan (0--0)1

' a tan (0-1-b-1-(I0-41)1

(10>al)

"132. f tanaoT
4.3.133

r da 2 . (ab) tan

fTZ3°. *as(a1-0)14mtan -(01-10), (10>10)

(Oa) tan if461-091

0(101 (ba) "tan i(61-0
(6'>a')

FLIBMINTARY TIWISCSNDIONTAL ruin:non

44.141 .f:sins at dtaf'cos' n: dtg11:
2

(n an integer, n00)

4.3.134

4.3.135

de
.1 1 +cos s 2

ds -
/ f1ooe 2,

4.3.136

fsu sin beds.e..i (a sin bsb cos be)

4.3.137

fes cos bede.4 (a cos ba+b sin be)

4.3.138

P' sins be de=a,I 41-1111"S (a sin beab cos be)

fsire-2 ba dz.

4.3.139

es cos" ba dem
cos" ba

04---TF-1, (a we be -1-nb sin be)es'

+1+forsi f cos " -' ba da

Daubs Integrals

4.3.140 rain ein tIt di

(m ,'n, m and a integers)

oos mt costa dt.0

4.3.142
rs sin mt , vJ "i

V

-2

(n>0)

(m.0)

(nt<O)

4.3.143
j:: cos at bt

.
`cos4.3.144 i sin ti lit=sf II dts=44

0 0

4.3.145

fi'llIn sin t dtaofirilln we t dt.i In 2
o o

" cos
T:P

mt
4.3.146

r
Imai

(See chapters 3 and 7 for other integrals involy
ing circular functions.)

(See (5.3) for Fourier transforms.)

4.3.147

Formulas for Solution of Flaw Fight Ttian lee

If A, B and C are the vertices (C the right
angle), and a, b sad e the sides opposite respectively,

sin
a
e c-To

b 1
COB Ass'40-2

Atan "i.a.CO-

versine A =vers A.1cos A

coversine A.covers 4.1sin A

haversine A-hav vas

mummant Ai.essecA= A1

91
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4.4. Inverse Circular Functions

Vollaitioso

4.3.148

roma los for 114111111111 of Plano 'folonsloo

In a triangle with angles A, B and 0 and sides
opposite a, rand c respectively,

a brZiroT
cos Asseeta1-41

aggsb cos 0+e cos B

6+i tan A+
1Tirteo spis)

kiaream---2-inA 0( -6)(e-b)(t-e)P

-21(41+10+4

4.3.149

1Panaulso to Solution of Splmiltel Tdosalso

If A, B and 0 are the three angles and a, b and
e the opposite sides,

sin A sin B sin 0
saWdr.-&-i

cos anacos I cos e+sin I sin c cos A

os b cos (e±0?
cos 0

where tan 0-tan b cos A

cos Aso -cos B cos 0+ein B sin Coos a

Me pop G.

4.4.1

4.4.2
arails 4.-751. (s=sx+iy)

moos sairr_wdi wi-arcain s

4.4.3
dtwean sinfs,170

79

The path of integration must not cross the
real axis in the case of 4.4.1 and 4.4.2 and the

Wentage unit chile. Each function is
axis in the case of 4.4.3 except

valued and regular in the &plane out
real &Astro= - to -4and +1 to +
of 4.4.1 and 44.2 and along. the imaglifirY
from to it. and -i to -lie in the cies of 4.4.11.

Inverse circular functions are also written ti*resin snide' a, MINOS 001000 a, antis 47:
astan-' s, . . .

. When
real and

-1 Ss s 1, Armin .2 and -area are \
4.4.4 -fig arcein x4*, 0arocos alSer

ask°
4.4.3 arctan 2+arcoot st=+w orsor

4.4.6 anew onaresin 1/2

4.4.7 anew agear000s 1/a

4.4.8 arcoot' a =arctan 1/s

4.4.9 armee s+arccec as= .v

.4

aresmIt OW
1,06118

wises It MI
NON It

(see 43.41)

draft 1

MON II

Fiona 4.4.. Branch et* for inane eiteakir
junction.
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iluoderusetel Property

The general solutions of the equations

sin i.ms

cos tras

tan ems
are respectively

4.410 0.Arcsin min (i)' stain s+kir

44.11 tesArcoos a==±arcoos

4.4.12
isaArotan asarotan 11-1-br (00-1)

where k is an arbitrary integer.

4413 Interval containing principal value
x positive x negative
or zero

Aran and *ratan x, 0 Sy

%moos x and arose° x 0 Sy S v/2

%root x and aroma x '0 Sy S v12

v/2 Sy<0

420
r/2S/K0

houlz 4.3. Inverse giros:wiling:time.

fonetiess of Negative Arposseute

4.4.14 arosin (s) s2 amain

4.4.11 MOOS ( 8) =I ar000s

4.416 arotan (-4.4 arctan

4.4.11 armee (s)= areceo s

44.111 week (s)=varceec s

.44.19 arms ( s).arocot
Winks se lames Ilyperbolie

it)
FINISO101114 Owe 41.6.14 toW

4.4.20 Amin sam i Amish is .

4.4.21 Amos s.*i Arcoosh

4.4.22 Antes sus i Arden!' is (00-1)

Mn

4.4.23

44.24

44.25

4.4.26

4.4.21

4.4.28

4.4.29

4.4.30

4.4.31

Aram a =i Aroceoh is

Aram sum. *i Arose& s

Arocot at=ii Arocoth is

lageritimaie Repressiatetione

Armin Ian 1(1A441 OS 1)

Armco x = i La (x-f-i(1-01 (OS 1)

Arotan
oasi T.. 1i Salmi i+2

4a""m" w 2 $7-72

(a nal)

Arcceo Ln[Y--L-0*44] (x'21)

ASCSOO 1411L

A r o c o t xmiLn

(x real)

Acittlas sod Subterietion of Two Inverse Circular
Funetiese

4.4.32

Armin si+Arosin ss

=Arabi [101 spi± as(1 1
4.4.83

Arocos **Amos
=droops{ siss+i(1-1D (1-2011)

4.4.34

Arotan si*Aroten simArctexiM)
4.4.35

Arabi si±Antoos as

=Alesintsols±I(1-10 (1-1DP)
awAtroce0141-41T81(1"41)

4.4.36

Arotan st±Arcoot ss

EsArotan.(.Arocot eff-t-)
%.

ss*si sisi±1

lomat Cireuise Functions in Terme of Reel end
loresiony Parte

44.37
Artsin inike+ (-1)* &rosin 0

4.4.38

Armes madtv* (arocostii ln (a-1-(41-1)q)



ELEMENTARY TRANSCENDENTAL FUN

4.449
Aretan z=kw+f &ratan ( 2.1

(s2Ps
4 x2+(y-1)2

where k is en integer or zero and

am4l(x+1)1+9114+41(x-1)*+y91

Pat I(s+1)l +0-4[(3-1)1+ y91
ler" &peados.

4.4.40
0,1.30_1_144s'

srmin 81"-r2.3'2.4.3Tir.T.177''

4.4.41

aresin (1s)=2-r(242[1,A1.3*5. (2ki)salP(2k+l)kl

asi<t
4.4.43

s6 s'
&ratan .

6 7 (IalS1 and 00-0

=2H+51-0-53+... . (Isl>1 and st 0-1)

a r,..L2 .1_2.4( \*_j_
La-r3 1+07-34 kl+Sii

(82 PI 4)
Contleured Freestone

4.4.43 locum z.+3+6+7 +9+...8:11 is"- lie 162!162!

(a in the out plane of Figure 4.4.)

4.4.44
&resin z s 120 1.2823.40 3.4s!3 3 7 9

(s in the out plane of Fig6e 4.4.)

Polynomial Approximation.

4.4.45 OSzS 1

&rain Pas(1-46(ao+atx+asx.+asx6)+,(x)2

144)155)m-6

as= 1.67072 88

ao. .21211 44
as= .07426 10

as = .01872 93

The approximations 4.4.411 to 4.4.4? are from C. Hast-
ings, Jr., Approximations for digital computers. Princeton
Univ. Preto, Princeton, NA, 1E5E Oath permimion).

4.4.46 05x51

amain .2=61i(1-46(ao+atz+040+asx'

+asz4+426+ose+are)+,(x)

I. 1*(4152 X 10-4

as= 1.57079 63060 as= .03089 18810

as= .21439 88016 as= .01708 81256

as= .08897 89874 as.. .00667 00901

as= .05017 43046 al= .00126 24911

4.4.47 15x51
arotan p=asx+asas+aos+ati+asx9+(s)

510-46

as= .99986 60- al= .08613 30

as= 7-.33029 93 as= .02083 31

as= .18014 10

4.4.48* 1x51
arctan xoni4-71821-1-4(x)

4.4.49 I'

.1f(4153X10-4

0Sxl
&ratan x=l+nasol6+4(x)

14(41 52X 10-2

as= .33333 14528 410= .07529 96400

a4= .19993 65086 au= .04290 96138

as= .14208 89944 a1e= .01616 37367

as= .10666 26393 as= .00286 62267

* The approximation 4.4.4E ie from C. Haatings, Jr., .
Note 148, Math. Tables Aids Camp. 6, 66 (1968) with
permission).

The approximation 4.4.0 is from B. Carlson, M. Gold.
Mein, IPAtional approximation of functions, Los Alamos
ecientille Laboratory
1961 (with )

LA-1943, Los Alamos, N. 1141,1,
permission.
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-Approshmetion in Tomo at Chap hex Polymontiala a

SIAMENTARY TRANSCENDENTAL FUNCTIONS

4.4.50

T,I(s)tiToos 0, cos 0-72-1 (see ehapter 22)

-
*ratan xigssjA, *'(x')

n A.
0 .88137 3587
1 .10589 2923
2 .01113 5843
3 .00138 1195
4 .00018 3743
5 ,00002 8215

n

7 ,
8
9

10

A.
3821

.0570 .

0080
0013
0002

*For x >1, usearetan s=eitaretan

4.4.51 hriSz&iri

mein smass A,,r,(2.0)

areeos r A. T:(20)
fs=i

o

n
0
r
2
3
4

. A.
1. 05123/1959
.05494 6487
.00408 0831
. 00040 7890
.00004 8985

11 5
6
7
8
9

.00000

.00000.

.00000

. 00000

. 00000

77' -
007

15

For brisz5i, use amain x=srcooso Mt,.
cos su=arcein (1.11)4.

DtAforoutiation Vonsulao

4.4.52 ai tocsin a= (1 0)-4

4.4.53 swam vc(1-211)-t

4.4.54
d 1

, &rasa en

--1
4.4.55 3- &mot snws"

d
4.4.56 sa AM MO

1

s The approximations 4.4.50 to 4.4.51 are Nom C. W.
Cielhehaw, Polynomial approximation to elementgy'
tuntion, Math. Tabin Akio Comp. II, 143-14? (1014);
(with permission).

1

sem ply a.

i

d
armeeds s(s4-1)4

Intlipation Formulas

4.4.58 farads s dams wain s+(1-44)4

4.4.59 far000s s daiimizeaceoe s (1 OP

4.4.60 futon s ds=ts arotan (1+4
ri.

4.4.6k

fame a degas anise s±ln (a+(10-1)4)

0<areese s<-

1<areese s<0

4.6.62

1 armee gisii.s ammo aTIn Is-1-(01-1)q

i

[0<arken de° S<Ir

ceee

4.4.63

fmoot s dssois areoot s-14 in (1444)

4.4.66

-fs mein s dati4-4) wain siji (1-0)4

4.4.65

lesion s di p=0#.1 &rain ta.-.1r+-1 07:051a' di.ii+1

(n0.-.1)
4.4.66

si . 1
-Ss arms s ds=(---) moos s-- (1-0)4

2 4 4

4.4.67
as+1 1 f ;0+1is* areeos s dimes-74 *Roos 2+4-+-1

4.4.61

jes &ratan s &mei (1 +al) team a;

*

.3



liF4777777.7771775.1777,'.:T",-V-:'F'77":"-T7 . 4.5.77^J,s,

Jos s

I.

/
ELIlligHTARY ! TRANSCINDSNTAL glINCITIONII

4.4.69. I - 4.5.8 cosh s=cos is

fs" *man 3 dz.n+1
yew) z...:_L 5,e- se

'I n+ 1 1+0 4.5.9
ato+ ,

. -.

(ri0 .--. 1) 4.5.10

4.4.70 , - ., 4.5.11

fs /moot sdan4 (1 +a) arc,coxis+1
4.5.12,

.-..

4.4.71

fel arecot s dsen::. arocots1

4.5.1

4.54
,

(sod-1)

4.5. Hyperbolic Funotions

Deanitlotto

Binh s
2

(s.x

cosh sc. 2 ,/
4.5.3 tanh srsinh s/

4.5.4 each a= lisinhi
4.5.5 sech 21.1/coo)4.s

4.5.6 coth a 1/ .3

Ftouss 4.8. Hyperbolic funetiarut;

Helot*** to Creoles, Functions (see 443.49 to 4.3.14)

..Hyperbolic formulas can be derived from
trigonometric identities by replacing a by is

4.3.7 einh s== i sin is

tanh tan is

each s=i me is

each s=sec is

coth smi cot is

Posiodlo Properties

41: T.s.-srs.v.rw.

&LIS sinlils+2kiri)msinh x

N. . (k any int(41dr)

4.5;4, cosh (s+2kirO.cosh

/1.15 tanh (s+kori)==tanh

Rolotlono Between Hyperbolic Ituastiono

cosh* ssinhe

tanh' x+sechi si=1

'4.5.18 coth1 scscht s=1

cosh s+sish amiss

4.5.20 cosh ssinh smers

Negative Aagio l'oessidoe

4.5.21 sinh (-4.0 einh a
. .

4.532 cosh (a)=cosh s

4.5.23 tanh (x) tanh
Addition Vonsuilis

4.3.24 Binh (21+82).seiiih a1 gosh a, .

.
1 cosh st doh.*

4.5.25 cosh (22+82).cosh xi cosh a,

+Binh st einh si

4.5.26 tanh (et + 4). (tanh +Utah 81)/

(1+ tanh tomb al)

4.5.27 coth (Jot+ 3.2)== (coth st coth so+ 1)/

(coth se+coth

firdigAnsle Fornauk k4;"

4.5.211

.;1, ficosh 2-1 \i
Binh 2 \ 2 /

96
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4.5.2

cosh
(cosh 8+151

4.5.30

tan

G

ZLEMENTAST intancENDarraL rusicTioNa

' .

z (cosh z-L1)1 cosh z-1. sinh
" 2112kcoZ1711

MultIple.Anglo formulae

.4.5.31 sinh 28=2 sinh a cosh ael2,tall

4.5.32 cosh 28=2 cosh' 8-1=2 BM* s+1 .

=cosh" 84:813:11 a f .

2 tanh
4.5.33 lanh 2s= +tsT-p---

44.34 Lnh 32=3 sinh 8+4 sinh' a.

4.5.35 cosh 3s = -3 cosh s +4 cosh' a

sinh 41=4 4;1104 oosik a+4 citishs :sahib's
. J.

4.5.97 cosh 48= cosh' 8+8 shill cosh' s+sinh4

Produces of Hyperbolic Sineiand Ccalo#

4.5.38 2 sinh a, sinh as=cosh (81+8,)

cosh (stas)

4.5., 2 cosh zi cosh zs=cosh 01+84

+cosh (sha,9

4.5.40 2 sinh a1 cosh at=sia +ss) ;

. +kilt (181 as)

Addition and Subtraelios of Two Hyporbslid limestone .

Binh zi+sinh 4=2 sinh .+1/ ) cosh (71Z'l)

4.5.42

sinh 81!-sinh a, =2 cosh(III-V9 sinh 0481)

4.5.43

. ,coshs1+coeh a, =2 cosh&leash Orial)

4.5.44 '

oath alcosh soL2 Binh sinh
2 2

4 111

4.545
Binh (81--za)tail st+tonlise=cosh

81 cash al

4.5.46 t
00th 814.00th einh (st-Fxs)

sinh sh

Relations Between Squares of Hyperbolic Since and
Cosines

4.5.47
ts-

sinV ze-sinh' 13=sinh (a1+814 Binh (81-23)
iroosh'.81oos10 a,'

4.5.48
sinh' =cosh tst-Fss)0osh (a, -as)

arkliall

Hyperbolic )unctions In Teruii."- wt Real and Imagliiary
Parts

sinh 8 =sinhi x cos y+i cosh x sin y

4.5.50 cosh 8=tosh a cos y+isinh x sin y

sinh 2x+i 29 .4.5.51 thrill s=w12, .

414

4.5.52 coal sidrah2222-400261
ay

De Moine% Theorem

4.5.53 (cosh 8+sinh s)" =cosh nz+sinh as

Modulus and Pliao;tult=ent) of Hyperbolic

4.5.61 Isinh al = (GM' 23-1-piss ti)+

=3(cosh 2xcos 2y)r

4.5.55 arg sinh a =arctan (coth x tan y).

4.5.56 cosh = (sinhs.x+cos y)!
go[e(cosh 2x+oos 2y)P

4.5.57 arg cosh st=arctan (tanh x tan y)

l

"a./cosh
2x -cos 2yV

' kcal 2x+oos 2y)4.5.58

4.5.59 arg tank 8=aretan.

97
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SLEMIC14;11ARY TRAMICIINDSNTAI Mamma .

Relations Between Hyperbolic (or Inversellyperbolie)junctions

\sinh xsa cosh x=a tanh.amesn each x =a each x=a. coth x=4.

oink a

cosh a

tank a

each x

each x

cloth a

a .

(1-Fas)1

es(1+40)-1

a-1

(1+41)4

a-1(e+ 1)1

--a"!

(ak-t1).

a * '

a"'(a2 1)1

(a' 1)-1

8(0 ir*
N

a(1a')-1
(1 al)`1,

a

a-1(1.-0)1

0-01
a-' .

el
a-1(1 +O)t

(4-1-41)-1 .

a

a(1-1-0)-1

a +40)1

4-1(14-10)1. '-;

CI

(1-61)1

0(1-0)4

a

(1-0)-1 .

(Or. 1) 4
1

W0ir 1)4

el
(61-1)1

.
4-1 (¢' . " "1)1

a ,

Illustratton: If Binh xemit, coth x=4"4(0+1)1

arosech amarcooth (1-0)-1

4.5.61 Special Vai...-s.of the Hyperbolic Functions 4.5.66

'0 !i wi
3, i2

ea

sinh-si
.

0 i
i

0 co

cosh s 1 0 ...... 1 0', CO

ir

tool s 0 eoi 0

each s 0) ' i . i . 0

each s 1 t 1 0

Goth s. .-,-- e 0 = 1,

Series Es pervious

0 0 0
4.5.62 sink s=s+g+.-+-fi+

4.5.63 cosh z=l+-1-1-14-431+

4.5.64 tanh

4.5.65

so 2 , 17

z=s-rfigg
'f__121-1 0'1+. .
(24)1

+ .

(IsI<m)

#

( I z I < .)

each
1 s` 7 31

agms-6+37302.-"N120 al+

2(21" 1 )Bo, ale- I+
(29)I

(181<y)
p

Mao par n.

4.5.67
1 as 2

00thh
a_

where B. an& are the nth Bernoulli and Euler
numbers, see chapter 23.

4.5.68

inindte Products

Binh sm.. 1:11 (1+O c,

45.69 cosh s=1.1 [1+
481

k1 (2*-1)11r1j

4.5.70

4.5.71

4 . 5 .

4.5.73

4.5.74

Continued Freetion
4 a al al s1

tank} ..=i+

(xi i±/$14

Differentiation Formulas

sink swoosh s

ds
cosh s=sinh s

tea sessechl a

98

each seescecha ooth s
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ICLESILTARY TRANSCIINDENTAL FUNCEIONS

4.5.75 sech z. -seen z tank a

.

. 4.5.76
d

coth a

Integration Formulae

fBinh zdz.cosh z

cosh z4z.sinh
. ,

ftub' z dz =ln cosh a

Jamb a da.ln tan
h -

2

4.5.77

4.5.78

4.5.79

4180

4.5./11

4.5.82

fsech a dz.arctan (sinh a)

Scoth zdet.ln sinh

4.5.83

sinh zdz=z* cosh z-niz '.cosh zdz
4

4.5.84

iz" cosh z dz.:" sinh z-nSz" sinh sida

4.5.85

fqinh*

a

1

n
.

*cosh"z s nhfi'+' z cosh"' zm+

n- i
adz2+ +

f
Bulb"- Mall"'n

m+n Binh*" z cosh"' a

-2-4 1 isinhm-lz cosh* xds

(m+np10)

4.5.86 f . riz
i 1

sinh" a cosh" z m-1 sinh"'-' z cosh"' a

m + n-2 r di
m -1 J sinh*-sz coiSri . .

( m
Pd

1)

n-I sin cosh" z

04 1 n- 2 r da+n-1 Win** s s ("41)

4.5.87

Staab* z dz....tanh"-1.3n-i tanh*-1 a ds

4.5.88

-"-' zicoth" da.co th
z da

(nrdl)

(See Chapters 5 and 7 for other intsgrils in-
volving hyperbolic functions.)

4.6. Inverse Hyperbolic Functions
Dedultlous

4.6.1 arcsinh z= vi.x+iy)di

4.6.2 arccosh a=1:8 ,A3.1

14.6.3 arctanh a =f diI:70

The Paths of integration must not cross the fol-
lowing cuts.

4.6.1 imaginary axis from to -i and i
to la)

Sk6.2 real axis from e to +1
a3 real axis from - a to -1 and +4 to

Inverse hyperbolic functions are also written
sinh-' a, arsinh z, sinh z, etc.
4.6.4 arcesch at.liarcsinh 1/a

4.6.5 arcsech a.a76osh 1/8
4.6.6 arccoth a.irctanh 1/a

/

e

Mount 4.7. Branch cute for inverse hyperbolic, ,

fanctionz.
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4.6.7 arctanh z arccoth z*Itri

(pee 4.5.60) (wording as .1arc0)

ingrodagnental Property

The general solutions of the equations

z=sinh t
*==cosh r

21.tanh
are respectively

4.6.8 I= Arcsinh a =( -1)' arcsinh z +kii

4.6.9 t=Arccosh a= ± szccosh

4.6.10 t= Arctanh z=arctunh z+kri
(k, integer)

Function. of Negative Arguments

arcsinh ( a). arctunh a .

*4.6.12 arccosh (z)=Iriarecosita

4.6.13 arctanh (-41= - 'arctanh

Relation *James Circular Functions Csee 4.4.10 to

Hyperbolic identities can be derived from trig-
onometric identities by rellacing a by iz.

4.6.14

4.6.15

4.6.16

4.6.17

: .4(09

Arcsinh z= Arcsin iz

Arccosh z= ti Arccos z

Arctanh z= Arctan iz

Arccsch z=i Arccsc is

Arccsch z= t i Armee

Arccoth z=i Arccot is

Logaritiaok Representations

4.6.20 aresinh z=ln [x + (x =+1)11

4.6.21 areeosh z=ln [x+(x.-1)11 (x1)

4.6.22 arctanh :=1 In 11----Lis (Ozi(l)

4.6.23 arrest+ z=ln [1+(-1- +1)1 (x 00)
zi

4.6.24 areseeh z=lnEri-+(l .»1)1 (0<x1)

"'" .

4.6.25 arecoth x=-1 In
x+1

2 x-1

0 I0
%OW IND

1.44010 %,-.

41
40

.0

iI

Rating 4.8.

40

.16

40
qS

SO

.40

0

. .

Ite $ 0 so

Inivree hyperbolic Junctions:*

Addition and Subtreethn of Two inverse Hyperbolic
Egnetions

4A.26

Arcsinh ziAresinh at

=Aresinh [zi(1+4).±z,(1+4)1)

4.6.27

Arccosh zi*Arecosh at

=Arecosh {zial±[(4-1)(4-1)11)
4,

4.6.18

Arkanh zi±Aretanh z,= Arctanh (L±1))1±ziti

4.6.29

Aresinh 21±Arecosh zs

=Aresitih{zit,±[(1+4)(21-1))1)

=Areeosh Izg(1+4)1± :1(4-1)4

Arctanh al ±Areetvtlf,z3=Arctanh (L21*1)*,tat

= Arccoth (-Rita-)
3153± 1

4.6.30

*gm pat H.

100.
o
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4.6.32

ELEMENTARY TRANSCENDENTAL FUNCTIONS

Series Expansions
4.6.42

d
arccoth 0.22(1-21)"'

zg=z-15-773 zs+2 -471

1.3.5
2 4 6 7

1
I . 3=111.22-1-22.712

. 4 . 4t4

21+ . . .

z< 1)

1 3 5
4-2741761 :

(121>1)

1 1 . 3arccosh z=1n 2z2
. 20 571%7?

1 3 5
2 4 6 620-

(181>I)10

:I4.6.33 arctanh
za

5 7
(121<l)

3

1
arecoilt z

Continued Fractions

2 21 422 92,4.6.35 arctanh 5-7 . . .
6

(2 in the cut plane of Figure 4.7.)

Integration Formulas

4.6.43 faresinb a dz. a aresinh

4.6.44 farecosh zdz=a art:cosh 2-(21-1)*

4.6.45 f arctanha da= a arctanh a+3 ln.(1-21)

4.6.46 farces& z dz=z arecsoh.2±410sinh 2

, (according as Maio)

4.6.47 faresech zdz4Aresech z±aroain

4.6.48 farccoth a dz=a arcooth z+f In (21-1)

4.6.49

izarcsinh =20+1 month 2-i (21+
a

. a

4.6.30
r4.2 0+1

suarcsinh adz.ITR aresinhz-
1

n.
1- (14-78108

(121> I) 4.6.51 .

fa arecosh dza=2-7-121-1 arccosh 2-2.(21-1)1
4

4.6.36
aresinh z 2 1 221 1 . 22' 3 42' 3 42*

P1+ 3+ 7+ 9+

Differentiation Formulas

4.6.37 aresinh 2=(1 +0)-4dz

4.6.38 arcenah 2=0.4-1) -4

4.6.39

4.6.40

- arctanh z=(1

.13.10 Pa. II.

dz arccach 2= Tz(14-21)1

(according as Merg0)

1arcaech z=T
2(1-21)idz

(no 1)

4.6.52
s+1 r 31.4.1fze arccosh dz.= arccoshz n-4-4 5C.Vis

(sr' -1) .1.

4.6.53

arctanh a dz.' arctanh at§

4.6.54
1 *4420+1fe arctanh a dz. arctanhn+1 it

4.6.65

is arca& dzb=12- arcosh-2±1 (1+2')e
2 2

(according as .91s0)

4.6.66

fearecsch a 4=f:4- armada n+1 (st +1)

101

(*pi -1)

f2



46.37

1

4.6.58

fa" aresedia

fa

a

SCIINDDITAL roncrionsSLINIDITAIIT TIAN

aresech s da-ei awe& ski (1-0)1

(asatnfinq 1111 ObA0)

\

1 da
als+s

8.61174-14
rcescha 0=0

(n0-1)

4.6.59

89

is arccoth a da=81-V &reedit al

4.6.60
A

farcooth a erocoth s-1-11+1f ds.%

(1101-1)

Numerical Methods

cf. Use and Extension of the Tables

Nara: In the examples given it is assumed. that
the arguments are exact.

Example 1. ComPutation of Common Logarithms.

To compute common logarithms, the number
must be expressed in the form .1V, (I Sx<10,- SqS). The common. logarithm of a.10'
consists of an integral part which is called the
characteristic and a decimal part which is called
the mantissa. Table 4.1 gives the common
logarithm of s.

.1.101 lob) x.101

.009836 9.836.104 5.99281 85=(-2.00718 15)

.09836 9.836.10-4 199281 85=4-1.00718 15)

.9838 a.s3mio-'1 1.99281 85=(-0.0071115)

9.838 9.836.10° 0.99281 85

98.36 9.836.101 1.99281 85

983.8 9.838.101 2.99281 U

Interpolation in Table 4.1 between 983 and 984
gives .99281 85 as the mantissa of 9838.

Note that 5.99281 85=-1+.99281 83. When
q is nftstive the common logarithm can be
expressed in the alternative forms

loge, (.009836)=199281 85=7.99281 85-10
122 -2.00718 15.

The last form is convenient for conversion from
common logarithms to natural logarithms. .`

The inverse of logsex is called the antilogarithm
of a, and is written antilog x. or lwass a. The
logarithm of the reciprocal of a. number is called
the cologaritbm, written colog..

Pm POP II a

Example 2.

Compute re" for x=9.19526 to 10D using the
Table of Common Logarithms.

From Table 4.1, four-pdnt Lsm in
tion gives logs 12. Pt

logs (z)va - .72277 92609=9.27722 07391-10.
Linear inverse interpolation in Table 4.1 yields
antilog (T.27722)=.18933. For 10 place accuracy
subtabuledon with 4point Lagrangian inter .
polants produces the table

.18233
.18934

-18935

loges N
.27721 94350
.27724'23729
.27726 53095

a

2
29379
29432 66

at

--13

By linear :AVOW InterpOlatIon

r's=8.18933 05685.
N

Example 3.

Convert loges a to Ina for x=.009836.
Using 4.1.13 and Table 4.1, In (.009834)=

In 10 lose (.009836)=2.30258 5093 (-2.00718 15)
1=-4.61170 62. ,,

Example 4.

Compute In x for x=1.00278 to 6D.
Using 4.1.1, 4.1.11 and Table 4.2, In (.00278)=

In (.278.10-9=ln (.278)-2 In 10m-5,ggs304,
Linear interpolation between x=8.002 sad

x=.003 would give In(.00278)=-5.858. To
obtain 5 decimal place mouracy with linear
interpolation it is necessary that 0.175.

Example 5.

Compute In x for a=1131.718 to 8D.
Using 4.1,7, 4.1.11 and Table 4.2

)In 1131.718=1
1131.7184m- 1131

1131.718=In isr-.4.1a 1.131 +ln 169

win (1.00063 4836)+1n 1.131+31n 10.

4.
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lbssenple 9.

Compute 431778* to 78.
Using 42.18 and Table 4.4,

sieve ems:yeas N.

Then from 4.L24
In 1131.718. (.00063 4836)-4(.0006i 4836)1
+In 1.131+3 In 10..00083 4836 - .00000 602

+.12310 2197+4.90775 5279 =7.03149 211.

Bum* 6.
Compute In a working with 16D for

a=1.38967 12458 179231.

Since 489-=1.00048 32583 282384.1+a, using

4.1.24 and Table 4.2 we compute ancomeiyely

a'
2

Tam

44

In (1 +a)_

In 1.389 =
'In a=

.00048

,

32583

1167

282384

6911059

376199

136

,.00068

.32858

31415465388

40637 722067
.32906 72053 687455.

Famaiple 7.

CFroom4 e
. ITt trees °I. 21262:A3.i)

In (2+307110 (26+39+i antilll

14.282475+4922790

In (-2+3014 In 13+i (rarotan

1.1.282475+42.158799)

In (-2-30=1 In 13+i (-v+aretee

=1.283475-i(2.158799)

in (2 -30.4 In 13+i (-arotan

.1.282475-i(.982794).

Example 8.

Compu4
.2te

7D.
Using .7 aM Tables 4.2 and 4.4,
(.227).ems. $1 1211.1011.4111111 NU)

se-14.4* No= .33946 90.

103

a

Linear interpolation gives 6." =p1.10217
with's& error of ix io-r,

4" eon (134.28978)(1.10217 67).148.0111.

bausple 10.

Compute s' to 18D for
zo..86725 13489 24685 12693.

Let a =x -.867. Using 4.2.1, compute noes
elvely

1.00000

a= .00025

Sm.

asar

4=1.00025

0.7=2.37976

00000 00000 00000

13489 24685 12693

313 88140 97019

-2646 54842

16630

13806 15472 81184
.i4.;

08513 29496 863 from TisIble4.

4lis'..01.2.38035 90768 39008 089.

Example 11.

Compute a" to 78.

Let em% and d=the decimal part of $-Efr

Then

sap sposexp (k-16 In 10)..exp 1(a+d) In 101"
sweep (In 10') sap (din 10)

.310" exp (d In 10)

From Table 4.4

sks.exp in 10).exp (281,42282 42 in 10)

.100" sip (.42282 42 In 10).1100 sip .97368 r

100 (2.647428) *. (281) 2.647428.

Sample 12.

chOgskuergi for 2.75 using the man, h
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4.2.48
Ftolkeeing the procedure in (4.3firs have from

,. a

- * where 77 (s) are the Chebyshev po
defined in chapter 22. Assuming by. =0 we
g e n e r a t e bs, k 7 , 6 , 5 , . . 0 frog the recurrence
relatOn i

I

eel) (44.' 2)106+14441÷A4

t

7

6

.a

4

3,

2

1

0

61

-.0000040015

.00000 0400

-.00000 9580

.00018 9959

- .00300 9164

..03550 4993

-.274321449
.33520 2828

since A4=4- (22-1)611
-."...33520 2828- (.5)(--.77432 7449)

=.47236. 6553.

Example 13.

Expresilf48°42'32" In

1°=.01745 32925

1'./1.00029 08882

1"..00000 48481

Therefore
38°=

32 "=

38°42'32"aw

radians to 8D.

19943 29677 r

08885 72159 62 r

36811 09535 9936 r

.66322 51 r

.01221 73 r

.00015 51 r

.675598 r.

Example 14.

Express s =1.6789 radians in degrees, minutes
and seconds to the newest tenth of a second.

From Table 1.1 giving the mathematical con-
stants we have

Isor \1 res-.157.29577 95130° ...

1.8789 res96.19388°

.19388 °X80 =11.633'

.633'X 60-38.0"
1.6789 rft96°11'38.0"

esa. pap rt.

Fe maple VI

Compute sin's and cos a for a=12.317 to 7D.
From 4.3.44 and Table 4.6

sin (2.317)mebt} (v-2.317)=Bsin (.82459 2654)

-.73427..12

cos (2.317) ancoi (o-2.317)=3-cos (.82469 2664)
4-.87885 Go.

Linear interpolation for 8-.82459 2864 gives an
atm of
Foam* 16.

Compute sin a for ass13.867 to 8D.
From 4416 and Tables 4.6 and 4.8

Mn (12.867)mosia 12 cos .887-1-cos 12 sin .867

m1.29612 142.

The method Of reduction to an angle in the first
quadrant which was given in Mums* 111 may
4)o be used.

Example 11.

Compute) sin a to 19D for
alm.86795 43489 34686 42893.

Let ono.8d7,
-$ =a -a. From. 4.3.16 and

Table 4.6

sin (a+ 0).sin a cos 0+cos a sin 0
sin a =.78239 10208 07806 22698

cos am.64711 66288 94312 75010

With the series expansifOs for sin 0 and cos 0 we
compute successively

1.00000 00000 (woo oocioo

Ems- 315 88140 9701)

41-
16630

001 Om .99999 99684 11859 19611

043, .00025 13489 24685 12693
. .

2646 54842

e;"'
1

sin PO .00025 13489 22031 67862

sin o cos 0,58.76239 09967 25351i, 31808
cos al Ili 0-.00016 26520 1Y/10542438

sin eamr.76356 36487 92457 1374

rL 104

.1
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This procedure is equivalent So interpolation with
Tilley. formula .4.

Example 18.

IA the_plane iriangle ABC,, 4=123, B=29°18',
ev2321; lind A, b.

0.1oP+0-24. cos Boco (123)! -14321r
-2(123)(321)tos 29°16'

1431.99934 00

sin B (123) .481187 50196)msin A-- 3-n
1.99934 00 .

All1342'56.489".

Example 19.

In the plane triangle ABC, a-4, 5=1, c=9,
find A, B, and C.

40-41-00 81+49-16 114
90476 1905441.---W-1.1',77Iniiim.

'A=1.43997 5954=25°12'31.6"

sin A-.426917709

sin.Boo
7(

'42591 770!1), B.= 84106 86704
=48°11'22.9"

.49(.42591 7709)gin 0 0.4.86054 8034
=106036'5.6"

where the supplementary snide must be chosen for
O. " As a chick we get A+5+0=180°00'.1".

Example 29. ,

Compute cot x for x=.4589 to 6D.
Since z <.5, using Table 4.9 pith interpolation

in (s-' -cot z), we find .449 -cot(.4389)=.
.155159. Therefore cot (.4589)=2.179124-
.155159=2.023965.

.1.- Example 21.

Compute arcsin x for z- .99511.
For 0.95, using Table 4.14 with interpolation

in the auxiliary function /(z) we find

aradh xml-(2(1-x)jii(s)

grain (.99511)+(2(.00489)Pf(.99511)

=1.57079 6327- (.09889 388252)
(1.00040 7951)

-1.47186 2100.

,105

0

Example 22. ,

Compute arotin 20 and arecot 20 to 9D.
Using 4.4.5, 4.4.8, and Table 4.14

aretan 20j-arctan 10=1.52083 7931
2

meet 20=11!-arotan 20;Tarctan .05=.04995 8396.2

Ern* 214
Express 1=3+9i in polar form.

se=x+iy=reo, where I.= 01+e)i,

0=arctan k is an integer. For h=0.
r.(31+91)62.(9-0=9.486833

0=aretan9/3=arctan 3=1.24904 58.

Thus 3+91=9.486833 exp (1.24904 580.

Example 24.

Compute arctan z for x=1/3 to 12D.
From 4.4.34 and 44.42 we have

arotan.z=arotan_(r6-10)...._

mantas xo+aro,an

1 le si=ant=xo+G+744+14)41.71.741.

We have

xmL.33333 33333 33 so that /4=.00033 3333 33 d

3
and, from Table 4.14, aretan wove" .333
=.32145 05244 03. Since 14:*4.
.00030 00300 03 we get

fatten z=.32145 05244 03+.00030 00300 03

-.00000 Iwo 09

is.32175 05543 97.

If z is given in the form b/a it is convenient to
use 4.4.34 in the form

arotan -...arqtan xo+arotana+a

In the present example we get

1 1atotan-
3
marotan .333+arotan 3T33-

elm psis a
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1-1-6035.=1 1.96035
1-.3)6035 7 .03065

=4 In 49.44136 191

=4(3.90071 7359) =1.950394.

faimple 25.
Compute arson() 2.8,to SD.
Using 4.3.45 and Table 4.14

steam, s=arcsin Q.

1
armee 2.82=arcein

2.8)7-1 t
2.8

=amain .93404 97735

= 1.20559

or using 4.3.45 and Table 4.14.

armee s=aretan (07-1)t
ammo 2.8 =arctan 2.01533 9368

=I-arc:tan .38235 95564,

from 4.4.3 and 4.4.8
=1.570796- .365207

=120559.

Example 26.

Compute aretanh x for x=.96035 to 8D. \
From 4.6.22 and Table 4.2

Example 27.

Compute arecos1; x for x=1;5368 to 8D.
Using Table. 4.17 .

areeosh x arecosh 1.5368
(x=)r.1 [(1.5348)7-1p='852346

arm& 1.5368= (.852346)(1.361754)t

= (.852346)(1.168942)

=2.994638.

Example 28.

Compute nrecoish for x =31.2 to 5D.
Using Tables 4.2 941 4.17 with 1ix=21/31.2

=.03205 128205

moot& 31.2-In 31.2= .692886

arecosh 31.2=.692880+3,440418=4.13330.-
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ELEMENTARY TRANSCENDENTAL FUNCTIONS
e

COMMON LOGARITHMS.

295
296
297
298
299

145 16136 80022 195 29003 46114 245 38916 60844

146 16435 2.8558 196 29225 60714 246 39093 51071

147 16731 73347 197 29446 62262 247 '39269 69533
148 17026 17154 198 29666 51903 248 39445 16808

149 17318 62684 199 29885 30764 249 39619 93471

150 17609 12591 200 30102 99957 250 39794 00087

C ..
a. ' login .1' .r logto ,r 4' . . . logiu .z. _

I._..

100 00000 00000 150 17609 12591 /200 30102 99957 250

101 00432 13738 151 17897 69473 201 30319 60574 251

182 00860 01718 1'52 18184 35879 202. 30535.13694 252

103 01283 72247 153 18469 14308 203 0749 60379 253
14 01703 33393 154 18752 07208 204 30963 01674 x4254

,

105 02118 92991 155, 1903316982 _ AmIL.31175 38611 255

106 02530 58653 156 19312 45984 206 31116 72204 256

107 02938 37777 157 19589 96524 207 31597 03455 . 257

108 03342 37555 158 14865 70870. 108 31896 33)50 '258

109 03742 64979 159 20139 71243' 209 3201462861 259

,

112 04139 26852 160 20411'99827 210 .32221 92947 460
111 00532 29788 161 20682 58760 211 32428 24553 261

1,12 04921 80227 162 20951 50145 212 32633 58609 262

113 05307 84435 163 21218 76044' 213 32837 96034 263

114 05630 48513 164 21484 38480 214- 33041 37733 264

115 06069 78404 165 21748 39442 215 33243 84599 265.
116 06445 79892 166 22010 80880 216 33445 37512 266
117 06818 58617 167 22271 64711 217, 33645 97338 267

118 07188 20073 168 22530,92817 218\ 33845 64936 268'

119 07554 69614 169 22788 67046 .219. 34044 41148- 269

120 07918 12460 170 44,89214, 220 34242 26808 270

121 08278 53703 171 3299 61104 \221 34439 22737 271

012 08635 98307. -172 3552 84469 222 34635 29745 272

123 08990 51214 173 23804 61031 2v 348317 48630 273

124 09342 16852 174 24054 92413 224 35024 80183 274

125 9691 00130 78 24303 80487 225 35218 25181 275

'126 10037'05451 176 24551 26678 226 35410 84391 276

127 10380 37210 177 24797 32664 227 35602 58572 277.

128 10720 99696 178 25042 00023 228 35793 48470 278

129 11058 97103. 179 25285 30310 229 35983 54823 279

130 1194,532). 180 25527 25051 230; 361172 70 280
131 1173

5
27 12957 181 25767 85749 231' 36361 19799 281

112 12057 39312 182 26007 13880 au 36548 79849 282

133 12385 16410 183 26245 10897 233 36735 59210' 283

134 12710 47984 184' 26481 78230 0 234 36921 58574 284

135 13033 37685 185 26717 17284 235 37106 78623 285

136 13353 89084 186 26951 29442 236 37291 20030 286

137 13672 05672 187 27184 16065' 237 37474 83460 287

1)8 13987 90864 188 27415 78493 238 37657 69571 288

139 14301 48003 189 27646 18042 239 37839 79009 289

140 14612 80357 190 27875 36010 240 38021 12417 290

141 14921 91127 191 28103 33672 241 38201 70426 291

142 15228 85444 192 28330 12287 242 38381 53660 292

143 15533 60375 193 28555 73090 243 38560 62736 293

144 15836 24921 194 28780 17299 244 38728 98263 294

I [(11 r(-6)21
L 5

r(-
4
6)11

L j

Foh use of common logarithms see Examples 11-3. For 100 135 interpolate in the range
1000,'1, 1350. 'Compiled from A. J. Thompson, Standard table of logarithms to twenty decimal

Places, Tracts for Computers, No. 22. Cambridge Univ. Press, Cambridge, England, 1952 (with
permission).*

4-1,-::"-w-.4.g,iii,,=:*
* . - ,.....,-4

- :...' -.-',

%I
N

.

,

login .r f
39794 00087 300
39967 37215 301

40140 05408. 1u2
40312 05212 303

40483 37166
,

304

40654 01804 305
40823 99653 306
40993 31233 .307
41161 97060 "308
41329 97641 109

. ..
of
41499 33480 310
41664 05073 111

41850 12913 /112
41995 57485 313

42160 39269 314

42324 58739 315
.42488 16366 316
42651 12614 317
42811 47940. .318
42975 22800 319

43136 37642 '320
43296 92909 321.

43456 89040 322
43616 26470 323
43775 05626 324

43933 26938 325
44090 90821 326
44247 97691 327
44404 47959 328
44560.42033 329

44/15 8031r 330
44870 63199 331
45024 91083 332
'45178 64355 333
45331 83400 334

45484 48600' 335
45636 60331 336
45788 18967 337
45939 24878 338
46089 78428 339

46239 79979 340
46389 29890 341.
46538 28514 342

46686 76204 343
46834 73304 344

46982 20160 345
47129 17111 346
47275 64493 347
47421 62641 348
47567 11883 349

,47712 12547 350

7)9r(-1
L 4

95 ,

Table 4.1 '-

login .8.

47742 12547
47856 64956 .k
48000 69430
48144 26285
4828) 35836

48429 98393
48572 14265
48711 83755
mu 07165 .
48995 84194

.49136
%

9136 16938
49276 03890
49415 45940
49554 43375
49692 96481

49831 05538
49968 70826
50105 92522
50242 71200
50379 06831.

50514 99783
50650 50124
50785 58717
50920 25223

.7'510 4 50102 1."

511 8 33610
51 1 76001

-51 54'77527
51 87 38437
51 19.58979

51 51 39338
51982 79938
52113 8 p837
522444
52374 64688

52504 48070
52633 92774
52712 99009
52891 67003
53019.96982

53147 8917
53275 43790
53402 61061
53529 41200
53655 84426

537800951
53907 60988
54032 94748
54157 92439
54282 54279

54406.80444

C-7)
L

4.

108



Table 4.1

9' logio r

MAMMARY TRANSCENIENTAL ruNcrnoms

COMMON locitithints

.r jogto logto login

350' 54406 80444 400 60205 99913 450 65321 25138 -500 -4489140043 .550 74036 26895
351 54530 71165 401 60314 43726 451 65417 65419 501 69983 77259 551 74115 15989
352 54654 26635 402 60422 60531 452 65513 84348 502 70070 37171 552 74193 90777
353- 54777 47054 403 6000 50461 453 65609 82020 503 70156 79851 553' 74272 51313
354 54100 32620 404'.60638 13651 454 65705 58529 504 70243 05364 554 74350 97647

355 55022 83531 405 -60745 50232 455 65801 13967 505 70329 13781 555 74429 29831
356. 55144 99980 406 60852 60336 456 65894 48427 -506 70415 05168 556 74507 47916
157 55266 82161 407 60959 44092 457 65991 62001 507 70500 79593 557 74585 51952
358 55388 30266 408 61066 01631 458 66086 54780 508 70586 37123 558 74663 41989

359 55509 44486 409 61172 33080 459 66181 26855 509 10671 77823 559 74741 18079

360 55630 25008 410 61278 38567 460 66275 78317 510 70757 01761 560 74818 80270
55750 72019 411 61384 18219 461 66370 09254 511 70842 09001 561 -74896 28613

3 2 5587015705 412 -61489 72160 462 66464 19756 512 70926 99610 562 74973 63156
363 55990 66250 413 61595 00517 463 66558 09910 513 71011 73651 563 75050 83949

;
364 56110 13836 414 61700 03411 464 66651 798C6 514 71096 31190 564 75127 91040

365 56229 28645 415 61804 80967 465 66745 29529 515 71180 72290 565 ' 75204 84478
366 56348 10854 416 61909 33306 466 66838.59167 516 71264 97016 566 75281 64312
367
368

56466-60643
56584 78187

417 62013 60550
418 62117 62818

467
468

66931 68806 517
67024 58531 518

71349 05431 567
71432 97597 568

75358 30589
75434 83357

369 56702 63662 419 62221 40230 469 67117 28427 519 1151673578 569 75511 22664

370 56820 17241 420 62324 92904 470 67209 78579 520 71600 13436 -.570 75587 48551

371 56937 39096 421 62428 20958 47f 67302 09071 521 71683 77233 571 75663 61082

372 57054 29399 422 62531 24510 472 67394 19986 522, 71767 05030. 572 '75739 60288

373 57170 88318 423 62634 03674 67486 11407 523= 71850 16889 573 75815 46220

374 57287 16022 424 62736 58566 474 67577 83417 524 71933 12870' 574 75891 18924

375 57403 12677 425 62838 89301 475 67669 36096 525 72015 93034 575 75966 7844

376 57518 78449 426 62940 95991 476 67760 69527 526 72098 57442 576 76042 24034

377 57634 13502 427 63042 78750 477 83790 527 72181 06152 577 76117 581

378 57749 17998 428 63144 37690 478 6794 '78966 528 72263 39225 578 8384
3719 57863 92100 429 63245 72922 479 6803 55134 529 72345 56720 579 76267'85637

380 57978 35966 430. 63346 84556 480 68124 12374,f530 72427 58696 580 76342 799)6

381
382

58092 49757
58206 33629

435 63447 72702of 63548 37468
481
482

68214 50764 531
68304 70382/ 532

72509445211 581
72591 16323 582

76417 61324
76492 29846

383 58319 87740 433 63648 78964 483 68394 71308 533 72672 72090 583 76566 85548

384 58433 12244 434 63748 97295 484 68484 53616 534 72754 12570 584 76641 28471

385 58546 07295 435 63848 92570 485 68574 17386 535 72835 37820 585 76715 58661

386 58658 73047 436 63948,64893 486 68663 62693 536 72916 47897 586 76789 76160

387' 58771 09650 437 64048 14370 487 68752 89612 537 72997 42857 587 76863 81012

388 58883 17256 438 64147 41105 488 68841 98220 538 73078 22757 588 76937 73261

389 58994 96013 439 64246 45202 489 68930 88591 539 73158 87652 589 77011 52948

390 59106 46070 440 64345 26765 490 69019 60800 540 73239 37598 590 77085 20116

391 59217 67574 441 64443 85895 491 69108'14921 541 73319 72651 591 77158 74809

392 59328 60670 442 64542 22693 492 69196 51028 542 73399 92865 592 77232 17067

393
394

59439 25504
59549 62218

443 64640 37262
444 64738 29701

493
494

69284 69193 543
69372 69489 544

73479 98296 593
73559 88997 594

77305 46934'
77378 64450

395
396
397
398
399

59659 70956.
59769 51859
59879 05068
59988 30721
60097 28957

445 64836 00110
446 64933 48587
447, 65030 75231
448 65127 80140

449 65224 63410

495
496
497
498
499

69460 51989 545
69548 16765 546
69635 63887 547
69722 93428 548
69810 05456 549

73639 65023 595
73719 26427 596
73798 73263 597
73878 05585 598
73957 23445 599

69657
7 24 62597

597 43311
77670 11840
77742 68224

400 60205 99913 450 65321 25138 500 69897 00043 550 74036 26895 600 77815 12504

(r- 1) 81
L J

r( 1)81
L 4 J L 4 J

-7)21 R-7)21
L 4 J



Ix

X600
/

660102
! 603

604

605
606

4.' 607

608
609

610
611

613
612

614

615
616
617
616
619

0
21
622
623
624

625
626
627

629

630
631
632
633
634

635
636
6
638
639

640
641
642
643
644

645
646
647
648

'649

650

ILIAMENTART TWISCIATALMAL 3'Oi0110N8

COMMON LOGARITHMS

x x lgpo x

77815 12504-450 81291,33566
77887 44720 651 81358 09886
77959 64913 652 81424 75957
78031 13121 653\ 81491 31813
78103 69386 654 ' 81557 77483

78175 53747
78247 26242
78318 86911
78390 35793
78461 72926

78532 98350
78604 12102
78675 14221
78746 04745
78816 837,1Y

78887 158
789 07122

8 51640
098 84751

79169 06490

79239 16895
79309 16002
79379 03847
79448 80467
79518 45897

79588 00179
79657 43332
79726 75408

-11795-46437
79865 06454

79934 05495
-80002 93592
80071 70713
80140'371 0
80208 92579

89277.37253
80345 71156
80413 94323
80482 06787
80550 08582

80617 99740
80685 80295
80753 50281
80821 09729
80888 58674

80955 97146
81023 25180

'81090 42807
81157 50059
81224 46968

81291 33566

[(1)2]

656 55

6
657
658
659

81624 13000
81690 38394
81756 53696
81822 58936
81888 54146

660 81954 39355
661 82020 14595
662L', 82085 79894

,463 82151 35284
664 82216 80794

665
666
667
668
669

670
671

673
672

674

82282 16453
82347' 42292
82412 58339
82477 64625
82542 61178

82607 48027
82672 25202
82736 927131
82801 50642
82865 98965

700
701
702
703
704

84509 80400
84571 80180
84633 71121
84695 53250
847'7 26591

'x login

751
750

752

754
753

705 84818 91170 755

706 84880 470W 756
707 84941 94138 757
708 85003 32577 758
709 85064 62352 759

710 .85125 83487 760
711 85186 96007 761
712 85247 99936 762
713 85308 95299 763
714 85369 82118 764

715 85430 60418
716 85491 30223
717 85551 91557.
718 85612 44442
7194.5672 88904

720 85733 24964
721 85793 52647
722 85853 71976
723 85913 82973
724 15973 85662

766
765

768
767

769

87506 12634
87563 99370
87621 78406
87679 49762
87737 13459

87794 69516
87852 17955
87909 58795
87966 92056
88024 17759

88081 35923
88138 46568
88195 49713
88252 45380

88309'33586

88366 14352
88422 87696
88479 53639
88536 12200
88592 6)398-

770 88649 07252
771 88705 43781
772 88761 73003
773 88E17 94939

774 88874 09607

675 82930 37728 '725 86033.80066 775 88930 17025

676 82994 66959 726 86093 66207 776 88986 17213

677 83058 86687 727 86153 44109 777 89042 10188

-678-03122-46914-4211-8621441793fis-89091-
679 83186 97743 729 86272 75283 779 89153 74577

680 730 89209 46027

681 731 89265 10339

MO 732 89320 67531

683 733 89376 17621

684 734 89431 60627

685 735 89486 96567

686 796 89542 25460

687 737 89597 47324

688 738 89652 62175'

689 739 89707 70032

86923 7197690 740 89762 70913

691 741 89817 64835

692 742 89872 51816

693 743 89927 31873

694 744 89982 05024

800
801
802
83
8004

805
807 60
8
8
809

4

Table 4.1

logio
90308 99870
90363 25161

9
90417 43683

55453
90525 60487.

90579 58804
90633 50418
90687 35347
90741 13608
90794 85216

810 90848 50189
811 90902 085
812 90955 602 2
813 91009 OS 56
814 91062 49

816 51
8
818 17

8
819

820
82221
8
823
824

826
825

827

91115 76087
91169 01588
91222 20565
91275 33037
91328 39018

91381 38524
91434 31571
91487 18175
91539 98352
91592 72117

91645 39485
91698 00473
91750 55096

83250 89127
83314 71119
83378 43747
83442 07037
83505 61017

83569 05715
83632 41157
83695 67371
83758 84382
83821 92219

83884 90907
83947 80474
84010 60945
84073 32346
84135 94705

695 84198 48046
696 84260 92396
697 84323 27781
698 84385 54226
699 84447 71757

700 84509 0400

[(74 1]

86332 28601
86391 73770
86451 10811
86510 39746
86369 60599

86628 73391
86687 78143

I86746 74879
86805 63618
46864 44384

,

1
86981 82080
87040 39053
87098 88138
87157 29355

781
780

782
783
784

785
786

788
787

789

7919
70
792
793
794

745 87215 62727 795
746 87273 88275 796
747 87)32 06018 797,
748 87390 15979 798
749 87448 18177 799

750 87506 12634 800

L 4 jr(-7)11

90036 71287
90091 30677
90145 83214
90200 28914
90254 67793

90308 99870

v-7m
4 J

110

rf

;.,

829 91855 45306

830

832
831

834
833

836
835

838
837

839

840
842 41

8
843
844

845
846

848
847

849

91907 80924
91960 10238
92012 33263
.92064 50014
92116 60506

92168 64755
92220 62774
92272 54580
92324 40186
92376 19608

92427 92861
92479 59958
92531 20915
92582 75746
92634 24466

92685 67089
92737 03630 1

92788 34103
92839 58521
92890 76902

850 92941 89257

[(lel



98

Table 4.1 .

logio

ELESISIgARY TRANSCENDENTAL FUNCTIONS

COMMON LOGARITHMS

WSW Z x 100/0 logto x x logio

8 50 92941 89257 900 95424 25094' 950 97772 36053 1000# 00000 00000 1050 02118 92991
351 92992 95601 901 95472 47910 951 97818 05169 1001 00043 40775 1051 02160 27160
852 93043.95948 02 95520 65375 952 97863 69484 1002 . 00086 77215 1052 02201 57398

854
853 9309410312

93145 717,07
903 95568 17503 953
904 95616 84305 954

97909 29006 1003 00130 09330 1053 02242 83712
97954 83747 1004 00173 37128 1054 02284 06109

855 93196 61147 905 95664 85/42 955 98000 33716 1005 00216 60618 1055 02325 34596
' 856 93247 347 906 '95712 81977 956 98045 78923 1006 00259 79807, 1056 02366 39182

857 93298 08 19 95760 72871 957 98091 19378 1007 00302 94706 1057 02407 49873 0
85 9)348 7 878 9 95808 58485 958 98136 55091 1008 00346 05321 1058 02448 56677
859 93399 31638 9 95856 38832 959 98181 86072 1009 00389 11662 1059 02489 59601

. 860 93449 84512 910 95904 13923 960 98227 12330 1010- 00432 13738 1060 02530 58653
861 93500 31515 911 95951 83770 961 98272 33877 1011 004;5 11556 1061 02571 53839
862 93550 72658 912 95999 48383 962 98317 50720 1012 00518 05125 1062 02612 45167
863 93601 07957 913 96047 07775 963 98362 62871 1013 00560 94454 1063 02653 32645
864 93651 37425 914 96094 61957 964 98407 70339 .1014 00603 79550 1064 02694 16280

k

865 93701 61075 915 96142 10941 965 984b2 73133 1015 00646 60422 1065 02734 96078
866 93751 78920 916 0189 54737 966 98497 71264 1016 00689 31079 1066 02775 72047
867 93801 90975 917 96236 93357 967 98542 64741 1017 00732 09529 1067 02816 44194

869
868 93851 97252

93901 97764
918 96284 26812 968
919 96131 55114 969

98587 53573 1018 00774 77780 1068 0285'02527
98632 37771 1019 00817 41840 1069 02897 77052---

4870 93951 92526 920 96378 78273 970 98677 17343 1020 00860 01718 4070 02938 37/77
871 94001 81550 9g21. 96425 96302 971 98721 92299 1021 00902 57421 1071 02978 94708
872 94051 64849 922 96473 09211 .972 98766 62649 1022 00945 08958 1072 03019 47854'

873 94101 42437 923 96520 17010. 973 98811 28403 1023 00987 56337 1073 03059 97220
874 94151 14326 924 96567 19712 974 98855 89569 , 1024 01029 99566 1074 woo 421114-%17

875 94200 80530 925 96614 17327 975 98400 46157 1025 01072 38654 1825-----01140 44643

876 94250 41062 926 96661 09867___976 98944 90177_ 1,1026.....01114.13608---/6 03181 22713

7----94299-95934- 927 -96707-91341 977 98989 45637 -1027. 01157-04436 1077 03221 57033
818 94349 45159 928 96754 79762 978 9901311115411 1028 01199 31147 . 1078 03261 87609

879 94398 88751 929 96801 57140 979 -99074 26918 1029 01241 53748 1079 03302 14447

880 04448 26722. 930 96848 29486 980 99122 60757 1030 0183 72247. 1080 03342 37555

881 94497 59084 931 96894 96810 981 99166-90074 1031 01325 84653 1081 03382 46940
882 94546 85851 932 96941 59124 982 99211 14878 1032 01367 96973 1082 03422 72608

94596 070368884 3

94645,226508
933 96988 16437 983
934 97034 68762 984

.99255 35178 1033 01410 03215 .1083 03462 84566
99299 50984 1034 01452 05388 1084 03502 92822

885 94694 32707 935 97081' 16109. 985 99343 62305 1035 01494 0)498 1085 03542 97382

886 94743 37219 936 97127 58487 986 99381 69149 1036 01535 97554 1086 03582 98253
887 94792 36198 937 97173 95909 987 99431 71527 1037 01577 87564 1087 3622 95441
888 94841 29656 938 97220 28384 988 99475 69446 1038 01619 73535 1088 03662 88954
889 94890 17610 939 97266 55923 989 99519 62916 1039 01661 55476 1089 03702 78798

890 94939 00066 940 97312 78536 990 99563 51946 1040 01703 33393 1090 03742 64979

891 94987 77040 *941 97358 96234 991 99607 36545 1041 01745 07295 091 03/82 47506

892 95036 48544 947 97405 09028 992 99651 16722 1042 01786 77190 '1092 03822 26384

893 95085 14589 943 97451 16927 993 9694 92485 1043 01820 43084 1093 '03862 01619'
894 95133,75188 944 97497 19943 99738 63844 1044 01870 04987 1094 03901 73220

895 95182 30353 945 97543 18085 995 99782 30807 1045 01911 62904 1695 03941 41192
896 95230 80097 946 97589 11364 996 99825 93384 1046 0195)16845 1096 03981 05541

897 95279 24430 947 97634 99790 997 99869 51583 1047 01994 66817 1097 04020 66276

898 95327 63367 948 97680 83373 998 99913 05413 1048 02036 12826 1098 04060 23401

899 95375 96911 949 97726 62124 999 99956 54882 1049 02077 -54882 1099 04099 76924

900 95424 25094 950' 97772 36053 1000 00000 00000 1050 02118 92991 1100 04139 26852

r(4)81
L. J

r()71
L 4 J L

r(-8)6i i(-8)51
L J

r(-8)51
L 8 J



.

logio

--ticutt 26852

jr

1

ELZMENTARY TRANSCZNIUNT4L FUNCTIONS

logio

1150-1156069 78404-1200 07918 12460

COMMON LOGARITHMS

"

1101,
1102
1103
1104

1105
1106
1107
1108
1109

,04178
04218
04257
04296

04136
04375
04414
04453
04493

.73190

15945
55124
90734

22780
51270
76209
97604
15461

1151
1152
1153
1154

1155
1156
117
1158

1151

1110 04532-29788 1160
1111 04571 40589 1161
1112 04610 47872 1162
1113 04649 51643 1163

, 1114 04688 51908 1164

1115 0472748674 1165.
1116 04766 41946 1166
1117 44805 31731 1167
1118 04844'18036 1168
1119 04883 00865 1169

1120 04921 80227 1170
1121 04960 56126 1171
1122 04999 28569 1172
1123 05037 97563 1173
1124 05076 63112 1174

1125 05115 f5224 1175
1126
1127

05153
05192

83905
39160

1176
1177

1128 05230 90996 1178
1129 05269 39419- 1179

1130 05307 84435 1180
1131 05346 26049 1181
1132 05384 64269 1182
1133 05422 99099 1183
1134 05461 30546 1184

.

1135 05499 58615 1185
' 1136 05537 83314 1186
.1137 05576°04647 1187
1138 05614 22621 1188
1139 .05652 37241 1189

1140. 05690 48513 1190
1141 05728 56444 1191
1142 05766 61039 1192
1143 05804 62304 1193
1144 05842 60245 1194°

1145 05880 54867 1195
1146 05918 46176 1196
1147 05956 34179 1197

, 1148 05994 18881 1198
1149 06032 00287 1199

1150 06069 78404 1200

I.( 8)51

13.

06107 53236 1201 07954 30074
06145 24791 1202 07990 44677
06182 93073 1203 '08026 56273
06220 58088 1204 08062 64869

06258 19842
06295 78341
06333 33590
06370 85594
06408,74360

'06445 79892-
06483 22197
06520 61281
06557 971
06595 2

06632'59254
06669 85504
06707 0856Q,
Q6744 28428

/06781 45112

06818 58617
06855 68951
06892 76117
06929 80121
06966 80969

07003 78666
07040 73217
07077 64628
87114 52905
07151 38051

07188 20073
07224 98976
07261 74765
,07298 47446
07335 17024

07371 83503
07408 46890
07445 07190
07481 64406
07518 18546

1205 08098 70469
1206 08134 73078
1207 08170 72701
1208 08206 69343
1209 08242 63009

1210 08278 53703
1211 08314 41431
1212 08350 26198
1213 08386 08009
1214 08421 86867

1215
1216
1217
1218
1219

1220
1221
1222
1223
1224

1225
1226
1227
1228
1229

1230
1231
1232
1233
1234

1235
1236
1237
1238
1239

07554 69614 1240
0/691 17615 1241
07627 62554 1242
07664 04437 1243
07700 43268 1244

07736 79053 '1245
07713 11797 1246
07869 41504 1247
07840 68181 1248
07881 91831 1249

07918 12460

r(-8)41
13

08457 62779
08493 35749
08529 05782
08564 72883
08600 37056

08635 98307
08671 56639
08707 12059
08742 64570
08778 14178

081113 60887
08849 04702
08884 45627
08919 83668
08955 18829

08990 51114
09025 80529
09061 07078
09096 30766
09131 51597

09166 69576
09201 84708
09236 96996
09272 06447
09307 13064

09342 16852
09377 17815
09412 15958
09447 11286
09482 03804

09516 93514
09551 80423

. 09586 64535
09621 45853
09656 24384

1250 09691 00130

x lcomo z

1250
1251
-1252
1253
1254

1255
1256
1257
1258
1259

1260

0969100130
09725 73097 '
09760 43289
09795 10710
09829 75365

09864 37258
09898 96394
09933 52777
09968 06411
10002 57301

10037 05451

1300
1301
1302
1303
1304

1365''
1306
1307
1308
1309

1310
120....#10071 50866 1311
1262 10105'93549 1312
1263 10140 33506 1313
1264 10174 70739 1314

1265 10209 05255 1315
1266 10243 37057 1316
1267 10277 66149 1317
1268 10311 92535 1318
1269 10346 16221 1319

1270 10380 37210 A1320
1271 10414 55506 1321
1272 10448 71113 .1322
1273 10482 84031 1323
1274 10516 94280 1324

1275 10551 01848 . 1325
1276 10585 06744 1326
1277 10619 08973 1327
1278 10653 08538.. 1328
1279 10687 05445 1329,.

1280 10720 99696 1330
1281 10754 91297 1331
1282 10788 80252 1332
1283 10822 66564 1333.

1284 10856 50237 1334

1285 10890 31277 1335
1286 10924 09686 1336
1287 10957 85469 1337
1288 10991 58630 1338
1289 .11025 21174 1339

1290 11058 1340
1291 11092 6 423 1341
1292 11126 A 137 1342
1293 11159 85249 1343
1294 11193 42763 1344

1295 11226 7684 1345
1296 11260 50015 1346
1297 11293/99761 1347
1298 11327/ 46925 1348
1299 1136Q 91511 1349

1300 1439 33521 1350

logox

11394 31523
.11427 7296b
11461 09842.
11494 44157' -
11527 75914

11561 05117
11594 31769
11627 55876
11660 77440
11693 96466

11727 12957
11760 2691/
11793 38850
11826 47261
11859 53652

11892 57528
11925:58898
11958 57750
11991 54108.
12024.47955

12057 39312
12090 28176
12123 14551
12155 98442

. g
12188 79851

12221 5878)
12254-35241.
12287 09229-
12319 80750
12352 49809 7.'r

12385 16410
12417 80555
12450 42248
12483 01494
12515 58296

12548 12657
12580 64581
12613 14073
12645 61134
12678 05710

12710 47984
12742 87779
12775 25158
12807 601271.
12839 92687 '"

12872 22843
12904 50599 .;

12936 79957 .4',

12968 98922
13001 19497

13033 37685'

r(-8)41 8)31 1(-8)81
L q .1 8 i L 8

. 1



ELEMENTARY TRANSCENDENTAL FUNCTIONS

Table 4.2

.r

0.000
hl:

0. 001 -6. 90775 52789 821371
I 0.002 - 6.21460 80984 221917

0.003 - 5.80914 29903 140274
Op 004 -5. 52146 09178 622464

0. 005 -5. 29831 73665 480367
0.006 - 5.11599 58097 540821
0.007 - 4.96184 51299 268237
0.008 - 4.82831 37373 023011
0.009 - 4.71053 07016 459177

,....104.60517r4410.811 -4,10986
01859
00061

880914
837665

0. 012, -4447284 86291 941367
tv 0.013..%.4.34480 59215'206003

1,1 0.014 -4. 26889 79493 668784

.

0.015
O. 160

-4. 19970
- 4.1351

50778
65567

799270
423558

0. 011 -4. 074 19349 259210
0.018 017 35210 859724
0:019 - 3.96331 62998 156966

(04420 - 3.91202 30054 281461
0.021 - 3.86323 28412 587141
0.022 - 3.81671 28256 238212

61, 0.023 - 3.77226 10630 529874,
11 0.024 -3. 72970 14486 341914,

0.025 -3. 68887 94541 139363
0.026 - 3.64965 87409 606550
0.027 -3. 61191 84129 778080

NATURAL LrAiillTiiMS

lnx
0.050
0.051
0.052
0.053
0.054

0.055
0.056
0.057
0.058
0.059

0.660
0.061
0.062
0.063
0.064

- 2.99573 22735 539910
- 2. 97592 96462 570113
- 2.95651 15604 007097
- 2. 93746 33654 300152
- 2.91877 12324 178627

- 2.90042 20937 496661
- 2.88240 35882 469878
- 2. 86470 40111 475869
-2. 84731 22684 35717
- 2. 83021 78350 764

- 2.81341 07167,600364
- 2. 79688 14148 088258
- 2. 78062 08939 370455
- 2.76462 05525 906044
- 2.74887 21956 224652

0.065 - 2.73336 80090 864999
0.066 - 2.71810 05369 557115
0.067 - 2.70306 26595 911710
0.068 - 2.68824 75738 060304
0.069 - 2.67364 87743 "848777

0.070 -2. 65926 00369 327781
0.071 - 2.64507 54019 40;216
0.072 -2. 63108 91599 660817
0.073 - 2.61729.58378 337459
Q.074'' - 2.60369 01857 779673

0.075 "459026 71654 458266
0.076 -2. 57702 19386 958060
0477 - 2.56394 98571 284532

0,-028--3.-57555117688_069331 Alan -2,15104 64522 925453
0. 029 -3. 54045 94489 956630

0. 030 -3. 50655 78973 199817
0.031 -3. 47376 80744 969908
0.032 - 3.44201 93761 824105
0.033 -3. 41124 77175 156568
0.034 -3.38139 47543 659757

0.035 -3. 35240 72174 927234
0.036 - 3.32423 63405 260271
0.037 - 3.29683 73663 379126
0.038 - 3.27016 91192 557513
0.039 -3. 24419 36328 524906.

0.040 - 3.21887 58248 682007
0.041 -3. 19418 32122 778292
n.042 -3. 17008 56606 987687
0. 043 - 3.14655 51632 885746
0.044 - 3.12356 56450 638759

0.045 - 3.10109 27892 118170-...
0.046 - 3.07911 38824 930421
0. 047 -3. 05760 76772 720785
0.,048 - 3.03655 42680 742461
0.049 - 3.01593 49808 715104

0.050 - 2.99573 22735 539910

vat
. in x

0.100 -2. 30258 50929 940457
0.101 - 2.29263 47621 408776
0.102 -2. 28278 24656 978660
0.103 -2. 27302 62.907 52501)
0.104 -2. 26336 43798 407644

0.105 -2. 25379 4928Q
0.106 -2.24431-6184

_246137
700699

0.107 -2. 23492 64445 202309
0.108 -2.22562 40518 579174
0.10/ -2. 21640 73967 529934

0.110 -2. 20727 49131 897208
0.111 - 2.19822' 50776 698029
0.112 -2. 11925 64076 870425
0.113 - 2.10036 74602 697965
0.114. -2. 17155 68305 876416

0.115 -2. 16282 31506 188870
0.116 -2. 15416 50878 757724
0.117 -2. 14558 13441 843809
0. 118 - 2.13707.06545 164723
0.119 -2. 12863 17858 706077

0. 120 -2. 12026 35362 000911
0.121 2.11196 47333 853960
0. 122 -2:10373 42342 488805
0.123 -2. 09557 09236 097196
0.124 - 2.08747 37133 771002

0.125 -2. 07944 15416 798359
0.126 -2. 07147 33720.306591
0.127 -2. 06356 81925 235458
0.128 -2. 05572 50150 629199

0.079 - 2.53830 74265 151156 --0.-121=2-.04794-21746-204641----ci-

0.080
0.081
0.082
0.083
0.084

0.085
0.086
D. 087
0.088
0.089

0.090
0.091
0.092
0.09
0.094

0.095
0.096

, 0.097
0.098
0.099

- 2. 52572 86443 082554
-2. 51330 61243 096983
4. 5.0103 60317 178839
- 2. 48891 46711 855391
-2. 47693 84801 388234

- 2. 46510 40224 918206
4.45340 79827 286293
- 2.44184 71603 275533
- 2.,43041 84645 039306
- 2.41911 89092 499972

-2.40794 56086 518720
- 2. 39689 57724.652870
- 2. 38596 67019 330961
-2. 37515 57858 288811
- 2.36446 04967 121332

- 2.35381 83873 815962
- 2. 34340 70875 143008
- 2. 33304 43004 787542
- 2. 32278 78003 115651
- 2.31263 54288 475471

0.100 12.30258 50929 940457

[(11
For use of natural logarithms see ample, 4-. ?.

In 10- 2.50258 80929 940457

0.130
0.131
0.132
0.133
0.134

- 2.04022 08285 265546
-2. 03255 79557 809855
-2. 02495 33563 957662
-2. 01740 61507 603833
-2. 00991 54790 312257

00248 05005 4370760.135 -2.
0.136 -1. 99510 03932 460850
0.137 - 1.98777 43531 540121
0.138 - 1.98050 15938 249324
0.139 -1. 97328 13458 514453

0.140 - 1.96611 28563 728328
0.141 - 1.95899 53886 039688
0.142 -1. 95192 82213 808763
0.143 - 1.94491 06487 222298
0.144 -1. 93794 19794 061364

0.145 - 1.93102 15365 615627
0.146 -1. 92414 86572 738006
0.147 - 1.91732 26922 034008
0.148 -1. 91054 30052 180220
0.149 -1. 90380 89730 366779

0.150 - 1.89711 99848 858813

e

r(-)1)
I 9



,

I

ELEMENTARY TRANSCENDENTAL FUNCTIONS

NATURAL LOGARITHMS

In .1 In .1

101

Tade 2

In:
0. 150 -1. 89711 99848 858813 . 0.200 -1. 60943 79124 341004 0.250 - 1.38629 43611 1989
0.151 -1. 89047 54421 672127 0.201 -1. 60445 03709 230613 0.251 - 1.38230 23398 503532
0.152
0. 153

-1. 88387 47581 358607
- 1.87731 73575 897016

0.202
0.203

- 1.59948 75815 809323
-1. 59454 92999 403497

0.252
0.253

- 1.37832
- 1.37436

61914 707137
57902 546168

0.154 - 1.87080 26765 .685079 0.204 - 1.58963 52851 379207 0.254 - 1.37042 10119 636005

0. 155 -1.86433 01620 628904 0.205 -1. 58474 52998 437289 0. 255 -1. 36649 17338 237109
0. 156 - 1.85789 92717 326000 0.206 - 1.57987 91101 925560 0.256 .1. 36257 .78345 025746
0.157
0.158

-1.8515O-94Z6 338290
-1.84516 02459 551702

0.207
0.208

-1. 57503 64857 167680
-1. 57021 71992 808191

0. 257
0.258

-1. 35867
-1. 35479

91940 869173
56940 605196

0. 159 - 1.83885 10767 619055 0.209 -1.56542 10270 173260 0.259 -1. 35092 72172 825993

0.160
0. 161

- 1.83258 14637 483101
- 1.82635 09139 976741

0.210
0.211

-1. 56064 77480 646684
- 1.55589 71455 060706

0.260
0.261

- 1.34707
- 1.34323

36479 666093
48716 594436

0. 162 -1. 82015 89437 497530 0.212 -1. 55116 90043 101246 0.262 - 1.33941 07752 210402
0. 163 -1. 81400 50781 753747 0.213 - 1.54646 31132 727119 0.263 - 1.33560 12468 043725
0. 164 -1. 80788 88511 579386 0.214 - 1.54177 92639 602856 0.264 - 1.33180 61758 358209

0. 165
0.166

-1. 80180 98050 815564
- 1.79576 74906 255938

0.215
0.216

-1. 53711 72508 544743
- 1.53247 68712 979720

0.265
0.266

-1. 32802
- 1.32425

54529 959148
89702 004380

1,1A

0.167 - 1.78976 14665 653819 0.217 -1.52785 79254 416775 0.267 - 1.32050 66205 818875 :10

0.168 - 1.78379 12995 788781 0.218 - 1:52326 02161 930480 0.268 -1.31676 82984 712804
0.469 - 1.77785 65640 590636 0.219 - 1.51868 354191 656362 0.269 -1. 31304 38993 802179

0.170 -1. 77195 68419 318753 0. 220 -1. 51412 77i26 297755 0.270 - 1.30933 33199 837623
0.171 -1. 76609 17224 794772 0.221 - 1.50959 25774 643842 0.271 1.30563 64581 024362
0.172 -1. 76026 08021 686840 0.222 -1. 50507 78971 098576 0.272 -1. 30195 32126 861397
0.173 - 1.75446 36844 843581 0.223 - 1.50058 35075 220183 0.273 - 1.29828 34837 971773
0. 174 - 1.74869 99797' 676080 0.224 -1. 49610 92271 270972 0.274 - 1.29462 71725 940668

0. 175 -1. 74296 93050 586230 0.225 -1. 49165 48767 777169 0.275 - 1.29098 41813 155658
0. 176 -1.73727 12839 439853 0.226 -1. 48722 02797 098512 0.276 - 1.28735 44132 649871
0.177 - 1.73160 .55464 083079 0.227 - 1.48280 52615 007344 0.277 - 1.2837 77727 947986
0.1-78 4. 72597 17286-900519 0.228 - 1.47840 96500 276963 0.278 - 1.28013 41652 915000
O. 179 . 1.72036 94731 .413821 0.229 -1. 47403-32754. 278974 0.279 - 1.27654 34971 607714

O

0. 180 - 1.71479 84280 919267 0.230 - 1.46967 59700 589417 0.280 - 1.27296 56758 128874
0. 181 -1. 70925 82477 163113 0.231 - 1.46533 75684 603435 0.281 - 1.26940 06096 483913
0. 182 - 1.70374 85919 053417 0.232 -1.46101 79073 158271 0.282 -1.26584 82080 440235
0.183 - 1.69826 91261 407161 0.233 4. 45671 68254 164365 0.283 - 1.26230 83813 388994
0.184 - 1.69281 95213 731514 0. 234 - 1.45243 41636 244356 0.284 - 1.25878 10408 209310

0. 185 - 1.68739 94539 038122 0.235 -1. 44816 97648 379781 0.285 - 1.25526 60987 134865
0. 186 - 1.68200 86052 689358 236 - 1.44392 34739 565270 0.286 - 1.25176 34681 622845
0. 187 - 1.67664 66621 275504 0.237 -1. 43969 51378 470059 0.287 1.24827 30632 225159
0.188 -1. 67131 33161 521878 0.238 -1. 43548 46053 196624 0.88 - 1.24479 47988 461911
0. 189 - 1.66600 82639 224947 0.239 - 1.43129 17270 506264 0.289 - 1.24132 85908 697049

0. 190 -1. 66073 12068 216509 0.240 - 1.42711 63556 401457 0.290 -1. 23787 43560 016173
0. 191 -1. 65548 18509 355072 0.241 - 1.42295 83454 914821 0.291 - 1.23443 20118 106445
0. 192 -1. 65025 99069 54355 0. 242. - 1.41881 75528 254507 0.192 4. 2S100 14767 138553
0.193 -1. 64506 50900 772515 0.2 ",3 - 1.41469 38356 415886 0.7.93 - 1.22758 26699 650697
0. 194 -1. 63989 71199 188089 0.244 4. 41058 70536489352 O. 294 -1.22417 55116 434554

0. 195 - 1.63475 57204 183903 0.245 - 1.40649. 70684 374101 0.295 -1. 22077 99226 423172
0.196 - 1.62964 06197 516198 0.246 - 1.40242 37430 497742 0.296 - 1.21739 58246 580767
0.197 -1.62455 15502 441485 0.247 - 1.398366942369423 541599 0.297 - 1.21402 31401 794374
0.198 -1. 61948 82482 876018 0.248 !1.39432 65328 171549 0.298 - 1.21066 17924 767326
0. 199 - 1.61445 04542 576447

o

0.249 - 1.39030 23825 174294 0.299 - 1.20731 17055 914506)

0.200 -1. 60943 79124 341004 0.250 - 1.38629 43611 198906 0.300 - 1.20397 28043'259360

[(18]
In 10 2.30268 50929 940457
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Table 4.2

0. 301
0.302
0.303
0,304

0. 305
0. 306
0.307'
0. 308
0.309

0.310
0. 311
0.312
0.313
0.314

0. 3
0. 6
0.317
0 '318

319

0. 320
0.321
0.322
0.323
0.324

0. 325
0.326
0.327

'0. 328
0. 329

0.330
0.331
0.332
0.333
0.334

0.335
0.336
0.337
0.338
0.339

0.340
0.341
0.342
0.343
0.344

0.345
0.346
0.347
0.348
0. 349

0.350

In

EIMANTARY TRAWENOIINTAL FUNCTIONS

NATURAL LOGARITHMS

.1. In .1. In .r

-4,40397 281059360 0.350- 04982 .21244 986777 0.400 4 91629 07318 741551
41.20064 501 332613 0.351 -1. 04696 9 0555 112112 0. 401 91379 38516 755679

'=1. 19732 82 6 072674 0.352 - 1.04412 41033 840400 0.402 - 0.91130 31903 631160

1.19402 2 34 727679 0.353 -1. 04128 72220 488403 0.403 - 0.90881 87170 354541

- 1.19072 775 759154 0.354 -1. 03845 83658 483626 0.404 - 0.90634 04010 209870

- 1,1874 35023 747259 9.355 - 1.03563 74895 067213 , 0.405 - 0.90386 82118 755919
4184 7 01770 297563 0. 356 - 1.03282 45481 301066 0.406' - 0.90140 21193 804044
4. 8 90 75313 949399 0. 357 -1. 03001 94972 024980 0. 407 - 0.89894 20931. 395421'

-1. 765 54960 085626 0. 358 -1. 02722 22925 814367 0.408 - 0.89648 81045 779754
-1./ 441 40020 843916 0. 359 -1. 02443 28904 938582 0.409 - 0.89404 01229 393353

-316
. 17 029451

23668
0.360 -1. 02165 12475 319814 -0.410 - 0.89159 81192 837836

918 229,813665 0290296 0. 361 -1. 01887 73206. 492561 0.411 -0.889 6 20644 859024

=1.16 75 20911 726547 0. 362 - 1.01611 10671 563660 0.412 -0. 88673 19296 326107

-1. 161 5 20884 419838 0. 363 - 1.01335 24447 172863 0.413 -0. 88430 76860 211043
-1.158 6 22930 738837 0.364 -1. 01060. 14113 453964 0.414 -0. 88188 93051 568227

4. 155 8 26401 565040 0. 365 -1. 00785 79253 996455 .0. 415 , -0. 87947 67587 514388

4. 152 1 30653. 952249 0.366 -1. 00512 19455 807708 0.416 \ 4. 87107 ;00187 208738
4. 14 5.35051 048564 0. 367 -1. 00239 34309 275668 0.417 '4. 87466 90571 833356

- 1.14570 38962 019602 0. 368 - 0.99967 23408 132061 0.418 - 0.87227.38464 573807

- 1.14256 41761 972925 0. 369 - 0.99695 86349 416099 0.419 -046988 43590
N.;

599993

- 1.13943 02831 883648 0. 370 -0.99425 22733 438669 0.420 -0.8 750 05677. 047231

- 1.13631 41558 521212 0.371 -0:99155 32163 747019 0.421 -0.84 2 24452 997556

- 1.13320 37334 377287 0. 372 - 0.98806 14247 089905 0.422 -0. 862 99649 461252

- 1.13010 29557 594805 0.373 - 0.98617 68593 383215 0.423 - 0.8603 30999 3585911

- 1.12701 17631 898077 0. 374 - 0.98349 94815 676051 0.424 - 0.85802 8237 501793

- 1.12393 00966 523996 0.375 - 0.98082 92530 117262 0.425 - 0.85566 61100 577202

- 1.12085 78976 1 54294 0.376 - 0.97816 61355 922425 0.426 -0. 59327 127666

4, 11779 51080 848837 0.377 - 0.97551 00915 341263 0.427 -0.. 097 12657 535125

- 1.11474 /16705 979933 0. 378 -0. 97286 10833 625494 0.428 4. 63 20834 -003403

- 1.11169; 75282 161652 0.379 - 0.97021 90738 997107 0.429 -0.8462984629 83600 541201

- 1.1086 26245 216111 0. 380 - 0.96758 40262 617056 0.430 - 0.84397 00702 945289

- 1.1056 69036 050742 0.381 - 0.96495 59038 554361 0.431 - 0.84164 71888 783893

-1.102 03,100 656485 0. 382 -0.96233 46703 755619 es 432 4 83932 96907 380267

-1.099 1 27890 01693k 0. 383 - 0.95972 02898 014911 0.433 4 83701 75509 796472

-1.09b142860 054366 0.384 - 0.95711 27263 944102 0.434 - 0.83471 07448 817322

-1.0 62 47471 570706 0.385 -0.95451 19446 943528 0.435 83240 92478 934530

-1.0 064 41190 189328 0. 386 4. 95191 79095 173062 0.436 - 0.83011 30356 331027

-1.0 767 23486 29 753 0. 387 -0.94933 05859 523552 0.437 - 0.82782 20838 865469

-1.0 470 93834 99188}. 0. 388 - 0.94674 99393 588636 0.438 -0.82553 63686 056909

- 1.08175 51716 01 8 0, 389 - 0.94417 59353/636908 0.'439 - 0.82325 58659 069657

-1. 07880 96613 719300 0.390 4 94160 85398 584449 0.440 - 0.82098 05520 698302

-1. 07587 28016 986203 0.391 - 0.93904 77189 967713 0.441 0.81871 04035 352911

-1. 07294 45419 195319 0. 392 -0. 93649 34391 916745 0.442 -0. 81644 53969. 044389

-1. 07002 48318 161971 0.393 -0. 93394 56671 128758 0.443 - 0.81418. 55089 370014

-1. 06711 36216 087387 0. 394 - 0.93140 43696 842032: 0.444 - 0.81193 07165 499123

, .

-1. 06421 08619 507773 0. 395 0.92886 95140 810152 0.445 80968 09968 158968

-1. 06131 65039 244128 0.396 -0. 2634 10677 276565 0.446 '- 0.80143 63269 620730

-1. 05843 04990 352179 0. 397 -0. 2381. 89982 949466 0.447 .4. 80519 66843 685682

- 1.05555 27992 076627 0. 398 -0 130. 32736 976993 0.448 - 0.80296 20465 671519

-1. 05268 33567 797099 0. 399 -0. 9 879 38620 922736 0.449 -0. 80073 23.912 398828

-1. 101182 21244 986777 0.400 - 0.9129 07318 141551 0.450 - 0.79850 76962 177716

6)11

In 10; 2.30268 50929 940457
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0.450
0.451
0.452
0. 453
0.454

' 0.455
0. 456
0.457
0.458
0.459

0.460
0. 461
0. 462
0.463
0. 464

In .r

- 0.79850 76962
-0. 79628 79394
- 0,79407 30991
- 0.79186 31534
-0. 78965 80809

-0. 78745 78600
- 0.78526 24694
-0. 78307 18880
- 0.78088 60948
- 0.77870 50689

ELEMENTARY TRANSCENDENTAL FUNCTIONS

177716
794587
499059
991030
407891

311866
677510
879324
679521
215919

- 0.77652 87874 989964
-0. 77435 72359 854885
- 0.77219 03879 003982
-0. 77002 82248 959030
-0. 76787 07267 558818

0.465 -0. 76571 78733 947807
0.466 - 0.76356 96448 564912.
0.467 - 0.76142 60213 132397
0.468 - 0.75928.69830.644903
0.469 - 0.75715 25105 358577

0.470
0.471
0. 472
0. 473
0. 474

0.475
0, 476
0.477
0.478
0.

-0. 75502 25842 780328
- 0.75289 71849 657193
- 0.75077 62933 965817
-0. 74865 98904 902041
- 0.74654 79572 870606

- 0.74444 04749.47,4958
- 0.74233 74247 507170
-0. 74023 87880 937958
-0, 73814 45464 906811
- 0.73603 41813-712211-

0.480 -0. 73396 71750 802004
0.481 -0. 73188 80088 763757
0.482 - 0.72981 11649 315367
0. 483 - 0.72773 86253 295644
0.484 - 0.72567 03722 015053

0, 4853j-0. 72360 63880 446539
0.486 - 0.72154 66550 816433
0.487 - 0.71949 11558 995473
0.488 - 0.71743 98731 289899
0, 489 - 0.71539 27895 072650

0.490 - 0..71334 98878 774648
0.441 - 0.71131 11511 876165
0.492 - 0.70927 65624 898289
0.493 - 0.70724 61049 394469
0.494 - 0.70521 776176942145

0. 495 - 0.70319 75164 134468
0. °496 -0, 70117 93522 572096
0.497 - 0.69916 52528 855083
0, 498 - 0.69715 52019 574841
0.499 - 0.69514 91832 306184

0.500 0.69314 71805 599453
[(1)1

NATURAL LOGARITHMS

.r In x

' Table 4.2

In x
0.500 -0.9314 71805 599453 0.550 - 0.59783 70007 556204
O. 501 -0.69114 91778 972723 0.551 - 0.59602 04698 292226
0.502 - 0.68915 51592 904079 0,552 - 0.59420 72327 050417
0.503 4.0. 68716 51086 823978 0,553 - 0.59239 72774 978023
0.504 - 0.68517 90109 107684 0.554 - 0.59059 05922 348532

0.505 -0, 68317. 68497 067772 It 0.555 - 0.58878 71652 357025
0)506 -O. 68121 86096 946715 0.556 - 0.58698 69847 315547
0.507 - 0.67924 42753 909539 0.557 - 0.58519 00390 .548530
0.508 0.67727 38344 036552 0. 551i. -0.5 0339 63166 008261
0.509 - 0.67530 72624 316143 0.55 -0.58160 58058 270379

0:510 - 0.67334 45532 637656 0.460 - 0.57981 84952 529421
0.511 - 0.67138.56887 784326 0.561 - 0.57803 43734 594407
0.512 -0.66943 06539 426293 0,562 -0. 57625 34290 884460
0.513 - 0.66747 94338 113615 0.563 - 0.57447 565013 424467
0.514 - 0.66553. 20135 267719 0.564 -0..57270 10274 840782

0.515 - 0.66358 83783 1840094. 0.565 - 0.57092 95478 356961
0.516 -0. 66164185135 005743 0.566 - 0.56916,12007 789541
0.517 - 0.65971 24044 7370794 0.567 - 0.56739 59752 54)850
0.518 . 65778 00367 226540 0.568 - 0.56563 38602..609857
0.519 - 0.65585 13958 162484 0.569 - 0.56387 48448 558061

0.520 - 0.65392 64674 066640 0.570 -A 56211 89181 535412
A 521 - 0.65200 52372 287701 0.571 - 0.56036 60693 261268
0.522 - 0.65008 76910 994983 0.572 -0.55861.62876 023372
0.523 - 0.64817 38149 172142 0.573 - 0.55686 95622 673975
0.524 - 0.64626 35946 610949 0.574 - 0.55512 58826 625706

0.525 - 0.64435 70163 703)43 "` 0.575 - 0.55338 52381 847866
0.526. - 0.64245 40662 444272 0.576 -0. 55164 76182 862458
0.527 - 0.64055 47304 407747 0.577 - 0.54991 30124 740375
A 528 - 0.63865 89952 758756 0.578 - 0.54818 14103 097596
0.327 -0-.6 68471 238377 0.579 -0. 54645 28014 471418

0.530 - 0.63487 82724 399695 0.580 - 0.54472 71754 416720
0.531 - 0.63299 32577 401982 0.581 - 0.54300 45221 302258
0.532 .- 0.63111 17896 404927 0.582 -0.54128 48312 506992

. .0.531 .._".0..62923_185411..162725-
0.534 - 0.62735 74400 219422 0.584 - 0.53785 42961 539100

0.535 - 0.62548 85320461305 0.585 - 0.536X4 34317 502806
0.536 - 0.62362 11179 113351 0.586 -0. 53443 54894 051244
0.537 - 0.62175 71844 732724 0.587 - 0.53273 04591 540406
0.538 - 0.61989 67188 203526 0.588 - 0.53102 83310 835101
0.539 -0.61803 97080 731399 0.589 - 0.52932 90953 305503

0.540 - 0.61618 61394 238170 0.590 - 0.52763 27420 823719
0.541 - 0.61433 60001 356555 0.591 - 0.5259392615 760387
0.542 -0. 61248 92775 424908 0.592 -.0. 52424 -16440 911314
0.543 - 0.61064 59590 482016 0.593 -0. 52256 08799 844116
0.544 -0. 60880 60321 261944 0.594 - 0.52087 59596 194921

0.545 +0. 60696 74843 188930 0.595 - 0.51919 38734 365073
0.546 - 0.60513 63032 372320 , 0.596 - 0.51751 46119 167873
0.547 - 0.60330 64765 601558 0.597 -0. 51583 81655 895350
0.548 - 0.60147 99920 341215 0.598 - 0.51416 45250 315053
0. 549 - 0.59965 68374 726064 0.599 - 0.51249 36808 666877

0.550 - 0.59783 70007 556204 0.600 - 0.5108256237 659907

[(15]
In 10 = 2.80258 50929 940457,

16'

r(-)41
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Tolle 4.2

In

ELEMENTARY TRANKIINDENTAL FUNCTIONI

NATURAL LOGARITHMS

In x

0.600 -0. 51082 56237 659907 0.650 . 10.43078 29160 924543
0.601 - 0.5091E 03444 469295 0.651 ,4-0. 42924 56367 735678
0, 602 -0. 50749 78336 733160 0. 652 -O. 42771 07170 554841
O. 603 -0. 50583 80822 549516 0. 653 -0 42617 81497 057060
0. 604 -0. 50418 10810, 473221 0. 654, -0.424642 79275 249384

0.605 -0. 50252 68209 512956 0.655 -0.47312 00d3 468851
0.606 -0. 50087 52929 128226 0.656 -0.42159 44900 380480
0.607 0.49922 64879 226388 0.457 -0. 42007 12604 975265
O 608 - 0.49758 03970 159700 0./658 - 0.41855 03476 568199
0.609 -0. 49593 70112 722400 0,4659 - 0.41703 17444 796298

0.610 -0. 49429 63218 147801 /0. 660 -0. 41551 54439 616658
0.611 - 0.49265 83198 105417 0.661 - 0.41400 14391 304508
0.612 - 0.49102 29964 698110 / 0.662 - 0.41248 97230 451288
0.613 - 0.48939 03430 459257 0.663 -0. 41098 02887 962745
0.614 -0, 48776 03508 349946/ 0.664 - 0.40947 mrs 057032

0. 615 0.48613 30111 75619 0.665 -0. 40796 82383 262829
0.616 - 0.48450 83154 4861 3 0.666 -0.40646 56084 417479
0.417 - 0.48288 62550 767 2 0.667 -0. 40496 52330 665133
01618 -0. 48126 68215 244 3 0. 668 -O. 40346 71054.454913-

,0.619 - 0.47965 00062 97 409 0.669 - 0.40197 12188 539086

0.620 - 0.47803 58009 4 99984 0. 670 - 0.40047 .75665' 971253
0.621 - 0.47642 41970 86583 0.671 - 0.39898 61420 104553
0.622 -0. 47481 51862 429576 0. 672 -0. 39749 69384 589875
0.623 - 0.47320 8761/ 946839 0.673 .0. 39600 99493 374092
0.624 - 0.47160 491 127094 O. 674 -0. 39452 51680°698300

0.625 - 0.47000 36 92 457350 0.675 4. 39304 25881 096072
0.626 -0. 46840 4 078 820385 0.676 - 0.39156 22029, 391730
0.627 - 0.46680 383 492164 0.677' - 0.39008 40060 698621 ..
0.628 - 0.46521 1125 1.39384 0.678 - 0.30860 79910 417415
0.629 - 0.46362 40222 816965 0.679 - 0.38713 41514 234409

0.630 -0.462 54595 965587 0. 680 - 0.38566 24808 119847
0.631 -0. 4 44 94164 409239 0.681 -0. 38419 29728 326247

86 58849 352796 0. 682 - 0.38272 56211 386750
0.633 0. 7214156r7950V--0-.6534:--
0. 634 -570 69245 -449111 . O. 684 -0. 37979 73613 595866

0.635 , 45413 02800 894454 0.685 -0.37"833 64407 199118
0.636 0.45255 67156 420149 0.686 -0.37687 76512 562518
0.637 - 0.45098 56234 099737 0.687 - 0.37542 09867 597077
0, 638 , -Q. 44941 69956 373472 0. 688 -0. 37396 64410 4V934
0.639 - 0.44785 08246 046022 0.689 - 0.37251 40079 684785

0.640 -0. 44628 71026 284195 0.690 - 0.37106 36813 908320
0.641- -0. 44472 58220 614670 01691 - 0.36699661 54552 144672
0, 642 -0. 44316 69752 921759 0.692 -0. 36816 93233 644675
0.643 - 0.44161 05547 445177 0.693 - 0,36672 52797 922338
O. 644 -0. 44005 65528 777834 0.694 -0. 36528 33184 753326// 0.645 - 0.43850 49621 863646
0,646 - 0.43695 57751 995352
0.647 - 0.43540 89844 812365
0. as - 0.43386 45826 298624
0.649 - 0.43232 25622 780471

0. 650 -0. 43078 29160 924543
(-

6
)81

L

0.695 -0. 36384 343334 173449
0.696 36240 56186 477174
0.697 °- 0.36096 98682 216132
0.698 - 0.35953 61762 197646
0.699 -0. 35810 45367 483268

0.700 -0. 35661 49439 387324
r(-74.1
L 6

In 10-2.80268 50929 940457
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0.700
0.701
0.702
0.703
0.704

0.705
0.706
0.707
0.708
0.709

0.710
0.711
0.712

- 0.35667
-0.3
- 0.35362
- 0.35239
- 0.35097

- 0.34955
-0. 34814
- 0.34672
-0. 34531
-0. 34389

- 0.34249
-0. 34108
- 0.33967

lnx
49439
73919
18749
83871
69228

74761
00414
46130
11852
97524

3089
28491
73675

387324
475470
563259
714721
240947

698684
888950
855643
884173
500096

467759
788962
701613

0.713 -0. 33827 38585'678411
0.714 33687 23166 425527

0.715 - 0.33547 27362 881294
0.716 - 0.33407 51120 214914
0.717 -0. 33267 94383 825167
0.118 -0, 33128 57099 339129
0.719 - 0.32989 39212 610904

0.720 -0. 32850 40669 720361
0.721 -O. 32711 61416 971880
0.722 - 0.32573 01400 893108
0.723 -0. 32434 60568 233724
0.724 - 0.32296 38865 964207

0.725 -0. 32158 36241 274623
0.726 - 0.32020 52641 573410
0.727 - 0.31882 88014 486177
0.728 - 0.31745 42307 854511
0.729 - 0.31608 15469 734789

0.730 - 0.31471 07448 397002
0. 731 -0. 31334 18192 323585
0.732 -0. 31197 47650 2082957=0:51460-93770-4
0. 734 -0. 30924 62503 676215

0.735 -0. 30788 47797 693004
0.736 -0. 30652 51602 532608
0.737 -0. 30516 73867 928004
0.738 -0. 30381 14543 816646
0.739 - 0.30245 73580 339353.

0.740 - 0.30110 50927 839216
0.741 - 0.29975 4606 -860502
0.742 -0.29840 60358 147566
0.743 - 0.29705 92342 643779
0.744 -0. 29571 42441 490452

0.745 - 0.29437 10606 025775
0.746 - 0.29302 96787 783762
0.747 - 0.29169 00938 493197
0.748 - 0.29035 23010 076598
0.749 - 0.28901 62954 649176

0.750 -0.28768 20724 517809

r(-)81L 6 j

!2.1)

, -.4



.ELEMENTARY TRAN

x In z

0.750 -0.28768 20724 517809
0.751 -0.28634 96272 180023
0.752 - 0.28501 89550 322973
0.753 -0.28369 00511 822435
0.754 -0.28236 29109 741810

AL FUNCTIONS

NATURAL LOGARITHMS

x In z

0.800 -0.22314 35513 142098
0,801 -0.22189 43319 137778
0.802 - 0.22064 66711 156226
0.803 -0.21940 05650 353754
0.804 -0.21815 60098 031707

I

Table.4.2

z .

0.850 -0.16251 89294
0.851 - 0.16134 31504
0.852 -0.16016 87521
0.853 -0.15899 57314
0;854 -0.15782 40851

0.755 -0.28103 75297 331123 0.805 -0.21691 30015 635737 0.855 .0.15665 38100
0.756 -0. 27971 39028 026041 0.806 -0. 21567 15364 755088 0.856 - 0.15548 49028
0.757 -0.27839 20255 446883 0.807 -0.21443 16107 121883 0.857 -0.15431 73603
0. 758 -0. 27707 18933 397654 0.808 - 0.21319 32204 610417 0.858 - 0.15315 11794
0.759 -0.27575 35015 865071 0.809 -0.211195 63619 236454 , 0.859 -0.15198 63569

0.760 -0.27443 68457 017603 0.810 -0.21072 10313 156526 0.860 4.15082 20897
0.761 -0.27312 19211 204512 0.811 - 0.20948 72248 667241 0.861 -0.14966 07745
0.762 - 0.27180 .87232 954908 0.812 - 0.20825 49388 204591 0.862 -0.14850 00083
0.763 - 0.27049 72476 976800 0.813 -0.20702 41694 343265 0.863 -0.1473445878
0.764 -0.26918 74896 156166 0.814 -0.20579 49129 795968 0.64 -0.14618 25101
0.765 -0.26787 94451 556012 0.815 -0.20456 71657 412743 0.865 -0.14502 57720
0.766 -0. 26657 31092 415458 0.816 -0. 20334 09240 180300 0.866 - 0.14387 03704
0.767 - 0.26526 84776 148809 0, 817 - 0.20211 61841 221342 0.867 -0.14271 63022
0.768 -0.26396 55458 344649 0.818 -0.20089 29423 793900 0.868 -0.14156 35643
0.769 -0.26266 43094 764931 0.819 -0.19967 11951 290676 0.869 -0.1404141537
0.770 -0.26136 47641 344075
0,771 -0.26006 69054 188076
0.772 -0.25877 07289 573609
0.773 -0.25747 62303 947151
0.774 -0.25618 34053 924099

0.820 -0.19845 09387 238383
0.821 -0.19723 21695 297088
0,822 -0.19601 48839 259571
0.823 -0.19479 90783 050672
0.824 - 0.19358.47490 726654

0.775 -0.25489 22496 287901 0.825 -0.19237 18926 474561
0.776 -0.25360 27587 989183 0.826 -0.19116 05054 611590
0.777 -0.25231 49286 144896 0.827 -0.18995 05839 584457
0.778 - 0.251028754887548 037454 0.11280.18874 21245 968774

-0.24974 42331 113888 0.829 -0.18753 51238 468421

0.780 -0.24846 1 592 984996
0.781 -0.24718 0 291 424511
0.782 -0.24590 0 368260
0.783 -0.24462 2 829 913340
0.784 -0.24334 62586 317292

0.785 -0.24207 15611 997286
0. 786 - 0.24079 84865 529305
0.787 -0.23952 70305 647338
0.788 -0.23825 71891 242579
0.789 -0.23698 89581 362628

977749
08762
52821
9045
93561

4117
4039
8435
941748
9788 7

345
544

997
184

7

26
63
40

14
91

50 577
1 019 ,;
.01 152 t21

2 ab9 ,.
1 450\

0.870 -0.13926 20672 3 076
0.871 -0.13811 33021 343
0.872 -0.13696 58550 3 574
0.873 -0.13581 97231 25348
0.874 -0.13467 49033 66016

0.8/9 .-0.13153 13926
0.876 -0.13238 91880
0.877 -0.13124 8286

0.879 -0.12897 0381

0.830 -0.18632 95781 914934 0.880 -0.12783 337
0.831 - 0.18512 94841. 266889 0.881 - 0.12669 769
0.832 -0.18392 28381 609285 0.882 -0.12556 322
0.833 -0.18272 16368 152944 0.883 -0.12443 00
0.834 -0.18152 18766 233903 0.884 -0.12329.82

0.835 -0.18032 35541 312816
0.836 -0.17912 66658 974354
0.837 -0.17793 12084 926817
0.838 -0.17673 71785 000540
0.839 -0.17554 45725 149309

0.790 -0.23572 23335 210699 0.840 -0.17435 33871 447778
0.791 - 0.23445 73112 144832 0.841 ;0.17316 36190 091890
0.792 -0.23319 38871 677112 0.842 - 0.17197 52647 398103
0. 793 - 0.23193 20573 472891

0
843 - 0.17078 83209 802816

0.794 -0.23067 18177 350013 0.844 -0.16960 27843 861799

(Lees -0.12216 7
0.896 . -0.12103 8
0.887 - 0,11991
0.888 - 0.11878
0.889 - 0.11765

0.890 - 0.11653
'0.691 -0.1154
0.892 - 0.1142
0.894 - 0.1131
0.89 - 4.1120

245226
457456
099540

969601

098849
459575

9 751457
3 781770
3 444936

39 742075
83 770561

966 725576
359 899670
434 682325

8162 559515
08515 113277
91464 021277
66981 456380
95038 086229

0:795 -0.22941 31643 278052, 0.845 -0.16841 86516 249632 0.895 -0.110 3 15607 072817
0.796 -0.22815 60931 377540 0.846 -0.16723 59193 759138 0.896 ..0.10 1 48660 072066
0.797 - 0.22690 06001 919220 0, 847 -0.16605 45843 300827 0.897 -0.10 69 94169 233409
0.798 -0.22564 66815 323283 0.848 -0.16481 46431 902340 0.898 -0.10 58 52106 799374
0.799 - 0.22439 43332 158624 0.849 - 0.16369 60926 707897 0.899 -0. 1 647 22445 105168

0.800 -0.22314 35513'442098 0.850 -0.16251 89294 977749 0.900 -040536 05156 578263
r(-4)21
L 6 J

[(IA] . r(-7)21
L 6

In 10-2.30268 60929 940457

118



106

Table 4.2

0.900
0:901
0.902
0. 903
0,904

0.905
0.906
0.907
0.908
0.909

0.910
0.911
0.912
0.913
0.914

0.915
0.916
0.917
0.918
0.919

ELEMENTARY TRANNENDENTAL FUNCTIONS

Inz
-0.10536 05156 578263
0.10425 00213 737991
.10314 07589 195134
-0.10203 27255 651516
-0.10092 6/185 899606

0.09982 03352 822109
-0.09871 59729 391577
-0.09761 28288 670004
-0.09651 09003 808438
-0.09511 01848 046582

-0.09431 06794 712413
-0.09321 23817 221787
-0.09211 .52889 078057
-0.09101 93983 871686
-0.08992 47075 279870

-0.08883 12137 066157
-0.08773 89143 080068
-0.08664 78067 256722
-0.08555 78883 616466
-0.08446 91566 264500

0.920 -0.08338 16089 390511
. 0.921 -0.08229 52427 268302.

0.9221 00554 255432
,0.923 8012 60444`792849 .

0.924 - .07904 32073 404529

0.925 -0.07796 15414 697119
0.926 -0.07688 10443 359577
0.927 -0.07580 17134 162819
0,928 -0.07472 35461 959365
0.929* -0.07364 65401 682985

NATURAL LOGARITHMS

In x '
0.950 -0.05129 32943 875505 1.000
0.951 - 0.05024 12164 367467 1.001
0.952 -0.04919 02441 907717 1.002
0.953 -0.04814 03753 279349 1.003
0.954 -0. 04709 16075 338505 1.004

0.955 -0.04604 39385 014068 , 1.005
0.956 - 0.04499 73659 307358 / 1.806
0.957 - 0.04395 18875 291828 1.007
0.958 *0. 04290 75010 112765 1.008
0.959 -0. 04186 42040 986988 1:009

0.960 4.04082 19945 202551 1.010
0.961. 03978 08700 118446 1.011
0.962 -0.03874 08283 164306 1.012
0.963 -0.03770 18671 840115 1.013
0.964 -0.03666 39843 715914 1.014

0.965 -0.03562 71776 431511 1.015
0.966 -0.03459 14447 69_6191 1.016
0.967 -0.03355 67835 288427 1.017
0.968 -0.03252 31917 055600. 1.018
0.969 -0.03149 06670 913708 1.019

0.970 -0.03045 92074 847085
0.971 -0.02942 88106 908121
0.972 -0,02839 94745 216980
0.97) -0. 02737 11967 961320

A.9741 -0.02634 39753 396020

0.975
0. 976
0.977
0.978
0.979

0.930 -0.07257 06928 348354 0.980
0.931 -0.07149 60017 050700 0.981
0.-032----0.-070-42_24642965459_. 0,912
0.933 -0.06935 00781 347932 0.983
0.934 -0.06827 88407 532944 8.984

0.935
0.936
0.937
0.938
0.939

0.940
0.941
0.942
0.943
0.944

-0.06720 87496 934501
-0.06613 98025 045450
4.06501 19967 437149
-0.06400 53299 759124
-0. 06293 97997 738741

-0.06187 54037 180875
-0.06081 21393 967574
-0.05975 00044 057740
-0.05868 89963 486796
-0.05762 91128 366364

0.945 -0.05657 03514 883943
0.946 -0.05551 27099 302588
0.947 -0.05445 61857 960588
0.948 -0.05340 07767
0.9.49 -0.05234 64803 72 092

0.950 -0.05129 32943 875505

[1)1

1.020
1.021
1.022
1.023
1.024

4.02531 78079 842899 1.025
0.02429 26925 690446 ;1.026
-0.0232_6 86269 393543 4 1.027
-O. 02224 56089 -473197
-0:02122 36364 516267 :1.029

-0.02020.27073 175194
-0.01918 28194 167740
4.01016 39106 276712
-0.01714 61588 349705
-0.01612 93819 298836

0.985 -0.01511 36378 100482
0.986 -0.01409 89243 795016
0.987 -0.01308 52395 486555
0.988 - 0.01207 25812'342692
0.989 -0.01106 09473 594249

0.990 -0.01005 03358 535014
0.991 -0.00904 07446 521491
0.992 -0.00803 21716 972643
0.993 -0. 00702 46149 369645
0.994 -0.00601 80723 255630

0.995 -0. 00501 25418 235443
0.996 -0.00400 80213 979388
0.997 - (1.00300 45090 202987
0.998 -0.00200 20026 706731
0.999 -0.00100 05003 335835

1.000 0.00000 00000 000000
f(-7)11L 6 j

In 10-2.80269 80929 940457

lnx
0.00000 00000 000000
0.00099 95003 330835
0.00199 80026 626731
0.00299 55089 797985
040399 20212 695375

0.00498 75415 110391
0.00598 20716 775475
0.00697 56137 364252
0.00796 81696 491769
0. 00895 97413 714719

0.00995 03308 531681
0.01093 99400 383344
0.01192 85708 652738
0. 01291 62252 665463
0.01390 29051 689914

01488 86124 937507
0.01587 33491 562901
0.01685 71170 664229
0. 01783 99181 283310
0.01882 17542 405878

0.01980 26272 961797
0,02078 25391 825285
0.02176 14917 815127
0.02273 94869 694894
O. 02371 65266 173160

0.02469 26125 903715
0.02566 77467 485778
0.02664 19309 464212

-1402761-51670-129714
0.02858 74568 519126

1.030 0.02955 88022 415444
1.031. 0.03052 92050 348229
1.032 0.03149 86670 593710

'FM 0.03246
1. v04 0.03343 47760 862374

1.035
1.036
1.037
1.038
1.039

1.040
1.041
1.042
1.043
1.044

1.045
1.046
1.047
1.048
1.049

1.050

0.03440 14267 173324
0.03536 71438 372913
0.0363) 19292 473903

_0,03729 57847 436969
0.03825 87121 170903

0.03922 07131 53281)
0.04018 17896 328318
0.04114 19433 311752
0. 04210 11760 186354
0.04305 94894 604470

0.04401 68854 167743
0.04497 33656 427312
0.04592 89318 88)998
0.04688 35858 988504
0.04781 73294 141601

0.04879 01641 694320
17)11

L 6



1 SUMMARY. E*ITAL FUND IONS 1Hr

O. 06297 479 613884
IL 06391 33 7 436528
0.06485 09 .23.196163
0.06378 7 405 380031
0. 06672 320 429082

1.08
1.0

1.
1.
1

.
NA A*TIIMS

1.

a Iii a In a .

1.050 0.04879 01641 6943210 1. 0 0. 09531 01798 043249
1..851 0. 04974 20918 948141 1. 01. 0.09621 88577 405429
1.052 O. 05069 . 31143 155181 102 0. 09712 67107 307227'
1.053 .0. 05164 ; 32331 518384 .103 0.09803 37402 713654

1

1.104 0. 09893 99478. 5490361. 054 O. 03259;24501 191706

1.055 .0. 05354 07669 280298 1.105 0.09984 53349 697161
1.056 0. 05440 81852 840697 1.106. 0.10074 99031 001431
1.057 0. 05543 47068 881 1.107 0.10165 36537 264998
1.058 .0. 05638 03334 3610 1.108 0.10255 65883 250921
1. 059 O. 05732 00666 192 1.109 0.10345 87083 682300

1.060 0. 05826 119081 23 758 1.110 0.10436 00153 242428
1.061 0. 05921 18596 3 .1 1.111 0.10526 05106 574929
1.062 0.06015 39228 7471' 1.112 0.10616 01958 283906
1.063 .0. 06109 50993 98109 1.113 0.10705.10722 934078
1.064 0.06203 53909 194526 1.114 0.10795 71415 050923

1. 065 1. 115 0. 10885 44049 120821
1. 046 1. 116 0. 10975 08639 591192
1. 067 1.117 0.11064 65200 870837
1.068 1.118 0.11.154 13747 329074
1.069 1.119 0.11243 54293 297882

1.070 0.06745 86484 738148 1.120" 0.11332 86853070032
1.071 0. 0685 27914 656117 1.121 0.11422 11440 900229
1.072 0.069 60626 486102 1.122 0.11511 28071 005046
1.073 0.070 5 84636 485614 . 1. 123 O. 11600 36757 563061
1.074 O. 0 38 99960 866729 1.124 0.11689 37514 714993

1.075 O. 32 06615- 796261 1.125 0. 11778 30356 54835 1. 175 11. 16126 81475 961223
1.076 0. 7325 04617 395927 1.126 0.
1.077 0 07417 93981 742515 1.127 -04-11955-92350-576392-
1.078 07510 74724 868054 1.128 0.12044 61530 758672
1. 079 07603 46862 759976 1.129 0.12133 22851 675250

1.080 . 0.07696 10411 361283 1.130 0. 12221 76327 242492
1.081 0. 07788.-65386 570712 1.131 0.12310 21971 339834

0.07973 49680 188536 1. 133 '0.12486 89820 450693
0.08065 /9030 174545 1.134 0.12575 12053 055603

3 0. 08157 99869 924229 1.133 0.12663 26509 33)660
86 0. 08250 12215 117437 r. 136 0. 12751 33202 909196
87 0. 08342 16081 390724 1. 137 O. 12839 32147 683990

088 0.08434 11484 337509 1.138 0.12927 23357 041392
. 089. O. 08525 98439 508234 1.139 0.13015 061144 650451

1.090 0.08617 76962 410523 1.140 -0.13102 82624 044041
1.091 0.08709 47068 509338 1.141 0.13190 50708 790386
1.092 0.08801 08773 227133 1.142 0.13278 11112 '338185
1.093 0.00892 62091 944015 1.143 0.13365 63848 126736
1.094 0.08984 07039 997895 1.144 0. 13453. 08929 576062

1.095
1.096
1.097
1.098
1.099

1.100

0.09073 43632 684641
0.09166 71885 258238
0.09257 91812 930932
0.09349 03430 873
0009440 06754 21484

0. 09531 01798

[11

1.145
1.146
1.147
1.148
1.149

0.13540 46370 062030
O. 13627 76182 925478
0.13714 98381 472336
0.13802 12978 973747
0.13889 19988 666186

1.150 0.13976 19423 751587

In 10- 2.80258 60929 940467

Table,8.21

a In a

1. 150.1 0.13976 19423 751587
1.151 0.14063 11297 397456
1.152 0.14149 95622 736995

i 1. 153 0.1'4236 72412 ;
' 1.154 O. 14323 41680 88r9g 80

1.155 0.14410 .03439 737369
1. 156 0.14496 57702 501857
1.157 0.14583 04482 115395
1.158 ... 0.14669 43791 508035
1.159 0.14755 75643 576147

1.160 0.14842 00051 182733
1.161 0.14928 17027 157544 ..

-1.162 0.15014 26584 297195
1.163 0.15100 28735 365274.
1.164 0.15186 23493 092461

1. 165 0. 15272 10870 176639
11. 166 0. 15357 90879 283004
1.167 0.15443 63533 044189
1.168 0.15529 28844 060353
1.169 0.15614 86824 899314

.1.170 0.15700 37488 096640
1.171 O. 15785 80846 155803
1.172 . 0.15871 16911 5411209
1.173 0.15956 45696 713384
1.174 0.16041 67214 059047

1.;177 -0;14D-6 781397
1.178 0.1381 80852 293950
1.179 0.16466 66215 552339

1.180 0. 16551 44384- 775734
1.181 O. 16636 15372 'isms

-1182 A. 16720 79189 8,1045_
1.183 0. 16805 35849 962497
1.184 0.16889 85364 618139

1.185 0.16974 27745 879945
1. 186 0. 17058 63003 755337
1. 187 O. 17142 91156 275310
1.188 0.17227 12209 404532
1.189 0.17311 26177 086448

1. 190 0.17395 .33071 . 234380
.1.191 0. 17479 32903 731631
1.192 17563 25686 431580
1.193 0:17647 11431 157791
1.194 0. 17730 90149 704103

1.195
1.196
1.197
1.198
1. 199

0.17814 61853 834740
0.17898 26555 284400
0. 17981 ,84265 758361
0.18065 34996 932576
O. 18148 78760 453772

1.200 0.18232. 155167 .939546
r(-8)91

6



x Inx

r ,

ELEMENTARY TRANSCENDENTAL FUNCTIONS

1.200 0.18232 15567 939546
1.201- . 0. 18315 45430 978465
1.202 0. 18398,68361 .130158
1,203 0.1848], 84369 925418
1.204 0.18564 93468 866293

1. 205
1.206
1:207
1.208
1.209

L210
1.211
1. 212

. 1,213
1.214

1..215
1.216
1.217
1.218
1.219

..
1.220
1.221
1.222
1.223
1.224

0.18647 95669 426183
0.18730 90983 049937
0.18813 79421 153944
0.18896 60995 126232
0.18979 35716 326556

0.19062 03596 086497
0.19144 64645 709552
0.19227 18876 471227
0.19309 66299 619131
0.1939t 06926- 373065-

0.19474 40767 925118
0.19556 67835 439753
0.14638 88140 053901
0.19721 01692 877053
0.19803 08504 991345

0.19885 08587 451652
0. 19967 01951 285676
0. 20048 88607 494036
0.20130 68567 050353
0.20212 41840 901343

1.225 O. 20294 08439 966903
1. 226 0.20-375 68375 140197
1.227 0.20457 21657 287744
1.228 0.20538 68297 249507
1.229 0.20620 08305 838978

k

NATURAL LOGARrrH518

2 In In z

'1.250 O. 22314 35513 '142098 I.300 0.26236 42644 674911
1 1.251 O. 22394 32314 847741 1.301 0.26313 31995 303682

1.252 0.22474 22726 779068 1.302 0.26390 15437 863775
1.253 0. 22554 06759 139312 1.303 0.26466 92981 427081
1.254 O. 22633 84422 107290 1.304 0. 26543 64635 044612

1.255, O. 22713 55725 837472 1.305 0.26620. 30407 746567
1.256'" O. 22793 20680 460069 1.306 0.26696 90308 542393
1.257 0.22872 79296 081104 1.307 0.26773 44346 420849
1.258 '0.22952 31582 782488 1.308 0.26849 92530 350070
1.259 O. 23031 77550 622101

.40
1. 309 0.26926 34869 2776291,

1.260 0.23111 17209 633866 1.310 0. 27002 71372 130602
1.261 0. 23190 50569 827825 1.311 0.27079 02047 815628
1.262 0. 23269 77641 190214 1.312 0. 27155 26905 218973
1.263 O. 23348 98433 683541 1.313 0.27231 45953 206591
1. 264 0. 2342812957 146657 1.314 O. 27307 59200 624188

1.265 0.23507 21221 794836 1.315 0,27383 66656 297279
1.266 0. 23586 23237 219844 1. 316 0.27459 68329 031255
1.267. 0.23665 19013 390020 1.317 0. 27535 64227 611440
1. 268 0. 23744 08560.150342 1.318 0.27611 54360 803155
1.269 0.23822 91887 322506 1. 319 0.27687 38737 351775

1.270 0:23901 69004 704999 K. 320 0. 27763 17365 42. 795
1.271
1.272

0.23980 39922 073170
0.24059 04649 179304

1.321
1422

0.27838
0.27914

90255
57414

401883
294945

1.273 0.24137 63195 79269 -1. U3 0.27990 18851 328186
1.274 0.24216 15571 499716 1.324 0. 28065 74575 148165

, 1.275 0. 24294 61/86_10.3895 _1.325 .0. 20141 14594 181855
1.276 24171-01849 225481 1.326 0.28216 68917 636708
1.277 0. 24451 35770 504022 1.327 0.28292 07553 500705
1.278 0. 24524-_-63559 553431 1.328 0.28367 40510 542421
1.279 0. 24607 85225 967056 1.329 0. 28442 67797 311083

1.230 0.20701 41693 843261 1 281.00,14106_00711L315258._ '1,330:_k_28511_119422_43662_4____
-----1;231---0;20782-58472-023165- . 281 O. 24 64

1. 232 0. 20863 80651 113280 1.282 0. 24842
1.233 0.20945 02241 822072 1.283 0. 24920
1.234 0.21026 09254 831961 1.284 0.24998

1.g 35 0. 21107 09700 799405
1. 236 0. 21188 03590 354990
1.237 0.21268 90934 103508
1.238 0.21349 71742 624044
1.239 0.21430 46026 470054

1.240 0.21511 13796 169455
1.241 0. 21591 75062 22470
1.242 0.21672 29835 11287
1.243 0.21752 78125 285741/
1.244 0.21813 19943 169877

1.245 0.21913 55299 166709
1.246 0.21993 84203 652614
1.247 0.22074 06666 978994
1.248 0.22134 226991r ,V2359
1.249 0.22234 3211 4406

1.250 0.22314 35513 142098
R-8

6
)91

10229 145972
13584 984783
10856 334994
02052 677694

1.285 0.25075 8703 471831
1.286 O. 25153 66258 154276
1.287 0.25231 39286 139896
1.288 0.25309 06276 821619
1. 289 0.25386 67239 570503

1.290 0.25464 22183 735807
1.291 0.25541 71118 645054
1.292 0.25619 14053 604101
1.293 0.25696 50997 897204
1.294 0.25773. 81960 787088

1.295 0.25851 06951 515011
1.296 0. 25928 25919 300830
L. 297 0.26005 39053 343068
1.298. 0. 26082 46182 818983
1.299 0.26159 47376 884625

1.300 0. 26236 42644 674911
[181

In 10 - 2.30258 50929 940457

121

1.331 0.28593 05394 129746
1.332 0.28668 15721 181974
1.333. 0.28743 20411 965716
1.334 0.28818 19470 934320

1.335 0.28893 12918 522129'
1..336 0, 28968 00751 144540 '
1. 337 0.29042 82981 198061
1.338 0.29117 59617 060367
1.339 0.29192 30667 090355

1.340 0.29266 96139 628200
1.341 0.29341 56042 995415
1.342 0.29416 10385 494901
1.343. 0. 29490 59175 411005
1.344 0.29565 02421 009578

1.345 0.29639
1.346 0.29713
1. 347 0.29787
1.348 0.29862
1.349 0.29936

1.350 0.30010

40130 538024
72312 225361
98974 282269
20124 901153
35772 25608

45924 503301

(-8)716 j



x ; '

1.350 0.30010
1. 351 0. 30084.
1.352 0.30158
1.353 0.30232
1. 354 O. 30306

1.355 0.30380
1.356 0.30453
1.357 0.30521
1. 358 0.30601
1.359 0.30674

1. 360 0. 30748
1.361 0.30821
1.362 0. 30895
1.363 0. 30968
1.364 0.31042

1.365 0. 31115
1.366 0. 31188
1. 367 0. 31261
1. 368 0.31334

A\

ELEMENTARY TRANSCEiDENTAL FUNCTIONS

NATURAL Lotmumms

In x

45924 503%1
50589 780618
49776 207723 .

43491 886510
)1744. 900833

14543 316642
91895 182038
63808 527321
30291 365044
91351 690067

46997,479606
97236 693290

.42077 273206
81527 143956
15594 212704

1.
44001. 01

1. 402
1. 403
1.404

1.405
1.406
1.407
1.408

1.41Q
`41. 411

1. 412
1.413
1.414

44286 369231 , '1.415
-67611 485983 1.416
85577 418125 1.417
98192 003587 1,418

1.369 0. 31408 05463 063118 1.1419

1.370 31481 07398 400335
1.371 0. 31554 04005 801773

4 1. 372 0.31626 95293 036935
1.373 0.31699 81267 858340
L 374 0.31772 61938 001576

1. 375
1.376
1.377
1.378
1. 379

0. 31845 37311 185346
0. 31918 07395 111519
0.31990 172197 465178
0. 32063 31725 914668
0. 32135 85988 111648

x

0.33647 22366 212129
0.33718 62673- 548700
0.33789 97886 123983
0. 33861 .28011 203239
0.33932 53056 036194

0.,34003 73027 851091
0.34074 87933 884732
0. 34145 97781 322520
0. 34217 02577 358507
0. 54288 02329 165432

- In x

1.450 0. 37156 35564 324830.
1.451 0. 37225. k9739 020508
1.452 0.37294 19164 0260430
1.453 0.37363 03845 881459
1.454 0.37431 83791 113276

1. 455 0.37500 59006 214558
1. 456 0. 37569 29497 744942
1. 457 . 0.37637 95272 130678
1.458 ..0. 37706 56335 864664.
1.459 0.37775 12695 496486

0. 34358 97043 900769 1.460
0. 34429 86728 706770 1.461
0.34500 71390 710503 1.462
O. 34571 51037 023904 4. 463

A.34642 25674,743810 1.464

0.34712 95310 952009 1.465
0. 34783 59992 715280 '1.466
0.34054 19607 085434 1.467
0. 34924 74281 099358 1. 468
0.34995 23981 779056 1.469

0. 37843
0. 37912
0.37980
0.3904$
0.31117

0. 381115
0.38253
0.38321
0.38390
0.38458

. ,

1.420 0.35065. 68716 131694 1.470 9126.
1.42.1 0.35136 08491 149636. 1.471 . 0. 94
1:422 0..35206 43313 810491 1.472 0. 38662'
1.421 0.35276 73191 077153 1.473 0.38730
1.424 0.35346 98129 897840 . 1.474 0..38797

1.425 0. 35417 18137 206138 1.475
1.426 0.35487. 33219 921042 - 1.476
1.427 0. 35557 43384 946994 1.477
1.428 0.35627 48639 173926 1.478
1.429 0. 35697 48989 477304. 1.479

1/.210 ____0.122.0_11_14991-691113 1.. -430 ---0.-35147-4.4448-410159
361 0. 32280 78744 271551 1.431 0.35837 35005 743139 1.481

1. 382 0.12353 17253 454782 1.432 0. 35907 20685 384539 1.482
1.383 0. 32425 50526 826212 1.433 0. 35977 01488 460348 1.483
1.384 0.32497 78571 954778 . 1.434 0.36046 /7421 774286

1. 385
1. 386
1.387
1.388
1.389

1.390
1.391
1.392
1.393
1.394

1.395
1. 396
1. 397
1.398
1.399

1.400

0. 32570 91396 393018
0.32642 19007 677115
0. 32714 31413 326945
0.32786 38620 846128
0. 52858 _40637 722067.

O. 32930 37471 426004
0.33002 29129 413059
0.33074 15619 122279
0. 33145 96947 976686
0.33217 73123 383321

0. 33289 44152 733290
0.33361 10043 401807
0.33432 70802 748248
0. 33504 26439 116185
0. 33575 76956 833441

D. 33647 22366 212129

r(-E) 71
L 6 J

Oft

1. 435 0.36116 48492 115844
1.436 0. 36186 14706 260324
1.437 0.36255 76070 968879
1.438 0.36325 32592 988549
1.439 0..36394 44279 052308

1. 440 0.36464 31135 879093
1.441 0. 36533 73170 173850
1.442 0.36603 10388 627573

, 1.443 0.36672 42797 917338
1.444 0. 36741 70404 706345

1. 445 O. 36810 93215 643955
11.446 0.36880 11237 365729
1.447 0.36949 24476 493468
1.448 0.37018 32939 635246
1449 0.37087 36633 385453

1.450 '0. 37156 35 64 324830
[(.

In 1-2.80258 50929 940457

64357 202451:
11327,685624
5%13 275868
91220 379873.
.4155 391198-

52424 690306
'76034:644597
94991 608447
09301 923238
18971'917403

24007 906449.
24416 193001
'20203 066845
11374 004932
97937 671449 .

0. 38865 79897 917831
0.38933 57261 782808
0.39001 30035 492427
0.39068 98225 260100
0.39136 61837 886627

0.39204- 4117/-.760837---
0. 392714,352 856617
0. 311339 25260 '738951
.39406 70631 557950

9474 11447 451887

1.485 W39541 47722 546629
1.486 0.39608 79462 95561141,
1.487 0. 39676 06674 7801
1.488 0.39743 29364 109801
1.489 0.39810 4737 /018719.

1.490
1.491
1. 492
1.493
1.494

0.39877 61199 573678
0.39944 70357 826014
0.40011 75017 815691
0.40070 75185 570533
0. 40145 10867 1062.56

1.495 0,40212 62068 426497
1. 496 0.40279 48799 522855'
1. 497 0.40346 31054 374913
1. 498 0.40413 08850 950277
1.499 0.40479 82191 204607

1.500 0.40546 51081 081644
(-5 )61

L .1'

1 2 2



110

Table 1.2

1. 500 0.40546
1.501 0. 40613
1. 502 0. 40679
1.503 . 0.40746
1. 504 0. 40812

.1. 505 0.40879
1.506, 0.40945
1:50V0 0.41012

.41078
1.509 0.41144

1.510 0.41210
1.511 0.41277
1. 512 0.41343

.513 0.41409
1.514 0.41475

1. 515 0. 41541
1.516 0.41607
1.517 0.41673
1. 518 0.41739'
1.519 0.41805

1.520 0. 41871
1.521 0.41936
1.522 ' 0.42002
1.523 0.42068
1.524 0.42133

1.525 0.42199
1.526 0.42264
1.527 0. 42330
1.528 0.42395
1. 529 0.42461

1.530. 0.42526
1.531 0.42592
1. 532 0.42651
1.533 '0.42722
1.534 0.42,787

1.535
1.536
1.537
1.538
1.539

0.42853
0. 42918
0.42983
0.43048
0.43113

1.540 O.43178
1. 541 0.43243
1.542 0.43308
1.543 0.43372
1. 544 0.43437

1.545 0.43502
1. 546 0.43567
1.547 0.43631
1.548 0.43696
1. 549 0.43760

1.550 0. 43825

5
ic 8)61 r(-8)5] r(

6
8m

L 6 L

In 10 = 2.80258 50929 940457

ELEMENTARY. TRANSCENDENTAL FUNCTIONS

NATURAL LOGARITHMS

In s In s In s

51081 081644 1. 550 0.43825 49309 311553 1.600 0. 47000 36292 457356
15526 513249 1. 551 0.43889 98841 944018 1.601 0.47062 84340 145776
75533 419430 1. 552 0.43954 44217 610270 1.602 0.47125 28486 461675
31107 708374 1.553 0.44018 85441 665500 1.603 0.47187 68736 214159
82255 276481 1. 554 0.44083 22519 45455 1.604 0.47250 05094 443228

28982 008391 1.555 0.44147 55456 311 5 1.605 0.47312 37565 819792
71293 717018 1.556 0.44211 84257 56 1.606 0.47374 66155 245699
09196 443584 1. 557 0.44276 08928 613 1.607 0.47436 40867 553755
42695 857643 1.558 0.44340 2947 85565 1..608 0.47499 11.707 567746
71797 857118 1.559 0.44404 459 756395 1.609 0. 47561 MN 102462

96508 268330 1.560 0.44468 58212. 614457 1.610 0.47623 41789 963716
16832 906025 1.561 0, 44532 66415 332950 1.611 0. 47685 51031 948373
32777 573413. 1. 562 0.44596 70514 174942 1.612 0.47747 56440 844365
44.48 062189 1.563 0.44660 70514 393396 1.613 0.47809 57991 430718
51550 152570 1: 564 0.44724 66421 231193 1.614 0. 47871 55698 477571

54389 613325 1. 565 0.44788 58234 921165 1.615 . O. 47933 49566 746199
52872 201799 1. 566 0.44852.4597545975 686114 1.616 0.47995 39600 989036
47003 663952 1.567 0.44916 29633 738838 1.617 0:48057 25805 949698
36789 734382 1.668 0.44980 09219 282161 1.. 618 0.48119 08186 362999
22236 136358 1.569 0.45043 '84737 508955 1.619 0.48180 86746 954981

03348 581850 1.570 0. 45107 56193 602167 1.620 0.48242 61492- 442927
80132 771558 1.571 0.45171 23592 734841 1.621 0.48304 32427 535391
52594 394941 1.572 0.45234 86940 070146 1.622 0.48365 99556 932212
20739 130248 1.573 0. 45298 46240 761408 1.623 0. 48427 62885 324542
84572 644545 1. 574 0.45362 01499.952115 1.624 0.48489 22417 394862

44100 593749 1.575 0. 45425 52722 775964 1.625 0. 48550 78157 817008
99328 622653 1. 576 0.45488 99914 356874 1.626 60. 48612 30111 256188
50262 364954 1. 577 0.45552 43079 809013 1.627 0.48673 78282 369007
96907 443287 1.578 0.45615 82224 236825 1.628 0.48735 22675 803486
39269 469252 1. 579 0.45679 17352 735050 1.629 0. 48796 63296 199081

7/354 043441 1.580 0.45742 48470 388754 1.630 0.48858 00148 186710
11466 755467 1.581 0.45805 75582 273350 . 1.631 0.48919 33236 388768
40713 183996 1.582 0.45868 98693 454621 1.632 0. 48980 62565 419153
65998 896771 1.583 0.45932 17808 988751 1.633 0.49041 88139 883281
87029 450644 1. 584 0.45995 32933 922341 1.634 0.49103 09964 378111

03810 391605 1. 585 0.46058 44073 292439 1.635 0.49164 78043 492167
16347 254804 1.586 0.46121 51232 126562 1.636 0. 49225 42381 805553
24645. 564588 1. 587 0. 46184 54415 442720 1.637 0.49286 52983 889979
28710 834522 1.588 0.46247 53628 249440 1.638 0.49347 59854 308777
28548 567422 1.589 0, 46310 48875 545789 1.639 0.49408 62997 616926

24164 255378 1. 590 0.46:73 40162 321402 1.640 0.49469 62418 361071
15563 379787 1.591 0.46436 27493 556498 1.641 0.49530 58121 079538
02751 111377 1.592 0.46499 10874 221913 1.642 0.49591 50110 302365
85733 110238 1.593 0. 46561 90309 279115 1.643 0.49652 3839J 551310
64516 025844 1. 594 0.46624 65803 680233 1.644 0.49713 22966 339882

39103 497088 1;595 0.46687 37362 368079 1.645 0. 497/4 03842 173352
09501 652302 1. 596 0.46750 04990 276170 1.646 0.49834 81022 548781
75715 909291 1. 597 0.46812 68692 328754 1.647 0.49895 54511 955033
37751 675354 1.598 0. 46875 28473 440829 1.648 0.49956 24314 872800
95614 347316 1.599 0.46937 84338 518172 1.649 O. 50016 90435 774619

49309 311553 1. 600 0. 47000 36292 457356 1. 650 0.50077 52879 124892

123



SLZIMINTARY TRANSCENbENTAL FUNCTIONS

NATURAL LOGARITHMS

a In a a In x

.... ---..4650-.-.0. E0022-52879.1:12,4892.-....L..720-....X.541162...82510-621704-
1.651. 0.50138 11649 379910 1.701 O. 53121 63134 137247

1 1.0652 0. 50198 66750 987863 1.702 0.53180 40301 .511824
1.653 0.50259 18188 388871. 1.703 0.53239 14016 805512
1. 654 0.50319 65966 014996 1. 704 0.53297 84284 071240

1.655 0.50380 10088 290262 1. 705 0.53356 51107 354801
1.656 0.50440 50559 630679 "1.706 0. 53415 14490 694874
1.657 0.50500 87384 444259 L 707 0.53473 74438 123036
1.658 0.50561 20567 131032 1.708 0.53532 30953 663781
1.659 0. 50621 50112 083074 1. 709 0! 53590 84041 334538

/ .660 0. 50681 76023 684519 1. 710 0.53649 33705 145685
1.661 0. 50741 98306 3115 8 1.711 0. 53707 79949 100564
,1.662 50802 16964 332564 1. 712 0.53166 22777 195504
.1.663 0.50862 32002 107906 . 1.713 0.53824 62193 419829
1.664 0.50922 43423 990168 1. 714 0.53882 98201 755880

1.665 0. 50982151234 32407V 1.715 0.53941 30806 179032
1.666 0.51042 55437 446509 1. 716 0.53999 60010 657705
1.667 0.51102 56037 686569 1. 717 0.54057 85819 153385
1.668 0.51162 53039 365550 1.718 0. 54116 08235 620636
1.669 0.51222 46446 796980 1. 719 0.54174 27364 007122

1.670 0.51202 36264 286637 1.720 0. 54232 42908 253617
1.671 0.51342 22496 132567 1.721 0. 54290 55172 294024
1.672 0. 51402 05146 625099 1. 722 0. 54348 64060 055391
1.673 0.51461 84220 046869 1. 723 0. 54406 69575 457926
1.674 0.51521 59720 672836 1. 724 0.54464 71722 415014

1.675 0.51581 31652 770298 1.725 0.54522 70504 833231
1.676 0.51641 00020 598913 1. 726 0.54580 65926 612362
1.677 0.51700 64828 410718 1. 727 0.54638 57991 645415
1.678 0.51760 26080 450144 1. 728 . 0. 54696 46703 818639
1.679 0.51819 83780 954038 1. 729 0. 54754 32067 011534

1.680 . 0. 51879 .37934 151676 1. 730 0. 54812 14085 096876
1.681 0.51938 88544 264786 1. 731 0.54869 92761 940"
1.682 0.51998 35615 507563 1. 732 0. 54927 68101 ar
1.683 0. 52057 79152 086690 1.733 0.54985 40107 3: w 1b
1. 684 0.52117 19158 201350 1.734 0. 55043 08783 50:,:" '11

1.685 0.52176 55638 043250 1.735 0.55100 74133 98822b
1.686 0. 52235 88595 796637 1. 736 0. 55158 36162 381584
1. 687 0.52295 18035 638312 1. 737 0. 55215 94872 589679
1.688 0.52354 43961 737654 1.738 0.55273 50268 432003
1.689 0.52413 66378 256630 1.739 0.55331 02353 721460

1.690 0. 52472 85289 349821 1.740 , 0.55388 51132 264377
1.691 0.52532 00699 164432 1. 741 0. 55445 96607 860520
1.692 0.52591 12611 840315 1.742. 0.55503 38784 303111
1. 693 0.52650 21031 509983 1.743 . 0.55560 77665 378839
1.694 0.52709 25962 298627 1. 744 0. 55618 13254 867879

1.695 0. 52768 27408 324136 1.745 0.55675 45556 543905
1.696 0.52827 25373 697113 1.746 0.55732 74574 174105
1.697 0.52886 19862 520893 1.747 0. 55790 00311 519195
1.698 0.52945 10878 891556 1.748 0.5847 22772 333437
1.699 0.53003 98426 897950 1.749 0.55904 41960 364650

1.700 0. 53062 82510 621704 1. 750 0.55961 57879 354227

-.-.

[(11 [(14]

In 104 2.8025850929 940457

x

1.-750-4.4.5961*
1.751 0.56018
1.752 0.56075
'1. 753 0. 56132
1.754 0. 56189

1.755
1.756
1. 757
1. 758
1.759

1.760
1.761
1.762
1.763
1. 764

111

Table 4.2

In x

7479-354227---
70533 037148
79925 141997
86059 390974
88939 499913

6.56246 88569 178291
0. 56303 84952 129249
0. 56360- 78092 049601
0.56417 47992 629853
0. 56474 54657 554211

0.56531 38090 500604
0. 56588 18295 140691
0.56644 95275 139878
0. 56701 69034 157332
0. 56758 39575 845996

1.765 0. 56815 06903 852601
1.766 0.56871 71021 817683
1.767 0. 56928 31933 575593
1. 768 0. 56984 89642 154517
1.769 40.57041 44151 776482

1.770 0. 57097 95465 857378
1.771 0. 57154 43588 006965
1. 772 0.57210 88521 828892
1.773 0.57267 30270 920708
1.774 0. 57323 68838 873877

1.775 0.57380 04229 ,273791
1.776 0.57436 36445' 699783
1.777 0.57492 65491 725143
1.778 0.57548 91370 917120
1.779 0. 57605 14086 836981

1.780
1.781
1.782
1.783
1. 784

1.785
1.786
1. 787
1.788
1. 789

1.790
1.791
1.792
1.793
1.794

1.795
1.796
1. 797
1.798
1. 799

1.800

124

0. 57661 33643 039938
0. 57717 50043 075246
0.57773 63290 486176
0.57029 73388 810034
0.5788885 80341 578176

0. 57941 84152 316024
0. 57997 84824 543073
0.58053 82361 772910
0. 58109 76767 513224
0. 58165 68045 265821

0. 58221 "56198 526636
0.58277 41230 785747
0.58333 23145 527387
0.58389 01946 229958
0. 58444 77636 366044

0..58500" 50219 402422
0.585556 19698 800079
0.58611 86078 014220
0.58667 49360 494285
0.58723 09549 683961

0.58778 66649 021190
r(--

6
1041

L

1.

A
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Table 4.2

z

.14 NO-- 445877
1.801 0:588
1.802 0. S 89
1.803 0. 45
1.804 59000

7 nr .

' I

MENT ART TRANSCENDENTAL FUNCTIONS

66649-021190
20661 938190
71591 861462
19442 211802
64216 404319

1.805 0.59056 03917 848442
1.8 0.59111 44549 947937
1, = 7 0.59166 80116 100914
1 0.59222 12619 699848
. 809 0.59277 42064 131581

1.810
1.811
1.812
1. 813
1.314

1.815
1.816
1.817
1.818
1.819

1.820
1.821
1.822
1.823
1.824

1.825
1.826
1.827
1.828
1.829

1.830
1.831
1.832
1. 833
1.8.34

1.835
1.836
1.837
1. 838
1.839

1.840
1.841
1.842
1.843
1.844

1.845
1.846
1. 847
1.848
1.849

1.850

0.59332 68452 777344
0.59387 91789 012763
0. 59443 12076 207876
0. 59498 29317 727140'
0. 59553 43516 929449

0.59608 54677 168141
0.59663 62801 791016
0. 59718 67894 140341
0. 59773 69957 552871
0. 59828 68995 359852

0.59883 65010 887040
0. 59938 58007 454709
0. 59993 47988 377666
0. 0048 4956 965160
0.60103' 18916 521396

0.60157 99870 344548
0.60212 77821 727767
0.60267 52773 958697
0. 60322 24730 319583
0.60376 93694 087286

0.60431 59668 533296
0.60486 22656 923737
0. 60540 82662 519385
0. 60595 99688 575680
0;60649 93738 342731

0.60704 44815 065136
0. 60758 92921 982987
0.60813 38062 329886
0.60867 80239 334953
0.60922 19456 221840

0.60976 55716 208943
0.61030 89022 509408
0,6 1085 19378 331151
0. 61139 46786 876862
0.61153 71251 344021

0. 61247 92774 924905
0.61302 11360 806604
0.61356 27012 171029
0. 61410 39732 194924
0. 61464 49524 049878

0. 61518 56390 902335
r(-8,41

NATURAL LOGARITHMS.

1n z

--1.-850----0:61518-16390-102315
1. 851 0.61572 60335 913605
1.852 0. 61626 61362 239876
1.853 0.61680 59473 032227
1.854 0.61734 54671 436634

1.855 0. 61788 46960 593985
1. 856 0. 61842 36343 640088
1.857 0.61896 22823 705687
1.858 0. 61950 06403 916468
1. 859 0.62003 87087 393070

1.860 0.62057 64877 251099.
1.861 0. 62111 39776 601137
1.862 0.62165 11788 548753
1.863 0.62218 80916 194514
1.864 0.62272 47162 633994

1.865 0. 62326 10530 957789
1.866 O. 62379 71024 251521
1.867 0.62433 28645 595856
1.868 0. 62486 83398 066509
1.869 0. 62540 35284 734258

1.870 0.62593 84308 664953
1.871 0.62647 30472 919526
1.872 0. 62700 73780 554003

.17,- 873 0. 62754 14234 619515
1.874 0.62807 51838 162304

1.875 0.62860 86594 223741
1.876 0.62914 18505 840329
1.877 0.62967 47576 043718
1.878 0. 63020 73807 860712
1.879 0.63073 97204 313283

1.880 0.63127 17768 418578
1.881 0.63180 35503 188933
1.882 0.63233 50411 631879
1.883 0.63286 62496 750154
1.884 0.63339 71761 541713

1.885 0.63392 78208 999741
1.886 0.63445 81842 112658
1.887 0. 63498 82663 864132
1.888 0.63551 80677 233089
1.889 0.63604 75885 193725

1.890 0. 63657 68290 715510
1.891 0. 63710 57896 763204
1.892 0.63763 44706 296865
1.893 0. 63816 28722 271858
1.894 0.63869 09947 638865

1. 891 0.63921 88385 343897
1.896 0.63974 64038 328301
1.897 0.64027 36909 528772
1.898 0. 64080 07001 877361
1.899 0.64132 74318 301488

1.900 0. 64IR5 38861

(-)41
723948

I 6 j
In 10- 2.30258 50929 940457

J. ,,,e)

1.900
1. 901
1.902
1.903
1.904

1. 905
1. 906
1.907
1.908
1.909

1. 910
1. 911
1.912
1.913
1. 914

1.915
1.916
1.917
1.918
1.919

1.920
1.921
1.922
1.923

4. 924
1.925
1.926
1. 927
1.928
1. 929

1.930
1.931
1.932
1.933
1.934

1.935
1.936
1.937
1.938
1.939

1.940
1.941
1. 942
1.943
1.944

1.945
1.946
1. 947
1. 948
1.949

1.950

In x.

0.64185 .38861 723948
0.64238 00635 062921
0.64290 59641 231986
0.64343 15883 140124
0.64395 69363 691716

t . 64500 68052 320104
64448 20085 786643

1,14553 13266 182820
0.64605 55730 260948
0.64657 95447, 436106

0.64710 32420 585385
0. 64762 66652 581360 .
0.64814 98146 292095
8.64867 26904 581158
0.64919 52930 307625

0. 64971 76226 326093
.0.65023 96795 486688
0.65076 14640 635074
0. 65128 29764 612465
0. 65180 42170 255629

. 0.65232 .51060 396902
0. 65284 58837 864196
0.65336 63105 481007
0.65388 64666 066427
0. 65440 63522 435147

0.65492 59677 397475
0.65544 53133 759338
0. 65596 43894 322293
0.65648 31961 883539
0. 65700 17339 235920

0.65752 0+9 169942
0. 65803 80 34 463974
0.6585 57357. 903263
0.65907 32002 261938
0.65959 03970 311026

0. 66010 73264 817451
0.66062 39888 543853
0.66114 03844 248588
0. 66165 65134 685745
0.66217 23762 605148

0. 66268 79730 752368
0.66320 33041 868732
0. 66371 83698 691332
0. 66423 31703 953030
0.66474 77060 382473

0. 66526 19770 704096
0.66577 59837 638133
0.66628 97/63 900626
0. 66680 32052 203434
0.66731 64205 254238

0.66782 93725 756554
r(-)81
L j

4

rq



ELEMENTARY TRANSCENDENTAL FUNCTIONS

.0.

1.950
1.951
1.952
1. 95

954
)

1,

1. 955
1.956
1.957
1. 958
1.959

1.960
1. 961
1.962
'1. 963
1. 964

1.965
1.966
1. 967
Y. 968
1. 969

1. 970
1.971
1. 972
1. 973
1.974

1.975
1. 976
1.977
1.978
1.979

1. 940
1. 951
1.982
1. 983
L 984

1. 985
1. 986
1. 987
1.988
1. 989

1.990
1.991
1.992
1.993
1.994

1.995.
1. 996
1.997
1.998
1, 999

2. 000

0.66782
0.66834
0. 66885
0.66936
0. 66987

0. 67039,
0. 67090
0.67141
0.67192
O. 67243

0.67294
0. 67345
0. 67396
0.67447
0.67498

0. 67549
0.67600
0.67650
'0, 67701
0. 67752

0, 67803
0. 67854
O. 67904
0. 67955
0. 68006

0.68056
0.68107
.0. 68158
0. 68208
0.68259

0.68309
O. 68360
0.68410
0.68461

0, 68511

0.68561
0. 68612
0.68662
0.68712
0.68763

0. 68813,
O. 68863
0. 68913
0.68964
O. 69014

0.69064
0.69114
0, 69164
0.69214
0.69264

0.69314('71805

In z

93725
20616
44879
66518
85536

01934
15716
26884
35441
41389

44732
45472
43611
39152
32099

22453
10217
95994
77986
57996

35427
10281
82561
52270
19410

83983
45993
05441
62332
16666

68447
17677
64359
08495
50088

89141
25656
59635
91082
19998

46387
.70250
91591
10412
26715

40503
51778
60544
66802
70555

756554
409742
909007
945419
205910

373291
126256
139392
083186
624037

424259
142092
431713
943240
322741'

212246
249748
00_220
300617
5.69885

498971
705832
804437
404783
112898

530152
256761
04799
005204
204287

064439
164139
077962
376589
626811

391537
229808
696798
343823
718351

364010
820592
624065
306577
396466

418268
892722
336782
263618
182630

599453

NATURAL LOGARITHMS

x In r
2.000 0.69314 71805 599453
2.001 0.69364 70556 015964
2.002 0. 64414 66808 930288
2.003 0. 69464 60566 836812
2.004 0.69514 5183? 226184

2.005 0.69564 40607 585325
2. 006 0.69614 26895 397438
2.007 0.69664 10698 142011
2.008 0.69713 92018 294828
2.009 0.69763 70858 327974

2.010 0.69813 47220 709844
2.011 0.69863 21107 105150-
2.012 0.69912 12522 374928
2.013 0.69962 61466 576544
2.014 0.70012 27942 963706

2.015 0.70061 91953 986463
2.016 0.70111 53502 091222
2.017 0.70161 12589 720747
2.018 0.70210 69219 314172
2.019 O. 70260 23393 307004

2.020 0.70309 75114 131134
2.021 0.70359 24384 214840
2%0?2 .0.70408 71205 982197
2. 023 O. 70458 15581 856084
2.024 0.70507 57514 252191

2.025 0.70556 91005 585025
2.026 0.70606 34058 264916
2.027 , 0. 70655, 68674 '698630
2. 028 0.0705 00857 289367
2.029 0.70754 30608 436777

2.030 0. 70803 579/
2.031 0.70852 8282 -982 6
2.032 0.70902 05297 55
2.033 0. 70951 25346 4 096
2.034 0.71000 42976 2 3682

2. 035 0.71049 58188 945583
2. 036 Oe 71098 70986 882763
2.037 0.71147 81372 446688
2.038 0 71196 89348 005331
2.039 % 71245 94915 923181

2.040 0;i1294 98078 561250
2.041 0.71343 98838 277077
2.042 0. 71392 97197 424738
2.043 0.71441 93158 354850
2. 044 041490 86723 414580

2.045 0.71599 77894 947651
2.046 0.71588 66675 294347
2, 047 0.71637 53066 791525
2.048 0.71686 37071. 772614
2.049 0. 71735 18692 567627

2.050 0. 71783 97931 503168

x

2.050
2.051
2.052
2.053
2.054

2.055
2. 056
2.057
2.058
2.059

2.063
2.061
2.062
2.063
2.064

2.065
2.066
2. 067
2.068
2.069

2.070
2.071
2.072'
2. 073
2.074

2.075
2.076
2.077
2.078
2.079

2.080
2.081
2.082
2.083
2.084

2. 085
2.086
2.087
2.088
2.089

2.090
2.091
2.092
2.093
2.094

2.095
2.096
2.097
2.098
2.099

2.100
[13] [(11

-
For f>2.1. see Kaampki In 10- 2.80258 60929 940467
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Table 4.2 ,

In x

0.71783 97931 503168
0.71832 74790 90243
0.71881 49273 08523
0.71930 21380 36796
0. 71978 91115 06366

0.72027 58479 48197
0.72076 23475 9291 7
0.72124 86106'7082 1
0. 72173 46374 1185
O. 72222 04280 4565 4

0.72270 59828 01 7
0.72319 13019 083 20
0.72367 63855 947 82
0.72416 12340, 891 48
0.72464 58476 193 63:

O. 72513 02264 12 9g
0.72561 43706 97 68
0.72609 82806 99 312
0,12658 19566 46 827
O. 72706 53987 6 '60

0. 72754 86072 2777
0.72803 15824 1 71
0.11853,\41243 9 2366
0.772899 45334 6425
O. 72947 91098 3356

0.72996 11534r 6616
0.73044 29653 36422
0.73092 45448 39753
0.73140 58926 70357
0.73188' 70088 758759

0.73236 78937 132266
0. 73284 854 14974
0.73332 ,897 927771
0.73380" 9162 788349
0.73428 912 911205

0.73476 8855 507648
0.73524 83 785807
0. 73572 762 0 950637
0.73620 667 0 203923
O. 73668 5 S 744287

0.73716 406 9 767196
0.73764 24 4 464965
0. 73812 0 62 026765
0.73859 34 638627
0.73907 61 24 4834510

0.73955 3 33 741011
0.74003 64 587957
0. 74050 519 197829
0.74098 4 099 741054
0. 74146 1 408 384959

0. 74193 7 293773



EILMIZNT4RY TRANSCENDICNTAL TIMMONS

RADIX TABLE OF NATURAL LOGARITHMS

n In (14410-19

-.-OrO0000--00000-99999-99999. -50000
2 .10 0.00000 00001 99999 99998 00000
3 10 0.00000.00002 99999 99995 50000
4 10 0.00000 00003 99999 99992 00000
5 10 0.00000 00004 99999 99987 50000
6 10 . 0.00000 00005 99999 99982 00000
7 10 0.00000 00006 99999 99975 50000
8 10 0.00000 0Q007 99999 99968 00000
9 10 kompo 0000899999 99959 50000

1 9 0.00000 00009 99999 99950 00000
2 9 '0.00000 00019 99999 99800 00000
3 9 0.00000 00029 99999 99550 00000
4 9 0.00000 00039 99999 99200 00000
5 9 0.00000 00049 99999 98750 00000

6A 9 0.00000 00059 99999 98200 00001

7 9 0.00000 00069 99999 97550 00001
8 9 0.00000 00079 99999 96800 00002

9 9 ompoo 00089 99999 95.950 00002

1. 8 0.00000 00099 99999 95000 00003
2 8 0.00(.10 00199 99999 80000 00027
3 8 3.001)00 00299 99999 55000 00090
4 8 0p00000 00399 99999 20000 00213
5 8 0:0000000499 99998 75000 00417
6. 8 0.00000 00599 99998.20000 00720
7 8 0.00000 00699 99997 55000 01143
8 8 0.00000 00799 99996 80000 0170.7

9 8 0.00000 00899 99995 95000 02430

1 7 0.00000 00999 99995 00000 03333
2 7 0.00000 01999 99980 00000 26667
3 7 0.00000 02999 99955 00000 90000
4 . 7 0.00000 03999 99920 00002' 13333
5 7 0.00000 04999 99875 00004 16667
6 7 0.00000 05999 99820 00007 20000
7 .7 0.00000 06999 99755 00011 43333
8 7 0.00000 07999 99680.00017 06666

_9 '7 0.00000 08999 99595 00024 29998

1 6 0.00000 09999 99500 00033 33331
2 6 0.00000 19999 98000 00266 66627
3 6 0.00000 29999 95500 00899 99798
4 6 0.00000 39999 92000 02133 32693
5 6 0.00000 49999 87500 04166 65104
6 6 0.00000 59999 82000 07199 96760
7 6 0.00000 69999 75500 11433 27331
'1 6 0.00000 79999 68000 17066 56427

9 6 0.00000 89999 59500 24299 83598

-In (1-x10-4)

.0,04001100001-00000. 4000 0 .10000
0.00000 00002'00000 00002 00004
0:00000 00003 00000 00004 50000
0.00000 00004 00000 00008 00000
0.00000 00005 00000 00012 50000
0.00000 00006'00000 00018 00000
0.00000 00007 00000 00024 50000
0.00000 00008 00000 00032 00000
0.00000 00009 00000 0Q040 50000

0.00000 00010 00000 00050 00000
0.00000 00020 00000
0.00000 00030 00000 00450 00 00
0.00000.00040 00000 00800 00 00
0.00000 40050 00000 01250 00004
0.00000 00060 00000. 01800 00001.
koopoo 00070 00000 02450 40001
0.00000 00080 00000 MOO 00002
0.00000 00090 00000 04050 00002

0.00000 00100 00000 05000 00003
0.00000 00200 00000 20000 00027
0.00000.00300 00000 45000-40090
0.00000 00400 00000 80000 00213
-0.00000 00500 00001 25000 00417
0.00000 00600 00001 80000 00/20
0.00000'00700 00002 45000 01143
0.00000 00800'00003 20000 01707
9.00000 00900 00004 05000 02430.

0.00000 01000 00005 mogo 03333
0.00000412000 00020 00000 26667
0.00000 03000 00045 00000 90000
0.00000 04000 00080 00002 13333
0.00000 05000 00125 00004 16667
0.00000 06000 00180 00007 20000
0.00000 07000 00245'00011 43334
0.00000 08000 00320 00017 06668
0.00000 09000 00405 00024 30002

0.00000 10000 00500 00033 33336
0.00000 20000 02000 00266 66707.
0.00000 30000 04500 00900 00203
0.00000 40000 08000 02133 33973
0.00000 50000 12500 04166 68229
0.00000 60000 18000 07200 03240'
0.00000 70000 24500 11433 39336
0.00000 80000 32000 17066 76907
0.00000 90000 40500 24300 16403

For n>I0, In (11x10-*) ±x10-s-2010--as to 25D.
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x n

2 5
3 5
4 5
5 5.
6 5
7 5
8 5
9' 5

1 4
2 4
3 4
4 4
5' 4
6 4
7 4
8 4
9 4

1 3
2 3'

. ; 3
4

3
3.

5 3
6 3
7 3
8 3
9. 3

1 2

2 2
3 2
4 2
5 2
6 2
7 2
8 2
9' 2

1 1

2 1

3 1

4 1

5 1

6 1

7 1

8 1

9 1

1 0

*I.r.11111XTAIIT TRANSCENDENTAL FUNCTIONS

RADIX TABLE OF NATURAL LOGARITHMS Table 4.9

In (1+x10 ")

-13w-00000-99999 50000-55555-085
0.00001 99998 00002 66662 66673 0.00002 00002 00002 66670 66673
0.00002 99995 50008 99979 75049 0.00003 00004 50009 00020 25049
0.00003 99992 00021 33269 33518 0.00004 00008 00021 33597 33538
'0,00004 99987 50041 66510 42292 -.0.00005 00012 50041 66822 92292.

0.00005 99982 00071 99676 01555 0.00006.0001 00072 00324 01555

0.00006 99975 50114 32733 11695 0.00007.00024,50114 33933 61695. ,

0.0000799968-001.70 6564273220 __0._oome...002_00170 67690 73221

0.00008 99959 50242 98359 86809 0.00009'00040 50243 01640 36811

-la (1-x10-19

0.00009 99950-00333 30833 53332 d. 00010 00050 00333'35833 53335
0.00019 99800 02666 26673 06560 0.00020:,00200 02667 06673 06773

0,00029 99550 08997 97548 58785 0.00030:00450 09002 02548 61215.
0.00039 99200 21326 93538 06509 0.00040 00800 21339 73538 20162
0.00049 98750 41651 04791 40636 Amino 01250 41682 29791 92719

0.00059 98200 71967 61554 42280 0.00060.01800 72032 41555 97800

0.00069 97551 14273 34192 77369
0.00079 96801 70564 33215 90054".
0.00089 95952 42836 09300 949481,

0.00099 95003 33083,53316 680944'

0.00070 02451
0.000g0 03201
0.00090 04052

0.00100 05003

14393 39196 69535 .
70769 13224 63873
43164 14318 66419,

33583 53350 01430

0.00199 80026 62673 05601 12538 mom 20026 70673 07735 16511

0.00299 55089 79798 47881 16106 0.00300.45090 20298 72181 32509

0.00399 20212 69537 45299 90751 0.00400 80213 97538 8183417927
0.00498-75415 11039 07361 21022' 0.00501 25418 23544 28204 30937
0.00598 20716 77547 46378 20189 0.00601 80723 25563 01620'19350
0.00697 56137 36425 24209 95222 0.00702 46149 36964 45987 41123

0.00796 81696 49176 87351'07973 0.00803'21716 97264 25903 86494

0.00895 97413 71471 90444 31465 0.00904 07446 52149 06220 55241
,

.

.

0.00995 03308 53168 08284 82154 0.01005 03358 53501 44118 35489

0.01980 26272 96179 71302 60291 0.02020 27073 17519 44840 80453

0.02955 88022 '41544 40273 26194 0.03045 92074 84708 54591 92613

0.03922.07131 53281'29626 92 09 0.04082 19945 20255 12955 45771

0.04879 01641 69432 00306.5 44 0.05129 32943 87550 53342 61961

0.05826 89081 23975.77552 5 184 0.06187 54037 18087 47179 78001

0.06765 86484 73814 80526 8 159 0.07257 06928 34835 43071 15733

0.07696 10411 36128 32498 4 170 0.08338 16089 39051 05839 47658
0.08617 76962 41052'33234 1 335 0.09431 06794'71241 32687 71427

0.09531 01798 04324 86004 9521 0.10536 05156 57826 30122 75010

0.18232 15567 93954.62621 7180 0.22314 35513 14209 75576 62951

0.26236 42644 67491 05203 4960 0.35667 49439 38732 37891 26387

0.33647 22366 21212 93050 5934' 0.51082 56237.65990.68320 55141

0.40546 51081 08164 38197 0131 ' 0.69314 71805 59945 30941'72321

.0.47000 36292 45735 55365 9370 0.91629 07318 74155 06518 35272

0.53062 82510 621/0 39623 15432 1.20397 28043 25935 99262 2.7462

0.58778 66649 02119 .00818 97311 2.60943 79124 34100 3/460 07593

0.64185 38861 72394 77599 10360 2.30258 50929 94045 68401 79915

0.69314 71805 59945 30941 72321 ce
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116 - . ELIMENTANT TIAN$OENDINTAL .1/TIMMON8

EXPONENTIAL ruSiCatioN

,r es

0.000 1. 00000 00000 00000 000 1.00000 00000 00000000
0. 001 1.00100 05001 66708 342 ,0.99900 04998 33374 992
0..042 1.00200 2001, 34000 267 -067--0. 9980019986 67531
0.003 1.00300 45045 03377 026 0.99700 44955 03372 976
0.004 1.00400 80106 77341 872 0.99600 79893 43991 472

0. 005 1. 25208 59401 063 0.94501 24791 92682 313
0.006 1.0060 80360 54064 865 0.99401 79640 53935 265
0. 007 1.0070 45572 66848 555 0.99302 44429 33235 105 .

0, me
0.009

1.00803
1.00904

20855
Q6217

04273
73867

431
814

IL 99203 19148 37060 630
0,99104 03787 72803 662

0.010 1.01005 01670 84168 058 0.9900'4 98337 49168 054
0.011 1.01106 07224 44719 556 0.98906 02787 75368 698
0.012 1.01207 22828 66877 754 0. 98807 /7128 61930 540

413500.013 i 1.01308 48673 59809 158 0. 98108 20287 583
0.014 1. 01409 84589 38492 345 0.98601 75442 62861 903.

0.015 1.01511 30646 15718 979 0.98511 19396 03062 661
0.016 1.01612 86854 06094 -822 0.98412 73200 55285 115
0.017 1. 01714 53223 25240 748 0.98314 36846 44909 635
0.018 1. 01816 29763 89793 761 0.'98216 10323 58300 718
0, 019 1.01918 16486 17408 011 0.9811,17 93622 42806 006

0.020 1.02020 13400 26755 810 0.98019 8'6733' 06755 302
0.021 1.02122 20516 37528 653 0.97921 89645 69459 588.
0.022 1. 02224 37844 70438 235 0. 97824 02350 51210 045
0.023 1. 02326 65395 47217 475 0.97726 24837 73277 073
0.024 1.02429 03178 90621 534 0. 97628 57097 57909 314

0.025 1.02531 51205 24428 841 " 0.97530 99120 28332 669
0.026 . 1.02634 09484 73442 115 0.97433 50896 08749 328
0.027 1.02736 78027 63489 392 0.97336 12415 2.4336 791
0.028 1. 02839 56844 21421 045 0.97238 83668 01246 191
0.029 1.02942 45944 75130 820 0.97141 64644 66604 825

0.030 _1.03045 45339 53516 856 0.97044 55335 48508 177
0.031

, 1.03148 55038 86522 716 0. 96%47 55730 76025 948
0.032 1.03251 75053 05118 420 0. 96050 65820 79191 585
0.033 1.03355 05392 41305 472 0.96753 85595 89032 009
0.034 1.03458 46067 281,17 894 0.96657 15046 37506 651

0.035 1.03561 97087 99623 260 0. 96560 54162 57566 478
0.036 1.03665 58464 90923 721 0.96464 02934 83123 0)0
14037 1.03769 30208 10157 074 0.96367 61353 49053 452
0.038 1.03873 12328 78497 733 0.96271 29408 11199 529
0.039 1.03977 04836 50157 831 0.96175 07091 46366 723

0.040 1.04081 07741 92388 227 0.16078 94391 52323 209
0.041 1.04185 21055 45479 549 0. 95982 91299 47798 914
0.042 1.04289 44787 50763 238 0.95886 .97805 72484 552
0.043 1.04393 78948 0612 586 0.95791 13900 67030 669
0.044 1.04498 23548 43 779 0. 95695 39574 73046 670

0.045 1.04602 785 08716 943 0.95599 74818 33099 907
0.046 1.04707 44109 56937 184 0.95504 19621 90714 635
0.047 1.04812 20090 79655 638 0. 95408 73975 90371 141
0.048 1.04917 06553 24470 516 0.95313 37870 77504 745
9.049 1.05022 03507 40028 148 0.95218 11296 98504 853

0.050 1.05127 10963 76024 040 0.95122 94245 00714 009

[111
For use and extension of the table see Examples 8.11.

See Table 7.1 for values of it e -/ and Table 26.1 for 4-12. e-21 .
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SPP

053
O. 054

-

0.050

ItIAMENTART TEANICENDIUTTAL Fawn=
EXPONENTIAL, FUNCTION

1.05127 10963 76024 040
913

1.05337 7 5 13364 763
1.05442 iv 19335 907
1.0348 1 50080 041

1.05654 06146 7 34 206.,
1.05759 76097 9661 252
1.051165 50103 95500 087

05971 49957 10287 540
1. 77 53407 .40159 012

0.053
04456
0.057
0.058
0. 454 .

0.060
0.061
0.062
0.063. .

0. 064

0.063
0.066
0.067
0.068
0.069

O. 070
0.071
0.072
0.073
0.074

0.075
0.076
0.077
0. 078
O. 079'

0.080
0.081
0.092
0. 013
0.084

0.085
0.086
0.087
0.000
0.089

0.090
0.091
0.092
0.093
0.094

0.093
0.096
0.097
0.098
0.099

.

0.100

1.06$ We 45359 6210
1.062 ni41 87195 244
1. 06 6 23447 2800 6N
1.06502 61392 31309 464
1.06609 23981.61505 244

1.06713.9024304192 625
1.06022 67172 6599) 121
1.06929 We 74609 202
1. 07036 33004 78774 366
1.07141 62091 48346 205

1.07250 81812 54216 479
1. 07I 12258 68357 383
1.074313440 63813 620
1.0752) 05369 14703 476

1. 07 68054 96219 891

1. O710 41508 94631 536
1. 01894 25741 57283 889
1.08004 20763 MOO 31)
1. 08112 2658e 70983 133
1.08220 43220 70314 717

1.08320 106741 74938 534
MU- 66760 341

1.08345545 29549 039
1. 1 48238 061
1.00762 08826 136

1.08171 70666 98398 696
1. 08980 MU 09128 660
1.09089 66197 18277 747
1.09198 81220 28197 460'
1.09308 06563 26330 201

1. 09417 42837 03210 358
1.09526 90032 38465 401
1. 09636 41220 09016 975
1.09746 17362 61081 994
1.09833 97439 17173 736

1. 09965 88351 26102 942
1.1073 90639 93978 912
1.1010. 03736 21010 606
LAMS 27851 08507 743
1.10406 62995 58881 902

1.10317 09180 75647 .625
[(111]

Table 4.4

0.93122 94245 0071
0.95027 86705 32426 935
0.949)2 88668 42889 38)
0. 94838 00124 82298 184
0.94143 21065' 01798 300

0. 94648 31479 53483 869
0. 94553 91358 90396 267
0.94459 40693 66523 349
0.94364 99474 -36798 514
0. 94270 67691 57099 754

0. 94176 45335 84248 710
0.94082 33397 man 730
0.93988 28867 91088 928
0. 93894 34736 89133 241

. 0.43800 49995 10729 488

0.93706 74633 77403 433
0.9361) 08642 91618
0.93519 52013 34776
0.9)426 04735 7721)
0. 93332 66800 78201 958

0.93239 38199 05941 229
O. 93146 18921 27592 106
0.9300 00958 11203 732
0. MO 08300 25M 713 --
0.92867 16938 41287 187

0.01774 34863 28n3 092
92U1 62065 39382 237

0.92588 98336, 06495 $77
0.92496 44265 -43539 280
0,92403 99244 45086 807

0.92311 63463 11105, 713

1.927 1 96348 654
0. 92219 44408 072

11
0.033 114 20124 706
0.91943 12560 95124 674

"0. 91851 22044 01457 330
0.91739 42312 20150 982
0.91667 70936 33152 '295
0.91576 08767 -23323 631
0.91464 55733 74452 003+

0.91393 11832 71228 187
O. 91301 MU 99265 803
0.91210 51495 45090 403
0.91119 $5002 96140 357
0.91026 27622 40764 940

0. 90846 40160 6 150
0. 90937 29344 420

9N64 09017 53920 921
0. 155. 60061 3i28 654

0.90574 270N 2 496

O. 90483 74180 35959 573
[( -1) I]
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Tibbs 4.4

S

0.100
0.101
0.102
0.103
0,104

0.105
0.106

0.1 8
0.1

O. up
0.11
0.112

'0.113
0.114

}0.113
..0.116
0.117
0.118
0.119

0.120
0.121
0.122
0.123
0.124

0.125
0.126
0:127
0.128
0.129

0.1/0
0.131
0. 132
0.133
'0.134

0.135
0.136
0.137
O. 138
0.139

0.140
0.141
0.142
0.143
0.144

0.145
0.146
0.147
0.148
0.149

0.150

ILTUENTART TRANSCINDIFITAL PONCHO=

EXPONENTIAL FUNCTION

1.10517 091$0 75647 625
1.10627 66417 0423 521
1.10738 34717 2790 371
1.10849 14090 76007 230
1.10960 04549 15302 540

1.11071 06103 55705 252
1,11102 18144 06530 op
1.11293 42544.79125 605
1.11404 77453 86467 594
1.11516 1350-414474M

1.11627 80704 58871 292
1.117)9 4900 5445/1 258
1.1101 2UN 45045 1%
1.11963 19,29 4U-85 987.
1.12075 21248 84153 01

. .

1.1211734375 71938 354
1.122.9 9:24 33254 758
1.12411.9 .90536 839
1,12524 41/1 67342 307
1.12436.99182 88352 913

1.12749 68515 79375 671
1.12062 49123 67343 967
1.12975 41017 11008 682
1.13088 4009 47489 324
1.13201 5870f 99175.353

1.13314 8400 66826 317
1.13428 21682 83024 976
1.13341 70177 81486 442
1.13655 M26 97060 307
1.13769 01241 65731 582

1.13882 080 24621 831
1.13996 77813 11990 306
1.4110 83192 67235 091.
1.14224 99983 30894 235
1.14339 28196 44646 898

.1,14453 67043 51314 488
1.14568 18935 94861 807
1.14682 81485 20398 195
1.14797 55502 74178 672
1.14912 41000 03605 088

'1.15027 37988 57227 268
1.15142 46479 84744 161
1.15257 66485 37004 992
1.15372 98016 66010 407
1.15488 41085 2491) 632

1.15603' 95702 68021 623
1.15719 61880 50796 218
1.15035 39630 29855 297
1.15951 28963 62913 936
1.16067 29892 00085 563

1.16183 42427 28283 123

L
n-

6
in. g

131

6-4

0.9040 74100 35959 575
0.9039340328 85864 089
0.9002 95516 68876 819
0.90212 OWN 81516 470
0.90122 52974 21204 780

169002 45215 MO 613
0,89942 46480 75924 059
0.89852 $6729 90305534
0.89762 75964 30434 876
0.89673 041 98235 450

0.89583 41352 WM 251
0.89493 87489 29031 000
0.89404 42575 00357 257
0.89515 06601 16015 519
0.89225 79558 82408 325

0.89136 0439 06831 360
0609041 52252 97472.599
0. 01911,63411 334
0.88449 60526 14617 364
0.88780 74007 61950.067

040012 04547 17157 516
0.88603. 39595 92875 591
0.88514 83685 02627 096
048426.3662160820 866
0.88337 908 82750 886

040249 69025 84595 40
0.88161 48467 83416 046
04807) 36725 971560)40
0.87985 0711 44643 827
0.87897 39655 45583 178

0.87809 54309 20561 324
0.87721 77743. 9100 564
0.8704 09950 79373 297
0.07546 50921 08771 138
0.8709 0064640,4 043

- 0.87371 59116 82094 434
0.81284 26324 88719 322

. 0.87197 02261 32109 436
0.87109 86917 45798 347
0.87022 80284 58251 595

0.86935 82353 98805 820
0.86848 93116 97667 890
0.0674/ 12564 85914 032
0.86675.40688 95408 962
0.86580 71480 59205 017

A.86502 22931 10741 288
86415 77031 84642 755
86329 39774 1019.421

0.86243 11149 42045 443
0686156 91148 98958 277

0.86070 79764 25057 807
n7)11L 8 j

dV



I

ELEMENTAIST TBANBOOMENTAL

EXPONENTIAL

I
0.150 :1.16183 42427 28283 123

0.152 1.16416 02364 32112 335
0.153 1.16552 49789 42737 886
0.154. 1.16649 08862 78439 490

0.155
0.156

0.1
0.157

58
0.159

0.160
0.161
0.162

0.
0.163

164

0. 166
011666 5

00..1168

67

0.169

0.170
0.171
0.172
0.173
0.174

0.175
0.176
0.177

1780.
0.179

0.180

0.182
0.181

0.183
0.184

0.185
0.186
0.187
0.188
0. 189

0.190
091
0..1192

00..

1
19394
to,

-0.195
0.196
0.197

98
00..1199

0.200 0

119

Table 4.4

1.16765 79611 05129 010
1.1602 62030 09069
1.16999 96139 89913
1.17116 61947 07669
1.17233 79466 80717 662

1.17351 08709 91810 236
1.17468 49688 13871 892
1.17586 0211! 20999 659
L. 17703 am 8.467 025
1.17821.43150 92722 171

1.11939 31151 11390 594
1.18057 31017 23276 011
1.18175 42653 08361 '533
1.18293 66106 47810 843
1.18412 01389 23969 37

1.185304.513 20365 5
1.18649 g7490 21711 7
1.18767 78312 13905 4
1.18886 61050 84032
1.19005 ono 20362

1.19124 62166 12358'
1.19243 80586 5
1.19363 10931 271
1.19402 55212
1.19602 07441 6

1.19721 73631 21
1.19841 51792 9
1.19961 41938

;1.20081 44080
1.20201 58238

1. 20321 84401
1.20442 22603

. 1.20962 728
1.20683 351
1. 20.04

22
468
834
796
563

_Q 165
99 657

311
30 812

301 462

7695 376
77629 686
49924 742
,4ft05 317

4 $2901 811

1.21045 9 520 81299 533
1.21167 169 64900 562

1.20924 6 57251 458

1.212se 1935 19119 527
1.214094.2829 56233 085

1.215 09864 89730 774
1.21 69053 34316 229
1.21 4 40407 05908 396
1.21 6 23938 21642 747
1. 18'19658 99872 499'

1.22140 27581 60169 834"
rc-mi
L j

//

70 79764 25057 807

0. 85898 82807 41123.482
0.85812 97218 11393 800 :
0.85727 20210 11457.440

0. 45641 51774.83613 5$1
9.0555591905 71010 473
0.05470 40588 176a. 083
0.85384 97819 -68481. 735
0.85299 63589 69131 511

0.85214 37889 66211 '3n
-.0.85129 20711 M51 144

85044 12045 4u 32 998
0.84959 11884 14590.263
0.84874 20218 80206 741

0.84789 37040 87919 828
0..4704 62341 89399 660
0.84619 96113 37188 270
0.84555 58346 84658 733
0.84450 89033 86034 326

6.84566 48165 96383 682
0.84282 15734 71619 939
0. 84197 91731 68499 904
0.84113 76148 44623 201
0..84029 68976 58431-438

0.83945 70207 69207 358
0. 83041 79833 37074 005
0.8371 97845-22993 869
0.83694 24234 88768 .073
0. 83610 58993 97035 511

0. 83527, 02444 11272 021
J. 83443 5n86 95789'549

I0. 83360 13404 15735 309
0.83276 81557 37090 951
0. 83193 58038 26671 128

0. 83110 42838 52123 659
0. 83027 35949 81932 701

. O. 82944 37363 "4403 915
0.82 861 47072 a, 10 634
O. 82778 65066 94753 637

0.82695 91339 43362 318
0. 82613 25881 51195 854
0.82530 68684 91682 387
0.82448 19741 39108 186
0. 82365 79042 68576 832

0.82285 46580 56018 384
0.82201 22346 .78286 562
0.82119 06333 12657 919
0.82036 98531 37851 021
0.81954 98933 32925 626

0:81873 07530 77981 80
7)1

L j
1
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Table 4.4

ftOMLNTART TIOANKORMENTAL 10110110114

EXPONENTIAL FUNCTION

0.200
0.201

es

.1.22140 27581 60169 834
1.22262 47718-21027--112

0.202 1.22384 80081 11358 099
0.203 1.22507 24682 4709 185
0.204 1.22629 81534 56210 607

.4

0.205
0.206

1.22752 52649 63117 678
1.22875 32039 95312 005

0.207 1.22998 25717 60752 723
0.208 1.23121 31695,48867 721
0.209 30254 869

0.210 1.23367 99 251
0.211 1.23491 50 294 396
.0,212 1.23614 7050 7 512
0.21) 1.23738 46512 43600 719
0.214 1.23862 26547 93452 285

0.215 1.23906 18969 64061 $62
0.216 1.24110 23790 00671 728
0.217 1.24234 41021 31764 020
0.218 1.24358 70676 19061 978
0.219 1.2448) 12766 87331 187

0.220
0.221

1.24607 67305 87209 820
1.24732 34305 64064 879

0.222 1.24057 13771 64213 447
0.223 1.24982 05727 35913 926
0.224 1.25107 10194 28362 294

0.225 1.25232 27161 91864 345
0.226 14357 56652 711186 948 -
0.227 5412 98679 40279 291
0.228 . 608 53254 32344 151
0.229 1. 734'20390 09839 113

0.230 1.25860 02099, 29477 863
0.231 1.25985 92394 49231 426'-
0.232 1.26111 97268 28329 426
0.233 1.26238 14793 27261 349
0.234 1.26364 44922 07777 797

0.1)5 1.26490 87617 32891 736
0.236 1.26617 43101 66879 857,
0.237 1.26744 11177 75283 640
0.238 1.26870 91928 24910 218
0.239 1.26997 85365 838% 547

0.240 1.27124 91503 21424 692
0.241 1.27252 10353 08229 095
0.242 1.27)79 41928 16194 849

\,,....' 0.244
0.243 1.27306 86241 18439 570

1.27634 43304 89454 665
.

0.245 1.27762 13132 04816 611
0.246 1.27819 95735 41718 230
0.247 1.28017 91127 78269 966 ,

0.248 1.28145 99321 94021 162
0.249 1.28274 20330 69111 341

0.250 1.28402 54166 87741-484

p

0.81873 07530 77901 859
-531159 397

0.817094927942236649
I0.81627 12414 25609 934

0.81546 23711 17292 661

0.81464 73164 11414 545
0.81383 30762 12920 720
0.81381 96499 17574 998,
0.81220 70)67 119)9 011
0.81139 52356 43411 427

.

0.81058 42459 70187 190
0.80977 40668 81276 291.
0.10196 46912 60411.1).m..
(Loos um temp
.0.80734 82850 22681 475

0.80332 17181 53626 521

0.00654 14401-77326 874
0.80573 2M8 73479 643
0. (21492-99693.05001 467
0.80412 34416 66559 655

0.80251 8797" 62478 483
0.80171 66002 90195,284
0.80091 53643 34639 186
0.10011 40492 94554 165
0,19931 51343 69365 114

0.798516210.7 59377 043
0.79771 81016 65674 274
0,79692 Er 90139 647
0.79612 1 U453 111
0.79532 853)8 05093 973

0.79453 36025 03334 008

77.9A 6941111
0.79215 33735 24 14 003
0.79136 11151 95985 U3

0.79037 0149,0 28735 550
0.7E 06739 32002 754
0.7 12810 17409 706
0.71120 26910 91770 426'
0.78741 41121 72617 922

0.78662 78610 41 409
0.78514 16263 515
0.78505 61775 51 496
0.71427 15137-71556 451
0.78348 76342 62862 932

0.78270 43382 41868 168
0.71192 22249 23477 270
0.78114 06939 31376 4511
0.70035 99432 76034 27)
0.77957 99733 14780 396

0.77880 07830 71404 868
r(-7)21L . i [(_7)1J.r)11 ,
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0.250 .

0.251
0.232
0.233
0.254

0.255
0.256
0.257
0.258
0.259

&26O
0.261
0.262
0.263
0.264

0.263
0.266
0.267.
0.2
0.2

0.270
0.271
O. M
0.27)
0.274

0.275
0.276
0.277
0.278
0.279.

0.280M
0.201
0.283
0.284

0.285
9.216
0.207
0.28$
0.209

0.290
0.291
0.292
0.293
0.294

0.293
0.296
0.297
0.298
0.299

0.300

Jr

81211ONTART TRANBonamaide tosorwas

MUPONENTIAL FUNCTION

1.28402 54166 87741 404
1.28M ago nm 317
.L 2863,11171111118_191_
1.21701 32760 34630 366
1.20917 18042 67804 299

1.2904*1620872889931

1.1174 W:2IP 1 a
1.29433 08186 24237 743
1.29563 $804$ 28040 373

Ø$36LITZ 7 ra 967

i: 121111.302 SW 60094 131

1.30,414m. 090

1.1.31111 1274 30 '11141

1.30734 71400 14936 he
30165 51410 46466 646,

1.30996 $3247 364
1.31127 5 . 3 14507 979
1.31250 70013 11101 252
1.31390 02440 24739 218 .
1.31521 41022 38/24 SOO

1.31633'06740 67621.623
1.31784 70640 27303 324
1.31916 65710 34950 873
1.32048 61972 09095 387
1.32180 73438 69539-151

1.32312 98123 37434 936
1.32443 36039 35257 310
1.32577 07199 86792 007
1,32710 31618 17157 164
1.32843 29307 52794 731

1.32976 20281 21473 753
1.33109 24552 52291 710
1.33242 42134 75675 843

1.33375 73041 23384 480
1.33509 17285 28508 403

1.43642 74000 25472 103
1.33776 45639 MS 199
1.33910 30176 39293 124
1.34044 27904 31601 481
1.14178 39836 66971 373

1.34312 63586 6 747
1.34447 01361 735
1.34581 32994 594
1.34716 17878 79554 052
1.34050 96234 72910 654

1.34983 88071 76003 104
[(1)711

Table 4.4

007880 07830 71404 868
0.77802 23115 58957 312

,L---0.7772447380 68946 130
0.77646 Tom 23737 828
0.77569 18020 46476 934

0.77491 64979 noel 928
0.77414 19687 92248 WI
0.7731.6 82137 65449.096
0.77259 32321 06928 045
0.71182 30230 43703 483

0.77105 15058 03566 284
,. 0.77028 09496 15079 142

1.76951,10247 07575806
0676074 18973 .11160 303
0.76797 35396 56706 173

0.76720 59499 75835 648
0.76643 91275 01019 133
0.76567 30714 65173938
0.76490 77811 02064 015
0.76414.32556 48191 937

0.76337 94943 3683) 186
176261 64964 05065 386
0.76185 42610 89837 543
0.76109 27876 20934 278
0.76033 20752 60882 066

0.75957 212)2 24968 476
0.75881 29307 61241 409
0.75005 44971 10508 337
0.7572968215 14335 547
0.73653 99032 15047 380

0.75578 37414 55725 472
0.75502 83354 80208 002
0.75427 36845 33088 932
0.75351 97878 59717 250
0.75276 66447 06196 222.

0.75201 42543 19302 630
0.75126 /26159 46886 026
0.75051/ 17288 37067 974
0.74976 15922 39041 301
0.74901 22054 02669 348

0.74826 35675 78365 215
0.74751 56780 18091 016
0.74676 15359 73357 128

- 0.74602 21406 97211 444
0.74527-64914 47218 626

0.74453 158/4 65909 357
0.74378 74280 20179 599
0.74304 40123 61939 843
0.74230 13397 47774 369
0.74155 94094 35010 502

0.74081 82206 81717 866
r(-.7)11
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Table 4.4

a

0. MO
0,3O1
O. 302

. 0. 303
0.304

0,303
0.106
0.301

309

0,310
0,311
0. 312
0.111

-0.314

0. 315
0.31*
0.117
0. 318

e° 0.119

0. 320.
0.321
0.122
0.323
O. 324

0.325
0. 326
0.12
0.12I
0.329

1. 10
44331
V. 332
0,333
0.334

0.315
0.3%.
0.337
0.338
0. 339

0.340
0.341
0.342
0.343
0.344

0.345
.0. 346
0,347
0.348
0.349

0.350

ELtioNTART TRANSCRIMENTAL PeNOTION0

EXPONENTIAL F6401014

1. 349.85_1107.57600,1404-7-- 71.7.-866
1. 35120 93415 38015 610 0.74007 11721 46707 447
1. 35236 12267 Mi172 O. 73933 80648 n Off
1. 35391 44644 348 0.73859 90963' 549
1. 35526 90560 0671 692 0. 73786 08664 171

1. 1462 500 0646 066
1.33798 2300 4 497
1. 33934 09600 71 642
1.16070 09009 137
1.36206 Me 1;961

1.36342 51141 3177 704

1.

1.36478 924641 MI

E2 15310 76195 El
1. 9730 47375 624

0.73711 33745 91627 732
0.73638.66194 56100 112
0.73565 116009 0120. 313
0.73491 0180 MI 726
0.73418 07700 26263 391

0,73544 6e562 2420 20
0. 71271 Si

n312
482

0.7/194 152 424
0.73124 99125 14102 Oui
0.73051 90281 59424 SU

1.37025 en O9 .56996611 0.72978 08742 69096 797
1.0163 025 26042.741 0.72905 14501 67623 797
1. MOO 25 2504 444 0. 72833 07551 1056734 720

1:1;21142 11114 II:
O. 72760 27894 14 40
0.72687 55493 254

1. 37712 7 35957 085 0.72614 90370 73690 925
1. 37 5 '93753 895 0.72542 32509 !AO Ult
1.3 5724$ 476 0.72469 81903 n9= 00
1. 26 3509 09630 003 . 0.72397 30543 01915 300.
1.38264 73071 19479 542 0.72325 02423 7W2 419

1. Alf113 46459 0781 421 0.72252 73536 412 169
1. sasql 53608 717114 617 0421110 511174 31 012
1.30610 1_4721 136
1.38818 WM 12 403 0.7206 30197 05301 338

0.72100 374)0.2 7 016

1.38957 70555 610 642 0.71964 30167 47075.395.

1.39096 9210261 0700 260
1.39235 9792 001941611 -

0.71892 37394 31926 170

1.39175 12516 609 0.7174a 7 II $444) IT4
0.7142 Sir 415/0 40

1. 39514 72984 69803 608 0..71677 01 1 55698 947
1. 39654 31435 74505 339 0. 7160 3702 27288 406

.

1. 39794 0/852 22467 .023
. 0. nos ONO 52559 924

1.39933 9024$ 10930 424 0.71462 31058 16057 06

1. 14 0014 ' 05320 '540
1.40073 90637 1853.5 249 0.71390 SOM irs

Q. 71319 52 260
1. 40 33452 12726 091 0. 71248 24490 91 756

1.40494 75905 63593 797 . 0.11177 03227 62609 715
1. 40633 .52409 62169 155 0. 71105 89002 06409 751
1.40776 02975 14102 572 0.11034 82047 09117 248
1.40916 $7619 26450 817 0.70961 82115 60208 649
1.41057 86153 07678 4;8 0.70192 89280 49510 748

1. 41198 99196 67659 075 0.70822 03534 67799 9.11
1.41340 26158 17677 066. 0.10751 24871 06501 60-
1.41401 67253 70428 61.0 0. 70680 5/2f2 57749 463
1.41623 22497 40023 529 0.70609 8870 14384 398
1. 41764 91903 41986 146 0.70539 11302 69954 390

1.41906 75485 93257 248 , 0.10468 80897 18713 434
r(_7)2)
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O. 350
0.351

'0.152
0.53
0.3354

0.355
AL N6 .

0.157

$59
0.351
O.

AO

00. 362
O. 36
0.3654

04365

0.367
0.M1

0.
369
$61

0.

0.370
0.372371
0.

\O. 373
0,374

0.375

O.
0.

337677
0.370
0.-379

0.380
0.381

0.38220. 3023
0.314

0. 385
0. $06
0.30
0.30

7

0.389

0.390
0.391
0.392
0.191
0.394

0.395

0.397
0. $96

390
0.399

0.400

ti

amaimirt 1114111011101112261. 21010120N11

13110111/ AL SPUNCIION

a'
1.41906 75415 9$257

0/
240

1.42040 59 121 200
1.42190 2116
1.42$31
1.42471

1.'

1. 5 6 979
L 4 903
1.431 672

1.43511 , 1111

1.681/1 1
1..43_167 OM 4
1.41207 41141 51046 276

1.44115i-§011 4920 Ins
1.44195
L44/10 191 177
1.444 20
1.44621 1 74739 677

1.4M1' 3 16644 554
1.44773 61124.462,

1.45063 2 9$101 799
1.492011 47390 327M 223
1.45353 71504 56152 417

1.45499 14146 336
1.45644 71337 71 052
1.45190 43093 Mt 910
1.419$4 MO 75796 632
1.46M 30357 43411 042

.
Tab

gr
0.70461 110191 1170 414

:Amon re
0.71115111953

71017.49673

1

1.46220 45194 PIM 532
1.46374 76414 097111 012
1.46521 2061 329$11 011
1.46661 10300 611120 405
1.461114 54416 KM 310

1.46961 41214 41144 302
1.47101 14743 133
1.47255 642 73135 370
1.47402 9/ 11141 392
1.47550 45513 1/054 919

1.476911 07931 12642 577
1.47045 15134 31471100
1.47991 77146 401
1.41141 352
L41290 05416 4 51 014

1. 11 41909 20914
06

1. ff3 51 642
. tap 447

1. 40299 619
149013 16106 07402 565

1.49102 46976 41210 311
(11)21

69907 30/
0.6901 4113.31 75 507

0.

7

aP. ot
&WA:

. anal
0007,

0. UM
0..

0.61797.69110

rr4101
?t

..

eIduiwit It/
0.60454 16271 no

0.61316 14092 1269
0.6611; 7

7...
6765 0.10 re in
tsm 1. $2 1 .v
0.67771 42200 14974 1
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.0.6770 61/44
0.67638

5
011,560

0.67570 41459
067502 0747$
0.67433 40061 191

0.6716e 00112 01_4.4

0.67300 wow 3M6 43R
0.67231 40256 32657 4
0.67166 20276 6M9
0.67009 01013 55445

0.67015 00460 $5639 301
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Table 4.4

X

muumimmurr 21G01000=00,24 1%010100310 ,

EXPONENIIAL FUNCTION

0.400 1.49182 46976 41270 318
0.401 1.49331 72684 99960 030
0.402

6.63582 585.0.403 1.49610. 1
1.49481 76042 686

0.404 1.49780 449 58118 840

0.405 1.40910 25000 54766 870
0.406 1.50080 25524 58019498
0.407 1.50210 41056 61950 452
0.408 1,50380 71611 70111 860
0.409 1.50531 17204 85559.754

.

0.410 , 1.50681 77851 12853 578
0.411 1.508)2.53565 58058.082
0.412 1.50989 44363 28744 838
0.413 1.51134 50259.33991 742
0.414 1.51285 71268 84394 526

0.415 1.51437 07406 92048 265
0.416 1.51588 58688 70568 894
0.417 1.51740 25129,35084 718
0.418 1.51892 06744-02239 927
0.419 1.52044 03547.90196 115

0.420 1.52196'1559618633796
0.421 1.52348 42784 08753 926'
0.422 1.52500 05246 01279 422
0.423 1.52653 42959 66456 685
0.424 1.52806 15937 84057 126

0.425 . 1.52959 04196 63378 690
0.426 1.53112 07751 33247 382
0.427 1.53265 26617 24018 802
0.428 1.53418 60809 67579 666
0.429 1.51572 10343 97349 147%

0.430 /1.53725 75235 48281 402
0.431 1.53879 55499 56865 110
0.432 1.54013 51151 61127 me
0.433 1.54187 62207 00632 428
0.434 1.54341 met 16487 038

0.435 1.54496 30589 51338 384
0.436 1.54650 87947.49177 427
0.437 1.54805 770 50340 096
0.438 .. 074 19508 826
0.439 1.55115 52873 87714 108

0.440 1.59270 72185 11336 042
0.441 1.55426 07023 42305 879
0.442 1.55581.57404 34107 580
0.443 1.55737'23143 41779 367
0.444 1.55893 04856 21915 277

0.445 1.56049-01958 32666 719
0.446 . 1.56205 14665 33744 035
0.447 1:56161 42992 86418 055
0.448 1.56517 86956 51521 663
0.449 1.56674 46571 99451 356

0.450 1.56831 21854 90168 811

C(11
237

es-s

0.67032 00460 35639 301
0.66965 00610 37934 596
0.66898 07456 90346 733
0.66831 20993 23560 309

'0.66764 41212 68928 902

0.66697 68108 58474 400
0.66611 01674 24886 338
0. 66564 41903 01521 227
0.66497 88788 22401 888
-0.66431 42323 22216 786

0.66365 02501 46319 366
0.66298 69316 00727 386
0.66232 42760 52122 256
0..66166 22428 27040 372
0.66100 09512 65912 454

0.66034 02807 04982 886
0.65968 02704.84189 050
0.65902 09199 44120'673
0.65836 22244 24827 1
0.

50
65770 41952 67816 932

0.65704'68198-15056 782
0.65639 01014 09171 201
4.61571 40393 93441 728
0.65507 86111 11806 293
0.65442 38819 08858'560

0665376 97851 29047 71

0.65246 35522 2
0.65511 63421

0.651,1 14147 987 3
0.65115 99291 810 515

0.65090009472,316545
0.010915

9107
74741 $90

:110 Bir
0.64791 225 358

0.64726 46670 10,014 611
0.64661 77259 35439 635

07796 285

64597 14314 479
0. 64532 57824 7294 565

0.64403 64210 83141 359

0.64274 96$ 55514 200
0.64339 72956 185

0.64210 /20 e7795 23)
0.64146 54208 27319 063

0.64082 42760 3218 776
0.64018 37720 61 7 123

0.63890 4 31916 COO
0.63826 86 93768 809

0.634 7 00 NO

0.63762 81516 21773 293

rc-fonL 6



I.

0.430
0451.
0. 452
O. 453
0. 454

0.455
O. 436

0.458
0. 457
O.
0.459

0. 460

0.
0. 461

462
0.
O. 446364

0.465
0 466
0. 467

04.

470

0.
0. 471

472

0.
0.

474

0. 475
0. 476
O. 477
0, 478
O. 479

0. 480
0.
0. 448182
0. 1
O. 4414

3

0. 44
O. 486

5

0. 407
418

0. 489

0. 490

0.
0. 491

492

0,
0. 493

494

0. 495
O.
O. 497

496

0.
O. 498

499

0. 500

81.11111ITAST TSANIKAINDEDITAL 11111131101111

IMPONINMAL-PONCrION

1. 56131 lf 811
1.36988 3214 449
1.571 85 77649 003
1.57 41865 14175 075 89

79974 75018 775

1.37777 1,M0 3091 152
1, 57775 0M7 6M77 911

1:1124 EN 916

1.38649 $3 449

1.58407 39849 14481

100
1. 58565 12 .10547pa t

4W 147

111:i

1J%
um al

1.510.19,7 sium 441

1.60 9 7-Wi 26174 077
1.1129 76251 N1

11.. 69870 37460 416

130801 41974 83782
3 0961

11786
741

1.61123 34440 1040 740
1. 61284 34835 81623 064
1. 61445 91135 51623 174

1.61769 01700 456
13100 I 01927 238

1. 61607 9201 382

1. MO 0 11074 20
132255 16496 53261 312

1.12742 61
63061, 4 71 31348 865

1. 414 725 4 272
1.

090

1. 63231 62199 35111 970
1. 0394 93116 057
LAM 39 912
1. 61712 $ 170 270
1.63183 13758 45$

134049 01391 37044 002
1. 64213 95370 11700
1. 00 me
1. 6464

23187
542 nese 04072 971

144707 0735 13345 173

1.64872 12707 00128 147
[(

Table 4.4

0".81

0. 'a.peti2 81516 21773 293
0. 63699 08421 77982 335
0. 005 41697 25087 037
O. 0571 81336 21414 293
0. 63501 2702 45128 153

O. 69444 1961 402. 182
O. 63311 50170 98549 030
O. 63318 03400 62759 794
0. 63254 7470 0730 307
033191 5240 99493 898

O. 3128 36455 21 969

00..

O. 0 2611/, 154
0. 23399 4 912 291

, 411. 39 26325 62 872
0. 876 35544 67098 411

0. 11 51051 89640 814
O. 62 59 72840 4730 750
O. 00904 12377 017
0. 6262 3506 37555 936
0.62 7031 36310 730

138

0 3100 2202 82M 714
0. 624537 /5784 119
0. 62)75 35129 104
0. 62313 00711 77 7 876
0.62250 72925 67686 754

032180 50564 6,020
1685son Irma D

0. 62 25292 93437 314
0440 21969 8101 957
031 24846 92799 250

0. 61878 33918 06140 On
0.61816 49177.02923 827
O. 61754 70617 er 018
0. 61692 020 7 436
0. 61631 0019 1 89 09
031569 71967 64285 113
0.61508 18071 13520 659
.0. 61446 70329 4030 776
0. 61385 28730 42817 04$
031923 93269 92927 508

0. 61262 01349
0. 61201 40 01P0 867
0, 61140 3014 60
O. 61079 12190 6511$ 251
O. 61018 0700 90679 799

0.60957 09072 9009 287

tam mu nip 11
O. 774 49349 01 0 1
0.60713 74931 58789 04

O. 60653 06597 1263) 424
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Table 4.4

0.500
0.501
0.502
0.303
0.504

0,505
0.506
0.507
0.508
0.509

0.510
0.511
0.512
0.513
0.514

0.515
0.516
0.517
0.518
0.519

0.520
0..521
0.522
0.523
0.524

0.525
0.526
0.527
0.528
0.529

0.530
0.531
0.532
0.533
0.534

0.535
0.536
0.537
0.538
0.5)9

0.540
0.541
0.542
0.543
0.544

0.545
0. 546
0.547
0.548
0.549

0.550

9

SLIIIMINTABT TRANSCIINDENTAL

laLFONIININAL

eir

1.64872 12707 00128
1.65037 08166 06319
1.65202 20128 83464
1.65367 48611 82760
1.65532 93631 57054

1.65698 55204 60850
1.65864 33347 50305
1.66030 28076 83232
1.66196 39409 19105
1.66362 67361 19058

1.66529 11949 45886
1.66695 73190 64047
1.66862 51101 39666
1.67029 45698 40535
1.671% 56998 36112

1.67363 85017 97529
1.67531 29773 97587
1.67698 91283 10762
1.67866 69562 15205
1.68034 64627 82744

1.68202 76496 98886.347
1.68371 05186 42818
1.68539 50712 97408
1.68708 1309) 47211
'1.68876 92344 78469

1.69045 8848319091
1.69215 01527 38708
1.69384 31492 48618
1.69553 78396 011119
1.69723 42254 93N1

1.69893 23086 18550
1.70063 20906 76549
1.70233 35733 66781
1.70403 67583 90727
1.70574 16474 51574

1.70744 82422 54211
1.70915 65445 05232
1.71086 65559 12940
1.71257 82781 87347
1.71429 17130 40175

1.71600 68621 84858
1.71772 37273 36547
1.71944 23102 12106
1.72116 26125 30111
1.72288 46360 10887

1.72460 83823 76435
1.72633 385)3 50549
1.72806 10506 585111
1.72978 99760 27847
1.73152 06311 87233

1.73325 30178 67,45

703/01110311

FUNCTION

e-so

147 0.40653 06597 12633 424
214 0.60592 44322 17187 '470
418 0.60531 88106 46224 228
175 0:60471 37943 94122 075
920 0.60410 93028 55864 709 .

166 0.60350.55754 27040 541
156 0.60290 23715 03042 093.'
516 0.60229 97704 83061 MN
918 0.60169 77717 62109 X2
736 0.60109 63747 38975 237

308 0.60049 55788 12265 943
601 0.59989 53033 81185 502
871 0.59929 57878 45538 434
333 0.59869 67916 05729 153
826 0, 59809 83940 62761 369

486 0.59750 05946 18237 489
414 0.59690 33926 74358 019
348. 0.59630 67876 33920 965
342 0.59571 07789 00321 238
439 0.29511 5)658 71530 053

0.59452 05479 70194 339
123 0.59392 63245 83436 138
851 0.59333 26951 23052 015
326 0.59273 96589 95412 460
738 0.59214 72196 07401 294

359 0.59155 53643 66815 082
232, 0.59096 41046 81362 533
855 0.59037 34359 60463 912
881 0.58978 52576 12850 450
803 0.911919 18690 48643 749

654 0.58860 49696 78355 196
702 0.58801 66589 13085 372
146 0.58742 89361 64523 463
817 0.58684 18008 44946 670
883 0.58625 52523 67219 626

545 0.58566 92901 44793 803
748 0.51508 39135 91706 932
887 0.56449 91221 22582 409
510 0.58391 49151 52628 716
036 0.58333 12920 97638 836

460 0.58274 82523 7)909 665
069 0.58216 57953 90641 430
159 0.58158 39205 19137 107
747 0.58100 26273 63601 859
296 0.58042 19151 40742 351

429 0.57984 17833 39846 373
656 0.57926 22)13 80782 055
095 0.57868 32586 83997 389
197 0.57810 48646 70519 631
477 0.57152 70487 61954 718

237 0.57694 98103 80486 695
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0.557
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Table 4.4

0.37694 981 3 80486 693
0.57637 31 48077 132
0. 57579 706 90464 548
O. 57512 15 29163 839
0.57464 5 89465 693

0.579.57 22 11 56436 024
0.57349 14 58 75715 391
0. 5729* 53 53510 423
0.57235 1 56633 257
O. 57178 12420 941

0.57120
. 0.37066 2 MI WO
0.57006 873 78013 522
0.56949 045 19541 648
0.56892 8 11 79121 761

0.36836 0 467 57540 464
0.56779 2 06 96153 288
0.36722 4 tow 115
0.56665 6214 82224 657
0. 56609 46 93233 792

O. 56352 995/7 097
O. 564"
O. 5640 pg 11:
0.56383 04955 f/4036126 M68
0.96210 06995 693
0.56214 24451 4/6822 457

0.5649 Nal 49rAll

224

0.361 1
0456045 85449 74490 445

0.55919 13665 65402 033
0. 0933 07480 547'46 843

0. 5582296697 Mt it 111
0. 55766 32 19791 179

O.
0.

5557105654
58618 12173 993

0.53343 7 18 264
0.5559S 57036 1

0.554881 94 N2

55412 72147 /4507 030
0.55377' 3.150 4555 1_111

97380 049
0. 66 6701 1 771
0.5 11 44041 30 /AO

912,/466/
0,5 6 1.2817766 64

5

0.54991 .03577 2121601
0.54936 07222 27429 984

0.54081 0360 94026 433

C j,

140



Tads 4.4

S

0.600
0. 603,
0. 602

604
O. 603
O.

O.
0.405

606
0. 607
0,608
0. 609

0.610
0.611
0.612
0.613
0.614

0.615
0.
O616. 617
0.618
0.619

0. 620

0.
0.

622
621

0. 623
0. 624

625
00..626
0.627
0.

629
62$

0.

8. 630
0. 631
0. 632

634
0. 633
O.

0. 635
0. 636

$37O.
0. 63$
0.639

O. 64
0. 641

0

0. 642
0. 643
0.644

0.
64 6
645

0.
0. 647

3: 649

0.1150

v.

.11118101131TAAT TRA601INDINITAL TUNOTIONS

EXPONENTIAL FUNCTION

es

1.82211 88003 '90508 975
1.82394 18305 54062 083
1.82576 66846 59597 740
1.82759 33645 3197010S
1.82942 18719 97859 499

1.83129 22088 85773 244
1.0308 43770 26048 479
1.0491 $1702 )0853 497
1.83675 42143 94189 676
1.83859 18872 51295 512

1.84043 13987 81637 455
1.84227 2/417 02933 750
1.84411 59448 97134270
1.84596 09832 07433 364
1.84780 78674 78869 496

1.84965 65995 58327 090
1.83150 71812 94531 381
1.85335 96145 38085 258
1.85521 39011 41401 120
1. 85707 00429 98772 725

I. 111$92 80418 4630 044
1. MTh M% Oleg 121
1. 86264 MR 65928 923
I. 06431 31995 1954 '215
1.86637 86432 86472 402

1.86824 59574 312222 407
1.87011 513178 24085 530
1.87198 SUM 31242 521
1.87383 91108 24745 442
1. 87573 39071 77511 543

1.87761 03711 64343 1)2
1.87948 9128, 61910 494
I. 886 M6Wn

168
1

I. 835.1
1.08513'.610625 1392 678

1.88
11414 58737 766'

1 $11074

69 7
079 9911 t 99

703
3 50084 912

1.89648 08793 04111
5
353

1. 89857 83$8,1 4005 1_40
1.40027 76365 53224 115
1. 90217 88646 47591 502
1.90408 19949 18580 301

1.90598 70292 71922 692
1.90789 39696 12453 188
1. 90980 28178 47112 287
I. 91171 35758 84748 384
1.91362 62456 36119 674

1.91554 00290 13896 070

1 4 1

0.54881.16360 94026 433
0.54826 30987 72304 710
0.54771 51097 13727 448
0.54716 7660 70305 543
0.54662 07741 94597 605

034647144266 39709 413
0.54552 86251 5903 368
0. 54498 33692 07547 943
0.54443 86582 39217 140
0.54389 44917 09589 946

0.54339 08690 74499-787
0. 54280 77897 90321 981
0.54226 52533 13983 200
0.54172.32!91 02940 922
0.54118'18066 15202 890

0.5404 08955 09316 571
0.54810 05246 44170 616
0.53956 06940 79994 313
0.531902 14030 76357 053
0.53848 26510 94167 789

0.53794 44375 94014 492
0.53740 67620 39663 618
0.53686 96238 91459 568
0.53633 30226 12924 149
0. 53579 69576 67456 037

0.5,3*26 14289 18990 02
0.52472 6046 31997 01

01.

0.$419 11154 71410 VII
41,5145 92,90

0.5012 46591 92592 086

0.53259 18010 06897 190
0.53205 94754 13047 683
0.53_1,1 76818 78717 927
0.53999 64198 72114 344
0.53046 56888 61974 883

0.5299$ 54883 17568 489
0.52940 58177 08694 574
0.52087 66763 05682 485
0.5204'88641 79390 975
0.02781 99002 01207 673

0.52729 24240 43048 557
0.52676 53951 77257 420
0.52623 88930 77105 369
0. 52571 29172 4790 242
04, 52518 74670 67436 140

0. 52466 25421 06592 872
0.52413 81418 08335 432
0. 52361 42656 48263 478
0. 32309 09131 02500 807
0.52236 80836 47694 830

0. 52204 37767 61016 048

[1']ioL 6

gs

c.y



$UIMENTAET TEANOCENDINTAL PUNCTION8

0.650 1.91354
0.631 .1.91745
0.632 1. 91937
0. 1.92129

66530. 54 1.92321

O. 655

0.
0. 636

657
0. 658
0. q9

0.660
0.661
0. 662
O. 663
0. 664

O. 665
0. 666
0..66
0. 668

7

0.669

0.670
0.671
0.672
0.673
0. 674

0.675
0.676
0. 677
0. 678
0.679

680

682
O. 681
0.
0. 683
0. 684

0. 665

0.
0. 686

687
0. 688

0. 690
0. 691
0. 692
0.693
0.694

0.
0. 695

696
n. 697

698
0.699

0. 700

EXPONENTIAL FUNCTION

I.

08290 13896 070
73279 31.61 108
37443 0013 867
60800 61070 883
83371 09468 067

Table 4.4

,T8

0..52204 57767 61016 048
0.52152 )9919 20157 530
0.52100 27286 03554 394
0. 5204. 19862 89283 277
0.5199 17644 57261 823

1. 92514 25171 76362 630
.

0.51944 2425 07048 156
1. 91706 16227 85934 997 0.51892 28801 58940 364
1. 92899 8052 64299 740 E. 5184Q 42166 53755 974
1. 95092 '66167 39462 .496 O. 5170 60715 .52831 438

4. 93285 .85091 41411 902 - / 0.51736 84443 35021 612

1. 95479 '2_33_44 020)1 522
1. 93672 M44 S5146 /76
1. 93866 57912 36517 879
1.94060 54266 4.11141 774
1.99442254 70027 36754 070

1. 9440 OM 36830 982
1. 94643 59844 27591 272
1.94938 33939 544911 192
1.950033 21510 64961 432
1.95228 4001 0039 065

1.93423 MOE 35959 496
25554 S3 .417

1. 14 97631 F-754
1. 0 88354 57 610
1.96206 0246 83108. 314

1. 96403 09_759 ONO 187
1.96599 79912 89725 700
1.96796 .49726 07759 555
1.9699 39218 90929 .375
1.97190 44411 08185 868

1.97387 77322 30447 394
1.97383 25911 30606 00
1. 977111 9450 15526 371
1. 97980 82567 46049 605
1.98178 90552 56994 589

1.98377 18353 37159 979
1.98774 64993 22$
1.98774 3303 9 57 331
1.98973 2069 SO 5 885
1.99172 28142 33403 001

1.99371 33532 43082 329
1.99571 02459 66461 043
1.99770 69544 00252 033
1.99970 36605 4/4E3 899
2.00170 63663 87902 948

2.00370 90739 411/5 193
2. 00571 3702 0308 356
2. 00772 03021 80153 ;65
2.00972 92268 77288 865
2. 01173 9961) 03818 219

2. 01375 27074 70476 522[(11

.0.51685 13344 91699 238
0. 5103 47414 9 54 426
041581 86648 3 94 140
0. 51530 31039 141 674
0. 51478 80584 146

0.51427 35277 04431 974
0. 51375 95112 M98 565
0. 51324 60085 12914 798
0. 31273 30190 41890 516
14 5124. 05423 03924 002

O. 5U79 85777 8#542 478
0. 51119. 71249 777E1 303
0. 31068 6103 0187 865
O. 51017 57524 40820 271
0.50966 38316 91247 432

0. 50 /5186 80313 718
0 . t ' 64206 07549 157

0. 3 91254 00639 348
0. 50763 12402 E0_1_52 723
0. 50712 38627 50908 661

0.50661 61 923 65389 610
14 50611 MO 905 142
0. 3040 4/709 39691 448
0. 3009 94188 86890 827
0.50459 45719 33551 185

1450409 02293 74825 326
0. 50358 63913 06371 449
0.50306 30366 24)50 644
0. 50258 *2250 25428 387
O. 30207 .3960 06773 057

0. 50157 60690 66055 534
0.50107 47497 01448 895
0.50057 39194 11627 713
0. 50007 35956 95767 698
0.49957 37720 534.4 '971

0.49907 44479 8%35 969
0.49857 56229 91216 541
0.49807 72965 72961 653
0.49757 94682 32044 844
0.49708 21)74 70637 732

0.49658 53037 91409 515
[
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IBL11201312AllY TRANSCIPIONNTAL VITNOTION8

EXPONENTIAL FUNCTION

0.700 2.01375 27074 70476 522
0.701 2.0157; 74673 90010 108
0.702 2. 01771 42430 77179.065
0. 703 2.01980 30365 41759 247
0.704 2.02182 38498 23544 296

0. 705 2.02 66849 22347 653
0.706 2.02 15438 68004 586 .
0. 707 2. 0278944286 85374 210
0.708 2.02992 73414 01341 511
Oe 709 2.03195 82840 44819 374

0.710 2.03399 12586 46750 612
0.711

712
0. 713

2.03602 411109 996
0. 2.03806 3311 59906 288

2.04010 2394 43184 280
0. 714 2.04214 35173 29026 . 822

0.715
0.716
0.717
0.718
a719

0. 72
0. 721

0

0.722
0.723
0.724

0.725
0. 726
0. 727
0.728
0.729

0.730
0.731
0.732
0.733
0.734

0.735
0.736
0.737
0.738
0.709

0.740
0.741
0.742
0. 743

7440.

0.745
0.746
0.747
0.748
0.749

0. 750

2. 6022 58559 873

2. 7 91467 23384 083
2. 3 10911 7410 831

2. 0 2 845016191146 049
2.05237 9804147529 226

2.05648 31119 43887 743
2. 05648 86714 13621 106
2.0.5134 61086 72211 257
2. 06060 57644 77154 626
2.06266 74008 88034 189

2.06473 10999 66486 529
2.06679 68637 76210 896
246886 46943 82971 273
2. 07043 45190 54598 418
2. 07300 6%42 60992 036

2.07508 06076 74122 645
2. 07715 67261 68033 852
2.07923 49218 18144 323
2.08131 51967 94749' 882
2.08339 75529 06025 589

2. 0048 19925 95027 819
2.09756 85175 86196 344
2.08965 71302 36056 419
2.09174 78325 43220 868
2.09384 06265 98392 173

2.09593 55144 94364 563
2.09803.. 24983 26026 109
2.10013 15801 90360 816
2.10223 27621 86450 725
2.10433 60464 15478 007

2.10644 14349 10727 065
2.10854 89299 17386 641
2.11065 83335 43551 911
2. 11277 02477 58226 625
2.11488 40747 43325 155

2. 11700 00166 12674 669

C`L

.143

0.49658
0.49608
0.49559
0. 49509
0. 49460

0. 49419
0.49361
O. 49312

53037
8906
31256
77802
29299

-
85742
47126
13446

91409 515
97526 471
92651 465
80943 451
67056 976
_.

56141 685
53841 826
66295 756

0. 49262 84698 00135 445
1 0. 49213 1.3875 62485 987

0.49164 41974 60965 102
0. 49115 27990 03682 649
0.49 111916 99240 129
:0.49017 14750 56730 197
0.48968 15485 85736 169

0.48919 21:17 96331 534
0.48870 31641 94079 460
0.48821 47053 05032 312
0.48772 67346 25731 153
0. 48723 92516 73205 263

0.48675 22559 59971 650
0. 426 57469 99034 560
0.49 77 97243 03884 990
0. 48 29 41873 88500..207
0.48480 91357 67343 253

0.48432 45689 55362 467
0.48384 04864 67990 997
0.48335 68878 21146 315
0.48287 37725 312;9 '/.34
0.48239 11401 15125 923

0. 48190. 89900 90202 427
0. 48142 73219 74309 180.
0. 48094 61352 85778 427

"-lc 48046 54295 43422 238
0.47998 52042 66536 031

0.47950 54589 74894 090
0.47902 61931 88751 082
0.47854 740M 28841 182
0. 47806 9091; 16177 589
O. 47759 12680 73052 052

0.47711 39135 21034 38.
O. 47663 70400 82972 004
0.47616 06412 81989 423
0.47568 47186 41687 803
0.47520 92716 86144 466

0.47473 42999 39912 416
0.47423 98029 28019 867
0.47378 57801 75969 767
0.47331
0. 47283

22312
91555

09739 3)24
55779 5

0.47236 65527 41014 707
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0.
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0.000
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1/320141114111A1. PUNCTION

2.11700 0010 12674 669
2.12911 80754 82217 212
2. 1212) 82534 70611 830
2.12336 ,05526 96236 688
2.12548 49752 83191. 190

2.12761 15245 55298 098
2.12974 01990 05.663
2. 13_117 10044 6 I 745
2. 13400 39417 5 946
2.13613 90130 41 739

2.13827 62204 96818
2.14041 55662 11894
2.14255 71523 42714
2.14470 06810 32765
2.14684 64544-19676

2. 14899 .43746 55220
2. 15114 44428 85)18
2.15329 66642 60035
2.15545 10)79 3160,
2.15760 75670 54385

Sable 4.4
y.

0.47236 65527 41014 707

76 .875
O. 4/189 982
O. 47142 .2 49130
O. 47095 ,1 e8222
0.4700- 08604 28930

0.47001 06147 30537 469
0. 46954 08390 42799 274
0. 46907 15)28 95938 749
0.46860 26958 20650 211
0. 46813 43273 48096 543

602 0. 46766 64270 09909 234'
152 0.46719 89943 38187. 901'.
282 O. 46673 20288 65499 852
301 0.46626 55301 24179 557
075 0. 46579 94976 49828 242

173 0. 46555 39309 74313 ,
010 0. 46416 88296 32761 29/
993 .0. 46440 41931 NOR 573
678 0. 46394 00210 91646 708
916 0. 46347 63129 6)261 698

2. 15976 :62637 849176 008
2. 16192 71002 818 7 866
2.16409 01087 06121 167
2.16625 52812 20653 514
2.16042 26199 90647 604.

2.1839 21271 13442 386
2.17276 38049 68545 234
2.17493 76555 17634 114
2.17711 36810 04559 757
2.17929 18836, 05347

2. 10147.- 22654 98201 117
2.18365 482(14 63591 691

16083 95751 15916 099
2..18802 65087 434= 545
2.19021 96296 30643 070

2.19240
2.19460
2.19679
2.19899
2.20119

2.20339
2.20560
2.20780
2.21001
2.21222

2.21444
212. 05

2. 21187
2.22109
2.22331

2.22554

69407 3)215
04442 42911
6142) 53235
40372 59883
41)11 60752

64262 95936
06go 47720

712 40632
41347

7 58787

4)106 $ 744

09968
0452 41

42947 51424
64999 6366o

09284 92467((VI.

O. 46301 30683 11228 073
0. 46255 02866 72301 444
0. 46208 7067$ 83700 034
0. 46142 61105 8)104 714
O. 46116 47152 08658 446

0.46070 37809 98965 818
0.46024 33074 93092 W.
O. 45978 32942 30565 189
0.45932 37407 51370 344
0. 45886 46465 95954 527

0.45840 60113 05223 545
0. 45794 78)44 20542 069
0.45749 °US 8)733 1_79
O. 45703 21540 37077 NO
0.45657 60496 23314 727

744 0. 456_11 97017 150 236
852 0. 4556a 38100 67709 540
086 0. 45520 83740 13615 069
740 0.45475 33931 67940 in
903 0.45429 88670 75695 532

659 0. 45384 47952 82,55, 822
288 0.45339 11773 33M 215
465 0. 4529) 89127 76597 724
466 0. 45248 5_5611 07316 754
377 0. 45203 30420 23414 M9

299

936
561

0.43152 12349 2)7
0. 45112 98794 0 379
0. 45067 18750 1 81

2°-7
0. 45022 8521) 027 227
0.44977 85178 20727 758

605 O. 44932 89641 17221 591
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xy

O. 800
0.801
0:102
0.80
0.8034

0.806
0.805

0.807
0.80
0.8089

0.810
O. ell
0.812
0.813
0.814

0.815
0.816
0.817
0.818
0.819

0.820
0.821
O. 829230.2
0.824

0.825
0.826
0.827
0.928
0.829

0.830
0.831
0.832
0.833
0.834

0.835
0.836
0.837
0.838
0.8)9

0.840
0.841
0.842
0843
0..844

0.845
0.846
0. e47
0.848\
0.849 N.

0.850

suourarrARY .THAINCENDEINAL 7UNOTIONS

EXPONENTIAL FUNCTION

4.

2.22554 09284 92467
2.22776 75825' 62440
2.22999 64644 00181
2.23222 75762 34573
2.23446 09202.96726

605
556
717
111
759

2.23669.649.8 19986 909
2.23893 43140 39932 270
2.24117 43681 94378 249
2.24341 66635 23379 186
2.24566 12022 69230 599

.4.24790 79866 76471 419
701_89 91886 242

2. 40 83014 64507 569
2.2 66 18363 titeiti
2.25691 76251r807S2

061
788

2.25917 56723 49701 480
2.26143 99779 86510 786
2.26369 85450 59486 532
2.26596 33758 31195 979
2.26823 04725 66470 087

2.27049 98375 32405 781
2.27277 14729 98368 215
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0.44396 92392 13780 063
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0.38984 73604 22897 977
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2.62741 37969 62452 101
2.63004 24840 64304 825
2.63267 38428 00861 583
L 63530 78334 27480 539

2. 61794 44393 54152 532
2.64038 37232 25503 708
2. 64122. 56276 80790 158
2.64597 01753 61940 558
2.64851 73689 13470 808

2.65116 72109 82606 682
2. 381 97042 19166 470
2. 7 12 7501 628
2. 2 07209 434
2. 179 3 74 71643 642

/2.66445 62419 29417 138
2.46712 20308 43654 602

150./ 2.66979 04861 80145 169
2.67246 16127 07345 099
2.67513 54109 96380 441,

2.67781 18844 21049 708
2.68049 10356 57026 547
2.68517 28673 83862 418
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2.69392 70528 87499 962
2.69662 23273 53013 016
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2.71285 06977 43219 755
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8. 10308 39275 75314 ON
$ 0 672477s

4r.

SALT 124NICINDMVTAL manna
EIP01417411AL 11.1P1C1110N

I : 1: !IC
70451lgUM

p

10 : VII tiris4 MR 846
12 5 451 79141 900,9 208
11

IS 5 4.- 41 3920 89215 033
14 6 1.20260 4041 .6076 778

is 6k gat pm 3;
16
17 2.1549 Mil 57529 821
18 6.06599 69137 33051 114
19 1. 78401 30096 41873 608

20
21
22
23 .

Till Ili :711112 7611
9 St 5101 562

9444j0 4M 600
:10 HUH rer6 7811
,-10 8.70046 68924 SOB
40 I: 02618 79631 7010 030

24 10 2.6491 22129 84347 229 (-11S3.77313 45442 'M7 752

26

29

27
20

111 I. 95729 60942
1.20 99337 252

11 5. $1040 24060 1 167
12 1. 0625 70642 91475 174

64,
. .11 1... Mg 88114:' 24 295

58879 43864 059

:13 64 01069 40191 009

25

12 3.93133 62971 4402 074 -1, 2.04366 56473 MU 910
. .

1

:12 41.. 5, 524 19 2 40174 to

44i 1. Ni41 iiM 09417 ifi...
...1 4. 65801 61451 03397-364-1551.71390 84315-42012 966.

------

35 11 !Ifni NV3 inn ill 4 40511 67601 386

37 16 1.17191 42372 80261 131 1 itlilil IIIII 794
36 518

SS 16 5.111159 0757 11575 622 1. :1 5.13913 27920 29 629
39 16 IL 65954 00423 99374 695 IN .4 15412 24173 01578 599

40
1 EMI 2496r51 79199 48142

.48 4.24835 42552 9.3.3.0 995
41 ..- 48 1.5462288 2103 .34M 768
42 18 4.7 49415 20501 047 .49 5.74952 22642 93559 807
43 1 4.72703 9460 29346 561 49 2. 11513 10375 91080 417
44 19 1.20916 00114 55950 025 40 1.78113 2411.3,796 516

*-2

t 1191111III 3.7,79 44117
1 1.30335 28321 66126 919

4.97870 68367 298
2 1: 83156 38118 73418 029

; 1 I .. 74 27 1 9754 264419 66350 419273

4 94101 965 45162 ON
4 3. 35462 62 15118 318
4 1. 25409 00408 66795 05

; I VA712423 /1; 77245 1
... 6 6. 14421 23513 20209 759

6 2. 26032 94069 81054 .

131520 71910 r35678

; 1 t. MN 31471 9251 45
8 4. 1$09$ 77187 851 660
I 1. 5220 79744 7I2U , 844
9 5. 60279 6437$ 37261" 540

30
31
52

34
3,

11 .0"6"4:1144/ HI1 49665 :74
13 7.89619 0111 600 516
14 2.14643 57978 59160 646
14 5.83461 74252 74548 814

46
49

47
40
49

1iff 17M ill: li 9116 C
20 2.58131 2061 90067 6
20 7.01673 59120 97631 739
21 1.90734 65724 95099 691

-20 2.86251 85805 49593 644
-20 1.05306 17557 55301 238

i -11 3. 87391 76286 87187 113
-21 1.42516 40827 40935 106
42 5.24288 56633 63463 937

so (11)5. 18470 55285 0072 464 (- 22)1.92874 98479 63917 783

151
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EXPONENTIAL FUNCTION Table 464

a 0 it-e ...
'''..

50 21 3.18470 55285 87072 464 -22 1.92074.98479 63917 783
51 -2) 7.09547 41622 84704 139
52
93

g 14.8240. =flail 194$ -23 L61027 'OVA 67704 809
2) 1.04137 594)3 780 . 44 9.60268 00549 00676 030

34 23 2.83075 33032 74693 900 -24 369262 85722 00107 030

57 '
so

52_601 42017 13$
(.24 2.09145 129% 194

14250 07503 074
45 4.70009 211838 85469 081

SS

541

59

L68971 19993 35932 223

M4.30121 04057 90514 255
23/14 54553 19355 90103 930

-29 1.79879 22024 34311 649
-26 6.47023 49256 45460 )06
-16 26)8026 64086 94400 M.

60 47 11 79651 07626 96520 338
61 1: k 142" ;9321 MN

284
4 3.23134 02859 92516 089

61 26 8.43835 66607 41454 409 4 1.141506 40642 33981 006
63 2 2.29178 31594 6909179 4_0 4.35961 00000 WS 974
64 2 6.23514 90808 11616 885 ! -28 1.60301 08905 4K37 853

'`
67
68 0441
69

29 3.47 60499 51740 521

2 4.60714) 66343 31391 543

29 9.25378 17255 87787 600

29 1.25236 3170$ 42213 781

00415 97061 391
66

-30 7.98490 42456 86978 IN
-SO 2.93748 21117 10802 947

-29 2.17052 2011) 0M9 41;
63 28 1.69488 93444 103)3 714

-30 1.08063 ,777 072M 495

70 SO 2.51543 86709 19167 006
71 30 66 83767 12297 6274) 867 :-11 S1.113:41 "621;92 P431,91
72 31 1685867 17452 84127 980 -32 5.38018 61600 1130 414
73 31 5.05239 36302 76104 195 -32 1.97425 98779 461104 554
74 . $2 1.37338 29795 40176 188 -35 7.28129 01783 21643 834

75 vrte 99001 640
11 9.61151111

6961$
10119778

944
76 33 1.01480 I1M1 13880 728
77 33 2.75851 34945 23170 206 -34 3.62514 91 43559 224
78 33 7649841 69969 90120 435 -34 1.33361.48155 02261 341
79 34 2.03820 10665 12668 767 35 4.90609'47306 49280 566

80 34 5.54062,23843 03510 053
81 39 L50609 7)145 85030 548 :1: 6.61194in /131111 am In
82 35 4.09399 69621 27454 697 -36 2.44260 07377 40527 679
83 36 1611286 37547 91759 412 -3 8.98582 $9440 49380 479
84 36 3.02507 73222 07.142 338 -37 X30570 06267 60734 198

es 27146 22913 510 21609 9VA2 nos 564
86 3 2.2)524 66037 34715 047 -38 11. 47)77 9)061 81120 735
87 3 6.07603 01250 56172 150 -311 1.64581 14)10 02273 651
88 38 1.65163 62549 94001 856 -39 6605460 10954 01185 885
89 NI 4.48961 28191 74345 246 -39 2.22736 35617 95743 739

90 39 1.22040 32943 17840 802
91 39 3.31740 00983 39742 626
92 39 9.01762 84050 34298 931
93 40 2.45124 55429 20089 786
94 40 6.66317 62164 10895 834

95 90128 89023 282
96 41 4.92345 024160 12058 400
97 42 1.33833 47192 04269 500
98 42 3.63797 09476 08804 579
99 42 9.88903 03193 46946 771

100 (43)2.68811 71418 16135 448
Par 10100 see Emastple 11.

-40 8.19401 26239 90515
-40 3.01440 87850 65374
-40 1.10893 90193 12136
-41 4.07955 86671 77560
-41 1.50078 57627 07394

-42 5.52108 22770 285)2
-42 2.03109 26627 34810
-43 7.47197 23373 42990
-43 2.74878 50079 10214
-43 1.01122 14926 10448

(-44)3.72007 59760 20835
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x

1
2
3
4
5
6

8

n
10
10
10
10
10
10
10
10

0 ,

1.00000
1.00000
1. 00000
1. 00000

s1-00000
1. 00000
1. 00000
1.00000

9 10 1. 00000

1 9 1. 00000
2 9 1. 00000
3 9 1.00000
4 9 1. 00000
5 9 1. 00000
6 9 1.00000
7 9 1. 00000'
9 9 1. 00000
9 9 1. 00000

I' 8 1.00000
2 8 1. 00000
3 8 1.00000
4 8 1. 00000
5 8 1. 00000
6 8 1. 00000
7 8 1.00000
8 8 t 00000
9 8 1. 00000

7 1. 00000\st
7 1. 00000

3 7 1. 00000
4 7 1.00000
5 7 1.00000
6 7 1. 00000
7 7 1. 00000
8 7 1. 00000
9 7 1. 00000

1 6 I.00000
2 6 1.00000
3 6 1.00000
4 6 1. 00000
5 6 1. 00000
6 6 1. 00000
7 6 1.00000
8 6 1.00000
9 6 1. 00000

SUMMARY TRANSCSNDDITAL FUNCTIONS

RADIX TABLE OF THE EXPONENTIAL FUNCTION

our*
00001 00000 00000
00002 00000 00002
00003 00000 00004
00004 00000 00008
00005 00000 00012
00006 00000 00018
00007 00000 00024
00008 00000 00032
00009 00000 00040

00010 00000 00050
00020 00000 00200
00030 00000 00450
00040 00000 00800
00050 00000 .01250
00060 00000 01800
00070 00000 02450
00080 00000 03200
00090 00000 04050

00100 00000 05000
00200 00000 20000
00300 00000 45000
00400 00000 80000
00500 00001 25000
00600 00001 80000
00700 00002 45000
00800 00003 20000
00900 00004 05000

01000 00005 00000
0 000 00020 00000
03 00045 000
04000 '0080 00001
05000 0' 5 00002
06000 00180.00003
07000 00245 00005
08000 00320 00008
09000 00405 00012

10000 a 00 00016
00133
00450
01066

2083

20000 02 00
30000 045
40000 0800
50000 12500
60000 18000
7000C 24500
80000 32000
90000 40500

600
5 16

08533
12150

50000 0.99999 99999 00000 00000 50000
00000 0.99999 99998 00000 00002 00000
50000
00000

0.99999
0.99999

99997 00000 00004
99996 00000 00008

50000
00000

50000 0.99999 99995 00000 00012 50000
00000 0.99999 99994 00000 00018 00000
50000 0.99999 99993 00000 00024 50000
00000 0.99999 99992 00000 '00032 00000
50000 0.99999 99991 00000 00040 50000

00000 0.99999 99990 00000 00050 00000 eA

00000 0.99999 99980 00000 00200 000100
.00000 0. 99999 99970 00000 00450 00000/
00000 0.99999 99960 00000 00800 00000
00000 0.99999 .99950 00000 01250 00000
00000 0.99999 99940 00000 01800 00000
00001 0.99994 99930 00000 02449 99999
00001 0.99940 99920 00000 03199 99999

00001 -0.99999 99910,00000 04049 99999 17

00002 .0.99999 99900 00000 04999 99998 .:q

40013 0.99999 99800 00000 19999 99987
00045 0.99999 99700 00000 44999 99955
00107 0.99999 99600 00000 79999 99893
00208 0.99999 99500 00001 .24999 99792
00360 0.99999 99400 00001 79999 99640
00572 0.99999 99300 00002 .44999 99428
00853 0.99999 99200 00003 19,99 99147
01215 0.99999 99100 00004' 04499 98785

01667
13333

0.99999
0.99999

99000 00004 99999
98000 00019 99999

98333
86667

45000 0.99999 97000 00044 99999 55000
06667 0.99999 96000 00079 99998 93333
08333. 0.99999 95000 00124 99997 91667
60000 0.99999 94000 00179' 99996 40000
71667 0.99999 93000 00244 99994 28333
53334 0.99999 92000 00319 99991 46667

.15000 0.99999 91000 00404 99987. 85000

66667 0.99999 90000 00499 99983 33334
33340 0.99999 80000 01999 99866 66673
00034 0.99999 70000 04499 99550 00034
66773 0.99999 60000 07999 98933 33440
33594 0. 99999 50000 12499 97916 66921
00540 0.99999 40000 17999 96400 00540
67667 0.99999 30000 24499 94283 34334
35040 0.99999 20000 31999 91466 68373
02734 0.99999 10000 40499' 87850 02734

For n>10, e**'°-*-11*x10-11+1 AO -26 to 25D.
Compiled from C. E. Van Oratrand, Tables of the exponential function and of the circular sine

and cosine to radian arguments, Memoirs of the ational Academy of Sciences, vol. 14, Fifth

Memoir. U.S. Government Printing Mee, Wash D.C., 1021 (with permission).

153



("11111131TART TRAWKIII4INTAL T0)10110141 141

RADIX TABLE OF THE EXPONENTIAL FUNCTION Table 4.8

a . 00- s e-s10-*a
1 5 1.00001 60000 50000 16666 70833 0.99999 00000 49999 83333 37500
2 5 1.00002 00002 00001 33334 00000 0.99998 00001 99998 66667 33333.

3 5 1.00003.00004 50004 50003 37502 0.99997 00004 49995 50003 37498
4 5 1.00004 .00008 00010 33342 0.99996 0000719989 33343 99991

1.00005 00012 50020 8335 37526 0.99995 00012 49979 16692 70807.5 5
6 5 1.00006 00018 00036 0005 00065 0.99994 00017 99964 00053 99935
7 5 1.00007 00024 50057 16766 70973 0.99993 00024 49942 83433 37160
8 5 1.00008 00032 00085 33504 00273 0.99992 00031 99914 66837 33060
9 5 1.00009 00040 50121 50273 37992 0.99991 00040 49878 50273 37008.

1 4 1.00010 00050 00166 67083 34167 0.99990 00049 99833 33749 99167
2 4 1.00020 00200 01333 40000 26668 6.99980 00199 98666 73333 06668
3 4 1.00030 00450 04500 33752 02510 0.99970 00449 95500 33747 97510
4 4 1.00040 00800 10667 73341 86724 0.99960 00799 89334 39991 46724

5 4 1.00050 01250 20835 93776'04/84 0.99950 01249 79169 27057 29384

6 .4 1.00060 01800 36005 40064 80648 0.99940 01799 64005 39935 20648

7 .4 1.00070 02450 57176 67223 40801 0.99930 02449 42843,33609 95801

8 4 1.00080.03200 85350 40273 10308 0.99920 03199 14683 73060 30307
9 4 1.00090 04051 21527 34242 14882 0.99910 0404878527 33257 99880

1 3 1.00100 05001 66708,34166 80558 0.99900 04998 33374 99166 80554
2 3 1.00200 20013 34000 26675 55810 0.99800 19986 67333 06675 55302

3 1 1.00300 45045 03377 02601 29341 0.99700'44955 03372 97601 20662
4 3 1.00400 80106 77341 87235 88080 0.99600 7989 43991 47235 23064

i?

5 3 1.00501 25208 59401 06338 35662 0.99501 247 92682 31335 25642

6 3 1.00601 80360 54064 86485,55845 0.99401 796 0 53935 26474 44980
7 3 1.00702 45572 66848.55523 16000 0.99302 444 9 33235 10490 47970
8 3 1.00803 20855 04273 43117 20736 0.99203 19148 37060 63033 98697
9 3 1.00904 06217 73867 81406 25705 0.99104 03787 72883 66216 45648

1 2 1.01005 01670 84168 05754 21655 0.99004 98337 49168 05357 39060

2 2 1.02020 13400 26755 81016 01439 0.98019 86733 06755 30222 08141

3 , 2 1.03045.45339 '4516 85561 24400 0.97044 55335 48508 17693 25284
4 %2 1.04081 07741 01388 22675 70448 0.96078 94391 52323 20943 921 7

1 1.05127 10963 76024 03969 75176 0.95122 94245 00714 00909 142 3

11

5

6 ','2 1.06183 65465 45359 62222 46849 0.94176 45335 84248 70953.71 8
7 2 1.07250 81812 54216 47905 31039 0.93239 38199 05948 22885 79 6
8 2 1.08328 70676 74958 55443 59878 0.92311 63463 86635 78291 075 8
9 2 1.09417 42837. 05210 35787 28976 0.91393 11852 71228 18674 73535

1 1 1.10517 09180 75647 62481 17078 0.90483 74180 35959 57316 42491

2 k-1 1.22140 27581 60169 83392 10720 0.81873 07530 77981 85866 99355

3 1 1.34985 88075 76003 10398 37443 0.74081 82206 81717 86606 68738

4 1 1.49182 46976 41270 31782 48530 0.67032 00460 35639 30074 44329

5 1 1.64872 12707 00128 14684 86508 0.60653 06597 12633 42360 37995

6 1 1.82211'88003 90508 97487 53677 0.54881 16360 94026 43262 845 9

7 1 2.01375 27074 70476 52162 45494 0.49658 53037 91409 514/0 1

8 1 2.22554 09284 92467 60457 95375 0.44932 89641 17221 59143 0 024

9 1 2.45960 31111 56949 66380 01266 0.40656 96597 40599 11188 34542

1 0 2.71828 18284 59045 23536 02875 0.36787 94411 71442 32159 55238
!.N
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Talk 4.6 CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS

sin s Cos s
0.000 Loom woo Nm 40000 000 L00000 00000 00000 00000 000
0. mu 0.00099 MN 93133 $4166 667 0.119199 moo 0004; 66666 528
0.002 0.00199 99916 66666 93333 331 0. 00000 00666 66657 778
0.003 0.00299 99953 00002 02499 957 0.99999 SMO 03374 99898 750
0.004 0.00399 99093 33341 86666 342 0.9999920M 10666 66097 778

1.006 0.00599 00064 79994 446 0.99998 20000 53999 93320 004
0.005 0.09499 el 66692 70831 783 0.99990 75000 26041 644% 529

0.007 0.00699 . 33473 39130 327 0.99997 55001 30526 342
0.008 0.00799 991_41 66939 73291 723 0.99996 MO 30257 829
0.009 0.00899 We 00491 07405 100 0.99993 95002 7337 16180 057

0.010' 0,00999 98333 34166 66468 234 0.99993 00004 46665 27778 026
0.011 0.01099 97781 68008 73446,684 :0.99993 15004 10039 20617 059
0.012 0.01199 59189 033 0.99992 N008 63995 83281 066
0.013 0.01299 96330 7 42921.639 0.99991 55011 90034 96278 551
0.014 0.01399 95426 140 31241 801 049990 20016 00656.20901 438

0.015 0.01499 94373 01520 09109 944 0.99910 73021 09359 17975 106
0.016 t 0.01399 93173 42071 41340 503 0.99907 20027 38643 36508 430
0.017 0.01699 figi 78490 72_691 726 0.9,992$ 35034 00018 14243 029
0.018 . 0.01799 %zo 15746 2702 832 0.99913 80043 7_,1112 76107 3$1
0.019 0.01899 88368 33967 31431 205 0.99981 95054 299% 32358 650

0, 1 0.01099 34033 81764 335 0.99977 1 03255 WA 356
9333$ th000 649 0.99980 66577 77141 2700.

0.022 0.02199 53 76279 77175 771 SO 7 60509 19591 878
0.023 0.02299 79722 20302 18277 769 0.99973 sollo 39836 06320 750
0.014 0.02399 76960 66354 28999 311 0. 1 20138 23734 38193 002

.0.029 0.02499 73939 14712 33066 217 0.99968 73162 75702 38624 467
0.026 0412599 70707 63676 53973 517 ,0.99966 20190 40237 62215 698
0.027 042699 67196 39572 14933 411 '0.99963 55 1 42836 92299 214
0.028 ._ 0.02799 63414 76750 38952 746 :0.99940 802 6 09997 31394 779
0.029 0.02009 59353 3/589 48577 801 0.99957 69213 53557 207

0.030 0.02999 53002 02495 66076 $53
0.031 0.03099 50350 !sof 13288 752
0.032 0.03199 43,09 40= 11602 101

t. 38:346
0.99948804368917338384710

0.0)3 12120.0)3 0403299 40108 26119 81908 762
0.034 0.03399 34497 11931 44533 433 0.99942 20556 78321 14926 773

0.035 0.03499 18546.04336 1920 702 0.99938 73625 23488 52581 460

0.037 0,03699 1%14 11110 80633 489
0.99933

!IC 1:111
7000.0)6 0.03399 22245 03869 25183 461

0.038 0.03799 08353 26937 0_1218 414 0.99927 80%8 76484 91840 819
0.039 0.03899 01142 51841 09720 085 0.99933 95963 88487 98862 358

0.040 0.0M0 93341 UM 13945 255 0.99920 01066 60977 94031 437
0.041 Lows mg 32096 36751 449 0.99915 96177 33444 49770 040
0.042 0.04198 76530 09047 85911 946 0.99911 81296 46376 38494 043
0.043 0.04191'67500 58349 76078 755 0.99907 56424 41262 28564 524
0.044 0.041% 58040 40903 18626 492 0.99903 21961 60588 80138 833

at, 0.043 0.04498 48140 37660 23632 066 . 0.99898 76701,47042 40921 992
0.046 0.04398 37790 49604 99743 054 0.99894 21$6 47508 41817 869
0.047 0.04698 26980 77774 34095 689 0.99809 57033 05071 12480 849
0.048 0.04798 15701 23249 92191 340 0.99884 82211 67013 76767 299
0.049 0.04898 03941 87159 17808 403 0.99879 97401 80818 48087 272

0.050 0,04997 91692 70678 1879 487 11.99875 02603 94966 24656 287

[(-1P9
( -7)11

L j
For converekm from &Wes to radians see rams* 13.
For use and extension of the table see Essopk. 1547.
From C. E. Van °retread, Tables of the exponential. hmetion and of thecir
cider tine and cosine to radian mgunsents,Manoirs of the National Academy of
Sciences, vol. 14, Fifth Memoir. U.S. Government Printing Mee, Washington,
D.C., 1921 (with permission). Known errors have been corrected.

0.99955 00327 48987 51627 216
0.99951 95384-78809 04381 810

-
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CIRCULAR MRS AND COMMIS vas RADIAN ARGUMENTS Tabb 4.6

0.050
O. 051

0.
0. 052

053
x054

0. 055

O.
0. 06

0575
O. 058
0. 059

O. 060
0. 061
O. 062

0.
0. 063

064

0.065
0. 066
0. 06
0. 0678
0.069

00..071
0.072
0.073
0. 074

0. 075
0.076
0. 077

078
00.. 079

0.
0. 080

081
0. 082

0.
0.

080844

0.085
0. 086
0. 08
0. 0878
0. 089

O. 090

O.
O. 091

092
0.093
0.094

096
0. 095
O.
0.097
0. 098
O. 099

.041/40. 100

0.04997 91692'70678 SIM 487
0.05097 7043 75032 57375

7598 00

800

00U5M 3Map
= a

0.00497 27067 73 446
el 55755 4 $91

0.0 91 1 61 567
O. 796 7 S 794
0605896 57761 14 896

0.45996 40864 71444 394,14 909
0.06096 21700 012 31210 SOO
0606196 1,701 902
0.06295 St/ 1 ORM 141
0.06395 82 28805 166

0.0649512#00 34782 60114 361
0.06595 20944 35012 49212 601
0.46694 98840 43173 44449 361
0.06794 76841 01445 89264 458
0.46194 52615 32117 22165 004

0.06994 28471 "MI 76397 655
0.01094 01012 00106 79734 071
0.07193.78081 22123 34229 480
0.07291 51011 06738 15974 250
0.07393 24811 55977 74838 360

0.07492470727274334208684
0.07592 68384 19805 90718 980
0.07692 19157 20017

_ 0.07792 09520 56301 5/ 010
0.07891 78524 71660 52 478

0.07991 46939 inn 68750 608
0.00091 14555 51998 04247 389
0.08190 21174 51024 394
0.0029047 86421/73635 718
0.00390 12 45140 80655 618

0.08489 76828 OM 544
0.08589 40290 42025 51 514
0.08609 Q2110 27592 297 492
0.91/11 NM 02885 29594 973
0.0 81ee 25516 91720 11524 112

0.00,07 04,1 98011 04969 125
41.09807 25760 07600 919
0.09111 027 790,9 84941 019 I
0.09206 5 #2,93 69966 321
0.09386 16304 7906 12662 751

0.09445 71686 34557 29625 724
0609585 26 19 32017 347
0.09684 79 78472 OS 1 006
0.0,704 12 76177 31 5 603
0.09881 81627 30679 9 10 683

0.09983 34166 46828 15234 681
R-011
L J

as

0.99075 0260) 94966 246,6 287
0.99069 97818 54936 84447 237
0.99864 83000 23208 81242 407
0.99859 $0147.34259 17505 62)
0699154 23542 59564 416)4 531

0.99040 ?OM M 0O 40913 05
24,97 274,4 704

O. 7 59,97 85743 770

14.1111 rout: 63461 23365 1731

0.99020 05399 35204 16554 766
0.99e14 00768 ism 34561 437
0.1,191 86156 01782 86552 769
0.91001 OM 86542 /107 134
0.99795 269419 55229 92968 628

0.9971, 27904
99

11 77634 615
0.99701 436 01 14999 144

0.91Tr5 61)95 11 09558 $92
0699768 08907 53362 05636 926
0.99762 04441 13591 40472 866

0.99755 10002 53279 57462
0.99740 05586 42140.62448
0.99740 4$494 50526 14757
0.19713 66830 49875 24157
0.99726 12492 12624 39707

0699718 501#1 12207 44522
0.99711 33898 23055 40023
0.99703 69644 24596,70496
0.99695 95419 8125645551
0.99688 11225 82457 02476

091
084
726
139
777

77
5648
785
417
279

009640 17063 02619 38497 771
199672 12932 21157 709 911

0723772 823MU 74769 76011 67091 212
0.99647 40739 76147 53953 598

4.9963i96745 02290 47151 570
0.99630 42786 58841 91367 506
0699021 78864 71 97

1
1111

0699613.04980
0.99604 21135 69887 49072 see

0.99595 27130 11994 25109 284
0699516 ISM 01450 Mil 586
0,99577 09841 24614

Itl0.99567 86159-04916,24482
0.99558 52521 62669 36090 844

0.99149,08927
1
.1

11
22976 42 6

0.99539 55378 649
0.99529 91875 63330 46473 881

"520 18419
111 te0.99510 35011 ..6

0.99500 41652('78925 76609 356

156

.!t
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Table 4.6 CIRCULAR SINES AND COSINES YOB RADIAN ARGUMENTS

008 X

0.100 0.09983 46810 15230 681
0.101 1410002 707 99511 975'

0.102 1.10100 230 .
.51074 864

0.103 -0410281 79754 15107 52769 040:
0.104 0.10181 26240-20382 69768897

0.99500
0.99490
0.99440
0.99470
0699459

41652
$0$45
15085
01879
68726

78025 76609
75976 65957
70176 00533
61149.84132
5361, 52703

556
840
469
117
737

0)06
0.1 79 30 1 588 . 4.99 89595 66110 0 00 96
:AO: 7181 All 11111 !II 115 mu :Nu :an a

0.109

0.109 0.161 Lon I 7171 669 941 0.99417 3660 00466 38 07
0.109 9. 939 0.99406 53792 61230 07909 607

0.111 0.1110;342 6 an; 714 0.99314 90226 96140 49439 483
0.110 8.10977 5 74 80866 495 0.99395 60979 56696 85035 784

0.112 O. ' 52 0699575 45555 89861 26316 578
0.113 0.11275 91706 20353 909 0.99362 22907 49101 25308 652
0.114 0.11375 32364 01575 97013 636 0.99350 91342 86134 29576 888

0.115 0.11474 66883 01665 81259 972 0.99339 47843 14215 84471 7554
0.116 0.11574 8,256 $9072 00361 097 0.99527 94419 47595 86235 439

0.118 0.11772 63519 166112 44000 790 0.99 60744 92218 01110 921
0.117 0.11973 32471 444811 84155 722 5504$ 01517 70568 768

0.119 0.11871 93300 62434 93496 613 0.99 70516 36926 57014 950

61116
0.120 0.11971 22172 9 35996 735 0.99200 86358-51866 25224 810
0.121 49559 0 47116 615 0.99268 84272 62252 8065) 067
0.122 0.12169 758381 547 75970 447 0.99256 72259 02294 82259 329
0.123 0.122 00900 2 515 35626 003 0.99244 50321 35195 57029 382
0.124 0.12368 24735 46003 13260 407 0.99231 18458 43142 88655 070

0.12$ 0.12467 4753545227 6896 744
0.126 0612566 60685 49729 25157 389
0.127 0.12665 88780 47312 73569 978
0.128 0.12765. 07608 86148 72735 909
0.129 0.12864 25160 74174 47043 273

0.131 0.13062 56 )1005 45179 968
0.130 0.12963 19694 85954 121

0.132 0.13161 7 16843 $5844.433
0.133 0613260 82404 85608 43632 907
0.134 0.1)359 93425 46144 07929 171

0.135 0.13459 03110 07348 50938 844
0.136'.. 0.13558 11448 78252 74799 575
0.137 0.13657 18431 68023 60677 861
0.138
0.1)9

0.13706 24048 85962 67852 453
.0.13055 28290 41508 32784 107

0.140 0.13954 311416 44136 48171 79
0.141 0.14053 52607 03861 61995 092
0.142 0.14152 32662 30237 76040
0.143 0.14251 51302 33359 47427 02
0.144 0.14550 28517 23362 82584 791

0.145 0.14449 24297 10326 41263 332
0.146 0.14540 18632 05272 32992 773
0.147 0.14647 11512 18167 16543 800.
0.148 0.14746 02927 59922 98870 997
0.149 0.14844 92860 41)98 54041 627

0.150 0.14943 81324 73599. 22149 773

r(-8)21
L j

0.99219 70672 29321 05314 910
0.99207 24964 17930 67355 462
0.99114 63535 34110 54873 474
0.99181 91787 04055 55198 809
0.99169 10320 54896 50278 123

0.99156 18937 14788 03959 451
0.99143 12060 49177 481
0.99190 4 79267 75039 751
0.99116 2 8 45107 13813 659
0.99105 54260 42499 27814 325

0.99090 13312 04541 96193 359
0.99076 62454 65348 01628)15
0.99063 01689 59985 16913 714
0.99049 31018 24535 91451. 667
0.99035 50441 96067 37644 937

99021 59961 12637 17109 895
99007 59500 13293 27270 829

3 49297 38079 06655 145
29115 28007 21689 546
99035 25111 52197 214

0 59058 72394 77275 984
09107 15054 60997 551

0.98921 49421 94418 18007 704
0.98906 79764 60241 990274.17
0.98892 00216 58111 76256 1

0.98877 10779 36042 28673 498
[( -T11

157
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CIRCULAR SINES AND COSMO FOR RADIAN ARGUMENTS

0. 150
0.151
0.152
0.153
0.154

0.155
0. 156

/ 0.157
0.158

'0.159

0.160
0.161
0.162
0.163
0.164

(665
0.166
0.167
0,168
0.169

0.170
0.171
0.171
0. 171
0.174

0.175
0.116
0.177
0. 178
0. 179

0.180
0.181
0. 182
0.183
0. 184

0. 185
0.186
0.187
0.188
0389

0. 190
0. 191
0. 192
0.193
0.194

0.195
0.196
0.197
0.198
0.199

0.200

am

0.1914# tip 73999 22149 773
0.1M2 67600 15 725
045344 5 44 34944 4 U24
0. 15240 376ri 86647
0.15339 20107 34994 34727(267

006 a

Table 4.6

10779 30042 2k73.498
0. 11454 42977 27245 283
0.98147 0824) 28849 20028 611
0.98831 6141 44579 171711 614
0.98816 54160 42076 731106 382

L. BM 318 grAi 1411 treal Mt 111:
?sip ;DI, ein ttli: VW 2 11:

11 53983 354 0.967)8 61079 42 150

0.159M 82066 14243. 1 146

0.16 21412 .3$3$7: 960 i9520

11.1,6)21 :1314 1537: 0111R

L. PM 63716:! ;eV at:141Am
0.16819 $798 73183 08481 981

0.11910 23411;669/6 III 712
01 704 114 96 5

O. 7115 31769 26111 J $12
0. 7213 OM 12595 41577 560
0.17312 33241 64750 55773 865

0.17410 81375 93395 95109
0.17509 27769 14)18 26146
0.17607 77013 42278 24778
0.17706 19292 94011 76492
0.17804 56403 62230 74417

0.17902 95734 21014 17034
0.18001 33274 39059 105$1
0.18099 69014 40381 59452
0.11190 02944 44417 72574
0.182% 35054 67974 57756

0.18394 65485 28041 28)6
0.10492 93776 41589
0.18591 20M 25775 84

0.18787 67964 15611 052111
0.18689 45100 9/0 10

0.18889 88949
0.18914 08046
0.19002 25244
0.19100 40533
0.19376 53905

76500 .11/t99
06484
35)25

98445 '32580
73120 87958

0.19376 65349 92769
0.19474 74055 204 16038
0.19572 82414 6 17 OM
0.19670 88016 07604 76404
0.19768 91650 45907 27565

0.19866 93307 95061 21545
[(-4)2]

0.98777 7204$ 79076 94904 095
18284 099

0.911690- 127 20914 09029 574
0.911014 53272 51905 638
0.n650 21144 40826 32328 234

0.90141 81553 46447 70185 554
0.90143 340911 33596 03560 791
0.98605 78780 6146.12,56 233

WW2 11602 13241 51818 712
0.91575 34564 38088 25966 434

0.98558 47669 09560 70917 193
11.98541 50911 98117 998
0.9a24 44312 126 31416 124
0.98507 27854 55 20391 598
0.98490 01546 50280 626911158

433 0.98472 65389 04933 47063 670
305 0.98453 MN 33129 47197 052
176 0.90437 634, 09469 09416 699
317 0.90419 97 09537 33225 443
975 0.98402 ano 419903 57745 046

100 0.98384 36927 88121 41459 272.
029 0.98366 41713 22728 45058 522

.980 0.98348 36661 93246 13586 083
233 0.98330 23775 80179 58485 974
116 0.98)11 97056 65017 39532 448

370 0.91293 62506 30231 46701 112
231 0.98273 18126 59276 82121 799
224 0.98256 36591 41132 959
554 0.98237 47595 94537 971
013 0.98219 2 78693 69683 022

285 0.98200 42)51 17270 31896 788
571 0.98181 48852 31693 65151 875
424 0.98162 45535 71313 30728 034
691 0.98143 32402 66461 69777 178
485 0.98124 09455 28451 35290 214

058 0.98104 76695 49577 24965 723
510 14111 23115 55080 479
204 0.98063 01746 43322 Mal 867
020 0. 19561 05437 06062 170
917 0.98.026 41571 05677 05434 796

941 0.98006 65778 41241 63112 420

[(1)1]i

I 158

1
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CIRCULAR SINRS AND COSINES FOR RADIAN ARGyilINTS

Tp;MIA
!.,

Ida z 101/
0.200 0.19866 93307 95061 21545 941 0.98006 65778 41241 6)112 420

0.202 0. 9060 M419 1MO
0.201 O.-

0.97966 72793 1 041 59192 306
MOO 913,

151
7 545 0697986 74185 1 310 01807 090

0.203 0. 60 wan 069119 25571 640 0.97946 61604 46573 47187 084
0,204 O. 58 7991399863 MIS 083 0.97926 40621 153O 52742 047

0.205 1.20156 71 M 97905 397 0.9 09845 195 07327 536

0. 207
0.200 11 0454 1 549 9110 856 0.9 6307 61803 784i . 1152 11 330 9._ 1_ 23 4910 01113 156

0.209 0.20 48 USA' to.1, "97823 18855 73834 1879 553
0.261 O. 54 1.84716 5/074 491

0.2 0.20843
0.211 O. 3

46099 5 871 0.97803 24491614
337 895 0. MU 1 43643 201

O. 213 O. 21139 409 9 0.97740 11348 26863 668 039
1 0.977611 91 41225 09354 0140.212 0. 21 1

06214 0.11237016 7 )9 \ 0.9/71892531 11448 86 882, \
0.219 1.21314 74283 0782 24707 677 \. 0.97691 63942 0002 11054 344
0.216 0.21412 4 49764 905 0.97676 25503 25969 10511 41
0.217 0.21330 .11012 439 . 0.97654 77456 82 90059 955
0.218 0. 3 49 851 '. 0.97633 1 564 91 39244 7
0.219 0.2 723 16166 7930 0368 434 0.97011519096863075370 7

0.220 0621421'962H gins 179 0.9 .14493 ions 40940
0221 0:2192u mpg slit 7 91115 114' 0:97 67 87317 95214 21920 392
0.222 0.22018 0901 191 3 51671 977 0.97345 9030 0168 4014 788
0.223 0.22115 6/290 0_7 2 146 920 0* `i 83699 MO 40857 388
0.224 0.22211 14566 13970 41115 484 0.9750141189 96877 71849 392

0.225
,3

6021 $1745 44782 417 0.97479 41070 0943 28292 73
0.226 0.22 10445 23176 94494 428 0.97451 05133 01125 708
0.227 06225 55028 33 59230 720 0.97434 59450 54590 6001 052
0.228 - 0.2042 97360 88504 16071 214 0.97412 04024 1604 54326 607
0.229 0.22700 37413 13718 47642 363 0.97389 38836 57/56 84001 477

0.230 1.22797 mis mils 39540 462 0.97366 63950 05174,0696 773
'0.231 0.22895 10757 79161 77732 354 0.97143 79306 86678 96731 940
0.232 0.2 43990 72012 45931 :174 0.97120 84929 10113 54005 695lilt 884 0.91274 66910. me 11516 294
0. 233 O. 2/ 7492 0.97297 80819 0176 26494 02

. 0.235 0.23284 29855 12416 112 0.97251 43413 :pi 0071 389
0.216 0.13311 3103 70180 586 109 0.97228 10121 2 7 60442 091
0.237 0.23478 7547212510 904 0.97204 67106 1 10166 50
0.2)1 0.23575 94769 67453 1 752 0.97181 14)71 12644 95675 143
0.239 0.23673 11697 62861 9 520 0.97157 51917 69892 68349 034

0.240 0.23770 26264 .27114 500 079 0.97141 79748 52029 60492 618
0.241 0.23867 39451 0793 65429 334 0.97109 97865 9072 61916 095
0.242 0.23964 48256 76627 22091 869 0.97084 06271 4409 96214 262
0.243 0.24061 5560 19655 08131 828 0.97062 04970 24800 96921 391
0.244 0.24158 0663 47136 67335 933 0.97037 9)961 883/5 83670 294

0.245 0.24255 6047 88572 01043 522 0.97013 7)249 72630 38069 311
0.246 0.24352 61446 73702 15196 541 0.96989 42816 19650 79682 231
0.247 0.2440 61130.32311 27165 319 0.96965 0272) 72461 41782 166
0.248 0.24546 56408 93231 03750 445 0.96940 51914 75084 47054 425
0.249 0.2464) 49232 92328 36159. 337 0.96915 93411 72494 83195 397

0.250 0.24740 39592 54322 92959 685 0.96891 24217 10644 78414 459

[(II '
r(-7)11L 7 i

159
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CIRCULAR END AND COSINES FOR RADIAN ARGUMINTS Table 4.6

O. 250
0.251

P.2
sa$

0.234:
0.233

0. 57
61

0.239

0,260
0.204
0.262
0.263
0.264

0.965
0.266
0:267
0.24
0.269

0. 71
0. 72
0.273
0.274

0,275
0.276
0.277
0.271
0.279

0.280
O. 281
0.282
0. 283
0.284

0.283
0.286
0.287
0.28$
0.289

0.290
0.291
0.292
0. 293
0.294

0.295
0.296
0.297
0.298
0.299

0.300.

'do 11

1...1222/1934 a al 111
GAIto 4188 4250 17105 9241
0.0121 7 931M72 esn7 ;22

amp *It is.alsui
0.2 1
0.2 i0.2

tr not 711 t
0.2393128163 01996 401
0. 1610 112420 144
0.26094 34868 68386 239

0.24190 92 49324 43392 399
0.26117 34933 06023 278
0.26$9$ 4613545779 278
0.26M3 / VIM 39579 372
0.26576 5 17386. 48230 942

0.26673 1434 MI 12 229
$974o g 301

0. 15447 50396 9 I
0.2466 NM M.,:! 7 1 41
0.27056 43761 45431 64

0.27154 6930 5441/ 85S51 202
0.27250 92262 Wig 73627 557
0.27347 12429 74443 1045 981
0.27443 29862 57786 29507 043
0.27539 44559 111166 09350 952

0.27653 56419 MO 73331 961
&win 65164 35 270

0.21019 7
0. 21923 a 3
...is 74512 9M4 Ho

UN MB i'M' 5 in
5.2114415 51667 1 997
0.2809 38984 10227 384

0.2854 12251 04835 MS
41396 73943 10696 i0.20691 1192511 44140 21710

:: se Ism suso fan oi

0.29073 9401 23642 7 409

HE894)9 in ri1
t0.29%4/225 . &li:e a

0.29352 02064 ,61339 57310 332

NS

0. 1 24217 10644 78414 459
0.96066 43323 36433 76038955

it 6 4 7: MO
0.96791 50572 23561 52171 r

66575 56405 5i596766

:kW 21:
O. 441 1 11 52599 126

49754 44609 42314 035

Wel 34513 22555 622
24144 30519 02595 635

IWO 90607 131
4 840511830$ 107

0.96535 19275 $9618 04309 520

0.9650 25006 , '26964 923
19640) 011 1, 07924 337
0.96434 67325 16072 584
0.9440-24313 :42476 11288 118
0.96405 714511 72716 08109 360

0.996g 00463 65190 51,01 623
0. 3 1640.89248 09328 696
0.9 3 55063 07004 47727,972
00609 4141 90334 02,69 064
196269 6263)07377 52736 246

0.06242 51976 20237 94814 248
0.96215 0900 94278 169
0.96188 01 61634 59206 807
0.96160 ti2 71 19109 ,13299 879
0.96133 13133 85596 67778 997

t96105 54383 1 94791 459
96077 *6021 9952 879

0.

0.

48581 495

Eti 10746 00

0.93811 38630
O.

.94525 44
01021 !II

0.95052 3415 60245 4

0.952A4 2655 imin 1007 013

0. 99767 00349 lall 27:
0.95710 17000 0961 360% 308
0.93709' 24037 21649 6147 636

0.93610 21423 21013 90403

4M4rt.PM UM 9; Li
0. 56184 149 41907 838
9.95563 15516 14509.29676 590

0.95333 64891 256116 01964 231

160
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Table 44 =MAR 8114IM AND commis rpm RADIAN ARGUMENTS

s
O.
O. 3MO01
0.
0. 330203
0.304

041
30$
309

3100.
0.311

0.
0.3

MO
12

0314

0.315
316

00..317
0. 310
0. $19

0. 920

0.
0.321

312
323

400..32

0. 325

0.
0.326

317
0. 31f/
0. 319

0.3
0.30

1
0.132
0. 333
0.334

0.335
0.3
O. 337

36

0.338
0. 339

0. MO
0.341
0.342

3430.
0. 344

0.345
O. 346
0.347

340

5 32

ono s

O. 33 64891 2 01964 231
2 6 414
IN 761

114
242

06164 084
11990 559

001

39/84 281
79551 038
395ps

M494 943i1 111

14053 20444 080

7 mu 63269 60174
3 14047 Mel 749

95099 72959 .7X11 467

Vatti 86/57 51

O. 94 13 n130 87164 613

0lf94
4 121 12639 034

570 041
0.946$6 599134/1642 32541 351

0.94404 23495 21306 97152 941
0.94 70275 32866 9261 768

15558 19598 157 535
O. 94 MI7 1400 151 919
0.94413 16065 * 5111 502

0. 9444

O.
O.

0.31886

$4981
0..31076 71
0.31. 7 1
0.3 4
O. 31 1 9.11.

O. 31051 7 1 659
0.31456 .65606 1117 7 176

0.31646 5 724 1 19132
0.31741 50346 5 938 044
0.31836 09756'.34141 21330 674

&Mg 62777 6
O. MIS 7
0.32115
0. M0.9 602

3
5 IN

77 IC
MU 9,2 460

O. OM $46 910

:is is
70 ri

&WM 45953 37100 931 777

0.32971 34154 4
31876 rn

0.33160 7 1 71669 766
0.3306$ IMO: 957

0.3)254 41 18079 64511 2/0

tutu cm 4 1e 6$

tom 114 519

0.33725 54328 Sams 12813 399

0.33819 66772
n134 4 21$41

11.33:171i 03794
0.34195 82634 5 76 HOU 188

0.34219 70074 55451 34918 963
[(141

0.44
Is 25 "II Pt

0.44
rata 151#
11264 35085 413

O.
97537 51175 9401 243

O. 76811 17612 3W92 499

0.942 4605 21346 2200 264
VW 14403 11062 025
O. Noah 41330 105
0.941 4 3 59801 94$11
0.941 1 31786 89707 5921,

0.9410
73 6704
7 54511

2
06513 48285 903

59
0.0. 41444 22986 11

rs. 40365 0
Of S 39119 944
0.971 51409 11367 45650 473

0.93937 27128 47378 92003 503
n-

7
7)11

L

ro-
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tIRCULAR SINES AND COSINE4 FOR RADIAN ARGUMENTS Tub 4.6

0.350
0.351
0.352
0.353
0. 354

,L.,

0.35s
0.356
0.557

,0.358
0.359

w

0.34289 78074 55451 34918
0.34383 70085 62847 17681
0.34477 58658 3320 09467
0.34571 43783 27041 91058
0.34665 25451 01071 20819

0.34759 asp 35184 2850
0.34852 7037 71161 09276
0.34946 49617 17091
0.33040 17363

82729
27364 5040

0.33133 81604 70292 87868

963
237
102
778
319

0011 X

0.93937
0.0902
0.93868
0.833
0.93791

27128
93454
50389
97937
36103

47378
10735
44865
44014
03447

92003
81724
55613
57391
99266

503
321
841
869
461

852 0,0764'64888 MC 2871% al
237 0.1_1/4! 04
064 11.91m 94332 Wfi 892iii 418
891 0.93659 94998 81762 72980 716
632 0.93624 86299 04124 73578 312

0.361 0.3532 ',Sow IMO 046 0.93554 40815 54999 ow 322
0.360 0.3522/ MIR 97684 991 0.93319 68236 77934 35 091 .

0.362 O. 35414 53211 , 101 56284 608 0.113419 04038 OMO I 7 042
0.363 0.35500 0343 01n9 15734 065 0. 3 57910 30795 4 ASS
0.364 0.35601 49923 96801 63913 294 0. 3448 024 6 165

r-
0.365 0.35694 92944 1M1 39203 .863 0.934 37611 73 07984 897
0.366 0.35708 32396 MU 43380 647 ' 0. 93376 63448 05404 739
0.367 0. 35881 68268 5_3191 65142 021 0.0340 79948 151 97425 922
0.368 0.35973 00552 R129 93504 354 0.93304 87113 1740 87371 606
0.369 0.36068 29239 67042 91160 721 0.93268 84948 4096 19348 871

34 42320 3810.370 0.36161 54319 64941 97803 429
0. 371 0.36254 75783 47479 21412 373
0.372 0. 36347 91621 31502 81)
0.373 0.36441 07825 52)4310061
0.374 0.36534 18384 970 56111 067

0.375 0.36627 25290 86047 11137 291
0.376 0.36720 28334 10625 99809 733
0.377 0.36813 28105 44381 61843 251
0.378 0. 36906 23995 39357 37211 926
0.379 0.36999 16194 71964 34164 758

0.93196 55640%70104 7 82 737
0.93160 22
0.93123 8
0.93087 34 26582 73524 125

0.93050 742 9 12314 29114 948
0.93014, I 90501 47704 265
0.92977 32 63 27881 98417 211
0.92940 4 06 92123 64451 836
0.92903- 16 51824 06312 328

67499 62553 347

0.380 0.37092 04414 12982 67184 549 0.92866 155. 76510 24_949 201

0.382 0.37277 70536 4 sow :I 0.92m 378 Ono 1:7,471
0.383 0.37370 47899 72o0 .1 0.92754 6968 49686 063 019

0.381 0.37184 MN 3)562 49909 9211? 508 36611 24n6

0.384 0. 37463 21306 41 70366 479 0.92717 5283 40161 3 no

0.385 0.37555 91367 47501 21610 .089 0. 926/9 126 73184 76r446 M
0. 386 0. 37648 574 27762 945 O. 101 852
O. 387 0. 37741 19 3 4601 397 0.92 0679 ii8
0: 380 O. 37033 783 8 84790 240 92 66 75863 6_14/1 47019 143
0.389 0.37926 33161 2326 89706 110 0.92 8 87857 545N 07941 297

0. 390 . 0. 31018 84151 231 1 42113 118 0.92490 90$11 5M3 0414$ 068
0. 0.31111 31339 5 51860 671 0.92/52 84090 5100 22192 776
0. 392 0. 38203 74710 3 / 349 0.92414 6037 OM win 314 '
0. 399 0. 38296 14272 059 55 774 0. 91)76 43342 35142 1445% 070
0.394 0.38380.49999 9306 11 366 0.92338 09109 89547 07808 401 '

0,396 0.38573 w928 1407 0104 707 0. 922 1 1294/ 40191 97814 040 ,

00395 0. 38480 141$ 08245 02477 888 65643 0117 25225 693

0.397 0.38665 34110 90108 34186 638 0.922 310/5 ,:em 84959 589 --
0.398 0. 3175/ 54427 12300 79611 426 0.92183 79880 46904 06602 984
0.399 0. M49 70867 59002 83601 363 0. 92144 99317 49832 05558 150

0.400 0. 38941 83429 08650 49166 631 0. 92106 09940 02885 08279. 853

Lt
-min? i 7.

r(-70-1
L I
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0.400
0. 401
0.402
0.403
0.404

0.405
0.406
0. 407
0.408
0. 409

0.410
0.411
0.412
0.413
0. 414

0.415
0.416
0.417
0. 418
0.419

0.420
0.421
0. 422
0.423
0.424

0.425
0.426
0.427
0.428
0.429

0.430
0.431
0. 432
0.433
0.434

0.435
0.436
0.437
0.438
0.439

0.440
0. 441
0..442

0.
0. 443

444

0.445
0.446
0.447
0.448
0.449

0.450

ELEMENTARY TRATISOENDENTAL FUNCTIONS

CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS

sin a

0.38941 03423 08650 49166 631
0.39033 92084 39988 29019 595
0.39125 96142 32150 17700 358
0.39217 97687 64660 43663 363
0. 39)09 94611 17434 61324 955

O. 39401 17603 70r780 43071 '820
IL 39493 76 7123aat 71230 202
0.39585 61 5 29995 816.
0. 39677 42903 43226 97324 356
0. 39769 20080 09812 36782 508

0.39860 9)279 84422 89359 380
0.39952 62493 65238 251
0. 40044 2M1 38 35528 558
O. 40135 11925 00 23958 010
0.40227 46126 22702 98524 766

0. 40318 99303 026 63109 550
0. 40410 40449 51.53 49047 645
0. 40501 93554 26869. 06660 654
11,, 40593 34608 75762 96747 939

4W4 71603 91229 02037 655

0.40776 04530 59570 11597 279
0.40867 35379 67491 47203 546
0.40958 58_142 02101 84671 703
0.41049 71M 50946 15143 980
0.41140 95370 019% 81337 201

0.41232 87817 4M24 75749 435
0.41325 '16141 64165 31825 593
O. 41414 20533 5)326 15081 889
0.41505- 20384 00488 14189 067
0.41596 16283 95646 32014 301

0.41687 08024 24210 76621
0.41777 95595 12007 52231
0. 41868 78989 75279 50136
0. 41959 58196 70687 39579
0. 42050 '33207 70)10 58584

0.42141 04013 66648 0475)
0. 42231 70605 52619 26011
0. 42322 32974 21565 11315
0. 42412 91110 .67248 81323
0.42503 45 83856.7901683856 .79016

0.42593 94650 65999 60276
0.42684 40036 418712 84433
0. 42774 81155 07458 04751
0. 421165 172 58123 51191
0.42955 50545 57025 59317

0.43045 78803. 00908 85666
0.43136 02795 8047 65073
0.43226 22395 12746 82453
0.4)316 5771/ 76342 50745
0.43406 48696 76203 11100

0.43496 55341 '11230 21042
r(-4031

0011

0. 92106 09940 02885 08279 853
0.92067 11151 95020 86221 075
0.92028 03157 16118 16919 248
0.91988 85959 56976 45007 979
0. 91949 59563 09315 45137 110

0. 91910 23971 65774 72800 745
0. 91870 79189 1991) 45073 295
0. 91831 25219 66209 81253 56$
0. 91791 62067 00060 73416 956
0.91751 89735 17781 44875 737

0.91712 08228. 16605 10547 564
0.916 17549 94682 37232 150
O. 91632 17704 51081 01796 207.
0. 91592 08695 85785 61266 649
0. 91551 90527 99696 92832 194

0.91511 61204 94631 73753 232
0. 9101 26730 W322 31A80 180
0.91430 81109 .39416 03880 251
0.91390. 26344. 9747$ 01872 722
0. 91349 62441 52975 65972 725

89405 12308 27243 609
0. 912 07233 82776 66357 915

912 7 15937 72597 72866 9961
.0.91186 15518 90901 04579 332
O. 91145 05981 47728 45647 576

O. 91103 87329 54038 67564 373
.V. 91062 59567 21681 86066 990
0.91021 22698 63449 20950 808

90979 76727 93022 54591 701
0. 909% 21659 24991 90577 360

692 O. 90896 .57496- 74885 12247
243 0. 90854 84244 59097 41143
257 0. 90813 01906 M$60 95366
028 0. 90771 10488 00709 47844
774 0.90729 09991 9 484 84510

684
018
146
456
027

0.90687 00422
0. 90644 81715
0.90602 54015
0. 17520
0.

90
90517

560
mo2

99336 62585
35221 67577
19005 73181
79452 97096
38245 59747

638
591

563
729
435

731
465
601
048
647

972. 0.9047 16632 19963 41716 554
381 0.90432 52714 50093 41286" 061
750 0. 90389 79753 55027 31889 904
823 0. 90546 97753 62061 19473 892
745 0.90304 06718 99394 99766 305

443 0.90261 06653 96132 15457 899
141 0. 90217 97562 82279 13291 57)
917 0.90174 79449 18745 01061 718
219 0.901)1 52319 47341 04923 319,
244 IL 90088 16175 90780 24210 832

084 0.90044 71025 52676 92166 884
C(7 7)11J

163



jualguimnr repagaNDSNTAL MOTIONS

CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 46

a du s cos s

0.450 0.43496 55341 11230 21042 084 0.90044 71023 52676 92166 884
0.451 0.43586 57635 80759 44573 567 0.90001 16866 67546 28580 847
0.452 0.43676.55571 84561 42243 681 0.89957 53709 70803 90331 319
0.453 0.43766 49140 22842 61170 507 0.89913 81556 98765 67474 569
0.454 0.43856 38331 96246 25020 568. 0.89870 00412 88646 59552 965

__L.

0.455 0.43946 23138 050512,944 492 0.89826 10214 79561 11933 463
0.456 0.440 03549 5318)44468 918 0.89782 11168 97522 31966 167

3:1

0.457 ' 0.4412 79557 40194 59,44 542 0.89738 03076 15441 53089 030
0.458 0.4421 51152 69287 17350 215 0.89693 86010,43127 90836 721 ,

0.459 0.44 18326 4310113053.008 0.89649 59975 32287 98759 714

0.460 0.44394 81069 65514 76524 151 0.89605 24975 25525 24253 639.
0.461 0.44484 19/34068 11010 752 0.89560 81014.66319 64298 937
0.462 0.44573 91229'69916 42so 218 068'516 2809719127'21110 867
0.463 0.44663 42626 60878 89618 275 0.89471 66229 69179 57699 908
0.464 0.44751 8755917615 92537 506 .0689426 95414 22683 53342 602

_ I

0.465" 0.44842 28014 45614 43101 319 0.89382 15656 01720 58962 873
0.466 0.44931,63986. 59998.85958 244 0.89337 26959 69266 52423 883
0.467 0.45020.95465 39782 08029 479 0.89292 29329 59190 93730.459
0.468 0.45110 22442 1916427068 603 0.09247 22770 26256 80142 134
0.469 0.45199 44907 96341'84976 142 0.89202 0128621120 01196 857

0.470 0.45288 62853 79068 29070 327 Y 0.89156 lila 95328 ,/645 402
0.471 0.45377 76270.75545 09309 736 .0.89111 49562 01323 96296 541
0.472 0.45466 85149 99412 63474 735 0.99066 07330 92437 04173 005
0.473 0.45555 09482 44843 07100 635 0.89020 56193 22891 26178 292
0.474 0.45644 89259.3614) 22566 671 0.88974 53 4 800 33674 367

0.475 0.45733 84471 78955 48139 301 0.88929 27216 2 68 20970 288
0.476 0.45822 751101919f 66969 994 0.00881 49386 56721 822
0.477 0.45911 61167 59888 96047 279 0.88837 62667 5 744 38842 074 .

0.478 0.46000 42633 20540 75103 180 0.88791 67065 2 7 48723 197
0.479 0.460, 19498 76967 55473 7/9 0.88745 62583 18 05169.212

0.480 0.46177 91755 41402 88913 604 . 0.80699 49227 79284 19439 995
0.481 0.46266 59394 26861 16364 968 0.88653 27001 83281.47206 469
0.482 0.46355 22406 4639$ 99679 522 0.08606 9591195469944917 051
0.483 0.46443 8078) 13613 95295 430 0.06560 55958 56506 20075 401
0.484 0.46532 34515 42849 72867 132 0.88514 07150 52837 90129 517

0.485 0.46620 83594 48672 73849 162 0.99967 49491 98928 11072 ill
0.486 0.46709 28011 46175 15033 451 0.84424 82984 89343 33453 094
0.487 0.46797 63797 34040 104 0.88174 07636 619/3-55301 874
0.488 0.46806 02823 789 77761 558 0.99127 23450 93833 75463 416
0.489 0.'46974\11201 466 "90760 024 0.118280 30432 53462 46844 214

...-

0.490 .47062 38881 71158 03618 136 0.88233 28586 10121 49179 5479
0.491 0.47150 79055 69788 21242 715 0.88186 16 33995 44058 307
0.492 ( 0.47218 96114 60472.11121 556 0.88138 98427 99151 21994 541
0.493 0.97327 07649 61991 91531 149 0.88091 70125 6853/99210 763
0.494 0.11415 14451,11970 19709 261 . 0.88044.33014 23984 98580 075

0.47503 16512 70950 79950 299---,0.87996 87098 36204 22574 157
0.47591 13823 18319 71693 154 0.87949 32382 79786 96012 194
0.47679 06374 54140 97512 119 0.07901 60872 30204 70581 529
0.47766 94157 99774 51191 664 0.87853 96571 61808 47270 917
0.47854 77164 75027'05452 OW-0.87806 15485 53828 28743 021

.

0.500 0.47942 55386 04203 00027 329 0.87758 25618 90372 71611 628
[(10) [( 19

0.495
0.496
0..498497.

40
-%499
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Tab 4.6

0.500
0.501
0.
0. 550203
0.504

0.505
0.506

0.
0. 507

508
0.509;

0. 57a
0.511
0.312
x513
0514

0. 515
O. 516
0.517
0.518
O. 519

0.520
0.521
0. 522
0.523

=0.524

0.525
0.526
x527
0. 528
O. 529

0.530
0. 531
0. 532
0.533
0.534

0.535
0. 537 36

0. 5
0.538
x539

0.
35400. 41

0.542
0.543
0.544

O. 545
0.546
0.547
0.548
0.549

0.550

START TRANISCSNDWITAL TUN

CIRCULAR SINES AND COSINES FOR

Ala

0.47942 55316 04205 00027 329
0.48050 28813 07080 29594-947
0.48117 97437 07116 30570 414
0.48205 61249 27448 70081 314
0.48293 20240 91696 35573 585

0.48380 74405 23960 15529
0.48468 24_727 411023 94010
0.48333 6=04 91333 38243
0.48643 26 Oecatgritini____c

4872t

0. 48817 72468 02907 49450 013
0.48904 97471 56492 73435 934
0.48992 17589.0371 57107 006.
0.49079 32796 82512 WW2 104
0.49166 43101'91455 35667 778

0.49233,41490 MN 63810 364
O. 49940 \am) 45955 92799 025
0.49427 .44482 50944 98899 617
0. 49514 $5868 OM woo 309
0. 4mi 20701 68647 36861 855

047758 25618
047710 26976
0.87662 19562
0.07614 03583
047565 78441

ARGUMENTS

0372 71611 628
0428 MOO 733
7859 50195 905

39557 847
97748 .295

617 047517 44744 26:01,31411 203
170 0.87469 02294 79,11 19508 955
967 047420 51090 42264 46912 391

9" 4111119M11111"941-664--

0.87274 45076 45751 26310 581
0.07225 56941 08013 76750 129
047176 64003 14454 85187 176
047127 60507 54560 26898 565
047078 48219 18687 53787 441 ,

. 047029 27222 98063 45547 504
0.06979 97523 84793.59540 132
0.16930 59126.71841 4,544 429

USIA IN68 Htt.60Z

0. 49688
0. 49774
O. 49861

OO.

49948
. 50054

01370 45756 TM
77084'14129 62,299
47112 86055 57119
1501.0.11641 71596
743a 09914 18484

446 0.86781 91796 77649 90058 785
045 0.06752 po*? 15065 85614 647
109 0.10Ogi 36044 26688 55565 898
658 046652 46365 16698 64378 779
518 0.86582 47218 12144 82893 524

0.50121 30046 7097 84942 748
0.50207 1:41 6;710 68796
0.50294 77603 50161 409211
0.50380.67171 47881 24954 981
0,50467 02815 11413 83349 596

0.50553 33412 04846 96181 366
0.50639 50993 64911 01306 143
0.50723'79451 29121 89905 473
0.50811 94836 35451 92741 999
0.50898 05160 22300 66364 22o

0.50984 10394 28699 79260 534
0.51070 10529 94095-97962 456
04115605558 58481 73096 946
0.51241 95471 62556 25307 754
0.51127 80260.46726 3 1605 686

0.51413 59916 53113 10467 728
0.51499 34431 21551 00484 910
0.51585 03796 00508 85758 874
0.51670 68002 27290 01726 969'
0.51756 27041 47234 00855 920

0.86332 39416 22941 28399 361
046482 22%0 39868 22644 077
046451 97856 34571 19753 996
0. 86581 64109 09560 56071 436
0.86331 21723 68210 99902 671'

0.86280 70705 14761 01100 670
0.86230 110501145U 41041 248

41708 92829 81112 894
O. 128 65901 37140 1,920 511
0. 80400 94932 10201 726

0.86026 86292 74755 70140

0.85924 72273 39601
0.05,19 87901 06011 11/176 7

0.85073 52372 44024 837 581
0.05821 23884 15402 98393 339

0.85770 86813 0024 14233 797
0.85719 41166 03555 41303 947
0.15667 86946 49241 51282 625
0.05616 24160 16304 55326 032
0.85564 52812 21022 52425 567

0.51841 80905 04516 98283 861 0.89510 72907 00530 77799 957
0.51927 29584 43752 65410 714 0.85460 84452 12819 51181 787
0.52012 7)071 10073 15436 812 0.85408 87450 36734 25018 472
0.52098 11356 49129 88849 1173 _045356 81907 71975 12587 703
0.52183 44432 07094 38858 868 0.85304 67829 39096 36027 442

0.52268 72289 30659 16778 838 0.85252 45220 59505 74280 498
[(-11 -7)11

L 7
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'a .R M4 y or "g12,Tvq 7F1,; ifW, _ 9

CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6

0.550
0.551
0.551
0.553
0.554

0.555
0.556

0.55$
0.557

0.559

0.560
0.561

0.
0.562

363
0.564

5
0.
0.05

566
0.567

0.
0.568

569

0.570
0.571
0.572
0.573
0.574

0.575
0.576
0.577

0.579
0.578

0.580
0.581
0.582
0.583
0.584

0.585
0.586
0. 587
0.588
0.589

0.590
0.591
0.592
0.593
0.594

0.595
0.396
0.597
0.590
0.599

Ot 600

do

0.52268 72289 30659 16778 838 0.85252
0.52353 94919 67038 57359 65) 's 0. 85200
032439 12314 63969 64065 565 -0.85147
0.52524'14468 69712 94301 297 \ 045093
0.52609 31364 MX 44585 976 0. 85042

0. 52779 29570 XVI 7 7 180
0. 52694 33002 0_ 53.01 635 4..

0.54.64 20460 64391 4 757 0;94
0.52949 06264 36488 10955 415 0
0.53033 86773 58002 35815 002 0

0.53118 61979 20105' 40385 187 0.84 5
0.55203 pm 97610 81418 553 0.846
0.53287 96446 41195 2000 543 0.846
0.53372 55691 05179 47726 585 0.8456
0.53457,09598 43619 06547 607 0.8451

0
7

31
778

0.53541 58160 11183 35362 572
0.53626 01367 62956 25057 521
0.53710 39112 54637 07291 168
0.53794 71686 42441 39926 969
0.5,878 98700 85121 91211 553

0.55963 20407 33969 24099 446

477 98021 65614 465
0.54047 36 7 52812 80524-005
0.54131.477

28805. 31859 028
'0.54299 53266 03714 63213 905

0.54383 47906 83642 59158 222
0.54467 37109 28825 10694 718
0.5455120865 00342 24296 136
0.54634 99165 59818 25797 231
0.54718 12002 69423 24232 321

0.54802 39367 91873 55618 274
0.54886 01252 90432 74682 851
0.54969 57649 28912 38538 382
0.55053 08548 71672 90300 563
0.55136 53942 83624 42652 424

0.55219 93823 30227;61353 309
0.55303 20181 77494 48692199
0.55386 57009 91989,268891504
0.55469 80299 40829.21434 637
0.55552 98041 91685 44380 27

0.55636 10,229 12783 77572 2
0.55719 16852 72905 55027 556
0.55002 17904 41388 50056 1
0.55885 13375.88127 50327 09
0.55968 03258 83575 48880 01

0.56050 87544 98744 23078 04
0.56133 66226 05205 18307 516
0.56216 39293 75090 30021 541
0.56299 06739 81092 90525 792
0.56381. 68555 96468 43709 545

0.56464 24733 95035 35720 095
f(-5)71
L 7 .

0.844
0.8440
0.8435
0.8429
0.842

0.84191
*0.8413

0.840
0.840 7
0.839 3

19
64
10

755
3701

83646
83591

.83536

.83481

.83426

0.83371
0.83315
0.83260
0.83205
0.83149

0.83094
0.83038
0.82982
0412926
0.82870

0.82814
0.82750
0.82702
0.82646
0.82589

0.82533

166

0011 I

45220 59505 74280 498
55464 10953 761

744 50084 82092 114
2626 67333 23867 110
69585 32026 20180 431

04402 69831 50182 218
30721 07267 35704 287
48545 71701 88608 518
57881 91352 58049 047
58734 95285 77652 517

51110 13416 12609 452
35012 76506 06683 799
10448 16165 29136 481
77421 64850 21564 438
35938 55863 44654 991

06004 23353 24855 579
27624 02313 00958 945
60803 28580 70603 796
05547 38838 36691 011
01861 70611 53715 445

09751 62268 74013 376
09222 55020 93925 658
00279 82920 99876 632
82928 92063 14368 839
57175 24582 41893 605

23024 20654 14757 543
80481 24493 38825 019
29551 80354 39176 658
70241 35330 05683 918
02555 29351 38499 807

26499 15186 93465 789
42078 38442 27434 927
49298 47559 43511 337
48164 91816 36205 988
38683 21326 36508 907

20858 87037 56877 861
94697 40732 36143 543
60204 35026 84331 337
17385 23370 27399 720
66245 60044 51895 332

06791 00163 49524 800
39026 99672 61643 346
62959 15348 23660 255
78593 04797 09361 243
85934 26455 75147 786

84988 39590 04193 468
75761 04294 50517 407
$8257 81491 82974 799
32484 32932 29164 660
98446 21193 19254 799

56149 09678 29724 095
r(-7)11

7



1 ELEMINTART TRANSCENDENTAL FITNCTIONS

Table 44 CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS ti

8 an

0..600 0.56464 24731 95035 35720 095 0.825)) 56149 09678 29724 095
0.601' 0.56546 75263 51175 91580 897 0.82477 05598 62617 27022 123\
0.602 0.56629 20142 39837 08555 116 0.82420 46800 45065 11146 193
0.603. 0.56714 59156 96531 18642 028 0.82363 79760 22901 59135 858
0.604 0,56793.92899171/6 91043 574 0.82307 0448).628)0 68484 934

0.605 0.56876 20762 58900 04538 687 0.82250 20976 32380 00471 116
0,606 0.56958 42938 18454 31027 607 0.82193 29243 90900 2/403 216
0.607 0.57040 59418 93/22 21808 719 0.82136 29292 $4564 55786 102
0.608 0.57122 70194 23115 01800 299 0.82079 21127 06368 09403 180
0.609 0.57204 75257 85537 59705 300 11.82022 04753 86127 32117 893

0.610 0.57286'74601 00481 26119 098 0.81964 80178 45479 51790 075,
0.611 0.57368 68215 48012,56380 111 0.81907 47406 56882 17114 225
0.612 0.57450 5609) 00170 12563 221 0.81850 06443 9/612 42)72 770
0.613 0.57592 38225 63966 25415 904 044792 57296 29766 49108 549
0.614 0.57614 14604 95387 76236 989 0.81714 99969 40259 08915 198

0.615 0.57695 85222 85396 78697 975 0.81677 16t6i00822,05945,685
0.616 0.577/7 50071 16931 60606 809 0.81619 60800 880079)39 051
0.617 0.57859 09141 73507 45614 047 0.81561 78970 79180. 65565 411
0.618 0.57940 62426 39217 34861 330 0.81501 88904 52524.40689 288
0.619 0.58022 09916 98732 88572'071 0.81445 90847 87037 62551 318

0.620 0.5810) 51605 )7305 07/84 296 0.81307 84566 62533 92868 400
0.621 0.58184 8748) 40765 14825 522 0.81329 70146 59641 39252 315
0.622 0.58166 17542 95525 36729 641 0.81271 47593 59801 97147 027
0.623 0.58347 41775 88579 84595 681 0.81213 1691) 45270 91684 290
0.624 0.58428 60174 07505 35888 387 0.81154 78111 99116 19458 )31

0.625 .0.58509 72729 40462.15480 540 041096-3119$ 05217 90210.953
0.626 0.58590 79413.76194 76836 923 0.81017 76168 48267 6848) 556
0.627 0.50671 80279 04032 83139 861 '0.80979 1)0)8 13768 15067 973
0.628 0.58752 75257 1)891 88)56'252 0.80920 41809 88032 28516 214

0.629 0.58813 64359 96274 18246 006 0.80861 62489 58182 86569 178

0.630 0.58914 47579 42269 51311 811 0.80802 75083 12151 87252 371
0.631 0.58999 24907 43555 99690 151 0.80743 79596.10679 90282 722
0.632 0.59075 96335 92400 89983 484 0.80684 76035 27)15 58094 522
0.633 0.59156 61856 81661 44033 309 0.80625 64405 68414 96904 569

0.634 0.59237 21462 04785 59635 440 0.80566 44713 53140 97676 566

0.635 0.59317 7514) 55812 91193 198 0.80507 16964 73462 77004 837
-0.636 0.59)90 22893 29375 30315 454 0,8044/ 81165 22155 17917 411
0.637 0.39478 64703 20697 86352 425 0,80388 37120 92798 10598 548
0.638 0.59559 00565 25599 66873 364 0.80328 S5437.79775 93030 752

0.639 0.59639 30471 40494 58084 641 0.80269 25521 78276 91556 358

0.640 0.59719 54443 62192 05188 355 0.80209 57578 84292 61)58 611
0.641 0.59799 72383 08097 92681 375 0.80149 81614 94617 26862 715
0.642 0.59879 84)74 18215 24594 757. 0.80009 976)6 06847 22056 216
0.643 0.59959 90)76 49145 0467) 426 0.800)0 05648 19300 30729 469

0.644 0.60039 90382 81087 16496 070 0.79970 05657 31415 26615 842

0.645 0.60119.84385 14041 03535 151 0.79909 97669.42951 1)571 848
0.646 0.60199 72)75 48606 49156 949 0.79849 81690 54786 65377 243

0.647 0.60279 54345 85984 56561 576 0.79789 57726 68519 65855 159
0.648 0.60)59 30288 27978 28662 868 0.79729 25781 86546 48612 327
0.649 0.60439 00194 76993 47908 070 0.79e8 85868 12061 36819 444

0.650 0.60518 64057 360)9 56037 252 0.79608 37985 49055 82891 760

r( -4081 r(-)11
L 7 L 7 J
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NARY TRANSCINDSKTAL mon=

CIRCULAR SINES AND COSINES FOR RADIAN ARGUM

lit I
0.650 .0.60518 64057 36039 56037 252
0.651 0.60598 2186808730 0782 358
0.652 0.60077.71618 99284 80505 818
6.653 0.60757 MO; 12527 93778 646
0.654 0.60836 58909 53891 48897 929

0.655 0.60915 11451 29414 7814) 652
0.656 0.60995 19865'45745 51174 755
0.657 031074 41198 10140 52364 359
0.658 0.6115).56425 38466'62074 073'
0.659 0.61232 65533 15201 34867 307'

0.660 0.61311 68519 73433 78861 015

0.662 0.61469 56091
0197

0 55178 137
0.661 0.61190 65175'145 34819 272

0.663 0161548 40660 83019 1
0.064 0.6%627 19075 44570 50974 1

0.65
O. 666
IL 667
0. 668
0. 669

0.670
0.671
0.672
0. 673
0.674

0.675
0.676
0.677

00..
6
67879

0. 680
0. 681
0. 682
0. 683
0.684

0.
0. 685

686
0.687
0.688
0.689

0.690
0.691
0.692
0.693
0.694

0.
0. 69S

696
0.697
0.698
0.699

0.700

0.61705 91127.28086 60071
0.61784 57408 52521 58518/
0.6186$ 17311
0.61941 71027
0.62020.18550

0.62098 59870
0.62176 94980
0.62255 23873
0.62333 46540
0662411 62974

0.62489 73167
0.62567 77111
0.62645 74797
0.62723 66220
0.62801 51370

0.62879 30240
0.62957 02822
0.63014 69108
0.63112 29091
0.63189 82762

0.63267 30115
0.63344 7110
0.63422 09132 2
0.63499 34181
0.63576 56180

0.6365).21822
0.63730 81098
0.63807 84001
0.61884 80523
0.63961 70657

0.64038 54395
0.64115 31729
0.64192 02651
0.64268 67154
0. 64)45 25230

0.64421 76872

[

31267 2042
78351 244
08348 124

0.79608 37 49055 82891 760"
0.79547 42 02318 08089 927

..0,79487 3 77432 42041 183
0.79426 96 80778 62180 929
0.793 66907 19531 33114 757

0.79 79281 01659 45900 987
0. 43 83724 35925 5725) 785
0. 182 80243 $1005 28664 909

121 69843 99886 65458 154
79060 49532 51069 55734 550

.,.;"3777:77v

0.78999
0. 7,137
0. 70976
0. 78814
0. 78753

0. 78691
85 0.78629

576 0. 78568
901 0.78506
919 0. 78444

14659680 5 744
78835 94 0.7832
51665 95092 281 0.7825
72160 48154 700 -0.78195
58052 88456 )49' 0.78133

27699 8/921682t
00082 14094
94805 48219
32101 2118) 4 7
32827 22288 658

18468 51370 418
11138 18547 018
3157, 11028 644
09159 7304$ 207
61884 83499 197

16)86 13589498
97929 04308\084
32410 41963 S42
46361 45549 306
66947 ipaao 566

21967 94021 743
39859 46216 467
49694 2532) 984
81182 06781 899
64670 7)855 200

31146 94603 464
12236 98782 185
40207 54680 136
47966 45892 698
69063 48031 063

37691 05367 261

(-8)81
7 j

22314 97366 09278,302
87197 51494-95354 010
44186 26,70 86436 061
9328:14093 86857 551
34506 99953 81580 523

67851 28428 68686

10)9$

9126 40184 0078
52672 21368

2069) 04132 04022!MEOW 244

16658 90049 28530 294
76 414

8127 91948 10240.374
51835 19324 22393 698
145)9 91581 98907 378

643
551
279

0.78070 69511
0.78008 16635
0.77945 55959
0.77882 87488
0.77820 11228

0.77757 27187
0,77694 35370
0.71631 35783
0.77568 28434
0.77505 13327

32446 87558
66425 68455
18805 93590
15659 22308
83820 59699

50927 93718
45381 32416
96362 41101
3 3829 79438
88518 38411

526
830
877
414
786

239
S39
566

247
156

0.77441 90470 91938 77293 390
0.77378 59869 76376 60473 500
0.77315 21530,74891 94232 293
0.77251 75460 21318 6)4)6 286
0.77188 21664 50263 68154 418

0.7714 60149
0.77060 90922
0.76997 13989
0.7693$ 29357
076869 37030

0.76805 37017
.0.76741 29)24
0.76677 13956
0.76612 90921
0.76548 60224

97106 60197
97998 79579
89862 90904
10392 19670
98049 88505

354
541
069
418
132

oados 53315 502
32449 39366 321
59961 77279 757
16142 38958 434
43294 73431 759

0.76484 21872 84488 42625 586
C7)11

L 7 j
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Table 4.6 CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS
1.

a min. i

0.700 0.64421 76872 37691 05367 261
0.701 0.64498 22071 88685 07_414 902
0.702 0.64574 60821 57525 6M45 583
0,703 0.64650 93113 803)7 88940 870
0.704 0.64727 18940 93892 61979 783.

0.705 0.64803 38295 35607 19561 703
0.706 0.64819 51169 43546 25864 641
0.707. 0.64955 57555 56422 40430'747
0.708 0.65031 57446 13597 14335 062
0.709 0..65107 5083345081 46169 354

0.710 0.65183 3711136 68121 013
0.711 0.65259 10068T54275 19866 915
0.712 0.65334 91900 9 61 24450 173
0.713 0.65410 59199 87111 64091 709
0.714 0.65486 19957 71096 55898 565

0.715 0.65561 74166 97140 27566.883
0.716 0.65637 PRO 03921 93009 463
0.717 0.65712 62909 38376 27837 851
0.718 0.65787 97427 46644 44010 853
0.719 0.65863 35366 75324 69585 417

0.720 0.65939 46719 71473 15361 800
0.721 0.66013 61478 85004 58862 952
0.722 0.66088 69636 58443 15199 027
0.723 0,66163. 71185 46973 13079 967
0.724 0. 66238 66117 98439 69907 065'

0.725 0.66315 54426 63349 66778 441
0.726 0.6638 36103 942_872 23443 354
0.727 0.66463 11142 38859 73184 280
0.728 0.66537 79314 53748 37633 666
0.729 0.66612 41272 90759 01524 309

0.730 0,66686 96350 03697 87373 259
0.731 0.66761 44750 47057 30099 195
0.732 0.66835 86490 75990 51573 181
0.733 0.66910 21539 46542 35102 739
0.734 0.66984 49897 14509 99849 159

0.735 0. 67058 71556 17903 75177 973
0.736 0.67132 86509 74117 74942 523
0.737 0.67206 94749 81736 71700 537
0.738 0.67280 96269.19936 70863 650
0.739 0.67354 91060 48565 84779 796

.1

0.740 0.67428 79116 28145 06748 388
0.741 0.67502 60429 19868 84968 216
0,742 0.67576 34991.85609 96417 996
0.743 0.67650 02796 87900 20669 485
0.744 0.67723'63836 89971 136)3 096

0.745 0.67797 18104 55714 81235 936
4.746 0.67870 65592 49704 53032 193
0.747 06293 37191 55745 803
0.748 0. 17 40199 04105 86745 313
0.749 0.6 90 67304 57056 87450 880

0.750 0.68163 87600 23334.16675 324

169

coos

0.76484 21872%84488 4025 586
0.76419 75872 85558 57055 252
0.76353 22230 05105 11442 075
0.76290 60953 34492 20255 368
0.76225 92046 77847 53166 023

0.76161 15517 62061 70453 752
0.76096 31372 34787. 58298 -030
0.76031 39617 44439 64022 915
0.75966 40259 4019) 31293 107
0.75901 33304 71984 34997 406

0.75836 18759 90508 16654 146
0.75770 47219 18942 159
0.1510566925 94330 20755 235
0.75640 9649 84811 71940 852
0,15574 84809 72391 20003 128

0.75509 32412 11552 84730 074
0.75443 72463 57534 12745 203
0.75)78.04970 6035 91983 563
0.75312 .29939 94701 46092 263
0.75246 47378 00135 76755 558

0.75180 57291 40894 97944 549
0.75114 59684 75987 70091 576
0.75048 54570 65174 34189 363
0.74982 41949 68986'45814 983
0.74916 21830 48626 09078 707

0.74849 94219'66165 10497 806
0.74783 59W 84344 52795 369
0.74717 16549 66673 14424 209
0.74650 66505 77410 54215 910
0.74584 08992 81509 02955 102

0.74517 44023 44870 38879 013
0.74450 71602 33841 50102 364
0.74383 917)6 15714 42167 693
0.74317 04431 58475 71321 153
0.74250 09695 30955 7771) 862

0.74183 07534 02528 18528 066
0.74115 97954 43109 01035 79
0.74048 80963 24156 15559 237
0.73981 56567 17168 68402 998
0.73914 24772 94586 14660 .158

0.73846 85587 29587 90979 142
0.73779 39016 94092 48243 787
0.73711 95069 60756 84181 492
0.7)644 23749 22979 75897 532
0.73576 55065 34881 12335 582

0.73508 79023 81341 26464 537
0.73440 95631 39960,29591 681
0.75373 04894 89077 36602 285
0.73305 06021 ,07766 10125 695
0.73237 01416 75833 81627 975

0.73168 88688 7382 88631

Pi)
84
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SIRCULilt SINES AND COMES FOR RADIAN ARGUMENTS Table

a

0. 750
0. 751

O. 753
751

0. 755
560.7

0. 757
0. 758
0.759

0.760

0.
0. 761

762

0.
0. 763

764

0.765
0.766
0. 767
0.7
0. 76689

0.770
0.

77
77

2
1

0.

0.
0.773

774

0. 775
0, 776
0.777
0. 77
0.779

1

0.780
0.781

0.
0. 702

783
0.784,

an al

mow 87600 23354
O. 57 01079 50908
0. L 0 07735 084)1

4 3 07359 65237
0.68456 00545 91345

IOW 5_7040.0.

1
8

974659M3
4 3840111.

0.61747 03962
0.68819 62647

0.68892,14451 10551
0.68964 59365 59792
0.690% 97189 14154
0...tp, 28497 36835'
0.MU 52700 57724

0. 69320
6990
#04

OM
0, 69397 am

69325 9

0. 69469 18259 33
0. 69947r69800 09807

0.69613 52386 27356
0. 69685 28011 09725

96667 $9,61
0. 8 98347 M8
0. 13045 73609

0.69971 60759 46601
0.70043 01464
0.70114 39170
0. 70189 61865 3900
0.70256 81541 41203

- 1 00S X

16673 324 0.73168 88688 73820 88631 1
23015 163 0.73100 68643 83000 05659
2242) 554 0.73032 41288 85$75 76111
62625 080. 0.72964 06630 6%83 44059
04892 285 0.72895 64676 01388 83978

26919 917
25484 772

WP

3 0 885
419

33914 776
3 0_33 38 9
XU6
58582 200
63761 700

28295 794
07651 229
10903 039
MN 199
26789 802

74701 988
61005 196
4)442 524
63024 972
25711 983

54062 747
M13 256
9W23 379
60948 949
19385 818

0.70327 94 92 Q0410 18436 790
0. 70598 80256 511108 374
0.70469 90 70480 46)37 280
0.70540 18.60,24 70046 581
0.70611 4395 41535 66151 480

0.785 0.70682 51811 05365 92)74 614
0.786 0.70753 22138 44073 98290 801
0.787 0.70823 85430 50625 15901 193
0.788 0.70894 41/44 18692 30436 730
0.789 0.70964 90720 42656 50970 157

0.790 0.71035 12724 17607 80981 403
0.791 0.71105 67624 39345 88841 574
0.792 0.71175 95414 04380 78239 979
0.793 0.71246 16086 09933 58529 620
0.794 0.71316 29633 53937 15005 776

0.795 0.71%6 36049 35036 79112 713
0.796 0.71456 35326 52590 98579 148
0.797 0.71526 27458 06672 07482 391
0.798 0.715% 12436 98066 96241 109
0.799 0.71665 90256 28277-.81536 630

0.800 0.71735 60908 99522 76162 718
n-toin
L 7 .

/ Z.

0.72827 15451 82687 42395
0.72758 N904 92503 49472
0.71089 95102 $6489 70515
0.72621 24030 41026 27404
0.72552 45696 5)220 31961

0.72483 60107 40905 17233
0.72414 67269 926)9 68715
0.72345 67190 97707 99489
0.72276 59877 46116-61298
0.72207 45336 28598 15545

75
4)6
$67
494 I

969 \
8141
548

123
318

0.721* 23574 36604 24219 693
0.72068 94598 62317 00753 084
0.71999 58415 98627 96800 072
0.71930 15033 39157 32949 410
0.71860 64457 78343 29362 010

0.71791 06696 10943 36337 129
0.71721 41735 33033 64806 626,
0.71651 69642 41008 16757 355
0.71581 90364 32078 15581 770
0.71512 03928 04171 36356 807

0.71442 10340 55931 36051 117
0.71372 09608 86716 8%60 709
0.71302 01739 96600 94273 093
0.71231 86740 86370 39059 972
0.71161 64618 57025 15198 564

0. 71091 55360 12277 55721 626
0.71020 99032 53550 79296 239
0.70950 55582 84900 15951 435
0.70880 05038 10910 36614 737
0.70809 47405 36395 82877 671

0.70738 82691 67199 76290 330
0.70668 10904 09793 47885 059
0.70597 32049 71355 67509 330
0.70526 46135 59771 73107 880
0.70455 53168 83632 99934 173

0.70384 53156 52236 09691 278
0.70313 46105 75582 19602 208
0.70242 32023 64376 31409 812
0.70171 10917 30026 60306 275
0.70099 82793 84643 63792 314

0.70028 47660 41039 70466 123
0.6995 05524 12728 08742 151
0.69 56392 13922 35499 779
0.6981 00271 59555 64661 971
0.6974 37167 65179 95703 964

0.6967 -67093 47165 42092.075
r(-8)91
L 7 j

170
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Table 4.6 CIRCULAR SINES AND'COSINES FOR RADIAN ARGUMENTS

a do . 0091 , 4

0.800 0.71735 60908 99522 76162 718 0.69670 67093 47165 42092 075
0.801 0.71805 24388 14136 58803 753 0.69598 90050 22499 59652 695
0.802 0.71874 80686 Z'571 43741 235 0.69527 06047 08886 74871 538
0.803 0.71944 29797 92397 50488 651 0.69455 15091 24727 13123 218
0.804 0.72013 71714 6430113354 263 0.69383 17189 89116 26831 236

0.805 0.72083 06429 99098 30932 396 0.69311 12350 21844 23558 425
0.806 0.72152 33937 03310 35522 303 0.69239 00579 43394 94027 956
0.807 0.72221 34228 84188 62476 322 0.69166 81884 74945 40074 951
0.808 0.72290 67298 41704 19472 935 0.69094. 56273 38365 02528 784
0.809 0.72359 73139 onso 15721 677 0.69022 23752 56214 89026 151

0.810 0.72428 71743'70142 51092 818 0.68949 84329 51747 01754 964
0.811 0.72497 63103 44620 85173 959 0.68877 38011 48903 65129 158
0,812 0.72566 47217 42849 06266 069 0.68804 84805 72316 33394 473
0.813
0.814

0.72635 24072 76416 00277
0.72703 93664 57636 19583

085
027

0.68732 24719 47)06
0.68659 57759 99881

11 2160
Inn 545

80

0.815 0.72772 55985 99550 51786 534 0.68586 83934 56737 f5262 969
0.816 0.72841 11030 15926 88414 775 0.68514 03250 24529 414
0.817 0.72909 38790 21260 93542 651 0.68441 15714 9 09 18772 652
0.818 0.72977 99259 30776 72343 223 0.68368 21335 46 67094 544
0.819 0.73046 32430 60427 39565 302 0.68295 2011E/84907 59742 692

:.ry

0.820
0.821

0.73114 58297 26895 87938
0.73192 76852 47595 56503

131
084

876130.68222 10.68148

9 04 69169
55166 656
07005 802

0.822 0.73230 88089 40670 98872 320 -

7,172

0.68075 5521 61060 91008 857
0.823 0.73318 92001 24998 31414 329 0.68002/47030 95457 31885 232
0.824 ' 0.73386 88581 20187 01366 283 0.67929 11740 05207 30088 213

,0.825 0.73454 77822 46578 54873 150 0.67855 69656 23839 88530 058
0.826 0.73522 59718.25249 04953 477 0.67782 20786 85563 39229 106
0.827 0.73590 34261 78008 99391 793 0.67708 65139 25264 69888 949
0.828 0.73658 01446 27.404 08557 557 :0.67635 02720 78508 50409 750
0.829 0.73725 61264 96715 93150 579 / 0.67561 33538 81536 59331 781

0.830 0.73793 13711 09962 71872 8411 0.67487 57600 71267 10211 246
0.831 0.73860 58777 91899 89026 7 0:67413 74913 85293 77928 481
0.832 0.7392716458 68020 820)9 4 0.67339 85485 61885 24928 580
0.833 0.73995 26746 64557 48913 '544 0,67265 89323 39984 27394 537
0.834 0.74062 49635 08481 15603 989 0.67191 86434 59207 01352 983

0,835 0.74129 63117 27503 0020 808 0.67117 76826 59842 28712 570
0.836 0.74196 73186 50074 15758 049 0.67043 60506 82850 83235 098
0.837 0.74263 73836 05390 06248 576 0.66969 37482 69864 56439 445
0.838 0.74330 67059 23383 44844 755 0.66895 07761 63185 83438 385
0.839 0.74397 52849 34732 85324 932 0.66820 71951 05786 68708 357

.1P

0.840 0.74464 31199 70859 32125 657 0.66746 28258 41308 11792 267
0.841 0.74531 02103 63927 87199 577 0.66671 78491 14039 32935 3%
0.842 0.74597 65554 46848 16798 923 0.66597 22056 69016 98654 482
0,843 0.74664 21545 53275 18184 539 0,66522 58962 51824 47240 065
0.844 0.74730 70070 17609 86260 385 0.66447 89216 08791 14192 152

0.845 0.74797 11121 74999 80133 429 0.66373 12824 86891 57589 286
0.846 0.74863 44693 61339 89598 886 0.66298 29796 33764 83391 100
0.847 0.74929 70779 13273 01550 124 0.66223 40137 97713 70674 409
0.848 0.74995 89371 68190.66317 368 0.66148 43857 27703 96802 946
0.847 0.75062 00464 64233 63922 547 0.66073 40961 73363 62530 783

0.850 0.75128 04051 40292 70271 207 0.63998 31458 84982 17039 542
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CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS

0.850
0. 851
0.852
0853.
0. 854

0. 855
0.856
0.857
0. 858
0. 859

0. 86
0. 8612
0.863
0.864

0.865
0.866
0..867
0. 868
0.869

0.870
0.871
0.872
0. 873
0.874

0.875
0.876
0.877
o 878
7. 879

0. 880
0. 881
0.882
0.883
0.884

0.885
0.886
0.887

0.
0. 888

889

0.890
0.891
0. 892
0.893
0.894

0.895
0.896
0.897
0.898
0.899

0.900

Table 44

COI 8

0.73128 04051 40292 70271 207 0.65998 31458 84982 17039 542
0.75194.00125 26009 21260.412
0.75259 8,679 91775 88815 295

0.65923 15356 13509 82909 449
0.65847 92661 10556 81024 321

0. 75325 69708 40757 26849 594 O. 65772 63381 28392 55410 547
0.75391 43204 48790,57151 380 0.65697 27524 19944 98010 152

0.75457 09161 14586 25193 237
0.75922 67572 4,528 67867 227

0.65621 85097 38799 79388 013
0.65546 36108 39199 43373 300

0.75588 18431 37776 79144 450 0.65470 80564 76042 91635 214
0.75651 61731 44244 75659 143 0.65395 18474 04884 48193 134
0.75718 97466 14602 62217 260 0.65319 49843 81933 13861 148 (.1

0.7.544 25628 95276,97229 459 0.65243 74681 64051 84627 .203 !.).
if1

0.75844 46213 33451 50068 441 0. 65167 92995 08756 75966 794
0:739/449212 77068 06)50 566 0.65092 04791 74216 47091 357
0. 75979..4620 74826 53141 684 0.65016 10079 19251 25.131 418
0. 76044 62430 76186 24087 122 0.64940 08865 03332 29254 574,

0.76109`, 52636 31366 24465 750 0.64864 01156 86580 94718 373
0. 76174 35230 91346 04168 073 0.64787 86962 29767 96858 196
0.76239 10208 07866 22598 272 0.64711 66288 94312 75010 .176
0. 76303 77561 3429 13500 144 0.64635 39144 42282 56369 276 1Y

0. 76368 37284 21299 49706 858 0.64559 05536 36391 79782 561

0.76432 89370 25505 07814 480 0. 64482 65472 40001 19477 766
0. 76497 3)813 00837 32779 191 0.64406 18960 17117 08727 234
0.76561 70606 02852 02438 134 0.64329 66007 32390 63447 280
0.76625 99742 87869 91953 834 0664253 06621 51117 05733 091
0.76690_, 21217 12977 38182 114 0, 64176 40810-3923417329 202

(!

0.76754 3V22 36027 03963 458 0;64099 68581 63325 13035 656
0. 76818 41152 15638 42337 736 0. 64022 89942 90610 64049 903
0.76882 39600 11198 60682 252 0.63946 04901 88955 21244 528
0.76946 30359 82862 84773 027
O. 77010 13424 91555 22769 271

0; 63869 13466 26862 88380 872
0.63792 15643 7)477 15258 639 A

0.77073 88788 98969 29120 965 0.63715 11441 98580 20801 550
0.77137 56445 67568 68399 506 0.63638 00868 72592 16079 1)1
0.77201 16388 60587 79051 337 0.63560 83931 66570 27264 710
0.77264 68611 42032 37074 497 0.63483 60638 52208 18529 695
0. 77328 13107 76680 19618 049 0.63406 30997 01835 14874 218

0.77391 49871 .30081 68504 290 0.63328 85014 88415 24894 213
0. 77454 78895 68560 53673 706 0. 63251-82699 85546 63485 020
0.77518 00174' 59214 36552 600 0. 63174 04059 67460 74481 571

. 0.77581 13701 69915 33343 321 0.63096 49102 09021 53235 256
0.77644 19470 69310 78237 045 0.63018 87834 85724 69127 530

0.77707 17475 26823 86549 033 0.62941 20265 73696 88020, 355
0.77770 07709 12654 17776 316 0.62863 46402 49694 94643 540
O. 77832 90165 97778 38577 722 0.62785 66252 91105 14919 057
0.77895 64839 53950 85676 211 0.62707 79824 75942 38222 428
0.77958 31723 53704 28683 452 0.62629 87125 82849 39581 242

0.78020 90811 70350\II? 443 0. 62551 88163 91096 01810 880 ,

0.78083 42097 77980 21 6 548 0.62473 82946 80578 37587 545
0.78145 85575 51465 39740 163 0.62395 71482 31818 11458 656
0.78208 21238 66458 14771 667 0.62317 53/76 25961 61790 683
0.78270 49080 99392 20508 171 0.62239 29842 44779 22654 524

0.78332 69096 27483 38846 138 0.62160 99682 70664 45648 472
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CIRCULAR SENO AND COSINES FOR RADIAN ARGUMENTS

lit .
0011

0.900 0.78992 69096 2746 38846 198 0.62160 99682 70664 45648 472

0.901 0.78394 81278'28130 22119 796 0,62082 69906 86639 21658 870

0,902 0.7 56 05620 8 914 55501 279 0.62004 20722 76929 02558 530

909 O. 8 02117 18722 439 0.61015 11938 29992 22842 983

0,904 0,7 70762 43 48510 260 .0.61847 16961 14519-21204 658

0. 905
906

00..907
0908.

0. 909

0. 910
0. 911
0. 912
0.913
0. 914

0.78641 51549 5267# 00991 817
0.78704 2447241115 10540 719
0.70745 19524 74174 57664-940
0.78827 49700 7 24696 004
0678898,95992 5 60447 888.

0,78950 971/6-89950 4418? 896
0.79011 70905 85911 32130 414
0.79072 96519 63647 48850 789
0679194 14214 12398 18619 897
049195 24001 19793 41660 812

0.61768 f$799 33401 62045 040

0.61689 88460 66755 56924 921
0.61611 14959 01314 85952 792
.61532.35284 24430 19111 466
0.61453 49462 24068 37523 020

0.61374 57494 88811 54652 118
0.61295 5939107856 37447 803
0.61216 55155 71013 27423 839
0661197 44799 68705 61677 674
0.61058 28329 91968 93848 110

0.915 0.7925615868 74004 $1925 499 0.60979 09799 97999 19911 799

0.916 0.79317 19810 67394 00112 798 0.6089, 77080 8240674518 MO'

0.918 . 0.79498 89899 20429 48016 , 0660741-01471 82824 21909 476
0.917 0.19178 090t0 88020 11086 0.60820 42317 34706 00764 999

0.919 0.79499 54021 79915 72036 0.60661 54552 .20845 86522 589

0.920 049560 16400 36366 03026 828 0,60582 01566 43462 84179 741

0. 92i 0.79620 70422 91262 60393 471 0.60502 42522 45973 65991 745

0.922 0.79681 16693 00189 21692 319 0.60422 77420 24282 65074 984

0.923 040741 54975 75501 43169 858 0.60343 06291 74899.16960 980

0.79801 85299 96389 50226 129' 0.60263 29126 94936 79945 468
.

0.925 0.79862 07631 98814 17797 639, 0660189 45929 82112 55377 043

0.926 0.79922 21983 80542 20660 537 0.60103 $6708 34746 07885'466

0.927 0.79982 28343 40199 45653 978 0.60023 61482 51758 85549 703

0.928 0680042 26704 76967 01829.698 .0.59943 60254 32679 40005 791

0.929 0.8010117061 91191 80405 294 0.59863 59031.77612 46494 584

0.930 0,80161 99408 432 0.59/83 99822 87298 23849 491

0.931 0.80221 73739. 41719 404 0.59703 20635 69051 54424 260

0.992 0.80281 40048 118 57726 899 0.59622 95478 06791 03960 905

0,933 0.80940 98328 me 82661 218 0.59542 64958 21092 41397.846

0.934 0,80400.48574 85039 17341 371 0.59462 27284 08887 58618 345

0.995 0.80459 90701 11969 03555 863 0.5938184263 74063 90139 324

0.936 0.80519 24941 39867 83565 545 0.59301 95305 20869 32740 634

0.997 0.80578 51049 75339 59525 671 0:59220 80416-54181 65034 867

0.938 0.80637 69100 25779 51827 488 0.59140 19605 79507 66977 785

0.939 0.80696 79086 99364 63359 313 0.59059 52881'02922 39319 443

0.940 0.80755 81004 05114 28687 022, 0.58978 80250 31098 22996 099

0.941 0.00914 74845 52830 83153 915 0.58098'01721 71298 18462 976

0.942 0.80873 60605 53130 16899 872 .0.58817 17903 31375 04967 973

0.943 0.00912 98278.17496 34799 758 458736.27009 19770 59766 388

0.944 0.80991.07857 57982 15321 017 0.58655 30829 45514 /7276 748

0.945 0.81040 69337 87809 69300 389 0.58574 28790 18224 88177 827

0.946 0.81108 22713 20770 98639 669 0.58493 20893 48104 78446 913

0.147 0.81166 67977 71528 54920 560 0.58412 07147 45944 08339 436

0.948 0.81225 05125 55555 97938 351 0.58330 87560 23117 31310 012

0.949 0.81283 34150 89138 54154 591 0.58249 62139 91583 12874 994

1.950 0.81341 55047 89373

(
75068 542 0.58168 30894 63883 49416
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CIRCIMAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6

a sips cos s

0.950 0.81341 55047 89373 75068 542 0.5.09 30894 63883 49416 618
0.951 0.81399 67810 74171 95507 433 0.5086193832 53142 86928 810
0.952 0:81457 72433 6U- 56 91835 411 0.58005 50941, 73067 39704 748
0.953 0.11515 68910 73166 40081.165 0.57924 02290 37944 08966 253
0.954 0.81573 57236 27252 73984 145 0.57842 47826 62640 01433 496

0.955 0.81631 37404 45683 42959 322 0.57760 47578 62601 47846 300
0.936 0.81689 09409 50441 69980 433 0.57679 Z1554 5303 21403 511
0.957 0.81746 71245 64327 09381 654 0.57597 f762 52997 0176 536
0.958 0.81804 28987 10956 04577-644 0.57515 72210 77213 65441 113
0.959 0.81861 76388'14762 45701 891 0.57433 88907 44256 59961 007

0.960 0.81919 15683 00998'27163 322 0.57351 99860 72436 66212 SOS
0.961 0.81976 46785 9070 05121 101 0.57270 0078 80718 44551 395
0.962 0.82039 69691 25059 54877 569 0.5710 04569 88520 07322 013
0.963 0.82090 84393 19084 28189 263 0.57145 98342 15912 36911 940
0. 964 0. 82147 90886 03938 10493 962 0. 57023 86403 85518 03741; 923

0.965 0.82204 89164 09771 78067 694 0.56941 68763 42530 84208 614
0.966 0.82261 79221 66757 55069 656 0.5609 45428 24714 78562 699
0.967 0.82318 41053 05089. 70544 986 0.56777 16407 41403 28733 004
0.968 0.82375 34652 SM5 15315 328 0.56694 81708 88498 36893.162
0.969 0.82432 00014 58U3 98799 136 4 56612 41340 86469 79171 417'

0.970 0.82488 57133 38450 05747 662 0.56529 99311 60354 31303 653
0.971 0.82545 06003 -32571 52898 964 0.56447 43629 34754 78229. 727
0.972 0.82601 46618 76161 45547 007 0.56364 84302 34839 35633 190
0.973 0.82657 78974 05158 34034 -750 0.56282 23338 86340 66624 480
0.974 0.02714 03063 56326 70155 493 0.56199 54747 15554 99167 663

0.975 0.82770 18881 67257 43479 226 0.56116 80535 49341 '43450 813
0.976 0.8240.46422 76369 37992 491 0.50_34 00744 15121 09200 110
0.977 0.82882 25681 22907 86257 689 0.55951 15285 40876 22937 756
0.978 0.82938 16651 46947 29486 39/ 0.55868 24263 55149 45183 654
0.979 0.82993 99327 89390 69534 022 0.55785 27654 87042 87601 358

0.980 0.83049 73704 91970 46808 453 0.55702 25467 66217 30087 666
0.981 0.83105 39774 97248 93697 028 0.5019 17710 4091 645
0.982 83160 97531 40619 00310 290 0.55536 04390 87840 78 7 757
0.983 .83216 46983 90304 50142 703 9.55452 85517 92397 377 295.
0.904 0.83271 88107 67360 95650 254 0.55369 61099 68448 39160 207

0.985 0.83327 20904 25676 03744 902 0.55286 3n.44 48435 57861 376
0.986 0.83382 45368 11970 15205 801 0.55202 9560 65354 38911 453
0.987 0.83437 61493 73796 90007 262 0.55119 54656 52753 15472 322
0.988 0.83492 69275 59543 82563 379 0.55036 08140.4'4732 16453 272
0.989 0.83547. 68708 18432 76889 279 . 0.54952 56120 75943 01100 969

0.990. 0.83602 59786 00520 51678 926 0.5408 98605 81587 57534 .313
0.991 0.83657 42503 36699 35299 444 0.54785 35603 97417 28224 252
0.992 0.83712 16855 31697 50701 883 0.54701 67123 59732:2~618 647
0.993 0.83766 82835 99079 90248 385 0.54617 93173 05380 43512 268
0.994 0. 83821 40439 91248 50455 694 0.54534 13760 71756 83362 006

0.995 0.83875 89661 69442 96654 953 0.54450 28894 96802 60547 375
0.996 0.83930 30495 88741 15367 733 0.54366 38584 19004 25576 412
0.997 0.83984 62937 05059 69798 245 0.54282 42836 77392 79237 046
0.998 0.84038 86979 75154 52241 668 0.54198 41661 11542 88693 907
0.999 0. 84093 02618 .56621 40408 555 .0. 54114 35065 61572 03531 067

1.000 0.84147 09848-r07896 50665 25Q 0.54030 23058 681399'71740 094
n-7)11 r(pi
L j L j
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Tails 4.6 CIRCIULAR SEMIS AND COSINES FOR RADIAN ARGUMENTS

, on i

'1. Off - 084147 09840 . 8060 290 0.54030 23098 01139 71740 094
1.001 0.84201 92)90268' 0.53946 72446 55654 214
1.002 0.84234 7 57021 22046 570 0.32861 82844 16255 47828 237
1.003 0.84308 81026 77549 97169 747 0.3 5 41180 16864 465
1.004 , 0.04363 54 09246 50271 973 0.53693 11 !91907 73,184 669

1. 005 0. 0446 Mg 49000 'gee 273 9.03099 imAT 09970 0740 PM
1.006 0.844ff 7M7 18177 1151 i ,0.55514 37099 3.9965 Tall} 2_61
1.007 0,1452304m 5,0$44 119 O. 97 26016 77001 061
1.008 0.44576 64M 2 215431 "W4 0. 335 3 01-.15594 42139 747
1.009 0.84629 95605 9591 25943 SO O. 72 r--474M 32136 904

. ,

1. 011 0. SOU al1.010 O. 8466 18440 1 19912 O. F3186 07213 743% 46630 673

1.012 0.84%9 6 75204 33 . 0.31016. 59950 95140 16121 808
en11 es 0.53101 36257 40557 53841 426

. 1. 013 0, 84042 1 30299 466 0.52931 783_02 19791 85137 984
1. 014 O. 84119k sedn OW* en . 0.52846 91481 .48651 37156 798

1.015
1.016
1.017

.1.010 0.051 .99865.. 91946 111 0.52506 91194 27890 832
1.019 0.85158 42500 31363 45804 Sff . 0.52421 77974 48627 11734'503

1.020 0.85210 019219 49362 92361 635 0.52356 89812 51649 56988 961
1.001' 0.89263 09617.59411 44882 415 0.52251 ssele 88764 38461 245
1.022 -0.85513 30489 38569 26719408 0.52166 '06M 12)41 093% 792
1. 023 0.95367 42829 04749 34308 778 0.52080 72758 75271 38150 502
1. 024 0. 05419 46633 16117 39374 '945 0.51995 33415 30969 63497 542

1.025 0.85471 41894 74093 41051 997 0.51909 88869 33369 68691 985
1.026 0.85523 28609 17551 17949 715 0. 51024 19132 36926 16373 373
1.027 0.85575 06771 27819 30046 506 0.51738 84213 96612 59061 276
1.028 0.85626 76375 87681 60616 931 0.51655 24121467920 75657 956
1.029 0.05678 37417 79977 67982 529 0.51%7 58864 06859 75899 186

1.030 0.85729 89891 10003 37214 627 0.51481 88449 69955 347.4 350
1.031 0.15781 33792 98311 31744 398 0.513% 12887 14248 86768 878
1.032 0.85832 69115 94711 44887 06' ...1.91310 32184 97296 50370 116
1. 033 0.85883 95835 64271 51203 754 0.31224 46351 77168 40101 715
1.034 0.83935 14006 94317 MO 998 0.91130 55396 12447 80821 625

1.035 0.89986 25564 75054 57045 930 0.31052 59)26 62250 21042 776
1.036 0.86037 24523 139466 7,4054 $19 0.50966 58151 86122 31025 535
1.037 0.86088 16879 53318 21889 224 0.50880 51880 44242 08807 028'
1.038 0.86159 00623 95953 90385 634 0.50794 40920.97216 02209 404
1.039 0.86189 15738. 68397 975% 975 0.50708 24082 06180 18757 138

1. 040 0. 86240 42272 43338 4048 079 0.50622 02572 32778 40373 447
1.041 0.86291 00162 14123 45486997 0.50533 76000 39161 57213 919
1.042 0.86341 49422 74964 20150 131 . 010449 44574 87986 81491 427
1.043 0.86391 90049 20934 62441 124 0. 0563 07704 42416 61010 426
1.044 0.86442 2204 47972 11963 456 0.30278 65997 66117 93250 711

1.045 0.86492 49379 32878 00206 699 0.30190 19263 25361 38600 728
1.046 , 0.86942 60073 33318 NUO 383 0.50103 67309 78520 34140 520
1,047 0.86992 66112 87822 80077. 424 0.50017 10745 97079 07134 396
1.048 0.86642 65495 13788 46561 037 0.49930 48900 44586 88313 415
1.049 0.86692 52209 17417 01685 140 0.49843 82221 87247 26307 756

1.050 0.86742 32253 94016 89438 141 0.49757 10478 91726 99029 085

0449411 05517 68404 19173 940 032761 99315 40406 78219 ff6

0.830U 4091.9 14744 78730 164 0.52591 99165 37999 013 921
0.85000 77468 71835 53845 003 0.52677 01873 28274 952
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I

1.000 0.06142
1.011

033
1.0114 04 090

a.
094* 141

7402 46316 092
51_12, 146
74U5 1/6

'19477 199

1. 06

2.

.

11
-1.055 O. 1

1.057 50
1.050 54$...

059 0607116. 64009 794
J

1.1060 AL 1010 215 O. sops 00017 56191 164
1.061 0. 1911 947 0. 94120 1704 50610 317
1.062
1.063 0. 11

in 0.46 63943 15140 19351 528
0.41625 MB 07757

1911.064 0.074 39066 13243 36461 402 0.4017 362

1:066
1465 lgintalite1109:12 0.414$9 42147 34560 21047 067

0.40361 91107 00124 05142 311

1.1061,, '0667611. MO $0108.492 0.41167 76666 1045.07404 800
1.067 0617515 Isr ;au ail 753 064,211 30460 365474666/ 367

1.00 0617671 15456 11969414 441100.1103 24514 22014 811

eft al
.

0649757 10470 91726 99029 015
0.49674 /1190 25200 29042 975
0.49502 52074 5501 95651 499
0649416 65430 5011 40726'051
0649409 7363610712 24490 510

0.4M 77 09910 43954 106
.4. $ 11_149 55459 M
O. 4B41 M46 0707 079
0.49061 16910 31756 791
0640074 41 07 60459 41446 514

1.070 0.17720 09041 74601 61036 706
1.071 0.07166 020,6 0473 05427 336
1.072 0.67115 19976 ,2449 41877 119
1.1175 0.11760 41414 01901 46904 961
1.074 0.001 39764 74/97 '33716111

1.075 b. 01504 33108 90497 101
1.076 AL 50116 669
1.077 06
1. 078 0. 1

0 44444 711
11 16679 619

1.079 0610140 10462 76291 297

0.48012 42210 2604 12436
0.47924 67466 0630 11039
0.4706 MOO 22519 904
0.47749 04709 700 36242 209
0.47661 1590 36551 762

0647571 2202 4170 74632 160
0647483 2410 7101 50966 911
0.47397 21126 49536 4722$ 10
0.47119 IMO 55152 26292 396
0647221 00161 69461 56273 392

1.010 0. 6$19S9eS 64947 47373 533 0.47132 63641 71740 02391 353
1.011 0616242 06941'91699 79609 169 0.47044 04/94 41685 56671 547
1.082 0.1120985990 69031 46247 031 0.40944 35070 79419 50767 010

1.00 060136 70110 49070390 660 0.46666 000 45645 4774$ 217
1.014 0.1610$ 60596 61096 36996 1* 0.46779-67717 31056 75103 727

1.085 0.16410 $4144 MO 09797 514 0.46691 27019 21115 20904 062

1.066 060476 90849 09101 06104 243 0646602 01651 97750 60991 511
1.067 mon 54706 11911 00562 972 0.46514 31624 46239 96791 014

1.066 046570 01710 79141 64191 522- 0.46425 76945 51605 44139 401
1.009 0.66616 59656 46272 53940-000 0.94117 17623 99319 95181 233

1.090 0.16662 69144 49417 23160 660 0.46240 0668 7000 67702 790
1.091 04008 09564 25061 /5990 371 0.46159 65958 36733 652

1.092 LB: 01111 13112 90641 470 &Mil 11 *145 450$ 190
1.095 06 1 0190650607 26207 951 0645901- IOW 66.172 764
1.094 06 97519 77956 16779.946 0.4500 51617 96147 21655 76$

1.095 0.1092 02406 0422 57470 660 0645144 64697 19362 34111 646

1.096 0.10916 50507 64111 5054 274 0.45715 72125 9505 64417 142
1.097' 040014 2501.06127 7015 047 0.45626 76961 14314 64956 196
1.096 0.0029 63660 09252 90007 411 0.45537 76277 65463 56224 SO
1.099 0.69075 0164 11966 21527 609 0.45440 71016 39062 45757 610

1.100 0.09120 73600 61435 1390 160 0.4059 61214 25577 30777 137

V11 11-1001
L T
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BART IDAINICRNDINTAL moron

Table 4.6 CIRCULAR SINES AND COMM FOR RADIAN Aftwatons

1.100
1.101
1.102
1.103
1.104

als

0.89120 73600
0.89166,05105
0.89211 27692
0.89256 41359
0.89301.46100

61431 3$905 410
0,00 6/046 971
81360401240 901
54417 99171 080
59408 60693,678

;09.
0.45359 61214 25577 30777 137
0.45270 46874 16008 69206 400
0.45181 28007 01790 30573 730
0.45092 04621 74808 86868 576
0.45002 76727 27403 83352 928

1.105 0,89046 41921:$4986$ 5100 515 0.44913 44332 52361 57327 478
1.106 0.09391 28707 76201 21901 812 0644124 07446 42924 48852 689
1.107 0.19406 06724 09725 594 0.44734 66077 92780 11424 866UN 0.89480 75718 42471 57 146 041415 MN 96065 22607 505
1.109 0.89525 2570 88110 027 06445,5 ernmr.41363 94616 628

1.110 0.89569 86856 80047 063
1.111 0.89614 28992H7 75. 775 801
1.112 0.896,0 62167. 4 147. 427.

1.113 0.84702 86275. 24685 120
1.114 ' 0.89747 01614 30 7466 785

1.115 0.89791 Q7177 89740 61000 138
1.116 0.89845 11162 447)7 51100 079
1.117 049070 0,463 49203 03041 321
1.118 0.89922 72776 64577 09084 230
1.119 0.89966 43097 52698 43829 626

0.44466 15167 41706.84864 374
1.4676 58958 74970 06453 951
0.44216 92912 41874 38623 030
0.44197 24257 $99$4 $7201 474
0644107.51742 65707 44074 890

44017 74831 16293 01603 891
43927 93529 8961 94049 166
43838 07828 83253 69812 4,8

0.43748 17745 9632919623 410
0.4368 23287 27666 95482 777

1.120 0.90010 04421 76$01 99724 910 0.43568 26442 76712 16761 399
1.121. 0:90059'56744 99904.38740 26 0.43478. 21001 42347 41055 746,
1.122 0.90097 00062 8/864 MS 3 0.41382 13752 27890 74199 612
1.123 0.90140 34371 05812 051 0.43298 01084 31095 00232 420
1.124 0.90183 59665,20399,79008 6 0.43207 85686 54146 91323 849

1.125 0.90226 75940 99095 1 :142 0.43117.65167 17655 197
1.126 0.90269 83194 10271 624 '258 0.43027 40557 667 57257 452
1.127 0.90312 81420 2,203 90131 256 0.42937 11204 6074 05806 078
1.120 0.90255 70615 01069 41527 464 0.42646 77777 83 86172\749
1.129 0.9698 50774 55948 71754 658. 0.42756 40066 5891 591$4 0$0

1.130 0.90441 21893 78825 91603 708
1.131 0.90403 83969 09589 10534 140
1.112 0. 90526 36996 lig 7865 425
1.133 0.90560 80970 30177 523
1.134 0.90611 19887 71 26245 348

0.4205 90079 30157 31037 122
_. 0_ 825 6162/ 0422 763
0.42401 0164 37950 91605 376
0.42394 46554 64171614410 540
0.42305 87555 45785 23669 902

. _

1.135 0.90653 41744 00926 96078 401 0.42213 24,25 88672 03673 56
1.136 0690695 50534 96110 80269 960 0.42122 56174 88101 42580.219
1.137 040737 66256 39916 72819 632 064266 85211 6990 41784656
1.138 0.90779 64903 98)72 6$201 260 0.41,41 09345 50349 25241478
1.139 0.90821 54473 64813 78880 126 0.41850. 29285 05800-48750 379

1.140 0.90863 34961 15883 26459 422 0.41759 45039 58158 09217 519
1.141 0.90905 06362'335)2 34395 940 0.41660 56618 16446 53794 933
1.142 0.90946 68673 00620 94400 939 0.41577 64029 cvi7 89108 094
1.143 0.9098821889 00918 0)234 15) 0.41486 67283 05..0 90$$$ 707
1.144 0.9%029 66006 19102 04326 885 0.41395 66389 14400 10281 852

1.145 0.91071 01020 40761 29314 164 0.41304 61354 87194 88428 529
1.146 0.91112 26927 52394 39475,912 0.41213 59906 732
1.147 0.91153 44724 41410 67087 073 0.41122 369 05397 64456 120
1.148 .0.91194 51403 96130 366/6 684 0.41031 2150 73050 55331 381.
1.149 0.91235 49965 05786 0616 821 0.40940 00004 28587 08169 395

1.150 0.91276,39402-60921 08094 405 0.40848 74408 84157 29815 258

r(-7)11
JL 7

11-fonL 7 J
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1161341014TABT TEANSOMNDINIAI. 7,171701101113

\csacta,est SINES AND COSINES von mien eacvmserms

\ ax
. 1.150

1.131
1.152-T.
1.154

1. 155
1.156
1.157

.,

j
1.158
1.139

1.160
1.1.61
1.162
1.163
1.164

1.165
1, 166
1.167
1.168
1.169

1.110
1.171
1.172
1.17/
1.174

1.175
I. 176
1. 177
1.118
1.119

1.180
1.181
1.192
1. 183
1. 184

1.185
1. 186
1.187
1.188
1.189

1. 190
1. 191
1. 192
1.19)
1194

1.195
1.196
1.191
1.198 /
1.199

91276 39402 60521 08094 403
91317 19712 51391 90306 792

357 90090 70367.5.146.163
98 52935 10330 30101 602

0.91419 05855 65075 88379 865

0. 91479'49394 29314 10465- 816
0. 91519 84204-900 12711 431
0:91560 09663 6%79 91743 383
0.91600 25966, 39800 65815 143
0.91640 33109 07401 05261 556

0.91680 51087 71766 92661 866
0.91720 19898 33100 42911 136
0.91759 99536 92520 53200 023
0.91799 69991 5204)) 40902 083
0.91839 31202 1461213374 147

Table 44

cost

0.40848 74408 84157 29815 258
0.40737 67107 284
0.40606 2 gem 15611 071
O. 40574 7514 78706 von nie
ammo 31269 64086 24481 224

0.40391 05341 16372 97790 397
0.40300 35375 50159 25449 945
0.40208 01375 80441 76456 266
0440117 23357 22620 20150 779
0.40025 61326 92496 NM 958

0.39911 95294 en 164
0.39942 25267 3402 355
0.39790 31237 32 1 773
0.39658 73271 4903 809. 706
0.39566 91320 38435 79278 377

0. 91870 83380 84250 5_702 941 0.39475 05412
0. 91918 26291 65556 00075 906 0.3938)1355615556

-0. 91957 .60010 64310 45798 178 0. 21762
0.91996 84533 87139 60222 492 0. 39199 24059
0.92035 99817 41592, 18336 360 0.39107 22396

0.92073 0597i 36.1 j'S 63917 301
0. 92114 0211$9 NW 071
0.92132 90590 OM 31967 851
0.92191 69076 98796 21061 369
0.92230 38343 16793 36915 902

28737 09066
68530 05567
7600 17146
72926 75312
76682 02789

0.92268 MS 71033 01956 127 0.38534
0.92307 49203 35510 88974 0.
0.92345 90789 25145 34 i$97 0.3
04. 8492, 23140 55 68 944 0.3
0.92422 46253 44113 25312- 703.... _ 0.381

125
898
1

533 266
8 072

37316-64679 599
77139 00821 054
29304 67479 575

736 ssesi 01753 942
911 19525 87293 547
40., R956 718

09495 259 407
62792 4 902

0.92461,40.64 08020 34610 754
0.924,8 64748 65932 08106 619
1492336 60123 37446 03329 642
0.92574 46244 43024 76141 241-
0.92612.23108 04056 19188 645

0.92649 90710 42053 99516 095
0.92687 49047 82657 96383 480
0.92124 98116 47634 38942 352
.0.92762 37912 62076 43819 290
0.92799 68432 54404 52606.588

0.92836 89672 49166 69260 202
-0.92874 01628 75058 97404 950
0.92911 04297 60025 77546 899
0.92947 97615 36260 24192 928
0.92984 81758 32004 62877 403

0.93021 56542 79650'67095 956
0.93058 22025 11719 95146301
0:91094 78201 61664 26876 083
0.93131 25068 63866 00337 679
0.93167 62622 53630 48349 974

1.200 0.93203 90859 67226 34967 013

L 7
r(-'nn

0.38092 40243 66881 117302 960
0.38000 00280 46178 3547 271
0.37907.485171347871840334
0.37014 92963 19958 86542 917
0.37722 33627 85174 9493 444

0. 37629 70520 17058 t7434 471
0.37537 03649 51921 49918 342

37444 33025 16451 14476 /34
351 58656 37709 48149 962

0. 37258 80552 43133 732

0.37165 98122 60532 91006 54#
0.37071 11176 18091 28040 019
0.36980 23422 44362 89093 026
0.36087 30970 68273 08993 672
0.36194 01p30 19116 93213 302

0.36701 54010 26158 45714 170
0.56608 30020 20629 52004 819
0136513 22369 31729 06923 698
0.36422 11066 40622 11604 176
0.36)28 9612: 438 82399 611

0.3623077344 76673 5776/

[(-4)9

178
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Table 4.6

ZLEMENTART TRANSCINDENTAL YON01110148

CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS

1.200 0.93203 90859 67 6 34967 013 0. 36235
1.201 0.93240 09776-41805 91853 542. 0.36142
1.202 0.93276 19369 15485 54567 367 0.36049
1.203 0.93312 19634 27305 98748 519 0.35956
1.204 0.93348 10568 17240 76215 175 0.35862

1. 205 0.93383 92167 26196 50966 302 0.35769
1. 206 0. 93419 64427 96015 35090 .992 0.35675
1.207 0.93455 27346 69465 24584 444 0.35582
1.208 0.93490 80919 90260 35070 567 0.35488
1.209 0.93526 25144 03041 37431 162 0.35395

1.210 0.93561 60015 53385 93341 646 0. 35301
1.211 0.93596 85530 87806 90713 291 0.35208
1.212 0.93632 01686 53752 79041 926 0.35114
1.2:3 0.93667 08478 99608 04663 095 0.5021
1.214 0.93702 05904 74693 45913 598 0.34927

1.215 0.93736 93960 29266 48199 416. 0.34833
1.216 0.93771 72642 14521 58969 959 0.34739
1. 217 0.93806 41946 82590 62598 617 0.34646
1.218 0.93841 01870 86543 15169 574 0. 34552
1.219 0.93875 52410 80386 79170 848 0.34458

1.220 0. 93909 93563 19067 58093 524 0.34364
1.221 0.93944 25324 58470 30937 151 0.34270
1. 222 0.93978 47691 55418 86621 257 0.34176
1. 223 0.94012 60660 67676 58302 957 0. 34082
1. 224 0. 9A046 64228 53946 57600 622 0. 33988

1.225 0.94080 58391 73872 08723 559 0.33894
1.226 0.94114 43146 88036 82507 685 0.33800
1.227 0.94148 18490 57965 30357 157 0.33706
1.228 0. 94181 84419 46123 18091 912 0.33612
1. 229 0. 94215 40930 15917 59701 104 0.33518

1. 230 0.94248 88019 31697 51002 382 0.33423
1.231 0.94282 25683 58754 03206 998 0.33329
1.232 0.94315 53919 63320 76390 684 0.33235
1. 233 0.94348 72724 12574 12870 299 0.33140
1. 234 0.94381. 82093 74633 70486 175 0. 33046.

1. 235 0.94414 82025 18562 55790 164 0.32952
1. 236 0.94447 72515 14367 57139 322 0.32857
1. 237 0.94480 53560 32999 77695 223 0.32763
1. 238 0.94513 25157 46354 68328 851 0. 32668
1.239 0.94545 87303 27272 60431 046 0.32574

1.240 0. 94578 39994 49538'98628 471 0.32479
1.241 0.94610 83227 87884 73405 063 0.32385
1. 242 0.94643 17000 17986 53628 942 O. 32290
1.243 0.94675 41308 16467 18984 738 0.32195
1.244 0.94707 56148 60895 92311 309 0.32101

1.245 0.94739 61518 29788 71844 815 0.32006
1.246 0.94771 57414 02608 63367 118 0.31911
1.247 0.94803 43832 59766 12259 472 0.31816
1. 248 0.94835 2077Q 82619 35461 479 0.31721
1. 249 0.94866 88225 53474 53335 262 0.31627

1.250 0.94898 46193 55586 21434 849 0.31532

L 7 j

179

cos s

77544 76673 57763 837
55343 67184 05108 539
29528 32190 27614 189
00108 04273 71008 651
67092 16376 30309 065

30490 01799 56527 660
90310 94203 63341 607
46564 27606 33727 018
99259 36382 26557 166
48405 55261 83165'039

94012 19330 33870 301
36088 64027 04470 775
74644 25144 22698 521
09688 38826 24640 616
41230 41568 61124 730

692179 70217 04069 578
93845 61966 -52800 358
14937 54360 40329 260
32564 85289 39601 140
46736 92990 69704 455

57463 16047 02047 552
64752 93385 66500 405
68615 64277 57501 890
69060 68336 .40132 702
66097 45517 56153 996

59735 36117 30011 85$
49983 80771 74807 668
36852 20455 98234 533
20349 96483 08479 750
00486 50503 20093 523

77271 24502 59823 955
50713 60802 72418 427
20823 02059 26391 462
87608 91261 19759 164
51080 71729 85740 328

11247 87117 9424 316
68119 81408 78405 786
21705 98914 98186 387
72015 84277 88743 487
19058 82466 43066 054

62844 38776 23657 769
03381 98828 67007 475
40681 08569 89227 042
74751 14269 91456 764
05601 62521 65238 364

33242 00239 97855 712
57681 74660 77643 341
78930 33339 99262 871
96997 24152 68947 423
11891 95292\09714 116

23623('95268 661444 754

7
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L
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ELEMENTARY TRANSCENDENTAL IFUNCTION8

CIRCULAR SINES AND COSINES *OR RADIAN ARGUMENTS Table 4.6

.1 mitt a 008 X

1.250 0.9898 46193 55586 21434 849 0.31532 23623 95268 66544 754
1.251 0.94929 94671 73157 62180 713 0.31437 32202 72909 11534 791
1.252 0.94961 33656 91340 96439 444 0.31342 37637 77355 49010 665
1.253 0.94992 63145 96237 75008 528 0.31247 39938 58064 20615 601
1.254 0.95023 83135 74899 10006 196 0.31152 39114 64805 10363 979

1.255 0.95054 93623 15326 06166 303 0.31057 35175 47660 49664 355
1.256 0.95085 94605 06469 92038 225 0.30962 28130 57024 22311 242
1.257 0.95116 86078 38232 51091 729 0.30867 17989 43600 69445 729
1.258 0.95147 68040 01466 52726 783 0.30772 04761 58403 94485 052
1.259 0.95178 40486 87975 83188 287 0.30676 88456 52756 68021 196

1.260 0.95209 03415 90515 76385 682 0.30581 69083 78289 32688 634
1.261 0.95239 56824 02793 44617 416 0.30486 46652 86939 08001 291
1.262 0.95270 00708 19468 09200 227 0.30391 21173 30948 95158 833
1.263 0.95300 35065 36151 31003 222 0.30295 92654 62866 81822 373
1.264 0.95330 59892 49407 40886 709 0.30200 61106 35544 46859 693

1.265 0.95360 75186 56753 70045 767 0.30105 26538 02136 65060 070
1.266 0.95390 80944 56660 80258 512 0.3000099 88959 16100 11818 814
1.267 0.95420 77163 48552 94039 032 0.29914 48379 31192 67791 595
1.268 0.95450 63840 32808 24694 963 0.29819 04808 01472 23518 675
1.269 0.95480 40972 10759 06289 671 0.29723 58254 81295 84019 121

1.270 0. 95510 08555 84692 23509 018 0.29628 08729 25318 73355 114
1.271 0. 95539 66588 57849 41432 673 0.29532 56240 88493 39166 425
1.272 0.95569 15067 34427 35209 944 0.29437.00799 26068 57175 182

1.273 0.95598 53989 19578 19640 104 0.29341 42413 93588 35661 000
1.274 0. 95627 83351 19409 7865 170 '0.29245 81094 46891 19906 579

1.275 0.95657 03150 40985 94719 118 .0. 29150 16850 42108 96613 869
1.276 0.95686 13383 92326 78101 497 0.29054 49691 35665 98290 890
1.277 0.95715 14048 82408 96095 419 0.28958 79626 84278 07609 308
1.278 0.95744 05142 21166 02109 886 0.28863 06666 44951 61732 860
1.279 0.95772 86661 19488 64678 437 0.28767 30819 74982 56616 726

1.280 0.95801 58602 89224 96370 075 0.28671 52096 31955 5127? 939

1.281 0.95830 20964 43180 82604 453 0.28575 70505 73742 72036 934
1.282 0.95858 73742 95120 10371 286 0.28479 86057 58503 16730 332

1.283 0.95887 16935 59764 96853 962 0.28383 98761 44681 58895 050

1.284 0.95915 50539 52796 17957 320 0.28288 08626 91007 51923 831

1.285 0.95943 74551 90853 36739 577 0.28192 15663 56494.33192 303

1.286 0.95971 88969 91535 31748 357 0.28096 19881 00438 28157 651

1.287 0.95999 93790 73400 25260 814 0.28000 21288 82417 54428 993
1. 288 0.96027 89011 55966 11427 805 0.27904 19896 62291 25809 577

1.289 0.96055 74629 59710 84322 094 0.27808 15714 00192.56310 871

1.290 0. 96083 50642 06072 65890 556 0.27712 08750 56537 64138 661

1.291 0. 96111 17046 17450 33810 354 0. 27615 99015 9206i 75651 234

1.292 0.96138 73839 17203 49249 056 0.27519 86519 769

1.293 0.96166 21018 29652 84528 675 0.27423 71271 44692 9480 997

1.294 0.96193 58580 80080 50693 590 0.27327 53280 84388 512 263

1.295 0. 96220 86523 94730 24982 339 0.27231 32557 49177 90379 053
1.296 0.96248 04845 00807 78203 231 0.27135 09111 00534 74605 108
1.297 0.96275 13541 26481 02013 782 0.27038 82951 01003 10035 206

1.298 0. 96302 12610 00880 36103 915 0. 26942 54087 13198 88600 711

1.299 0.96329 02048 54098 95282 920 0.26846 22529 00008 4105/ 992

1.300 0.96355 81854 17192 96470
r(-7)fl

7 .1

135 0.26749 88286 24587

7
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168 ELIMENTART TRANSCENDENTAL rowanows

Zak 4.6

s.

. CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS

sin s oos s

1. 300 0.96355 81854 17192 96470 135 0.26749 88286 .24587 40699 798
1.301 0.96382 52024 22181 .85589 331 0. 26653 51368 50360 07039 695
1.302 0.96409 12556 02048 64366 761 0.26557 11785 41018 09469 650
1.303 A. 96435 63446 90740 17032 855 0.26460 69546 60519 70890 877
1.304 O. 96462 04694 23167 36927 537 0.26364 24661 73088 71318 016

1.305 0.96488 36295 35205 53009 126 0.26267 77140 43213 51456 761
1.306 0. 96514 58247 63694 56266 806 0.26171 26992..35646 16255 031
1.307 0. 96540 70548 46439 2_606, 05 0.26074 74227 15401 38427 774
1.308 O. 96566 73195 .22209 56221 061 0.25978 18854 47755 61955 494
1.309 0. 96592 66185 30740 81411 924 0. 25881 60883 98246 05556 626

1.310 0.96618 49516 12734 02916 926 0.25785 00325 32669 66133 818
1.311 0.96644 23185 09856 14609 520 0.23688 37188 17082 22194 242
1.312 0.96669 87189 64740 29162 .218 0. 25591 71482 17797 37244 030
1. 313 0. 96695 41527 20986 .02.983 276 0.23495 03217 01385 63156 911
1. 314 O. 96720 86195 23159 'U656 736 0. 25398 32402 34673 43517 173

1.315 0.96746 21191 16794 34085 794 0.25301 59047 84742 16937' 022
1.316 0.96771 46512 48390 48019 478 0:25204 83163 18927 20348 457
1.317 0.96796 62156 65416 05402 607 0.25108 04758 04816 92269 738
1.318 0.96821 68121 16306 6148 991 0.25011 23842 10251 76046 536
1.319 0. %846 64403 50465 766'7 879 0.24914 40425 03323 23067 996

1.320 0.96871 51001 18265 .262731590 0.24817 54516 52372 95957 398
1.321 0. 96896 27911 71045 3048 340 0.24720 66126 25991 71738 199
1.322 O. 96920 95132 61115 04608 211 0. 24623 75263 93018 44974 865
1.323 0. 96943 52661 41752 23202 252 0.24526 81939 22539 30889 004
1.324 0. 96970 00495 67204 06414 685 0. 24429 86161 83886. 68450 760

1.325 0.96994 38632 92687 13740 188 0.24332 87941 46638 2)445 582
1.326 0.97018 67070 74387 74662 236 0.24235 87287 80615 91516 463
1. 327 0.97042 85804 69462 13034 465 0. 24138 84210 53885 01181 759
1.328. 0. 97066 94838 36036 71365 051 0.24041 18719 42753 16828 662
1.329 0.97090 94163 33208 35004 060 O. 23944 70824 11769 41682 448

1.330 0.97114 83779 21044 56233 768 0. 23847 6053413723 20751 578
1.331 0.97138 63683 60583 78261 900 0.23750 47859 79643 43748 768
1.332 0.17162 33874 13835 59117 786 0.23653 32810 20797 47988 097
1.333 0.97185 94348 43780 95451 405 0.23556 15395 28690 21258 284
1.334 O. 97209 45104 14372 462)5 282 0. 23458 95624 75063 04672 221

1. 335 O. 97232 86138 90534 56369 230 0.23361 73508 31892 95492 805
*. 1. 336 0.97256 17450 38163 80187 900 0.23264 49055 71391 49933 286

. 1. 337 0. 97279 39036 24129 04871 129 0.2)167 22276 66003 85946 099
1.338 0.97302 50894 16271 .7)757 046 0.23069 93180 88407 85958 358
1.339 0.97325 53021 83406 09557 931 0.22972 61778 11512 99624 085

1.340 0. 97348 45416 95319 37478 787 0.22875 28078 08459 46523 264
1.341 0.97)71 28077 22772 08238 616 0.22777 92090 52617 18049 831
1.342 0. 97394 01000 37498 20994 365 O. 22680 53825 17584 84074 691
1.343 O. 97416 64184 12205 46167 522 0.22583 13291 77188 87585 859
1.344 0.97439 17626 20575 48173 349 0.22485 70500 05482 55305 819

1. 345 0.97461 61324 37264 08052 713 0.22388 25459 76744 94286 212
1.346 0. 97483 95276 37901 46006 501 0.22290 78180 65480;032279 929
1.347 0. 97506 19479 99092 43832 603 0. 22193 28672 46415 65290 729
1.348 O. 97528 33932 98416 67265 423 0.22095 76944 94502 50100 463
1.349 0.97550 38633 14428 88217 916 0.21998 23007 84913 26774 007

1.350 0.97572 33578 26659 06926

L
(

7
r-70-1

111 O. 21900 66870 9)041
r(-,1
L 7

58142 002

181



CIRCULAR SINES AND COS

a

1.350
1.331
1.332
1.353
L 354

alai

0.97572 33578 26659 06926 111
0.97594 18766 15612 73996 110
0.97615 94194 62771 12353 536
0.97637 59861 50591 095 407
0.97659 15764 62506 44 .418

ENTAL rinionwis

FOR RADIAN ARGUMENTS Table 4.6

1.355 0.97680 61901 82927 7405 609
1.356 0.97701 98270 97238 325 106
1.357 -0.97723 24869 91804 352 894
1.358 0.97744 41696 53965 2 803 706
1.359 0.97765.48748 72037 225 805

j,/7,

f 0.97786 46024 35316 18 7 849
1.361 0.97807 33521 34074 02 49'690
1.362 . 0.97828 11237 59561 23 S 125
1.363 0.97848 79171 04006 20 6 864
1.364 . 0.97869 37319 60615 61 3 685

1. 365
1. 366
1361.
1.368
1.369

1. 370
1.371
1.372
1.373
1.374

1.375
1.376
1.377
1.378
1.379

0.97889 85681 23574 61990 774
0.97910 24253 88047 07788 196
0.97930 $3035 50175 73954\516
0.97950 72024 07082 45982\521
0.91970 81217 56868 39862 017

0.97990 80613 98614 22288 769
0.98010 70211 32380 30754 328
0.98030 50007 59206 93540 094
0.98050 20000 81114 49613 231
0.98069 80189 01103 68424 652

0.98089 30570 21155 69608 920
0.98108 71142 52232 42586 155
0.98128 01903 94276 66065 826
1498147 22852 56212 27452 479
1498166 33986 45944 42153 343

1.380 0.98185'35303 72359 72787 813
1.381 0.98204 26802 45326 791
1.382 0.98223 08480 75694 965 850
1.383 0.98241 80336 75296 9 MO 221
1.384 0.98260 42368 56947 26961 571

1.385 0.98278 94574 34442 61,116 561
1.386 0.98297 36952 22562 42859 162

091°
1.387 0.98315 69500 3 68 92032 708
1.388 0.98333 92216 707 31273 673
1.389 0.98352 051 13205 95537 148

'1.390 0.98370'08148 11276 54484 004
1.391 0.98388. 01359 08614 29809 722
1.392 0.98405 84731 25898 1/274 870
1.393 0.98423 58262 84790 84637 207
1.394 0.98441 21952- 07939 29485 405

1.395 0.90458 75797 18974 96974 360
1.396 0.98476 19798 42512 17462 083
1.397 0.98493 53948 04152 20048 145
1.398 0.90510 78250 30479 50013 670
1.399 0.98527 92701 49063 86162 846

1.400 0.98544 97299 88460 18065 947
-7)11

L 7 J

0.21900
0.21803
0.21705
0.21607
0.21510

0.21412
0.21314
0.21217
0.21119
0.21021

0.20923
0.20826
0.20728
0.20630
4.20532

0.20434
0.20336
.20238
0.20140
0.20042

0.19944
0.19846
0.19748
0.19650
0.19552

0.19454
0.19356
0.19258

0.19/

0.0964
Of11065
048767

::111511

4.18472
i0.18374
0.18276
0.18178
0.18079

0.17981
0.17882
0.17784
0.17686
0.17587

0.17489
0.17390
0.17292
0.17193
0.17095

aos

66870 93041 58142 002
08543 94501 05261
480 51
853
205 0 1 TT T 54 163

535 53 7 46271 899
84 63517 95410 772
13137 25046 24434 790
'39753 15278 49048 406
64257 11553 02083 908

86658 91419 35767 598
06968 32637 23964 842
25195 13175 64404 112
.41349 11211 80880 089
55440 05130 25435 952

67477 73521 80524 932
77471 95182 61151 240
85432 49113 16990 457
9136914517 34489 495
95201 70801 38946 217

97209 97572 96568 820
97133 16515 079
95072 82 0 52911 545
91036 99 0 06852 798
85036 08682 20380'853

77079 889117 18444 822
67178 21600 30840 918
55340 87511 74132 912
41577 67905 13553 129
25898 44156 72884 094

08312 97834 36320 915
88831 10696 50314. 508
67462 64691 25395 757
44217 41955 37960 715
19105 24813 32156 930

92115 95776 214511116

32665
61/19 37540 90577 542

00183 65185 73489 451
32988 97169 3

65884 17379 28124 4

29776 72999 47659 616
91871 15656 98336 311
52177 29142 27690 484
10704 97424 66173 860
67464 04651 28756 976

22464 35146 16514 467
75715.73409 18192 681
27228 04115 11759 690
77011 12142 65937 830
250768242) 41718 833

0.16996 71429 00240 93861 675

L{ 7
8/21

18

169

iy
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Tel& 44 CIRCULAR SINES AND COSINES FOR RAMAN ARGUMENTS

a " das

1.400 0.98544 97299 88460 18065 947
1.401 0.10161 92043 78201 63201 840
1.402 0.91578 76911 48834 8401) 966
1.403 0.98545 51961 31850 04837 776
1,404 0.98612 17131 59751 28769 609

N72440 66021 54406 902
0. 17886 05129 92502 294

0.98677 70184 44669 09070 631
0.9869$ 95031 78970 18387 486

1.405
1.406
1. 407
1. 408

1.409

1 1468 52531 82515-912

1.410 0.98710,01010 13150 34142 909
1.411 0.98725 97117
1.412 0.98741 13152 211 6 304

190

1. 413 0.98717 19712 6 72 895
1.414 0.98773 26197 62012 66048 706

0.98 12805 10561 21no 142
(1. 29513 7091, 5795$ 120
O. 9 66181 81401 91177 144\o. 93348 sm. 40332 586
0. 10430 81005

1.421 O. 14410-7071$ 66040 521
1.420 17628 51719 7927) 627

1.4
1.44
1.41
1.418
1.419

1.412 0. 02)61 80)75 97544 222
1.423 0.98909 79896 55844 40562 021
1.424 0.98924 47539 25405 60478 151

0.16996
0.16898
0.16799

06

0.16701
16602

0.16503

0:
0.16405

16)06
0.16207
0.16109

0.16010

0.

0. 15911
15812

0.15714
0.156

0.15516
0.11417
0.15)19
0.15220
0.15121

0.15022

0.14824
0.14923

0.14725
044626

1.425 0.98919 05289 50295 31560 129 0.14528

.1.41*.....0.98953.3114514738_32513_174_0514429
.427 0.98967.91106 83949 61159 714 0,14130

1 0.989M 19171 onn 40716 941 0.14231
1,429 0.91996 17117 02480 74376 619 5.14152

11

4$0 0.99010 4560$ 37177 79485 729
.431 43968 67397 01740 121
1.432 0.990 32431 51101 89307 176
1.431 ..0, 2 10990 94944 14729 460
1.434 0.99065 79644 3 7773 88889 346

1.431 0.99079 18391 61619 74754 605
1.436 0,99092 17230 91709 01072 941
1.437 0.99106 26160 93157 75959 459
1.438 0.99119 55180 $2073 10185 060
1.439 0.99132 74287 15552 81565 735

1.440 0699141 81481 91604-46252-160
1.441 0.99158 82761 49554 53923 766
1.442 0.99171 72125 19229 09874 676
1.443 0.99184 51571 11773 78212 505
1.444 0.99197 21099 79243 94748 990

1.445 0.99209 80708 14616 79795 055
1.446 0.99222 10395 52141 50856 088
1.447 0.99234 70160 66639 35228 024
1.448 0.99247 00002 34203 82494 216
1.449 0.99259 19919 31850 76923 086

1.450 0.99271 29910 37981 49764 999
r(-7)11
L 7 J

183

cos s

71429 00240 93861 675
16083 50929 72371 233
59048 20024 23971 842
00332 91227 93553 854
39947 56412 25523 303

.

77901 95615 65404 770
mop 97042 61039 544
48869 47410 64065 184
81902 12209'31258 571
1344 )917125882 568

43115 54811 19016 356
71315 66184 90869 577
97924 60420 12080 359
22952 24076 44997 336
46408 47050 44945 751

301 14596 61477 752

07447
3 0 471

$9606 967
07
24716 7 45117 231
40463 97033 51126 135

54699 11685 77348 698
67432 00880 64281 559
78672 53344 74765 840
00410 57953 95314 499
716 03732 37224 747

op5se 79851 37675 648
08908 75628 60810 986
12835 80526 98807. 514
15329 84151 72928 666
16400 76259 34563 848

14011 1605$ 46736 66213 390
.139$4 14312 85619 82699 275
.13035 1117) 83083 31761 733
.11716.06651 29440 95441 799
0.1$6$7.80755 5144 90849 940

!11438
0 11139 74
13240 63

13537 9$4

0.13141 51

0.13042 37
0.12943 2
0,12844
0.12744
0.12645 68425 32647 28105 135

0.12546 48073 59580 71654 525
0.12447 26467 21717 24785 871
0.12348 :116 11217 43017 513
0.12248 79 10 20366 29130 391
0.12149 54219 41572 99999 949

0,12050 27693 67366 57053 287

r(-8)21
L 7 J

30784 71160 849
67086 26554 495

4.14910 85143 546
65254 13887 244

17 09249 19491 852

38145 49297 752
53 43147 91153 306
325 16375 79275 576

11



BLEMINTART TRANSCENDENTAL FUNCTIONS

CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 43

sib OM

1.450 0.99271 29910 37588 49766 535 0.12050 27695 67366 57053'287
1.451 0.99283 29074 30417 91459 118 4.11950'99962 90401 47620 080
1.452 0.99295 20109 90532 63717 946 0.11851 71037 03450 05063 327
1.453 0.99507 00115 98519 11543 325 0.11752 40925 99404 79804 068
1.454 0.99318 70591 36356 75120 114 0.11653 09639 71276 73971 735

1.455 0.99530 30934 87418 01619 777 0.11553 77188 12194 42103 061 .

1.456 0.99341 81345 35468 56903 143 0.11454 415gi 15402 91829 237
1.457 0.99353 21821 65461 3/123130 0.11355 08820 74262 84551 407
1.458 0.99364 52362 63366 80332 1,5 0.11255 72940 82249 36104 618
1.459 0.99575 72967 16112 77380 893 _0.11156 35927 32951 17410 313

1.460 0.99386 83634 11644 84228 683 0.11056 97798 20069 55117 465
1.461 0.99597 84362 $0896 32148 $75 0.10957 58565-37417 32232 463.
1.462 $7794 39331 194 0.10858 18212 78917 88737 835
1.463. 0.99419 5 49260 21797 223 0.10758 76816 38604 22199 915
1.464 0.99430 2 15209 04300 286 0.10659 34324 10617 08365'596

1.465 0,9944017866 78550 31137 923 0.10559 90765 89208 01747 983
1.466 0.99451 38889 33187 76860 141 0.10460 46151 68730/36001 884
1.467 0.99461 79951 74019 56879 043 0.10361 00491 43044'25487 846
1.468 0.99472 11085 9693807979 012 0.10261 53795 08521 63826-230
1.469 0.99482 52265 98831 48727 437 0.10162 06072 58026 06440 S84

1.470 0.99492 43497 77380 89785 99) 0.10062 57333 86931 70090 698
1.471 0.99502 44780 32063 44122 430 0.09963 07500 90112 33595 391
1.472 0.99512 36112 62150 87122 898 0.09863 56147 62542 38345 147
1.473 0.99522 17493 68709 96604 762 0.09764 05119 99295 88804 678
1.474 0.99531 88922 53602 62729 932 0.09664 52415 95545 55005 525

1.475 0.99541 50598 19685.97818 664 0.09564 98745 46561 63028 806
1.476 0.99551 01,19 70812 46063 854 0.09465 44118 47711 15478 186
1.477 0.99560 43486 11829 93145 87 0.09365 88544 94456 71943 189
1.478 0.99569 75096 48581 75747 356 0.09266 1;0,4 82355 59452 948
1.479 0.99578 96749 87906 90969 720 0.09166 74598-07058 70920 484

1.480 0.99588 08445 37640 05648 408 0.09067 16244 64309 65577 623
1.481 0.99597 10182 06611 6,569 851 0.08967 56984 49943 69400 641
1.482 0,99606,01959 04648.04588 337 0.08867-96827 59886 75526 752
1.483 049614-83775 42571,53643 374 0.08768 35783 90154 44661 519
1.484 0.99623 55630 32200 49677 461 0.08668 75063 36851 05477 303

1.485 0.99652 17522'86349 44454 246 0.08569 11075 96168 55002 845
1.486. 0.99640 69452 18829 13277 079 0.08469 47431 64389 59004 070
1.487 009649 11417 444441 63607 933 0.08569 82940 37866 52356 240
1.488 0.99657-43417 79005 43586 693 0.08270 17612 13060 39407 518
1.489 0.99669 65452 59305 50450 815 0.08170 51456 86499 94534 076

1.490 0.99673 77520 43143 38855 320 0.08070 84484 54800 61486 832
1.491 0.99681 79621 09312 29093 143 0.07971 16705 14659 55729 907
1.492 0.99689 71753 57602 13215 811 0.07871 48128 62854 62770 926
1.493 0.99697 53917 00799 73054 448 0.07771 78764 96243 39483 234
1.494 0.99705 26110 84688 68141 099 0.07672 08624 11762 14220 152

1.495 0.99712 88314 08049 63550 564 0,07572 37716 06424 87121 354
1.496 0.99720 40586 02660 27521 334 0.d7472 66050 77322 30411 478
1,497 0.99727 82865 93295 41279 821 0.07372 93658 21620 00691.060
1.498 0.90735 1517) 05727 06360 877 0.07273 20488 36561 70219 098
1.499 0.99742 37506 66724 52131 595 0.07173 46611 49459 92192 943

1.500 0.94749 49866 04054 43094 172 0.07073 72016 67702 91008 819

)r(-7n
L 7 [(-13)2]7
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172 zumilarrasT TRANSOSINUNTAL PONCTION8

Table 4.6 CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS

2

1.500
1.501
1.502
1.303
1.504

ale a

0. 99749 49866 04054 4)094
0.941756 52150 46480 86109
0.99763 44659 23765 37519
0. 99110' 27091 66667 1017)
0. 99776 99547 06942 80349

1.505 0.99783 62024 77346 94581
1.506 0.99790 14524 11631 76379
1.507 0.99796 57044 44547 32859
1.508 0.99802 89585 11841 61264
1.509 0.99809 12145 50260 55394

1. 510 0.99815 24724 97548 11924
1.511 0.99821 27322 92446 36636
1.512 0.99827 19938 74693 50342
1.513 0.99833 02571 83033 95912
1.514 0. 99838 75221 65198 42198

1.515
1.516
1.517
1.518
1.519

1.520
1.521
1.522
1.523
1.524

1.525
1.526
1.527
1. 528
1.529

1.530
1.531
1.532
1.533
1.534

1.535
1.536
1.537
1.538
1.539

1.540
1. 541
1.542
1.543
1. 544

1.545
1.346
1.547
1. 548
1.549

0.998844 37887 57923 91859
lk 99849 90569 0694) 86092
0. 99853 33265 56990 10456
0.99860 65976 53193 00399
0. 99865 88701 44081 46683

0. 99871 01439 75,$3 00717
0.99876 04190 9702) 79776
0.99 96954 '58128 72136
0.99885 79730 09621 42098
0.99890 52517 03224 34913

0.99845 15314 91638 81616
0.99899.68123 28645 03749
0.99904 10941 68902 17990
0.99908 4)769 68148 40684
0. 99912 66606 83100 92265

.99916 79452 71476 01592
99920 82)06 91989 10170

0. 24 75169 04354 76283
0. 928 58038 69286 79026
0. 32 30915 48498 22220

0.99933 93799 04701 38256
0. 99939 \46689 01607 91817
O. 99942 89385 03928 83506
0. 99946 22W 77)74 53376
0.99949 45393 88654 84360

0.99952 5830$,03479 05600
0.99955 61222 96535 95674
.0.99958 34144 31593 85726
0.99961 37069 81300 62497
0.99964 09999 17381 71251

,

0.99966 129)2 12550' 8609
0.99969 25868 40506 272
0.99971 68801 75959 7 6
0.99974 01749 94615 35 9
0.99976 24694 73179 23886.

1.550 0.99978 37641 89356 96389
[(1)11

001

172 0.07073 72016 67702 91008 819
251 0.06913 96714 74750 12531 065
309 0.06874 20715 50131 67342 208
501 0.0677 44028 79447 39990 761
750 0.06674 66664 64365- 89231 245

063 0. 06374 8863) 02623 48257 34)
092 0.06473 09943 92023 24928 268
104 0.06375 30607 30434 01988 470
976 0.06275 50633 1570 37280 758
397 0. 06175 70031 460U 6)952 953

274 0:06073 8861: 19385 90658 160
332 0.05976 06985 33809 01748 769
912 0.05876 24560 87538 57464 281
947 0. 05116 41548 78816 9411) *053
118 0.05676 57959 05945 24248 072

188 0.0576 73801 67282 36836 851
495 0.05476 89086 61243 97425 545
612 0.05377 05823 86301 48297 399
163 0.05277 18023 40981 08625 609
784 0.05177 31695 2)862 74620 . 116

231 0. 05077 44849 33579 19672. 613
634 0.04977 57495 68814 94487 284
872 0.04877 69644 28305 27218* 360
089 0.04777 81)05 10835 2359) 398
328 0.04677 92488 152)8 67036 388

285 0.04578 03203 40397 18782 371
180 0.04478 13460 85239 17991 291
729 0.04378 2)270 48738 81854 166
234 0.04278 32642 29915 05695 871
762 0. 04178 41586 27830 63073 26/

427 0.04078 50112 41591 05868 899
755 0. 03978 58230 7034) 64380 513
152 O. 03878 65951 13276 .41406 277
436 0.03778 73283 69617 42326 008
463 0.03678 80238 386)3 15179 390

819 0.03578 86825 19628 10734 312
592 0.03478 93054 1194) 52566 435
202 0.93378 98935 14956 4)113 073
306 0.03279 04478 28078 6)750 SOS
752 0.03179 09693 50755 74831 796

596 0.03079 14590 82466 15762 248
180 0.02979 19180 22720 05041 368
242 0.02879 23471 71058 40314 858
095 0.02779 27475 27051 98418 526
832 0.02679 31200 90300 35423 217

586 0.02579 34658 604)0 86673 867
821 0.02419 31858 37097 66826 971
660 0.02)79 40810 19980 69805 184
249 0.02279 43524 08784 69229 328
150 0.02179 46010 03238 17647 934

161 0.02079 48278('03092 47364 391

185

....r.

L 7 j



I.

ziamizerART 911AnsemenNTAL :UNCTIONS

CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS Table 4.6

sin s
1.550 0.99978 37641 09356 96389 761
1.551 0.99980 40591 21853 81488 767
1.552 0.99982 33542 50374 86102 606
1.553 0.99984 16495 55624 97539 966
1.554 0. 99985 89450 19308 85428 298

1.555 0.99987 52406 24131 0543 342
1.556 0.99989 05363 53795 91538 676
1.557 0.99990 48321 93007 76575 277
1.558 0.99991 81281 27470 74851 093
1.559 0.99993 04241 43888 93030 623

1.560 0.99994 17202 29946 29574 517
1.561 0.99995 20163 74406 75969 172
1.562 0.99996 13 66914 17856 344
1.563 0.999% 9 98192 36062 750
1.564 0.99997 59945 07529 7n

1.565 . 0.99998 32013 44876 9042 04'
1.566 0.91191) 84976 4v.4!
1.567 0. MI! 4.017- 69 142
1.568 ,_ 0.99999 80775 12499 201
1.569 0.99999 83866 05456 80873 162

1.570 0.99999. 31834 62021 053
1.571 0.99999 58612 83315 895
1.572 0.99999 55 85495 12082 337
1.573 0.99999.75719 13185 15626 285

4.574 0.99999 48682 43386 61164 539

1.575 0,99999 11645 78803 .15654 423
1.576 0.99990 64609 23138 45523 419
1.577 0.99998 07572 81096 16298 798
1.578 0.99997 40536 58379 92137 261
1.579 0.99996 63500 61693 p254 568

1.580 0.99995 76464 98740 05255 179
1.581 0.99994 79429 78223 58361 895
1.582 0.99993 72395 091147 46545 499
1.583 0.99992 55561 04315 16554 408
1.584 0.99991 28387 75330 08844 324

1.585 11:99999974 9422: Mrs 164174,%3
1.%6 w__ 374
1.587 0.99906 .596i1 04289 313
1.588 0.9990 65927 21344 252
1.589 0.99983 43177 lun 2410C 322

1.590 0.94981 MD ria2829: 1162:11 150
1. 591 Q. 422
1.592 0.99977 52105 43527 08066 646
1.593 0. 99975 _35905 75103 24582 972
1.594 0.99973 53254 14867. 933

1.595 0.99970 71054 00501 50917 259
1.596 099968 24042 41986 77790 702
1.997 .0.99965 67033 99171 11241 891
1.598 0.99963 00029 00635 35248 219
1.599 0. 99960 25027 72179 99440 759

1.600 0.99957 36030 41505 16434 211

cos
0.02079 4827803092 47364 391
O. 01979 50338 08120 70061 827
0.01879 52200 18116 76905 802
0.01779 53874 32894 38564 929
0.01679 55370 52286 05229 507

0.01579
0.01479

56698
57869

76142
04329

06628
52043

204
433

0.01379 58891 36731 30323 849
0.01279 59775 73245 09896 874
0.01179 60532 13782 '38778 533

0.01079 61170 58267 44582 392
0.00979 61701 06636 34527 146
0:00879 62133 58835 95443 014
0.00779 62478 14822 93777 062
0.00679.62744 74562 75597 546

0.00579 62943 38028 66597 572
0.00479 63084 05200 72096 784
0.00379 63176 76064 77045 339
0.00279 63231 50611 46023 436
0.00179 63258 28835 23243 059

*0.00079 63267 10733 32548 541
-0.00020.36732 03695 22583 254
-0.00120 36729 14450 59042 804
-0.00220 36714 21533 14087 901
-0.00320 36677 24944 45343 613

-0.00420 36608 24688 30802 109
-0.00520 36497 20771 68822 280
-0.00620 36334 13205 78129 029
-0.00720 36109 02006 97812 142
-0.m0- 35811 87197 87324 647

-0.00920 35432 68008 26480 539
-0.01020 34961 46876 15451 796
-0.01120 34388 2144$ 74764 568
-0.01220 33702 92583 45294 454
-0.01320 32895 60348 88260 743

- 0.01420 31956 24825 85219 553
-0.01520 30874 86108 31055 737
-0.01620 29641 44304 68973 475
-0.01120 21245 99538 20485 440
-O. 01020 26678 5194$ 55400 .452

-0.01920 24929 01692 56009 503
-0.02020 22%7 48945 28070 065
-0.02120 20843 93900 92788 583
-0. 02220 18488 36773 94801 039
-0.02520. 15910 77799 98151 502

-0.02420
-0. 02520

13101
10049

17236
55365

87068 552
65959 ma

-0.02620 06745 92491 59f82 234
-0.02720 03180 28945 11714 764
-0. 02819 99342 45082 87922 093

-0.02919 95223 01288 72620 577

[( 18]
For t1.11 see Ems* 1[6(.11'

i-1.67079 88267 94896 61898182 -8.14169 96686 89798 28848 264
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CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS Table 4.11

0
1
2
3
4

5
6
7
8
9

10
11
12
13
14

15
16
17
18
19

20
21

23
24

25
26
27
28
29

30
31
32
33
34

35
36
37
30
39

40
41
42
43
44

45
46
47
48
49

50

0.00000
+0.84147
+0.90929
+0.14112
-0.75630

-0.95892
-0.27941
+0.65698
+0.98935
+0.41211

-0.54402
-0.99999
-0.53657
+0.42016
+0.99060

+0.65028
-0.28790
-0.96139
-0. 75098
+0.14987

+0.91294
+0. 83665
-0.00885
-0.84622
-0.90557

-0.13235
+0.76255
+0.95637
+0.27090
-0.66363

A-0.98803
-8.40403
+0.55142
+0.99991
+0.52908

-0.42813
-0.99177
-0.64353
+0.29656
+0.96379

+0.74511
-0.15862
-0.91652
-0.83177
+0. 01770

+0.85090
+0.90118
+0.12157
-0.76825
-0.95375

-0.26237

00000
09848
74268
00080
24953

42746
54981
65987
82466
84852

11108
02065
29180
70368
73556

78401
33166
74918
72467
72096

52507
56385
13092
04041
83620

17500
84504
59284
57883
38842

16240
76453
6012
18601
26861

26694
88534
81333
85787
53862

31604
26688
15479
47426
19251

35245
83476
31227
46613
26527

48537

aka
00000 00000 000
07896 50665 250
25681 69539 602
59867/22210 074
07928/25137 264

63138 46889 315
98925 87281 156
18789 09039 700
23381 77780 812
41756 56975 627 i

89369 81340 475
50703 45705 156
00434 97166 337
26640 92186 896
94878 30787 535

57116116582 974
65065 29478 446
79556 85726 164
71676 10375 016
62952 32975 424

27627 65437 610
36056 03186 648
90403 87592 169
75170 63524 133
06623 84513 579

97773 02890.201
79602 73751 sp;
04503 01343 234
07869 01998 634
12967 50215 117

92861 78998 775
23065 00604 877
41690 55066 156
07267 14572 808
20023 82083 349

96151 00440 675
43115 7368) 529
56999 46060 567
09385 31739 230
84087 75326 066

79348 78698 771
04708 98710 332
15633 78589 899
28598 28820 958
03413 57780 795

34118 42486 238
48809 18503 329
45224 00406 153
23666 79904 497
59471 81836 042

03928 78591 439

00116

1.00000 00000 000a 00000 000
+0.54030 23058 68139 71740 094
-0.41614 68365 47142 38699 757
-0.98999 24966 00445 45727 157
-0.65364 36208 63611 91463 917

+0.28366 21854 63226 26446 664
+0.96017 02866 50366 02054 565
+0.75390 22543 43304 63814 120
-0.14550 00338 08613 52586 884
-0.91113 02618 84676 98036 829

-0.81907 15290 76452 45225.886
+0.00442 56979 88050 78574 836
+0.84385 39587 32492 10465 396
+0.90744 67814 50196 21385 269.
40.13673 72182 07833 59424 893

-0.75968 79128 58821 27384 815
-0.95765 94803 23384 64189 964
-0.27516 33380.51596 92222 034
+0.66031 67082 44080 14481 610
+0.98870 46181 86669 25209 835

+0.40808 20618 13391 98606 227
-0.54772 92602 24268 42138 427
-0:99996 08263 94637 12645 417
-0.53283 30203 33397 55521 576
+0.42417.90073 36996 97593 705

+0.99120 28118 63473 59808 329
+0.64691 93223 28640 34272 138
-0.29213 88087 33836 19337 140
-0.96260 58663 13566 60197 545
-0.74805 75296 89000 35176 519

+0.15425 14498 17584 05071 866
+0.91474 23578 04531 27896 244
+0.83422 33605 06510 27221. 553
-0.01327 67472 23059 47891 522
-0.84857 02747 84605 18659 997

-0.90369 22030 91506 75984 730
-0.12796 36896 27404 68102 833
+0.76541 40519 45343 35649 108
+0. 41507 36440 47294 89758 .654
+0.26664 29323 59937 25152 683

-0.66693 80616 52261 84438 409
-0.98733 92775 23826 45822 883
-0.39998 53149 88351 29395 471
+0.55511 33015 20625 67704 483
+0.99984 33086 47691 22006 901

+0.52532 19888 17729 69604 746
-0.43217 79448.84778 29495 278
-0.99233 54691 50928 71827 975
-0.64014 43394 69199 73131 294
+0.30059 254)7 43637 08368 703

+0.96496 60284 93.113 27406 896
From C. E. Van Orstrand, Tables of the exponential function and of the dreular eine and cosine to
radian arguments, Memoirs of the National Academy of Sciences, vol. 14, Irlfth Memoir. U.B.

Government Printing Office, Washington, D.C., 1921 (with permission) for aS100.
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Table 4.1 CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS

an, 004 S

SO -0.26237 48337 03928 78591 439
51 :0.67022 11758 43374 73449 435
52 +0.98662 75920 40485 29658 757
53 +0.39592 51501 81834 18150 339
'54 -0.55878 90488 51616 24581 787

55 -0.99975 51733 58619 83659 863
56 -0.52155 10020 86911 88018 741
S7 +0.43616 47552 47824 95908 053
58 +0.99287 26480 84537 11816 509
59 +0.63673 80071 39137 88077 123

60 -0.60481 06211 02216 70562 565
61 -0.96611,77700 08392 94701.829
62 .0.7)918 06966 49222 $6727 602
63 +0.16735 57003 02806 92152 784
64 +0.92002 60381 96790 68335 154

65 .0.82682 86794 90103 46771 02i
66 -0.02655 11540 21966 79446 384
67 -0.85551 99789 75322 25899 683
68 -0.8,792 76806 89291 26040 073
69 -0611478 48137 81187 22054 307

70 +0.77389 06815 57889 09778 733
71 .0.95105 46532 54374 63665 657
72 +0.25182 33627 62036.27306 903
73 -0.67677 19568 87307 62215 498
74 -0.98514 62604 68247 37085 189

75 -008778 16154 09430 43773 094
76 .0a6610 76368 98180 32361 020'
77 .0.99952 01585 80731 24386.610
78 .0.51397 84559 87535 21169 609
79 -0.44411 26687 07508 36850 760

+0.96496 60284 92113 27406 896
+0.74215 41968 13742 53946 738
-0.16299 07807 95705 48100 333'
.0.91828 27862 12118 89119 973'
-0.82930 98328 63150 14772 785

+0.02212 67562 61955 73456 356 !'
+0.85122 01077.22584 11396 968
+0.89986 68269 69193 78650 300 I

+0.1191841354 48819 28543 584
-0.77108 02229 75845 22938 744

-0.95241 29804 15156 29269 182
.0.25810 16359 38267 44570 121
+0.67350 71623 23586. 25288 783'
+0.98589 65815 82549.69743 864
+009185 72304 29550'00516 171

-0.56245 38512 1817E03106 212
-0.99964 74559 66349 96483 045

+0.44014 30224 9 i70591105
-0.51776'97997 I: 06565 339

+0.99339 03797 222 1 63756 155

+0.63331 92030 ::1:9 83233 201
10902 27281 70 70291 749
96725 05882 73. 2 48729 171

0.73619 27182 21315 96016 815
+0.17171 73418 30777 55609 845

'44.92175.12697 24749 31639 230
+0.82433 13311 07557 75991 501
-0.03097 50317 31216 45752 196
-0.85780 30932 44987 85540 835
-0.89597 09467 90963 14833 703

80 -0.99388 86539 23375 18171 081 -0.11038 72438 39047 55811 787
81 -0.62988 79942 74453 17856 521 +0.77668 59820 21631 15768 342
82 +0.31322 87824 33086 15263 353 +0.94967 76978 82543 20471 326
83 +0.96836 44611 00185 40435415 +0.24954 01179 73338 12437 739
84 +0.73319 03200.71292 16636 321 -0.68002 34955 87338 79542 /20

'85 -0.17607 56199 48587 07696 212
86 -0.92345 84470 04059 80260 163
87 -0.82181 78366 30822 54487 211
88 +0:0)519 83027 33660 48362 543
89 +0.86006 94058 12453 22683 685

-0.98437 66433 94041 89491 821
- 0.38369 84449 49741 84477 893
+0.56975.01342 65311 92000 851
+0.99937 32836 95124 666%1,442
.0.51017 70449 41668 89902 379

90 .0.89399 66636 00557 89051 827 -0.44807 36161 29170 15236 548
91 +0.10598 75117 51156 85002 021 -0.99436 74609 28201 52610 672
92 -0.77946 $0696 15804 68455 400 .0.62644 44479 10339 06880 027
93 -0.94828 21412 69947 21211 104 4401742 87015 19701 64974 551
94 -0.24525 19854 67654 32522 044 +0.96945 93666 69987 60180 439

.

95 0.68/26 17147 36120 98369 958
96 +0.98358 17454 34344 85760 773
97 +0.37960 77390 17521 69648 192
98 -0.57318 18719 904E2.88494 922
99 -0.99920 68341 86351 69443 272

+0.75017 35609 94819 66479 352
-0.18043 04492 91083 95011 850
=0.92514 75365 96413 89170 475
-0.81928 82452 91459 25267 566
.0.03982 08803 93138 89816 180

100 -0.50636 56411 09758 79365 656 +0.86231 88722 87683 93410 194

ma.

18)
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CIRCULAR WM. AND COSINES FOR LARGE RADIAN ARGUMENTS Table 4.1

a alai . ems a sin a .0481

100. -0. 50636 564 +0.86231 887 150 -0.71487 643 +0.69925 081
101 +0.45202 579 +0.89200 487 151 +0.20214 988 +0.97935 460
102 +0.99482 679 +0.10158 570 152 +0. 93332 052 +0.35904 429
103 +0.62298 863 -0.78223 089 153 +0.80640 058 -0.59136 968
184 -0.32162 240 - 0.94686.801 154 4.06192 034, 808 109

105 .-0.97053 528 -0.24095 905 155 -0.87331 198 .48716. 135
106 -0...72714 -250 , +0.68648 655 156 -0.88178 462 +0.47165 229
107 +0.18478 174 +0,98277 958 157 -0.07954 854 +0.99683 099
108 +0.92681 851 +0.37550 960 158 +0.79582 410 +0.60552 787
109 +0. 81674 61 - 0.57700 218 159 +0.93951 973 -0.34249 478.

110 -0.04424 268 -0.99902 081 160 +0.21942 526 -0.97562 931
111 -0.86455 145 - 0.50254 432 161 -0.70240 779 . -0.7117; 476
112 - -0.88999 560 +0.45596 910 162 `-0.97845 035 +0.20648 223
113 - 0.09718 191 +0. 99526 , 664 163 -0.q 35491 018 +0.93490 040
114 +0:78498 039 +0.61952 061 164 +0t 59493 278 +0.80377 546

'115 +0.94543 S33 -0.32580 981 165 +0.99779 728 -4.06633 694
116 +0. 23666 139 - 0.97159.219 166 +0.48329 156 -0. 87545 946
117 -0.48969 794 -0.72409 720 .167 -0.47555 019 -0.87968 859
118 -0.98195 217 +0.18912 942 168 -0.99717 329 -0.07513.609
119 4.3710 410 +0.92847 132 169 - 0.60199 987 +0.79849 619

120 +0.58061 118 +0.81418 097 170 +0.34664.946 +0.93799 475
121 +0.99881 522 -0.04866 361 171 +0. 97659 087 +0.21510 527
122 +0.49871 315 -0.86676 709 172 +0.70865 914 -0.70555 101
123 -0.45990 349 -0.88796 891 173 -0.21081 053 -0.97752 694
124 4.99568 699 -0.09277 620 174 -0.93646 197 - 0.35076 911

125 -0.61604 046 +0.78771 451 175 -0.80113 460 +0.59848 422
126 +0.32999 083 /.+0.94398 414 176 +0.07075 224 +0.99749 392
127 +0.97263 007 +0.23235 910 177 +0.87758 979 +0.47941 231
128 +0.72103 771 -0.69289 582 178 +0.87757 534 -0.47943 877
129 -0.19347 339 -0.98110 552 179 +0.07072 217 -0.99749 605

130 -0.93010 595 -0.3672. 133 -480 -0.80115 264 -0.59846 007

131 -0. 81160 339 +0. 5842V 882 181 -0.93645 140 +0.35079 734
132 +0.053081359 +0. 99859 007 182 -0.21078 107 +0.97753 329
133 +0. 86896. 576 +0. 49487 222 183 +0.70868 041 +0.70552 964
134 +0.88592'482 -0. 46382 887 184 +0.97658 438 -0.21513 471

135 +0.08836 869 -0.99608 784 185 +0.34662 118 -0.93800 520
136 -0. 79043 321 -0.61254 824 186 -0.60202 394 -0.79847 804
137 -0.94251 445 +0.33416 538 187 -0.99717 102 +0.07516 615
138 -0.22805 226 +0.97364 889 188 -0.47552 367 +0.87970 293
139 +0.69608 013 +0,71796 410 189 +0.48331 795 +0.87544 489

140 +0.98023 966 -0.19781 35 190 +0.99779 928 -1 +0.06630 686
141 +0.36317 137 -0.93172 236 191 +0.59490 855 -0.80379 339
142 - 0.58779 501 -0. 80900 991 192 -0.35493 836 -0.93488 971
143 -0.99834 536 +0.05750 253 193 -0.97845 657 -0.20645 273
144 -0.49102 159 +0.87114 740 194 -0.70238 633 +0.71179 593

.

145 +0.46774 516 +0.88386 337 195 +0.21945 467 +0.97562 270
146 +0.99646 917 +0.08395 944 196 +0.93953 006 +0,34246 646

,147 +0.60904 402 -0.79313 642 197 +0. 79580 584 - 0.60555 186

148 -0.33833 339 -0.94102 631 198 -0.07957 859 -0.99682 859
149 -0. 97464 05 -0. 22374 095 199 -0.88179 884 -0,47162 571

150 -0.71487 643 . +0.69925 081 200 -0.87329 730 +0.48718 768.
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Table 41 CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARMIES1Th

1

..

200
201
202
203
204

206 05

2
207
208
209

210

212
211

21)
214

215
216
217
218
219

220
221
222
22
224

225
2627
22
228.
229

230
231
23
232233
234

235
236
237
238
239

240
24),
242
241
244

245

247
246

24
249

8

250

..

.

dos

-O. 87329 730
- 0.06189 025
+0. 80641 841
+0. 93330 970
+0. 20112 036

- 0.71489 751
-O. 97464 190
- 0.33830 503
+0.60906 793
+0. 99646 664

+0.46771 852
- 0.49104 785
-O. 99834 709
-0.58777 062
+0.36319 945

+0.98024 562
+0. 69605 849
-0.22808 161
- 0.94252 453
- 0.79041 474

+0.08839 871
+0.88593 $00
+0. 86895 084
+0. 05305. 349
-O. 81162 100

- 0.93009 488
- 0.19344 °382
+0.72105 860
+0.97262 306
+0 32996 23?
Jo

- 0.61606 420
-0. 99568 419
- 0.45987 672
+0. 4M3 928
+0.99881 669'

+0.58058 664
-0. 37143 209
-0. 98195, 787
-04368967 611,
+0.23669 068

+0. 94544 515
+0.18496 171
-0. 09721 191 ,
-0. 89000 935
- 0.86453 630

-0. 04421 i56
+0.81676 000
+0. 92680 719
+0.18475 212
- 0.72716 319

- 0.97052 802

ow a

+0. 48718 .768
+0. 99808 296
+0. 59134 538
-0. 35907 242
-0. 97936 069

-4. 926
+0. 223 033
+0.941 3 651
+0..793 1 886
4.08 947

-0:88 747
-0. 8711 260
4.0574 243
+0.
+049

80
1
741 63

+0.19778 403
- 0.71798 8
-O. 97364 02
-O. 33413 7
+0. 61257 07

+0.99608 17
+0.46380 6
0.49489 1

-0. 99859 1 7
- 0.58418 43

+0. 36731 93
+0. 98111 13
+0. 69287 409
- 0.23238 842
-0.94399 409

- 0.78769 594
+0.09280 622
+0.88798 277
+0.86675 206
+0.04863 350

-O. 81419 847
- 0.92846 012
- 0.18909' -982 /
+0.72411799
+0.97158 506

+0.32518 131
- 0.61.954 428
-0. 99526 371
- 0.45594 228
.0.9900257 038

+0.99902 215
X0.57697 756
- 0.37558 754
- 0.98278 515
-O. 68646 463

+0. 24098 831

C

X

250

252
251

254
253

255
256

b 257
258
259

260
261

162
2
264
63

265
266
267
268
269

270
271
272
273--
274

275
276
277
278
279:

. .

280
. 281

282
283
284

285
286
287
288
289

290
291
292
2994 3

2

295
296
297
298
299

300

>.

.

191

da s

- 0. 97052 802
- 0. 32159 386
+0462301 221
+0. 99482 373
+0. 45199 890

- 0. 50639 163
-O. 99920 803 .

- 0. 5733
+0. 379
+0.18

*0.

a 0011

+0. 240980831
+0. 94687 771.
+0. 78221 211

10161 $69
- O. 89201; 850

- 0. 86230 361
. -0. 0)979 076

717 .+0. 81930 55)
.563 +0.92513 609
318 +0.18040 080

323 970 73019' 416
-0.14528 121 -0. 96945 197
= 0.94829 171 , - 0.31740 012
-0. 77944 719 +0. 62646 794
+0.10601 '749 4.99436 427

+0. 89411 017
+0. 86005 403
+0. 03536 818
- 0. 82183 501
-O. 92144 688

-0.17664 595
+Ct73321 082
+0.94035 694
+0.31320 015

62991 141

-0.94114 533
-0:4444 566
+0. 51400 431.
+0..99952 109
.+0. 56608 279

-0. 38780 942
- 0. 98515 144
- 0.67674 976
+0. 25385 252
+0. 95106 397

+0.77387 159
- 0.11481 476
- 0.89794 095
-0.115550 437
- 0.2652 102-

+0.82684 563
+0.92001.423
+0. 16732 598
-0. 73920 100
-O. 96610 999

- 0.30478 191
63676 125

+0:99286 906
+0.43613 763
-0. 52157 672

+0. 44804 667
- 0.51020 '297
- 0. 99937' 435
- 0.56972 556
0. 38372 628

.

+0.98438 195
+O. 68000 139
- 0.24956 931
.+0. 9468 714
t0. 776696 699

..0.11041 720
+0.89598 433
*0. 85778 760
+0. 03094 490
- 0. 82434 840

-0.92173 958
- 0.17168 765
+0. 73621 312
+O. 96724 294
+0. 30899 406

63334 253'
-0. 99338 692
-0. 44011 595
+0. 51779 559
+0. 99964 826

+0.56242 893
-0. 39188 496
- 0.98590 163
-0. 67348 488
40.25813 076

+0.95242 217
+0. 77106 103
- 0.11921 006
- 0.89987 997
- 0. 85320 439

-0. 99975 584 - 0.02209 662

C

4

a



ELAKINTARt

:CIRCULAR GINS AND COP174,5-

yam,

x

300
301
302
303
304

305
306
307
308
309 =

via; ,

- 0.99975 584
-0. 55874 405
+0. 39595 283
+0. 98663 250
+0.67020 680

0
-0. 26240 394
,41. 95376 171

-' -0. 76823 536
+0.12360 304
+0.90180 137

310 +0. 85088 769.
311 +0. 01767 179
312 -O. 83179 148
313 -0. 91650 949
314 - 0.15859 291

315 +0. 74513
C.

316 +0. 96378 735
317

c
+0. 29633 970
-0. 64356 121
.0. 99177 500

42015 543
+0.52910 827

322 .0. 99991 226
323 .0. 55140 153
324 , -0. 40406, 522

325 - 0.98803 627
526 - 0..66361133
327 +0.27093 481
328 +0.95638 473
329 +0.76253 895

330 -0. 1)238' 16
11.

331
332

- 0.90559,,
- 0.84620

333 - 0.00802117
334 +0.83667 215

335 +0.91293 295
3%
373

+0. 14984 741
-0.15100,715

339
338 - 0.96138 920'

-0. 28787 445.

340 ' +0. 65031 074
341 +0.99060 323
342 +0.420 968
343 - -0.5359 836
344 -0. 99999 034

345 -0:54399 582
346 41214 595
347 +0.98936 263.
348 +0.65696 387
349 -0. 27944 444

350 -0. 95893 v283

Y.

Co..

- 0. 02209 662
+0.82932 668

. +0. 91827. '085
.0. 16296 104

°-0. 74211 440

- 0.96495:
-0. 30056
.0. 64016
+O. 99233
+0. 43215

4411454 764
- O. 99984' 384
- 0.55508 823
+0. 40001
+0.90734 406

812
379
150
174
076

o +0.66691 560
-0. 26667 199
- 0.95508 258
- 0.76539 465
+0.12799 359

+0. 90370
+0.

018485+0. 3
-0.8, 23
-0. 473

7154224807
1 96259

29210
#0.64694

1
433
661
998
KW

167
753
770
998
231-

/-0.99119 882
- 0. 42415 171
+0. 53285. 853

99996 109 ,
+0.54770 404

-0.40810 958
-0. 98870 914
- 0.66029 407
+0. 27519 252
+0.95766 816

+0. 75966 831,
,A0. 13676 708

- 0.90745 945
- 0.84383 778
- 0.00439 555

+0.83908 793
+0.91111 784
.0,14547 021
-0.15392 206
-0. 96016 186

-0. 28363.4328-

ANTAL VANC11110.118

LARGE RADIAN ARGUMENTS Tab", 4.8

pia opib S.

350. -0. 45893 283 -0. 28363 328
351 -0.75678 279 +0.65366 643
352 +0.14114 985 .0. 98998 824
353 +0.90930 997 +0. 41611 943
354 ,+0.84145 478 -0. 54032 767

'..
355- . 0.00003 014 - 1.00000 000
356 -0. 84148 727 -0. 54027 694
357 . -0.9092 488 +0. 41617 425
358 - 0.14109 017 +0. 98999 67$
359 ' .3.0. 7 220 .0.65362 081

360 . 45891 572 -0.28369 109
' 361 27930 655 -0. 96017 871

362 (.0. 65700
*-0:

932 .0.75388 245
'363 ./ 98935 386 +0.14552 986/ -0. 41209 102

.1%

+0.91114 268

5 +0.54404 640 .0.83905 513
366 +0.99999 007 -0. 00445 584
361' +0.53654 748 - 0.84387 013
368 -0,42019 439 - 0.90743 412
369 .. -0.99061 148 -0.13670 736

370 - 0.65026 494 +0.75970 752
371 +0.28793 218 +0.95765 080
372 . +0. 96140 579 +0. 27513. 4%
373 .0. 75096 734 - 0.66033.935
374 - 0.14990 701 .0. 98870 010

475 -0. 91295 755 - 0.40805 454
376 -0.13663 913 +0.54775 448
377 +0.00888 145 +0.99996 056
378 +0. 84623 647 .0.53200 751
37A +0.90556 557 - 0.42420.631

380 . +O. 13232 ; 17 -0. 99120'680
381 -0. 76257 7895' - 0.64689 634
382 0.15636 712 +0. 29216 764
383 27087 677 .0. 96261 403
384 +0.66365 643. . +0.74803 752

385 +0. 98801 697 -0.15428 123
, 386 +0.40401 007 -0,41475 454

387 - 0.55145 183 -043420 674
388 -0.1991 146 +0.01330 689
389 - 0.52905 711 +0.84858 622,

390 ' +0. 42820 991 +0.90367 930

392
391 +0.99178

+0.64351
271
506

+0.12793 379
- 0.76543 345

$4
393 - 0.29639

- 0.96380
737
342

-0:95506 471
- 0.26661 388

395 - 0.74509
396 +0.15865

306
243 t

+0.66696 052
+0.98733 450

397 +0.91653 361 +0. 39994 169
398 +0. 83175 801 - 0.55513 err
399 .0. 01773 206 .0,99984 277

400 -0.85091 936 - 0.52529 634

19'2

I.

,
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Table 4.8

ELEMENTARY ikANINEINESINTAL FUNCTIONS

SINESAND COSINES FOR LARGE RADIANCIRCULAR ARGUMENTS

.141.

a

400
401
402
405
,404

405
406
407
408
409

410 +0.99975 451
411 +0.52152 528
412 -0. 43619 188
413 -0.99287 624
414 - 0.63671476

415 +0.30483 931
416 40. 96612 55
417 +0. 73916 03
418 -0. 16738 542
419 - 0.92003 785

420
421
422
423
424

425
426
427
428
429

430
431

433
432

434

435
436

438
437

439

440
441
442
443
444

45
4446
448 47

4
449

-0.85091 936
- 0.90177 532
- 0.12354 321
+0.76827 396
+0.95374 359

+0.26234 577
- 0.67025 155
- 0.98662 268
- 0.39589 747
*0.55881 405

- 0.82681 172
+0. 02658 129
+0.85553 559116.
+0.89791 -441
+0.11475 487

- 0.77390 977
0.95104 534

-0. 25379 421
+0. 67679 415
+0.98514 108

+0.38775 385
- 0.56613 249
- 0.9995 922
-0. 51395 260
+0.44413 968

+0.99389 198
+0. 62986 458
- 0.31325 741
- 0.96837 198
-0. 73316 982

+0.17610 529
+0.92347 001
+0.82180 066
- 0.03542 843
-0. 86008 478

- 0.89398 316
- 0.10595 754
+0. 77948 495
+0.94827 25
+0.24522 27

450 -0. 68328 373

sin s 001 X

-0. 52529 634
+0.43220 513
+0. 99233 919
+0.64012.118
-0.300 129

-0.96497 394
- 0.74213 399
+0.16302 052
+0.91829 472
+0.82929 299

-0.\02215 689
.- 0.85323 583
- 0.89985 368
-0.11915 021
+0.77109 942

+0.95240 379
+0,25807 251
- 0.67352 944
0.98589 154

- 0.39182 950

+0.56247 878
+0.99964 666
+0.51774 401
-0.44017_009
- 0.99339 384

- 0.63329 587
+0. 30905 140
+0. 96725 824
+0.73617 232
-0.17174 704

- 0.92176 296
- 0.82431 427
+0.03100 516
+0.85781 859
+0.89595 756

+0.11035 728
- 0.77670 497
- 0.94966 826
- 0.24951 093
+0.68004 560

+0.98437 134
+0.38367 061
-0. 56977 511
- 0.99937 222
- 0.51015 112

+0.44810 056
+0.99437 066
+0.62642 095
- 0.31745 729
- 0.96946 676

sin

450
451
452
453
454

455
456
457
458
459

460y
461
462
463
464

465
466
467
468
469

470
471

)473
474.

475
476
477
478
479

480
481
482
483
484

485
486
487
488
489

490
491
492
493
494

495
496
497
498
499

- 0 .68328 373
- 0.98358 231
- 0.37957 985
+0.57340 657
+0.99920 563

+0.5033. 965
- 0.45205 -268
-009482 985
- 0.62296 505
+0. 32165 095

+0. 97054 255
+0, 72712 181
-0. 18481 137
- 0.92682 982
- 0.81672 521

+0.d4427 279
+0.86456 660
+0. 88998 186
+0.09715 190
-0. 78499 906

- 0.94542 551
- 0.23663 211
+0.68971 977
+0.98194.647
+0.3713T 611

/4. 5806, 573
4.0. 99881 376
- 0.49868 703
4.0. 45993 026
+O. 99568 978

+0.61601 671
-0. 3k3001 928
-0. 97263 707
- 0.72101 682
+0. 19,150 297

+0. 93011 702-
+0. 81158 578
;0.05311 369
-0. 86898 067
-0. 88591 083

- 0.08833 866
/ +0.79045 167

+0.94250 438
+0.22802 291
- 0.69610 177

- 0.98023 370
1- 0.36314 328
+0.58781.939

.99834 363
+O. 49099 533

- 0.73015 296 500 -0. 46777 181

193

004 X

- 0.73015 296
+0. 18046 010
+0.92515 898
+0.81927 096
- 0. 03985 100

- 0.86233 414
- 0.89199 124
- 0.10155 572
+0. 78224. 967
+0. 94685 832,

+0.24092 979
- 0.68650 847
- 0.982771z 401.
-0. 37548 66
+0. 57702

+0.99901 948
+0. 50251 826.
- 0.45599 593

99526 957
- 0:61949 695

+0, 32583 830
+0.97159 932
+0. 72407 641
4.18915 902
- 0.92848-252.

- 0 :81416 347
+0:04869 372
+0.86678 212
+0. 88795 504
+0.09274 619

- 0.78773 308
- 0. 94397 419
- 0.23232 978
+0.69291 756
+0.98109 969

+0.36726 329
- 0.58423 328

, - 0.99858 847
- 0.49484 603
+0.46385 557

+0. 99609 05.0*
+0.61252 44441'
- 0.33419' 379
- 0.97365 577
- 0.71794 312

+0.19784 312
+0.93173 331-
+0. 80899 219
- 0.05753 262
- 0. 87116 220

10. 88384 927

I
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ELIOMENTARY TRANSCENDENTAL FUNCTIONS

CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS

sin a 0011 x s a sin, X

Table 4.8

OM SI

181 .

:4*

SOO -0E46777 181 - 0.88)84 927 5 -0. 21948 408 - 0.97561 608
501 - 0.99647 170 - 0.08392 940 551 -0. 93954 038 - 0.34243 814

' 502 - 0.60902 011 +0. 79315 478 552 -0. 79578 759 +0. 60557 585
503
504

+O. 33836 176 +0. 94101 611
+0. 97465 539 +0. 22371 157 554

553 +O. 07960 864
+O. 88181 '305

+0. 99682 62Q
+Q. 47159 913

I
505
506

+0.71485 535 -0. 69927 236
- 0.20217 940 -0. 97934 850 s's

. 555
556

+0. 87328 261'
+0.06186 016

- 0.48721 400
-0. 99808 483

507 - 0.93333 135 - 0.35901 615 557 - 0.80643 623 - 0.59132 107
508 - 0.'80638 275 +0.59139 399 550 0-0. 93329 888 +0.35910 055
509 +0.06195 042 +0.99807 92) , 559 - 0.20209 084 +0.97936 678

510 +0.87331 0/7 +0.48713 502 550 +0. 71491 859 +0. 69920 771
511 +0.88177 040 - 0.47167 887 56r +0.97463 516 -0. 22379. 971
512 +0. 07951 849 -0. 99683 339 562 +0..33827 666 -0. 94104 671
51: - 0.79584 235 - 0.60550 389 563 -O. 60909 184 - 0.79309 970.
514 -0. 93950 941 +0.34252 310 564 - 0.99646 411 +0. 08401 951

515 , -0. 21939 585 +0.97563 593 565 - 0.46769 187 +0. 88389 157
516 +0.70242 924 +0.71175 358 566 +0. 49107 411 +0. 87111 '780 /
517 +0.97844 413 - 0.20651 172 .567 +0. 99834 883 +0. 05744 234
518 +0.35488 199 -0. 93491 110 568 +0. 58774 623 - 0.80904 534
519 -0. 59495 701 . 0.80375 753- 569 -0. 36322 754 -0. 93170 046

520 - 0.99779 528 +0. 06636 701 570 -0. 98025 158 - 0.19775 448
521 - 0.48326 517 +0..87547'403 571 -0. 69603 684 +0.71800 607
522 +0.47557 670 +0. 87967 426 572 +0. 22811 096 +0. 97363 514
523 +0.99717 555 +0.07510 603 573 +0.94253 460 +0. 33410 856
524 +0. 60197_5811___ .._141,19851 ..433 574, _+_0. 79039__628 -1.61259 589

4 525
56

- 0.34667 773 - 0.93798 430
- 0.97659 735 - 0.21507 583 576

575 -O. 08842 874
-0. 88595 278

- 0.99608 251
-0. 46377 546

527 - 0.70863 787 +0.70557 237 577. -O. 86893 S92 +0e49492 461
528 +0.21084 000 +0.97752 059 578 -0. 05)02 8 +0 99859 327
529 +0.93647 255 +0.35074 088 579 +0.81163 3611 +0; 58415 989

530 +0.80111 655 -0. 59850 837 580 +0.43008 380 367/4 740
531 - 0.07078 230 - 0.99749 581 +0.19341 424 -0. 98111 719
532 -0. 87760 424 - 0.47938 86 582 -0. 72107 948 -0. 69285 235
533 - 0.87756 088 +0. 47946 22 583 - 0.97261 606 +0. 23241 774
534 - 0.07069 210 +0.99749 818 584 - 0.32993 391 +0. 94400 483

O.

535 +0.80117 068 +0:59843 592 585 +0. 61608 795 +0. 78767 737
-536 +0.93644 083 - 0.35082 557./ 586 +0.99568 139 -0. 09283 623
537

,

+0. 21075 160 - 0.97753 965 587 +0. 45984 996 -O. 88799 663
638
539

-0.'70870 168 '- 0.70550 828,,
- 0.97657 790 +0. 21516 415 , 5889

8 -0. 49876 541
- 0.99881 816

- 0.86673 702
- 0.04860 339

541
540 - 0.34659 290 +0. 93801 565

+0. 60204 801 +0.79845 189
590
591

-0. 58056 210
+0.37146 008

+0.81421 597
+0.92844 893

542
543

+0.99716 876 -0. 07519 621
+0.47549 715 - 0.87971 726 593

592 +0.98196 357
+0.68965 418

+0.18907 022
- 0.72413 878

544 - 0.48334 434 - 0.87543 In 594 - 0.23671 997 - 0.97157 792

545
546

- 0.99780 128 - 0.06627 578
-0. 59488 432 +0.80381 133 596

595 -0. 94545 497
- 0.78494 304

-0. 32575 281
+0. 61956 794

547 +0. 35496 654 +0.93487 901 597 +0.09724 191 +0. 99526 078
548 +0.97846 280 +0.20642 324 598 +0.89002 309 +0.45591 545
549 +0. 70236 487 - 0.71181 710 599 +0.86452 115 - 0.50259 644

550 -0. 21948 408 - 0.97561 608 600 +0.04418 245 - 0.'99902 348
4

194



'182. ; ELEMENTARY TRANSCENDENTAL FUNCTIONS

Table 4.8 CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS

x sin x cos X
1

x sin x cos

600 +0.04418 245 -0.99902 348 650 +0,30475 320 -0.95243
601 -0.81677 739 -0.57695 294 651 -0.63678 449 -0.77104
602 -0.92679 586 +0.37556 547 652 -0.99286 546 +0.11923
603 -0.18472 249 +0.98279 072 653 -0.43611 050 +0.89989
604 +0.72718 389 +0.68644 271 654, +0.52160 244 +0.85318

" ----

605 +0.97052 07g -0.24101 756 655 +0.99975 651 +0.02206
606 . +0.32156 932 -0.94688 740 656 +0.55873 905 -0.8?934
607 -0.62303 579 -0.78219 333 657 -0.39598 051 - 0.9<1825
608 -0.99482 067 +0.10164 568 658 .4.98663 742 -0.16293
609 -0.45197 201 +0.89203 212 659 - 0.67018 443 +0.74219

610 +0.50641 763 +0.86228 634 660 +0.26243 303 +0.96495
611 +0.99920 923 +0.03976 064 661 +0.95377 077 +0.3005)
612 +0.57333 X48 :0.81932 281 662 +0.76821 607 . -0.64019
613 -0.37966 451 -0.92512 465 663 -0.12363 295 -0.99232
614 -0.98359 8 -0.18037 115 664 -0.90181 440 -0.43212

i
615 -04,832 761? +0.73021 475 665 -0.85087 185 +0.52537
616 +0.74531 0 ,.3 +0.96944 458 666 -0.01764 165 +0.99984
617 +0.94830 128 +0.31737 153 667 +0.83180 821 +0.55506
618 +0.77942 830 -0.62649 184 668 +0.91649 743 -0.40004
619 -0.10604 746 -0.99436 107 669 +0.15856 314 -0.98734

620 -0.89402 368 -0.44801 972 670 -0.74515 337 -0.66689
621 -0.86003 865 +0.51022 890 671 -0.96377 931 +0.26670
622 -0.03533 805 +0.99937 542 672 -0.29631 100 +0.95509
623 +0.82185 218 +0.56970 079 673 +0.64358 428 +0.76531

. 624 +0.92343.531.. . ,0.38375.412 674 +0.99177 114 -0.12802

625 +0.17601 627 -0.98438 726 675 +0.42812 819 -0.90371
626 -0.73323 132 -0.67997 929 676 -0452913 384 -0.84853
627 " *-0.96834 941 +0.24959 850 .' 677. -1499991 266 -0.01321
628 -0.31317 153 +0.94969 658 678 -0.55137 639 +0.83425
629 +0.62993 482 +0.77664 801 679 +0.40409 279 +0.91471

630 +0.99308 200 -0.11044 716 680 +0.98804 092 +0.15419
631 +0.44405 865 -0.89599 772 681 +0.66358 878 -0.74809
632 -0.51403 017 * -0.85777 210. 682 -0.27096 382 '-0.96258
633 -0.99952 202 -0.03091 477 683 -0.95639 354 -0.29208

.., 634 -0.56605 794 +0.82436 546 684 -0.76251 945 +0.64696

635 +0.38783 721 +0.92172 789 685 +0.13241 151 +0.99119
636 +0.98515 661 +0.17165 795 686 +0.90560 393' +0.42412
637 +0.67672 757 -0.73623 352 687 +0.84618 828 -0.53288
638 -0.25388 168 -0.96723 528 688 +0.00879 102 -0.99996
639 -0.95107 328 4.308% 539 689 -0.83668 866 -0.54767

640 -0.77385 250 +0.63336 586 690 -0.91292 065 +0.40813
641 +0.11484 470 +0.99338 346 691 - 0.14981 760 +0.98871
642 +4.".. 692. +0.75102 706 4.66027

1817594: 7Si
+0. 44008 889

643 -0.51782 138 693 +0.96138 090 -0.27522
644 +0.02649 089 -0.99964 905 694 +0.28784 558 -0.95767

645 - 0.82686 259 -0.56240 400 695 -0.65033 364 -0.75964
646 92000 41 +0.39191 270 696 -0:99059 911 +0.13679
647 -0.16729 6E6 +0.98590 667 697 -0.42011 233 +0.90747
648 +0.73922 130 +0.67346 260 698 40.53662 379 +0.84382
649 +0.96610 221 -0.25815 988 699 +0.99999 047 +0.004.6

650 +0.30475 320 - 0.95243 136 700 +0.54397 052 -0.83910

136
183
999
312
866

648
352
891
130
460

021
504
066
802
358

329
437
315
057
884

314
104
151
525
348

802
838
646
660
800

188
754
953
115
529

483
441
404
136
882

710
365
143
130
684

871
694
211
161
541

.433

to
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ELEMENTARY TRANSCENRENTAL FUNCTIONS

CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS Table 4.8

s 1 sin x ecie 9th . i sin x eoe X

;183

700 +0. 54397 052 - 0.83910 433 750
701 - 0.41217 342 -0. 91110 541 751

\ .702 -0.48936 702 - 0,14544 039 752
703 - 0.65694 115 +0.75394 186 753
704 +0.27947 339 '4+0. 96015 344 754

705 ° +0.95894 137 +0.28360 437 755 +0.85093 519 +0.52527 069
706 +0.75676 309 - 0.65368 925 756 +0.90176 229 -0.43223 231
707 14117 969 - 0.98998 399 757 40.12351 330 -0.99234
708 90932 251 - 0.41609 202 758 - 0.76829 325 - 0.64009 2

709 0. 84143 841 +0.54035 304 759 -0.95373 453 +0. 30065 04

. .

710 + 0 6 029 +1. 00000 000 760 -0. 26231 668 +0.96498 184
711 +0.84150.356 +0.54025157 761 +0. 67027 392 +0.74211 379
712 +0.90927 234 - 0.41620 166 762 +0.98661 776 -0.16305 026
713 +0. 14106 032 - 0.99000 100 763 +0. 39586 979 - 0.91830 665
714 - 0.75684 190 - 0.65359 799 764 - 0.55883 905 - 0.82927 614

715 - 0.95890 717 +0. 28372 000 , 765
716 - 0.27935 761 +0. 96018 713 766
717 +0. 65703 205 +0.75386 264 767
718 # +0.989.34 947 -0. 14555 968 760
7190 +0. 41206 355 -0. 91115 511 76

720 - 0.54407 170 - 0.83903 873 770
721 - 0.99998 994 +0. 00448 599 771
722 -0. 53652 204 +0. 84388 631 772
723 +0. 42022 174 +0. 90742 145. 773
724 +0.99061 560 +0:13667, 750 774

725 +0. 65024 204 -0. 75972 112 775
726 - 0.28796 105 -0. 95764 212 776
727 - 0.96141 408 - 0.27510 538 777
728 - 0.75094 744 +0.66036 198 778
729 +0. 14993 682 +0.98869 558 779

730 +0. 91296 985 +0. 40802 fe2 780
731 +0. 83662 '262 -0. 54777 970 781
732 -0.00891 160 - 0.99996 029 782
733 - 0.84625 253 -0. 53278 200 r 783

4 734 -0. 90555 279 +O. 42423 360 784

735 - 0.13229 199 +0. 99121 079 785
736 +0.76259 745 +0164687 335 786
737 . +0. 95635 831 -04,29219 647 787
738 +0.27084 775 - 0:.96262 220 788
739 - 0.66367 898 -0. 74801 752 789

740 - 0.98802 232 +0. 15431 102 790
741 -0. 40398 250 +0.91476 672 791
742 +0. 55147 697 +0. 83419. 011 792
743 +0.99991 106 - 0.01333 703 793
744 +0. 52903 153 - 0.84860 217 794

745 - 0.42823 715 - 0.90366 639 795
746 -0. 99178 657 -0. 12790 390 796
747 - 0.64349 199 +0.76345 285 797
748 +0.29642 616 +0. 95505 577 798
749 +0.96381' 146 +0. 26658 483 799

750 +0. 74507 295 -0. 66698 298 800

+0.74507 295
- 0.15868 219
-0. 91654 566
- 0.83174 127
+0. 01776 220

-0. 99975 384
-O. 52149 956
+0.43621 901
+01199287 983
+0. 63669 152

-0. 30486 804
- 0.96613 33,
-0. 73914 .009
+0.16741 514
+0.92004 966

+0.-82619 477
\T. 026642
-0O: 85555

1
1
119

- 0.89790' 114
- 0.11472 492

+0. 77392 886
+0. 95103 602
+0. 25376 605
- 0.67681 634
-0. 98513 591

-0. 66698 298
- 0.98732 971
- 0.39993 006
+0.55516 345
+0.99984 224

+0.02218 703
+0.85325 155
+0.89984 053
+0.11912 028
- 0.77111 861

1~7

- 0.95239 460
- 0.25804 '339 '
+0. 67355 173
40. 98588 649
+0.39180 176

-O. 56250. 370. ..
- 0.99964 585
- 0.51771 822
+0. 44019 716
+0.99339 730

+0. 63327 255
-0. 30908 007
- 0.96726 589
- 0.73615 192
+0.17177 673

- 0.38772 606. . +0.92177 465
+0. 56615 133 +0.82429 720
+0.99951 829 - 0.03103 529
+0.51391 674 - 0.85783 408
- 0.44416 668 - 0.89594 417

-0. 99389 531
- 0.62984 117
+0. 31328 604
+0.96837 950
+0.73314 932

- 0.17613 497
-0. 92348 158
- 0.82178 349
+0.03545 855
+O. 0010 016

-0. 11032 732
+0.77672 396
+0. 94965 881
+0. 24948 174
- 0.68006 770

-0.98166 1603
- 0.38364 277
+0. 56979 988
+0.99937 115
+0. 51012 519

+0.89396 965 - 0.44812 751

ao

I
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A -

Table 4.8 CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS

cot x

40. 44812
:0.99437
.0. 62639
+0. 31748
+0. 96947

+0.73013
..0. 18048
- 0.92517
- 0.81925
+0.03488

+0.86234
+0. 89197
+0.10152
- 0.78226
- 0.94684

-0. 24090
+0.68653
+0.98276
+0.37545
-0. 57705

- 0.99901
- 0.50249
+0.45602
+0.99527
+0.61947

-0. 32586
- 0.97160
-0. 72405
+0.18918

'
. . x silt x

I
800 40. 89396 965
801 +0.10592 756
802 -0. 77950 384
803 - 0.94826 300
804 -0. 24519 354

805 , +0. 68330 573
806 1,, +0. 98357' 687
807 +0.37955 196
808 - 0.57343 126
809 -0. 99920 443

810 - 0.50631 365
811 +0.45207 956

812 +0.99483 291
813 +0.62294 147
814 - 0.32167 949

f 815 -0; 97054 981
816 - 0.72710 111

0 817 +0. 18484 0/9
818. +0.92684 11' 4 ,

819 ,. +0.81670 782

820 -0.04430 291
821 -0. 86458'174'
822 - 0.88996 811
823 - 0.09712 190
824 +0.78501 774

825 +0. 94541 569
826 +0. 23660 282
827 - 0.68974 159
828 - 0.98194 076
829 - 0.37134 812

830 +0. 58066 027
831 +0. 99881 229
832 +0. 49866 090
833 - 0.45995 702
d34 -0. 99569 258

835 - 0.61599 297
836 +0. 33004 774
837 +Q. 97264 407
838 +00.72099' 594
839 - 0.19353 254

840 - 0.93012 809
841 - 0.81156 816
842 +0. 05314 379
843 +0.86899 559
844 +0.88589 685

845' i +0.08830 863
846 - 0.79047 014
847 - 0.94249 4'31
848 - 0.22799 356
849 +0.69612 342

850 +0.98022 773

+0.92849

+0.81414
- 0.04872
- 0.86679
-0. 88794
-0, 09271

+6.78775
+0.94396
+0.23230
- 0.69293
- 0.98109

- 0.36723
+0. 58425
+0. 99858
+0. 49481
-0.46388

,0. 99609
- 0.61250
+0.33422
+0.97366
+0.71792

-0. 19787

x °- sin X cos X

751 850 +0. 98022 773 -0.19787 267
385 851 +0.36311 519 - 0.93174 426
745 852 i - 0:58784 378 - 0.80897.447
587 853 - 0.99834 189 +0.05756 271
415 854 - 0.49096 907 +0.87117 700

Q
2374' 855 +0.46779 845 +0.88383 517
975 856 +0.99647 423 +0. 08389 936
042 A 857 +0. 60899 620 - 0.79317 314
368 858 -0. 33839 013 -0. 94100 591
112 8551 - 0.97466 214 - 0.223¢8 219

940 860 -0. 71483 427 +0.6929 390
762 861 +0.20Q220 893 +0.97 34 241
573 862 +0. 93334 217 +0.3589L.802
845 863 +0.80636 493 -0. 59141'830
862 064 0.06198 051 .0. 99807 736

054 865 -0. 87334 135 - 0.48710 870
039 866 - 0.88175 618 +0.47170 545
844 867 - 0.07948 845 +0.99683 579.
372 868 +0. 79586 060 +0. 60547 989
142 869 +0.93949 908 - 0.34255 142

814 870 +0.21936 644 -0. 97564 254
220 871 -0. 70245 07 - 0.71173 241 °

276 872 - 0.97843 790 , +0.20654 122
249 873 .0.35485 38 +0.93492 180
329 874 +C. 59498 12 +0. 80373 '959

.680- 875 +0.997.79 328 - 0.06639 709
646 876 +0.4832 -0. 87548 859
56 .877 - 0.47550 322 - - 0.87965.992
862 878 -0. 99717 982 - 0.07507 597
371 879' - 0.60195 173 +0.79853 248

596 880 +0.34670 601 +0. 93797 185
383 881 +0.97660 383 +0. 21504 639
716 882 +0, 70861 660 - 0.70559 373
118 883 -0. 21086 947 - 0.97751 423
618 884 - 0.93648 312 -0. 35071 265

165 885 -0. 80109 851 +0. 59853 252
424 886 +0.07081 '237 +0.99748 965
046 887 +0.87761 869 +0.47935 940
929

.
888 +0.87754 643 -0. 47949 167

386 889 +0.07066 203 -0. 99750 031
4 t

1

525 890 .0.80118 871 -0. 59841 177
775 891 4.93643 025 +0. 35085 380
687 892 - 0.21072 213 +0. 97754 600
983 893 +0.70872 294 +0. 70548 692
228 894 +0.97657 141 - 0.21519 358

316 895 +0.34656 4663 -0. 93802 610
058 896 -0. 60207 208 - 0.79844 174
221 897 - 0.99716 649 +0.07522 627
264 898 - 0.47547 063 +0.87973 159
213 899 +0.48337 073 +0.87541 575

267 900 +0.99780` 327 +0.06624 670

X97
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CIRCULAR SINES AND COSINES FOR LARGE RADIAN ARGUMENTS Table 4.0

185 .

Ida s 0084 t r
4I X 008 X

900 +0.99780 327 +0. 06624 670 950 +0. 9 46 479 ' +0.32572.431
901 N. +O. 59486 009 -0. 80382 926 951 +0. 92. 436 -0. 61959. 160
92 - 0.35499 472 - 0.93486.831 952 ft-0. 09727 191 - 0.99525 784
903 - 0..97846 902 -0. 20639 374 953 '4. 89003 684 -0.45588 862
904 - 0.70234 341 +0. 71183 827 . 954 - 0.86450' 600 +0.50262 250

. ,

405 +0.21951 349 +0.97560 947 .955 -0. 04415 233 40. 99902 481
906 +0. 93955 070 +0. 34240 981 956 +0.81679 478 +0.57692 832
907 40: 79576 933 - 0.60559 984 957 +0, 92678 454 -0.'37559 341
908 --0. 0790 .869 -0. 99682 380 I' .958 .40. 18469 287 -0.98279 629
909 4-0.18182 727 -0. 47157 255 959 - 0.72720 458 - 0.6864; 079 .

910 -0.87326 792 +0.48724 032 96 -0. 97051 349 . +0.24104 682
911 -C.06183 008 +0.99808' 669 9601 - 0.32153 677 +0. 94689 709
912
913

+0.80645 406
+0. 93328 805

+Q. 59129 676
-O. 35912 869 963

962 +0.62305
+0.99481

937
760

+0.78;17 455
- 0.10167 567

914 +0. 20206 -131 97937 287 964 +0. 45194 512 - 0.89204 574

915 -0. 71493 966 -0. 69918 616 965 -0. 50644 362 -0. 86227 308
916 - 0.97462 841 +0. 22382 909 966 - 0.99921 043 -0. 03973 052
917 -0. 33824 829 +0.94105 690 967 - 0.57330 778 +0.81934 009
918 +0.60911 575 +0. 79308 134 968 +0.37969 140 +0.92511 320
919 +0.99646158 - 0.08404 955 969 +0. 98360 406 +0.18034 150'

920 +0.46766 523 - 0.88390 56'7 910 +0.68319 568 -0.73023 535
921 - 0.49110 037 -O. 87110 299 971 -0. 24533 966 - 0.96943 718
922 -0. 99835 056 -0. 05741 224 972 -0. 94831 084 - 31734 2
923 -0. 58772 184 +0. $0906 306 97 - 0.77940 942 +00.. 62651 493

924 +0.36325 962 +0.193168 952 ,,974 +0.10607 744 +0.99435 787
.

925
926

+0. 98025 754
+0. 69601 520

+0.19772 493
- 0.71802 705 976

975 +0. 89403
40. 86002

718
327

+0. 44799 277
-0. 51025 482

927
928

0.22814 031
4. 94254 467

- 0.97362 827
4:13408 015

. 977
978

+0.03530
82186

793
936

-0.99937 648
-0. 56967 601

,

929 - 0.79037 781 +0.61261 972 979 - 0.92342 374 +0. 38378 195

9.30 +0.08845 877 +0.99607 984 980 - 0.17590 660 +0.98439 256

'931 +0.88596 676 +0. 46374 875 981 +0. 73325 181 +0.67995 719.

952 +0. 86892 100 40, 49495 080 982 40. 96834 189 -0.24962 769
933 +0. 05299 328 -0. 99859 487 983 +0.31314 290 - 0.94970 602
934 . -0. 81165 622 -0. 58413 542 984 - 0.62995 823 - 0.77662 902

935 - 0.93007 273 +0. 36737 544 983 -0 99387 867 +0.11047 712
936 - 0.19338 467 +0. 98112 302 986 -0. 4403 164 +0.89601 111

937 +0.72110 037 +0.69283 061 987 4.0, 1405 603 +0. 85775 661

93 +0. 97260 905 6-0. 23244 706 988 +0.99952 296 +0. 03088 464
939 +0.32990 546 -O. 94401 391: 989 +0. 56603 309 -0. 82438 252

940 - 0.61611 169 -0. 78765 880 990 - 0.38786 499 -0. 92171 620

941 - 0.99567 859 +0.09286 625 991 -0. 98516 179 - 0.17162 825
942 -0. 45982 .319 +0.88801 049 992 - 0.67670 538 +0. 73625 392 4

943 +0.49879 154 +0.86672 199 993 +0. 25391 083 +0.96722 763
.944 +0.99881 962 .0. 04857 328 994 +0. 95108 260 +0.30893 672

945 +0. 58053 755 - 0.81423 347 995 +0.77383 341 - 0.63338 919
946 -0. 37148 806 - 0.92843 773 996 0.11487 465 -0. 99338 000
947 - 0.98196 927 - 0.18904 062 997 -0. 89796 748 -0. 44006 182

948 - 0.68963 246 +0.72415 957 998 -0. 85547 315 +0.51784 716
949 ' +0.23674 926 +0.97157 078 999 .0. 02646 075 +0. 99964 985 4

950 +0.94546 479 +0. 32572 431 1000 +0.82687 954 +0.56237 908

For s>1000 see Faemple 16.
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Table 4.9

.CIRCIJIAR TANGENTS, COTANGENTS, SECANTS AND COSECANTS FOR RADIAN ARGUMENTS

x tan x 1 eot. x aecx . ONICX . 2-1-00tX can z z -11

0t00
0.01

0.00000 0000
0.01000 0333

ce

61?99.99666 6tr
1.00000 00

. 1.00005' 00
io

100.00166 67
0.00000 000
0.00333 335

040000
0.00166

000
668

0.02 0.02000 2667 49.99333 32 '1.00020 00 50.00333 35 0.00666 684 0.00333 349
0.03 0.03000 9003 33.32333 27 1:00045 02 33.33833 39 0.01000 060 0.0050Q 053
0.04 0.04002 1347 24.98666 52 .1.00080 05 25.00666 79 0.01333 476 0.00666 791

0.05 0.05004 1708 19.98333 06 1.00125 13 20.00833 58 0.01666 '944 '0.00833 576
0.06 0.06007 2104 16.64666 19 1.00180 27 16.67667 09 0.02000 .480 0.01000 .420
0.07 0.07011 4558 14.26237 33 -1.00245 50 14.29738.76 0.02334 096 0.01167 334
0.08 0.08017 1105 12.47332 19 1.00320 86 12.51334 32 0.02667 805 0.01334 330
0.09 0.09024 3790 11.08109 49 1.00406 37 11.12612 53 0.03001 621 0401501 '419

0.10 ' 0.10033 467 9.96664 44 1.00502 09 10.01668 61 0.03335 558 0.01668 614
0.11 0.11044 582 9.05421 28 1.00008 07 0.10926 83 9.03669 628 0.01835 925
0.12 0.12057 934 8.29329 49 1.00724 35 8.35336 70 0.04003 845 0.02003 365
0.13 0.1 3073 732 7.64892 55 1.00850 99 7.71401 72 0.04338 223 0.0217.0 946
0.14 0.14092 '189 7.09612 94 1.00988 07 7.16624 39 ,, 0.04672 776 0.02338 680

'41 0.15 0.15113 522 6.61659 15 1.01135 64 6.69173 24 0.05007 516 0.02506 578
0.16 0.16137 946 6.19657 54 1.01293 80. 6.27674 65 0.05342 . 458 0.02674 653
0.11 0.17165 682 5.82557 68 1:01462 61 5.91078 21 0.05677 615 0.02842 915
0.18 0.18196 953 5.49542 56 1.01643 16 5.58566 93 0.06013 000 0.03011 379
0.19 0.19231 984 5.19967 16 1.01832 55 5.29495 84 0.06348 628 0.03180 054

0.20 0.20271 004 14.93315 49 1.02033 88 ' 5.03348 95 0.06684 512 0.03348 955
0.21 0.21314 244 4.69169 81 . 1.02246 26 4.79708 57 0.07020 667 0.03518 092
0.22 0.22361 942 4.47188 15 1.02469' 78 4.58232 93 0.07357 105 0.03687 477
0.23 0.2 3414 736 4.27088 77 '1.02704 58 4.38639 73 0.07693 841 0.03857 124
0.24 0.24471 670 4.08635 78 1.02950 -78 4.20693 '71 0.08030 889 0.04027 '044

0.25 0.25534 192 3,91631 74 1.03208 50 4.04197 25 0.08368 264 0.04197 '250
0.26 0.26602 154 3,.75909 41 1.03477 89 . 3.88983 14 0.087050978 0.04367 754
0.27 0.27675 814 3.61326 32 1.03759 10 3.74908 94 0.09044 046 0.04538 569
0.28 0.28755 433 3.47760 37 1.04052 27 3.61852 56 0.09382 483 0.04709 707
0.29 0.29841 279 3.35106 28 1.04357 57 3.49708 77 0.09721' 302, 0.04881 181

0.30 0.30933 625 3.23272 81 1404(75 16 3.38316 34 0.10060 519 0.05053 003
0.31 0.32032 751 3.t2180 50 Ai.ospos 22 3.27805 83 0.10400 147 0.05225 186
0.32 0.33138 941 3.01759 80 f 1.05347 94 3.17897 74 0.10740 202 0.05397 744
0.33 0.34252 487 2.91949 61 1.05703 51 3.08600 99 0,11080 697 0.05570 689
0.34 5373 688 2.82696 00 1.06072 13 2.99861 68 0.11421 648 0.05744 034

0.35 0.36502 849 2.73951' 22 1.06454'02 2.91632 08 0.11763 070 0.05917 792
0.36 0.37640'285 '2.65672 80 1.06849 38 11 2.83869 75 0.12104 976 0.06091 976
0.37 0.38706 316 2.57822 89 1.07258 47 2.76536 87 0.12447 383 0.06266 601
0.38 0.39941 272 2.50367 59 1.07681 30 2.69599 57 0.12790 306 0.06441 678
0.39 0.41105 492 2.43276 50 1.08118 74 2.63027 48 0.13133 759 0.06617 222

0.40 0.42279 322 2.36522 24 1.08570 44 2.56793 25 0.13477 58 0.06793 246
0.41 0.43463 120 2.30080 12 1:09036 89 2.50872 20 0.13822 18 0.06969 763
0.41 0.44657 255 '2.23927 7& 1.09518 36 2.45242 03 0.14167 NU, 0.07146 789
0.43 0.45862 102 2.18044 95 1.10015 15 2.39882 48 0.14513 115 0.07324 336
0.44 0.47078 053 2.12413 20 1.10527 57 2.34775 15 0.14859 524 0.07502 418

0.45
0.46

0.48305 507
0.49544 877

2.07015
2.01837 721

1.11055 94
1.11600 60'

2.29903 27
2.25251 55

0.15206 486
'0.15554 089

0.07681
0.07860

051
24:

0.47 0.50796 590 1.96863 61 1.12161 91 , 2.20805 98 0.15902 348 0.08040 022
0.48 0.52061 084. 1.92082 05 1.12740 22 2.16553 72 0.16251 280 0.08220 390
0.49 0.53338 8151 1.87480 73 1.13335 91. 2.12483 00 0.16600 901 0.08401 366

0.50 0.54630 249 1.83048 77 1.13949 39 2.08582 96 0.16951 228 0.08532 964
r( .-4)21 r(-5)21 r(-7)91 [(1)8]
1 4 J L 4 J L 4 j

Compilation of tan z and cot z from National Bureau of Standards, Table of circular and hyperbolic tangents and cotan-
gents for, radian arguments, 2d printing. Columbia Univ. Press, New York, N.Y., 1147 (with permission).
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1 ELEMENTARY TRANSCENDENTAL FUN8TIONS
TA

CIRCULAR TANGENTS._ COTANGENTS, SECANTS AND COSECANTS Table 4.9

FOR RADIAN ARGUMENTSI sa.n x .-- ' eat x ' me e aso s

187

0.50 0.54630 249' 1.83048 772 1.13949 39 2.08582 96
0.51 0.55935 872 1.78776 154 1.14581 07 2.04843 63
0.52 0.57256 183 - '1.74653 626 ,, 1.15231 38 2.01255 78

'0.53 0.58591 701 1.70672°634 1.15900. 77 -. 1.97810 89,
0.54 0.59942 962. 1.66825 255 1.16589 70 1.94501.07

0.55 0.61310 921 1.63104 142 ,1.17298 '68 1,9019 00
0.56 0.62694 954 1.59502 471 1.18028 21 1.88297 90
0.57 *0.64096 855 1.56013 894 1.18778 81 1.85311 45
0.58 0.65516 845 1.52632 503 1.19551 06 1.82473 78
0.59 0.66955 565 -1.49352 784 1.20345 13 1.79739 41

0.60 0,68413 681 1.46169 595 1.21162 83 1.77103 22
0.61 0.69891 886 1.43078 125 1.22003 59 1.74560 45
0.62 0.11390 901 1.40073 873 1.22868 47 1.72106 62
0.63 0.72911 473 71.37152 626 1.23758 16' 1.69L% 57
0.64 0.74454 382 1.34310 . 429 1.24673 39 1.61;149 37

0.65 0.76020 440 1.31543 569 1.25614 92 1.65238 34
0.66 077610 491 1.28848 559 1.26583 52 1.63101 05
0.67 0.79225 417 1.26222 118 1.27580 04 1.61034 23
0.68 0.80866 138 1.23661 155 , 1.28605 34 1.59034 84
0.69 , 0.82533 611 1.21162 759 1.29660 31 1.57100 01

0.70 0.84228 838 1.18724 113 1.30745 93 1,55227 03
4.71 0.85952 867 1.16342 833 1.31863 17 1.53413 35
002' 0.87706 790 1.14016 258 1.33013 09 '1.51656 54
0.73 0.89491 753 1.11742 140 s 1.34196 77 1.49954 35
0.74 0.91308 953

,
1.0954 285 1.35415 38 1.48304 60.

0.75 0.93159 646 1.07342 615 1.36670 11 106705 27
0.76 0.95045 146 1.05213 158 1.37962 24 1.45154 43
0.77 0.96966 833 1.03128 046 1.39293 10 1.43650 25
0.78 0.98926 154 1.01085 503 1.40664 08 1.42190 99
0.79 1.009224 629 0.99083 842 4 1.42076 67 1.40775 03

0.80 1.02963 857 0.97121 460 1.43532.42. 1.39400 78
0.81 1.05045 514 J 0.95196.830 1.45032 96 1.38066 78
0.82 1.07171 372 0.93308 500 1.46580 02 1.36771 62
0.83 1.09343 292 0.91455 085 1.48175 42 1.35513 96
0.84 ,

1.11563 235 0.89635 264 1.49821 08 1.34292 52 /
0.85 1.13833 271 0.87847 778 1.51519 02 1.33106 09
0.86 1.16155 586 0.86091 426 1.53271 39 1.31953 53
0.87 1.18532 486 0.84365 058 1.55080 .46 1.30833 72
0.88 1.20966 412 0.82667 575 1.56948 63 1.29745 63
0.89

.
1.23459 946 0.80997 930 1.58878 44 1.28688 25

0.90 1.26015 822 0.79355 115 1.60872 58 1.29660 62
0.91. 1.28636 938 0.77738 169 1.62933 92 1.26661 84
0.92 .31326 370 0.76146 169 1.65065 49 1.25691 05
0.93 1.34087 383 0.74578 232 1.67270 52 1.24747 40
0.94 1.36923 448 0.73033'510 1.69552 44 1.23830 10

0.95 1.39838 259. 0.71511 188 1.71914 92 1.22938 40
0.96 1.42835 749 0.70010 485 1.74361 84 1.22071 57

1.45920 113 0.68530 649 1.76897 37 1.21228 9140.97
0.98 1.49095 827 0.62070 959 1.79525 95 1.20409 77
0.99' 1.52367 674 0.65630 719 1.82252 32 1.19613 51 ,

1.00 1.55740 772 0.64209 262 1.85081 57 1.18839 51

1 war.

1(--4)fl f (-- 441 r( - on r(-4)21
L 5 I L a i L 5 L 5 J

04" 0
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Table 4.9 CIRCULAR TANGENTS, COTANGENTS, SECANTS AND'COSECANTS
IFOR RADIAN ARGUMENTS

LOC
. 1.01

142
, 1.03

1.04

1.05
.06

tan z
1.55740
1.59220
1.62813
1.66524
1.70361

1.74331
1.78442

1.07 1.82702
1.87121
1.91709

1.08tot

I.15
1.16
1./7
1.18

1.20
1.21
1.22
1.23
1.24

1.25
1.26
1.27
1.28
1.29

I.30.
1.31

.1.32
1.33

1.34
-. 1.35

1.36 -
1.37
1.38
1.39

1.40
1.41
1.42
1.43
1.44

1/4°s..r

1.45
1.46
1.47
1.48
1.49

1.50
1.51
1.52
143
1.54.

1.55
1.56
1.57
1.58
1.59

cot ir
77

04

0.64209 2
60 042805 942

41420 141
40 0

040051
260

46 048698 722

4$
82

10
73

1.96475 97
2.01433 82 *.

2.06595 53 t

2.11975 01
2.17587 P.
2.23449 69* .
2.29579 85
2.35998 11
2.42726 64
2.49789 94. ,

1.. . 237115 16
'2.65032 46
2.73275 42
2.81981 57
2.91192 99

3.00956 97
3.11326 91
3.22363 52
3.34135 00 .

46720 S7

.'440210
3.74708
3.90334
4.07230
4.25561

4.45522
4.67344
4.91305
5.17743
5.47068

5.79788
6.16535
6.58111
7.05546
7.60182

8.23809
8.98860

`., 9.88737
10.98337
12.34905

14.10141
16.42809
19.66952
24.49841
32.46113

48.07848
92.62049

.1255.76559
- 108.64920

52.06696

1.60 34.23253

For s>1.8, UN 4.3.44.

0.57361 910
0.56040 467
0.54733 693
0.53441 147
0.52162 342

0.50896 811
0.49644 096
0.48403 759
047175 371
0.45958320

0.44752 802
0.43557 829
0.42573 121
0.41198 610
0.40033'638

.N 0.38877 Vit.
. 0.37731 227..4 'r

0.36593 119
0.35463 310
0.34141 486

(433227.142
0.32120 577
0.31820 899

428841.670

11 '''1176617 01:.
812t1:11:1:

79 : 0.23498 350

18 0.22445 572
12 .. *0:21397 509 ..
81 040.153.92r ..4,....

.
.

74 061,314 574.'1.. ..

06 J1.18279 234 .

37 0437247 673
61 00219 663
95 035194 981
38 0.14),73 413
61 0.13154 734

28 0.12138 732
76 0.11125 194
49 0.10113 908
93 6660.
64 0.00491048097 2601

99 0.07091 4844
17 0.06087 1343
78 045084 0061
04 0.04081 8975
89 0.03080 6066

25 0.02079 9325
63 0.01079 6746
14 + 0.00079 6327
36 0.00920 3933
96 0.01920 6034

27 0.02921 1978
{(-?2]

201

Bee z
1.85q81 57
1.88019 15
1.91070 89
1.94243 08
1.97542 47

2.00976 32
2.04552 49
2,08279 43
2.12166 31
2.16223 06

2.20460 44
2.24890 16
2.29524 97
2.34)78 77
2.39466 75

2. 574480$
2.50413 48
2.56310 57
2.62518 99
2.690V 21

'2.75970 36
2.83270 55
2.90997 35
2.99188 25
3.97885'30

3.17135 77
3.26993 04
3.37511 57
3.48778 15
3.60853 36

3.73833 41
3.87822.33
02940 74
4.19329 31
4.3715) 10

4.5V07 06
*4.73923 14
'5401379 49
3.27312 60

...9.56133

5.88349 01
6.24592 80.
6.65666 08..
7.12597. 85
746731 76

'419856 45
9.04406 25
9.93781 58

11.02880 87
12.3900 66

14.13683. 29
16.45849,92
19.69493'14
24.51881 .14
32.47653 83

48.08888 10
92.62589 45

.1255.76598 97
1.. 100.65300 SS

52.07657 18

34.24713 56

Cie
1.181.39 51
1418047 20
1.17356 01
1.16645 42
1.15934 90

1.15283 98
1.14632 17
1.13999 02
1.13384 11
1.12787 01

1.12207 33
y. 1.11644 69

1.11098 71
1.10569 05
1.10055 37

1.0931;7\41
1.09074
1.08607 04
1.08154 17
1.07715 79

1.07291 64
1.06881 46
1.06485 01

.1.00102 06
1.05732 39

. 1.05375 79

.- 1:95032 OS
1.04700 98
1.04382 41
1.04076 14

1.03781 00
1.03499 85
1.03229 53
1.02970 88

' 1.02723 77

1.02488 07
1. 02263 69 5.
1.02030 39
1.01848 18
1.01656

1.01476 51
1.01306 85
1.01147 85
1.00999 43,
1.00861 52

1.00734 05
' 1.00616 95

.00510 15
1.00413' 62
1.00327 29

1.00251 15
1.00185 09
1.00129 1$
1.00083 27
1.00047 44

1.00021 63

100000
83

300000 03
1.00004 24
1.00018 44

1.00042 66

I

I
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ELEMENTARY TRANSCENDENTAL FUNCTIONS '

CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE Table 4.10

WO. 4t,

1

a . ein

0.0° 0.00000 00000
0.1. 0.00174 53283
0.2 0.00349 06514
0.3 -' I 0.00523 59638
0.4 0. 00698 12602

0.5 0.00872 65354
0.6 Q. 01047 17841
0.7 0; 01221 70008
0.8 0. 01396 21803
0.9 0. 01570 13173

1. 0 .0. 01745 24064
1.1 0.01919 74423
1.2 .0. 02094 24198
1.3 0.02268 73335
1.4 0.02443 21781

1. 5 0.02617 69483
1.6 0.02792 16387
1.7 0.02966 62440
1.8 0.03141 07590
1.9 0.03315 51783

2.0 0.03489 94967
2. 1 0.03664 37087
2.2 0.03838 78090
2.3 0.04013 17925
2..4 0.04187 56537

2. S 0.04361 93873
2. 6 0. 04536 29881
2. 7
2. 8

0.04710 64507
0.0494 97697

1. 9- 0;' ,M9"29400

3. 0 0.05233 59562
3.1 0.05407 88129

k
0.05582 15049
0. 05756 40269

3. 4 0.05930 63735

3.5 0. 06104. 85395
3. 6 0. 06279' 05195
3. 7 0.06453 ,23082
.3. 8 0.06627 39004
3.9 0.06801 52906

4. 0 0.06975 64737
4. 1 O. 07149 74443
4.2 0.07323 81971
4. 3 0.07497 87268
4. 4 0.07671 90281

4. 5 0.07845 90957
4. 6 0.08019 89243
4. 7 0.08193 85086
4. 8 O. 08367 78433
4.9 01 08541 69231

5.'0 0.08715 57427
90° - s 041 .

rrl

.
00000
M898
15224
31420
97962

98374
16246
35247
39145
11821

37284
99690
83357
72781
52653

07873
23569
85111
78128
88526

02501
06556
87520
32560
29200

65336
29254
09643
95613
76713

42944
84775
9316493164
59567
75962

34857
2931)
52958
00000
65248

44125
2686

632
2 28
2 9

27845
28859
30041
32315
37367

47658

t

.

.

,

00110

1. 00000 00000.
0.99999 84769
O. 99999 39076. 0.99998 62922
0.99997 56307

0.99996 19230
0.99994 51693
0.99992 53696
0.99990 25240
0.99987 66324

0;99984 76951
0.99981 57121
0.99978 06814
1. 99974 26093
0.99970 14897

0:99965 73249
0. 99961 015
0. 99955 98601

0

0.99950 65603
, 0.99945 02159

0.99939 08270
0.99932 83937
0.999 I+ 29164

. 0. 999 9 43951
0.999 2 28300

0.999 82215
O. 99 7 05697
0. 99888 98749
0.99880 61373

- -0.'19873 43571

0.99862 95347
0.99853 66703
0.99844 07641
0. 99834 18166
0.99823 98279

0.99813 47984
O. 99802 67284
0.997,91 56182
0.99780 14682
0.99768 42788

0.99756 40502
O. 99744 07829
0.99731 44772
0.99718 51335
0.99705 27522

0.99691 73337
0.99677 88784
0.99463 73868
O. 99649 28592-
0.99634 52961

0.99619 46980
sin a

. r( -7)41L 5 J

00000
13288
57790
47427 .,
05395

64171
65512
60452
09304
81661

56391
21644
74845
22698
81183

75557
40354
19384
65732
41757

19096
78656
10621
14446
98858

81858
90715
61970
41434
84186

54574
26212
81981
14028
23765

21867
28272
72179
92050
35605

59824
30944
24458
25116
26920

33128
56247
18037
49504
90906

91746

90° -e
90.0°
89.9
89.8
89. 7
89.6

89.5
89.4
89.3
89.2

, 89.1

89.0
88.9
88.8
88.7
88.6

88.5
88.
88.4
88. 2
88.1

88.0
87.9
87.8
87.7
87.6

87.5

87. 3
87.2

87.0
86.9
86.8
86. 7
86.6

96.5
8866.. 43

86.2
86.1

86.0
85.9
85.8
85.7
85. 6

85.5
85.4

t 85.3
8855.1. 2

85.0
-

For conversion from radiume to degreeeese Emu* It

°Sol
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190 ELEMENTARY TRANSCENDENTAL FUNCTIONS

Table 4.10 CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE .

0011 0 90.1-.0

0.99619 46980 91/46 85.0°
I

5.0°
'5.1
5,'2
5.3
5.4

5.5
5.4

sin t.

0.0 5 57427
0. 0 968

09063 2 801
09237 05874

.09410 83133
,

0.99584,,51225
- - 009758 28997

47658
66442
97780
46562
18514

20224
59149

5.7 0.09931 97497 43639
5.8 0.10105 62971 '82946
5.9 0. 10279 25367 87247

6.0 4,;) 40. 10452 84632 67653
6.1 0.10626 40713 36233
64 *" 0.10799 93557 06023
6.3 0.10973 43110 91045
6,, 4 0.11146 89322 06325

6.5 0.11320 32117 67907
6. 6 0.11493 71504 92867
b:7 0. 11667 07370 99333

' 6. 8 0.11840 39683 08501
6.9 IL 12013 68388 34647

. 4 7.0 0.12186 93434 05147
7.1 0,12360 14767 40493
7.2 0.12533 32335 64304
7. 3 0.12706 46086 01350
7.4 0.12874 55965 77563

7. 5 0.13052 61922 20052
1. 6 0.13225 63902 57122
7. 7 0.13398 61854 16292
7. 8 0.13571 55724 34304
7.9 0.13744 45460 37147

°0.139178.0 31009 60065
8. 1 O. 14090 12319 37583
8. 2 O. 14262 89337 06512
8.3 0.14435 62010 00973
8.4 . 0.14608 30285 62412

' 8.5 0.14780 94111 29611
8. 6 0.14953 53434 43710
8. 7 0. 15126 08202 47219
8. 8 0.15298 511162 84038
8.9 0.15471 031162 99468

9. 0 0.15643 44650 40231'
9.1 0.15815 80672 54484
9.2 0. 15988 11876 91835
9.3 0.16160 38211 03361
9.4 0.1633' 59622 41622

.,
9. 5 0.16504 76058 68678
9. 6 0.16676 87467 16102
9.7 0.16848 93795 65003
9. 8 0. 17020 94991 66033
9. 9 0.17192 91002 79410

0.99604 10654 10770 ' 84..9
0.99588 43986 15970 84.8
IL 99572 46981 84582
0. W556.19646 03080 1441..Y6

. 0.99539 61983 67179 84.5 .

0.99522 73999 81831 84.4
IL 99505 55699 61226 84. 3
0.99488 07988 28788 84.2
0.9947099470 28N1 17174 84.1 ''

IL 99452 '18953 68273 84.0
e 0.99433 79441 33205 83.9

0.99415 0,639. 72315 83.8 . .

0..99396 09554 55180 83.7
0.99376 79191 60596 83.6

0.99357 18556 76587 83.5
0.99337 27656 00396 83.4
0.99317 06495 38486 83.3
0.99296 55081 06537 83.2
0. 99275. 73419 29446 .,, 83.1

O. 99254 61516 41322 83.0
IL 99233 19378 .85489 82. 9
0.99211 47013 14478 82.8
0.91189 44425 90030 82.7
0.99167 11623 83090 82.6

0.99144 48613 73810 82.5
0.99121 55402 51542 82.4
0.99098. 31997 14836 82. 3

,
, 0.99074 78404 71444 82.2

0.99054 94632 38309 82.1
,

0.99026, 80687 41570 ' 82.10
0. 99002 36577 16558 .
0. 9$97?" 62309 07789

81. 9
81. 8

IL 98952 57890 68969 . j 81.7
. 0.98927 23)29 62988 . 81. 6

0.98901 58633 61917 81.5
0.98875 63810 47006 81. 4

1 0.98849 38868 08684 81. 3
0.98822 83814 46553 81.2
0.98785 98657 69389 81.1

0.98768 83405 95138 81. 0
0.98741 38067 50911 80.9
0.98713 62650 72988 80. 8
0.98685 57164 06807 80.7
0.98657 21616 06969 80.6

.
0.98628 56015 37 31 80.5
0.98599 60370 70505 80.4
0.98570 34690 88854 80.3
0.98540 78984 83490 80.2
0.98510 93261 54774 80.1

10.0 0.17364 81776 66930 ' 0.98480 77530 12208 so. ofilfr
90. a cos 9 , sine

r ( - 8)71 n --7)41
i 5 I L 5 i
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ELEMENTARY TRANSCENDENTAL FUNCTIONS,
,

CIRCULAR ;INES AND COSINES TO TENTHS OF A DEGREE Talkie 4;10
'

. i

10. r
10.2
10.3
10. 4

10. 5
10. 6
10.7
10.8 ,
10. 9

11. 0
11.1
11.2
11.3
11.4

11.5 /
11, 6 '
11,i 7
11.8
11.,
12.0

11. i
12.3
12.4

1 ,

12. 5
12.6
12.7
12.8 ,
12.9

13. 0 ^
13.1
13.2
13.3
13.4

13.5
13. 6*
13.7
13.8
13.9

14.0
14.1
14.2
14.3
14.4

a
14. 5
1'4.6
14.7
14.8
14.9

90*-0

.11 pan a.

c
tin

.

eon (0 . 90° -e

"0.17364
0.17536

81776
67260,

66930
91987

i 0.98480 77530 12208
0.98450 31799 74437

e ke
79.9

0. 17708 47403 19583 .0. 98419 46079 69242 79.8
0.17880 22151 16350 0.98388 50379 33542 79.7
0.18051 91452 50560 0.98357 14708 13386 79.6

..'

0..18223 55254 92147 0. 98325-49075A3955 79.5
0.18395 13506 12720 0. 98293 53491 49554 79.4

0.18566 66153 85577 , 0.98261 27965, 43615 79.3
.18738Q

0.18909
13145
.54429

85725
89891

0.98228 72507' 28689
0.98195 87126 96444

79.2
79.1 .

0. 19080 89953 76545 .0.90162 71834 47664 79.0
0.19252 19665 25907 0.98129 26639 92245 78. 94
0.19423 43512 19972 0.98095' 51553 49192 78.8
0. 19594 61442 42518 0.98061 46585 46613 78.7
0.19765 73403 79126 0.98027 11746 21722 78.6

0.19936 79344 i7197 0. 97992 47046 20830 78.5
0.20107 79211 45965 0.97957 52495 99344 78.4
0.20278 72953 56512 0.97922 28106 21766 78.3
0.20449 60518 41790 0.97886 73887 61685 . 7.8.2
0.20620 41853 96630 0.97850 89851 01778 78.1

0.20791 16908 1.7159- 0.97814 76007 33806 78.0
0.20961
O. 21132

85629
47964

03822
55389

0.97778 32367 58606
0. 97741 58942 86096

.77.9
77. 8

0.21303 ,03862 74977 0.97104 65744 35264 77. 7
0. 21473 53271 67063 0.97667 22783 34168 77.6

,,

0.21643 96139 38103 0.97629 60P71 19933 77. 5
0.21814 32413 96543 0.97591 67/619 38747 77.4
0.21984 62043 52838 0.97553 45439 45857 77. 3
0.22154 84976 19467 0. 97514 93541-05583 77;2
0.22325 411160 10951 O. 97476 11941 91222 77.1

0. 22495 10543 43865 0. 97437 00647 85235 77.0
0.22665 36855 0.97397 59672 79052
0.28835

13074
08701 10656 0. 97357 89028 73160 76.8.

0.23004 97371 88104 0.97317 88727 77088 76.7
0.23174 79834 94157 0.97277 58782 09397 76.6

0.23344 53638 55905 0.97236 99203 97677 76.5
0. 23514 21131 02590 0.97196 10005 78546 76.4
0.23683 81460 65619 0. 97154 91199 97646 76.3
0.23853 34575 :78581 A. 97113 42799 09636 76.2
0.24022 80424 77264 0.97071 64815 78191 76.1

0.24192 18955 99668 0.97029 57262 75996 76.0
0.24361 50117 86023 0.96987. 20152 84747 75.9
0.24530 73858. 78803 0.96944 53498 95139 75.8
0.24699 90127 22743 0.96901 57314' 06870 75.7
0.24868 98871 64855 0.96858 31611 28631. 75.6'

0.25038 00040 54441 O. 96814 76403 78108 \ 75.5
0.25206 93582 43114 0.96770 91704 81971 \ .75. 4
0.25375 79445 84806 0.96726 75877 \ 75.3
0.25544 57579 35791 0.96682 33 6 04459 75.2
0.25713 27931 54696 0.96637 607 3 21329 75. 1

0.2 90451 02521 0.96592 58262 89068 75. 0 '

siD 9

I.

r (-5 7)11 - n
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192 - ELS81110TART TRAPPORNDENTAL FUNCTIONS

task 4.18 , CIRCULAR SINES AND COSINES TO TEN'IIIS OF A DEGREE

.0,, 15.0°
15. 1
15.2
15.3
15.4

15. 5

151.
6

5L 7
15 9
15.9

16.0
16. 1
16.2
16.3
16.4.

16.5
16.6

16.8
16.9

17.0
17.1
17.2
17.5
17.

17.5
17.6
17.7
17.8
17.9

18.0
18. 1

18.3.
18.4

18.6
5

.
18.7

18. 9
18. 8

19.0
k 19.1

19, 2
19.3
.19.4

19.5
19.6
19.7
19.8
19.9

20.0

.WO PIP IL

.

. sini cos 0 90°-0

0.251181
0.26050

90461 -02521
45086 42648 , t

0.96592 58262 89368
0.96547 26308 79225

75.0°
74.9

0. 26218 91786 40865 0.96501 64944 72311 74.8
0.26387 30499 65373 0.96455 74184 57798 74.7
0.26555 61174 86809 0.96409 54042 34110 74.6

0.26723 83760 78257 0.96363 04532 08623 74.5
0.26891 98206 15266 0.96316 25667 97658 .. 74.4
0. 27060 04459 75864 0.96269 17464 26479 74. 3
0. 27228 02470 40574 0.96221 79935 '29285 74.2
0. 27395 92186. 92432 0.96174 13095 49211 74.1

0.27563 73558 16999 0. 96126 16959 38319 74.9
0.27731 46533 02378 0.96077 91541 57594 73.9
0.27899 11060 39229 0.96029 36856 76943 73.8
0.28066 67089 20788 0.95980 52919 75187 73.7
0. 28234 14568 -42876 0.95931 39745 40058 73.6

0.28401 53447 03923 0.95881 97348 68193 73.5
0.28568 83674 04974 0.95832 25744 65133 73.4
0.28736 05198 49712 0.95782 24948 45315 73.3
0.28903 7.7969 44472 0.95731 94975 32067 73.2
0.29070 21935 98252 0.95681 35840 57607 73.1

0.29237 17047 22737 0.95630 47559 63035 73.0
0. 29404 03252 32304 0.95579 30147 98330 72.9
0. 29570 80500 44047 0.95527 83621 22344 72.8
0.29737 48740 77786 0.95476 07993 02797 72.7
0. 29904 07922 56087 0.95424 03285 16277 72.6

0.30070 57995 04273 0495371 69507 48227 72.5
0.30236 98907 50445 0.95319 06677 92947 72.4
0.30403 30609 25490 0.95266 14812 53586 72.3
0.30569 53049 63106 0.95212 93927 42139 72.2
0. 30735 66177 99807 0.95159 44038 79438 72.1

0.30901 69943 74947 0.95105 65162 95154 72.0
0.31067 64296 30732 0. 95851 57316 27784 71.9
0. 31233 49185 12233 0.94997 20515 24653 71.8
O. 31399 24559 67405 0.94942 54776 41904 71.7
0.31564 90369 47102 0.94887 60116 44497 71.6

0.31730 46564 05092 0.94832 te552 06199 71.5
0.31895 93092 98070 0.94776 54100 09586 71.4
0. 32061 29905 85676 0.94721 02777 46029 71.3
0.32226 56952 30511 0.94664 92601 15696 71.2
0. 32391 74181 98149 0.94608 53588 27545 71.1

0. 32556 81544 57157 0.94551 85755 99317 71.0
0.32721 78989 79104 . 0.94494 89121 57531 70.9
0. 32886 66467 38583 0. 94437 63702 37481 70.8
0.33051 43927 13223 0.94380 09515 8)229 70.7
0.33216 11318 83703 0.94322 26579 47601 70.6

0. 33380 68592 33771 .. 0.94264 14910 92178 70.5
0.33545 15697 50255 0.94205 74527 87297 70.4
0.33709 52584 23082 0.94147 05448 12038 70.3
0. 33873 79202 45291 0.94088 07689 54225 70.2
0. 34037 95502 13050 0.94028 81270 10419 70.1

0.34202 01433 25669 0.93969 26207 85908 70.0

co 0 Mal ,
0

1
f ( 7)11 r(-7)41

5 i L a j

203



20.0°
20.1
20.2
20.

4
3

20.

20.5'
20.6
20.7
20.8
20. 9

21.0
21.1
21.2
21.3
21.4

SUMMARY TRANSCINDENTAL voNonowil 198

CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE Table 4.10

sin

0.34202 01433 256691
0.34365 96945 85616
0.34529 81989 98535
0.34693 56515 73256
0.34857 20473 21815

0.35020 73812 59467
0. 35184 16484 04702
0.35347 48437 79257
0.35310 69624 08137
0.35673 79993 19625

0.35836 79495
0. 35999 6808 20051
0. 36162 4 82092
0.36325 304 72978

67843 37620
0.364

21.5 0.36650 12267 24297
21.6 .36812 45526 84670
21.7 0. 36974 67572 73829
21.8 0.37136 78355 50235
21.9 , 0.37298 77825 75809

22.0
22.1
22,2
22.3
22.4

22.5
22.6
22.7
22. 8
22. 9

23.0
23.1
23.2
23.3
23.4

23.9
23.6
23.7
23.8
23.9

24.0
24.1
24.2
24.3
24.4

0.37460 65934 . 15912
0.37622 42631 39_ 8,K
0. 37784 97814 18467
0. 37945 61595 29005
0. 30107 03763 50274

0. 38268 34323 65090
0. 38429 53226 59804
0. 38590 60423 24319
0.38751 55864 52103
0. 38912 39501 40206

0. 39073111204 89274
0.39233 71166 03561
0.39394 19095 90951
O. 39554 55025 62965
0. 3971,4 78906 34781

0439874 90689 25246
0. 400$4* 90325 56895
0.40194 77766 55960
0.40354 52963 52390
0.40314 15867 79863

0.40673 66430 75800
0.40833 04603 81385
0.40992 10338 41573
0.41151 43586 05109
0..41310 44298 24542

24.5 , 0.41469 32426 56239
24.6 ' 0,41628 07922 60401
24.7 0. 41786 70738 01077
24.8 0. 41945 20824 46177
24.9 0.42103 58133 67491

2S. 0

'us Pa a.

0.42261 02617 40699
ca 0
(- 701

L 8

0.93969 26207 85908
0. 93909 42520 94709
0.93849 30227 59556
0.93788 89346 11898
0.93728 19894 91892

0.93667 21892 48398
0.9305 95357 38973
0.93544 40308 29867
0.93482 56763 96014
0.93420 44743 21030

0.93358 04264 97202
0.93295 35348 25489
0. 93212 38012 15512
0. 93169 12275 85549
0. 93105 58158 62528

0.93041 75679 32025
0.92977 64858 88251
0.92913 25715 34056
0.92848 58268 80914
O. 92783 62538 98920

0.,92718 38545 66787
0.92652 86308 71837
0.92587 05848 .09995
0.92520 97183 85782
0. 92454 60336 12313

0.92387 95325 11287
0.92321 02171 12981
0.92253 80894 56246
0.92186 31515 88501
0. 92118 54055 65721

48534 52440
14973 21738
53392 55234
63813 43087
46256 83981

00743 85124
17295 62240
25933 39561
96678 49825
39552 34264

54576 42601
41772 33043
01161 72273
32766 15445
36608 06177

12708 76543
61090 47069
81775 26722
74785 32909
40142 91465

77870 36650

0. 92050
0. 91982
0.91913
0. 91844
0. 917751

0.91706]
0. 91636
0.91566
0.91495
0. 91429

0. 91354
O. 91283
0.91212
0.91140
0.91068

0.90996
0.90923
0.90850
0. 90777
0.90704

0.90630

206

9O -_ _

70.0°
69.9
69.8
69. 7

669.

69
69.4
69.

2
3

69.
69.1

69.0
- 6 9

688.. 8

:I: 76

68.5

6688..
4
3

68. 1
68. 2

68.0
67.9
67.8
67.7
67.6

67.5
67.4
67, 3
67.2
67.1

67. 0
66. 9
66. 8
66. 7
66.6- _

66. 5
66.
66. 3
66.
66.1

2

66. 0
65.
65.

9
8

65. 6
65. 7

65.5
5.

665. 3
65.2
65.1

65.0



ELEMENTARY TRANSCENDENTAL FUNCTIONS

Table 4,10 CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE

sin 90°-

25.0° 0.42261 82617 40699 0.90630 77870 36650 65.0°
25.1 0.42419 45390 0.90556 87990 11140 64.9
25.2 0.42577 9291 '65073 0.90482 70524 66020 64..8
25.3 0. 42735 7863 87192 0: 90408 25496 60778 64.7
25.4 0.42893 51334 03146 0.9033,3 52928 63301 64. 6

25.5 0.43051 10901 08295 1 0. 90258 52843 49861 64.5
25.6 0. 43208 57411 01982 0. 90183 25264 05114 64.4
25. 7 0.43365 90845 87544 0. 90107 70213 22092 64.3
25.8 0.43523 10993 72328 0.90031 87714 02194 64.2
25.9 0.43680 17883 67702 0.89955 77789 55180 64.

26. 0 0.43837 11467 89077 0.89879 40462 99167 64.0
26. 1 0..43993 91698 55915 0. 89802 75757 60616 63.9
26.2 0. 441 50 58527 91745 0.89725 83696 74328 63.8
26.3 0.44307 11908 24180 0.89648 64303 83441 63. 7
26.4 0.44463 51791 84927 0.89571 17602 39413 63.6

26.5 0.44619 78131 09809 0. 89493 43616 02025 63.5
I 26. 6 0. 44775 90878 38770 0.89415 42368 39368 43 4.

7 0.44931 89986 15897 0.89337 13883 27838 63. 3
26.8. 0.45087 75406 89431 0. 89258 58184 52125 63.2
26.9 0.45243 47093 11783 0.89179 75296 05214 63.1

27.0 0.45399 04997 39547 0.89100 65241 88368 63. 0
27.1 0. 45554 49072 33516 0.89021 28046 11127 62.9

1

,27.2
27.3

3.45709 79270 58694
0.45864 95544 84315

0.88941 63732 91298
0.88861 72326 54949

62.8
62.7

27.4 0.46019 97847 83852 0.88781 53851 36401 62.6

27.5 0.46174 861 32 35034 0.88701 8331 78222 62.5
27.6 0.46329 60351 19862 `0.88620 35792 31215 62.4
27.7 0.46484 20457 24620 0.18539 36257 54416 62.3
27.8 0.46638 66403 39891 '0 0.88458 09752 15084 62.2
27.9 0.46792 98142 60573 0.88376 56300 88,693 62.1

28.0 0.46947 15627 85891 0.88294 75928 68927 62.0
28. 1 0.47101 18812 19410 0.88212 68660 17668 61.9
28.2 0.47255 07648 69054 0. 88130. 34520 64992 61.8
28. 3 0.47408. 82090 47116 0.88047 73535 09162 61.7
28.4 0.47562 42090 70275 0.87964 85728 66617 61.6

28.5 0.117715 87602 59608 0.87881 71126 61965 61. 5
28.6 0. 47869 18579 40607 0.87798 29754 27981 61.4
28. 7 0. 48022 34974 43189 0.87714 61637 05589 61. 3
28.8 0.48175 36741 01715 0.87630 66800 43864 61.2
28.9 0.48328 23832 55002 0.87546 45270 00018 61. 1

29.0 0448480 94202 46337 0.87461 970 1 39396 61.0
29.1 0.41:633 51804 23490 0.87377 30 35465 60.9
29.2 0.48785 96591 38733 0.87 20772 69810 60.8
29. 0. 48938 24517 48846 0. 87 06 92724 32121 60.7
29. 0.49090 37536 15141 0.87121 38111 20189 60.6

29.5 0. 49242 35601 03467 0.87035 56959 39990 60.5
29.6 0.49394 18665 84231 0.86949 49295 05219 60.4
29.7 0.49545 86684 32408 0.86863 15144 38191 60. 3
29.8 0. 49697 39610 27555 0. 86776 54533 68928 60.2
29. 9 0.49848 77397 53830 0.86689 67489 35603 60.1

30.0 0.50000 .00000 Non 0.86602 54037 84439 60. 0

90° - cos sin

'Ike Pate n.

[7)15
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ELEMENTARY TRANSCENDENTAL FUNCTIONS

0

CIRCULAR SINES AND COSINES 10 TENTHS OF A DEGREE
I

sin 0 OGG 0

.

Tmible 4.10

30. 0 0. 50000 00000 00000 0.86602 54037 84439 60. da'
30.1 0. 50151 07371 59457 0.86515 14205 69704 9 59.9
30.2 0.50301 99466 30235 0.86427 48019 53705 59.8

0.50452 76238 15019 0.86339 55506 06772 59.7
30.4 0.506p3 p641 21164 0.86251 36692 07257 59.6

30.5 0.50753 83629 6070k 0. 86162 .91604 .41526 59. 5
30.6 0. 50904 14157 50371 0.86074 20270 03944 59.4
30. 7 0.51054 29179 11606 , 0. 85985 22715 96873 59.3
30.8 0.51204 28648 70572 . 0.85895 98969 30664 59.2
30.9 0.51354'12520 58170 0.85806 49057 23645 59.1

31.0 0. 51503 80749 10054 0.85716 73007 02112 59.0
31. 1 0. 51653 33288 66642 0.85626 70846 00328 58. 9
31.2' 0.51802 70093 73130 0.85536 42601 60507 58. 8
31.3 0.51951 81118 79509 0.85445 88301 32807 H.
31.4 0.52100.9631896318 40576-- 0.85355 07972 75327 011 6

31. 5 0.52249 85647 15949 0. 85264 01643 54092 58.5
31. 6
31. 7

.
0.52398 59059 70079
0. 52S47 16510 72268 z 0.85172 69341 43048

0.85081 11094 24051
58.4
58.3

31.8 0. 52695 57954 96678 0.84989 26929 86864 58.2
31.9 0.52843 83347 22347 0.84897 16876 29141 58.1

32.0 0. 52991 92642 33205 0.84804 80961 56426
..:

58.0
32. 1 0. 53139 85795 18083 0.84712 19213 82137, 57.9
32.2 0.53287 62760 70730 0.84619 31661 27564 57: 8

L 32.3
32.4

0.53435 23493419,26
0. 53582 67949 78997

0. 84526 18332 21856
0.84432 79255' 02015

57.7
t 57.6

32. 5 0.,53729 96083 46824 0.84339 14458 12886 57. 5-
32. 6 0.53677 07850 06863 0. 84245 23970 07148 57.4
32.7 0.54024 -03204 -77655 0.84151 0 7 8 1 9 4 5 3 0 6 57. 3
32.8 0. 54170 82102 82740 . 0.84056 66004 95684 57.2
32.9 0. 54317 44499 50671 0.83961 98645 34413 57.1

0 0.54463 90350 15027 0.83867 05679 45424 57.0
33.1.
33.2
33. 3

0.54610 19610 14429
0. 54756 32234 92550
0. 54902, 28179 98132

0.83771 87166 20439
0.83676 43134 58962
0.83580 73613 68270

56.9
56.8
56.7

33.4 0.55048 07400 84996 0.83484 78632 63407 56.6

33. 5
33,6
33.7

0. 55193 69853 12058
0.55339 15492 43344
0.55484 44274 47999

0.83388 58220 67168
. 0.83292 12407 10099

0. 83195 41221 30483

56.5
56,4
56.3

33.8
33.9

" 0.55629 56155 00305
0. 55774 51089 79690

043098 44692 74328
04,83001 22850 95367

. , 56.2
56,1

34. 0
34. 1
-34.2

0.55919 29034 70747
0. 56063 89945 63242
0.56208 33778 52131

0:82903 75725 55042.
0.82806 03346 22494
0.82708 05742 74562

56.0
55.9
55.8

34.3 0.56352 60489 37571 0.82609 82944 95764 55.7
34.4 0, 56496 70034 24938 0.82511 34982 78295 55.6

34. 5 0.56640 62369 24833 0. 82412 .61886 22016 55.5
34. 6 . 0. 56784 37450 53101 0.82313 63685 34442 55.4
34. 7 0. 56927 95234 30844 0.82214 40410 30737 55.3
34. 8 0.57071 35676 84432 0.82114 92091 33704 55,2
34.9 0.57214 58734 45516 0.8 5 18758 73772 55.1,

35.0 0. 57357 64363 51046 0 1915 20442 88992 55.0
eon 0 Sill 8 . It

.8 SIP EL

1(-7)21
1 6 1

208



196 ELSIUNTAST .191148CHNOENTAL FUNOTION8

Table 4.10 CIRCULAR SINES AND COSINES TO TENTHS OF A -DEGREE

10 p

35.0°
35.1
35.2
35.3
3S. 4

lin I

0.57357 64363 51046
0.57500 52520 43279
0. 57643 23161 69793
0.57785 76243 83505
0. 57928 11723 42679

35.5 0. 58070 29557 10940
35.6 0.58212 29701` 57289
3S. 7 0.58354 1211) 56118
35.8 ...0.58495 76749 87245
35.9 n 0. U63'k 23567 35789

0.58778 I/522 9247
0.58919 6,573 53342
0.59060 56676 19925
0.59201 31787 99220
0.59341 88866 03701

36 0
341
36.2
36.

4
3

36.

3 5 0.59482 2467. 51341
36. 0.59622 48749 65616
36. 0. 59714 51469 75521
36.8 . 0. 59902 35985 15586
36.9 0.60042 02253 25884

37.0
37. 1
37.2
37.3
37.4

0.60181 50231 52048
0.60320 79877 45282
O. 60459 91148 62375
0. 60598 84002 657'11
0.60737 58397 23287

37.5 0.60876 14290 08721
37.6 0.61014 51639 01268
37.7 0.61152 70401 85831
37. 8 0. 612110405% -52976-
37. 9 0. 61428 52000 98943

38
38.

.
1
0

38.2
38. 3
38.4

0.61546 14753 25658
0.61703 58751 40749
0.61840 83953 57554
0.61977 90317 95140
0.62114 77802 78310

38. 5 0.62251 46366 37620 '
38.6 0.62387 95967 09386
38.7 0.62524 26563 35705
38.8 0.62660 38113 64461
38.9 O. 62796 30576 49338

39. 0 0.62932 03910 49837
39.1 0.63067 58074 31286
39.2 0.63202 93026 64851
39.3 0.63338 08726 27550
39.4 0.63473' 05132 02268

39. 5 O. 63607 81202 77764
39.6 0.63742 39897 48690
39. 7 0.63876 78175 15598
39.8 0.64010 96994 84955
39.9 0.64144 90315 69158

40.0 0.64278 76096 86539'
90° - e we .

r(-7011
i 6 i %I

40 woo &

209

.1

ea

0.81915 20442 88992
0.81814 97174 25023
0.81714 48983- 35119
0.81613 75900 80160
0. 81512 7795.7 28554

0.81411 55183 56319
O. 81310 07610 47028
0.81208 35268 91806
0. 81106 38189 8932,1
0. 81004 16404 45796

0. 80901 69943 74947
0.80798 98838 98031
0.80696 03121 43802
0.80592 82822 48516
0.80489 37973 55914

0. 80385 68606 17217
0.80281 74751 91115
0.80177 56442 43754
0.80073 13709 48733
0.79968 46584 87091

0119863 55100 47293
0:79758 39288 25229
0.7_2 99180 24196
0. IM7-34808 54896
049441 46205 35418

4

0. 79335 33402 91235 52.5
IL 79228 96433 55191 52.4
0.79122 35329 67490 52.3

15690-0:19015-50123-
0. 78908 40848 34691 52.1

00° -e

55.0°
54.9
54.8:
54.7

54.5
54.4.
54.3
54.2
54.1

54.0
53.9 .

53.8
53.7
53.6

53.5
53.4
53.3
53.2
53.1

53.0
52.9
52.8

32. 6

0.78801 07536 06722
0.78693 50219 61337
0.78585 68931 75402
0.78477 63705 33083
0.78369 34573 25840

0. 78290 81568 52414
0.78152 04724 18819
0. 78043 04073 38330
0.77933 79649 31474
0.77824 31485 26021

0.77714 59614 56971
0. 77609. 64070 66546
0.77494 44887 04180
0.77384 02097 26506
0.77273 35734 97351

0.77162 45833187720
0. 77051 3242/ 75789
0.76939 95550 46895
0.79828 35235 93523
0.76716 51519 15300

0.76604 44431 18978
eh'

r(-7)31
L a .1

52.0
51.9
51.8
51.7
51.6

51.5
51.4
51.3
51.2
51.1

51. 0
50.9
50.8
S0.7
50.6

50.5
50.4
50.3
SO. 2
50.1

50.0



ELEMENTARY TRANECENDERTAL merlon
e

CIRCULAR SINES AND COSINES TO TiOITHS OR A DEGREE Table 4.10

0

40.0°
40. 1
40. 2
40. 3
40.4 I

40. 5'
40.6
40. 7
40.8
40.9

41.0
41. 1
41.2
41.3
11. 4

4 5
41.6
41.7
41.8
41.9

4. o

42.3

42,\
42.

42.4 .

42.5
42. 6
42.7
42.8
42.9

43. 0
43.1
43.2
43.3
43.4

43.5
43.6

43.8

444 0

44. 2

43.9

44. 1

44. 3

43. 7

44.4

44. 5
44. 6
44.7
44. 8 .
44.9

45. 0

197

sin sos . 90°-1

0.64278 76096 86539 , 0. 76604 44431 . 18978 . 50.0°
O. 64412 36297 61)97 49.O. 76492 14009 18432
J. 64545 76877 23951 0. 76379 60286 34642 49. 8
0.64678 97795 10460 49.7O. 76266 83296 95M
0.64811 99010 9131 0.76153 83075 36737 49.6

s
' 0.64944 80483 30184 0.76040 59656 000:1 49.5

0.65077 42172 65851 0.75927 13073 34881 49.4
O. 65209 114038 30392 0.75813 43361 .97652 49.3
0.65342 06039 90105 0.75699 .50556 51756 49.2
0.65474 08137 17340 0.75585 34691 67640 49.1

0.65605 90289 90507 0.75470 95802 22772 49.0
0.65737 52457 94096 0.75356 33923 01638 48.9
0.65868 94601 18680 0. 75241 49088 95724 48.8
0.66000. 16679 60937 0.75126 413)5 03511 48, 7
0.66131 18653 23652

, 7
0.75011 10696 30460 48.6

( 0.66262 00482' 15737 0.74895 57207 89002 48.5
0.66392 62126 52242 0.74779 80904 98532 O. 4
0. 66523 03546 54361 0.74663 81822 8539 48.3
0.66653 24702 49452 0.74547 59996 82861 48.2
0.66783 25554 71047 0.74431 15462 3115 48.1

0.66913 06063 51158 0.74314 48254 77394 48. 0.

0.67301 25135 09773

0.67042 66189 58 99
0.67172 05893 22990 0.74080 45962 86750

0.73963 10949 78610

0, 74197 58409 75616
47. 8
47. 9

47.7
0.67430 23875 83723 0. 73845 53405'25884 47.6

,

0.67559 02076 15664 0.73727 73368 10124 41.5
0, 67687 59696' 82661 0. 73§09 70871 19734 , 47.4
0. 671h5 96698 68071 0. 73491 45951 49960
0.67944 13042 61517 ° 0.73372 98645 02876 47.2
0.68072 08689 58918 0.73254 18987 87379 47.1

0.68199 81600 62499 0.73135 37016 19170 47.0
0.68327 37736 80799 0.73016 22766 20752 46.9
0.68454 71059 28689 0.72896 86274 21412 46.8
0.68581 83529 27376. 0.72777 27576 57210 46.7
0.68708 75108 04423 .. 0.72657 46709 70976 46.6

0.68835 45756 93754 00. 72537 43710 12288 46.5

' 0. 69591 27965 92314
0. 69465 83704 58997

O. 69214 31738 70407
O. 69340 18282 75813

O. 68961 95437 35670

O. 69716 51028 54565 .

0. 69841 32854 31006

0. 72296, 71459 09568 4,
0. 71417 18614 37468

0.72176 02280 98362
0. 72055 11116 803)0

0. 719/3 98003 38651
0.71812 62977 63189
0. 71691 06076 50483

43. 9

0.69088 24110 76858

14 71569 27337 03736
445%00.69966 33405 13365 0.71447 26796 32803

0.70090 92642 99951 0.71325 04491 54182 45.3
. 0.70215 30529 95162 0.71202 60459 90996 45.4

0.70339 47028 10504 0.71079 94738 72992 45.3
0.70463 42099 63595 e. 0.70957 07365 36521 45.2
0.70387 15706 78681 0.70833 98377 24529 45.1

.3in
°0.70710 67811 86548 0.70710 67811 86548 45. 0

911° - # cad
f( -7)81
[ 5 1

'9041 Psis s.

2L0
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Table 4.11

ELEMENTARY TRANSCSNDSNTAL FUNCTIONS

CIRCULAR TANGENTS, COTANGENTS,
TO FIVE TENTHS OF

e tan . eot
0.0° 0.00000 00000 00000
0.5 00872 68677 90759 114. 58865 01293 09608
1. 0 0.01745 _50649_Hi211 5 2P96 16307 59424
1.5 0.02618 59215 69187 188-45 -92970 '25609
2: 0.03492 07694 91747 2 . 63625 32829 15603

2.5 0.04366 09429 08512
3.0 0.05240 77792. 830 1
3.5 0.06116 26201 504
4.0 0.06992 68119 4351
4.5 0.07870 17068 2461

5.0
5.5
6.0
6. 5
7.0

0.08748 86635 25924
0. 09628 90481 97538
0.10510 42352 65676
0.11393 56083 01645
0.12278 45609 02904

22. 90376 55484 31198
19. 08113 66877 28211
16. 34985 34760 99672
14. 30066 62567 11928
12. 70620 47361 74704

11.43005 23027 61343
10. 38539 70801 38159.
9. 5106 44542 22585
8.77 73568 69956
8.14434 64279 74594

7.5 0. 13165 24975 87396 I 7.59575 41127 25150
8.0 0.14054 08347 02391 7.11536 97223 .84209
8.5 0. 14945 10013 49128 6.69115 62383 17409
9.0 0.15838 44403 24536 6.31375 15146 75043
9.5 0.16734 26090 81419 5.97576 43644 33065

10.0 0.17632 69807 08465 5. 67128 18196 17709
10.5 o. 1033 90449 31534 5.39551 71743 19137
11.0 0.19438 03091 37718 5.14455 40159 70310
11.5 0.20345 22994 23699 , 4.91515 70310 71205
12. 0 0.21255 65616 70022 4.70463 01094 78434

12. 5 . 0.22169 46626 42940 4. 51070 85036 eg057
13.0 0.23086 81911 25563 4.33147 58742 84155
13.5 0, 24007. 87590 80116. 4,16529 97700 90417
14.0 0.24932 80028 43180 4.01078 09335 35844
14.5 0.25861 75843 55890 ''3.86671 30948 98738

15. 0 0.26794 91924 31122 3.73205 08075 68877
15.5 0.27732 45440 59838 3.60588 35087 60874
16. 0 0.28674 '53857 58808 3.48741 44438 40908
16.5 0.29621 34949 62080 3.37394 34225 91246
17. 0 .0.30573 06814 58660 3.27085 26184 14141

17.5 0.31529 87888 78983 3.17159 48023 63212
18.0 0.32491 96962 32906/ 3.07768 75253

65 2. 90421 0 6 75823
18.5 0.33459 53195 02073 2.98868 4 27 42893
19.0 0.34432 76132 896
19. 5 0..35411 85725 30698 2.82591 28856 00801

20.0 0. 36397 .02142 66202 2. 74747 .74194 54622
20.5 0.37388 46794 84804 2.67462 14939 26824
21.0 0.38386 4010045416 2.60508 90646 93801
21.5 0.39391 04156 14942 2.53864 78956 64307
22.0 0.40402 62258 35157 2.47508 68534 16296

2. 4142 33623 73095
Man 0

22.5 0.41421 3562 3 73095
906-0 cot 0

r(-6)11
LS

SECANTS AND
A DEGREE

see

1.00000 000
1.00003 808
1.00015 233
T.10014 279
1.00060 954

1.00095 269
1.00137 235
1.00186 869
1.00244 190
1.00309 220'

1.00381 984
1. 00462 509
1.00550 828
1.00646 973
1.00750 983

1.00862 1196
1.00982 Ts7
1.01110 613
1. 01246 513
1.01390 510

1.41542 661
1.01703 027
1.01871 670
I. 020%8 657
1.02234 059

1.02427 951
1.02630 411
1.02841 519
1.03061 363
1.03290 031

1.03527 618
1.03774 221
1.04029 944
1.04294 891
1.04569 176

1.04852 913
1.05146 222
1. 05449 231
1.05762 068
1.06084 870

1.06417 777
1.06760 936
A. 07114 499
1.07478 624
1. 07853 474

I 39e220
me

6 )17
4

COSECANTS

oso
. 90.0°

114. 59301 348 89.5
57. 29868 850 89.0

-18.20155 001 88.5
28. 65370 835 88.0

22. 92558 563 87.5
19. 10732 261 87.0
16. 38040 824 86.5
14. 33558 703 86.0
12. 74549 484 85.5

11. 47371 325 85,0
10. 43343 052 84.5
9. 56677 223 84.0
8. 83367 147 83.5
8. 20550 905 8341

7. 66129 758 82, 5
7. 18529 653 82.0
6.76546 908 81. 5 .

6.39245 322 81. 0 '.
6.05885 796 so.

5. 75877 049 80.0 \
5.48740 427 79.5
5.24084 307 79.0
5.01585 174 78.5
4.80973 435 78.0

4.62022 632 77.5
4. 44541 148 77.0
4.28365 757 76.5
4.13356 550 76.0
3.99392 916 75.5

3.86370 331 75.0
3.74197 754 74.5
3.62791(528 74.0
3. 5209T 652 73.5
3.42030 362 .73.0

3.32550 952 72.5.
3.23606 790 72.0
3. 15154 530 71.5
V, 07155 349 71.0
,2.99574 431 70. 5

2. 92380 440. 70.
2.85545 095 69.5
2.79042 811 69.0
2.72850 383 68.5
2. 66946 716 68.0

2. 61see 312 593 67 5



ELEMENTARY TRANSCPMENTAL IniNCTIONS 199

CIRCULAR TANGENTS, COTANGENTS, SECANTS AND COSECANTS Table 4.11
TO FIVE TENTHS OP A DEGREE

tan 0 opt . nee eao B 90° -s
22.5° 0.41421 35623 73095 2. 4142 1 35623 73095 1.08239 220 2. 61312 593 67.5°
23.0 0.42447 48162 09604 2. 3558 5 23658 23753 1.08636 038 2. 55930 467' 67.0
23. 5 0.43481 23749 60933 2.29984 25472 36257 1.09044 110 2.50784 285 66.5
24. 0 0.44522 86853 08536 2. 2460 3 67739 04216 1.'09463 628 2.45859 334 66.0
24.5 0.45572 62555 32584 2.1942 9 97311 65038 1. 09894 787 2.411,42 102: 65.5

25.0 0.46630 76581 54998 2. 1445 0 69205 09558
)1.10337 792. 2. 36620 198 65.0

25.5 0.47697 55,326 98160 2. 0965 4 35990 88174 1.10792 854 2.32282 050 64. 5

26. 0 0.48773 25885 65861 2. 0503 0 38415 79296 1.11260 194 2.28117 203 64.0 .

26.5 0.49858 16080 53431 2.005 68 97082 59020 1.11740 038 2. 24115 845 63.5
27. 0 0.50952 54494 94429 1.9626 1 05055 05150 1.12232 624 2.2.0268 926 63.0

27. 5 0.52056 70505 51746 1. 9209 8 21269 71166 1. 12738 195 2.16568 957 62.5
28. 0 0.53170 94316 61479 1. 8807 2 64689 46332 ..1.13257 005 2.13005 447 62.0
28.5 0. 54295 56996 38437 1. 8417 7 08860 33458 1.13789 318 2. 09573 853 61.5
29. 0 0. 55430 90514 52769 1. 8040 4 77552 71424 1. 14335 407 2.06266 534 61.0
29.5 0.56577 27781 87770 1.7674 9 40162 42891 1.14895 554 2.03077 204 60.5

30. 0 0. 57735 02691 89626 1.732'0 5 08075 68877 1.15470. 054 2.00000 000 60.0
30. 5 0.58904 50164 20551 1,6976 6 31193 26089 1. 16059 210 1.97029 441 59.5
31.0 . 0.60086 06190 27560 1.6642 7 94823 50518 1.16663 340 1.94160 403 59.0
31.5 0.61280 07881 39932 1. 6318 5 16071 28789 1. 17282 770 1.91388 086 58.5
32.0 . 0.62486 93519 09327 1. 6003 3 45290 41050 1.17917 840 1.88707 991 58.0

32. 5 0.63707 02608 07493 1.569 68 55771 17490 1.18568 905 1.86115 900 57.5
33.0 0.64940 75931 97510 L 539 86 49638 14583 1. 19236 329 1.83607 846 57.0
33.5 0. 66188 55611 95691 1.5108 3 51936 14901 1.19920 494 1.81180 103 56. 5

34. 0 0. 67450 85168 42426 1.4825 6 09685 12740 1. 20621 795 1. 78829 165 56.0
34.5 0.68728 09586 01613 1.4550 0 90286 72445 1.21340 641 1.76551 728 . 55.5

35. 0 0.70020 75382 09710 1.4281 4 80067 42114 1. 22077 459 1.74344 :680 55.0
35.5 0.71329 30678 97005 1.401 94 82944 76336 1. 22832 691 1. 72205 082 541,5

36.0 0.72654 25280 05361 1. 3763 8 19204 71173 1.23606 798 1. 70130 54.0
36.5 0. 73996 10750 28487 1.3514 2.24379 45808 1.24400 257

_162
1.68117 299 53.5

37. 0 0.75355 40501 02794 1. 327 Q4 48216 20410 1.25213 566 1.66164 014 SI. 0

37.5 O. 76732 69879 78960 1.3032 2 53728 41206 1.26047 241 1.64267 63 52. 5

38.0 0.78128' 56265 06717 1. 2799 4 16321 93079 1.26901 822 1, 62426 925 52.0
38.5 0.79543 59166 67828 1.2571 7 22989 18954 1.27777 866 1. 60638 793 51.5
59.0 0.80978 40331 94907 1.23489 71965 35051A 1. 28675 957 1.58901 573 51. 0

39.5 0.82433 63858 17495 1.213 09' 70040 92932 1. 29596 .700 1.57213 369 SO. 5

40. 0 0,83909 96311 77280 1.1917 5 35925 94210 -1;30540-729-----1.15572 383-50e 0 -.._.
40.5 0.85408 06854 63466 1.170 84 95661 12539 1. 31508 700 1.53976 904 49. 5

41. 0 0.86928 67378 16226 1 1.1503 6 84072 21009 1. 32501 299 1.52425 309 49.0
41.5 0.88472 52645 55944 1.1302 9 43863 61753 1. 33519 242 1.50916 050 48.5
42. 0 0.90040 40442 97840 1.1106 1 25148 29193 1.34563 273 1.49447 655 48.0

1 42.5
43.0

0. 91633 11740 17423
0.93251 50861 37661

4.0913 0 85010 69271
1.072 36 87100 24682

1. 35634 170
1.36732 746

1.48018 723 47.5
1.46627 919 47.0

43.5 0.94896 45664 14880 1. 0537 8 01252 80962 1. 37859 847 1.45273. 967 46.5
i, ,44. 0 0. 96568 87748 07074 1. 0355 3 03137 90569 1. 39016 359 1.43955 654 46.0
\ 44. 5 0. 98269 72631 15690 1.0176 0 73929 72125 1.40203 206 1.42671 819 45.5

45. 00. 1.00000 00000 00000
cot 0

1. 0000 0 00009 00000
tea

1.41421
0
356

eee
1.414221e 356 45.0

goo

i AP

r(-13)41
L 5 .1

212

r(-4)31L6 J
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Table 4.12

ELEMENTARY TRANSCENDENTAL FUNCTIONS

CIRCULAR FUNCTIONS FOR THE ARGUMENT x

0.00
1 01
0.02
0.03
0.04

0.05 0.07845 90957 27844 94503
0.06 0.09410 83133 18514 31847
0..07 0.10973 43110 91045 26802
0.08 0.12533 32335 64304 24527
0.09 0.14090 12319 37582 66116

0.25
0.26

2
1O. 28

7
.
. 29

0.40 0.58778 525e 92473 12917
0.41 0.60042 022 3 25884 04976
0.42 0.61290 70536 52976 49336
0. 43 0.62524 26563 35705 17290

0. 63742- 39897 48689 710170.44

0.45 0.64944 80483 30183 65572
O.46 0.66131 18653 23651 87657
0.47 0.67301 25133 09773 33872
0.48 0.64454 71059 28688 673'13
0.49 0.69591 27965 92314 32540

0.50 0. 70710 67811186547 52440it et° 22
1(- -5)21
L 10

sin z 008 -
2 2x

0.00000 00000 00000 00000
0.01570 73173 11820 67575
0.03141 07590 78128 29384
0.04710 64507 09642 66090
0. 06279 .05195 29313 37607

1. 00000. 00000 00000
0.99987 66324 81660
0.99950 65603
0.99888 98749 619
0.99802 67284 282 1

1).99691 13337 33127
0. 19646 03080
0.396 09554 55179
0.99999999211 47013 14477
P. 99002 36577/16557

0.10 0. 15643 44650 40230 86901 0.98768 83403 95137
.0.11 0.17192 91002 79409 54661 0. 98510 932 1 54773
0.12 0.18738 13145 85724 63054 0.98228 72 7 28688
0.13 0.20278 72953 56512 48344 0.97922 28 06 21765
O. 14 0.21814 32413 96542 55202 0.97591 6 619 38747

0.15 0.23344 53638 55905 41177 0. 97236 99203 97676
0.16 0.24868 98871 64854 78824 0. 96858 11611 28631
0.17 0. 26387 .30449 65372 89696 0. 9645 74184 57798
0.18 CE. 27899 14060 39229 25185 0.960 36856 76943
0.19 0.29404/ 83252 32303 95777 0.955

//
9 30147 98330

. 0.20 0. 30901 69943 74947 42410 0. 9 05- 65162 95153
0.I1 0.32391 74181 18149 41440 O. 9 608 53588 27545
0.22 0.33873 79202 45291 38122 0. 4088 07689 54225
0.23 0.35347 48437 79257 12472 0 3544 40308 29867
0. 24 0.36812 45526 84677 95915 Q 92977 64858 88251

0. 38268 34323 65089 77173 /O.92387 95325 11286
0.39714 78906 34780 61375/ 0.91775 5 46256 83981
0.41151 43586 05108 77405/ 0.91140 32766 35445
0. 425J7 92915 65072 64886 0.90482 70524 66019
0.43993 91698 55915 140113 0.89802 75757 60615

0.30 0.45399 04997 3954613;156 . 0. 89100 65241 88367
0. 31 0.46792 98142 60573 723 0.88376 56300 88693
0.32 0.48175 36741 01715 ,27498 87630 66800 43863
0.33 0. 49545 86684 32407/53805 0.86863 15144 38191
0.34 0.50904 14157 50371 30028 0.86074 20270 03943

-1-15- '0. 52249-85847-15948-16499-0:85264-01-643 34092
0.36 0.53582 67949 7096 61827 0.84432 79255 02015
0.37 0. 54902 28179 98131 74352 0.83580 68270
0. 38 0.56208 33778 52130 60010 0.82708 0 742 74561
0.39 0.57500 52520.'43278 56590 0.81814 9 174 25023

0. 80901 69943 74947
0.79968 46584 87090
0. 79015 50123 75690
0.78043 04013 38329
0.77051 32427 75709

0.76040 59656 00030
0.75011 10696 30459
0.73963 10949 78609
0.72896 86274 21411
0.71812 62977 63188

0.70710 67811 86547
sin

2 ,
r(-)31
L 100

210

.1

00000 0.00900
59864 1 01570
55700 0.03142
97264 0.04715
56195 0.062!1

97620 0. 07870
012904' 0.09452
68775. 0.11040
83105 0.12632
56725 0.14232

72619 0.15838
91802 1 17452
68108 0.19076
78086 0.20709
39896 0.22352

60183 0.24007
11949 0.25675
09366 0.27356
07175 0.29052
12664 0.30764

57211 IX 32491
31853 0. 3f37
47232 0.36002
32518 0.37786
40366 0. 39592

75613
14114
24821
52771

.63093

86236
42432
58731
24777
63716

0.41421
0.43273
0.45151
0.47056
0.48,989

0.50952
0.52947
0. 54975
0. 57038
0.59139

22152 -031280
07855 0.63461
25847 06 45687
82492 037959
43213 0.70281

42410
53868
36516
73585
23080

t 72654
0.75082
0.77567
0. 80115
.0.82727

93817 0.85408
p4151 0.88161
69747 0.90992
52314 0.93906
83037 0.96906

52440 1.00000

tan ;x2
00000 00000 00000
92553 23664 91632
62660 43351 14782
88028 77480 47448
46672 53649 75722

17068 24618 44806
78311 79282 04901
102.78 15818 94497
93784 46108 17478
10757 02942 94229

44403 24536 29384
79388 94365.08461
02022.18566 74856
00444 27938 70402
64828 97149 10184

87590 80116
63603 67726
90430 82237
68567 1916

,01696 59898

'96961 -32906
65257 28683
21530 95756
15117 75820
80087 97721

95623 73095
86422 47425
73130 86983
42812 12251
49450 22477

03926
78332
23655
45432
29067

32615
05965
62634
93670
26049

04880
93197
28945
49308
05270

I

1.00
0.99
0.98

-0. 97
0.96

0.95
0.94
0.93
0.92
0.91

0.90
0.89
0.88
0.87
0.86

0485
0.84
0.83
0.82
0.81

0.80
0.79
0.78
0. 77,,
0. 76.

0.75
0.74
0.73
0.72
0.71

54494 94428 81051 0.70
27451 82014 63252 0.69
46521 92770 07429 0.68
99296 73294 88698 0.67
83513 99471 09817 0.66

07881 39931 99664 0.6
92975 44148
72224. 01279
92982. 24526
17712 40357

25280 05360
12380 38764
95110 49613
10705 58751

.19459 72475

10071
37691
52184
33761

88589
68575
10378
23382

-63403

06854 63466 63752
85923 63189 11465
99881 77737 46579
25058 17492 35255
74171 93793 27618

O. 64
0: 63
0.62
0.61

0.60
0.59
0.58
0.57
0.56

0.55
0.54
0.53
0.52
0.51

00000 00000 00000 0.50
eot 2

C(

-4)11
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ELEMENTARY TRANSCRIDENTAL FUNCTIONS

CIRCULAR FUNCTIONS FOR THE ARGUMENT Z x
1'

cot 2x owe XCSC2
.

201

Table 4.12

1 -x
0. 00 a 1.00000 00000 00000 00000 1.00
0.01 63.65674 11628 71580 99500 1.00012 33827 39761 81169 63. 66459 53060 00564 58546 0.99
0.02 31. 82051 59537 73958 03934 1.00049 36832 37144 42400 31. 83622 52090 97622 95566 0.98
0.03 21. 2 0494 87896 88751 52283 1.00111 13587 85243.76109 21, 22851 50958 -16816 17580 0.97
0.04 15. 89454 48438 65303 44576 1.00197 71730 71142 10978 15. 9259 7 11099 08654 59358 0.96

0.05 12. 70620 47361 74704 64602 1.00309 21984 82825 50283 12. 74549 48431 82374 28619 0.95
0. 06 10. 57889 49934 05635 52417 1.00445 78193 57019 51480 10. 62605 17962 83115 .99865 0.94
O. 07 9.05788 66862 38928 19329 1.00607 57361 86291 90575 9.11292 00161 49841 72675 0.93
0.08 7. 91581 50883 05826 84427 1.00794 9708 09297 28943 7.97872 97555 59476 60149 0.92
0. 09 7. 02636 62290 41380 19848 1.01007 '68726 13784 19104 7. 09717 00264 69225 38129 0.91

0.10 6.31375 15146 75043 09898 1.01246 51257 88002 93136 6. 39245 32214 99661 54704 0.9Q
0.11 5.72974 16467 24314 86192 1.01511 57576 62501 87437 5. 81635 10329 24944 03199 0.89
0.12 5. 24218 35811.13176 73758 1.01803 21481 91042 38259 5. 33671 14122 92458 78659 0.88
0.13 82881 73521 92759 97818 1.02121 80406 26567 47910 4,93127 53949 49859 96253 0.87
0.14 4.47374 28292 11554 62415 1.02467 75534 559 00 33566 4. 58414 38570 27373 56913 0.86

0.15 4. 16529 97700 20387 1.02841 51936 65208 54585 75697 31185 03924 0:85
0.16. 3.89474 28549 29859 33474 1.03243 58714 17339 88710 4., ?107 22333 75967 50952 0.84
0.17 3.65538 43546 52259 73004 1.03674 49162 32016 53065 3. 8970 11465 59780 81919 0. 83 -
0.18 3.44202 25766 69218 62809 1.04134 80947 70681 14007 3. 58434 36523 72161 57038 0.82
0.19 3.25055 08012 99836 37634 1.04625 16303 39647 78848 3.40089 40753 61802 31848 0.81

0.20 3. 07768 35371 75253 40257 1.05146 22242 38267 21205 3. 23606 79774 99789 69641 0.80
0.21 2.92076 09892 98816 40048 L 05698 70790 93232 61183 3.08720 662 68 08416 38088 0.79
O. 22 2. 77760 68539 14974 88865 1.06283 39243 36113 9 6396 2.95213 47928 09339 97327 0.78
0.23 2.44642 32102 86631 86514 1.06901 10439 98926 01199 2.82905 56388 91501 64260 0.77
0.24 2.52571 1 6894 47304 99451 1.07552 73070 22247 78234 ?. 71647 18916 65871 74347 0.76

.0.25 2.41421 35623 73095 04880 1.08239 22002 92393 96880 2. 61312 59297 52753 05571 0.75
0.26 2. 31086 36538 82410 63708 1.08961 58646 48705 30888 2. 51795 36983 10349 34110 0.74
0.27 2. 21475 44978 13361 51875 1.09720 91341 295 37 26252 2. 43004 88648 55296 52041 0.73
0.28 2. 12510 81731. 57202 76115 1.10518 35787 56399 59380 2. 34863 46560.54351 86300 0.72
0.29 2. 04125 39671 21703 26026 1.1135 15511 90413 37268 2.27304 15214 61957 72361 0.71

0.30 I. 9 6261 05055 053 50 58230 1.1223 62376i 34360 80715 2.20268 92645 85266 62156 0.70
0. 31 1.88867 13416 31067 67620 1.1315 ' 17133 97749 42882 2.13707 26325 27611 85837 0.69
0.32 1.81899 32472 81066 27571 1.1411 30035 92241 17245 2. 07574 96076 48793 '05903 0.68
0.33 1.75318 66324 72237 08332 1.15123 61494 81376 51287 2. 01833 18280 89559 43676 0.67
0.34 1.69090 76557 85011 24674 1.16178 82810 72765 9851,5 1.96447 669 88 67248 48330 0.66

4 L35 _1.63185 16071. UM. 61761 _1.1.720.2169.66.14008_94955 .1,.91388--08554 -3094L72280--0.-65
0.640.36 1. 57574 78599 68651 08688 1.18437 39497 36918 17500 1.86627 47167 0056r54120

0.37 1.52235 45068 96131 24085 1.19644 79450 89806 1 7366 1. 82141 79214 74081 38479 0.63
0.38 1.47145 53158 19969 04283 1.20907 20434 06541 15436 1. 77909 54854 79867 33350 0.62
0.39 1.42285 60774 31870 !9031 1.22227 01770 86068 14117 1. 73911 45497 30640 74960 0.61

0.40 1.37638 19204 71173 5 3820 1.23606 79774 99789'69641 1. 70130 16167 04079 86436 0:60
O. 41 1.33187 49515 02597 59439 1.25049 29154 09784 85573 1.66550 01910 65749 08074 0.59
0.42 1.28919 22317 85066 .67042 1.26557 44560 72090 15,648 1. 63156 87575 13749 73007 0.5
0.43 1.24820 40363 5 3049 43751 1.28134 42308 20677 31999 1. 59937 90408 68062 88301 0.57
0.44 1.20879 2 3504 09609 13119 1.29783 62271 84727 12712 1.56881 45035 05365 75750 0.56

.0. 45 1.17084 95661 12539 22520 1.31508 69998 90784 80424 1.53976 90432 22366 30748 0.55
0.46 I. 1 3427 73492 55405 46422 1. 33313 59054 501 72 40410 1. 51214 58610 31226 40092 0.54
0.47 1.09898 56505 36301 56382 1.35202 53634 40027 12805 1. 48585 64735 81717 76608 0.53
0,48 1.06489 18403 24791 86700 1.37180 11480 64918 28453 1.46081 98491 22513 12750 0.52
I 49 1.03191 99492 80495 57182 1.39251 27141 49012 49662 1. 43696 16493 57094 20394 0.51

0.50 1.00400 00000 00000 1.41421 35623 73095 04880 1.41421 35623 73095 04880 0. 50100000
I. I.

I fan ax CSC 2 SEC 2 X

214
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Table 4.11
go 27

a.3
1 0.06602 54010 -O.2-

8.4

4t4

SLZMENTART;TRANSCINDIINTAL MOTO=

HARMONIC AMAMI;

ein2gr ces2-1-1?

.4
1.00000 00000 +0.00000 00000
0.00000 00000 -1,00000 00000

2yrCas-s

50000 00000

1 0.86602 54038 +0.5
2 0.86602 54078 -0.
3 0.00000 00000 -1.
4

. 1.9
1 0.64270 76097 0.7
2 0.90480 77510 +0.1) 0.86602 940)8 -0.5

S
4 0.34202 01433 -O.

0000 00000
50600 00000
00000 00000

6604 44431
7)64 HIM
0000 MMO

9)969 26205

.2
4
3
6
7

8.12
0.500041 00000 0.116602 54038
O. 86602 MOM 0.50000 00000
1.00000 00000 +0.00000 00000
0.06602 54030 -0.90000 00000
0.50000 00000 -0.86602 54038
0.00000 00000 -1.00000 00000

- 15
1 0.40673 66431 0.91354 54576
2 0.74314 40255 0.66913 06064
3 0.95100 65163 +0.30901 69944
4 0.99452 18954 -0.10452 04633
5 0.06602 54038 -0.50000 00000
6 0.587)8-52523 - 0.00901 69944
7 0. 2.791 16902 -0.97814 76007
0

r1 0.34202 01433 0.9
18

2 0.64278 76097 0.7
3 0.86602 54038 0.5
4 0.98488 77530 .0.1
5 0.90410 775% -0.1
6 0.86602 54098 -0.

0.64270 76097 4.7
0.34202 01433 -0.
0.00000 00000 -1.

)969 26206
6604 44431
0000 00000
7%4 81777

5700 8A7
6604 44431

91969 MOO
00000 00080

7

9
10

1 0.29475 51744
2 0.563)2 00580

0.7010) 14125
4 0.93007 37486
5 0.99720 37972
6 0.97492 79122
7 0.86602 54038

0.68017 27370
9 0.43388 37)91

10 0.14904 22662
11

-24
1 0.251101 90451 S.
1 0.50000 00000 0.
3 0.70710 67012 0.
4 0.06602 54038 0.
s 0.96592 58263 0.
6 1.00000 00000 +0.
7 0.96592 58263 -0.

0.16602 94130 -0.
9 0.70710 67812 -0.

10 0.501100 00000 .0.
II 0.15181 90451 -0.
12 0.00000 00000 -1.

95997 28098
82623 87143
62)48 90019
36934 10244
07473 009)6
22192 09)40
50000 00000
73 19. 10710
90096 88679
98889 08262

96992 58263
86602 54098
70710 61011
50000 00000
WM 0991
00000

900000

290111 90491
50000 00000
lop) 67011
86601 94098
96592 58263
00000 00000

8.7
0.78183 14024 +0.62348 90019
0.97492 79122 -0.22392 09740
0.43188 77391 -0.900% 00679

8440'
0.50770 52523 0.20901 69944
0.95105 65163 .0.30901 69944
0.95105 65163 -0.10901 69944
0.98778 52523 -0.10901 69944
0.00000 00000 -1.00000 00000

-,13
0.46472 71720 0.118549 60257
0.81298 30659 0.5006 474641
0.99270 00741 +0.12053 6680)
0.9)501 62427 0.-35460 48871
0.66312 26582 -0.74151 07402
0.23911e6643 -0.97094 10174

eia 28r0017

0.95105 65f6) +0.58901 69944
0.98178 52923 .-0.81901 69944

0.70711 67812 0.70710 A7812
1.00000 00000 +0.00000 00000
0 70710 67812 -0.70710 67012
0700000 00000 .1.0,01! 0000o

-11
0.54064 08174 0.8412$ 35328
0.90963 19953 +0.41541 50190
0.98981 14419 4.14231 40303
0.75574 9574) -0.61486 07340
0,20173 25568 .4.95949 29736

814
0.4398 37391 0.91096 0679
0.70103 148259 0.62348 98019
0.97492 79122 +0.22251 09340
0.97492 79122 -0.22252 09340
0.70103 14825 - 0.61340 90019
0.43388 '37391 -IL 9110% 88679
0.00000 00000 .A.00000 00000

, 0.16 017
0.38261 34124 0.92387 9425 0.16124 16662 0.9)247 22294
0.70710 67812 0.70710 67812 0.67369 56436 0.73900 89172
0.92307 95125 0.30260 34324 0.89516 )2911w 0.44173 035511
1.00000 MVO .0.00000 00000 0.99573 41763 +0.09226 830595
0.92387 45335 -0.38261 34324 0.96102 56432 -0.27366 29901
0.70710 67812 -0.70710 67812 0.79001 72273 40. 60263 46364
0.10268 324 -0.92387 95325 0.5264) 21629 .411.85021 71357
0.00000 0 00 - 1.00000 00000 0.18374 95178 4.90297 30997

a-111
0,32469 94692 0.94581 72417
0.61421 27127 0.78914 05094
0.10716 64702 0.54694 01501
0.96940 02659 +0.245411 54872
4.9965644930 -0.88257 95455
0.91577 31266 -0.401_19 54247
0.73.71 99107 -0.67728 13716
0.47594 79930 -0,87947 37512
0.16M9 45110:11.-1. 98636 13034

s.201
0.95109 65163

3 0.08901 69944
0. M771 $292)

63 0.10901 69944
-*C-110000-004100

63 -0.10141 69944
-8.58778 52523

3 -0.80901 69944
4. 93105 6516)
-1.00000 00000

0.30901 6944
0.58778 32952

0.
0.80901

95105 1
69944
65

1.00000-00800-
0.95105 6$1,
0.80901 M944
0.587711 5252
0.10901 69944
0.00000 00000

6:12- 8. 418
111, 28173 25560- 9,99949 29776 0.26979 67711 0.96197A 72074
0.54064 08174 0.114125 35328 0.519 39900 0.15441 *M46
0.79574 95743 0.69486 07340 0.7 59643 0.60255 31432.

-0.90963 19953 0.41541 50130 O. 52104 0.46006 50378
0. Mfg 14419, +0.14231 40389 0. 00 40077 +0,20343 60131
0.90902 14419 0.14231 WU 0. 99166 07692 -0. 0604 24134
0. 90969 19993 -0. 41541 50130 0.94226 09221 -0. 3940 96122
0. 73,74 95741 WO 07340 0.81696 90930 4.57668 01221
0. 54064 00174 -0. 04125 35328 0.63108 79443 -0.77571 12907
0.20173 25568 -0.15949 297% 0.39840 10098 0.91721 13015
0.00000 00000 -1.00000 00000 0.13616 6649 -

-0.99068
59460

..25
0.24868 98872 0.914511 31611
0,40175 36741 0.01630 66001
0.68454 71059 0.7211% 06274
0. IR 79255 11. 53581 67990
1. os 65" t0000r 69944
O. 67214 0.06179 05196
0.9 211 72507 - 0.107301146
O. 10915 4.42577 92916
0.77091 32428 -0.63742 39898
0.58778 52523 -0.80901 69944
0.36812 4%27 -0.92977 64059
0.12533 32336 -0.99211 47013
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INVERSE CIRCULAjt SINES AND TANGENTS \ Table 4.14

amain s arctan
.0.000 0. 00000 00000 00 0. 00000 00000 00 0.050
0.001 0.00100 00001 67 O. 00099 99996 67 0.051
0.002 0.00200 00013 34. O. 00199 99973 33 0.052
.0. 003 O. 00300 00645 00 0. 00299. 99910 00 9. 053
0.004 0.00400 00106 67 0.00399 99786 67 0.054

0.005 0.00500 00208 34 0.00499 99583 34 0.055'
0.006 0.00600 00360 01 0.00599 99280 02 0.056
IX 007 0.00700 00571 68 0.00699 .98856 70 0.057
0.008 O. 00800 00853 36 0.00799 98293 40 0.058
0.009 0.00900 01215 04 O. 00899 97570 12 0.059

0.010 0. 01000 01666 74 0.00999 96666 87 0.060
0. OH O. 01100 02218 45 0.01099 95563 66 0.061
0.012 0.01200 02880 19 O. 01199 94240 50 0.062
0.013 O. 01300 03661 95 O. 01299 92677 41 0.063
0.014 0.01400 04573 74 0.01399 90854 41 0.064

0. 015 0.01500 05625 57 O. 01499 88751 52 0.065
0. 016 0.01600 06827 45 0.01599 86348 76 0.066
0.017 O. 01700 08189 40 O. 01699 83626 17 0.067
0. 018 0.01800 09721 42 O. 01799 80563 78 0. 068
0.019 0. 01900' 11433 52 O. 01899 77141 62 0.069

0.020 0.02000 13335 73 0, 01999 73339 73 0.070
0.021 0.02100 15438 06 O. 02099 69138 17 0.071
0.022 0.02200 17750.53 0.02199 64516 97 0.072
0.023 O. 02300 20283 16 O. 02299 59456 20 0.073
0.024 0.02400 23045 97 O. 02399 53935 92 0.074

0.025 0.02500, 26048 99 *0. 02499 47936 19 0.075
0.026 O. 02600 29302 .25 0.02599 41437 08 0.076
0.027 0.02700 32815 77 0.02699 34418 68 0.077
0.028 0. 02800 36599 58 0.02799 26861. 07 0.078
0.029 0.02900 40663 72 O. 02899 .18744 33 0.079

0.030 0.03000 45018 23 0.02999 10048 57 0.080
0.031 -0.03100 49673 15 0. 03099 00753 89 0.081
0.032 0.03200 54638 51 O. 03198 90840 39 0.082
0.033 0.03300 59924 37 O. 03298 80288 21 0.083
0.034 0.03400 65540 77 0.03398 69017 46 0.084

0. 035 0.03500 71497 75 0. 03498 57188 29 0.085
0. 036 0.03600 77805 38 O. 03598 44600 82 0.086
0.037 O. 03700 84473 72 O. 03698 31295 ,22. 0.087
0.038 O. 03800 91512 81 0.03798 17251 '64 0.088
0.039 O. 03900 98932 73 0. 03898 02450 25 0.089

0.040 0.04001 06743 54 0.03997 86871 23 0.090
0.041 0: 04101 14955 31 0.04097 77 0.091
0.042 0.04201 23578 12 0.04197 53301 OS 0.092
0.043 0.04301 32622 04 0.04297 3527 30 0.093
0.044 0.04401 42097 16 0.04397 16382 71 0.094

0. 045 0.04501 52013 56 0.04496 96618 52 0.095.:!
0.046 0.04601 62381 33 0.04596 75957 91 0.09
0.047 0.04701 73210 57 0.04696 54381 30 .0.091
0. 048 0.04801 84511 37 0.04796 31868 77 0.098
0.049 0.04901 96293 83 0.04896 08400 65 0. 999

0.050 0.05002 08568 06 0. 04995 83957 22 0/100

arcsin arctan
0.05002 08568 06 0.04995 83957 22
0.05102 21344 17 0.05095 58518 77.
0.05202 34632 28 0. 05195 32065 61
0.05302 48442 0.05295 04578 05 .

0.05402
.51

62784 97 0. 05394 76056 42'

0.05502 77669 81 0. 05494 46421 07
0.05602 93107 15 0.05594 15712 34
0.05703 09107 14 0.05693 83890 60
0.05803 25679 92 0.05793 50936 23
0.05903 42835 64 0. 05893 16829 64 '

O. 06003 60584 45 0. 05992 81551 21
0.06103 78936 52 0.06092 45081 38
0.06203 97902 01 O. 06192 07400 58
O. 06304 17491 09 0.06291 68489 26
0.06404 37713 94 0.06391 28327 89

0.06504 58580 75 0.06490 86896 93
0.06604 80101 69 0.06590 44176 90
0.06705 02286 97 O. 06690 00148 29
0.06805 25146'79 0.06789. 54791 63
0.06905 48691 36 O. 06889 08087 46

0.07005 72930 88 0.01988 60016 35
0.07105 97875 58 0.07088 10558 85
0.07206 23535 68 0.07187 59695 .56
0.07306 49921 42 O. 07287 07407 09
0.07406 77043 03 0.07386 53674 06

0.07507 04910 77 0. 07405 98477 11
0.07607 33534 87 0. 07555 41796 89
0.07707 62925 62 O. 07684 83614 08
0.07807 93093 26 0.07784 23909 37
0.07908 24048 07 O. 07883 62663 48

0.08008 55800 34 O. 07982 99857 12
0.08108 88360 35 0.08082-35471 05
0.08209 21738 40 0.08181 69486 04
O. 08309 55944 79 0. 08281 01882 86
0.98409 90989 83 0. 08380 32642 31

0.08510 26883 84 0.08479 61745 23
0.08610 63637 15 0.08578 89172 45
0. 08711 01260 09 0.08678 14904 84
0.08811 39763 00 0. 08777- 38923 27
0.08911 79156 23 0. 08876 61208 65

0.09012 19450 15 0.08975 81741 90
O. 09112 60655 11 0. 09075 00503 96
0.09213 02781 49 0. 09174 17475 79
0.09313 45839 68 0.09273 32638 38
0.09413 89840 07 0. 09372 45972 74

0.09514 34793 06 0. 09471 57459 88
0.09614 80709 05 0.09570 67080 87
0.09715 27598 48 O. 09669 74816 76
0.09815 75471 75 0.09768 80648 65
0.09916 24339 32 0.09867 84557 66

0.10016 74211 62 0.09966 86524 91
[(1)6] r(-8)11

L 4
{(1

L
1] r(-84 )21

For use and extension of the table see Examples 21-25. For other inverse functions see 4.45 and
4.3.45.

2
-7.1.57079 68267 05

Compilation of amain 4. from National Bureau of Standards, Table of amain r. Columbia Univ.
Press, New York, N.Y., 1946 (with permission).
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ELEMENTARY TRANSCENDENTAL FUNCTIONS

Table 4.14 INVERSE CIRCULAR SINES AND TANGENTS

amain aretan &min x

0.100 NO. 10016 74211 62 0.09966 86524 91 Q.150 0.15056 82727 77
0.101 0.10117 25099 11 0. 10065 86531. 58 , 0. 151 0. 15157 97940 40
0.102 0.10217 77012 25 0.10164 84558 83 0.152 0. 15259 14716 20
0.103 0. 10318 29961 53 0. 10263 80587 89 0.153 0. 15360 33066 21
0.104 0.10418 83957 41 0.10362 74599 97 0.154 0.15461 53001 61

0.105 0. 10519 39011 40 0.10461 66576 33 0.155 0. 15562 74533 44
0.106 0.10619 95131 00 0.10560 56498 23 0.156. 0.15663 976/2 86
0.107 0.10720 5;329 72 0.10659 44346 99 0. 1 57 0.15765 22431 01
0.108 0.10821 10617 08 0.10758 30103 93 0.158 0.15866 48819 05
0.109 "0.10921 70003' 62 0.10857 13750 39 0.159 0.15967 76848 15

0.110 0.11022 30499 88 0. 10955 95267 74 0. 1 60 0.16089 06529 52
0.111 .0. 11122 92116 41 0.11054 74637 38 0.161 0.16170 37874 35
0.112 .0. 11223 54863 77 IL 11153 51840 74 0. 1 62 0.16271 70893 88
0.113 0.11324 11752 55 0.11252 26859 25 0.163 0.16373 05599 34
0.114 0.11424 8 ff793 32 0. 11350 99674 40 0.164 0.16474 42001 99

0. 115 0.11525 44996,68 0.11449 70267 67 . 0.165 0.16575 80113 10
O. 116 0. 11626 47373 23 0.11548 38620 60 0. 166 O. 16677 19943 96
O. 117 0.11726 85933 61 0.11647 04714 73 0. 1 67 0.16778 61505 87
0. 118 0. 11827 55688 42 0.11745 6e31 63 0.168 0.16880 04810 17
0.119 0. 11928 26648 32 0.11844 30052 90 0.169 0.16981 49868 19

0.120 0.12028 48823 95: 0.11942 89260 18 0. 1 70 0.17082 96691 29
0.121 0.12129 72225 97 0.12041 46135 12 0.171 0.17184 45290 84
0.122 0.12230 46865 07 0.12140 00659 40 0. 1 72 0.17285 95678 23
0.123 0.12331 22751 92. 0.12238 52814 72 0.173 0.17387 47864 87
0.124 0.12431 99897 22 0. 12337 02582 82 0.174 0.17489 01862 19

0. 125 0. 12532 78311 68 0.12435 49945 47 0.175 0.17590 57681 64
0.126 04.2633 58006 02 0.12533 94884 45 0.176 0.17692 15334 66
0.127 0. 12734 38990 98 0.12632 37381 58 0.177 0.17793 74832 75
0..128 0. 12835 21277 29 0, 12730 77418 71 0. 178 0.17895 36187 .40
0. 129 0.12936 04875 72 0.12829 14977 71 0.179 0.17996 99410 13

0.130 0, 13036 89797 03 0.12927 50040 48 0.180 0.18098 64512 47
0.131 0. 13137 76052 01 0. 13025 82588 96 0.181 0.19200 31505 97
0.132 0. 13238 63651 45 x.13124 12605 10 0.182 0.18302 00402 20
0.133 0.13339 52606 16 0.13222 40070 89 0. 183 0.18403 71212 76
0.134 0. 13440 42926 95 0.13320 64968 35 0.184 0.18505 43949 25

0.135 0.13541 34624 67 0.13418 87279 52 0.185 0.18607 18623 31
0.136 0.13642 21710 15 0. 13517 06986 49 0.186 0.18708 95246' 57
0.137 0.13743 22194 25 0.13615 24071 35 0.187 0.18810 73830 71
0.138 0. 1 3844 18087 85 0.13713 38516 25 0.188 0.18912 54387 40
0.139 0.13945 15401 83 0. 13811 50303 34 0.189 0.19014 36928 36

0. 140 0.14046 14147 10 0. 13909 59414 82 0.190 0.19116 21465 31
0.141 0.14147 14334 56 0. 14007 65832 92 0.191 0.19218 08009 99
0.142 0. 14248 15975 13 0.14105 69539 90 0.192 0. 19319 96574 17
0. 143 0.14349 19079 77 0.14203 70518 03 . 0.193 0.19421 87169 63
0. 144 0. 14450 23659 42 0.14301 68749 65 0.194 0.19523 79808 18

0.145 0.14551 29725 04 0. 14399 64217 09 0. 195 0.19625 74501 64
0. 146 0. 14652 0287 64 0. 14497 56902 74 O. 196 0.19727 71261 85
0.147 0. 14753 46358 19 0.14595 46789 00 0.197 0.19829 70100 69
0.148 0.14854 56947 71 0.14693 33858 33 0. 198 0.19931 71030 03
0. 149 0. 14955 69067 22 0.14791 18093 19 0.199 O. 20033 74061 80

0,150 0.15056 82727 77 0, 14888 99476 09 0. 200 0. 201 35 79207 90
r(-8)2 r(-8,4-1 r(-8)81
L 4

-1

L 4 J L 4

0° 21,0 .67079 68267 96

&ratan x

0. 14888 99476 09
0.14986 77989 58
0.15084 53616 21
0. 15182 26338 59
0.15279 96139 37

0.15377 63001 20
0.15475 26906 78
0.15572 87838 86
0.15670 45710 19
0. 15768 00713 58

0.15865 52621 86
0.15963 01487 91
0.16060 47294 61
0.16157 90024 91
0. 16255 29661 78

0.16352 66/84 .21
0.16449 99587 75
0.16547 29841 97
O. 16644 56935'49
0.16741 80850 93

0.16839 01571 48
0.16936 19080 34
0.17033 33360 78
0.17132 44396 07
0.17227 52169 54

0.17324 56664 52
0.17421 57864 43
0.17518 55752 68
.0. 17615 50312 74
0.17712 41528 10

0. 17809. 29382 31
0.17906, 13858 94
0.18002; 94941 59
0. 18099 72613 91
0.18196 46859 59

0.18293 17662 35
0.18389 85005 94
0.18486 48874 16
0.18583 09250 85
0.18679 66119 87

0.18776 19465 14
0.18172 69270 59
0.18969 15520 22
0.19065 58198 05
0.19161 97288 15

0. 19258 32774 60
0.19354 64641 55
0.19450 92873 18
0.19547 17453 71
0.19643 38367 38

O. 19739 55598 50
r(-8)51
L .1
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arnen

0. 200 0.20135 79207
0.201 0.20237 86480
0.202 0. 20339 95890
0.203 0.20442 07451
0.204 0.20544 21175

0.205 0.20646 37072
0.206 0.20748 55156
0.207 0.20850 75438
0.208 0.20952 97931
0.209.-t.21055 22647

0,210 0.21157 49597
0.211 0.21259 78794
0.212 0.21362 10251
0.213 0.21464 43979
0,214 0. 21566 79990

0.215 0.21669 18298
0.216 0.21771 58914
0.217 0.21874 01850
0.218 0.21976 47119
0.219 0.22078 94733

0.220 0. 22181 44704
0.221 0.22283 971146
0.222 0.22386451770
0.223 0.22489 08889
0.224 0.22591 68415

0.225 0.22694 30361
0.226 0.22796 94740
0.227 0.22899 61563
0. 228 0. 23002 30844
0.229 0.23105 02595

0.230 0.23207 76828
0.231 0.23310 53557
0.232 0. 23413 32794
0.233 0. 23516 14552
0.234 0. 23618 98843

0.235 0.23721 85680
0.236 0. 23824 75077
0.237 0.23927 67045
0.238 0.24030 61598
0.239 0.24133 58749

0.240 0.24236 58510
0.241 0.24339 60894
0.242 0.24442 65915
0.243 0. 24545 73585

... 0.244 0. 24648 83917

0.245 0,24751 96925
0,246 0. 24855 12621
0.247 0.24958 31018
0.248 0.25061 52130
0.249 0.25164 75970

0.250 0.25268 02551
[.( -8)41

4 J

I

ELEMENTARY TRANSCENDENTAL FUNCTIONS

INVER CIRCULAR SINES AND TANGENTS

n x x amain z

90 0.19739 55 50 0.250 0.25268 02551 42
31 0.19835 69131 0 0.251 0.25371 31886 28
97 0.19931 78950 0.252 0.25474 63988 49
90 0.20027 85040 06 0.253 0.25577 98871 33
10 0.20123 87384 69 0.254 0.25681 36548 08

61 0.20219 85968 83 0.255 0.25784 77032 07
48 0.203 80777 01 0. 256-' -0.-25888-20536-66-

205'

Tali& 4.14

aretan

0.244^7 86631 27
0.24591 96179 19
0.24686 01284 51
0.24780 01933 77
0.24873 98113 53

0.24967 89810 38
0.-25061-1101099

81 0.20411/71793 81 0.257 0.25991 66475 22 0.25155 59702 05
68 0.20507 59003 83 0.258 4 0.46095 15461 18, 0.25249 37870 29.
22 0.20603 42391 73 0.259 0.4198 67307 97 0.25343 11502 51

58 0.20699 21942 20 0.260 0.26302 22029 08 0.25436 80585.53
93 0.20794 97639 97 0.261' 0.26405 79638 02 0.25530 45106 23
46 0.20890 69469 83 0.262 0.26509 40148 31 0.25624 14051 53
39 0.20986 37416 57 0.263 0.26613 03573 53 0.25717 60408 40
96 0.21082 01465 06 0.264 0.26716 69927 28 0.25811 11163 83

42 0.21177 61600 20 2.2655 0.26820 39223 20 0.25904 57304 89
06 0.21273 17806 92 0.266 0.26924 11474 95 0.25997 98818 68

0.21368 70070 19 0.267 0.27027 86696 22 0.26091 35692 33
15 0.21464 18375 04 0.268 0.27131' 64900 75 0.26184 67913 04
28 0.21559 62706 53 0.269 0.27235 46102 31 0.26277 95468 05

97 0.21655 03049 76 0.270 0.27339 30314 67 0.26371 18344 62
62 0.21750 39389 87 0.271 0.27443 17551 69 0.26464 36530 10
66 0.21845 71712 05 0.272 '0 27517 07827 21 0.26557 50011 84
55 0.21941 00001 53 0.273 0.27651 01155 13 0.26650 58777 27
75 0.4036 24243 57 0.274 0.27754 9754 38 0.26743 62813 84

79 , 0.22131 44423 48 0.275 0.27858 97 3 92 .0.26836 62109 06
17 0.22226 60526 61 0.276 0.27962 99592 75 0.26929 56650 49
45 0.22321 72538 37 0.277 0.28067 05264 90 0.27022 46425 71
22 0.22416 80444 19 0.278 0.28171 14069 43 0.27115 31422 39
07 0.22511 84229 53 0.279 0.28275 26005 45 0.27208 11628 19

63 0.22606 83879 94 0.280 0.28379 41092 08 0.27300 87030 87
56 0.22701 79380 96. 0.281 0.28483 59343 51 0.27393 57618 19
53 0. 22796 70718 22 0.282 0.28587 80773 93 0.27486 23377 99
26 0.22891 57877 34 0.283 0.28692 05397 58 0.27578 84298 14
48 0.22986 40844 03 0.284 0.28796 33228 75 0.27671 40366 55

94 0.23,081 19604 03 0.285 0.28900 64281 74 0.27763 91571 20
44 0.23175 94143 10 0.286 0.29004 98570 89 0.27856 37900 08
78 0.23270 64447 07 0,287 0.29109 36110 61 0.27948 79341 26
80 0.23365 30501 80 0, 288 0.29213 76915 30 0.28041 15882 83
37 0.23459 92293 19 0.289 0.29318 20999 43 0.28133 47512 95

39 0.23554 49807 21 0.290 0:29422 68377 49 0.28225 74219 81
77 0.23649 03029 83 0.291 0.29527 19064 01 0.28317 95991 65
47 0.23743 51947 10 0.292 0.29631 73073 57 0.28410 12816 76
45 0.23837 96545 10 0.293 0.29736 30420 76 0.28502 24683 46
73 0.23932 36809 95 0.294 0.29840 91120 25 a. 28594 31580 14

34 0.24026 72727 81 0.295 0.29945 55186 70 0.28686 33495 23
33 0.24121 04284 90 0. 296 0.30050 22634 85 0.28778 30417 18
81 0,24215 31467 47 0.297 0.30154 93479 45 0.28870 22334 53
88 0.24309 54261 82 0.298 0.30259 67735 30 0.28962 09235 83
69 0.24403 72654 29 0.299 0. 30364 45417 24 0.29053 91109 69'

42 0.24497 86631 27 0.300 0.30469 26540 15 0.29145 67944 78
-8)61 r(-8,41 1( -8)61r

4 J L 4 J L 4 j
I' Nil .5709 aim as2
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206, ELEMENTARY 'TRANSCENDENTAL FUNCTIONS

Table 4.14 INVERSE CIRCULAR SINES AND TANGENTS

.aretan

0.300 0.'30469 26540 15 0.29145 67944 78 0.350 0.35757 11036 46 0.33667 48193 87
0. 301 0. 30574 11118 95 0.29237 39729 79 0. 351 0. 35863 88378 55 0.33756 54100 58
0.302 0.30678 99168 60 0.29329 06453 47 0.352 0.35970 69995 85 0.33845 54442 85
0.303 0. 30783 90704 09 0.29420 68104 62 0. 35i 0.36077 55905 70 0.33934 49211 81
0.304 0. 30888 85740 46 0.29512 24672 09 0.354 0.36184 46125 51 0.34023 38398 61

0. 305 0: 30993W92- 78 0.29603 76144 75 0.355 0. 36291 40672 71 0. 34112 21994 49
0.306 I 86376 19 0.29695 22511 55 0.356 0.36398 39564 82 0. 34200 99990 70
0.307 b. 1203 92005 83 0.29786 63761 46 0.357 0.36505 42819 39 0.34289 72378 56
0.308 0. 09 01196 91 0.29877 99883 52 0.358 0.36612 50454 05 0. 34378 39149 42
0.309 0.31 13964 68 0.29969 30866 80 0.359 0.36719 62486 46 0.34467 00294 69

.0. 310 0. 31519 30324 41 0.30060 56700 42 0. 360 0.36826 78934 37 0.34555 55805 82
0.311 0.31624 50291 43 0.30151 77373 55 0.361 0.36933 99815 54 0. 34644 05674 30
0.312 0.31729 73881 12 0.30242 92875 41 0.362 0.37041 25147 84 0.34732 49891 68
0.313 0.31835 01108 88 0.30334 03195 25 0.363 0.37148 54949 16 0.34820 88449 54
0.314 0.31940 31990 18 0. 30425 08322 38 0.364 0.37255 89237 46 0.34909 21339 52

0.315 0.32045 66540 50 0.30516 08246 16 0.365 0.37363 20030 75 0.34997 48553 30
0. 316 0.32151 04775 38 0.30607 02955 99 0.366 0.37470 71347 12 0. 35085 70082 60
0. 317 0. 32256 46710 42 0.30697 92441 31 0.367 0.37578 19204 71 0.35173°85919 21
0. 318 0.32361 92361 24 0.30788 76691 62 0.368 0. 37685 71621 69 0.35261 96054 93
0.319 0.32467 41743 51 0.30879 55696 46 0.369 0.37793 28616 34 0.35350 00481 64

0.320 0.32572 94872 95 0.30970 29445 42 0.370 0.37900 90206 96 O. 35437 99191 23*
0.321 0.32678 51765 31 0.31060 97928 '14 0.371 0.38008 56411 93 0, 35525 92175 68
0.322 ;0.32784 12436 42 0.31151 6113$ 29 0.372 0.38116 27249 69 0.35613 79426 98
0.323 0. 32889 76902 11 0.31242 19053 60 0.373 0.38224 02738 73 0.35701 60937 18
0. 324 0. 32995 45178 29 0.31332 71615 84 0.374 0.38331 82897' 61 0. 35789 36690 38

0. 325 0. 33101 17280 89 0.31423 18990 84 0.375 0.38439 67744 96 0. 35877 06702 71
0.326 0.33206 93225 91 0.31513 60988 47 0.376 0.38547 57299 45 0. 35964 70942 35
0, 327 0.33312 73029 38 0,31403 97658 63 0.377 0.38655 51579 83 0.36052 29409 16
0.328 0.33418 56707 38 0.31694 28991 30 0.378 0.38763 50604 92 0.36139 82096 58
0.329 0. 33524 44276 04 0.31784 54976 47 0.379 0.38871 54393 57 0.34227 28995 76

0. 330 0.33630 35751 54 0.31874 75604 21 0.380 0.38979 62964 74 0.36314 70099 46
0.331 0.33736 31150. 09 0,31964 90864 60 . O.381 0.39087 76337 42 0.36402 05400 09

0.332 0.33842 30487 98 0.32055 00747 81 0.382 0.39195 94530 68 0. 36489 34890 12
0. 333 0.33948 33781 50 0.32145 05244 03 0.383 0.39304 17563 64 O. 36576 58562 04

0.334 0. 34054 41047 05 0.32235 04343 49 0.384 0.39412 45455 51 0.36663'76408 40

0. 335 0.34160 52301 02 0.32324 98036 48 0.385 0.39520 78225 54 0.36750 88421 81

0.336 0.34266 67559 88 0.32414 86313 34. 0.386 0.39629 15893 06 0.36837 94594 90
0. 337 0.34372 86840 15 0.32504 65164 46 0.387 Os 737 58417 48 0. 36924 94920 36
0.338. 0.34479 10158 39 0.32594 46580 25 0.388 0.39846 05998 24 0.37011 89390 92

0.339 0.34585 37531 21 0.32684 18551 19 0.389 0.39954 5O474 89 0. 37098 77999 35

0.340 0.34691 68975 27 0.32773 85067 81 0.390 0.40063 15927 I. 0.37185 60738 49

0, 341 0.34798 04507 29 0.32863 46120 66 0.391 0.40171 78374 28 O. 37272 37601 18
0. 342 0. 34904 44144 03 0.32953 01700 37 0.392 0.40280 45836 44 0.37359 08580 36

0. 343 0. 35010 87902 30 0.33042 51797 60 0:393 0.40389 18333 27 0. 37445 73668 96
0.344 0. 35117 35798 98 0. 33131 96403 04 0.394 0.40497 95884 67 0. 37532 32860 01

0.345 0.35223 87850 97 0.33221 35507 47 0.395 0.40606 78510 57 0.3761 86146 53
0. 346 0.35330 44075 25 0.33310 69101 67 0.396 0.40715 66231 00 0. 37705 33521 62

0.347 0.35437 04488 84 0.33399 97176 49 0.397 0.40824 59066 02 0.37791 74978 43
0.348 0.35543 69108 81 0.33489 19722 83 0.398 0.40933 57035 81 0.37878 10510 12

0.349 0. 35650 37952 29 0.33578 36731 63 0.399 0.41042 60160 60 0.37964 40109 93

0.350 0.35757 11036

r 48)5]

46 0.33667 48193 87
r( 8-,71
L 4 J

0.400 0.41151 68460 67
r(-8)61
L

0.38050 63771
r(-8)81
L 4 J

12

2
0,1 57079 63267 95
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0.400
0. 401
0.402
0. 403
0.404

&nein x

0.41151 68460
0. 41260 81956
0.41370 00668
0.41479 24616
0.41588 53322

0.405 0. 41697 88306
0.406 0.41807 28088
0.407 0.41916 73190
0.408 0.42026 23632
.409 0. 42135. 79435

0.410
0.411
0.412
0. 413
0.414

0.415
0.416
0.417
0.418
0.419

0.420
0.421
0.422
0.423
0.424

0.425
0.42b
0.427
0.428
0.429

0.430
0.431
0.4322
0.433
0.434

0.435
0.436
0.437
0.438
0.439

0. 440
0.441
0.442
0. 443
0. 444

0. 445
0. 446
0.447
0. 448
0. 449

0.42245 40621
0.42355 07211
0.42464 79225
0. 42574 56685
0.42684 39613

0. 42794 28029
0. 42904 21956
0.43014 21415
0.43124 26427
0.43234 37015

0.43344 53200
0.43454 75005
0. 43565 02450
0.43675 35559
0.43785 74353

0.43896 18856
0.44006 69088
0.44117 25073
0. 44227 86833
0, 44338 54391

0.44449 27769
0.44560 06990
0.44670 92078
0.44781 83054
0.44892. 79943

0.45003 82767
0.45114 91550
0.45226 06314
0.45337 27084
0.45448 53882

0.45559 86733
0. 45671 25661
0.4578270688/0688
0.45894 21838
0.46005 79137

0.46117 42608
0.46229 12275
0.46340 88162
0.46452 70294
0.46564 58695

0. 450 0. 46676 53390
ri_mps
L 4 j

20 0, 38480 92765 46
50 0.38566 80656 14
29 0. 38652 62562 34
45 0. 38738 38477 69

0 96 Ili 0.38824 08395 85

67
42
24
80
54

87
31
49
70
30

74
53
30
72
57

70
03
60
49
90

10
44
36
39.
16

36
78
31
92
67

71,
28
71
44
99

96
37
11
99 .

71

35
10
25
19
40

ELEMENTARY TRANSCENDENTAL FUNCTIONS

INVERSE CIRCULAR SINES AND TANGENTS

arotan

0.38050 63771 12
0.38136 81487 02
0.38222 93250 97
0. 38308 99056 39
0.38394 98896 72

0.38909 72310
0. 38995 30215
0.39080 82104
0. 39166 27971
0. 39251 67810

0.39337 01615
0.39422 29379
0.39507 51097
0.39592 6643
0. 39677 76371

0.39762 79915
0.39847 77389
0._39932 68788
0.40017 54105
0. 40102 33336

0.40187 06474
0.40271 73514
0.40356 34450
0.40440 89278
0. 40525 37990

0.40609 80583
0.40694 17050
0.40778 47386
0. 40862 71587
0. 40946 89646

0. 41031 01558 96
0.41115 07319 97
0.41199 06924 22
0.41283 00366 64
0.41366 87642 17

0.41450 68745 85
0.41534 43672 70
0. 41618 12417 83
0.41701 74976 36
0.41785 31343 48

0.41868 81514 38
0. 41952 25484 34
0. 42035 63248 66
0.42118 94802 67
0. 42202 20141 75

0.450
0. 451
0.452
0.453
0.454

0.455
0.456
0.457
0.458
0.459

55 0.460
54 0.461
62 ,O. 462
64 "0.463
48 0.464

09 0.465
43 0.466
52 0.467
44 0.468
29 0.469

22
43
14
66
29

40
42
79
00
60

18
34
77
18
31

0.470
0.471
0.472
0.473
0.474

0.475
0.476
0.477
0.471'
0.47

0.484
0.481
0.482
0.483
0.484

0.485
0.486
0.487
0.488
0.489

Amin z

0.46676 53390 47
0. 46788 54404 09
0. 46900 61761 03
0.47012 75486 20
0.47124 95604 59

0.47237 22141 29
0.47349 55121 50
0.47461 94570 53
0.47574 40513 79
0. 47686 92976 80

0.47799 51985 19
0.47912 17564 68
0.48024 89741 12
0. 48137 68540 46
0.48250 53988 75

0. 48363 46112
0.48476 44937
0.48589 50489
0.48702 62796
0.48815 81884

0.48929 07780
0. 49042 40510
0. 49155 80101
0.49269 26582
0.49382 79978

0.49496 40317
0.49610 07626
0.49723 81934
n. 49837 63268

49951 51655

;1. 50065 47124
0. 50179 49702
0. 50293 59418
0.50407 76300
0. 50522 00377

0. 50636 31676 79
0. 50750 70228 19
0. 50865 _16060 14
0.50979 69201 57
0. 51094 29681 57

0.490 0. 51208 97529 34
0.491 0.51323 72774 22
0.492 0.51438 55445 69
0.493 0.51553 45573 34
0.494 0. 51668 43186. 93

0.495 0.51783 48316 32
0.496 0.51898 60991 55
0.497 0. 52013 81242 77
0.498 0.52129 09100 26
0.499 0.52244 44594 47

47 O. 42285 39261 33 O. 500 O. 52359 87755 98
r(-8,81 r(-7)1i
L 4 J L j

Table 4.14

aretan x

0.42285 39261 33
0.42368 52156 87
0.42451 58823 89
0.42534 59257 92
0.42617 53454 56

0. 42700 41409 43
0.42783 23118 21
0.42865498576 60
0.42948 67780 36
0.43031 30725 28

0.43113 87407 19
0.43196 37821 96
0.43278 81965 51
0.43361 19833 80
0.43443 51422 81

18 0.43525 7672818
02 0.43607 95747 19
67 0.4'3690 08474 74
64 0.43772 14907 40
55 O. 43854 15041 36

14 0.43936 08872 85.
26 0.44017 96398 14
88 0.44099 77613 55
08 0.44181 52515 43
07 0.44263 21100 17

17 0.44344 83364 20
82 0.44426 39303 99
59 0.44507 88916 06
16 0.44589 32196 95
34 0.44670 69143 24

05 0.44751 99751 57
34 0.44833 24018 60
39 0.44914 41941 03
52 0.44995 53515 61
13 0.45076 58739 11

0.45157 57608 36
0, 45238 50120 20
0.45319 36271 55
0. 45400 16059 33
0. 45480 89480 51

0.45561 56532 11
0.45642 17211 17
0.45722 71514 78
0.45803 19440 06
0.45883 60984 16

0.45963 96144 30
0.46044 24917- 71
0.46124 47301 65
0.46204 63293 45
0.46284 72890 44

0.46364 76090 01
r(-8)s
L 4

207
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Table 4.14

of

EI.EllIENTARY TRANSCENDENTAL IrtniCTIONS

INVERSE CIRCULAR SINES AND TANGENTS

amain a
.

x amain x *ratan a
..

.. . . . ..... ....... .. . . . 11, !". n !..
a

0. 500 0.52359 87755'98 0.46364 76090 01 0 . 5 5 0 0 . 5 8 2 3 6 4 2 3 7 8 6 9 O. 5 0 2 8 4 3 109 IR
0. 501 0.52475 38615 51 0.46444 72889 50 0.551 0.58356 20792 89 0.50361 06410 37

50.502 . 0. 52590 97203 91 0.46524 63286 62 0.5 0. 58476 08688 33 0.50437 74226 73
0.503 0.52706 63552 20 0.46604 47278 61 0.55 0. 58596 06104 84 0.50514 35557 57
0.504 0.52822 37691 54 0.46684 24863 09 0.5 0.58716 13082 43 0.50590 90402 12

0.305 0.52938 19653 22 0.46763 96037 63 0.555 0.58836 29661 37 0. 50667 38759 68
0.506 0. 53054 09468 69. 0.46843 60199 83 0.556 0.58956 55882 10 0.50743 80629 53
0.507 0.53170 07169 56 0.46923 19147 34 0: 557 0.59076 91785 32 0.50820 16011 02
0.508 0. 53286 12787 56 0, 47002 71077 82 0.558 0.59197 37411 92 0.50896 44903 52
0. 509 0, 53402 26354 61 0.47082 16589 00 0.559 0.59317 92803 04 0.50972 67306 43

0.510 0.53518 47902 76 0.47161 55678 62 0.560 0.59438 58000 01 0.51048 83219. 17
0. 511 0.53634 77464 20 0.47240 88344 48 0.561 0.59559 33044 41 0.51124 92641 21
0.512 0.53751. 15071 30 0.47320 14584 38 0.562 0.59680 17978 05 %0.51200 95572 04
0. 51 3 0.53867 60756 57 0.47399 34396 20 0.563 0.59801 12142 95 0. 51276 92011 19
0.514 0. 53984 14552 69 0.47478 47777 82 0.564 0.59922 17681 37 0. 51352 81958 22

0. 515 0.54100 76492 49 0.47557 54727 17 0.565 0.60043 32535 81 0.51428 65412 69
0. 516 0.54217 46608 96 0.47636 55242 22 0.566 0.60164 57448 99 0. 51504 42374 25
0. 517 0.54334 24935 25 0.47715 49320 97 0.567 0.60285 92463 89 0. 51580 12642 52
0. 518 0. 54451 11504 67 0.47794 36961 45 0.568 0.60407 37623 71 0.51655 76817 18
0. 519 0.54568 06350 69 0.47873 18161 73 0.569 0.60528 92971 89 0.51731 34297 96

0. so 9.5485 09506 96 "0. 47951 92919 93 0.570 0.60650 58552 13 .0.51806 85284 57
-0.5 .0. 54802 21007 28 0.48030 61234 17 0.571 0.60772 34408 36 0.51882 29776 79
0. 522 0. 54919 40885 61 0.48109 23102 64 0.572 0.60894 20584 75 0.51957 67774 41
0.523 0.55036 69176 11 0.48187 78523 54 0. 573 0. 61016 17125 74 0.52032 99277 27
0.524 0.55154 05913 07 0.48266 27495 12 0.574 0. 61138 24076 01 0.52108 24285 22

0.525 O. 55271 '51130 97 0.48344 70015 61 0.61260 41480 49 0, 52183 42798 14
0.526 0. 55389 04864 46 0.48423 06083 0.5 0.61382 69384 37 0. 52258 54815 96
0.527 0.55506 67148 37 0.48501 35 0.577 0. 61505 07833 09 0.52333 60338 62
0.528 O. 55624 38017 69 0.48579 5 854 40 0.578 0.61627 56872 37 0.52408 59366 09
0. 529 0.55742 17507 59 0.48657 5554 29 0.579 0.61750 16548 17., 0.52483 51898 38

0.530 0.55860 05653 43 11. 48735 85795 05 0.580 0. 61872 86906 72 0.52558 37935 52.
0. 531 0.45978 02490 72 0..8813, 89575 18 0.581 0.61995 67994 52 0.52633 17477 57.
0. 532 0. 56096 cuss 18 0 48891 86893 19 0.582 V. 62118 . 59858 34 0.52707 90524 63
0. 533 0.56214_ 22382 69 0. 48969 77747 65 0.583 0.62241 62545 21 . 0, 52782 57076 82.
0.534 0.56332 45509 33 O. 49047 62137 12 0.584 0.62364 76102 44 0.52857 17134 28

t
0.535 0.56450 77471 34 0.49125 40060 25 0.585 0. 62488 00577 61 0.52931 70697 it
0.536 0. 56569 18305 17 O. 49203 1151 5 68 0.586 0. 62611 36018 60 0.53006 17765 76
0.537 O. 56687 68047 44 0.49280 76502 10 0.587 0.62734 82473 54 0.53080 58340 23
0. 538 0. 56806 26734 '97 0. 49358 35018 23 0. 588 0. 62858 39990 87 0.53154 92420 86
0.539 0. 56924 94404 76 0.49435 87062 83 0.589 0.62982 08619 28 0.53229 20007 93

0.540 0. 57043. 71094 60 P.49513 326J4 68 0. 590 0.63105 88407 78 0.53303 41101 77
0. 541 0.57162 56840 08 t 00.49590 71732 62 0.591 0.63229 79405 66 0.53377 55702 73
0.542 0. 57281 51680 58 0.49668 04355 48 0. 592 0.63353 81662 50 0.53451 63811 18
0.543 0. 57400 5565) 28 0.49745 30502 17 0.493 'O.63477 95228 17 O. 53525 65427 53
0.544 0. 57519 68796 15 0.49822 50171 59 0.594 .0.63602 20152 84 O. 53599 60552 20

0. 545 0. 57638 91147 36 0.49899 63362 .71 0. 595 0.63726 56487 00 0.53673 'Il9185 66
0.546 0. 57758 22745 29 0.49976 70074 50 0. 596 0.63851 04281 42 0.53747 31328 39
Q. 547 O. 57877 63628 51 0.50053 7.0305 98 0.597 0.63975 63587 17 0.53821 06980 90
0.548 0. 57997 13835 79 0.50130 64056 22 0. 598 0.64100 34455 66 0.53894. 76143 74
0. 549 0. 58116 73406 12 0.50207 51324 28 0.599 0.64225 16938 57 0.53968 38817 48

0. 550 0. 58236 42378 69 0. 50284 3T09 28 . O. 600 O. 64350 11087 93 0. 54041 . 95002 71
r(-7)11 r( -8 81 r( -7)21 r(-8)81
L 4 J I. 4 J

,
I. 5 J L 4 j

2'1.57079 63207 98
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main x

ELEMENTARY TRANSCENDENTAL6FUNCTION8

INVERSE CIRCULAR. SINES AND.. TANGENTS

*ratan x x

209

Tab 444_

Rosin x aretan

-0F57637-52205-91----upo--o-.443stritoorgr--o-.1404-1---9,002-11 -0-. 650---0-70758-44367-25
0. 601 0.64475 16956 07
0.602 0. 64600 34595 63
0. 603 0.64725 64059 60
0.604 0.64851 05401 26

0.605
0.606
0,607
0.608
0. 609

0.610
0. 611
0. 612
0.613
0. 614

0. 615
0.616
0.617
0.618
0.619

0.620
0.621
0.622
0.623
0.624

0.625
0. 626
0.627
0. 628
0.629

0. 630
0.631
0. 632
0.633
0.634

0.635
0.636
0. 637
0.638
0. 639

00. . 641 40

6
0. 642
0.643
0.644

0. 645
0. 646
0. 647
0. 648
0. 649

0.64976 58674 24
0.65102 23932 51
0.65228 01230 34
0.65353 90622 38
0.65479 92163 58

0.65606 05909 25
0.65732 31915.05
0.65858 70237 00
0. 65985 20931 44
0.66111 84055 09

0.66238 59665
0.66365 .47818
O. 66492 48573
0.66619 61988
O. 66746 88121

0.66874 27032
0.67001 78778
0.67129 43421
0.67257 21020
0. 67385 11636

0.67513 15329
0. 67641 32161
0. 67769 62193
0. 67898 05488
0. 68026 62108

0.68155 32115
0.68284 15574
0.68413 12547
0.68542 23100
0.68671 47295

0.68800 85200
0.68930 36878
0.69060 02396
0.69189 81821
0.69319 75218

0.69449 82656
0.69580 04201
0.69710 39923
0.69840 89889
0. 69971 54169

0.70102 32832
0.70233 25948
0. 70364-33589
0.70495 55824
0.70626 92726

02
67
84
69
78

02
71
53
54
20

37
29
62
41
12

63
24
66
04
93

35
74
97
37
73

27
68
13
2)
09

27
84
34
80
76

0. 650 0. 70758 44367 25

C`L j

0.54115 44700 04 0.651 0.70890 10818 82
0. 54188 87910 15 0.652 0. 71021 92154 53
0. 54262 24633 69 0.653 0.71153 88447 93
0. 54335 54871. 37 0.654 0.71285 99773 14

0.54408 78623 92 0. 655 0. 71418 26204 76
0.54481 95892 10 0. 656 0.71550 67817 97
0.54555 06676 70 Or 657 0.71683 24688 45
0.54628 10978 51 0,658 0. 71815 96892 45
0.54701 08798 38 0.659 0. 71948 84506 75

0.54774 00137 16 0.660 0.72081 87608 .70
0.54846 84995 75 0.661 0. 72215 06276 21
0. 54919 63375 05 0.662 0. 72348 40587 76
0.54992 35276 01 0.663 0.72481 90622 40
0.55065 00699 59 0. 664 0.72615 56459 74

0.55137 59646 79 0.665 0.72749 38180 01
0.55210 12118 61 0.666 0.72883 35864 02
0.55282 58116 10 0.667 0.73017 49593 16
0.55354 97640 33 0.668 0.73151 79449 44
0.55427 30692 38 0.669 0. 73286 25515 49

0.1499 57273 39 0.670 0.73420 87874 53
0.55571 77384 48 0.671 % 0.73555 66610 44
0. 55643 91026 82 0.672 0.73690 61807 69
0.55715 98201 62 0.673 0.73825 73551 41
0.55787 98910 07 0.674 0. 73961 01927 39

8.55859 93153 44 0.675 0.74096 47022 03
0.55931 80932 97 0.676 0.74232 08922 43
0.56003 62249 97 0.677 0.74367 87716 32

0.56075 37105 74 0.678 0674503 83492 13
0.56147 05501 63 0.679 0. 74639 96338 96

0.56218 67439 00 0.680 0.74776 26346 60
0.56290 22919 24 0.681 0.74912 73605 52
0.56361 /1943 75 .0. 682 0.75049 38206 91
0.56433 14513 97 0.683 0.75186 20242 68
0.56504 50631 37 0.684 0. 75323 19805 42

0.56575 80297 42 0.685 0.75460. 36988 49
0.56647 03513 63 0.686 0. 75597 1885 95
0. 56718 20281 53 0.687 92 63
0.56789 30602 67 0.688 0.758 95 4 10
0. 56860 34478 63 0.689 0. 7601 43 68

0.56931 31911 01 0.690 0.76148 90527 48
0. 57002 22901 42 0.691 0.76287 15434 36
0.57073 07451 52 0.692 0.76425 58636 00
0.57143 85562.98 0.693 0.76564 20231 84
0.57214 57237 47 0.694 0.76703 00322 15

0.57285 22476 73 0.695 0.76841 99008 00
0.57355 81282 48 0.696 0. 76981 16391 29
0.57426 33656 48 0.697 0. 77120 52574 75
0.57496 79600 51 0.698 0.77260 07661 95
0.57567 19116 38 0.699 0.77399 81757 30

0.57637 52205 91 0.700 0.77539 74966 11

r(-8)81 ri( -1)21
L 4 j E J

0.57707 78870 95
0. 57777 99113 37
0.57848 12935 07
0.57918 20337 94

0. 57988
0. 58058
0.58128
0.58197
0.58267

0. 58337
0.58406
0.58476
0.58545
0.58615

0.58684
0.58754
0. 58823
0.58892
0. 58961

0.59030
0.59099
0.59169
0.592.
0.59306

0.59374
0.59443

.0 59512
09580

/' 0 .59649

Or Fil7
0. 786
0. 9854
0. 59922
0.59990

21323 94
15895 01
04053 13
85800 31
61138 57

30069 94
92596 49
48720 31
98443 49
41768 17

78696 50
09230 63
33372 77
51125 11
62489 89

67469 35
66065 77
58281 44
44118 66
23579 77

96667 11
63383 05
23729 99
77710 32
25326 49

66580 93
01476 11
30014 52
52198 66
68031 06

0.60058 77514 26
0.60126 80650 81
O. 60194 77443 31
0.60262 67894 35
0. 60330 52006 54

0. 60398 29782 53
0.60466 01224 96
0. 60533 66336 52
0.60601 25119 88
0.60668 77577 76

0.60736 23712 89
0.60803 63528 03
0. 60870 97025 88
0.60938 24209 28
0. 61005 45081 01

0.61072 59643 89
r(-8)81
L 4 j

s
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Talk 4.14

---k--700-0.-7709.-74965

ELEMENTARY TRANSCENDENTAL

INVERSE CIRCULAR

attain a &ratan a

11 0. 61 (1,2

FUNCTIONS

SINES AND TANGENTS

a wain z mot= a

0.750 84806-20789- -81----0.64350-11087-93-
.0. 77679 87394 52

-59643-89-
0.6139 679000. 701 75 0.751 0.84957 52355 56 0.64414 08016 53

0.702 0.77820 19149 57 0.61206 69854 44 0.752 0.85109 10007 70 0.64477 98804 75
0./03 0.77960 70339 20 0.61273 65507 83 0.753 0.85260 93916 63 0.64541 13456 20
0.704 0.78101 41072 2) 0.61340 54863 79 0. 754 0.85413 04254 45 0.64605 61974 52

0.705 0.78242 31458 43 0.61407 37925 25 0.755 85565 41195 04 0.64669 34363 37
0.706 0.78383 41608 47 0.61474 14695 10 0.756 0.. 5718 04914 '02 0.64733 00626 40
0.707 0.78524 71633 95 0.61540 85176 29 0.757 0. 870 95588 84 0.64796 60767 30
0. 708 0.78666 2164 7 44 0.61607 49371 78 0.758 0.8 024 13398 74 0.64860 14789 75
0. 709 0.78807 91762 45 0.61674 07284 52 0.759 0. 177 58524 85 0.64923 62697 45

0.710 0.78949 82093 46 0.61740 58917 52 0.760 0.86331 31150 16 0.64987 04494 12
0.711 0.79091 92755 96 0.61807 04273 76 0.761 0.86485 31459 55 0.65050 40183 48
0.712 0.79234 23866 39 0.61873 43356 27 0.762 0.86639 59639 86 0.65113 69769 28
0.713 0.79376 75542 24 0.61939 76168 09 0.763 0.86794 15879 89 0.65176 93255 25
0.714 0.79519 47901 99 , 0.62006 02712 26 0.764 0.86949 00370 42 0.65240 10645 18

0,715 0.79662 41065 16 0.62072 22991 86 0.765 0.87104 13304 26 0.65303 21942 83
0. 716 0.79805 55152 32 0.62138 37009 97 0.766 0. 87259 54876 26' . 0. 65366 27151 99
0.717 0.79948 90285 08 0.62204 44769 70 0.767 0. 87415 25283 38 0.65429 26276 46
0. 718 0.80092 46586 13 0.62270 46274 14 0.768 0.87571 24724 65 0.65492 19320 05
0. 719 0.80236 24179 26 0.62336 41526 45 0.769 0.87727 53401 29 0.65551 06286 59

0. 720 u. 80380 23189 33 0.62402 30529 77 0.770 0.87884 11516 69 0.65617 87179 91
O. 721 0.80524 43742 33 O. 62468 13287 26 O. 771 O. 88040 99276 42 O. 65680 62003 87
0. 722 O. 80668 85965 35 0. 62533 89802 10 O. 772 0. 88198 1688$ 33 O. 65743 30762 31
0. 723 0.80813 49986 66 .0.62599 60077 48 0.773 0.88355 64562 55 0.65805 93459 11
0.724 0.80958 35935 64 0.62665 24116 63 0.774 0.88513 42511 51 0.65868 50098 15

0. 725 0.81103 43942 88 0.62730 81922 76 0.775 0. 88671 50950 00 0.65931 00683 33
0. 726 0.81248 74140 11 0.62796 33499 11 0.776 0.88829 90095 19 0.65993 45218 55
0.727 0.81394 26660 28 0.62861 78848 95 0.777 0.88988 60166 70 0.66055 83707 72

. -0.728 0.81540 01637 58 0.62927 17975 54 0.778 0.89147 61386 58 0. 66118 16154 79
0.729 0. 81685 99207 37 0.62992 50882 17 0.779 0.89306 93979 43 0.66180 42563 67

0.730 0. 81832 19506 32 0.63057 77572 15 0.780 0.89466 58172 34 O. 66242 62938 33
0. 731 0.81978 62672 31 0.63122 98048 79 0.781 0.89626 54195 03 0.66304 77282 73
0.732 0.82125 28844 52 0.63188 12315 41 0.782 0.89786 82279 83 0.66366 85600 83
0. 733 0.82272 18163 44 0.63253 20375 38 0.783 0.89947 42661 72 O. 66428 87896 62
0. 734 0.82419 30770 85 0.63318 22232 04 0.784 0.90108 35578 41 0.66490 84174 09

0. 735 0.82566 66809 86 0.63383 17888 78 0.785 0.90269 61270 38 0.66552 74437 26
0.736 O. 82714 26424 94 O. 63448 07348 99 0.786 0.90431 19980 87 0.66614 58690 12
0.737 0.82862 09761 92 0.63512 90616 06 0.787 0.90593 11956 01 0.66676 36936 71
0.738 0.83010 16968 01 0.63577 67693 42 0.788 0.90755 37444 80 0.66738 09181 07
0.739 0. 831.58 48191 83 0:63642 38584 50 0.789 0.90917 96699 17 0.66799 75427 24

0. 740 0. 83307 03583 42 0.63707 03292 76 0.790 0.91080 89974 07 0.66861 35679 28
0.741 0.83455 83294 24 0. 63771 61821 64 0.791 U. 11244 17527 48 0.66922 89941 25
0. 742 0.83604 87477 24 0.63836 14174 63 0.792 0.4407 79620 46 0.66984 38217 24
0.743 0.83754 16286 83 0.63900 60355 21 0.793 0.91571 76517 23 0.67045 80511 32
0.744 0.83903 69878 93 0.63965 00366 89 0.794 0.91736 08485 19 0.67107 16827 61

0. 745 0:84053 48410 98 0.64029 34213 19 0.795 0.91900 75795 02 0.67168 47170 20
0.746 0.84203 52041 95 0.64093 61897 63 0.796 0. 92065 78720 67 0.67229 71543 22
0.747 0.84353 80932 39 0.64157 83423 76 0.797 0.92231 17539 49 0.67290 89950 79
0. 748 0.84504 35244 42 0.64221 98/95 14 0.798 0.92396 92532 24 0.67352 02397 05
0. 749 0.84655 15141 77 0.64286 08015 33 0. 799 0. 92563 '03983.15 0.67413, 08886 15

0.750 0.84806 20789 81
r(-7)31

0. 64350 11087
r(-8,81

93 0. 800 O. 92729 52180
r(-7)61

02 O. 674/4 09422
F-1081

24

L 5 L 4 .1 L j
-V11'57079

88207 95

L 4 j

223



. arcaiwa

AIM 0.92729 52180
0.801 0.92896 37414
0.802 0.93063 59980
0,803 0.93231 20178
0.804 0.93399 18310

0. 805 . 0.93%7 54682
0. 806 0.93736 29604
0.807 0.93905 43392
0.808 0.94074 96363
0.809 0.94244 88840

0.810 0.94415 21151
0.811 0:94585 93626
0. 812 0.94757 06601
0.813 0.94928 60416
0.814 0.95100. 55415

0.815 0.95272 91949
0. 816 0.95445 70370
0.817 0.95618 91039
0. 818 0.95792 54318
0.819 0.95966 60576

0.820 0.96141 10187
0.821 0.96316 03531
0.822 0.96491 40991
0. 823 0.96667 22958
0.824 0. 96843 49827

0.825 0.97020 21999
0.826 0.97197 39880
.0, 827 0.97375 03884
0, 828 0.97553 14428
0.829 0.97731 71937

0.830 0.97910. 76843
0. 831 0.98090 29583
0. 832 0.98270 30600
0. 833 0.98450 80344
0.814 0.98631 79274

0. 835 0.98813 27852
0.836 0.98995 26551',
0.837 0.99177 75847
0. 838 0. 99360 76228
0. 839 0. 99544 28187

0.840 0.99728 32223
0.841 0.999/2 88847
0.842 1. t 0097 98574.
0, 843 1. 00283 61930
0.844 1.00469 79448

0.845 1.00656 51670
0.846 1.008! 79147
0.847 1. 01031 62439
0, 848 1.01220 02115
0.849 1.01408 98751

0.850 1. 01598 52038
r( -- 7; /I
L 6 .1

ELEMENTARY TRANSCENDENTAL FUNCTIONS 211

INVERSE CIRCULAR SINES AND TANGENTS Table 4.14

aretan z s arc in z *ratan z

02 0.67474 09422 24 0.850 1. 01598 52938 15 0.70449 40642 42
220. 67535 04009 49 0.851 01788 65272 25 0.7050T-43293 58
83 0.67595 92652 08 0.852 1. 01979 36361 62 0.70565 40219 63
64 0.67656 75354 19 0.853 1. 02170 66824 41 0.70623 31425 16
25 0.67717 52120 01 0.854 1. 02362 57289 29 0.70681 16914 73

12 0.67778 22953. 77 0.855 1. 02555 08395 76 0. 70738 96692 96
65 0.67838 87859 65 - 0.856 1. 02748 20794 40 .0.70796 70764 42
28 0.67899 46841 90 0.857 1. 02941 95147 10 0.70854 39133 73
49 0.67959 99904 74 0.858 1.03136 32127 41 0.70912 01805 50
95 0.68020 47052 41 0.859 1. 03331 32420 77 O. 70969 58784 34

54 0.68080 88289 16 0.860 1.03526 96724 81 0.71027 10074 .87
48 0.68141 23619 25 0.861 1.03723 25749 68 0. 71084 55681 72
38 68201 53046 96 0.862 1. 03920 20218 39 0.71141 95609 52
29 0.68261 76576 55 0.863 1. 04117 80867 05 0.71199 29862 92
87 0.6832, 94212 31 0.864 1. 04316 08445 30 0.71256. 58446 55

40 0.68382 05958 54 0.865 1. 04515 03716 61 0.71313 81365 07
88 0.68442 11819 54 0.866 1. 04714 67458 63 0.71370 98623 14
18 0.68502 11799 62 0.867 1.04915 00463 62 0.71428 10225 41
04 0.68562 05903 10 0.868 1. 05116 03538 .76 0.71485 16176 56
23. 0.68621 94134 31 0.869 1.05317 77506 61 0.71542 16481 25

64 68681 76497 59 0.870 1. 05520 23205 49
......0.71599 11144 16.

36 0.'68741 52997 28 0.871 1. 05723 41489 91 0.71656 00169 99
79 0.68801 23637 73 0.872 1.05927 33231 01 0.71712 83563 41
76 0.68860 88423 31 0.873 1. 06131 99317 03 0.71769 61329 12
60 0.68920 47358 39 0.874 1. 06337 .40653 78 0.71826 33471 82

29 0.68980 00447 34 O. 875 1.06543 58165 11 0.71882 99996 22
56 0.69039 47694 55 0.876 1. 06750 52793 43 0.71939 60907 02
00 0.69098 89104 41 0.877 1. 06958 25500 24 0.71996 16208 94
17 0. 69158 24681 33 0.878 1.07166 77266 67 0.72052 65906 70
77 0.69217 54429 71 0.879 1. 07376 09094 07 0.42109 10005 03

68 0.69276 78353 97 .0.880 1. 07586 22004 54 0.72165 48508 65
19 6.69335 96458 54 0.881 1. 07797 17041 59 0. 72221 81422 30
05 0.69395 08747 85 0.882 .1.08008 95270 75 0.72278 08750 71
64 0.69454 15226 33 0.883 1. 08221 57780 22 0.72334 30498 64
13 0.69513 15898 44 0.884 1. 08435 05681 59 0.72390 46670 83

56 0.69572 10768 63 0.885 1. 08649 40110 49 0. 72446 57272 04
06 0.69630 99841 36 0.886 1. 08864 62227 36 0.72502 62307 01
95 0.69689 83121 11 0.887 1.09080 ,73218 22 0.72558 61780 53
94 0.69748 60612 34 0.888 1. 09297 74295 43 0.72614 55697 34
22 0. 69807 32319 55 0.189 1.09515 66698 56 0.72670 44062 23

72 0.69865 98247 21 0.890 1.09734 51695 23 0.72726 26879 97
18 0.69924 58399 85 0.891 1. 09954 30581 99 0.72782 04155 34
39 0.69983 12781 94 0.892 '1.10175 04685 30 .0. 72837 75893 12
35 0. 70041 61398 02 0.893 1.10396 75362 43 0.72893 42098 11
46 0.70100 04252 59 0.894 1. 10619 44002 56 0.72949 02775 09

67 0.70158 41390 19 0.895 1. 10843 12027 75 0.73004 57928 87
75 0.70216 72695 35 0.896 1.11067 80894 12 0.73060 07564 24
41 0.70274 98292 60 0.897 1. 11293 52092 94 0.73115 51686 02
56 0.70333 18146 49 0.898 1.11520 27151 85 0.73170 90299 00
50 0.70391 32261 58 0.899 1.11748 07636 13 0.73226 23408 01

15 O. /0449 40642 42 0.900 1. 11976 95149 99
r(-6)11

0.73281 51017 87
r(-8,7-1[( 117]

L 6, j L 4

- 1 07079 63267 95
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212

Table 4.14

Amin
0.900
O. 901
0. 902
0.903
0. 904

0.905
0.906
0.907

1.11976
1. 12206
1.12437
1. 12670
1. 12903

1. 13137
1. 13373
1. 13610

95149
91337
97886
16524
49026

97213
62953
48166

99
93
21
29
45

39
96 .

99
0.908 1.13848 54823 12
0.909 1.14087 84946 83

0.910 1.14328 40618 50
0.911 1.14370 23976 58...
0.912 1. 14813 37219 91
0.913 1.15057 82610 10
0.914 1.15303 62474 12

0.915 1.15550 79206 90
0. 916 1.15799 35274 19
0.917 1. 16049 33215 50
0.918 1. 16300 75647 25
0.919 1.16553 65266 04

0.920 1.16808 04852 14
0. 921 1.17063 97273 16
0.922 1.17321' 45487 95
0.923 1. 17580 52550 71
0. 924 1. 17841 21615 31

0.925 1. 18103 55939 97
0.926 1. 18367 58892 09
0.927 1. 18633 33953 44
0.928 18900 84725 71
0.929

.1.
1.19170 14936 35

0.930 1.19441 28444 77
0.931 1. 19714 29249 00
0. 932 1.19989 21492 75
0.933 1.20266 09472 92
O. 934 1.20544 97647 69

0.935 1. 20825 50645 07
0.936 1. 21108 93272 10
0.937 1.21394 10524 70
0.938 1. 21681 47598 22
0.939 1.3/1971 09898 74

0.9401 1. 22263 03053 22
0. 941' 1. 22557 32932 59
0.942 1.22854 05645 81
0.943 1.23153 27S7S 05
0. 944 1. 23455 05382 02

0.945 1.23739 46027 74
0.946 1.24066 56791 62
0. 947 1. 24376 45292 24
0. 948 1.24689 19509 90
0.949 1. 25004 87811 06

0.950 1.23323 58975 03
r(_

6)4J
For aretan t. >1 Me Exam

r.

ELEMENTARY TRANSCENDENTAL FUNCTIONS

INVERSE CIRCULAR SINES AND 'TANGENTS

arctan
0. 73281 51017
0.73336 73133
0. 73391 89759
0.73447 00900
0.73502 06562

0. 73557
0.73612
0. 73666
0.73721
0.73776

0.73831
-0.--73885

0.73940
0.7399S
0. 74049

0.74104
0.74158
0. 74212
0.74267
0. 74321

0. 74375
0.74429
0.74483
0. 74537
0.74591

06748
01464
90715
74506
52841

25725
93163
55160
11721
62850

08553
48835
83700
13153
37199

55842
69089
76944
79411
76495

0.74645 68203
0.74699 54537
0.74753 35503
0.74807 11107
0.74860 81353

0 74914 46246
(.74968 05790
0.75021 59991
4.75075 08855
0.75128 52384

0.75181 90586
0. 75235 23463
0. 73288 31022
0.75341 73268
0. 75394 90205

0.75448 01838
O. 75501 08172
0.75554 09212
0.75607 04964
0.75659 93431

0.75712 80619
0.75765 60534
0.75818 35179
O. 75871 04559
0. 75923 68681

0.75976 27548

[(1'J
5

ple 22.

arcsin r arctan (z)
87 0.950 1.25323 58975 03 0. 73976 27540 76 1. 00421 42513 02
38 0.951 1.25645 42223 06 0.76028 81166 70 1.00412 90197 55
38 0.952 1.23970 47250 03 0.76081 29540 28 1. 00404 38274 04
70 0.953 ... 1.26298. 84259 28 O. 76133 43 1.00395 86742 15
16 0.954 1. 26630 64000 67

,72674
0.76186 10574 14 1. 00187' 35601' 52

62 0.955 1.26965 97812 42 0.76238 43244 37 1. 00378 84851 78
89 0.956 1.27304 97667 20 0.76290 70690 08 1.00370 34492 58
84 0.957 1. 27647 76222 92 0.76342 92916 23 1. 00361 84523 57
30 0.958 1. 27994 46878 88 0. 76395 09927 81 1.00353 34944 39
13 0.959 1.28345 23838 00 0.76447 21729 78 1. 00344 85754 69

17 0.960 1.28700 22175 87 0.76499 28327 11 1. 00336 36954 10
34
36

0.961
0.962

1.29059
1.29423

57917
48124

69
14

0.76551 29724 78
0.76603 25927 75

1. 00327 88542
1. 00319 40518

28
88

22 Q. 963 1.29792 10987 43 0. 76655 16941 02 1.00310 92883 53
76 0.964 1. 30165 65939 20 0.76707 02769 55 1. 00302 45635 89

83 . 0.965 1.30544 33771 97 0.76758 83418 33 1.00293 98775 '61
32 0.966 1.30928 36776 35 0. 76810 58892 33 1.00285 52302 33
10 0.967 1.31317 98896 52: 0.76862 29196 53 1.00277 06215 71

04 0.968 1. 31713 45907 19 0.76913 94335 92 1. 00269 60515 39
05 0.969 1.32113 05615 54 0.76965 54315 49 1. 00260 15201 02

99 0.970 1.32523 08092 80 0.77017 09140 20 1. 00251 70272 25
76
25

0.971
0.972

'1.32937
1.33359

85940
74601

93
02

0.77068 58815 06
0.77120 03345 05

1. 00243 25728
1. 00234 81570

74
13 .

35 0.973 1.33789 12711 79 0.77171 42735 14 1. 00226 37796 07
97 9,974 1.34226 42528 47 0. 77222 76990 34 1.00217 94406 23

00 0.975 1.34672 10414 93 0. 77274 06115 63 1.00209 51400 25
35 0.976 1.35126 67425 45 0.77325 30116 01 1. 00201 08777 78
92 0.977 1.35590 69996 85. 0.77376 48996 45 1.00192 66538 49
62 0.978 1.36064 80777 70 0. 77427 62761 95 1.00184 24682 01
36' 0.979 1. 36549 69629 42 0.77478 71417 51 1. 00175 83208 02,

06
63

0.980
0.981

1.37046
1.37555

14844
04644

72
29

0.77529 74968 12
0.77580 73418 77

1. 00167 42116
1100159 01406 08

16

99 0.982 1.38077 39033 32 0. 77631 66774 45 1.00130 61077 45
06 0.983 1. 38614 32129 70 0.77682 55040 17 1.00162 21129 93
76 0.984 1.39167 15119 16 0.77733 38220 91 1. 00133 81563 16'

03 0.985 1.39737 40056 99 0.77784 16321 67 1. 00125 42376 80
79 0.986 1.40326 84832 96 0. 77834 89347 44 - 1. 00117 03570 52

96 0.987 1.40937 59766 46 0. 77885 57303 23 1. 00108 65143 98
49 0.988 1. 41572 16538 31 0.77936 20194 04 1. 00100 27096 82
30 0.989 1.42233 60557 ,98 0.77986 78024 85 1.00091 89428 72

34 0.990 1. 42925 685134 70 0. 78037 30800 67 1. 00083 52139 33
SS 0.991 1.43653 14207 77 0.78087 78526 49 1. 00075 15228 31

86 0.992 .44422 07408 32 0.78138 21207 32 1. 00066 78695 32
22 0.993 1.45240 56012 67 0. 78188 58848 15 1. 00058 42540 02
57 0.994 1.46119 69689 63 0.78238 91453 98 1.00050 06762 08

86 0.995 1.47075 46131 83 0.78289 19029 81 1. 00041 71361 15
05 0.996 1.48132 37665 90 0.78339 41580 64 1. 00033 36336 91

08 0.997 1.49331 72818 71 0. 78389 59111 47 1.00025 01689 01

90 0.998 1.50754 02279 20 0. 78439 71627 31 1.p0016 67417 11

48 0.999 1. 52607 12396 26 0.78489 79133 14 1.'00008 33520 89

76 1.000 1. 57079 63267 95 0. 78539 81633 97
r(8)71

1. 00000 00

4
11

amain r-i-12(1-4111(r) 1..1.57079 88287 95
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IIILMMICNTARY TIAMICENDIIINTAL !UNCTIONS

HYPERBOLIC FUNCTIONS Table 4.15

2 sinh x cosh re tank x coth
0.00 0.00000 0000- 1.00000
0.01 0.01000 0117 L 00005 0 00
O. 02 0.02000'1333 1.00020 0007
0:03 0,0000 4500 00045 0034

0.00000 000
0.00999 967 .100.. 00333 33
0.01999 733 50. 00666 65
0.02999 100 33. 34333 27
0.-03997 -868 25. 01353 19

0. 06
0. 05 0p.05002 1.00 6, 0260 .0.04995 8 20. 01666 39

O. 06003 006 1.001 0540 0. 05992 8 0 16. 68666 19
0. 07 0.07005 81 1.00245 1001 0. 06988 14.30904 00
0. 08 0. 08008 5361 1. 00320 1707 . 0. 07982 12. 52665 53
O. 09 -O. 09012 1549 1. 00405 2734 0. 08975 779 r. 11. 14109 49

I..'
0.10 0.10016 6750 .1.00500 4168 0.'09966 800 `10.03331 11
0.11 0. 11022 1968 1. 00605 6103 0.10955 847 ,9. 12754 62
O. 12 0.12020 8207 1.00720 8644 0.11942 7)0 37329 50
O. 13 0.13036 6476 1.00846 1907 0.12927 258 7.73559 23
0.14 0. 14045 7782 1.00981 6017 0.13909 245 7.18946 29

0,15 0. 15056 3133 1.01127 1110 0.14888 503 6.71659 18
0.16 0.16068 3541 . 1.01282 7)30 0.15864 850 6.30324. "25
0.17 0.7082 0017 1.01448 4834 0.16838 105 5.93891 07
0.18. 0.18097 3576 1.01624 3787 0.17808 087 5.61542 64
0.19 0.19114 5232 1.01810 4366 0.18774 621 5.32633 93 e

0.20
0.21
O. 22

23
OO.. 24

0.20133 6003
0.21154 6907
0. 22177 8966
0. 23203 3204
0. 24231, 0645

1.02006 6756
L 02213 1153

.1.02429 7764
1.02656 6806
1.02893 8506

0.19737 532
O. 20696 650
0. 21651 006
0. 22602 835
0.23549 575

5.06648 96
4. 83169 98
4.61855 23
4.42422 37
4.24636 11

0.25 0.25261 2317 1.03141 3100; 0.24491 866 4. 08298 82
0.26 0.26293 9250 -1.03399 0836 O. 25429 55) 3.93243 24
O. 27 O. 27329 2478 1.03667 1973 0.26362 484 3.79326 93
0. 28 0.28367 3035 1.03945. 6777 0. 27290 500 3.66427 77
O. 29 0.29408 1960 1.04234 5528 O. 28213 .481 3.54440 49

0.30 0.30452 0293 1.04533 8514 O. 29131 261 5.43273 84
0.31 0.31498 9079 ,..- -1.04843 6035 0.30043 710 3.32848 38
0.32 0.32548 9364 1.05163 8401 O. 30950 692 3.23094 55
O. 33 0.33602 2198 1.05494 5931 0.31852 078 3.13951 26
0.34 0.34658 8634 1.05835 8957 0.32747 740 3.05364 59

0.35 0.35718 9729. 1.06187 7819 O. 33637 554 2.97286 77
0.36 O. 56782 6544 1.06550 2870 0.34521 403 2.89675 36
0.37 007850 0142 1.06423 4473 0. 35399 171 7.82492 49
0.38 0118921 1590 1.07307 2999 O. 36270 747 2.75704 28
0. 39 0.39996 1960 1. 07701 .8834 0. 37136 023 2.69280 32

O. 40
O. 41
0.42
O.

44
43

0.

6.45
0.46
0.
0.

47
48

O. 49

0.41075 2326
0.42158 3767
0.432.45 7368
0.44337 4214
0.45433 5399

0. 46534 2017
0. 47639 5170
0.48749 5962
0.49864 5505
0. 90984 4913

1.08107 2372
1.08523 4018
1.08950 4188

kr9a11:20:
1. 10297 016q
1.10767 8815
1.11249 .8231
1. 11742 8897
1. 12247 1307

0. 37994 896
0.38847 268
0. 39693 043
0.40532 131
0.41364 444

0.42189 901
0.43008 421
0.43819 932
0.44624 361
.0.45421 643

2.63193 24'
2.57418 36
2. 51933 32
2.46717 85
2.41753 52

2.37023 55
2. 32512 60
2. 28206 66
2.24092 84
2.20159 36

0.50 0. 92109 sps 1. 12762 5965 0. 46211 716, 2.16395 34
rt-em r(-5)11L 4 L 4 j [11

For coth .1 use 4.5.67.
Compilation of tanh .e and coth x from National Bureau of Standards; Table
of circular and hyperbolic tangents and cotangents for radian arguments, 2d
printing. Columbia Univ. Press, New York, N.Y., 1947 (with permission).
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Table 4.15

. .

a

0. 50
0. 51
0. 52

530.
0. 54

0. 5
56
5

0.
0
0.58
O. 59 °

sialt

0.52109 5305
0.53239 7808
0.'34373 3551
0.55516 3669
0.56662 9305

0. 1604
0. 5897 1710
0. 6013 0806

6130710320.
62483 0565

0.60 x0.63665: 3582,
0.61 0.64854 0265
0. 62 0. 66049 1802
0. 63 0. 67250 9,89
0.64 ' 0. 68459 4228

0.65 0. 69674 7526
0.66 ' 0. 70897 0500
0. 67 0. 72126 4371
0.68 O. 73363 0370
0.69 0.74606 9732

0. 70 O. 75838 3702
O. 71 0. 77117 3531
0.72 0.78384 0477
0.73 0.79658 5809
0.74 0. 80911 0799

0.75 0.82231 6732
0.76 0.83530 4897
0.77 0.84837 6593
0.78

,

O. 86153 3127
0.79 0.87477 5815

0.80 0. 40810 5982
0.81 0.90152 4960
0.82 0.91903 4092
0. 83 ..0. 92863 4727
0. 84 0. 94232 8227

0.85 0.95611 5960
0.86 0.96999 9306
0.87 0.98397 9652 /
0.88 0.99805 8397 /
0.89 1.01223 6949 ;

0.90 1. 02651. 67261
0.91 1. 04089 9133
0.921 .1. 05538 5674
0.93 1. 06997 7734
0.94 1.08467 6711

0.95 1.09948 4318
0.96 1. 11440 /1794
0. 97 1. 12941 0711
0. 98 1. 14457 2572
O. 99 1. 15982 8891

1.00 1.11920 1194

L(r5)14
1

HypEasoLic FUNCTIONS

aos

1.12762 3965
1..13289 3387
1.13827 4099
1.14 1/6 8639
1. 14137 7557

.15510 1414
16094 0782

L 16689 6245
1. 17296 8399
1.17915 7850

1.18546 5218
1. 19189 1134
1. 19143 6240
1. 20510 )190
1.21188 6652

1.21079 3303
1.22 1834
1. 23297 2949
1.24024 7362
1.14764 5801

1.25516 9006
L 26281 7728
1.27059 2733
1. 27849 4799
1. 28652 4715

1.29468 3285
1. 30297 1324
1.311 9661
1.31 9138
1.32 0611

1.3 743 4946
1. 38, 3026
1 3554C 5746

36468 4013
37403 8730

1.38353 0892
1.39316 1388
1.40293 1201
1.41284 1309
L 42289 2702

1.43308 6385
1.44342 3379
1.45390 4716
1.46453 1444
1.47530 4627

1.48622 5341
1.49729 4680
1.509851 3749
1. 31388 3670
1. 53140 sspa

0635.
( -

4 jDM

22

tub a Nth a

O. 46211 716 2. 16395 34
0. 46994 520 2. 12790 77
0.47770 001 2.09336 40
0. 48538 109 2. 06023 68
0. 49298 797 2.02844 71

0. 50052 021 1.99792 13
0. 30797 743 1.96859 14
0.51535 928 1.94039 39
0. 52266 543 1.91326 98
0. 52989 561 1.88716 42

0. 53704 957 1.86202 S5
0. 54412 710 1.83780 59
0. 35112 803 1.81446 04
0.53805 222 1.79194 70
0. 56489 955 1.77022 62

0. 57166 997 L 74926 10
0. 57836 341 1: 72901 67
0. 58497 988 1.70946 OS
O. 59131 940 1.69036 16
O. 59798 200 1.67229 11

O. 60436 778 1.65462 16
0. 61067 683 L 6)752 73
0. 61690 930 1.62098 38
t 62306 535 1.604% 81
O. 62914 516 1.58945 83

0.63514 895 1.57443 38
0: 64107 696 1.55987 51
O. 64692 945 1.54576 36
0. 63270 671 L 53208 17
0.65840 904 1.51881 27

0. 66403 677 1.50594 07
0. 66959 026 1.49345 06
0. 67506 987 1.48132 81
0. 68047 601 1. 46935 95
0. 68580,06 1. 4581$ 18

.
0.69106 947 1.44703 25
04/623 767 .1.43624 99
0. 70137 413 1.42577 26
0.70641 932 1.41538 98
0.71139 373 1.40569 13

0.71629 717 1.39606 73
0. 72113 225 1.38670 82
0.72589 742 1.37760 51
0.73039 390 1.36874 95
O. 73522 225 1.36013 29

0. 73918 305 1. 35174 76
0. 7MZ7 687 1.34358 60
0.74870 429 lse 08
0.75306 391 1.32/90 50
0.73736 232 1. 32037 20

0.76159 416 53

r4
2]



;

1.00
1.01
1.02
1.03/' 1.04

1.05
1.06
1.07
1.08
1.09

1.15
1.16
1.17
1.18
1.19

1. 20
1.21
1.22
1.23
1.24

1.25
1.26
1.27
1.28

1. 29

1.30
1.31
1.32
1.33
1.34

1.36
1. 33

1, 37
1.38
1.39

1.40
1.41
1.42
1.43
1.44

1.43
1.46
1.47
1.48
1.49

1.50

IITIMISOLIC FUNCTIONS .

slab s sash a

1. 1752Q 1194 1.54308 0635
1.19069 1018 1.55490 9997
1.206x9 9912 1.56689 4852
1.22202 9437 . 1.57903 6398
1.23788 1166 1.59133 5848

1. 25385 6684 1.60379 4434
1.26995 7589 L 61641 3400
1.28618 5491 1.62919.4009
1.30234 2013 1. 64213 7538
1.31902 8789 1.65524 5283

1.33564 7470 1. 6601 -8534
1.33239 9717 1.68195 8678
1.36928 7204 1.69556 6999
1.38631 1622 1.70934 4878
1.40347 4672 1.72329 304

1.42077 8070 1.73741 4840
1.4302 3548 1.75170 9728
1.45581 2849 1.76¢17 9790
1.47354 7732. 1. 700 __

1.49142 9972
.6471

1.79565 1236

1. 50946 .1355 1.81063 5567
1.52764 3687 1.82584 0966-
1.54597 870 1.84120 8950
1.56446 8479 1.85676 1037
1.58311 4623 '1. 07249 8841

1.60191 9080 1.88842 3877
1.62080 3730 1.90453 7757
1.64001 0470 1.92084 2092
1.65930 1213 1.93733 8513
1.67875 7886 1.95402 8669

1. 6983$ 2437 1.91091 4230
1.71817 6828 1.98799 6884
1.73814 3038 . 2. 00527 8340
1.75828 3063 2. 02276 0324
1.77859 0918 2.04044 4587.

*
1. 79909 2635. 2. 05833 2896
1.81976
1.84002

6362 ,

1868
2.07642 W39
2.09472 N28

1.86166 1537 2.11324 0090
1.88288 7374 2.13196 2679

1.90430 1501 2.15089 0465
1. 92590 6060 2.17004 9344 /..

1.94770
1.96969

3212
5135

2.18941 7229 I,
2.20900 4057

1.99188

2.01427

4029.

2114

2.22881 170,

L 24184 2402
2.03686 1627 2.26909 7902
2.05965
2.08265

4828
3996

.28958
31029 1

2.10586 1432 4 3123 7

2.1(2927 9454 9615

Mob a

0. 76159 416 1. 3/4303 53
O. 76576 202 1. 0588 87
O. 76986 654 1. 9892 64
0.77390 834 1., 14 27
O. 77788 807 1.1 8553 20

0. 78180 636
0.78566 386
0.78946 122
O. 79319 91
O. 79687 814

0. 80049 -902
0.80406 239
0.80756 892
0.81101 926
0.81441 409

0. 81773 408
0. 82103 988
0. 82427 217

0.
0.

8307
0745 16

0.83365 4qq
0.83667 9
0. 83965
0.84257 3
0.84545', 60

li. 27908 91
27280 90
26668 67
26071 75
25489 70

1.2498
1.24368 46

/ 1.23828 44
1. 23301 63
1.22787 66

1.22286 15
1. 21796 76
1.21319 15
1.,20852 91
1. 20397 %

1.19953 15
1.19520 08
1.19096 65

. 1.18683 19
1.18279 42

0. 364 1.17885 10
0. 851 411 1. 17499 '96
0. 853 765 1.1712 ,77
O. 85 492 1. 167% 29
0.85 2 654 1.16397 29

0. 72 316 1.16046 55
O. 7 541 1. 15703 86
0. 78 393 1.15369 01
0. 4 933 1.15041) 79

167 225 1.14722 02
.

ii:97874614 332079 1..#104 05
. 14409 30

. 87869 219 1.13805 50
/0. 88095 127 1.13513 66

/ 0.88317 089 1.13228 37

0. 88535 165 1.12949 47
0. 88749 413 1.12676 80
0.88959 892 1.12410 21
0.89166 660 1.12149 54
0. 89369 773 1.11894 66

0.89569 287 1.11645 41
0. 89765 260 1.11401 67
0. 89957 .745 1.11163 30
0. 90146 799 1. 10930 17
0. 90332 474 1.10702 16

0.9('0314 05 1:10479 14

r 11 11 V 11
[11
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14

T.bI 4.15

IBLIMISNTART TRANOCIDIDENTAL marrows

1111.311110LIC FUNCTIONS

glob a cosh a tank s Gosh

1.50 2.12927 9455 2.35240 9615 0.9014 825 1.10479 14
1.51 2.15291 0408 2.37382 0386 0.90695 905 1.10260 99
1.52 2.17675 6654 2. 39546 8541 0.90069 766 1. 10047 60
1.53 2.20082 0577 2.41733 6245 0.91042 459 1.09838 86
1.54 2.22510 4585 I 2.43948 5686 0. 91212 037 1.09634 65

1.55 2.24961 1104 I 2.46185 9078 0.91378 549 1.09434 87
1.56 2.27434 2587 2.48447 8658 0.91542 046 1.09239 42
1.57 2.29930 1506 2.50134 ftO 0.91702 376 1.09048 19
1.58 2.92449 0357' 2.53046 5455 0. 91860 189 1.08861 09
1.59 2.34991 1658 2.55383 7270 0.92014 933 1.08678 01

1.60 2.37556 7953 2.57746 4471 0. 92166 855 1.08498 87
1.61 2.40146 1807 2.60134 9421 0. 92316 003 1.08323 58
1.62 2.42759 5809 2.62549 4808' 0. 92462 422 1.08152 04
1.63 2.45397 2572 2.64990 2146 0.92606 158 1.07984 18
1.64 2.48059 4735 2.67457 ,4777 O. 92747 257 1.07819 90

1.65 , 2.50746 4939 2.69951 4868 0. 9288; 762 1.07659 13
1.66 2.53458 5932 2.72472 4912 0. 93021 718 1.07501 78
1.67 2.36196 0366 2.75020 7491 0. 95155 168 1.07347 77
1.68 2.58959 0998 2.77596 4974 O. 93286 155 1. 07197 04
1.69 2.61748' 0591 2.80200 0115 O. 93414 721 1.07049 51

1.70 2.64563 1934 2.82831 5458 0.93540 907 1.06905 10
1.7i 2.67404 7843 2.85491 3635 0,93664 754 1.06763 75
1.72 2.70273 1158 2.88179 7306 0.93786 305 1.06625 38
1.73 2.73168 4749 2.90896 9159 0. 93905 .593 .1. 06489 93
1.74 .2.76091 1511 2.93643 1912 O. 94022 664 1.06357 '94

1.75 1. 79041 4366 2.96418 8510 0. 94137 554 1.06227 5)
1.76 2.82019 6265 2.99224 1129 0.94250 301 1.06100 46
1.77 2.85026 0186 3.02059 5175 0.94560 942 1. 05976 05
1.78 2.88060 9136 3.04924 7283 0. 94469 516 1. 05854 25
1.79 2.91124 6148 3.07820 6311 0.94576 057 1.05735 01

1.80 2.94217 4288 3.10747 3176 0.94680 601 1.05614 26
.1. 81 2.07339 6648 3.13105 0785 0.94783 185 1.05503 95
1.82 3.00491 6349 3.16694 2100 0. 94883 842 1.05392 02
1.83 3. 03673 6545 , 3.19715 0113 0.94982 608 1.05282 43
1.84 3.06886 0417 3:22767 7044 O. 95079 514 1.05175 13

1.85 3.10129 1178 5.25852 8344 .1.95174 596 1.05070 05
1.86 3.13403 2071 3.28970 4701 0.93267 884 1.04967 17

17 5.16708 6369 3.32121 0031 0.95359 412 1.04866 42
1. 8 5.20045 7378 3.35504 7484 0. 95449 211 1.04767 76
1.89 3. 23414 . 8436 3..38522 0245 0. 95557 312 1.04671 15

1.90 3.26816 2912 3.41773 1531 0. 95623 746 1.04576 93
1.91 3.30250 4206 5.45058 4593 0.95708 542 1.04485 88
1.92 5. 33717 575 3.48378 2716 0.95791 731 1.04393 14
1.93 3.37218 10 3.51732 9220 0.95875 341 1.04304 28
1.94 3.40752 351 3.55122 7460 0. 95955 401 1. 04217 25

1.95 3.44320 6754 3.58548 0026 0.96031 939 1.04132 02
1.96 3.47923 4322 3.62009 2743 0.96108 983 1.04048 55
1.97 3.51560 -9816 5.65506 6672 0.96184 561 1.03966 79
1.98 3.55233 6874 3.69040 6111 0.96258 698 1.03886 72
1.99 3.58941 9168 3.72611 4594: 0.96331 422 1.03808 29

2.00 3.626¢6 0408 3.76219 5691 0.96402 758 1.0)731 47
[4)1 [0-56)1 r(-

4
6)41

L
r(-6)81
L 3 j
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2.0
2.1
2.2-
2.3
2.4

,2.5
2.6
2.7
2.8
2.9

3.0
3.1
3.2
3.3
3.4

3.5
3.6
3..7
3.8
3.9

4.0
4.
4.

3
4

4.5
4.6
4.7
4.8.
4.9

5.0,
5. 1
5.2
5.3
5.4

5. 5
5.6
5. 7
5.8
5.9

6.0

ELESUINTART TRANSCENDENTAL

HYPERBOLIC

einh x cosh

1.62696 0498 3. 76219
4. 02185 .2 4. 14431
4.-45710 s171 4,56790-8329-

FUNCTIONS

FUNCTIONS

x tanh x

5691 0.96402 75801
3170 0, 97045. 19366

0.97574 31300

Table

(loth

1. 03731
1.03044

217

4.18

x

47207
77350

0649 0.98009 63963 1. 020304.97696 1806 5. 03722 78022
5.16622 9214 5.55694 7167 0.98367 48577 1. 01659 60756

6. 05020 4481 6. 13228 9480 0.98661 42982 1.01356 73098
6. 69473 2228, 6. 76900 5807 0.98902 74022 1.01109 43314
7. 40626 3106 7. 47346 8619 0.99100 74537 1. 00907 41460

. 8.19191 8 4 8. 25272 0.99263 15202 1. 00742 31773
9.05956 75 9.11458

.8417
4295 0..R9396 31674 1.00607 34973

10. 01787 4927 10. 06766 1996 0.995p5 47537 1. 00496 98233
11.0764 1040 11. 12150 0242 0.99594 93592 1. 00406 71152
12.245 3997.. 12. 28664 6201 0. 99668. 23978 1.00332 86453
13.53 7 7877. 13. 57476 1044 0.99728 29601 1. 00272 44423
14.9. 36 3389 14. 99873 6659 0.99777 49279. 1.00223 00341

16, 4262 net 16. 57182 4671 0. 99817 78976 1. 00182 54285
1: 28545 5361 18. 31277 9083 0.99850 79423 1. 00149 42872

21129 0417 20. 23601 3943 0.99877 82413 1. 00122 32532
2. 33940 6861 22. 36177 7633 0.99899 95978 1.00100 14040

24. 69110 3597 24.71134 5508 0.99918 08657 1. 00081 98059

27. 28991 7197 27. 30823 2836 0.99932 92997 1.00067 11504
30. 16185 7461 30. 17843 0136 0.99945 08437 1. 00054 94581
33. 33566 7732 33. 35066 3309 0.99955 03665 1, 00044 98358
36. 84311 2570 36. 85668 1129 0.99963 18562 1.00036 82794
40. 71929 5663 .40.73157 3002 0.99969 85793 1. 00030 15116

45.00301 1152 45. 01412 0149 0.99975 32108 1.00024 68501
49. 73713 1903 49. 74718 3739 0.99979 79416 1. 00020 20992,,
54. 96903 8588 54. 97813 3865 0. 99983 45656 1. 00016 5461.-
60. 75109 3886 60. 75932 3633 0.99986 45517 1.00013 54$6
67. 14116 6551 67. 14861 3134 0. 99988 91030 1.00011 09093

. 74. 20321 0578 74. 20994 8525 0.99990 92043 1. Q0009
82. 00790 5277 82. 01400 2023 0, 99992 56621 1. 00007 4080344034
90. 63336 2655 90. 63887 9220 0.99993 91369 1. 00006 08668

100. 16590 9190 100. 17090 0784 *b.99995 01692 1. 00004 98333
110.40094 9812 110. 70546 6393 0.99995 92018 1.00004 07998

122. 14392 2746 122. 34800 9518 0.99996 65972 1. 00003 34040
135. 21135 4781 135. 21505 2645 0.99997 26520 1. 00002 73488
149.'!3202 7501 149. 43537 3466 0. 99997 76093 1. 00002 23912
165. 14826 6177 165. 15129 3732 0, 99998 16680 1. 00001 83323
182. 51736 4210 182. 52010 3655 0.99998 49910 1. 00001 50092

201. 71315 7370 201. 71563 6122 0, 99998 77117 1. 00001 22885
r( -4)11
L 6 j

V
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Table 4.15

slob a

ELZIONTARY TRAMICENDFAITAL FUNCTIONS

HYPERBOLIC FUNCTIONS

cosh x tan!' a zotb
6.0 201. 71315 7370 201. 71563 6122 0.99998 77117 1.00001 22885
6.1 222. 92776 3607 222. 93000 6475 0; 99998 99391 1. 00001 00610
6.2 246. 37350 5831 246. 37553 5262 0.99999 17629 1. 00000 82372
6.3 272. 28503 6911 272. 28687 3215 0.99999 32560 1.00000 67441

300. 92334 . 97/5 0.99999 44785 1.00000 55216

6.5 332. 57006 4803 332. 57156 8242 0. 99999 54794 1. 00000 45207
6. 6 367. 54691 4437 367. 54827 4805 0.99999 62988 '1, 00000 37012
6.7 406. 20229 7128 406. 20352 8040 0.99999' 69697 1. 00000 30303
6.8 448. 92308 8938 448. 92420 2713 0.99999 75190 1. 00000 24810
6.9 496. 13685 3910 496, 13786 1695 0.99999 79687 1.00000 20313

7.0 548. 31612 3273 548. 31703 5155 0.99999 83369 1.00000 16631
7.1 605.98312: 4694 605. 98394 9799 0.99999 86384 1. 00000 13616
7.2 669. 71500 8904 669. 71575 5490 0.99999 88852 1.00000 11148
7.3 740. 14962 6023 740. 15030 1562 0.99999 90873 1. 00000 09127
7.4 817. 99190 9372 817. 99252 0624. V

04 99999 92527 1.00000 07473

7.5 904.02093 0686 904. 02148 3770 0.99999 .93882 1. 00000 06118
7.6 999. 09769 7326 999. 09819 7778 0.99999 94991 1.00000 05009
7.7 1104. 17376 9530 1104. 17422 2357 0.99999 95899 1. 00000 0.4101
7.8 1220. 30078 3945 1220. 30119 3680 0.99999 96642 1.00000 03358
7.9 1348. 64097 8762 1348. 64134 9506 0.99999 97251 1.00000 02749

8.0 1490:47852 5790 1490. 47916 1252 0.99999 97749 1.00000 02251 .t

8.1 1647. 23388 5872 1647. 23418 9411 0.99999 98157 1.00000 01843
8.2 .1820. 47501 6339 1820. 47529 0993 0.99999 98491 1.00000 01509
8.3 2011. 93607. 2653 2011. 93632 1170 0.99999 98765 1. 00000 01235
8.4 2223. 53326 1416 2223. 53348 6284 0.99999 95989 1. 00000 01011

8.5 2457. 38431 8415 2457. 38452 1884 0.99999 99172 1. 00000 00828
8.6 2715, 82970 3629 2715. 82988 7734 0.'99999 99322 1.00000 00678
8.7 3001. 45602 5338 3001. 45619 1923 0.99999 09445 1.00000 00555
8.8 3317. 12192 7772 3317. 12207 8505 0.99999 99546 1.00000 00454
8.9 3665. 98670 1384 3665. 98683 7772 0.99999 99628 1. 00000 00372

9.0 4051. 54190 2083 4051. 54202 5493 0.99999 99695 1.00000 00305
9.1 4477. 64629 5908 4477. 64640 7574 0. 99999 99751 1, 00000 00249
9.2 4948. 56447 8852 4948. 56457 9892 0.99999 99796 1.00000 00204
9.3 5469. 00955 8370 $469. 00964 9795 0, 99999 .99833 1. 00000 00167
9.4 6044. 19032 3746 6044. 19040 6471 0.99999 99863 1. 00000 00137

9.5 6679. 86337 7405 6679. 86345 2257 0.99999 49888 1. 00000 00112
9.6 7382. 39074 8924 7382. 39081 6653 0.99999 99908 1. 00000 00092
9.7 8158. 80356 8366 8158. 80362 9649 0.99999 99925 1.00000 00075
9.8 9016. 87243 6188 9016. 87249 1640 0.99999 99939 1.00000 00061
9.9 9965. 18519 4028 9965. 18524 4202 0.99999 99950 1.00000 00050

10.0 11013. 23287 4703 11013. 23292 0103 0.99999 99959 1. 00000 00041
rt-fon

6 L 5 j
For x>>0, slab x--oosh x-.4 V. For x>10, tank x....1-2e-b, ooth x'14-2e-b to 10D.

Ike pep
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0. 00
0. 01
O. 02

q0. 3
0.04

0. OS
0. 06
0.07
0.08
0.09

0.10
0.11
0.12
0.13
0.14

0.15
0.16
0.17
0.18
0.19

0.20
0.21
0.22
0.23
0.24

sussararrunt Tatimosuerarrii FUNCTIONS

EXPONENTIAL AND HYPERBOLIC FUNCTIONS FOR THE ARGUMENT is Table 4.16
e-wa , sinh ss cosh "Xera

1.00000
1.03191
1.06484
1.09883
1.13390

1.17008
'1.20743

1. 8573
1. 4676

1.36 0
1.412 0
1.457
1. 50441

51.243

1.60197

16. 70586
1.76030
1.81648

1.87445
1.93427
1.99601
2. 05971
2. 12544

0. 25 2.19328
0.26 2.26327
0. 27 2.33550
0.28 2.41004
0. 29 2.48696

0.30
0.31
0.32
0.33
0.34

0.35
0.36
0.37
0.38
0.39

0.40
0.41
0.42
0.43
0.44

0.45
0.46
0.47
0.48
0.$9

2.56633
2.64823
2.73275
2.81996
2.90996

3. 00283
3.09867
3. 19756
3.29961
3.40491

3.31358
3.62572
3. 74143
3. 86084
3.98405

4.11120
4.24241
4. 37780
4.51752
4. 66170

0. 50 4.81047

00000 1.00000 00000 0.00000 00000 1.00000 00000 0.00 00 00000
46153 0.96907, 24263 0.03142 10945 1.00049 35208 0.0 40 55952
77733 0.93910 13674 0. 06287 32029 1.00197 45704 " 0. 274 93000
19803 0.91005 72407 0.09438 73698 1.00444 46105 0. 396 97111
07803 0.88191 13783 0. 12599 47010 1.00790 60793 0.12500 63906

87875 '0.85463 59992 0.15772 63942 1.01236 23933 0.15580 03292
17210 0.82820 41813 0.18961 37699 1.01781 79512 0.18629 43856
64399 0.80258 98355 0. 22168 83022 1. 02427 81377 0. 21643 36952
09795 0.77776 76792 O. 25398 16502 1. 03174 93294 O. 24616 60434
45892 0. 75371 32120 0. 28652 56886 1.04023 89006 O. 27544 21974

77706 0.73040 26910 0.31935 25398 1.04975 52308 O. 30421 61929
23184 0.70781 31080 0.35249 46052 1.06030 77132 0.33244 55730
13610 '0.68592 21659 0.38598 45975 1.07190 67634 0.36009 15776
94029 0.66470 82576 0.41985 55727 1.08456 38303 0. 38711 92833

3694 0.64415 04440 "0.45414 09627 1.0989 14067 0.41349 76928

76513 0.62422 84336 0. 48887 46088 1.11310 30425 0.43919 97 77
18

23348
0.60492
0.58621

25628
37756

0.52409
0.55982

07945
42796

1.12901
1. 14603

33573
80552 046848

420O.
. 48

24 48

42750 0.56808 36059 0.59611 03346 1.16419 39405 O. 51203 69 73
37088 0.55051 41583' 0. 63298 '47753 1.18349 89335 0. 53484 1 37

60876 V.53348 80911 0.67048 39982 1.20397 20893 O. 55689 3 69
86325 0.51698 89988 0.70864 50169 1.22563 36157 O. 57818 66 3
03910 0.50099 93958 O. 74750 54976 1.24850 48934 0.59872 05 88
22948 0.485540 47001 0:78710 37973 1.27260 84975 O. 61849 64 81
72203 0.47048 9217/ O. 82747 90013. 1.29796 82190 0. 63751 0

00507 0.45593 81278 0.86867 09615 1.32460 90893 8.65579 42 6
77398 0.44183 70677 0.91072 03361 1. 35255 74038 O. 67333 21 48
93782 0.42817 21192 0.95366 86295

.

1.38184 07487 0.69014 3 83
62616 0.41492 97945 0. 99755 82336 1.41248 80280 O. 70624 19 35
19409 0.40209 70227 1. 04243 24691 1.44452 94918 O. 72164 15276

23952 0. 38966 11374 1.08833 56289 1.47799 67663 O. 73635 85995
59064 0.37760 98638 1.13531 30213 1.51292 28851 0.75041 03695
33366 0.3659 13069 1.18341 10148 1.54934 23218 0. 76381 50706
81081 0.35461 39395 1.23267 70843 1. 5d729 10238 0. 77659 17313
63054 0.34364 65907 1.28315 98573 1.62680 64481 0.78876 00021

67606 0.33301 84355 1.33490 9162 6 1: 66792 75980 O. 80033 99933
11487 0.32271 89833 1.38797 60787 1.71069 50620 0. 81135 21279
40381 0.31273 80681 1.44241 29850 1.75515 10531 0. 82181 70068
30643 0.30306 54385 1.49827 36129 1.80133 94514 0.83175 52873
89460 0.29369 27474 1.55561 30993 1.84930 58467 0. 84118 75743

56243 0.28460 95433 , 1.61448 80405 1.89909 75838 0.85013 43239
03579 0.27580 72607 \ 1.67495 65486 1.95076 38093 0.85861 57589
38283 0.26727 72113 1.73707 83085 '2. 00435 55198 0.86665 17947
02496 0.25901 09757 1.80091 46370 2. 05992 . 36127 0. 87426 19762
74810 0.25100 '03946 1.86652 85432 2. 11752 89378 0.88146 54241

71429 0.24323 75614 1.93398 47907 2.17722 23522 0. 88820 07899
47373 0.23571 48138 2. 00334 99617 2.23906 47756 0.8947 62194
97717 0.22842 47266 2.07469 25226 t 2. 30311 72491 0.90081 93236
58864 0.22136 01040 2.14808 28912 2. 36944 29952 0. 90657 71557
09873 0.21451 39731 2.22359 35071 2.43810 74802 0.91201 61950

73810 0.20787 95764 2. 30129 89023 L 50917 84787 0.91715 23357
r( -4)61 r(-4)11 r(-4)31 r ( -)M ((-'1)91
L j 8 j L 8 j L 8 j L 7 j

Compiled from British Association for the Advancement of Science, Mathematical Tables, vol. I. Circular and
hyperbolic functions, exponential, sine and cosine integrals, factorial function and allied functions, Hermitian
probability functions, 3d ed. Cambridge Univ. Preen, Cambridge, England, 1851 (with permission). Known
more have been ooneeted.
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220 ELEMENTARY TRANSCENDENTAL FUNCTIONS

Table 4.16 EXPONENTIAL AND HYPERBOLIC FUNCTIONS FOR THE ARGUMENT 1FX

sinh ttz oath rx tanhe

;
! era s

0.50 4.8104 73810 0.20787 95764
0.51 4.9640 19160 0.20145 03654
0.52 .5. 1224 61276 0.19521 99944
.0.53 5.2859 63869 0. 18918 23136
0, 54 5, 45460 40558 0.18333 13637

0. 55 .5.62860 56460 0.17766 13694
0.56 5.80832 29831 0.17216 67343
0.57 5.99369 33767 0.16684 20350
0.58 6. 18497 97951 0.16168 20156
0.59 6.38237 10460 0,15668 15832

0.60 6.58606 19627 0.15183 58020
0.61 6.79625 35967 0.14713 98890
0,62 7, 01315 34158 0.14258 92093
0.63 7.23697 55091 0.13817 92710
0.64 7..46794 :07985 0.13390 57214

0.65 7.706 72563 0. 12976 43423
O. 66 7.9525 01304 0. 12575 10461
0.67 8. 2060 21768 0.12186 18713
0,68 8. 4679 38986 0. 11809 29793
0.69 8.7381$ 37941 0.11444 06500

0.70 9.017Q0 86109 0.11090 12784
0.71 9.30480 36103 0.10747 13709
0.72 9. 60176 28381 0.10414 75422
0.73 9. 90819 94054 0,10092 65114
0.74 10. 22441 57779 0.09780 50993

0. 75 10. 55072 40742 0.09478 02248
0.76 10. 88744 63743 0.09184 89025
0.77 11. 23491 50371 0.08900 82388
0. 78 11.5934/ 30285 0. 08625 54299
0. 79 11. 96347 42604 0.08358 77587

0.80 12.3452a1 39392 0.08100 25922
0. 81 '12.7392'1 89270 0.07849 73785
0.82 13. 14584, 81133 0.07606 96451
0.83 13. 56539 27988 0.07371 69955
0.84 13. 99832 70916 0.07143 71077

0. 85 14. 4450 83157 0. 06922 77313
0.86 14. 9060 74333 0.06708 66855
0. 87 15. 38 94795 0.0G501 18_57_1_
0. 88 15. 87271 40119 0,06300-11151
0.89 16. 37928 .557-15-. 06105 27239

0.90 16. 90202 41717 0. 05916 45113
0.91 17. 44144 57711 0.05733 46965
0.92 17.9980 28034 0.05556 14735
0.93 18.5724 46925 0.05384 30919
0. 94 19. 1652 83968 0.05217 78557

0.95 19. 77686 89693 0.05056 4121&
0. 96 20. 40804 01345 0.04900 02956
0.97 21.0593 48847 0.04748 48354
0.98 21.7314 60946 0.04601 62446
0.99 22.42500 71560 0.04459 30738

1.00 23. 14069 26328 0.04321 39183

2. 30129 89023 2.50917 84787 0.91715 23357
2. 38127 57753 2.58272 61407 0,92200 08803
2.46360 30666 2.65882 30610 0.92657 65375
2.54836 20366 2.73754 43503 0.93089 34251
2.63563 63461 2. 81896 77098 0.93496 50714

2. 72551 21383 2. 90317 35077 0.93880 44259
2.81807 81244 2.99024 48587 0.94242 38675
2.91342 56709 3. 08026 77058 0.94583 52160
3. 01164 88897 3. 17333 09054 0. 94904 97460
3.11284 47314 3.26952 63146 0.95207 82009

3.21711 30804 3. 36894 88823 0. 95493 08086
3. 32455 68538 3. 47169 67428 0. 95761 72978
3.43528 21032 3.57787 13125 0.96014 69151
3. 54939 81191 3.68757 73901 0. 96252 84417
3. 66701 75386 3.80092 32600 0.96477 02118

3.78825 64570 3.91802 07993 0.96688 01293
3. 91323 4502 4.03898 55883 0.96886 56859
4. 04207 51527 4.16393 70240 0.97073 39783
4. 17490 54597 4.29299 84390 0. 97249 17255
4. 31185 65720 4.42629 72220 0.97414 52857

4. 45306 36663 4.56396 49447 0.97570 06726
4.59866 61197 4.70613 74906 0.97716 35718
4. 74880 76480 4.85295 51901 0.97853 93563
4. 90363 64470 5.00456 29584 0. 97983 31019
5. 06330 53393 5.16111 04386 0.98104 96015

5. 22797 19247 5. 32275 21495 0.98219 33800
5.39779 87359 5.48964 76384 0.98326 87071
5. 57295 33992 5. 66196 16379 0.98427 96111
5. 75360 87993 5.83986 42292 0.98522 98912

; 93994 32508 6.02353 10095 0. 98612 31297

6.13214 06735 6.21314 32657 0.98696 27033
6. 33039 07743 6.40888 81528 0.98775 17946
6. 53488 92341 6. 61095 88792 O. 98849 34022
6.74583 79017 6.81955 48972 0. 98919 03509
6. 96344 49919 7.03488 20996 0.98984 53014

7. 18792 52922 7.25715 30235 0.99046 07591
. 7. 41950 03739 7.48658 70594 0.99103 90830
--7:65839 88112 7.72341 06683 0.99158 24938

7.90485 64069 7.96785 76050 0.99209 30818
8. 15911 64248 8.22016 91487 0.99257 28142

8.42142 98302 8.48059 43415 0. 99302 35419
8. 69205 55373 8.74939 02338 0. 99344 70066
8. 97126 06650 9. 02682 21384 0. 99384 48468
9. 25932 08003 9. 31316 38922 0.99421 86036
9. 55652 02706 9.60869 81263 0.99456 97268

9.86315 24240 9.91371 65453 0.99489 95797
10. 17951 99195 10. 22852 02151 0.99520 94443
10. 50593 50247 10. 55341 98601 0. 99550 05263
10. 84271 99250 10. 88873 61696 0. 99577 39591
11. 19020 70411 11. 23480 01149 0.99603 08084

11. 54873 93573 11. 59195 32755 0.99627 2062
r(,31 r(5)3 R.-3)11 r( -3)11 (,41

j L 8J L 8J L 6 J L
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WYE"
a aresinh a arctanh

0. 00 0.00000 0000 0.00000
0.01 0.00999 9833 0.01000
0.02 0. 01999 8667 0. 02000
0.03 0.02999 5502 0.03000
0.04 0.03998 9341 0.84002

0.05 0.04997 9190 0.05004
0.06 0.05996 4058 0.06007
0.07 0,06994 2959 0. 07011'
0.08 0. 07991 4912 0.09817
0.09 0.08987 8941 0.09024

0. 10 0.09983 4079 0.10033
O. 11 0.10977 9366 0.11044
O. 12 0. 11971 3851 0.12058
O. 13 0. 12963 6590 0.13073
0.14 0.13954 6654 . 0.14092

0.15 0. 14944 3120 0.15114
0.16 0.15932 5080 0.14138
0.17 O. 16919 1616 0.17166
0.18 0.17904 1904 0. 18198
0.19 0.18887 5015 0.19233

0.20 0.19869 0110 0.20273
0.21 0.20848 6350 0.21317
0.22 0. 21826 2908 0.22365
0.23 0.22801 8972 0.23418
.0. 24 0.23775 3749 0.24477

0.25 0,24746 6462 0.25541
0.26, 0.25713 049 0,26610
0.27 0.26682 2667 047686
0. 28 0.27646 4691 0.28768
0.29 0.28608 1715 0.29856

0.30 0.29567 3048 0.30951
0.31 0.30523 8020 0.32054
0. 32 0.31477 5980 0.33164
0. 33 0.32428 6295 0.34282
0.34 0.33376 8352 0135409

0. 35 0.34322 1555. 0.36344
0.36 0.35264 5330 0.37618
0.37 0. 36203 9121 0.38842
0.38 0.37140 2391 0.40005
0.39 0.38073 4624 0. 41180

0.40 0.39003 5320 0.42364
0. 41 0. 39930 4001 0.43561
0.42 0.40854 0208 0.4470
0.43 0.41774 3500 0.45989
0.44 0.42691 3454 0.47223

0.45 0.43604 9669 0.48470
0.46 0.44515 1759 0.49731
0.47 0.45421 9359 0. 51007
0.48 0.46325 2120 0.52298
0.49 O. 47224 9713 0.33606

0, 50 0.48121 825 0. 54970
r(-601
L 4

For use of the table see.Esampka

TRANSCENDENTAL

SE
a

0000
0333
2667
9004
1353

1729
2156
4671
1325
4188

5347
6915
1028
9850
5576

0436
6696
6663
2689
7169

2554
1346
6109
9466
4112

2812
8407
3823
2072
6264

9604
5409
7108
8254
2528

3754
5901
3100
9650
0034

8930
1223
2023
6681
0804

0279
1288
0337
4278
0337

r(-5)
L

2648.

FUNOTIONS

HYPERBOLIC FUNCTIONS
a aresinh a

0.50 0.48121 1825
0.51 0.49013 8161
0.52 0.49902 8444
0. 53 0.50798 241
0. 54 0. 51669 9824

0.55 0.52548 0448
0.56 0. 0421 4074
0.57 0.54293 0505
0.58 0.55159 9562
0.59 0.56023 1077

0.60 0.56882 4899
0.61 0. 57738 0892
0.62 0.585e9 8932
0.63 0.59437 8911
0.64 0. 60282 0733

0.65 0.61122 4314
0.66 0.61958 9584
0.67 0.62791 6485
0.68 0. 63620 4970
0.69 0.64445 5005

0.70 0.65266 6566
0.71 0.66083 9641
0.72 0.66897 4227
0.73 0.67707 0332
0.74 0. 68512 7974

0.75 0. 69314 7181
0.76 0.70112 7988
0. 77 0.70907 0441
0.78 0.71697 4594
0.79 0.72484 0509--

0.80 0.73266 8256
0.81 0.74045 7912
0.82 0.74820 9563
0.83 0.75592 3300
0.84 0.76359 9222

0,85 0.77123 7433
0.86 0.77883 8046
-O. 87 0.78640 1177
0.98 0.79392 6950
0.89 0.80141 5491

0.90 0.80886 6936
0.91 0.81620 1421
0.92 0.82365 9091
0.93 0.83100 0091

.0.94 u. 93830 4575

0.95 0.84557 2697
0.96 0.85210 4617
0.97 0.86000 0498
0.98 0.86716 0507
0.99 0.87428 4812

1.00 0. Op/ 7127

A'

Table 4.17
aretanh

0: 54930 6144
0.56272 9769
0.57633 9754
0.59014 5160
0,60415 5603

0.61838 1313
0.63283 3186
0.64752 2844
0.66246 2707
0. 67766 6068

0. 69314 7180
0.70892 1359
0.72500 9087
0.74141 6144
0. 75817 '3 45

0.71529
0.79281 3631
0.81074 3125
0.82911 4038
0.84793 5755

0.86730 0527
0.88718 1863
O. 90764 4983
0.92872 7364
0.93047 9381

0.97293 5074
t 0.99621 5082
'-1.02032 7738

1.04537 0548
1.07143 1684

1.09861 2289
1.12702 9026
1.15681 7465
1. 18813 6404
1.22117 3518

1.25615 2811
1.29334 4672
1.33307 9629
1.37376 7657
1.42192 5871

1.47221 9490
1.32732 4425
1.58902 6913
1.65839 0020
1.73804 9345

1.83178 0823
1.94591 0149
2.09229 5720
2.29751 9925
2.64665 2412

90(a) (Legendre Function-Second Kind)-aretanh a(lal<l)
-arceoth a(lal>1)

Compiled from Harvard Computation Laboratory, Tables of inverse hyperbolic
functions. Harvard Univ. Press, Cambridge, Mara., 1949 (with permission).
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Tabby 4.17

x
1.00
1.01
1.02
1.03
1.04

1, 05
1.06
1.07
1.08
1.09

r- 1;10
I 1,11

1.12
1. 13
1.14

1.15
1.16
1.17
1.18
1.19

1.20
1.21.,
1.22
1.23
1.24

1.25
1.26
1.27
1.28
1.29

1.30
1.31
1.32
1.33
1.34

1.35
1.36
1.37
1.38
1.39

1.40
1.41
1.42
1.43
'1.44

1.45
1.46
1.47
1.48
1.49

1.50

mouth x
0.88137
0. 88842
0. 89544
0.90242
0. 90937

0.91629
0. 92317
0.93001
0. 93682
0.94360

0.95034
0.95705
0.96373
0, 97037
0.97698

0.98356
0.99011
0. 99662
1.00310
1.00955,

1. 01597
1. 02235
1. 02871
1. 03503
1.04133

1.04759
1.05382
1.06002
1.06619
1.07233

1.07845
1. 08453
1. 09058
1.09661
1.10260

1. 10857
1. 11451
1. 12042
1. 12630
1. 13215

1. 13798
1. 14378
1. 14955
1. 15529
1.16101

1. 16670
1. 17236
1. 17800
1. 18361
1. 18920

-e

ELEMENTARY TRANSCENDENTAL YCNOPIONII

INVERSE HYPERBOLIC FUNCTIONS
ammo x

1. 00000 000
0.99667 995
0.99338 621
0.99011 848
0.98687 641

0732 0.98365 968
0094 0. 98046 798
5204 0.97730 099
6251 0.97415 841
3429 0.97103 994

3587
7007
5249
8496
6928

6930
6950
3
76331

84

8088

6154
1729
5013
6208
5514

9270
3134

4123
796
07892

3013
4760
6237
7645
9185

1059
3467
6610
06
58989

8

2442
0515
0317
2042
5887

2046
071526
6351
3703

4331
8425
6174
7165
3384

1.19476 3217
1(-6)41
L 4 j

0.96794 529
0.96487 415
O. 96182 625
0,95880 131
0.95579 904

0.95281 918
0.94986 146
0.94692 561
0.94401 139
0.94111 853

O. 93824 678
0. 9%39 589
0. 93256 563
0.92975 576
0.92696 604

0. 92419 624
0.92144 613
0.91871 550
0. 91600 421
0.91331 175

0.91063 821
0.90798 328
O. 90534 676
0.90272 843
0.90012 810

0.89754 557
0.89498 064
0. 89243 313
0.88990 284
O. 88738 959

0.88489 320
0.88241 348
0.87995 026
0.8775n 336
0.87507 261

0.87265 784
0,87025 888
0.86787 557
0. 86550 774
0.86313 523

0.86081 788
(r-64-1L 4 j

235

1.50
1.51
1.52
1.53
1.54

1.55
1.56
1.57
1.58
1.59

1.60
1.61
1.62
1.63
1.64

1.65
1.66
1.67
1.68
1.69

1.70
1.71
1.72
1.73
1.74

-1.75
1.76
1.77
1.78
1.79

1.80
1.81
1.82

84
1. 83
I.
1. PS
1. L.
1.87
1.88
1.89

1.90
1.91
1.92
1.93
1.94

1.95
1.96
1.97
1.98
1.99

2.00

aresinh

1. 19476 3217
1.20029 7449
1.20580 6263
1.21128 9840
1.21674 8362

1.22218 2008
1.22759. 0958
1.23297 5390
1.23833 5478
1.24367 1400

1.24898 3328
1.25427 1436
1.25953 5895
1.26477. 6877
1.26999 4549

1.27518
1.28036
1.28550
1.29063
1.29573

1.30082
1.30587
1. 31091
1. 31593
1.32092

1.32589
1.33064
1.33577
1.34068
1.34557

1.35044
1.35528
1. 36011
1.36491
1.36970

1.37446
1.37921
1.38393
1.38864
1.39333

1.39799
1. 40264
1. 40727
1.41188
1.41647

1.42104
1.42560
I. 43013
1.43465
1.43915

9081
6390

9389
5495
9120

0427
9576
6727
2038
5666

7767
8496
8006
6450
3978

0740
6886
2562
7914
3089

8228
3477
897
4863
1280

8365
6254
5083
4987
6099

8552
2476
8002
5259
4374

1.44363 5475
rL(

814 j

aroaoals

0.86081 788
0.85849 554,
0.85618 806
0.85389 528
O. 85161 706

0.84935 324
0.84710 368
0.84486 823
0.84264 676
0.84043 913

0.83824 520
0. 83606 483
0.83389 788
0.83174 424
0.82960 3.76

0.82747 632
0: 82536 179
0.82326 005
0.82117 097
0.81909 443

0.81703 032
0.81497 850
0.11293 On
0.1091 132
0.80889 572

0.80689 197
0.80489 994
0. 80211 954
0. 80095 066
0.79899 318

0.79704 701
0.79511 203
0.79318 816
0. 79127 527
0.78937 328

0. 78748 209
0.78560 160
0.78373 170
0.78187 231
0. 78002 334

0. 77818 468
0.77635 625
0.77453 796
0.77272 971
0.77093 142

0.76914 300
0.76736 437
0.76559 544
0.76383 612
0.76208 633

0.766034 600

L(-6)2i4 j



gLIDONTART TRANSCSNIMINTAI. FUNCTIO/411...

INFUSE inisiteouc FUNCTIONS
s atssinh s s stscoult s- In s 42> s -1

0. SO 0. 75048 82946 0.62381 07164 2 0. 25
0.49 0. 74839 16011 0.62685 90940 2 240.
0. 48 0. 74632 48341 0.62981 77884 2 0.23
0.47 0.74428 85962 0. 63268 90778 ; 2 0.22
0.46 0. 74228 34908 0.63547 51194 2 0.21

0.43 O. 74031 01215 0.63817 79566 2 0.20
0. 44 0. 738% 90921 0.64079 96268 . 2 0.19
0.43 0.73646 10037 0.64334 16670 2 0.18
0.42 0.73458 64641 0.64580 61207 : 2 0.17
0.41 0. 73274 60676 0.64819 43429 2' 0.16

0.40 0. 73094 04145 0.65050 85031 , 3 0.15
039. 0.72917 01001 0.65274 95004 / 3 3,14
0, 38 0.72743 57167 0.65491 89477 t 3 0.13
0.

36
7

0.
0. 72573
0.72407

78524
70912

0. 65701 81952
0.65904 85249. 3

0.12
0.11

0.35 0.72245 40117 0.66101 115 5 3 0.10 '
0.34 0.72086 91873 O. 66290 72 58 3 0.09
0.33 0.71932 31846 0. 66473 7 74 3 0. Of
O.

310.
0.71781
0.71634

636%
98766

0.66650 577
0. 66820A/0226

3
3

0,07
X1.06

0.30 0.71492 36678 0. 6r_ 74382 3 0.05
0.29 0.71353 84725 O. 42 6)038 3 0.04
0.28 0.71219 48165 O. 61294 44732 4 0.03
0.27 0.71089 32154 0.67440 27575 4 0.02
0.26 O. 70963 41742 0. 67580 19258 4 0.01

0.25 0. 70r841 81861 0. 67714 27078 4 0, 00

6)51(-L 5 j

1.. pap n.

r(-56 )11
L

&fedi* s -In
0.70841 81861
0.70724 57326
0.70611 72820
0.70503 32895
0.70399 41963

0. 70300 042
0. 70205 23 83
0.'70115 002
0. 70029 1134
0.6994 66000

0. 80
0. (4118 /72 33043

1 15327
0.69734 56533
.69672 78946
.69615 85462

0. 69563 78573
0.69516 60572
0.69474 33542
0.69436 99357
0.69404 59680

O.6%77 15954
0.'69354 49408
0.69337 21047
0.69324 71656
0.69317 21796

0, 69314 71806

<"-r -nearest integer to .r.

mows an OF' cos an cosh 404

a a.
1 4.73004 07
2 , 7.85320 46
3 10. 99560 78
4 14. 13716 55
5 17. 27875 96

For N a5, 4.-4 [2re+1

HOOTS aft ass am oath se.- 1
a as,

1 1.87510 41
2 . 4.69409 11
3 7.85475 74
4 10. 99554 07
5 14. 13716 84

For s >5, .44[2N-1].

236

Talk 4.1.

s -In s

.67842 57947
(67714 27078

0.67965 18411 4

0.68193 52541 g
0. 68082 14660

0. 68494 69555 I:
0.68299 37571 5
0. 68399 74947

0.68584 25981
0.68668 48518 I

6

I

17
,7

1 8
, 9

0.69063 77531 110
0.69111 60018 111
0.69154 36269. I 13
0.69191 99235 1 14
0.69224 59631 ' 17

0. 68747 41175
0.68821 07683
0.68889 51504
0.68952 758%
0.69010 83616

0.69252 15938
0.69274 69403
0.69292 21046
0.69304 71666
0.69312 21796

0.69314 71806

r(-01
5

20
25

50
33

100

1.6k 4.18
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Table 4.19
-A 21

0.00 3.14159
0.05 2.99304
0.10 2.86277
0.15 2.75032
0.20 2.65366

0.25 2.57043
0.30 2.49840
0.35 2.43566
0.40 2.38064
0.45 2.33208

0.50 2.28893
0.55 2.25037
0,60 2.21571
0.65 2.11440
0.70 2.15598

0.75 2.13008
0.80 2.10638
0.85 2.08460
0.90 2.06433
0.95 2.04597

1.00 2.02876

-1.00 2.02876
-0.95 2.01194
-0.90 1.99469
-0.85 1.97687
-0.80 1.95857

-0.75 1.93974
-0.70 1.92033
-0.65 1.90036
-0.60 1.87976
-0.55 1.85852

-0.50 1.83660
-0.45 1.81396
-0,40 1.79058
-0.35 1;76691
-0.30 1.74140

-0.25 1.71551
-0.20 1.68868
-0.15 1.66087
-0.10 1.63199
-0.05 1.60200

0.00 1.57080
0.05 1.53830
0.10 1.50442
0.15 1.46904
0.20 1.43203

0.25 1.39325
0.30 1.35252
0.35 1.30963
0.40 1.26440
0,45 1.21649

0.50 1.16556
0.55 1.11118
0.60 1.03279
0.65 0.98966
0,70 0,92079

0.75 0.84473
0,80 0.75931
0.85 0.66086
0.90 0.54228
0.95 0.38537

1.00 0,00000

Z9

6.28319
5.99209
5.76056
5.58578
5.45435

5.35403
5.27587
5.21370
5.16331
5.12176

5.08698
5.05750
5.03222
5.01031
4.99116

4.0428
4.95930
4.94592
4.93389
4.92303

4.91318

4.91318
4.90373
4.89425
4.88468
4.87504

4.86534
4.85357
4.84373
4.83583
9.82587

4.81584
4.80373
4.79561
9.78540
4.77313

4.76481
4,73443
4.74400
4.73351
4.72298

4.71239
4.70116
4.69108
4.68035
4.66958

4.65878
4.64793
4,63705
4.62614
4.41519

4.60422
4.59321
4.58219
4.57114
4.56007

4.54899
4.53789
4.52678
4.51366
4.50434

4.49341

23
9.42478
9.00185
8.70831
8.51805
8,39135

8.30293
8.23845
8,18965
8.15156
8.12108

8.09610
8.07544
8.05794
8.04298
8.03004

8.01875
8.00881
7.99999
7.99212
7.98505

7.97867

£3
7.97867
7.97258
7.96648
7.96036
7.95422

7.94807
7.94189
7.93571
7.92950
7,92329

7.91706
7.91080
7.90454
7.89827
7,89198

7,88567
7.87936
7.87303
7.86669
7.86034

7.85398
7.84761
7.84123
7.83484
7.82844

7.82203
7.81562
7.80919
7.80276
7.79633

7.78988
7.78344
7.77698
7,17053
7.76407

7.73760
7,75114
7.14467
7.73820
7.73172

7.72325

ROOTS X ROF Ian 811 ksICH

24 is
12.36637 15.70796 18.84956
12.02503 15.06247 18.11361
11.70268 14.73347 17.79083
11.52018 14.56638 17.64009
11.40863 14.46987 - 1 7.55621

11.33482 14.40797 1740343
11.28284 14.36517 17.46732
11.24440 14.33391 17.44113
11.21491 14.31012 17.42129
11.19159 14.29142 17.40574

11.17271 14.27635 17.39324
11.15712 14.26395. 17.38298
11.14403 14.25357 17.37439
11.13289 14.24475 17.36711
11.12330 14.23717 17.36086

11.11496 14.23059. 17.35543
11.10764 14.22482 17.35068
11.10116 14.219,71 17.34648
11.09538 14.21517 17.34274
11.09021 14.21110 17.33939

11.08554 14.20744 17,33631

.24 as
11.08554 14.20744 17.33638
11.08110 14.20395 17.33351
11.07665 14.20046 17.33064
11.07219 14.19697 17.32777
11.06773 14.19347 17.32490

11.06326 14.18997 17.32203
11.05879 14.18647 17.31915
11.05431 14.18296 17.31628
11004982 14.17946 17.31340
1404533 14,17594 17.31052

11.04 3 14.17243 17,30764
11.036 14.16892 17.30476
11.031 14.16540 17.30187
11.027 14.16188 17.29899
11.022 14.15833 17.29610

11.0182 4.15483 17.29321
11.0137 .15130 17.29033
11.00920 1 4777 17.28744
11,00466 14. 424 17.28454
11.00012. 14.14070 17.28163

10.99557 14.13717 17.27875
10.99102 14.13363 17.27586
10.98647 14.13009 17.21297
10.98192 14.12655 17.27007
10.97736 14.12301 17.26718

.10.97279 14.11946 17.26428
10496821 14.11592 17.26138
10.96366 14.11237 17.20848
10.95909 14.10882 17.25558
10.95452 14.1 0527 17.25268

10.94994 14.10172 17.24978
10.94537 14.09817 17.24688
10.94079 14.09462 17.24398
10.93621 14.09107 17.24108
10.93163 14.08752 17.23817

10.92704 14.08)96 17.23527
10.92246 14.08041 17.23237
10,91788 14,07686 17.22946
10.91329 14.07330 17.22656
10,90871 14.06973 17.22366

10.90412 14.06619 17.22075

21.99115
21.17717
20,86724
20.73148
20.65792

20.61203
20.58092
20.55844
20.54146
20.52818

20.51752
20.50877
20.50147
20.49528
20.48996

20.48533
20.48131
20.47774
20.47457
20.47172

20.46917

20.46917
20,46673
20.46430
20.46187
20.45943

20.45700
20.45456
20.45212
20.44968
20.44724

20.44480
20,44236
20.43992
20.43748
20.43503

20.43259
20.4 3014
20.42769
20.42525
20.42280

20.42035
20,41790
20.41545
20.41300
20.41055

20.40810
20.40565
20,40320
20.40075
20.39829

20.39584
20.39339
20.39094
20.38848
20.38603

20.38357
20.38112
20.37867
20.37621
20.37376

20.37130

25.13274
24.25156
23.93737
23.83468
23.76928

23.72894
23.70166
23.68201
23.66719
23.65561

23.64632
23.63871
23.63215
23.6269?
23.62235

23.61834
23.61483
2).611 73
23.60897
23.60651

23.60428

xi
21.60428
23.60217
23.60006
23.59795
23.59584

23.59372
23.59161
23.58949
23.58738
23.58526

23,58314
23.58102
23.57891
23.37679
23.57467

23.57255
23.57043
23.56831
23.56619
23.56407

23.56194
23.53982
23.55770
23.55558
23.55345

23.5513)
23.54921
23.54708
23.54496
23.54283

23.54071
23.53858
23.53646
23.53433
23.53221

23.53008
23.52796
23.52583
23.52)70
23.52158

23,51945

z9
28.27433
27.33519

2 7.05753
26.94607
26.88740

26.85142
26.82716
26.80971
26,79656
26.78631

26.77809
26.77135
26.76572
26.76096
26.75688

26.75333
26.75023
26.74749
26.74506
26.74288

26.74092

ra
26.74092
26.73905
26.73718
26.73532
26.73345

26.73159
26.72972
26.72785
26.72598
26,72411

26.72223
26.72038
26.71851
26.71664
26.71477

26.71290
26.71102
26.7091
26.70728
26.70541

26.70354
26.70166
26.69979
26.69792
26.69604

26.69417
26.692?0
26.69042
26,68855
26.68668

26.68480
26.6829,
26.68105
26.67918
26.67730

26.67543
26.67355
26.67168
26.66980
26.66793

26.66605

A

For h -0, see je of Table 10.6. -nearest integer to h.
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ELEMENTARY TRANSCENDENTAL FUNCTIONS

Zs sr st
Hours a. OF eot isloshin

£4 7s ae S7

Table 4.20
411 as

0.00 1.57080 4.71239 7,85398 10.99557 14.13717 17.27876 20.42035 23.56194 26.70354
0.05 1.49613 4.49148 7.49541 10.51167 13.54198 16.58639 19.64394 22.71311 25.79232
0.10 1.42887 4.30580 7.22811 10.20026 13.21418 16.25936 19.32703 22.41085 25.50638
0.15 1.36835 4.15504 7.04126 10.01222 13.03901 1N70053 19.18401 22.28187 25.38952
0.20 1.31384 4.03357 6.90960 9.89275 12.93522 16.01066 19.10552 22.21256 25.32765

0.25 1.26459 3.93516 6.81401 9.81188 12.86775 15.95363 19.05645 22.16965 25.28961
0.30 1.21995 3.85460 6.74233 9.75407 12.82073 15.91443 19.02302 22.14058 25.26392
0.35 1.17933 3.78784 6;68698 9.71092 12.78621 15.88591 18.99882 22.11960 25.24544
0.40 1,14223 3.73184 6.64312 9.67758 12.75985 15.86426 18.98052 22.10377 25.23150

'0.45 1.10820 3.68433 6.61%761 9.65109 12.73907 15.84728 18.96619 22.09140 25.22062

0.50 1.07687 3.64360 6.57833 9.62956 12.72230 15.83361 18.95468 22.08147 25.21190
045 1.04794 3.60834 6.55380 9.61173 12.70847 15.82237 18.94523 22.07333 25.20475
0.60 1.02111 3.57756 6.53297 9.59673 12.69689 15.81297 18.93734 22.06653 25.19878
0.65 0.99617 3.55048 6.51508 9.58394 12.68704 15,80500 18,93065 22.06077 15.19373
0.70 0.97291 3.52649 6.49954 9.57292 12.67857 15.79814 18.92490 22.05583 25.18939

0.75 0.95116 3.50509 6.48593 9.56331 12.67121 15.79219 18.91991 22.05154 25.18563
0.80 8,93076 3.48590 6.47392 9.55486 12.66475 15.78698 18.91554 22.04778 25.18234
0.85 0.91158 3.46859 6.46324 9.54738 12.65904 15.78237- 18.91168 22.04447 25.17943
0.90 0.89352 3.45292 6.45368 9.54072 12.65395 15.77827 18.90825 22.04151 25.17684
0.95 0.87647 3.43865 6.44508 9153473 12.64939 15.77459 18.90518 22.03887 25.17453

1.00 0.86033 3.42562 6.43730 9.52933 12.64529 15.77128 18.90241 22.03650 25.17245

k - I xi $3 as *4 2b ate X7 Xe XX <A>

1.00
0.95
0.90
0.85
0.80

0.75
0.70
0.65
0.60
0.55

0.50
0.45
0.40
0.35
0.30

0.25
0.20
0.15
0.10
0.05

0.00
0

0.86033
0.84426
0.82740
0.80968
0.79103

0.77136
0.75056
0.72851
0,70507
048006

0.65327
042444
0.59324
0.55922
0.52179

0.48009
0.43284
0.37788
0.31105
0.22176\

, 0.00000

3.42562
3.41306
3.40034
3.38744
3.37438

3.36113
3.34772
3.33413
3.32037
3.30643

3.29231
3.27802
3.26355
3.24891
3.23409).33054

3.21910
3.20393
3.18860
3.17310
3.15743

3.14159
1(-6,21
L 3 J

6.43730
6.42987
6.42241
6.41492
6.40740

6.39984
6.39226
6.38464
6.37700
6.36932

6.36162
6.35389
6.34613
6.33835

6.32270
6.31485
6.30696
6.29906
6.29113

6.28319
rt_5,11
L. 2 J

9.52933
9.52419
9.51904
9.51388
9.50871

9.50353
9.49834
9.49314
9.48793
9.48271

9.47749
9.47225
9.46700
9.46175
9.45649

9.45122
9.44595
9.44067
9.43538
9.43008

9.42478
r(-5)11
L 2 J

12.64529 15.77128
12.64138 15.76814
12.63747 15.76499
12.63355 15.76184
12.62963 15.75868

12.62570 15.75553
12.62177 15.75237
12.61784 15.74921
12.61390 15.74605
12.60996 15.74288

12.1,0601 15.73972
12.60206 15.73655
12.59811 15.73338
12.59415 15.73021
12.59019 15.72704

12.58623 15.72386
12.58226 15.72068
12.57829 15.71751
12.57432 15.71433
12.57035 15.71114

12.56637 15.70796
r(-5)11
L 2 .

18.90241 22.03650
18.89978 22.03424
18.89715 22.03197
18,89451 22.02971
18.89188 22.02745

18.88924 22.02519
18.88660 22.02292
18.88396 22,02066
18,88132 22.01839
18.87868 22.01612

18.87604 22.01386
18.37339 22.01159
18.87075 22.00932
18.86810' 22.00705
18.86546 22.00478

18.86281 22.00251
18.86016 .22.00024
18.85751 21.99797
18.85486 21.'9569
18.85221 21.99342

18.84956 21.99115
r(-5)11 r(-5)11 r(-5)11
L 2 J L 2 JA 2 J

25.17245
25.17047
25.16848
25.16650
25.16452

25.16254
25.16055
25.15857
25.15659
25.15460

25.15262
25.15063
25.14864
25.14666
25.14467

25.14268
25.14070
25.13871
25.13672
25.13473

25.13274
r(-1911L2 J

1
1
1
1
1

1
1
2
2
2

2
2
3
3
3

4
5

10
20

10

<X> neatest integer to A.

For A-' > .20, the maximum error in linear interpolation is (-4)7; flvepoir a: interpolation gives SD.

For a .20,

.8" MR a

Vi
1 II 1- + 2 - - 3 + . . . 1
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Table 3.1. Sine, Cosine and Exponential Integrals (O5x5 10) . 238

riSi(x), a-IOW-1n xA
x-71, r1lti(x)+1n 5-1-11, x=0(.01).5, 108

Si(x), Ci(x), IOD; 11(x), El(x), 9D; x=.5(.01)2
Si(x), Ci(s), IOD; x- 111(x), as' El(s), 9D; x =2(.1)10

Table 5.2. Sine; Cosine and Exponential Integrals for large Arguments

(105xS 0) 243
ti(x), 9D; eg(x); 7D; arlEi(o), 8D; =PAW, IOD
fixpok ai(x) cos x+Ci(x) sin s, g(s)=-4(x) sin xCi(x) cos x
x' 'm.1( .006)0

Table 5.3. Sine and Cosine Integrals for Arguments ex (05x510) . . . 244

Si(,ra), Cin(ea), x=0(.1)10, 7D

Table 5.4. Exponential Integrals E.(x) (051152) 246

Es(x)x n =3, 4, 10, 20, x=0(.01).5
/4(x), alai, 3, 4,10, 20, s=.5(.01)2, 7D

Table 5.5. Exponential Integrals Els(s) for Urge Arguments (2 525 0) . 248
(s+s)elEs(x), s=2, 3, 4, 10, 20, el..5(.05).1(-411)0, SD

Table 5.6. Exponential Integral for Complex Arguments (12K29) . . 249
teiCk(s), snals+iy, x =- 19(1)20, Vitge0(020, ID

Table 5.7. Exponential Integral for Small Complex Arguments (14 <5) . 261

elt,(1), issusx+iy, valt 4(4)-2, ge20(.2)1, OD
CIO-1-bi is, arsoz+iil, s =`"2(.5)2.8, V030(3)1, OD

The authors soknowledas the emblem of David S. Idepman in the preymstion and
'health* of the tables, Robert 14. Dumb for the eomputatlon of Table U. and Alfred B.

Seam for the amputation dibble Ora.

I dues& worker, Nallasnl Bureau of Standards, from the American University. (Presently

Purdui University.)
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5. Exponential Integral and Related Funetione
Mathematical Properties

5.1. Exponential Integral Explisit Eqweidosis foe a*(s)and ps(s)

Definitions

r- -
5.1.1 Es(r),1. :T d= (lug 'Ks)

5.1.9 Ei(x)m (1=4, le dt (x>0)

5.1.3 li(x).41--4timElon a) (x>1)

5.1.4
e,

E.00.1

5.1.5 ,

(n.0, 1, 2, . .; Ifs>0)

deas)...f. re -"a (*.=0, 1, . .;

1

5.1.6 11(s)ali.j. Vie-sidt (=10,1, 2, . )
wi

, In 5.1.1 it is assumed that the path of integration
excludes the origin and.does not cross the negative
real axis.

Analytic continuation of the functions in 5.1.1,
5.1.9, and 5.1.4 for s>0 yields multi-valued func-
tions with branch points at s -0 and a co'
They are single-Valued functions In the a- plane
cut along the negative real side The furiotion
li (s), the logarithmic integral, has an additional
branch point at s=1.

Interrelatleas
5.1.7

El(-2±0:)=sEiWTiv,
x+03) ( x JON (x>0)

Borne authors (LW, (15.1411) use the entire function

(1codo as the bade function and denote it by

gin(s). We have Ba(4,011(d) +le 2+tr.

Various authors define the Integral Ls. (41/0411 in the

a.plane cut along the positive real axle and demote It also
by Ei(s). Par iss>0 additional notation such aolifi(ol
(e.g., in (5.101, 0.211), r(e) Os E0(s) 0.18.61) ars
then used to designate the principal value of the Moira
Correspondingly, Cs) is often denoted by 21(-0).

240

5.1.8 a(s)atints-67'07 (1-1-s-414- . .

5.1.9

IIs+ (-1).

Ia

From 6.1. wintEi(x) and yoiCi(x)

Flom 5.2. yiEs(a)
no0, 1, 9, 3, 3, 10



ICIPPOININTIAL 111111011AL RaLATSD. INTS0110)11

Symms" basks

5.1.13 isMitafirs)
to0 MI INS II4 owl 15 AN

1$

I0.

-10

13 2.0 2.5 3.0 3.5

Fun= 6.3. rwes(s)
swo0(1)6

5.1.14

lissuissimm lisladoes

E+$404(e-ssis(101 *21213, ...)

5.1.15 sa,b(sOmme-Msa....1(s) (411,213, ...)

5.1.16

140(-1)"e-6--1-n14-100 (n- 1,5,8,

5.1.11

$1-1

-IS

Fun= 6.4. riqs(x)
nue0, 1, 2, 6, 10, 16

&aims rapsasksor
\ as

5.1.10 ZW=17-00+E 74-Q .- (00)

5.1.11

4

1...11sas
Cs)===-7-Ingt-E ;ee

5.1.12

that 810)

A(Swal Vs,...4171 in 8+1"1F.:

(lag sl<v)

#(1)-e--7, 000.177+N: Os >1)

di-47721 82649 . . Zukes endsoi.

bisqualidss 0.83

n E41)<E44(x)<Ess(x) (00;t11213,

6.1.18

Egg)<E1s-s001.44(x)

5.1.19

>016=1;2;3 -;".

( < 1

X-111

5.1.20

In (1+1-2)<O1A(x)<1a (1+0

5.1.21

d Es
5

(00)

j>0 (x >o;n-1,2,2,...)

amsdausd Wayedas

5.1.22
1 _LI 1 2

1 V-T 14g 1+ j " .. aug /Kw)

11.1.911

-
5.1.24 /Waal- -

5.1.23

Spatial 'alas

coo

a" 9
*As)in, 0800mislah



invemorruL 11,1110BAL

Derkatkee

5.1.36 412-1-.8E,,..1(o)

$1.37

Degs(8»mi jap7A. VE1(1)3 .

(ten12 3, ...)

Dada sad tudilift. latigrals .

(For more entonsive tables of integrals ere
(6.3), 16.6), (6.11), (6.12), (5.131. For Integrals
involving{ E(x) ass (5.93.)

5.1.66 jo

11.1.1/

44:741;42141(iatf---lii-A e>o)

LIAO

° a " " (ae) (41>OX0

L1.31

S
(00, e>0

32 f:5.1. &win /II

&US fsis /11(041102211 2

11.1.34

.111.01"1
(1+a)+ (0-1)

6.1.35f de" sin k dennoarotanJ.
(460,049

IMMO paranoia

-at fin k aro - +Jrifi(o+ib)

(a>°/6

&US

f I 1711"8,ft) 14 In (1+10-414)

Eao+ie) (00,3 loop

r i__,
g

(a)+In m+7

$1.40 rev Assn (8) in s-7

141,41-

fr?! tlx4 Id'EA-4ix)-64/114,-.601

1 dta4 14141+21(a)

-1-11C-41+04 (00;6 real)

6.1.39

+cond.

6.1.42

f4#A i-EAaix)+.411.4.6), .

!',Ie"

. 4

+souk

5.1.43

damliwacx+4»+00Est. (00)

1.1.44

foadavasoissics+io+constu. (00)
&lois" to lisemplese Gomm Paredes (me 41)

6.1.46 2,,(s)mm-'1(1-11, a)

6.1.46 V ok(s)mars-V(is+1, a)

6.1.4? Of,(s)astr"Ir(s+1, 4-1(s41-1, a))

Ballades N lipbseleal Ihrel Fasetims (en *1)

5.1.40 a4s)Nisla 041001M-

61(10ejs-Kan00, 0400-1/fist4m(10



flrr!OIAL AND MAT= IPONOTN0111

Nowise: lame* 111pdisenee at U (e)

.
(Assuming Rieman's lypothals that all non.

real MVOS of f(s) have real part of 11)

5.1.50 li (a)v(z)10(13 In a) (a40)
a(s) is the number of prima la s than or equal

PIOUS 6.5.

1100 1000

th°110) *ad 1/2°112)

Agroptede lapmeels
LILA

E(1),%, c(1-14,10.-+ILS 1*14.-1-2)

(larg 1104
Neirmestalsa Loy for Laws $

5.1.52

-411(1+ s.stito-i-glt.-4:1

-1.**2-81111+1111-1. Oh an(-MN
.3005i(s,x)S(1-1-244:0*- (00)
Pellyamdall amillatkommi Apipeashaadess

BAS)+111 agaile+411+6128+10.4410+4101+0
5.1.53 OSIS1

1(.)K2x 104
Ths appedmatlas 1.1.611 is from L V. Mho, NOW

10, UTAC 9,340 (MC esurealiastions WM sad
SAM are from C. &edam Jr., Approdmatioto for MOW
earapaters, Modes Vol, . Pm, Poineetes, 191114

epprollsoatlea 4.1.161e tree C. Haellap, Jr., Nets 141,
UTACT, (11153) (with pwalition).

Sea .87721 566
ilium .99999 193
Esigegv-.24991 055

5.1.54 1s<ap
al+alx+es

xeigi(sOmas+blx+bsi-e (a)

le(x)K6X10-6

0tul=2.334733 kim8.330647
Stion .250621 4.1481534

5.1.55 lOst<

seTi(a)Mig 47'7bgxefxs+digi.a.+44.

le(x)1<101

04=4.03840 bles5.03837
Oisals 1.15198 62-4.19180

5.1.56 15s<40

01*$ +ale +410 +114+ (30
Sea" V" "le+ hal+ 610+10111+

WI x
iso= 8.67332 87401 km 947332 23454

a,- 18.05901 89730 A1025.83295 01488
also 8.63470 08925 4021.09965 30827
os .26777 37343 blis 3.95849 69228

5.2.1

5.2. Sue and Caine Integrals
Delloitieee

°sin
114(s)mf --

5.3.2

a00-7-1-la aailfal<10

5.2.3' Shi(s)gmr sin- 421 a

5.2.4'

Chi(a)mer+hi e+f
Bonn mato (11.14), (5.16) use the MIN fasetles

J'(1 nos 011/1 se the bade tooth* sad (Mote It by

Clogs). We have
Oia(s) - 01(4) +1m 5+1.

The potations 1011(s)is doh t ailt

1_040 have she boss proposal (4.144

(lug 010)



EXPONENTIAL =WAAL AND RELATED PTINCTIONS

oi(o)ca$1(8)-i

Auditory funstions

5.2.6 1(4 ma(s) sin a si(a) cos a

5.2.7 g(s). Ci(s) cos a si(s) sin

Sine and Cosine Integrals in Terms of Auditory
Funstleas

5.2.2 Si(a)=i f(a) 000)-ag(s) sin a

5.2.9 C5(a) =f(a) sin a g(a) cos a

Integral Representations

5.2.10

5.2.11

1.2.12

5.2.13

si(s)m e"' cos (a sin t)dt
o ""

Ci(s)+A(s)mi ;e-"°" sin (a sin t)dt

J(s).4. i-i f (gis>0)t+s t +1

" cos t te-',
1/(8) dtwof d (ffla>0)o I+ 0 0+1

.

Fta RR 5.6. y " Si (x) and y. (r)

Series Esponsloas

e+t
5.2.14 Si (s)

irisn
(2a-1-1)(2n+1)f

5.2.15 Si(s)=, go 41(0

*AN pop tt.

X44
, .

5.2.16

5.2.17

5.2.18

cga).7+in

814+1

Shil.1=12..,1f4 (24+1444.1)1

Chi(a)=17tin *20
Symmetry Relations

5.2.19 Si ( s)= Si (s),,Si ()=31(74

5.2.23

(0<arg s<v)

Ci(i)=Ci(s)

Bastian to Exponential Integral
LS21

moo lEi(ja)E1(ja)1 l al<p

5.2.22 Sigi4=a10Ei(x) +Es (x)) (z>0)

5.2.23

Cgs) a° -4 iEs0104-Ei(i41 (lug 214)

5.2:24 Ci 04=4 Mi(x)El(x)]-Fill2 (a>0)

Valise at Infinity

5.2.25 lim SW .1
11.4*

Integrals

(For more extensive tables of integrals eee
[5.31, [5.51, [5.111, [5.121, [5.131.)

5.2.26 ft. 01-1t dt= si (a) (Iarg al<r)

5.2.27 f. 2°÷5! di= a (a) (larg 81<r)

5.2.21If 6-Ci (Odt. --1 In (1+0) (Na>0)*
t) 2a

1
5.2.29 o'" si (t)dt -a arctan a (.11a>0)

5.2.30 f cos I Ci (t)dfrif sin t si (t)dt=--
e 4

1



8.2.31. fe Cl' 0,4-f- apmair

5.2.3 Joy Ci (t) si (t)dt. In 2

5.2.33

j" et dim; In (i-41) +Ci(6)

+NA (a+ a) (a real, 6>0)

Arimptotia Espanola=
5.2.36

f(s)ja. (1 -111-1-1814-11+.

5.2.35 .

VW4(14+,;-7,I+..

5.2.36

.) sI<v)

(lug 31<v)

Rational Approximations*

1 Sx<

f(4Imi2(21-:6:814:11)+14)

14)1<2 X 10-4

4027.241163 lo1s9.068580
at=2.463938 6r7.157433

I

5.2.37

5.2.38

1 Se<

041-4104-01
11'" + xs+

1.(x)j<10-4

a =7.647478 kos12.723884

as.1.564072 62=15.723806

1Sx<w
sal 14-1-4121+42241-4101-4A

+ j+ a)
1441<ax le

at. 38.027264
41=265.187033

082=335.677320

0411= 38.102495

el. 40.021433

69=322.624911

81= 670.236280

64=1167.105423

3.2.39 1 a<=2

.c

10111)+4(a)

140)1<3X10'
at. 42.242855
01=1302.757865

as=2352.018498

04=1 21.821899

Numerical Methods

5.3. Use and Extension of the Tables

Example 1. Compute Ci (.25) to 5D.
From Tables Li and 4.2 we have

Ci (.25)-111(.25)-1.

Ci ,(.25)=(.28)*(-.249350)+ (-1.38829)-
+477216=2-.82468.

Example 2. Compute Ei (8) to 88.
From Table 5.1 we have as"111 0).1.18188 for

x =8. Prom Table 4.4, esem2.980.6X10*. Thus
Ei (8)=2440.38.

ma ma a.
From C. Hastings, Jr., ApproalmatIons for digital

computers, Princeton Voir. Prom, Primate, NJ., 1958
(with pormiorloa).

61222 48.196927

bea 482.485984

38=1114.978885

64= 449.690328

Example 3. Compute Si (20) to 8D.
Since 1/20..08 from Table 5.2 we find

P20)=.049757, R(20)=2.002464. From Table 4.11,
sin 20=2.912945, cos 20 =.408082. Using 5.2.8

Si(20)21-1(20) cos 20-020) sin 20
.1.570796-.022555.1.54524.

Example 4. Compute E (s), 1022 1(1)N. to 58
for x=1.275, N =10.

If a is lees than about five, the recurrence
relation 5.1.14 can be *seed in increasing order of a
without serious loss of accuracy.

Hy quadratic interpolation in Table Li we get
4(1.278)=.1408099, and from Table 4.41,
2=.2794310. The recurrence formula 5.1.14 then

Yields



NiaONDNTIAL DiTsoRAL AND

LOIN) &(1.276)
1 .1408099 8 .0420168
2 .0998984 7 .0374307
3 .0780303 8 .0331009
4 .0808307 9 .0296534
5 .0504879 10 .0288489

Interpolating directly in Table 5.4 for s-10
we grit Sio(1.275)..0268470 as a check.

Example 5. Compute E(x), n =1(1)11 to 38
for 11-10, N.10.

lf, as in this example, x is appreciably larger
than Ave and NgaLthen the recurrence relation
5.1.14 may be safely used in decreasing order of
*IUD. From Table 5.5 for 2-1=2.1 we get
(rt. 10)slEs(x)=;1.02438 so that En(10) =2.32529
X10-4. Using this as the initial value we obtain
column (2). -

1014(10)
(1)

.41570

.38300
sus&
mo'ro
.31065
38800
.2710
JARE
iron
.22573

1

2
3
4
5
8
7
8
9

10

' 1012.(1io
(2)

.41370

.38302

.35488

.33041
£0898
MON
.27325
.25822
.24472
.23253

From Table 5.2 we get regti(x)=.915633 so
that E1(10).4.15897X10"4 as a check. Forward

starting with E100=4.1670x Ir.
the values in column (1). The underlined

figures are in error.
Example G. Compute F.(s), =.1(1)N, to 68

for x=12.3, N =20.
If N is appreciably larger than x, ands appre-

ciably larger than five, then the recurrence Mo-
tion 5.1.14 should be :sod in the backward direc-
tion to generate E.(s) for n<no, and in the forward
direction to generate Rax) for n>ao, where
nog.*

From 5.1.52, with rio.12, x=12.3, we have

dr MI
gieW re la + .02032 - .00043 - .00001)

.1.91038 X10'4.

Using the recurrence relation 5.1.14, as indicated,
we get

246

IMAM ruNarioNei

10%(12.3) 10%(12.3) fk

12 .191088 .191038 12
11 .199218 .183498 13
10 .208098 .176516 14
9 .217793 .170042 15
8 .228406 .164016 18
7 .240073 .188897 17
6 .252954, .153144 18
5 .287234 .148228 19
4 .283155 .148608 20
3 .300998
2 .321117,
1 .343953

From Tables 5.2 and 5.5 we find A(12.3)=.343953
X10-4, 16(12.3) ..143809 X 104 as a check.

Rum* 7- 'Compute an(2) tot 68 for ii.i1(1)5.
The recurrencii formula 5.1.15 can be used for

all x>0 in increasing order of * without loss of

accuracy. From 5.1.25 we have a3(2).1 rra
=R.0676878, so we get

* -0.(2)
0 .0678878
1 .101801
2 .169169
3 .321421

1

4 .710510
5 1.84394

Independent calculation ilith 5.1.8 yields the
same result for a4(2).

The functions 4,6(x) and a1(x) can be obtained
froinjable 10.6 using 5.1.41, 5.1.49.

trample 8. Compute 11.(x), es -0(1)N to 68
for s.1, N =5.

Use the recurrence relation 5.1.16 in increasing
order of n if

0.368N+.184 In
and in demoting order of n otherwise [5.51.

From 5.1.9 with n =5 we get 9i(1) =- .324297
correctly rounded to OD. Using the recurrence
formula 5.1.16 in decreasing order of n and
carrying 9D we get the values in iolumn (2).

0
1)

)

0 2.35040 2 225040 2389
1 -.73575 9269. -.73575 8880
2 3849 .87888 4620
3 -:.44 9722 -.44950 7383
4 .552 6 3499 .55237 28
8 -.32434,M -.32429 7

Using forward recurrence instead, silting with

4



DEFONINTIAL INTSG2AL AND RELATED PUNCIIONB

86(1).2 sink 11=2.350402 and again carrying OD, with Astems-oonos.2578-.1057i.

we obtain ooliunn (1). The underlined figures we get

are in error. The above shows that three sign&
canefigures are lost in forwardyegurrence, whereas
about three significant figures are gained in back-
ward recurrence!

An alternative procedure is to start with an
arbitrary value for n sufficiently large (see also
(5.11). To illustrate, starting with the value
sero at n=11 we get

a L(1) a AIM
11 0. 5 -.324297
10 .280580 4 .552373

9 -.205984 3 -.449507
8 .319908 2 .878886

4.% 7. -.253812 1 -.735759
6 .404817 0 2.350402

The functions Qs) and 81(x) can be obtained
from Table 10.8 using 8.1.48,11.1.49.

&ample 9. Compute El(s) for 8=3.2578
+6.89431.

From Table 8,6 we have for seszer44410.3-1-7i

ale sEl(so).= .934958+ .095598i,

sicti(so)=. .059898-.107895i.

From Taylor's formula with f(s)=meEl(s) we have

I (4-.1(8+ A40-1(2) 41 bil°) As

1:t4 4414"

235

Thus with 5.1.27

11.
10)(*.)1ht (As)V0)(s011s!

0 .059898 -. 1078954 .069898 - .1078954
1 .008174 +. 0127954 .003460 . 0024354
2 - .001869 0001554 - .000094 +.0001104

.000088 -. 0002124 - .000008 - .0000044

fia)=.063261 -.105354i
°=.031510 -.0220751

Cs) == -.000332 -.004710ti

Repeating the calculation with so=3-1-0i --and
As= 25784-.8943i we get the same result.

An alternative procedure is to perform bivariate
interpolation in the real and imaginary parts of
seA(4.

Runt* 10. Compute E, (a) for sus -4.2
+12.71.

Using the formula at the bottom of Table 5.6,

.711003
°El (s).° -3.734r2i-T-Tres

.273518 .010389
+-1.00572+12.7i'2.0-900-1712.73

Reference,
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SINE, COSINE AND EXPONENTIAL INTEGRALS
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0. 77209 57855
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0.71997 93293
0. 798811 29277
O. 80776 07191,
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0. 83423 65953
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Et (x)
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O. 40358 6275
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0. 38830 9243
0. 38095 0010
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0.36675 9981
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3:1916211in
0. 28910 2918

0. 28401 9269
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Table 5.1

EXPONE1MAL DPIRODAL AND BELATED PUNCTION8

SIi1174 COSINE AND EXPONENTIAL INTEGRALS

1.00
1.01
1.02.
1.03
1.04

1.05
1.

00671.
1. 08

091.

Si(x).
0.94608 30704
0.95448 26820
O. 96285 19387
0. 97119 06039
0. 97949 84431

0.98777 52233.
0. 99602 07135
. 00423 4W6

'11. 01241 69091
1.02056 71617

1.10 /1.02868 52187
1.11 1.03677 08583
1.12 1.04482 38608
1. 13 1.05284 40082
1. 14 1.06083 10845

1.15 1.06878 48757
1.16 1.07670 51696
1. 18 7 1.08459 17361
1. 1 1.09244 44270
1.19 1. 10026 29760

1.20 1. 10804 71990
1.21 1. 11579 68937
L 1. 12351 18599
1.23 1. 13119 18994
1.24 1.13883 68160

1.25 "1.14644 64157
1. 26 1.15402 05063
1. 27 1.16155 88978
1.28 1. 16906 14023
1.29 1.17652 78340

1.30 "1.18395 80091
1.31 1.19135 17459
1.32 1.19870 88649
1.33 1.20602 91886
1.34 1.21331 25418

1.35 1.22055 87513
1.36 1.22776 76460
1. 37 1. 2 3493 90571
1.38 1.24207 28180
1.39 . 1. 24916 87640

1.40 1.25622 67328
1.41
1.42

1.26324 65642
1.27022 81004

1.43 1.27717 11854
1.44 1.28407 56658

1.45 1.29094 13902
1.46 1.29176 82094
1.47 1.30455 59767
1.48 1.31130 45473
1.49 1. 31801,47788

1.50 1.32468 35312
(-61

L 4
)5

C1(s1

0. 33740
0. 34273
0. 34793
0. 353100
0. 35793

0. 36273
0. 36741
0. 37196
O. 37638
0. 38069

0. 36487

0.
3889

49208
3

0. 39671
O. 40043

0.40404
0. 40754
0.41093
O. 41421
IL 41738

0.42045
0. 42342
O. 42629
0. 42906
0. 43172

0. 43430
0.43677
0. 43915
O. 44144
0. 44363

0. 44573
0. 44775
0.44967
0.45151
0. 45326

0. 45492
0. 45650
0. 45100
0. 45941
0. 46075

0. 46200
11. 46318
O. 46427
0. 46529
0. 46624

0. 46710
0. 46790
0. 46862
0. 46927
0. 46904

0.47035
r(-5)21
L a

Ei(11)

39229 1. 89511 7816
82254 1.92230 1085
.65405 1.94948 71142
10067 1.97667 8325
37091 2.00387 7525

66810 2.03108 7184
19060 2.05830 9800
13201 2.08554 7825
68132 2.11280 3672
02312 2.14007 9712

33774 2.16737 8280
Sq142
58645

2.19470
2. 22205

1672
2152

86134 2.24943 1949
. 79090 2.27684 3260

53647 2.30428 8252
25593 2.33176 9062
10390 2.35928 7800
23185 2.38684 6549
78816 2.41444 7367

91829 2.44209 2285
76482 2.46978 3315
46760 2.49752 2442
16379 2.52531 1634
98802 2.55313 2836

07240 2.58104 7974
54665 2.60899 8956
53815 2.63700 7673
17205 2.66507 5997
57130 2.69320 5785

85675 2.72139 8880
14723 2.74965 7110
55955 2.77798 2287
20863 2.80637 6214
20753 2.83484 0677

66752 2.86337 7453
69811 2.89198 8308
40711 2.92067 4997
90071 2.94943 9263
28349 2.97828 2844

65851 3.00720 1464
12730 3.03621 4843
78995 3.06530 6691
74513 3.09448 4712
09014 3.12375 0601

92094 3.15310 6049
33219 3.11255 2741,
41732 3. 21209 2353
26848 3.24172 6566
97667 3. 27145 7042

63172 3.30128 5449

252

f(-5)11
L j

1/140
0.21938 3934
0.21574 1624
0. 21217 1083
0. 20867 0559
0.20523 8152

O. 20187 2813
0.19857 2347
0..19533 5403
0.19216 0479
0. 18904 6118

0.18599 0905
0.18299 3465
0.18005 2467
O. 17716 6615
0. 17433 4651

0.17155 5354
0.16882 7535
0. 16615 0040
O. 16352 1748
0.16094 1567

0.15040 8437
0.15592 1324
IL 15347 9226
0.15108 1164
0.14872 6188

0.14641 3373
O. 14414 1815
0.14191 0639
0.13971 8989
0.13756 6012

IL 13545 0958
0.13337 2975
O. 13133 1314
0. 12932 5224
0.12735 3972

IL 12541 6844
0.12351 3146
0.12164 2198
0. 11980 3337
0. 11799 5919

0. 11621 931 3
0.11447 2903
0. 11275 6090
0.111 8287
0. 10940 892 3

0.10777 7440
0.10617 3291
0.10459 5946
0. 10304 4882
0.10151 9593

0, 1 0001 9582
r(-

5
6)91



.? .

Eicrearria prisms. AND ISLAM IUNCIION0 241

SINE.1XISINE AND EXPONENTIAL L INTEGRALS

a MO)

1. 33131
1.32468

1.33790
1. 34445 45453
1.35096 50245

L 50
1.51
1.52

54
L S3
1.

1.55
156.
1. 57

59
1. 58
1.

1.60

62
1. 61
1.
1.63
1.64

1. 65
1.66
1.67

1.
1. 68

69

170.
1. 71
1.72
1. 74 3

1. 7

1.
1. 75

76
1.77
1.78
1.79

1.80
1.81
1. 82
1. 83
1.84

1.
1. 85

86
1.87
1.89

1.90
1.91

93
1. 92
1.
1.94

1.93
1.96
1.97
1.98
1.99

2.00

1.13743 sun
1. 36)06 54103
1. 37025 50823
1.37660 41275
1.38291 27345

1.38918 04859
1.39540 73666
1.40159 32640
1.40773 80678
1.41384 16698

1.41990 39644
1.42592 48482
1.43190 42202
1.43784 19816
1.44373 80361

1.44959 22897
1.45540 46507
1.46117 50299
1.46690 33404
1.47258 94974

1.47823 34189
1.48383 50249
1.48939 42379
1.49491 09830
1.30018 51872

, 1. 50581 67803
1. 51120 56942
1.51635 18633
1. 52183 52243
1.52711 57165

1.53233 32813
1.53730 78626
1.54263 94066
1.54772 78621
1.55277 31800

1.55777 53137
1.56273 42192
1.56764 98545
1.57252 21801
1.57735 11591

1.58213 67367
1.58687 89407
1.59157 76810
1.59623 29502
1.60084 47231

1.60,41 39768
(-min

4

co)
0. 47035 6)172
0. 47079 32232
0.47116 13608
0. 47146 15952
0. 41169 47815

t 47186 17642
0. 471% 33785
0. 47200 04493
0, 47197 37932
.0. 47188 42166

0. 47173 25169
0. 47151 94840
0. 47124 50984
0. 47091 25325
O. 47052 01307

O. 47006 95096
0. 46956 13580
0. 46899 64372
0. 46837 54812
0. 46769 92169

0. 46696 83642
0. 46618 36339

46534 57385
0. 46445 53716
O. 46351 32286

O. 46251 99967
O. 46147 63568
0. 460311 298)9
0. 45924 05471

45804 97097

0. 45681 11294
O. 45552 54585
0. 45419 33436
0. 45281 54262
0. 45139 23427

O. 44992 47241
& 44841 31966

44603 83813
O. 44526 08949
0.44362 13486

0.
444 349
4402191 805005

7

43845 63991
43663 46388

00.. 43481 30088

0.43293 44941
0. 43101 72752

4106 272
(0.429707 1427118)
0.42504 39391

1 42298 08288
rc-minj

Table 5.1

UAR A)
3.3012 5449 0. 10001

O9582

3.33121 3449 0.09854 4365
3.36124 2701 0.09709 3466
3.39137 4858 0.09566 .6424
3. 42161 1576 '0. 09426 2786

3.45195 4303 0.09288 2108
3.48240 5289 0.09152 3960
3.51296 5580. IL 09018 7917
3.54363 7024 0. 08887 3566
3.57442 1266 0. 08758 0504

3.60531 9949
3.63633 4719
3.66746 7221
3.69871 9099
3.73009 1999

3.76158 7569
3.79320 7456
3.82495 3310
3.85682 6783
3.88882 9528

3.92096 3201
3:95322 9462
3.98562 9972
4.01816 /6395
4.05084; 0400

4.08365 1659
4.11660 7847
4. 14970 4645
4. 18294 ,3736
4.21631 2809

4.24986 7557
4.28353 1681
4.31738 6883
4.35137 4872
4.38551 7364

4. 41981 6080
4.4557 2746
4.48888 9097
4.52366 6872
4.55860 7817

4.59371 3687
4. 6242
4. 2 7249
4. 7 3 8485
4.73582 1734

4.77177 0785
4.80791 1438

84422 1501
4.88071 0791
4.91738 1131

4.93423 4336
r(-5)21
L 4 j

253

0. 08630 8334
0.08505 6670
0.08382 5133
0. 08261 3354
0..08142 0970

0.08024 7627
0.07909 2978
0. 07795 6684
0. 07683 8412
0.07573 7839

O. 07465 4644
0.07358 8518
0. 07253 9154
0. 07150 6255
0.01048 9527

0. 06940 8685
0.06850 3447
0. 06753 3539
0.06657 8691.
0.06563 8641

0.06471. 1129
0. 063N 1903
0. 06290 4715
0.06202 1320
0. 06115 1482

0.06029 4%7
0.05945 1545
0. 05862 M4
0. 05780 3091
0.05699 7623

0.03620 4378
0.05542 3149
0. 05465 3731
0.05389 5927
0. 05314 9540

6.05241 4380
0. 05169 0257
0. 05097 6988
0.0502 4392
0. 04958 2291

0.04890 0511

C(L 4

Lis

MIO



Table LI

1112PONENTIAL unsoRAL AND MAUD FUNCTIIONS

SINE, COSINE AND EXPONENTIAL INTEGRALS

Si(s)
9768

86362
48272
74818
55008

01734
44505
20765
65891
01946

2.0 1.60541
2.1 1.64869
2.2 1.18762
2.3 1.72220
2.4 1.75248

2.5 1.77852
.2.6 1.80039
.2. 7 1.81821
2.8 1.83209
2.9 1.84219

3.0 1.84865
3.1 1.85165
3.2 1.85140
3.3 1.84808
3.4 1.84191

3.5 1.83312
3.6 1. 82194
3.7 . 1.80862
3.8 1. 79339
3.9 1. 77650.

4.0 1. 75820
4.1 1. 73874
4.2 1. 71836
4.3 1. 69731
4.4 1.67583

4.5 1.65414
4.6 1.63246
4.7 1.61100
4.8 1.58997
4.9 1.56955

5.0 1.54993
5.1 1.53125
5.2 1.51367
5. 3 1.49731
5.4 1.48230

5. 5 1.46872
5.6 1. 45666
5. 7 1.44619
5.8 1. 43735
5.9 1. 43018

6. 0
6. 1
6.2

4
6. 3
6.

6. 5
6. 6
6.7
6. 8
6.9

25280
93077
08970
07828
39833

53987 .

811b6
16809
03540
13604

31389
36265
85637
98507
39594

04144
03525
51718
52782
89381

12449
32047
09468
50636
00826

40727
83847
75285
91823
43341

1.42468 75513
1. 42086 73734
1. 41870 68241
1.41817 40348
1.41922 29740

1. 42179 42744
1.42581 61486
1. 43120 53853
1. 43786 84161
1.44570 24427

7. 0 1.45459 66142

C( 7 J
4)51

Mx) ze-411(x reqi(x)
0.42298 08288 1.34096 5420 0.72265 7234
0.40051 19878 1. 37148 6802 0.73079 1502
0.37507 45990 1.39742 1992 0.73843 1132
O. 34717 56175 1.41917 1534 0.74562 2149
0.31729 16174 1.43711 8315 0.75240 4829

0.28587 11964 1.45162 5159 O. 75881 4592
0.25333 66161 1.46303 3397 0.76488 2722
0. 22008 48786 1. 47166. 2153 0.77063 6987
0. 18648 83896 1.47780 8187 0.77610 2123
0. 15289 53242 1. 48174 6162 0.78130 0252

0.11962 97860 1.48372 9204 0. 78625 1221
0.08699 18312 1. 483,8 9691 0.79097 2900
0. 05525 74117 1.4824 0191 0. 79548 1422

+0.02467 82846 1.48017 4491 0.79979 1408
0.00451 80779 1.47646 8706 O. 80391 6127

V.

-0. 03212 85485 1.47178 2389 O. 80786 7661
-0. 05797 43519 1.46625 9659 0.81165 .7037
-0. 08190 10013 1.46003 0313 0. 81529 4342
- 0.10377 81504 1.45321 0902 0. 81878 8821
- 0.12349 93492 1. 44590 5765 O. 82214 8967

- 0.14098 16979 1.43820 8032 0.82538 2600
-0. 15616 53918 1.43020 0557 0.82849 6926
- 0.16901 31568 1.42195 6813 0. 83149 8602
-0. 17950 95725 1. 41354 1719 0.83439 3794
-0. 18766 02868 1.40501 2424 0. 83718 8207

- 0.19349 11221 1.39641 9030 0. 83988 7144
- 0.19704 70797. 1.38780 5263 O. 84249 5539
- 0.19839 12468 1.37920 9093 O. 84501 7971
- 0.19760 36133 1. 37066 3313 0.84745 8721
- 0.19477 98060 1.36219 6054 0.84982 1778

- 0.19002 97497 1. 35383 1278 0.85211 0880
-0. 18347 62632 1. 34558 9212 0. 85432 9519
- 0.17525 36023 1. 33748 6755 0. 85648 0958
-0.16550 59586 1.32953 7845 0. 85856 8275
- 0.15438 59262 L 32175 3788 0. 86059 4348

-0.14205 29476 1. 31414 3566 0.86256 1885
- 0.12867 17494 1.30671 4107 0.86447 3436
- 0.11441 07808 1.29947 0536 0. 86633 1399
-0. 09944 06647 1.29241 6395 O. 86813 8040
-0. 08393 26741 1. 28555 3849 0. 86989 5494

- 0.06805 72439 1.27888 3860 0.87160 5775
-0. 05198 25290 1.27248 6357 0.87327 0793
-0. 03587 30193 1.26612 0373 0. 87489 2347
- 0.01980 82206 1.26002 4184 0.87647 2150
4. 00418 14110 1.25411 5417 0.87801 1816

0. 01110 15195 1. 24839 1155 0.87951 2881
0.02582 31381 1. 24284 8032 0. 88097 6797
0. 03985 54400 1.23748 2309 0.88240 4955
0. 05308 07167 1.23228 9952 0.88379 8662
0. 06539 23140 1. 22726 6684 O. 88515 9176

0.07669 52785 1.22240 8053 0.88648 7675

L( s j4)41 [( )eL( 8)8]

254



a

70.
7. 1
7. 2
73
1.

EEPONSITTIAL INTEGRAL AND RILATRD FUNCTIONS

ISM EOSINS AND BEFONIMIAL INTEGRALS

L 47500

I.= 4703

7.5 L
I. 9uN

Ignir
7. 6 7%4
7. 7 L 92381
7. 0 74_NI
7.9 L 10m
L 0
O. 1
8.

11.

11.

4

a5
11. 6

11. 7I
8.9

0(s)

Lin al kmg
BB "snv

uoits 0. 0607 Ube

L.64Wm1. 0.

1.65379
1.65,93 0.

9.0 1.66504 00758 LOOM 75513
9.1 1.61 430% 0.0006 93 _6
9.2 1.6 94410 , . USE 3;

9.4 1.67472 WM 0.01325 4187
9.3 1.67

9. 5 *O. OM/ WM
9, 6 4. 00770 70361
9.7 4. 017410 40977
9, 4 -aunt 91111
9. 9 4. 09676 19963

44 Nr-Vir

I. 67446 33413
61n5

1. 67%4
1.66756 96169
1.66938 40566

10. 0 1.65034 75942

L( 7 J

s-
0300
0.095
O. 090

0.
O.

080
085

0.
010O.

0.
0. 065

060
0.053

0..030
0, 045
0. 040
0.035
0.030

0,
0. 025

020
0.015
0.010
0.005

s. -681(s)
nue n
21170 9so471

L 3

Lila 6264
L 2 MI

1 345001

L
L I

0

3

I. ISM 7934

1. I 7907
I1SW

O W
2509

LI7524 6616

76
1.1Ir49

635/ 76

LMO)
6526`

ly 9354
247

11.13 2990
6

1.15526 5719

1.15215 909
I45792

4251
1.14968 9009
1.14347 len

- 1.14192 9416
1. 19923 6185
L DUO 9529
I. 13524 1130

. 1.19992 8746

1.19147 0205

L( 5
-5)51

L

Table 3.1

*PAW

UM
08648 7675

O. 5294
811905 3119

:13113

0. C04
on

97 9666
0.1116011

0
8797

11117 4302

0.
11SU99)0.27 MU

O. 98029 7306
0. 90129 6033
0.90227 4695

0.90329 9900
O. 911417 4220

I.
90509 621.
WM 0459
90688 7415

0.
0. 90775 7602

901161 1489
0. 90944 9530
O. 91027 2177
0. 91107 91150

0. 91107 2938
0.91265 1097

91941 7043
0. 91416 0766
0. 91490 7410

91563 3339
r(-6)41L 4 j

Table 3.2

SINE, COSINE AND SZIPONENTIAL INTEGRALS TOR LARGE ARGUMENTS

11(9)
0. 9:3 0351

9105 4427
O. 9171
0. WO 1
O. 910119 9407765

0.
O. 9198940 118

99070 0244
O. 99193 9695
0. 993011 2612
0.99415 HU

0. 99514 005SOD 2
0. 99604
0.99605 0722
0. MU 4M
0. 99811 0937

0.312079995i 1207
0. 99980 0299
O. 99995 0015

0.000 1.000000 Nos
r(-

s )11

-JO)

-1
2

See Slum* 3.

7

sPes)

0.
0.94885 39

95523 18
0,93748 44
0.%160 17
0.96557 33

0.969%
0.97302 98
O. 97649 79
0.

V97976
47

0. OID 17

0:9900
24

11: ri906ll 53

O. 99469 37

0. 99629 57
0. 99 09

MO
76 1

60

0.
11.

of99985

se--41(s)
1.13141 021
1.12249 671
1.11319 377
1.10564 799
1.09773 775

1.09014 007
1.01203 OM
1. 07811 ON
1. M96
1. 06236 954865

1.05595 391
1.14972 640
1, 04366 194
1.03775 135
1.03191 303

fps

410
I.

7
627

1.00305 077

warns) cs>
10
11

12
11

19

13
14
15
17
18

0.95437 09099 20
0.95058 410141 22

::::111
74711 25

29
O. 97165 49596 33

0. 91563 33394

0.0.992222993

68286
92293 15844
92660. 5

4
90998

O. 9904 09399

0.99817 f/4.6
0. 99817 42450
0.94213 92406
0.94.14 56670
0. 951122 55126

0. 9/616 46031 40
0. 98075 54965 50
0.911543 011113 67
O. 99019 snel /00
0.99504 92646 200

Lopppp 1.007.04100

1 j
z CM -Ai do z-P(.P) %Le

<x-aemost integer to

255



IDCPONDIMAL INTIORAL AND MAUD ruminate

Tole 5.3 SINE AND COSINE INTEGRALS FOR ARGUMENTS Fs

s SIM
0.0 0.001100 00
0.1 0.31244 18
0.2 0.61470 01
0.5 489718 92
0. 1.15147 74
0, 5 1. 3M6 22
O. 6 1. SIM 35
087 1.68729 94
0.8 1.78166 12
0. 9 1.83523 65

1.0 1.85193 70
1.1 1.83732 28
1.2 1.79815 90
1.3 1.74191 10
1.4 68
1. 5 1. 7 27
1.6 I. 96
1.7 1.49103 51
1.8 1.45072 37
I.9 1.42621 OS

2.0 1.41815 16
2.1 1.42369 13
2.2 1.44667 38
2.3 1.47794 03
2.4 1.51568 40
2.5 1.55583 10
2.6 1.59441 60
2.7 1.62792 16
2. 8 I. 65555 62
2.9 1.66945 05

3.0 1.67476 18
3.1 1.66968 II
3.2 1.68535 02
3.3 1.63369 82
3.4 1.60721 88
3.5 1.57870 92
3.6 1.53099 62
3.7 1, 52667 *9
3.8 1.50788 19
3.9 1.49612 20

4.0 1.49216 12
4.1 1.49599 24
4.2 1.50687 40
4.3 1.52343 40
4.4 1.54382 74
4.5 1. 56593 04
4.6 1. 58755 15
4.7 1.600664 04
4.8 1.62147 45
4.9 1.63080 69

5.0 1.63396' 48

Wee)
0.00000 00
0.02457 28
0.09708 67
0.21400 TS
O. M970 10

S
5.0
5.1
5.2
5.3
L 4

0. 55679 77 5.5
0. 76666 63 5.6
O. 98995 95 5.7
1.21719 42 5.8
1.4" 68. 5.9

1.64827 75 6.0
1.83737 48 6.1
2. 00168 51 / 6. 2
2.13821 22 6. 3
2.24595 41 6. 4
2. 32911 82 6, 5
2.38040 96 6, 6
2.41370 98 6.7
2,43067 75 6. 8
2.43680 30 6. 9

2.43765 34 7.0
2.43844 23 7.1
2.44363 73 7.2
L 45676 95 7.3
2.48004 47 7.4
2.51446 40 7.5
2.55975 53 7.6
L 61452 59
2. 67647 93 .

7.7
7. 8

2.74269 41 7. 9

2.80993 76 8.0
2.87498 49 8.1
2.93491 77 8.2
2.98737 63 8.3
3.03074 73 8. 4
3.06427 25 8.5
3.08807 51 8.6
3.10310 38 8.7
3. 8.811100 "133.1193

8. 9 '

L 11435 65 9.0
3.11475 02 9.1
3.11746 60 9.2
3.12441 61 9.3
3.13699 91 9.4
3.15595 79 9.5
3.18134 84 , 9.6
3, 21256 74 9.7
3.24843 85 9.8
3.28734 92 9.9

3. 32742 23 10. 0
V 11

Si(ex) Cin(ve)
1.63396 48 3.32742 23
1.63088 98 3.36670 50
1.62211 92 3. 40335 81
1.60871 21 3.43582 68
1.59212 99 3.46297 82
1.57408 24 3.48419 47
1.55635 75 3.49941 45
1.54064 82 3,50911 89
1.52839 53 4. 51426 49
1.52065 96 3.51619 81

1.51803 39 3.51647 44
1.52060 20 3.51674 38

3. 51857 251, 52794 77
1.53921 04 3, 52330 06

1, 56843 12
1.55338 17

3. 54500 55
3. 53192 30

I. 58344 97 3.56264 55
1.59679 62 3. 58447 72
1.60723 30 3.60972 10
1.61383 85 3.63727 15

1.61608 55 3.66581 26
1: 61388 08 _3.69395 OS
1.60756 18 3.72034 97
1.59785 21 3.74385 98
1.58478 13 3.76362 13
1, 57257 88 3.77914 01
1.55954 96 3.79042 64
1.54794 81
I. 53885 84 3. 31 21

3. 22

3.80274 911.53309 SJ

1.53113 13 3.80295 56
1.53306 26 3.80315 83
1.53860 67 3.80453' 88
1.54713 99 3.80812 16
1.55776 52 3.81467 97
1.56940 54 3.8246 68
1.58091 06 3.8381 13
1.59117 06 3.85496 61
1.59922 11
1. 60433 29

3.97444 OS
3. 89576 32

1.60607 69 3.91792 84
I. 60435 85 3.93984 77
1.59942 00 3.96047 61
1.59180 91 3.97890 22
1.58232 00 3.99443 58
1.57191 16 4.00666 94
1.56161 12 4.01351 22
1.55241 46 4.02119 22
1. 54519 00 4.02422 80
1.54059 74 4.02537 29

1. 53902 91 4. 02553 78[11 [(11
cio.).-rfin ,+in .-Cin(u) v +In -1.72194 55508

Ws') are Ma= values of Si(s) If II>0 is odd, and minimum values if *>0 is eves

Ci Re+1) *laze MilliMUM values of Ci(s) it *xi is even, and minimum values if s>0 je

1:2111[1 _ova 1.... ] (1.4.)odd. We have

ga+Dr4+6$41 (*1115+(41/t4 .1(".)
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UPONNINTIAL prricaug, AND Bil1422D Fusonass

EXPONENTIAL INTEGRALS X (s)

8,(f) -x Is s is(s)
0. 00 1. 00000 00
o. 01 0. 99572 22

0. 50000 00
O. 49027 66

0.02 0.99134 50 0.48096 83
0. 03 0. 98686 87 O. 47199 77
0.04 0.98229 39 0.46332 39

0.05 0. 97762 11 0.45491 88
'0. 06 0. 97285 08 0.44676 09
0. 07 0.96798 34 0.43883 27
,0.08 0.96301 94 0. 43111 97
0.09 0.95795 93 O. 42360 96

0.10, 0.95280 35 0.41629 15
0.11 0.94755 26 0. 40915 57
0.12 0. 94220 71 0. 40219 37
0.13 0.93676 72 0. 39539 77
0.14 0.93123 36 0. 38876 07

0,15 0. 92560 67 0. 38227 61
0.16 0.91988 70 0.37593 80
0.17 0. 91407 48 0. 36974 08
0. 18 0.90817 06 0.36367 95
0.19 0.40217 50 0. 35774 91

0.20 0. 89608 82 0.35194 53
0.21 0.88991 09 0. )4626 38
O. 22 0.88364 33 Q. 34070 OS
0.23 0. 87728 60 O. 33525 18
0. 24 0. 87083 93 O.32991 42

0.25 0. 86430 17 0. 32468 41
0. 26 0.85767 97 0. 31955 85
0. 27 O. 85(196 76 0.31453 43
0. 26 0.84416 78 0. 30960 10
0.29 0. 63728 08 0, 30477) 87

0.30 0. 83030 71 0. 30004 18
0.11 0.82324 69 0. 29539 56
0. 32 0. 81610 07 0. 29083 74
0. 33 0.80886 90 0:28636 52
0.34 0. 80155 21 0. 28197 65

0. 35 0. 79415 04 0.27766 93
0.36 0. 78666 44 0. 27k14 16
0.37 O. 77909 43 "0. 26U9 13
0.38 O. 77144 07 0.26521 65
0. 39 0. 76370 39 0. 26121 55

0.40 0.75588 43 0.25728 64
0. 41 0.74798 23 0.25342 76
0.42 0.73999 82 0. 24963 73
O.43 0. 73193 24 0.24591 41
0.44 0.72378 54 0.24225 63

0.45 0. 71555 75 23866 25
0.46 0.70724 91 0. 3513 13
0.47 0.69886 05 O. 166 12
0.48 O. 69039 21 O. 5 08
0. 49 0. 68184 43 O. 22 90

0.30 0.67321 75 0. 22160 44

[ 3
(-- 01]

[(
See Examples L6.

E00
0.33333 33
0. 32838 24
O. 32352 64
0. 31876 19
0. 31408 55

0. 30949 45
0.30498 63
0.30055 85
O. 29620 89
0. 29193 04

0. 28773 61
0. 28360 90
O. 27955 24
O. 27556 46
0. 27164 39

0. 89
0. 399 79

26 96
OO..

2
25660 26

O. 25299 56

0.24944 72
0.24595 63
0.24252 16
O. 23914 19
0. 23581 62

0.2)254 32
0.22932 21
O. 22615 17
0. 22303 11
0.21995 93

0. 2103 52
0. 21395 81
0.21102 70
8.20814 11
0.20529 94 -

040250 13
174 58

00..19703 22
0.19435 97
0.19172 76

0.18913 52
0.18658 16
O. 1406 64
0.1881:4 87
0. 17914 79

0.17674 33
0.17437 44
0.17204 05
0.16974 10
0.16747 53

0. 16524 28
( 601L 4

Su(s)
O. 11111 11
0.10986 82
0.10863 95
0. 10742 46
0.10622 36

0.10503 63
0.10386 24
0.10270 18
0:10155 44
0.10042 00

0.09929 84
0.09818 96
0.09709 34
O. 09600 95
O. 09493 80

O. 09387 86
0.09283 12
0. 09179 56

' 09077 1
980. 08975 5

0.08875 87
O. 08776 93
O. 08679 10
O. 08582 38
0. 08486 75

O. 08392 20
O. 00298 72 ,
.0.08206 30
O. 08114 92
0. 08024 57

O. 07935 24
O. 07846 93
0. 07759 60
0. 07673 27
O. 07587 90

0. 07503 50
0.7420 06
0. 07337 55
0. 07255 97
0. 07175 31

0. 07095 57
0. 07016 71
0.06938 75
0. 06861 67
O. 06785 45

O. 06710 09
O. 06635 58
0. 06561 91
O. 06489 07
O. 06417 04

0. 06345 83
r(-6)21L 3 j
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Table 5.4

Bs)
0. 05263 16
0. 05207 90
0. 05153 21
0.05099 11
O. 05045 58

0. 04992 60
0. 04940 19
0. 04888 33
0.04837 02
0}.04786 24

O. 04736 00
0. 04686 29
0. 04637 10

04588 43
04540 27

it 04492 62
04445 47
04398 82

0 04352 66
04306 98

0, 04261 79
0.04217 07
O.
O

72
.

0
04141

82
29 03

O. 04085 71

0.04042 85
0.04000 43
043958 46
0. 03916 93
O. 03875 84

0. 03835 18
O. 03794 95

07 15
0O.: 0337155

0
76

O. 03676 78

0.03638 22
0$600 06

0. 033524
95

M 31
O. 03524
0.03487 98

0103451 40
O. 03415 21
0.033'/9 39
0.03543 96
0.03308 89

0. 03274 20
0. 03239 17
0.03205 90
0. 03172 29
0.03139 0?

0. 03106 12

P-793



Table 6.1

1XPONENTIAL =mum AND MATZ]) manors
EXPONEMAL INTEGRALS BA(s)

s
0.50
0. 1
O. 552

0.
O. 53

54

0.
0. 35

56
0.57
0.
0.59

0.60
0.61
O. 62

630.
0. 64

0. 65

O.
O. 66

67
0.
O. 6689

O. 70
O. 71
0. 72
0. 73
O. 74

0.75
0.76
0. 77
078.
0. 79

.0.80
0. 1
0. 882

0.83
0.84

0. 85
0. 86

87
0O.. 88
0.89

0.90
0. 92 1
0. 9

93
OO.. 94

0. 95
O96.

0.
O. 97

98
0.99

1.00

0.
O.
0.
0.
0.

0.
0.29511
0.
0.28545
0.

0.
0.
0.26727
0.
0.25871

0.
0.23048
0.24648
0.
0.23872

0.
0.22761
O.
0.22054

0.21711
0.
O.
O.
O.

0.
0.19777
0.
0.19178
0.

0.18599
0.18318
0.18041
0.17769
0.

0.17240
0.
36728

O0.

0416234

0.15994
0.11757
0.
0.15295
0.15070

O.

is(*) RA(S) 8.(s)
32 0.22160 44 0.16524 28
32x10 0. 21836 57 0.16304 30
31568 63 O. 21518 18 0. 16087

3873
53

31038 07 0. 21205 16 O. 1
30518 62 0. 20897 59 0.15663 41

30009 96 0. 20594 75. 0.15435 96
79 0.20297 15 0. 15251 5

00
0

29023 82 0. 20004 48 0. 15450
78 0.19716 64 0.14851 39

28077 39 0.19433 53 0.14655 65

27618 39 0.19155 06 0.14462 71
27168 55 0. 18881 14 0. 14272 53

61 0.10611 66 0.14085 07
26295 35 0.18346 56 0.13900 28

54 0:18083 73 0.13718 13

25455 97 0. 17829 10 0.13538. 55
44 0. 17576 98 0. 13361 53
74 0. 17)28 10 0. 1)187 01

24256 67 0.17083 58 0.13014 93
06 0. 16842 94 032845

21404 71 0.16606 12 0.12678 08
23124 46 0. 16373 03 0. 213 1

6914 0. 16143 60 0.
1
123350 1

22404 57 0.15917 78 0. 12190
2461 0.13695 49 0. 12032

09 0.15476 67 0.11876 38
21373 80 0.15261 25 031722 70
21042 82 033049 17 0, 11571 15
20717 77 O. 14840 37 O. 11421 70
20398 60 0.14634 19 O. 11274 SS

20085 17 0.14432 38 O. 11129 00
36 0.14233 07' 0.10985 67

19475 04 034036 81 0.10844 33
10 0.13843 55 0. 10704 93

18886 41 0.13653 24 4.10567 44

06 0.13465 81 0. 10431 85
33 0.13201 22 0. 10298 12
73 0.13099 43 0.110166 22
94 0, 1292 0 37 0. 1006 12

17502 0. 1 2744 01 0. 09907 80

41
8.
O. 097 81

39
23

0.
0. 1237 SO

16982 47 12399
0

19 09656
95 0.12230 63 0. 0903 24

16479 77 0. 206 4 0. 09411 77
00.11901 059282 O. 09291 14

04 0.11739 U 0.09173 74
32 011581 13 O. 09057 13

15524 59 0.11424 72 O. 0042 11
70 0.11270 63 081128 69 3
79 0.11118 80 O. 08716 6

14849 55' r10969 20 O. 8606 25
-501 r0(-8)1

4 3 L a
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.

Eros) ilso(s)
0. 06345 83 0. 03106 12
0.06275 42 0. 0073 56
0.06205 80 0.3041 34
0. 06136 96 0. 03009 46
0. 06068 89 O. 02977 91

O. 06001 59 0.02946 79
0.03935 05 0.02915 81
O. 05069 25 4, 02885 25
0. 03804 19 0. 02855 01
O. 05739 86 0. 02825 08

0. 05676 26 0. 02795 48
0. 05613 36 4. 02766 18
0. 05551 18 0. 02737 19
0. 05489 69 O. 02708 50
0. 0428 89 0. 02680 12

O. 05368 77 0.02652 04
0. 05309 33 O. 02624 23
0. 05250 55 O. 02596 75
0.05192 43 O. 02569 54
O. 05134 97 0. 02542. 62

0. 05078 15 O. 0251.5t 98
.0. 03021 96 0. 02489 62
O. 04966 40 0. 02463 53
0. 04911 47 O. 02437 72
O. 04857 15 0. 02412 19

0. 04803 44 0. 02386 92
O. 04750 3$ O. 02361 91
0.04697 81 0. 02331 17
0. 04645 88 0. 02312 69
O. 04594 53 O. 02288 46

0.04543 76 0.02264 49
O. 0449) 56 0. 02240 78
0. 0444 3 91 0. 02217 31
0. 0094 82 0.02194 08
0. 04346 28 O. 02171 11

0. 04298 29 0. 02140 37
0. 04250 82 O. 02125 87
0. 04203 89 O. 02101 61
0. 041
0. 04111

37
6490

O. 02081
0. 02059

58
78

O. 04066
0. 04021

22
35

0. 2038
0. 002016 821

0. 007 6 98 0. 01995 75
0.,03933 11 O. 01974 86
0. 03809 73 0. 01954 18

0, 0384 83 0, 01933 72
0. 038464 41 0. 01913 47
0. 0370 46 0. 0189) 44
0. 03720 98 0. 0187) 62
0. 01679 96 0. 01834 01

0.03639 40 0. 01834 60
( -0L 3)11

141
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Table 14

1. 60

61
1. 61
1.
1463
1. 64

1. 43

Liz
66
67

1.69

1. 70
71

11.. 72
1.3
1.

7
74

76
1. 73
1.
1. 77lall
1. 79

1.110
1. 81
1. 82

1.
1. 01

84

1. 83
1.
1. 87

86

1.
1. N.

89

1.90
1.91
1. 92
193.
1. 94

1. 95

1.97
1. 98
1. 99

2.00

O. 0630 SI
O. 46M 64
0. 0620 20
11. 06116 91

06044 97

0. 05964 13

O.
94

721 34
01651 16

0.0077 06
0.05302 94
O. 05419 IN
0. 03317 86
0. 09206 86

0. 0$216
O. 0147 88
0. 05079 116
0.05012 SI
0. 04946 70

0. 048111 33
00.04817 27
0. 04753 92
0.
0. 6404691619 8467

O. 04589
28

4344 13
0.11
0. 04440 24
O. 04392 03
0..04334 63

0. 04278 03
o. 04212 21

nrotarrnm. INTEGRALS So(s)
1:40) 114(z)

t. II O. 04060 23

0. rA04101 $1 t7/ 0921 $6
0. 04742 13 0. 03873 64

O. MN 09

O.
.ttaar,

04506 73
0. 04449 81

OM 0
003$ n

O.
t.CM

04176 45

:444141

LMO.

I 51
03920 71

O. 0171 57
0. 03823

gfr

OS

0. 03775 22

0.
0720
03601

-O. S
P
40

UM
Vag
0. 01414 )0
0. 03371 00

0. 04167 10 O. OM 06
0. 04112 9: 0. 03288 46
O. 04039 38 O. 03247 59

0. 04006 60 0. 03307 27
1 03934 53 O. 03167 46
0. 03903 n 0.0128 27
0.0/1143 59. 03089 39
0. 01002 67 0. 03031 12

0. 03013 34
r(-44 rc-opri
L 8 L

0. P6
u
06

O. 03688 70
O. 03643 92

0. 0$399 70

0.

0. 04
0. 033 2

34
04%
03%6

00.. 03)0 8846

0. ONES 44
0. 0215 90

0. 01187 02
0. 03148 35
0.11311 36
0. 030701 04
O. 03035 99

01999 41
. 0

0.
. 0290 28

O. 0292 61
U
7

311I 0. M
0. 03857 59

0.
(1.

30282

79

23
02719 10

11. 02733
0. 02722 70
0. 02694 02.

0.02637 73
0. 026/9 01
0. 02394 40
O. 02463 31.
0. 02532 61

0. 02502 28

lio(s)

0. 010
0104

5
22
68

01835 38
30

0. 01793

0. 01775 79
0.017% 37
0. 01737 16
0. 01110 16
0404 37

0. 01680 79

t. :66641 g
0. 011626 27

016011 50

11. 01390 92
0. 01373 54
0. 0106 34
0. 01539 $4
0. 01322 53

O. 01405 90
0. 01489 43
O. 01473 18
0. 01437 10
0. 01441 19

0. 01425 46
0. 01409 90
0.01394 51.
0. 01379 29;
0.01364 24

0. 01349 33
O. 01334 63
0. 01)20 07
0. 01303 67
0. 01291 43

01277 34
00.. 01263 41
0. 01249 64
O.cum 901236 04 1

0. 01209 21
V-37)1

E100
0.00976 24

00966 04
00933
00

93

0.
043 96

00936 07

0.00926 29
0. 00916 61
0.00907 03
0. 00897 56
0. 008118 18

O.
0. 00871148 90

000 72
0.00860 63
0.00860 64
0. 00842 74

0. 00834 94

0.
o. 011125

4
22

09E so
0. NM 07

0099 63

1
0. 30791

00783 02
28

0.00774 84
0.00766 74
0. 00738 74

0. 00750 81
0.00742 9)
0.00735 21 1
0.00727 53
0. 00719 93

O. 00712 42
0. 00704 91
0.00697 62
0.
0. 00683

00690
132

)

0. 00675 99
0.00668 9$
0.00661 93
0. 00615 04
O. 00648 20

100641 43
r(-4)11
L

Table 8.11 EXPONENTIAL INTEGRALS BR(a) FOR LARGE ARGUMENTS

7-1 (s+2)04(s) 4+100Ea(a) +0'14W
0. 50 1.10937 1.11329
0. 45 1.09790 1.1100220
0. 40 1. 08333 1.mos
0. 35 1. 07192 1. 011016
O. 30 1. 0604 1. 06808
0. 25 1. 04770 /14126
0. 20 1. 03512
0. 15 1. 02323 1.02893,
0.10 1.01140 1.01617

0.09

07
0. 00
0.
0. 06
O.

04
OS

O.
0.03
0. 02
0. 01
0.00

1.
1.

00861
01043

1. NM
1.
1. 0032

00304
8

0112511
1. 00132
1.00071
1.00019
1.00000
r(4)11

4

1.01377
1.01147
1.00927
1.00721
1.00531
1.00361
1.00217
1. 00143
1. 00027

111

Lyon
1. 10071
1. 09136
1. 08121
1. 07031
1.05160
1. 04584
1. 0247
1.01819

1.01624
1.01366

1.
1. 01116

001178
1. 00614
1. 002750451

0
i. 0013)
1. 00036

ATIL 4

(s +10)0E144 (2+20)0Ese(r) <a>
1. 07219 1. 04270 2
1. 06926 1. 04179 a
Lowe 1.04067 3
1.1161V 1. 03932 3
1. 05711 1. 03762 3
1. 031)1) 1. 03143 4
1. 44432
1.01sso

1. 0)249
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SiFONSINTIAL INTSOSAL AND DDLASSID FUNCTIONS

EXPONENTIAL INTEGRAL FOR COMPLEX ARGUMENTS
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EXPONENTIAL INTEGRAL AND RELATED FUNOTIONS

EXPONENTIAL INTEGRAL FOR COMPLEX ARGUMENTS
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0

00..019227
11905

0.021
0.01%00194

0.9411496 6,018619 0.061990 0.021233
0.969906 0.023452 0.970197 0.021712
0.971273 0.023375 0.971371 0.022073
0.972394 0,127/07 0.972808 0.022332
0.97306) 0.023760 0.974004 0.022532

0.975079 0.021842 0.975183 0.022684

EXPONENTIAL INTKRAL FOR SMALL COMPLEX ARGUMENTS Table 5.7
eiEl(4)

rx -4.0
.4" .1

-3.5 3.0 -2.5
0.0 -4.339332 -0.057540 - 0.094868 44494916 -0.156411 -0.580659 - 0.251478
0.2 -0.347179 -0.078287

.-0.420301
-0.4005% -0.119927 -0, 4149) - 0.183813 -0,370087 .0.209041

0.4
0.6

-0.171373 -0.094441
-0.318356 - 0.1126)

-0.379278 -0.141771
-0.337202 -0.15800

-0.479334 -0.1011000
- 0.3967)0 - 0.224373

-0.478101 -0.310814
-0.429918 -0.374774

0.8
1.0

-0.101109 -0.126101
-0.287369 -0.1)7768

-0.1)4913 -0.17)164
- 0.3128544184353

- 0.36470) -0.219500
-0334280 -02442)1

-0.104441 .0.332041
- 0.94)719 .0.3)4043

Ei(8)+111

9.x -2.0 1.5 -1.0 -0.5
0.0 -4.261007 0.000000 -2.893820 0.000000 1.893110 0.000000 -1,141367 0.000000

0.2 -4.219220 0.636771 -2.867070 0.462804 1.813)53 0.142700 -1.2)3)41 0.258840

0.4 -4,094686 1.160667 .2.781497 0.917127 -1.815717 0.679691 -1.091360 0.511806

0.6
0.6

- 3.890531 1.059922
- 3.611783 2.422284

-2.441121 1.334712
-2.449241 1.767748

-1.7141 1.001410
-1.304341 1,314386

-1.022911 0.761122
-0.928842 0.997200

1.0 -3.263262 2.9)7246 -2.210144 2.14907; -1.410052 1,602172 -0.811127 3,218711

rx
0.1, -0.111174 0.100000
0.2 -0.126168 0.147001

0.4 344687 0.311311
0.6 4.069124 0.46)961
0.8 -0.020143 0.610264

1.0 0.064177 0.149633

0.5 1.0
L.219)84 0,000000
0.114641 0.126210
0.240402 0.231141
0.266)36 0.373547
0.302022 0.492221
0.146856 0.6060:4

1.5
0.10445 0,000100
0.509410 0.103437
0.321111 0.205962
0.54040 0.103707
0.567061 0.404823
0.600368 0.499316

2.0
0.742090 0.000000
0.14014 0.00039knun konn
0.768490 0.236)23
0.74&.20 tmen
0.024107 MIMS

263

0
-2.0

-0.674403 -0.425168
-0,5879511 -0.431115

0.51054) -0.4 6319)-
-0.441128 -0.464167
-0.300013 -0.4516011
- 0.327140 -0.444323

0
-0.377116 0.000000
-0.567232 0.109996
-0,5174111 0,796461
-MOM 0.388128
- 9.421423 0.772095
-0,337404 0.946083

2.5
0.942206 0400000
MOW 0.077)39
0.990209 0.146246
0.96072 4210110
0.97700 0.288972
0.996699 .0.33763)
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1/r(n), 98 n1/R2r)ins+1le-", 8D

r(n+e), 88 In n*(n), 8D

n= 1(1)101
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1 National Bureau of Standards.
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26d GAMMA PUNOTION AND RIILATSD /UMW=

Table 6.8. Auxilia.7 -Functions for Gamma and Digamma Puna-*** tions (66sSet)

x1/1(2410+4-1, In l'(x)(x-11) In x+x, In-#(x)

ca=.018 (.001)0, 8D

Table 6.6. Factorials for Large Arguments.(100S*5 1000)

al, n=100(100)1000, 208

Table 6.7. Gamma Function forcomplect Arguments

In T(x+iy), x=1(.1)2,2=0(.1)10, 12D

Page

276

276

277

Table Digamma Function for Complex Arguments 288

#(a+iy), x=1(.1)2, p=0(.1)10, SD
#(1-1-iy), 10D 1

a #(1 -141).li y, ylm.11 (-111)0,
The author acknowledges the andetanee of Mary Orr in the preparation and eiseeldng of

the tables; and the andstanee of .Patricia Vagrant in checking the formulae.
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6. Gamma Function and Related FiniCtiOn8
Mathematical Properties

6.1. Cinema (Factorial) Function .

)liner's basin'

6.1.1 T(s)...10 t"s"stit (NIX

0
t"e'adt (9,2>0, a6 >0)

miner's Formula
6.1.2

nts
(fits)

°r(s)i. Vim (2.40,--1,-2, )
.

Ruler's infinite Praha*

6.1.3 rid -see'
1

sew R1-0)rem]ts 0.1 (lai<a)

1 1 1
7= lien

3
. . +--ln ni]

111-040 2 4

=.57721 36649...
't is known as Euler's constant and is given to 25
decimal places in.chapter 1. T(s) is single valued
and analytic over the entire complex plane, save
for the points s.n(n=0, 1, 2, . . . ) where it
possesses simple poles with residue (-1)sinl. Its
reciprocal 1/r (s) is an entire function possessing
simple zeros at the points a. n(n.0, 1, 2, . .).

Hankers Contour Interal
1 i r

6.1.4 Fcsj"2Trje(-0-10-2dt (131<w)

The path of integration C starts at + te on the
real axis, circles the origin in the counterclockwise
direction and returns to the starting point.

Factorial and n Notation.

6.1.5 II(s) = r(s+ 1)

Integer Values

6.1.6 r(n+ 1)=14.3 . . (ni)n=nt
6.1.7

I._ "
ENr(s) (nI)? 0, 1, 2,JUR ARM

Fractional Value.
6.1.6

r(i)-2if tresdt.re.177245 38509 ....(f)1

.)

.4

S

\:

4

3

kill'
i

o/ 4/ 4....V I ilt $ 4

.--41...

k

4

,

.

114
4

Haulm 8.1. Gamma function.

y-412), - - v-1/1"(4

6.1.9 1(3/2)==1irt=.88822 89254 . . .

6.1.10 r(n+i).115.-9.13
4"

(4n-3) r(i)

N1)=3.82580 99082 . . .

6.1.11 rot+ i).1.4.7.10 .

3*
(3n-2)

r(1)=2.87893 85347 . . .

6.1.12 Nn+i). 1.154 .

2*

6.1.13 r(n+11)..2.5.8.11

121-1) NO

( n -1)
3*

r(I)=1.35411 79394 . . .

6.1.14 Iln-1-1)0.3.7.11.15 4" (4n-1) ND

r (D.1.22541 87024 .
gke vas. u.

266
266
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'4"."'""Vayr-

OADOIA LOTION at3p/1isktAir tast Pwarta
litoeutrenee Feuer .

6.1.15 r(s+1)=.8r(s)=0,..,

6.1.16

r(11+8)..(s-1-1-s)(n-2+0) (i+s)r(i+s)

(s- 1+ s)(s-2-f-s) . . . (l+s)s!

Releetkin Perundo ,

6.1.17 r (a) r (1- s).= --sr(-4r(s) i cso irs

4i.:=Zds (0<ets<i)

Dopileoden Ponstedo

6.1.18 T(28)=1(207'4 r(s) r(s+e)

Tripliatden Persnale

6.1.19 17 (3s) no(20-'3"4 r(s)r(s+i)r(s+4)
Gouge Multiplionden Fermin&

6.1.20 ros)-(2.40-Nr-411101(11+D

comsket

6.1.22

(2)(001,

(s)eas(s+1)(s+2) .

al r(s+i)
1110-Tris mr(w+ 1) r(s--10+1)

Poebbanuner's Symbol

. . (s+n-1)s.

Gamsis remotion in the Coupler Plane

6.1.23 r(i)imsfri); In r(1)-ETCla)

6.1.24 erg r(s +1)=arg T(s)-1-arctan!

6.1.25
r(x+iy)11. 114._11-

r(z) 1 s0 (x+s)IJ

6.1.26 ir(x+iti)i Sirwi
6.1.27

erg r0+ild'rez)-1-t,C÷-itrotan

(8+400,-1,-2,
where *(s)=, vs (s)/r (s)

6.1.28 T(1-1-iy)emiy T(iy)

6.1.29 r(iy) Ir(iy) 8--i-v-v-

6.1.110

6.1.31

6.1.32 r(f+iy)r(1-4)i-loosh v
+i oink

Power Series
6.1.33

In 1(1-1-8)=2-1n(l+s)i-s(1-ri)

-11 (-1)1114)-1)e/a (Isj<2)

r(n) is the Rieman Zeta Function (see chapter
23).

6.1.34

Series Inpandono for ttr(s)

1 ,c,*

17(10.1.11"-.4'

1 1.00000 00000 000000
2 0.57721 58849 015329
3 -0. 0587 80715 k02538
4 - 0.04200 28350 340952
6 0.18863 88113 822915
8 -0. 04219 77346 555443
7 - 0.00982 19715 278770
8 0.00721 89432 488830
9 -0. 00118 51875 918591

10 - 0.00021 62418 741149
11 0.00012 80502 823882
12 -O. 00002 01348 547807
13 -0.00000 12604 934821
14 0.00000 11330 272320
15 - 0.00000 02058 338417
18 0.00000 00081 180950
17 0.00000 00050 020075
18 -0.00000 00011 812748
19 0.00000 00001 043427
.20 0.00000 00000 077823
21 -- 0.00000 00000 038988
22 0.00000 00000 003100
23 -0.00000 00000 000208
24 -0.00000 00000 000054
25 0.00000 00000 000014
28 0.00000 00000 000001

(I$sl<

I The coefileiento c are from H. T. Davis, Tables of
higher mathematical function, 2 vols., Principle Press,
Bloomington, lad., 1933, 1938 (with permission); with
corrections duo to B. E. Balser.
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6.1.35

GAMMA FUNCTION AND =LAUD FUNCTIONS

Polyaotnisl Appeedmatioass

037i
ye+ 1).A.14-ala+aszi+40+40+40+ e(a)

5X10-*

at =- .57486 48 GO= 42466 49
as= .95123 63 a, = -. 10106 78
ass= -. 69985 88

6.1.36 Oxl
r(z+1)=Ist=l+biz+bss+ . . . 4-6014-4(x)

14(n) I 5 3 X 10 -?.

?h.. 57719 1652
los= . 98820 5891
b8=-. 89705 6937
be= . 91820 6837

!h.-. 75670 4078
be. .48219 9394
by. . 19352 7818
b.= .03586 8343

: Stirling's Formula

6.1.37

1'(a) -#2,- I (2,4 + 1. 189
12s

+
288s* 518-00

571
24883200m' **j

6.1.38

xls=1/5; zi+ +eV ( -2+128)

(s -0 al<r)

(s>0, 0 <K1)

Asymptotic F011111111i84

6.1.39

r(as+b),4fre-**(as)""-1 (Ierg s1<*, a>0)

6.1.40

In T(s),(s-e) In s-s-I-4 In (2w)

(s-to in larg $l<r)2m(2ra-1)06-,

Fot B, see chapter 23
6.1.41

In r(s) (s -4) In s-s-1-4 In (21")+11-3+351

, 1 1---T.
126021

-
1680s / ( in larg sl<r)

From C. Hastings, Jr., Approximations for digital
computers, Prinoeton Univ. Press, Princeton, NJ., 1965
(with permission).

Error Tema for Asymptotic &passion

6.1.42

If

Re(1)=4 In r (s)- 0'4 In s + a } In (2,)

2,a(2:aL1)11al"

lits(01 oef.742
16+I I

then

where

257

K(s).uppereaeboundiss/(4+0)1

For a real and positive, is lees in absolute value
than the fiat term neglected and has the same
sign.

6.1.43

!Ain r(i0=aln r(--iy)

^it In (211)-1111-1111 y,

6.1.44

fin r00arg r(4)--arg (-4)
1111 fIn

(r...+4))

in ore"1/ 11-1-4114 -... (24

6.1.45 lim(204111(x+4)1401Ilifli-ins1

r ri±_5,f.a)
6.1.46 lim t0-4

*4. rot+

6.1.47

0-4112/L±C... 14.(a-bka+b-1)
r(s+b) 2a

b)(3(a+b-1)1a+b-1)17+

as s-*Is along any curve joining s =0 and a-.,
providing aro a, 0-1, ;'sot 6, 6-1,

. .
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GAMMA FUNCTION AND IIKLATIOD FUNCTIONS

Continued Fraction

6.1.48

In r(2)-1-2(2-0 In 2} In (2w)

4o at as as 44 as
s+ z+ z+ z+ s+ (aa>0)

1 1 50 195
"Tr 0'at 371'

22999 29944523 109535241009
'411822737' a0aa19733142' ° 48284275482

Wallis' Formula'
6.1.49

2 cyrysinr . (2n-1)
w J0 \cos/ 2.4.8 . (2n)

(2/41 1 /2s\ )_
=2"(nlr nravir(n+1)

I 1 1

Tint 8n 1280
. .

Some Definite Integrals

6.1.50

In r(z) r(2-1) es -e1 J
L

.(z-f) In zz+f Inlar

aret(1t
0 01-1
6.2. Beta Function

6.2.1

(n-40)

1 te-i
B(z,111)=, (1 t)*-1 dt.a. Is tit

(.0 (11-e/

=2f
WTI

(sin Os" (cos t)"'''' di
(es > 0, Shy > 0)

6.2.2
r(z)r

' r(z+oe)

6.3. Pal (Digamma) Function b

6.3.1 i(e)=diln r(z)iids= r wino
Some author' employ the special double factorial nota-

tion as follow
(2n) I I ..2.4.6 . . (2n) =.2**
(2n I) H 1.3.8 . . . (2n 1),=41,-. 2* r(a+i)

Home authors write C(s) Ira In + 1) and similarly for

the polygamma functions.

s

-41

FIGURE 6.2. Psi function.

y.:1.(x) .d In r(z) /day

Integer Values

6.3.2 C1)=-710(4)=-7+ get (ot2)

Fractional Values

6.3.3

#(}) = V -2 In 2=-1.96351 00280 21423 . . .

6.3.4

4(n+) = 7-2 In 2+2 (1+3+ -I-214-i)

(14Z1)

($

Recurrence Formulas

6.3.5 #(2+1)=11444-

6.3.6

1 1

01+0= (74-1)+8+(n-2)+2+

269
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-77 -7-77

GAMMA FUNCTION AND

Rated= Foram&

6.3.7 #(1-42#(3)+: eet
Duplication Anneals .

64.8 #(24 =IOW +.# (21+*) +ln 2

Pai Funetion in the Camplax Plane

6.3.9

6.3.10

gi4'(+9)=5 if#(-4)=914,(1+4)=91#(1iy)

#6)151,74.5

6.3.11 4f#(s11)1411-1+1 "c"

6.3.12 IC*44141=ir tanh

6.3.13 1#(1+iii)=-1+41 tooth
2V

=lig 00+0-1

Seek. Expansions

6.3.14 #(1+2)=-7+;(-1)%4)1" (fal<1)

6.3.15

#(1+4.0-1-0 cot wz(1-0)-14-1-7

Ii(24+1)-1121", (lel<2)

6.3.16

#(1-1-8)==-7+N a- (a pi 1,-2,-3,

6.3.17

80(1 + iy)= 1 7 1-Fyi1

6.3.18

(-1)*+V(2n1-1)

)

(III<2)

=-1-FeN n-4(0419-I
<V< a')

Asymptotic Formulas

B
#(10,..,in

1 r
2s 0-11 2nes

1 1=In : 1 1
;.zrrils

co in lug sl <a)

=LAM roNanovre

6.3.19

trfA L--eb-"-1)11-1132s

v+IV+12$Te++
*bah

259

Fatatanant 1r(x) Zeros of *(x)

r =1#401.to

* x. r4, )

o +1.462 +0.886
1 0.504 , 3.545
2 1.573 +2.302
3 2.611 0.888
4 3.635 +0.245
5 4.653 0.053
8 5.887 +0.009
7 8.878 . 0.001

$0=1.48183 21449 88382

T(4)3= .88580 31944 10889

64.20 n)-1+01(In n)-11

Manioc Wow&

6.3.21
8-91

#(a)= Jo

0-
1j -re
FTe sj t

=ln

6.3.22

#(44-7=1. ees d 1

0 1e- -t=sj10

1J"0 itse1 -jte )dt
1. \dt

o IT

(91's>0)

(lire al<

1
i
dt

From W. 'Aleph!, Theory and applications at the
gamma function, lwanand eyoten, Tdkyo, Japan, 1962
(with permiesks)
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GAMMA ruticnox AND anana memo
6.4. Po lyipunms Function'

6.4.1

d's dis+1
eqs) ap 0(4 maii-4-11n r(s)

(11,2,31 . )
in is

-(-1)+1,11 di (918>0)

#4*(s) ,(simil 1,1 , . . .) , is a single valued analytic
function over the entire complex plane save at
the points a= nt(nt=0,1,2, . . . ) where it pos.
NOM poles of order (4+1).

Integer Values

6.4.3

6""(1).(-1)"44(4+1) . .)

6.4.3

.")(14+1)=.(-1),xl [r(m+1)+1

fractionol Values
6.4.4

#""(i) ( l)' onl(2**,-1)t(n+1)
(n=1,2, . . )

6.4.3 fr) /11 10-4A. (2k 1)

Neenmnee Formula

6.4.6 #00(a+ 1).44*(8) (

Dlleotion foeunala

6.4.7

601)(1...o) (_1)+14,01)(o),,, oeo...4...: cot fro
da

Multiplication Formula
6.4.8

#(4)(nts)a1n nt+ict4i %Ile° (2'4)

8=1, Ass0
8 =0, n>0

knOwn as the tripMMI funetlon. #", #0, # are
the tetra-, penta, and it41401111D11 functions respectively.
Some authors write #(1)a d + 1)Uds, and similarly
far the polygararna functions.

**caw IL

271

Seeks Espsnsions
6.4.9

#(1)(1+ (-Ow" [faros+ I)

(n+1)1 -4-12)1t(n+2)s+(n
2 011+40 ]

6.4.10
(is1<1)

#"(s)se(-1)"+lig Cs-1-k)-"-

0

Asimptotie Formulas

6.4.11

#w(8)(-1)- [itig+.28161.

2k+/1-11 (a in I arg s I <s)

6.4.12
1 1- 1 1 1

## (a) ''''1+20+0-3-0ss+irTO+
(s. in I arg sKir)

6.4.13
1 1 1 1 1 3 5

# "(a) SOTO" Whigslin+
(8-0 sin I arll Kr)

6.4.14
2 3 2 1 4 3 10

#("(2)°%74.iii+-1170+57ririts
(14co in I erg s Kr)

6.5. Incomplete Gamma Function
(see also 26.4)

6.5.1

P(a, r) Firiy sos 1-'t'- di (AIX

6.5.2

7(a, z).P(a, s) r (a) re-t- dt (Ss>0)

6.5.3

r(a, a) ...V(a) 7(a, r).f a-se-4dt

64.4
7.* 4 z-eP6s, 4 for (4,

-I* is a single valued analytic function of a and
a possessing no Mgt. singularities.
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GAMMA FUNCTION AND IIIILATID !UNCTIONS

6.5.16 1 (e, 2911132rtris erf
Probability Integral of tie asletributian

POMP) No 1 inifP-10-1148 .

2111) °

6.5.6
1 6.5.18 414", x 7s(i, xs)=put

;

6.5.17 1(1,e)=.2f s-rdt..1,4; Ode a

(Peones% Form of the Ineaaaplete Gamma Funetios)

1 relffi
P) is /wW. eV di

soP(p+i thlp+

6.3.19 r(

6.5.20 r(aliz)=40"10(zi.).-.41(zmi

Reeunenee Formulas

6.5.7 C(2,4).16 r cos t tit (gia<l)
es-4

6.5.21 P(a+1, x) (
41' S'

6.5.8 . S(z,a).f t-' sin t tit (811a<1)
6.5.22 iy(a+ 1,3 04(3,3)er.

6.5.9 6'4
6.5.23 iy(a ',Matz) 14-51

E. (2)....1: 0-44-* di=1"-fr (1 no)

6.5.10
6.5.24

and Differential Equations

(a)1...,f eurdt=tx-"111(11-0,z)

(t.)...0 '1° f"tr:1-itb1 xtEs(x)-11u

6.5.11 es (4=4 07 (GA br(a,x).2.46,
6.5.15

toe dx
Incomplete Gamma Function se a Confluent

flyperatemetrie Function (me chapter 13) 6.5.26

6.5.12 7(a,z).a-Wribi(1, 1+4,2) b tx-v(a,$)].(-1)sx-?*11(a+s,a)be'
=a 'x' M(a, 1+4,-2) .

- (s.0, 1, 2, . . .)
6.5.27

Special Value. a" Rite (4,4)=4.a."7*(4-4, a)
(x=,0,1, 2, . . .)6.5.13

P 01,4=1 (1+ x+111+ . . +or_;g) tri

(z) -

For relation to the Poisson distribution, see
26.4.

6.5.14 7(-11, x)..x*

6.5.15 r (0, 4...f s-1 t-i dta.E, (a)

6.5.28

6.5.29

tot by*2-04(a+1+4-rx +srea.0

Series Developments

1 Ti. 1-114sa7*(40)=8-1,14 Na-Mo-l- all-55 4z6 (a+anu

(Iake))

273.
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6430
/(a, 2+74-1(a,
.0-y-1 i% (a-1)(4-2) (e-u)(1-s-14401

itzt

(lyi<1:1)

Continued Fraction

6.5.31

;,( 1 1-a 1 2 -a 2
r(a,$)=e's 2+ 1+ 2+ 14 2+

(z>0,Ial< 0)

Asymptotic &wombat'

6.5.32

r(a, z).%.2"e-ort +41+42-1)(a-2) ]1.
a 22

#/
/ (2-4t* in arg 21< 2

-v)
/

Supposej11,(a,z)=a.4.1(a,z)-I- . . . is the re-
minder alter n terms in this series. Then if a,2
are real," we have for n >a -2

!It,(a,z)!Ili+1(aiz)1

and sign //(a,z)=sign 14.4.1(a,z).

6.3.33 r- (-1)"z1+"
zr.b (a+n)fil

for 01>1
6.5.34 lint `".-..11"4 for 01.1

"--"" e 1 for 05a<1
6.5.35

(a-0+ co)

Definite Integrals

6.5.36

fo. re' r(ket)di'127;(6)[41-(a-eb

1,157r
r(2+1,x) -.4-43(12 3

ati+-2+--. 1 +. .)24 s
(s--) in I arg sKirt)

Numerical
6.7. Use and Extension of the Tables

Example 1. Compute r(6.38) to 8$. Using
the recurrence relation 6.1.16 and/Table 6.1 we
have,

r(6.381 =R5.38)(4.38)(3.38)(2.38)(1.38)jr(1.38)

--- 232.43671.

Example 2. nnpute In r(56.38), using Table
6.4 and linear interpolation in A. We have

In r(56.3$) = (56.38-0 In (58.38) - (56.38)
+.11(56.38)

6.5.37

et , r(a+ 6)
Joy N a

(M(a+r)>0,6V6>-1)

(6,(a+6)>O, ilta>0)

6.6. Incomplete Beta Function

6.6.1 B,(a,b) ide

6.6.2 4(a,6).B.(a,b)1/3(a,b)

For statistical applications, see 26.5.

6.6.3

Symmetry

I,(a,b) sun 1 4

Relation to Bi =ion

6.6.4 AO a+1),...T P'(1-P)"
Pn.

For binomial distribution, see 26.1.

ReeurreneeFormulas

6.6.5 1.(a,6).x1(a-1,6)+(1-41,,(a,b

6.6.6 (a+6-ax)4(a,b)
=a(1 -x)4(a+1,6-1)+6/ (a,b+ 1)

6.6.7 (a+ b)I,(a,b).a/g(a+ 1,1) -141.(4,141)

Relation to Hypergeoreetrie Function

6.6.8 B,(4,6).6-10F(a41-b; a+ 1; x)

Methods .

The error of linear interpolation in the table of
the tune ft is smaller than 10-7 in this region.
Hence, ft....38)=.92041 67 and In r(56,301
169.85497 42.

Direct interpolation in Table 6.4 of logo r(r,i
eliminates the necessity of employing logarithms.
However, the error of linear interpolation is .002 so
that logs r(n) is obtained with a relative error
of 10'4.

'lee page u.
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Example 3. Compute #(6.38) to 8S. Using the
recurrence relation 6.3.6 and Table 6.1.

1 1 1 1 1

4(6.38)=3743+-C38-+-37.38+Y.U+1.16+#(1'38)

=1.77275 59.

Example 4. Compute #(56.38). Using Table
6.3 we have #(56.38) =ln 56.36-f3(56.38).

The error of linear interpolation in the table of
the function A is smaller than 8X10-' in this
region. Hence, J,(56.38) = .00889 53 and #(56.38) =
4.023219:

Example 5. Compute In ro-o. From the
reflection principle 6.1.23 and Table 6.7,
In ro n -.6509-F.3016i.

Example 6. Compute In ra-Fio. Taking
the logarithm of the recurrence relation 6.1.15 we
have,

In r(e+ii)----ln r(1-1-ii) -In 4
- .23419+ .03467ti- In e+i arctan 1)

= .11239-.75073i

The logarithms of complex numbers are found
from 4.1.2.

Example 7. Compute In r(3+7i) using the
duplication formula 6.1.18. Taking the logarithm
of 6.1.18, we have .

-24 In 2T .91894

(1+7i) In 2-, 1.73287+ 4.85203i

In 1'ri+10.-3.31598+ 2.32553i
In r (2 + = 2.66047 + 2.93869i

In r(3+-70_, -5.16252+10.11625i

Example 8. Compute In r(3+7i) to 5D using
the asymptotic formula 6.1.41. We have

In (3+70=2.03022 15+1.16590 45i.

Then,

(2.5 t- 7i) In (3 t- 7i) - -3. 0857779+17.1263119i
(3 t- 7i) - - 3. 0000000 - 7.0000000i
In (27) . 9189385

112(3 4. 70 I . 0043103- 0100575i
- 1310 (3 + . 0000059- . 0000022i

In l'(3 +70 -5. 16252 +10. 11626i

RFLATED INNCTIONS

6.8. SUmmation of Rational Series by Means
of Polygammi Functions

An infinite series whose general term is a ra-
tional function of the index may always be reduced
to a finite series of psi and polygamma functions.
The method will be illustrated by writing the ex-
plicit formula when the denominator contains. a
triple root.

Let the general term of an infinite series have
the form

where

U = P(n)* 004004(n)

di(n)= (n+ ai) (it+ a2) . (n-Fale)

d9(n)=Ot+002(n+003 (n-

ds(n)=(n+71)3(n +703 (n+708

where p(n) is a polynomial of degree m+2r+38-2
at most and where the constants oto Si, and it are
distinct. Expand u. in partial fractions as follows

Ua=t1 (1:-1-k'aa)+A. (n6-11-134)4. (n-1-674)2

+ Cli _L. Co

(n+1) -I- (n+Vs (n+103
t 8

ar-F 61k+ Ca=0..

Then, we may express E twin terms of the
10-1

constants appearing in this partial fraction expan-
sion as follows

E u
*

(110(1+4
11.1

+Si) + b2, (1 +lb)

e11 0(1 +1,) + ti" (1 +71)

0.,
0" (1+V.21

Higher order repetitions in the denominator are
handled similarly. If the denominator contains

275
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only simple or double roots, omit the correspond-
ing lines.

Example 9. Find

1

17.1 (n+1)(2n+1)(4*-1-1).

Sine.

(11-1)(2s+1)(4a+1)-11+1s--il
A

we have

etz=1, ets=it, W=1, ati 42=-1, tie i.

Thus,

s. 1*(2)+10(1 1) WO i)=.047198.

Example 10.

1
Find sm 17.1 nil(rnf 1

1 18 , 18 , 1 , 1

Sin" ni(8--

we have,

01.44 01=i, 611=-16, 6ag10, 621=1, bss=21.

Therefore

=1' NOM 16#(11) +#1(1) + WO I) ..013499.

Example 11.

Evaluate sing 0100+0 (see also 6.3.13).

1 1 1 N
We have, (4-1-1)(0+4)=8 kn.-T-34=3j

i 1 1 N.

kn,--T-27 n-24

Hence, sell 04.8 / at -12' ae°51

as. i,
and therefore

Siva-11 [0(1+ 0(1-01+A Ei(1 +20 0(1-20).

By 6.3.9, this reduces to

3
5#(1+i)-8 a/ #(1+20.

From Table 6.8, s =.13876.
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GAMMA, DIGAMMA AND TRIGAMMA FUNCTIONS

0

1.000
1.005
1.010
1,015
1.020

1.025
1.030
1.035
1.040
1.045

1.050
1.055
1.060
1.065
1.070

1.079
1.080
1.085
1.090
1.093

1.100
1.105
1.110
1.115
1.120

1.125
1.130
1.135
1.140
1.145

1,150
1.155
1.160
1.163
1.170

1.175
1.180
1.1119
1.190
1,195

1.200
1.205
1.210
1.215
1.220

1.225
1.230
1.235
1.240
1.243

1.250

r(s)
1.00000
0.99713
0.99432
0,99156
0.98884

0.98617
0.98354
0.98097
0.97843
0.97594

0.97350
0.97110
0.96874
0.96642
0.96415

0.96191
0.95972
0.95737
0.95545
1.95330

0.95135
0.94935
0.94739
0.94547
0.94)59

0.94174
0.93993
0.91015
0.91641
0.93471

0.93304
0.93140
0.92980
0.9281)
0.92669

0.92519
041372
0.9/219
0.92088
0.91951

0.91816
0.91685
0.91957
0.91432
0.91)10

0.91191
0.91073
0.90962
0.90032
0.90744

0.90640

00000
85)94
58512
12088
420))

39633
99506
15606
82009
92919

42656
25663
36495
69823
20425

83119
5)107
25273
94882
57227

07699
41778
55040
43149
01836

26997
14497
60356

0657
116962

09311
50217
30666
47120
96106

74225
70143
04591
50371
12)41

87424
72606
649)
6150
59475

56071
48964
34274
10583
74922

24771

yl

[(I)6]

For r >2 lee Estaittpk* 1-4.

Compiled from H. T. Davie, Tables of the higher mathematical functions, 2 vole. (Principle

Press, Bloomington, Ind., 1988, 1985) (with permission). Known error has been corrected.

In r(r)
0.00000 00000

- 0.00286 55666
- 0.00969 03079
-0.00847 45187
- 0.01121 84893

-0.01392 25067
4.01658 68539
-0.01921 18101
-0,02179 76511
- 0.02434 46490

-0.02685 30725
- 0.02932 31868
-0,03175 52537
- 0.0/414 95318
-0.03650 62763

-0.03881 57395
-0.04110 81702
-0,04335 38143
-0.04556 29148
-0.04773 57114

-0.04987 24413
-0.05197 33384
- 0.05403 86341
-0.05606 85568
4.05806 33325

-0.06002 31841
- 0.06194 83322
4406383 89946
- 0.06569 53867
-0.06751 77212

- 0.06930.62087
-0.07106 10569
-0.07278 24716
-0.07447 06550
4.07612 5406

-0.07774 111345
-0.07933 78240
- 0.08089 50733
4.08242 00745
-0.08191 30174

-0.08537
-0.011610 14
4.08020 13691
-0.08934 79331
-0.090 33619

-0,09220 78291
- 0.09348 15108
- 0.09472 45811
-0.0999) 72122
-0.09711 93744

-0.09827 18364

In yl

i(r)
-0.57121 56649
- 0. 2 0911)

-0.55
54579

05 80 85156
-0. 78 93105

-0.5055

-0.521 7
-0.521
-0.5132

-0.5

- 0.49784\ 49913
- 0.49020194448
- 0.48263139358
4.4709
-0.467561 24199

- 0.46018 11367
-0.45279 93380
-0.44546 64135
- 0.43818 17635
- 0.43094 47908

-0.42375 49404
4.41661 16193
-0.40951 42761
-0.40246 23611
- 0.39545 53339

- 0.38849126633
-0.38157 38268
-0.37469 83110
- 0.36786 56106
- 0.36107 52291

-0.35432 66780
- 0.34761 94768
- 0.34005 31528
-0.33432 72413
-0.32774 12847

- 0.32119 48332
- 0.314611 74418
- 0.30821 86809
)-0.30178 81156
'-0.29539 53239

Table 6.1

C(z)
1.6449) 40668
1.63299 41567
1.62121 35283
1.60958 91824
1,59811 81919

70828 -1.58679
10873 1.57562
05921 1.56459
48789 1.55)71
32428 1.54296

4.20903
-0.28272
-0.27643
- 0.27019
- 0.26198

-0.25780
- 0,25166
-0.24556
-0.23949
-0.21345

-0.22745

98966
4

911874897
37135
37000

9065
94107

2

44243
36791
68141

35334

diri
In yl

[(1)11 [(1)1
10g1 0 0.48429 44819

1.53235
1.52188
1.51154
1.50133
1.49124

1.48128
1.47145
1.46173
1.45214
1.44266

1.43329
1.42404
1.41490
1.40,87
1.39695

1.38813

*
3362211

1.3538,

1.34195

1, 0
1. 117
1, 1 2

30536

911.289
29760

1.28232
1.27480

76993
49154
7116)
1646826
589

0.000
0.005
0.010

0.020
0.015

0.023
0.030
0.035
0.040
0.045

73421 0,050
35001 0.095
19500 0.060
03259 0.065
6)164 0.070

76622, 0.075
215% 0.080
76377 / 0.0I5
19988; 0.090
31755 0.095

91508
79514
76482
63535
22213

34449
82573
49288
17670
71152

9368900520

81752
16859
59122

94548
08248
86421
15358
81622

1.26737 72054
1.26002 73755
1.25279 74090
1.24556 60671
1.23045 31360

1.23141 4425$
1.22445 17702
1.21756 30254
1.21074 70707
1.20400 28063

1.19732 91545
riv(0 In yi

,

0.100
0.105
0.11,0
0.115
0.120

0.125
0.130
0.135
0.140
0.145

0.150
0.155
0.160
0.165
0.170

0.175
0.180
0.185
0.190
0.195

0.200
0.205
0.210
0.215
0.220

0.225
0.230

00.240
0.245

0.250

27s
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Table 6.1

.r ar) In r(r) #(x)
1.250 0.90640 24771 -0.09827 18364 -0.22745 35334
1.255 0.90538 57663 -0.09939 41651 -0.22148 34266
1.260 0.90439 71178 -0.10048 67254 -0.21554 61686
1,265 0.90343 62946 -0.10154 96809 -0.20964 14193
1.210 0.90250 30645 -0.10258 31932 -0.20376 88437

1,275 0.90159 71994 -0.10358 74224 -0.19792 81118
1.28 0.90071 84765 -0.10456 25269 -0.19211 88983
1.285 0.89986 66769 -0.10550 86634 -0.18634 08828
1.290 0.89904 15863 -0.10642 59872 -0.18059 37494
1.295 .0.89824 29947 -0.10731 46519 -0.17487 71870

1.300 /0.89747 06963 -0.10817 48095 -0.16919 08889
1.305 0.89672 44895 -0.10900 66107 -0.16353 45526
1.310 0.89600 41767 -0.10981 02045 -0.15790 78803
1.315 0.89530 95644 4411058 57384 -0.15231 05782
1.320 0.89464 04630 -0.11133 33587 -0.14674 23568

1.325 0.89399 66866 -0.11205 32100 -0.14120
1.330 0.89337 80535 -0.11274 54356 -0.13569
1,335 0,89278 43850 -0.11341 01772 -0.13020
1.340 0.89221 55072 -0.11404 75756 -0.12475
1.345 P.89167 12485 -0.11465 77697 -0.11932

1.350 0.89115 44420 -0.11524 08974 -0.11392
1.355 0,8906T 592)5 -0.11579 70951 -0.10855
1.360 0.89018 45324 -0.11632 64980 -0.10321
1.141 0.88973. 71116 _2..0.11682 92401 -0,09789
1.37 0.88931 35074 -0.11730 54539 -0.09259

1.37 0.88891 35692 -0.11775 52707 -0.08733 23825
1.38k 0.88853 71494 -0.11817 88209 -0.08209 19619
1.385 0.88818 41041 -0.11857 62331 -0.07687 72046
1.390 0.88785 42918 -0.11894 76353 -0.07168 78723
1.395 0.88754 75748 -0.11929 31538 -0.06652 37297

1.400 0.88726 38175 -0.11961 29142 -0.06138 45446
1.405 0.88700 28884 -0.11990 70405 -0.05627 00879
1.410 0.88676 46576 - 0.12017 56559 -0.05118 01337
1.415 0.88654 89993 -0.12041 88823 -0.04611 44589
1,420 0.88635 57896 -0.12063 68406 -0.04107 28433

1.425 0.88618 49081 -0.12082 96505 -0.03605
1.430 0.88603 62361 -0.12099 74307 -0.03106
1.435 0.88590 96587 -0.12114 02987 -0.02609
1.440 0.88580 50635 -0.12125 83713 -0.02114
1.445 0.88572 23397 -0.12135 17638 -0.01621

1.450 0.88566 13803 -0.12142 05907 -0.01131 64226
1.455 0.88562 20800 -0.12146 49657 -0.00643 72934
1.460 0.88560 43364 -0.12148 50010 -0.00158 05620
1.465 0.88560 80495 -0.12148 08083 +0.00325 39677
1.470 0.88563 31217 -0.12145 24980 0.00806 64890

1.475 0.88567 94575 -0.12140 01197 0.01285 71930
1.480 0.88514 69646 -0.12132 39621 0.01762 62684
1.485 0.80583 55520 -0.12122 39528 0.02237 39013
1.490 0.88594 51316 -0.12110 02585 0.02710 02758
1.495 0.88607 56174 -0.12095 29852 0.03180 55736

1.500 0.88622 69255 -0.12018 22376 0.03648 99740

GAMMA FUNCTION AND MAUD FUNCTIONS

GAMMA, DIGAMMA AND TRIGAMMA FUNcTIONS

#'(x)
1.19732 91545
1.19072 50579
1.18418 94799
1.17772 14030
1.17131 98301

1.16498 37821
1.15871 22990
1.15250 44385
1.14635 92764
1.14027 59053

1.13425 34350
1.12829 09915
1.12238 77175
1.11654 27706
1.11075 53246

29305 1.10502 45678
20180, :.09934 97037
93416 1.09372 99497
46279 1.08816 45379
76069 1.08265 27135

80127 1.07719 37361
55927 1.07178 68773
00582 1.06643 14226
11840- 1.06112 66696
87082 1.05587 19286

1.05066 65216
1.04550 97829
1.04040 10578
1.03533 97036
1.03032 50881

1.02535 65905
1.02043 36002
1.01555 55173
1.01072 17518
1.00593 17241

50697 1:90rte-48640
0923T. 0.99648 06113
01935 0.99181 84147
26703 0.98719 77326
8147Si 0.98261 80318

0.97807 87886
0.97357 94874
0.96911 96215
0.96469 86921
0.96031 62091

0.95597 16896
0.95166 46592
0.94739 46509
0.94316 12052
0.93896-38700

0.93480 22005

0.250
0.255
0.260
0.265
0.270

0.275
0.280
0.285
0.290
0.295

0.300
0.305
0.310
0.315
0.320

0.325
0.330
0.335
0.340
0.345

0.350
0.355
0.360
0.365
0.370

0.375
0.380
0.385
0.390
0.395

4.400
0.405
0.410
0.415
0.420

0.425
0.430
0.435
0.440
0.445

0.450
0.455
0.460
0.465
0.410

0.475
0.480
0.485
0.490
0.495

0.500

*Roe pip it

d
In to it-y- In NI

[ ri] col
L 4 j

[t
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lOgio "0.48429 44819
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GAMMA FUNCTION AND RELATED FUNCTIONS

GAMMA, D1GAMMA AM) THIGAMMA FUNCTIoNs Table 6.1

r( t) In r() r) 0'(r')

1.500 0.88622 69255 -0.12078 22376 0.03648 99740 0.93480 22005 0.500
1.505 0.88639 89744 -0.12058 81200 0.04115 36543 0.93067 57588 0.505
1.510 0.88659 16850 -0.12037 07353 0.04579 67896 0.92658 41142 0.510
1.515 0.88680 49797 -0.12013 01860 0.05041 95527 0.92252 68425 0.515
1.520 0.88703 87833 -0.11986 65735 0.05502 21146 0.91850 35265 0:520

1.525 0.88729 30231 - 0.11957 99983 0.05960 46439 0.91451 37552 0.K5
1.530 0.88756 76278 .0.11927 05601 0,06416 73074 0.91055 71245 0.530
1,535 0.88786 25287 -0.11893 85580 0.06871 02697 0.90663 32361 0.535
1.540 0.88817 76586 -0.11858 34900 0,07323 36936 0.90274 16984 0.540
1.545 0.88851 29527 -0.11820 60534 0.07773 77400 0.89888 21253 0.545

1.550 0.88886 83478 -0.11780 61446 0.08222 25675 0.89505 41371 0.550
1.555 0.88924 37830 -0.11738 38595 0.08668 83334 0.89125 73596 0.555
1.560 0:88963 91990 -0.11693 92928. 0.09113 51925 0.88749 14249 0.560
1.565 0,89005 45387 -0.11647 25388 0.09556 32984 0.88375 59699 0.565
1.570 0.89048 97463 -0.11598 36908 0,099971 28024 0.88005 06378 0.570

1.575 0.89094 47686 -0.11547 28415 0.10436 38544 0,87637 50766 0.575
1.580 0.89141 95537 .0,11494 00828 0.10873 66023 0.87272 89402 0.580
1.585 0.89191 40515 -0,11438 55058 0.11309 11923 .0.86911 18871 0.585
1.590 0.89242 82141 -0.11380 92009 0.11742 77690 0.86552 35815 0.590
1.595 0.89296 19949 -0.11321 12579 0.12174 64754 0.86196 36921 0.595

1.600 0.89351 53493 -0.11259 17657 0.12604 74528 0.85843 18931 0.600
1.605 0.89408 82342 -0.11195 08127 0.13033 08407 0.85492 78630 0.605
1.610 0.89468 06085 -0,11128 84864 0,13459 67772 0.85145 12856 0.610
1.615 0.89529 24327 -0.11060 48737 0.13884 53988 0.84800 18488 0.615
1.620 0.89592 36685 -0.10990 00610 0.14307 68404 0.84457 92455 0.620

1.625 0.89657 42800 -0.10917 41338 0.14729 12354 0.84118 31730 0.625
1.630 0.89724 42326 -0.10842 71769 0.15148 87158 0.83781 33330 0.630
1.635 0.89793 34930 -0.10765 92746 0.15566 94120 0.83446 94315 0.635
1.640 0.89864 20302 -0.10687 05105 0.15983 34529 0.83115 11790 0.640
1.645 0.89936 98138 -0.10606 09676 0.16398 09660 0.82785 82897 0.645

1.650 0.90011 68163 -0.10523 07282. 0.16811 20776 0.82459 04826 0.650
1.655 0.90088 30104 -0.10437 98739 0.17222 69122 0.82134 74802 0.655
1.660 0.90166 83712 -0,10350 84860 0.17632 55933 0.81812 90092 0.660
1.665 0.90247 28748 -0.10261 66447 0.18040 82427 0.81493 48001 0.665
1.670 0.90324 64995 -0.10170 44301 0.18447 49813 0.81176 45875 0.670

1.675 .0.90413 92243 -0.10077 19212 0.18852 59282 0.80861 81094 0.675
1.680 0.90500 10302 -0.09981 91969 0.19256 12015 0.80549 51079 0.680
1.685 0,90588 18996 -0.09884 63351 0.19658.09180 0.80239 53282 0.685
1.690 0.90678 18160 -0.09785 34135 0.20058 51931 0.79931 85198 0.690
1.695 0.90770 07650 -0.09684 05088 0.20457 41410 0.79626 44350 0.695

1.700 0.90863 87329 -0.09580 76974 0.20854 78749 0.79323 28302 0.700
1.705 0.90959 57079 -0.99475 50552 0.21250 65064 0.79022 34645 0.705
1.710 0.91057 16796 -049368 26573 0,21645 01462 0.78723 61012 0.710
1.115 0.91156 66390 -0.09259 05785 0.22037 89037 0.78427 05060 0.715
1.720 0.91258 05779 -0.09147 88929 0.22429 28871 0.78132 64486 0.720

1,725 0.91361 34904 -0,09034 76741 0.22819 22037 0.77840 37011 0.725
1.730 0.91466 53712 -0.08919 69951 0.23207 69593 0.77550 20396 0.730
1,735 0.91573 62171 -0.08802 69286 0.23594 72589 0.77262 12424 0.735
1.140 0.91682 60252 -0.08683 75466 0.23980 32061 0.76976 10915 0.740
1,745 f).91793 47950 -0.08562 89203 0.24364 49038 0.16692 13714 0.745

1.750 0.91906 25268 -0.08440 11210 0.24747 24535 0.76410 18619 0.750
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270 . GAMMA FUNCTION AND MAT= FUNCTIONS

Table 6.1 GAMMA, DIGAMMA AND TRIGAMMA FUNCTIONS

r(r) In r(x) (r)
1.750 0.91906 25268 -0.08440 11210 0.24747 24535 0.76410 18699 0.750
1.755 0.92020 92224 -0.08315 42192 0.25128 59559 0.76130 23773 0.75$
1.760 0.92137 48846 - 0.08188.82847 0.25508 55103 0.75852 26870 0.760
1.765 0.92255 95178 -0.08060 33871 0.25887 12154 0.75576 25950 0.765
1.770 0.92376 31277 -0.07929 95955 0.26264 31686 0.75302 19003 0.770

1.775 0.92498 57211 -0.07797 69782 0.26640 14664 0.75030 04040 0.775
1.780 0.92622 73062 -0.07663 56034 0.27014 62043 0.74759 79107 0.780
1.785 0.92748 78926 -0.07527 55386 0.27387 74769 0.74491 42268 0.785
1.790 0.92876 74904 -0.07389 68509 0.27759 53776 0.74224 91617 0.190
1.795 0.93006 61123 - 0.07249 96070 0.28129 99992 0.73960 25271 0.795

1.800 0.93138 37710 -0.07108 38729 0.28499 14333 0.73697 41375 0.800
1.805 0.93272 04811 -0.06964 97145 0.28866 97707 0.73436 38093 0.805
1.810 0.93407 62585 -0.06819 71969 0.29233 51012 0.73177 13620 0.810
1.815 0.93545 11198 -0.06672 63850 0.29598 75138 0.72919 66166 0.815
1.820 0.93684 50832 -0.06523 73431 0.29962 70966 0.72663 93972 0.820

1.825 0.93825 81682 -0.06373 01353 0.30325 39367 0.72409 95297 0.825
1.830 0.93969 03951 -0.06220 48248 0.30686 81205 0.72157 68426 0.830
1.835 0.94114 17859: -0.06066 14750 0.31046 97335 0.71907 11662 0.835
1.840 0.94261 23634 -0.05910 01483 0.31405 88602 0,71658 23333 0.840
1.845 0.94410 21519 -0.05752 09071 0.31763 55846 0.71411 01788 0.845

1.850 0.94561 11764 -3.05592 38130 0.32119 99895 0.71165 45396 0.850
1.855 0.94713 94637 -0.05430 89276 0.32475 21572 0.70921 52546 0.855
1.860 0.94868 70417 -0.05267 63117 0.32829 21691 0.70679 21650 0.860
1.865 0.95025 39389 -0.05102 60260 0.33182 01056 0.70438 51138 0.865
1.870 0.95184 01855 -0.04935 81307 0.33533 60467 0.70199 39461 0.870

1.875 0.95344 58127 -0.04167 26054 0.33884 00713 0.69961 85089 0.875
1.880 0.95507 08530 -0.04596 97497 0.34233 22577 0.69725 86512 0.880
1.885 0.95671 53398 -0.04424 93824 0,34581 26835 0.69491 42236 0.885
1.890 0.95837 93077 -0.04251 16423 0.34928 14255 0.69258 .50790 0.890
1.895 0.96006 27927 -0.04075 65875 0.35273 85596 0.69027 10717 0.895

1.900 0.96176 58319 -0.03898 42759 0.35618 41612 0.68797 20582 0.900
1.905 0.96348 84632 - 0.03719 47650 0.35961 83049 0.68568 78965 0.905
1.910 0.96523 07261 -0.03538 81118 0.36304 10646 0.68341 84465 0.910
1.915 0.96699 26608 -0.03356 43732 0.36645 25136 0.68116 35696 0.915
1.920 0.96877 43090 -0.03112 36054 0.36985 27244 0.67892 31293 0.920

1.925 0.97057 57134 -0.02986 58646 0.37324 17688 0.67669 69903 0.925
1.930 0.97239 69178 -0.02799 12062 0.37661 97179 0.67448 50194 0.930
1.935 0.97423 79672 -0.02609 96858 0.37998 66424 0.67228 70846 0.935
1.940 0.97609 89075 .0.02419 13581 0.38334 26119 0.67010 30559 0.940
1.945 0.97797 97861 -0.02226 62778 0.38668 76959 0.66793 28044 0.945

1.950 0.97988 06513 -0.02032 44991 0.39002 19627 0.66577 62034 0.950
1.955 0.98180 15524 -0.01836 60761 0.39334 54805 0.66363 31270 0.955
1.960 0.98374 25404 -0.01639 10621 0.39665 83163 0.66150 34514 0.960
1.965 0.98570 36664 .01439 95106 0.39996 05311 0.65938 70538 0.965
1.970 0.98768 49838 -0.01239 14744 0.40325 22088 0.65728 38134 0.970

1.975 0.98968 65462 -0.01036 70060 0.40653 33970 0.65519 36104 0.975
1.980 0.99170 84087 -0.00832 61578 0.40980 41664 9,65311 63266 0.980
1.985 0.99375 06274 -0.00626 89816 0.41306 45816 0,65105 18450 0.985
1.990 0.99581 32598 -0.00419 55291 0.41631 47060 0.64900 00505 0.990
1,995 0.99789 63643 -0.00210 58516 0.41955 46030 0.64696 08286 0.995

2.000 1.00000 00000 0.00000 00000 0.42278 43351 0.64493 40668 1.000
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GAMMA FUNCTION AND IISLATZD FUNCTIONS

TETRAGAMMA %ND PENTAGLANNA FUNCTIONS

#1/(r)#1.40

Table 6.2

+t3(.0

271

1.00 -2.40411 38063 6.49393 94023 0.00 1.50 -0.82879 66442 1.40909 10340 0.50
1.01 -2.34039 86771 6.25106 18729 O. 01 1.51 -0.81487 76121 1.37489 70527 0.51
1.02 -2.27905 42052 6.01969 49890 O. 02 1.52 -0.80129 51399 1.34177 21104 0.52
1.03 -2.21996 85963 5.79918.38573 0.03 1.53 -0.78803 87419 1.30967 56244 0.53
1.04 -2.16303 63855 5.58891 68399 0.04 1.54 -0.77509 83287 1.27856 88154 0.54

, 1.05 -2.10815 80219 5.38832 23132 0.05 1.55- -0.76246 41904 1.24841 46160 0.55
-2.05523 94833 5.19686 56970 O. 06 1.56 - 0.75012 .69793 1.21917 75841 0.56

.07 -2,00419 19194 5.01404 6730* O. 07 1.57 -0.73807 76946 4.19082 38216 0.57

.0$ -1.95493 13213 4.83939 69702 0,08 1.58 -0.72630 76669 1.16332 08979 0.58

.09 -1.90737 82154 4.67247 74947 0.09 1.59 -0.71480 85441 1.13663 77770 0.59

1.10 -1.86145 73783 4.51287 67903 0.10 1.60 -0.70357 22779 1.11074 47490 0.60
1.11 - 1.81709 75731 4.36020 88083 0.11 1.61 -0.69259 11105 1.08561 33658 0.61
1.12 -1.77423 13035 4.21411 11755 0.12 1.62 -0.68185 75627 1.06121 63792 0.62
1.13 -1.73279 45852 4.07424 35447 O. 13 1.63 -0.67136 44220 1.03752,76835 0.63
1.14 -1.69272 67342 3.94028 60747 0. 14 1.64 -0.66110 47316 1.01452 22608 0.64

1.15 -1.65397 01677 3.81193 80220 0.15 1.65 -0.65107 17793 0.99217 61290 0.65
1.16 -1.61647 0?206 3.68891 64540 O. 16 1.66 -0.64125 90881 0.97046 62927 0.66
1.17 - 1.58017 49731 3.57095 50416 O. 17 1.67 -0.63166 04061 0.94937 06973 0.67
1.18 -1.54503 50903 3.45780

238402
0.18 1.68 -02226 96973 0.92886 8184- 0.68

1.19 -1.51100 36723 3.34922 0.19 1.69 -0.61308 11332 0.90893 846" 0.69

1.20 -1.47803 61144 3.24499 48647 0.20 1.70 -0.60408 90841 0.88956 20 46 0.70
1.21 -1.44608 99765 3.14490 58422 0.21 1.71 -0.59528 81112 0.87072 01,./ 0.71
1.22 -1.41512 48602 3.04875 84139 0.22 1.72 -0.58667 29593 0.85239 48922 0.72
1.23 - 1.38510 22930 2.95636 52925 0.23 ./ 1.73 -0,57823 85490 0.83456 89940 0.73
1.24 -1.35598 56308 2.86754 95589 0.24 1.74 - 0.56997 99702 0.81722 58660 0.74

1.25 -1.32773 99375 2.78214 40092 0.25 1.75 -0.56189 24756 0.80014 95719 0.75
1.26 -1.30033 19112 2.69999 05478 0.26 1.76 -0.55397 14738 0.78392 47929 0.76
1.27 -1.27372 97857 2.62093 96227 0.27 1.77 -0.54621 25238 0.76793 68005 0.77
1.28 -1.24790 32496 2.54484 97000 0.28 1.78 -0.53861 13291 0.75237 14300 0.78
1.29 -1.22282 33691 2.47158 67746 0.29 1.79 -0.53116 37320 0.73721 50564 0.79

1.30 -1.19846 25147 2.40102 39143 0.30/ 1.80 -0.52386 57084 0.72245 45705 0.80
1.31 -1.17479 42923 2.33304 08348 0.31 1.81 -0.51671 33630 0.70807 73565 0.81
1.32 -1.15179 34794 2.26752 35032 0.32 1.82 -0.50970 29242 0.69407 12710 0.82
1.33 -1.12943 59642 2.20436 37678 0.33 1.83 -0.50283 07396 0.68042 46226 0.83
1.34 -1.10769 86881 2.14345 90132 0.34 1.84 -0.49609 32712 0.66712 61527 0.84

1.35 -1.08655 95925 2.08471 18367 0.35 1.85 -0.48948 70921 0.65416 50169 0.85
1.36 -1.06599 75682 2.02802 97472 0.36 1.86 -0.48300 88813 0.64153 07680 0.86
1.37 -1.04599 24073 1.97332 48830 0.37 1.87 -0.47665 54207 0.62921 33389 0.87
1.38 -1.02652 47586 1.92051 17473 0.38 1.88 -0.47042 35909 0.61720 30270 0. 88
1.39 -1.00757 60850 1.86951 69616 0.39 1.89 -0.46431 03677 0.60549 04793 0.89

1.40 -0.98912 86236 1.82025 90339 0.40 1.90 -0.45831 28188 0.59406 66772 0.90
1.41 4.97116 53479 1.77266 81419 0.41 1.91 -0.45242 81007 0.58292 29238 0.91
1.42 -0.95366 99322 1.72667 59295 0.42 1.92 -0.44665 34549 0.57205 08299 0.92
1.41 -0,93662 67177 1.68221 73161 0.43 1.91 -0.44098 62055 0.56144 23020 0.93
1.44 -0,92002 06808 1.63923 03178 0.44 1.94 -0.43542 37563 0.55108 95304 0.94

1.45 -0.90)83 74031 1.59765 58792 0.45 1.95 -0.42996 35876 0.54098 49774 0.95
1.46 -0.88806 30426 1.55743 77157 0. 46 1.96 -0.42460 32537 0.53112 13668 0.96
1.0 -0.87268 43070 1.51852 21649 0, 47 1.97 -0.41934 03805 0.52149 16733 0.97
1.4$ -0.85768 84281 1.48085 80478 0. 48 1.98 -0.41417 26631 0,51208 91127 0.98
1.49 -0.84306 31376 1.44439 65370 O. 49 7.99 -0.40909 78630 0.50290 71324 0.99

1.50 -0.82879 66442

ail In so!

1.40909 10340
414ap In yt

0.50

to

2.00 -0.40411 38063

4.0 Yi

. 0.49393 94023
40
4-14 ln gI

1.00

r( 4)81 (- 5)41 --11) 11

L J
?)1]

1 6 j
[(

Compiled from H. T . Davis, Tables of the higher mathematical functions, 2 vols. (Principle Press,

Bloomington, Ind., 1988, 1985) (with permission).
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Table 6,3 GAM %I. AND DIG AMM t FL NC:110Nos

GAMMA FUNCTION AND RELATED FUNCTIONS

1

2
3
4
5

6

r(t)
0 1.00000 00000
0 1.00000 00000
0 2.00000 00000
0 6.00000 00000
1) 2.40000 00000

2)1.20000 00000
7
8

2 7.20000
3 5.04000

00000
00000

9 4) 4.03200 00000
10 5) 3.62880 00000

11 6) 3.62880 00000
12 7) 3.99168 00000
13 8 4.79001 60000
14 9 6.22702 08000
15 10 8.71782 91200

16 12 1.30767 43680
17 13 2.09227 89888
18 14 3.55687 42810
19 15 6.40237 37057
20 ( 17)1.21645 10041

21 ( 18) 2.43290 20082
22 19) 5.10909 42172
23 21) 1.12400 07278
24 22) 2.58520 16739
25 ( 23) 6.20448 40173

26 ( 25 1.55112 10043
27 26 4.03291 46113
28 28 1.08888 69450
29 29) 3.04888 34461
0 30) 8.84176 19931

31 32)2.65252 85981
32 33) 8.22283 86542
33 35) 2.63130 83693
34 36) 8.68331 76188
35 38) 2.95232 79904

36 ( 40 1.03331 47966
37 ( 41 5.71993 32679
18 43 1.37637 53091
19 44)i 5.23022 61747
40 46) 2.03978 82081

41 (4 ) 8,15915 28325
42 ( 49) 3.34525 26613
43 (51)1.40500 61178
44 ( 92) 6.04152 63063
45 ( 54) 2,65827 15748

46 56) 1,19622 22087
47 57) 5.50262 21598
48 5n 2.58623 24151
49 61 1.24139 15593
50 (62 6.08281 86403

51 ( 64) 3.04140 91202

-
( -

t -

1/I
0 1.00000
0 1.00000
1 5.00000
1 1.66666
2 4.16666

3 8.33333
3 1.38888
4 1.98412
5 2.48015
6) 2.75573

- 7) 2.75573
- 8 2.50521
- 9 2.08767
-10 1.60590
-11 1.14707

1

-13) 7.64716
-14) 4.77947

-16 1.56192
-18 8.22063

000
000
000
667
667

333
889
698
873
192

192
084
570
438
456

373
733
725
070
525

( -19 4.11031 762
-20 1.95729 411
-22 8.89679 139
-?3 3.86817 017

(-24 1.61173 7r 7

( - 26) 6.44695 029
( -27) 2.47959 626
( -29 9.18368 986
I -30 3.27988 924
' -31 1.13099 629

-33) 3.76998 763
-34 1.21612 504
-36 3.80039 076
-37 1.15163 356
-39 3.38715 754

. -41 9.67759 296
( -42 2.68822 027
( -44 7.26546 018
( -45 1.91196 320
( -47 4.90246 976

-48 1.22561 744
-50 2.98931 083
-52 7.11740 673

( -5 9 1.65521 087
( -55) 3.76184 288

-57 1N5965 084
1731 540

-60 3.86662 851
-62 8.05547 67
-63 1.64397 471

( -65) 3.28794 942

l 1! 1/1), 1)!

1IliCElt %NI) 111.1c-INTEGEN tiA

INt+1) JOH)

-1 8.86226 93 -0,57721 56649 1.08443 755 0.57721 566
0 1.32934 04 +0,42278 43351 1.04220 712 0.27036 285
0 3.32335 10 0.92278 43351 1.02806 452 0.17582 795
1 1.16317 28 1.25611 76684 1.02100 830 0.13017 669
1) 5.23427 78 1.50611 76684 1.01678 399 0.10332 024

2) 2.87885 28 1.70611 76684 1.01397 285 0.08564 180
3)1.87125 43 1.87278 43351 1.01196 776 0.07312 581
4 1.40344 07 2.01564 14780 1.01046 565 0.06380 006
5 1.19292 46 2.14064 14780 1.00929 843 0.05658 310
6 1.13327 84 2.25175 25891 1.00836 536 0.05083 250

7) 1.18994 23 2.35175 25891 1.00760 243 0.04614 268
8 1.36843 37 2.44266 16800 1.00696 700 0.04224 497
9 1.71054 21 2.52599 501 33 1.00642 958 0.03895 434

10 2.30923 18 2.60291 80902 1.00596 911 0.03613 924
11 3.34838 61 2.67434 66617 1.00557 019 0.U3370 354

12 5.18999 85 2.741 01 33283 1.00522 124 0.03157 539
13 8.56349 74 2.80351 33283 1.00491 343 0.02970 002
15 1.49861 21 2.862 33 68577 1.00463 988 0.02803 490
16 2.77243 23 2.91789 241 33 1.00439 519 0.02654 657
17 5.40624 30 2.97052 39922 1.00417 501 0.02520 828

98 3.02052 39922 1.00397 584 0.02399 845
20 2.38280 16 3.06814 30399 1.00379 480 0.02289 941
21 5.36130 3' 3.11359 75853 1.00362 953 0.02189 663
23 1.25990 6 3.15707 58462 1.00347 806 0.0209 798
24 3.08677 05 3.19874 25129 1.00333 872 0.02013 331

25) 7.87126 49 3.23874 25129 1.00321 011 0.01935 403
27 2.08588 52 3.27720 40513 1.00309 105 0.01863 281
28 5.73618 43 3.31424 10884 1.00298 050 0.01796 342
30 1.63481 25 3.34995 53741 1.00287 758 0.01734 046
31 4.82269 69 3.38443 81327 1.00278 154 0.01675 925

33 1.47092 26 3.41777 14660 1.00269 170 0.01621 574
34 4.63340 61 3.45002 95305 1.00260 748 0.01570 637
36 1.50585 70 3.48127 95 305 1.00252 837 0.01522 803
37 5.04462 09 3.51158 25608 1.00245 392 0.01477 796
39 1.74039 42 3.54099 43255 : 102 38 372 0.01435 374

40 6.17839 94 3.5695f 57541 1.00231 744 0.01395 318
42 2.25511 58 3.59734 35319 1.00225 474 0.01357
43 8.45668 42 3.62437 05589 1.00219 534 0.01321 560
45 3.25582 34 3.65068 63484 1.00213 899 0.01287 530
47 1.28605 02 3.67632 73740 1.00208 546 0.01255 208

48 5.20850 35 3.71)132 73740 1.00203 455 0.01224 469

5
50 2.16152

9.18649
90
81

3.72571
3.74952

76179
71417

1.00198
1.00193

606
983

0.01195
0.01167

200
297

3.99612 67 3.77278 29557 1.00189 570 0.01140 668i53
55)1.77827 64 3.79551 02284 1.00185 354 0.01115 226

56)8.09115 74 3.81773 24506 1.00181 321 0.01090 895
58) 3.76238 82 3.83947 15811 1.00177 460 0.01067 602

1.78713 44 3.86074 81768 1.00173 759 0.01045 283
61 8.66760 18 3.88158 15102 1.00170 210 0,01023 879
63 4.29046 29 3.90198 96734 1.00166 803 0.01003 333

( 65) 2.16668 38 3.92198 96734 1.00163 530 0.00983 596

( a 1) !

06(n)
drtint" 1)!

*
po In ,, ,I Iii (201 2.50662 82746 31001

it compiled from H. T. Davis, Tables of the higher mathematic's! functions, 2 vols. (Principia Press,
Bloomington. Ind., 1933, 1935) (with pprmission).
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GAMMA FUNCTION AND RELATED FUNCTIONS 273

GAMMA AND IRGAMNIA FUNCTIONS FOR INTEGER AND HALF-INTEGER VALUES Tula,. 6.3

Woo
3.28794
6.44695
123979
2..33924

4.33193

7.87624
1.40647
2.46749
4.25430
7.21068

1.20178
1.97013
3.17763
5.04386
7.88103

1.21246
1.83707
2.74189
4.03220
5.84376

8.34824
1.17580
1.63306
2.23707
3.02307

II r(n)

51 64 3.04140 93202 - 65

52 66 1.55111 87533 - 67

53 67 8.06581 75171 - 68
54 69 4.27488 32841 - 70

55 71 2.30843 69734 - 72

56 73 1.26964 03354 - 74

57 14 7.10998 58780 - 75

SO 76 4.05269 19505 - 77

S9 78 2.35056 13313 - 79

60 80 1.38683 11855 - 81

61 81 8.32098 71127 . - 82

62 83 5.07580 21388 - 84

63 85 3.14699 73260 - 86

64 87 1.98260 83154 - 88

65 89 1.26886 93219 - 90

66 90 8.24765 05921 - 91

67 92 5.44344 93908 - 93

68 94 3.64711 10918 - 95

69 96 2.48003 55424 - 97

70 98 1.71122 45243 - 99

71 100 1.19785 71670 -101

72 101 8.50478 58857 -102
73 103 6.12344 58377 -104

74 105 4.47011 54615 -106

75 107 3.30788 54415 -108

76 109)448091 40811 -110

77 111 1:88549 47017 -112

78 113 1.45183

I

09203 -114
79 115 1.13242 81178 -116

80 116)8.94618 21308 -117

81 118 7.15694 57046 -119

82 120 5.79712 60207 -121

83 122 4.75364 33370 -123

84 124 3.94552 39697 -125

85 126 3.31424 01346 -127

86 41144
87 130 2.42270 95384 -131

88 132 2.10775 72984 -133

89 134 1.85482 64226 -135

90 136 1.65079 55161 -137

91 59645 -139

92 140 1.35200 15277 -141

93 142 1.24384 14055 -143

94 144 1.15677 25071 -145

95 146 1.08734 61567 -147

96 78488 -149

97 149 9.91677 93487 -150

98 151 9.61927 59682 -152

99 153 9.42689 04489 -154

100 155 9.33262 15444 -156

101 (157)9,33262 15444 (-158)

4.03077
5.30364
6.88785
8.83058
1.11779

1.39724
1.72499
2.10364
2.53451
3.01728

3.54974
4.12760
4.74437
5.39134
6.05768

6.73076
7.39644
8.03961
8.64474
9.19653

9.68056
1.00839
1.03957
1.06079
1.07151

1.07151

1/(n 1)!

r(n+i) 4(n)

942 65 2.16668 38 3.92198 96734

964 67 1.11584 21 3.94159 75166
993 68 5. 85817j12 396082 82858
515 70 3.13417 16 3..97969 62103

547 72 1.70809 63 3.99821 47280

631 73 9.47993 44 4.01639 65470

255 75 5.35616 29 4.03425 36899

571 77 3.07979 37 4.05179 75495

295 79 1.80167 93 4.06903 89288

296 81 1.07199 92 4.08598 80814

049 82 6.48559 51 4.10265 4748-1-

196 84 3.98864 10 4.11904 81907

219 86 2.49290 06 4.13517 72229

062 88 1.58299 19 4.15105 02388

221 90 1.02102 98 4.16667 52388

649 91 6.68774 50 4.18205 98542

044 93 4.44735 04 4.19721 13693

619 95 3.00196 15 4.21213 67425

028 97 2.05634 36 4.22684 26248
852 99 1.42915 88 4.24133 53785

074 101 1.00755 70 4.25562 10927

856 102 7.20403 24 4.26970 55998

744 104 5.22292.35 4.28359 44887
868 106 3.83884 87 4.29729 31188

930 108 2.85994 23 4.31080 66323

240 110 2.15925 64 4.32413 99657

789 112 1.65183 12 4.33729 78604

441 114 1.28016 92 4.35028 48734

257 116 1.00493 28 4.36310 53862

526 117 7.98921 57 4.37576 36140

408 119 6.43131 87 4.38826 36140

269 121 5.24152 47 4.40060 92931

962 '123 4.32425 79 4.41280 44150

761 125 3.61075 53 4,42485 26078

287 127 3.05108 83 4:43675 73697

456 129 2.60868 05 4.44852 20756

995 131 2.25450 86 4.46014 99825

926 133

1

1.97444 50 4.47164 42354

006 135 1.74738 38 4.48300 78718

546 137 1.56390 85 4.49424 38268

163 139 1.41533 72 4.50535 49379

134 141 1.29503 36 4.51634 39489

016 143

1

1.19790 60 4.52721 35142

211 145 1.12004 22 4.53796 62023

415 147 1.05843 98 4.54860 45002

227 149 1.01081 00 4.55913 08160

190 150 9.75431 69 4.56954 74827

928 152

1

9.51045 90 4.57985 67610

519 154 9.36780 21 4.59006 08426

029 156 9.32096 31 4.60016 18527

029 ( 158)9.36756 79 4.61016 18527

(2.11.1-
L. "fi (n) tut (2)In"

NW Pato U.

filn) (3(H)

1.00163 530 0.00983 596
1.00160 383 0.00964 620
1.00157 355 000946 3
1.00154 438 0..00928 784

63

1.00151 628 0.00911 846

1.00148 919 0.00895 514
1.00146 304 0.00879 758
1.00143 780 0.00864 546
1.00141 341 0.20849 852
1.00138 984 0.00835:648

1.00136 704 0.00821 912
1.00134 498 0.00808 619
1.00132 362 0.00795 750
1.00130 292 0.00783 284
1.00128 286 0.00771 203

1.00126 341 0.00759 489
1.00124 455 0.00748 125
1.00122 623 0.00737 096
1.00120 845 0.00726 388'
1.00119 118 0.00715 986

1.00117 439 0.00705 878
.1.00115 807 0.00696 052
1.00114 220 0.00686 495
1.00112 675 0.00677 197
1.00111 172 0.00668 148

1.00109 709 0.00659 M-
1.00108 283 0.00650 756
1.00106 894 0.00642 395
1.00105 540 0.00634 247
1.00104 220 0.00626 302

1.00102 933 0.00618 554
1.00101 677 0.00610 995
1.00100 452 0.00603 619
1.00099 255 0.00596 419
1.00098 087 0.00589 389

1.00096 946 0.00582 522
1.00095 831 0.00575 814
1.00094 741 0.00569 258
1.00093 676 0.00562 850
1.00092 635 0.00556 584

1.00091 617 0.00550 457
1.00090 620 0.00544 463
1.00089 646 0.00538 598
1.00088 691 0.00532 858
1.00087 757 0.00527 239

1.00086 843 0.00521 738
1.00085 947' 0.00516 350
1.00085 070 0.00511 072
1.00084 210 0.00505 901
1.00083 368 0.00500 833

1.00082 542 0,00495 866

41 d [( 7)21 r( f)n
(_10 -r- hr, (n 1)!

an 3 i l 4 J

"A(") OW In n fan) (2.)1 2.50662 82746 31001
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274 GAMMA FUNCTION AND RELATID FUNCTIONS

Table 6.4 LOGARITHMS OF THE GAMMA FUNCTION

It login r (n) login r (n+:) 10910 r (n+1) log10 r (n +) A(n)
1 om000 000 -0.04915 851 -0.05245 506 -0.04443 477 1.00000 000
2 0,00000 000 +0.07578 023 +0.12363 620 +0.17741 398 0.96027 923
3 0.30103 000 0.44375 702 0.52157 621 0.60338 271 0.94661 646
4 0.77815 125 0.96663 576 1.06564 43 1.16765 41 0.93972 921
5 1.38021 12 1.60345 79 1.71885 68 1.83666 09. 0.93558 323

6 2.07918 12 2.33045 66 2.45921 95 2.58998 86 0.93281 466
7 2.85733 25 3.13208 89 3.27213 28 3.41389 73 0.93083 524
8 3.70243 05 3.99739 04 4:14719 41 4.29850 39 0.92934 980
9 4.60552 05 4.91820 91 5.07661 30 5.23635 60 0.92819 400

10 5.55976 30 5.88824 59 6.05433 66 6.22163 27 0.92726 910

11 6.55976 30 6.90248 63 7.07552 59 7.24966 15 0.926.1;1 221
12 7.60115 57 7.95684 40 8.13622 37 8.31660 83 0.92588 137
13 8.68033 70 9.04792 45 9.23313 38 9.41927 06 0.92534 753
14 9.79428 03 10.17286 3 10.36346 8 10.55493 3 0.92488 990
1.5 10.94040 8 11.32921 0 11.52483 6 11.72126 5 0.92449 327

16 12.116500 12.514847 12.715167 12.916241 0.92414 619
17 13.320620 13.727922 13.932651 14.138090 0.92383 993
18 14.551069 14.966804 15.175689 15.385245 0.92356 769
19 15.806341 16.230045 16.442861 16,656311 0.92332 409
20 17.085095 17.516352 17.732896 17.950042 0.92310 485

21
22

18.386125
19.708344

18.824561
20.153619

19.044649
20.377088

19.265313
20.601105

0.92290
0.92272

649
615

23 21.050767 21.502573 21.729270 21.956492 0.92256 149
24 22.412494 22.870550 23.100338 23;330629 0,92241 055
25 23.792706 24.256751 24.489504 24.722740 0.92227 169

26 25.190646 25.660444 25.896045 26.132109 0.92214 350
27
28

26.605619
28.036983

27.080949
28.517642

27.319290
28.758623

27.558078
29.000035

0.92202
0.92191

481
460

25 29.484141 29.969940 30.213468 30.457412 0.92181 198
30 30.946539 31.437301 31.683290 31.929681 0.92171 621

31
32
33
34

32.423660
33.915022
35.420172
36.938686

32.919221
34.415228
35.924878
37.447757

33.167590
34.665900
36.177784
37.702829

33.416347
34.916950
36.431055
37.958255

0.92162
0.92154
0.92146
0,92138

661
262
371
944

35 38.470165 38.983473 39.240648 39.498167 0.92131 942

36 40.014233 40.531658 40.790876 41.050429 0.92125 329
37 41.570535 42.091963 42.353169 42.614701 0.92119 073
38,
39
Evo

43.138737
44.718520
46.309585

43.664060
45.247636
46.842397

43.927200
45.512661
47.109258

44.190658
45.777995
47.376420

0.92113
0.92107
0.92102

146
524
182

41 47.911645 48.448061 48.716713 48.985659 0.92097 101/ 42
43

- 49.524429
"51.147678

50.064362
51.691044

50.334761
51.963150

50.605448
52.233536

0.92092
0.92087

262
648

44
45

52.781147
54.424599

53.327866
54.974597

53.601639
55.249999

53.875686
55.525670

0.92083
0.92079

244
035

46 56,077812 56.631014 56.908011 57.185269 0.92075 010
47 57.740570 58.296908 58.575464 58.854276 0.92071 156
48 59.412668 59.972075 60.252157 60.532491 0.92067 462
49 61.093909 61.656322 61.937899 62.219723 0.92063 919
50 62.784105 63.349462 63.632504 63.915788 0.92060 518

51 64.483075 65.051318 65.335796 65.620510 0.92057 250
logy) (n-1)! 10$110 (4 -I) login (n-3)! login (n-D I

In r(n)-In (n-1)!.(n-4) In n-n+f2(n) In 104.80258 509299
logy) r(n) compiled from E. 8. Pearson, Table of the logarithms of the complete r-function, arguments
2 to 1200. Tracts for Computers No. VIII (Cambridge Univ. Press, Cambridge, England, 1922) (with
permission).
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logic) 1' (Ws) logic) r (n-1-0 log r (n +)

275

Table 6.4

f2(n)
51 64.483075 65.051318 65.335796 65.620510 0.92057 250
52 66.190645 66.761 717 67.047603 67.333720 0.92054 108
53 67.906648 68.480496 68.767762 69.055256. 0.92051 084
54 69.630924 70.207494 70.496116 70.784961 0.92048 173
55 71.363318 71.942561 72.232512 72.522683 0.92045 367

56 733 03681 73,685548 73.976805 74.268279 0.92042 661
57 74.851869 75,436313 75.728854 76.021606 0.92040 051
58 76.607744 77.194720 77.488522 77.782531 0.92037 530
59 78.371172 78.960637 79.255677 79.550922 0.92035 095
60 80.142024 80.733936 81.030194 81.326654 0.92032 -741

61 81.920175 82.514493 82.811950 83.109604 0.92030 464
62 83.705505 84.302190 84.600.825 84.899655 0.92028 261
63 85.497896 86.096910 86.396705 86.696691 0.92026 127
64 87.297237 87.898542 88.199479 88.500604 0.92024 061
65 89.1 03417 89.706978 90.009038 90.311284 0.92022 057

66 90.916330 91.522113 91.825280 92.128629 0.92020 115
67 92.735874 93.343845 93,648101 93.952538 0.92018 231
68 94.561949 95.172075 95.477405 95.782913 0.92016 401
69 96.394458 97.006708 97.313096 97.619659 0.92014 625
70 98.2 33307 98,847650 99.155080 99.462684 0.92012 900

71 100.07841 100.69481 101.00327 101.31190 0.92011 223
72 101.92966 102.54810 102.85758 103.16722 0.92009 593
73 103,78700 104.40744 104.71791 105.02855 0.92008 008
74 105.65032 106.27274 106.58420 106.89582 0.92006 465
75 107.51955 108.14393 1E1.'45636 108.16895 0.92004 964

76 109.149461 110.02091 110.33430 110.64785 0.92003 502
71 111.27543 111.90363 112.21797 112.53246 0.92002 078
78 113.16192 113.79200 114,10727 114.42269 0.92000 690
79 115.05401 115.68594 116.00214 116.31848 0.91999 338
80 116.95164 117.58540 117.90250 118.21976 0.91998 019

81 118.85473 119.49029 119.80830 120.12646 0.91996 733
82 120.76321 121.40056 121.71946 122.03850 0.91995 479
83. 122.67703 123.31614 123.63591 123.95583 0.91994 254
84 124.59610 125.2369E 125.55760 125.87838 0.91993 059
85 126.52038 127.16296 127.48445 127.80610 0.91991 892

86 128.44980 129.09407 129.41642 129.73891 0,91990 752
87 130.38430 131.03025 131.35344 131.67676 0.91989 638
88 132.32382 132.97143 13349545 133.61959 0.91988 550
89 134.26830 134.91756 135.24239 135.56735 0.91987 486
90 136.21769 136.86857 137.19421 137.51999 0.91986 446

91 138.1 7194 138.82442 139.15086 139.47743 0.91985 428
92 140.13098 140,78505 141.11228 141.43964 0.91984 433
93 142,09477 142,75041 143.07842 143.40657 0.91983 459
94 144.06325 144.72044 145.04923 145.37815 0.91982 505
95 146.03638 146.69511 147.02467 147.35435 0.91981 572

96 148.01410 148.67435 149.00467 149.33511 0.91980 659
97 149.99637 150,65813 150.98920 151.32039 0.91979 764
98 151.98314 152.64639 152.97820 153.31013 0.91978 887
99 153.97437 154.63909 154.97164 155.30430 0.91978 028

100 155.97000 156.63619 156.96946 157.30285 0.01977 186

101 157.97000 158.63763 158.97163

logio (n-1)1. 'Mtn (n - ,')! 101110 (n-;)1.

In r01)-ln (n-1) -(n--,) In n-n-l-f2ln)

159.30574
logo (n-D!

In 10-2.30258

0.91916

509299

361
r(-7)21

3
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Table 6.5

GAMMA FUNCTION AND ULATZD FUNCTIONS

AUXILIARY FUNCTIONS FOR GAMMA AND DIGAMMA FUNCTIONS

x-1 II (2)
0.015 1. 00125 077
0.014 1.00116 735
0.013 1. 00108 391
0.012 1.00100 050
0.011 1.00091 -708

0. in o 1. 00083 368

.fs(x)
0. 92018 852 ,

0.92010 519.
0.92002 186
0.91993 853
0.91985 520\

O. 91977 '106
0.009 1. 00075 028 0.91968 853
0.008 1.00066 689 0.91960 520
0.007 1. 00058 350 0.91952 187
0.006 1. 00050 012 0.91943 853

0.005 1.00041 675 0.91935 521
0.004 1. 00033 339 0.91927 187
0.003 1. 00025 003 0.91918 853
0.002 1. 00016 668 0.91910 520
0. 001 1. 00008 _334 0.91902 187

0.000 1.00000 000 0.91893 853
[(-1)1]

[(-1)1]

Table 6.6

xt.(2v)ke+is-xfi(x)

i.(x)1(2,0101-4s-xii(x)

In r (x ).1n (x-1)1. (x- }) In trx# fs (2%)

\

fa (z) <z> rJ

0. 00751 875 67
0. 00701 633 71
0. 00651 408 77
0. 00601 200 83
0. 00551 008 91

0: 00500 833 100
0. 00450
0. 00400

675
533

/' 12$11
1

0. 00350 408 143
OF 00300 300 167

0. 00250 208 200
0. 00200 133 250
0. 00150 075° 333
0. 00100 033 00 4

0. 00050 008 15000

0.00000 000 CO

r(-492-1
L 3 j

#(x) =an ::-.(3(x)

(2,0i.2.50662 82746 31001

<x>.nearest integer to x./

FACTORIALS FOR LARGE ARG

100 157 9. 3326 21544 39441 52682
200 374 7.8865 78673 64790 50355
300 614 3. 0605 75122 16440 63604
400 868 6.4034 52284 66238 95262
500 1134 1.2201 36825 99111 00687

r(n +1)
Compiled from Ballistic Research Laboratory, A table of thelaCIOTiS1 numbers and their reciprocals
from 11 to 10001 to 20significant digits, Technical Note No. 881, Aberdeen Proying Ground, Md.(1951)
(with permission).

n
600 1408
700 1689
800 1976
900 2269

1000 2567

ENTS

ft!

.1

.2655 72316 22543 07425

.4220 40124 75027 21799

.7105' 30113 35386 00414
7526 80220 96458 41584

.0238 72600 77093 77354
r(n -1)
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GAMMA' FUNCTION AND RIMMED FUNCTIONS

GAMMA FUNCTION FOR COMPLEX AliGUMENTS

/4.0
In r(z) fin 110 gin r(s)

0.00000 00000 00 0.00000 00000. 00 5.0 - 6,13012 41445 53

. .

Table 6.7

3.81989in

rLz)

85746 15
0.1 - 0.00819 17805 65 0.05732 29404 17 5.1 - *. 6.27750 24635 84 3.97816 38691 88
0.2 - 0.03247 6292) 18 - 0.1/230 22226 44 5.2 - 6.42487-30533 35 4.14237 74050 86
0:3 - 0.07194 62509 00 - 0.16282 0672168 "- 563 "4 6.57242 85885 29 . 4.30850 21885 83
0.4 - 0.12528 93748 21 - 0.20715 5826316 5.4 6.72016 21547 03 . 4.47650 25956 68

0.5 *. 0.19094 54991 $7 - 0.24405 82989 OS 5.5 - 6.86806 72180
810.6 - 0.26729 00682 14 - 047274 38104 91 5. 6 7486 .7.01613 75979 8841887994 44 9378)

0.7 U.35276 86908 60 - 0.29282 63511 87 5. 7 - 7.16436,74421 06 4.99142 0342419
0.8 - 0.4459717835 49 - 0.30422 56029 76 5.8 - 7.31271 12034 30 . . 5.1609 19085 37
0.9 - 0.54570 51286 05 - 0.30707 43756 42 5.9 - 7.4612116194 29 514347 91013 53

1.0 - 0.65092 31993 02 - 0.30164 03204 68 6.0 - 7.60995 46929 51 1.52205 31255 15
1.1 - 0.76078 39588 41 - 0.28826 66142 39 6.1 7.75877 46746 .' 5.70228 61315 35
1.2 - 0.87459 04638 95 - 0.267385805 81 7.90772 4WW68 99 , 5. 811415 11702 39
1.3 - 0.99177 27669 59 - 0.23921 67844 65 6.3 - 8.05610 35089 04 /'," 6.06762 21500 13
1.4 - 1.11186 45664 26 - D. 20430 07241 49 - 84;0600 89631 Of 6.25267 37967 05

1,23448 30515 47 -0.16293 97694 80 6.5 - 8.35533 650 11 6.43928 16159 76
1.4 5.35931 22484 65 - 0.11546 87935 89 6.6 - 8,50478' I 25 6.62742 18579 12
$..* 1.48608 96127 57 - 0.06219 86983 29 6.7 - 8.65434 31 23 6.81707 14837 44

1.61459 33960 00 -- 0.00341 66314 77 frell - 8 1829 10 7.00820 81345 02
1.14464 42761 74 4. 0.0606) 28742 95 6.9 - 54158 r

00368
7:20081 01014 93

87607 87864 31
2.00876 41504 71

0.12964 63163 10
0,20345 94738 33

. 7.0
7.1

w 9 06798 32
.25366 79950 15

7.39485 62984
7.590)2 62351 84

19,

2.2 - 2.14258 42092 96 0.28184 56584 26 7.2 .7/ .40375 45067 08 7.78719 99928 77
2.1 - 2.27743 81922 04 0.36461 40489 SO 7.3 9.55393'4783 21 7.98545 82004 68
2.4 - 2.41323 81411 84 0.45158 81524 41 7.4

..)4
,/ - 9.70421 42849 72 8.18508 20125 03

/

2.5 /- 2.54990 68424 95 0.54260 44058 52 9.85458 24074 86 8.38605 soseo 89
2.65 - 2.68737 61537 50 0.63751 09190 46 6 - 10.0030394267 90 8.58835 35709.62
2.st - 2.82358 5M11 91 0.73616 63516 79 i7 7.7 -10.15558 30186 86 8.79196 60705 87
2.8 - 2.96448 14617 89 0.83843 89130 96 7.8 . -10.30621 09489 48 8.99687 36442 29
2.9 - 3.10401 54399 01 0.94420 54730 39 I.. 7,9 -10.45692 10687 39 9.20305 97799 25

3.0 - 3.24414 42995 90 .1.05 07710 69 8.0 -10.60771 13103 15 9.41050 8380) 12
3.1 - 3.38482 90223 77 1.16 7 67132 864 , 8.1 -10.75857 96829 95 9.61920 37472 42
3.2 - 3.52603 43067 09 1.281 17459 8.2 -10.90952 42693 78 9.82913 05671 62
3.3 - 3.66772 81104 88 1.40 1.02965

it
8.3 -11.06054 32217 92 10.04027 38971 80

3.4 Is 3.80988 12618 23 1.5 22746 ) 8.4 «11.21163 47589 48 ,10.2526191518 09

3.3 - 3.93246 71261 89 1.6409 26242 69 8.5 -11.36279 71628 04 10.'46615 20903.24
3.6 - 4.09346 /3204 SI 1.77155 09225 91 8.6 -11.51402 87756 02 10.68085 88047
3.7 - 4.23884 14660 71 1.90365 10190 19 8.7 11.66332.79970 81 10.89672,57081 77
3.8 - 4.38258 69752 28 2.03642 07096 93 8.8 -11,81669 32818 48 .11.11373 95241 57
3.9 - 4.52667 88647 16 2.17179 14436 05 8.9 -11496812 31169 01 11,33188 72758 53

4.0 - 4.67109 959)4 09 2.30969 80565 73 9.0 -12,11961 61192 81 11.5310 62762 02
4.1 - 4.81303 29197 96 2.45007 85299 47 9.1 -12.27117 08338 67 11.77153 41183 09

44.2 - 4.96086 37766 87, 2.59287 37713 19 .9.; -12.42278 59312 81 11.99300 86662 85
4.3 - 3.10617 81606 63 2.73802 74148 20 9.3 -12,57446 01059 08 12.21556 80464 79
4.4 - 5.29176 30342 30 2.88548 5.7,389 27 9.4 -12,72619 20940 29 12.43920 06390 90

4.5 3.39760 62389 84 3.03519 69959 22 9.5 -12.87798 06720 k4 12.66389 50701 28
4.6 - 5.54369 64183 04 A8711 22793 89 . 9 .6 -13.02982 46547 89 12.88964 92037 GO
4.7 - 5.69002 29483 73 3.34118 4)443 27 7.7 -13.18172 28939 51 13.11642 51346 66
4.8 5.83657 58764 54 3.497)6 80186 15 9.8 -13,33367 42765 47 13.34423 91814 77
4,9 - 5.98334 58655 32 3.65561 99647 12 9.9 -13.48567 77234 95 13.57307 18794 55

5.0 - 6.1)032 41445 33 3.81389 867461S 10.0 3.63773 21882 47 13.80291 29742 30

Linear interpolation will yield about three figures; eight-point interpolation will yield about eight figures.

For z outside the range of the table, see Examples 5-8.

.4' In r(z)1n ir(z)I .1 In r(z)-arg r(e)
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Table b.i

0.0
0.1
0.2
0.9
0.4

0.5
0.6
0.7
0.8
0.9

al In rtz)

- 0.04987 24412 60
- 0.05702 02290 38
- 0.07824 35801 64
- 0.11291 43470 17
- 0.16008 21257 99.

- 0.21858 96764 09
0.28718 99839 43

- 0.36464 38731 53
- 0.44978 83131 87
- 0.54157'54093 11

1,,i0 4-
-

0.63908 78153 48
1.1 0.74153 80620.74
1.2 - 0.84825 85646 26
1.3 - 0.95868 73364 97
1.4 - 1.07238 26519 67

1.5
1.6
1.7
1.8
1.9,

.

2.0
2.1
2.2
2.3
2.4.

2.5
2.6
2.7
2.8
2.9

3.0
3.1
3.2
3.3
3.4

3.5
3.6
3.7
3.8
3.9

- 1.18
- 1.30
- 1.42
- -1.55
- 1.67

85 84815 22
87'15575 95
11 03402 04
3358336 11
34 40572 49

- 1.80395 99248 63
- 1.93203 22878 13
- 2.06142 99239 46
- 2.19203 82866 29
- 2.32375 68617 01

- 2.45649 70097 26
- 2.59018 01959 43
- 2.72473 65306 67
- 2,86010 35591 81

2.99622 52529 98

- 3.13305 11644 50
- 3.27053 57144 30
- 3.40863 75892 32
- 3.54731 92273 03
- 3.68654 63804 17

- 3.82628 77368 25
- 3.96651 45962 20
- 4.10720 05882 64
- 4.24832 14278 81
- 4.38985 41017 40

4.0 - 4.53177 96812 84
4. 1 - 4.67407 71584 70
4.2 - 4.81672 93009 83
4.3 - 4.95971 95242 44
4.4 - 5.10303 23779 21

4.5 - 5.24665 34450428
4.6 5.39056 92519 72
4.7 - 5.53476 71881 64
4.8 - 5.67923 54339 89
4.9 - 5.82396 28961 29

5.0 - 5.9603 91493 52

GAMMA FUNCTION AND RELATED FUNCTIONS

GAMMA FUNCTION FOR COMPLEX ARGUMENTS

.1 In r(z) U

. 0.008001)0000 00 5.0
0.04206 65443 76 5.1

- 0.08230 97383 98 5.2
- 0.11905 06275 18 5.3
- 0.15086 79240 09 5.4

2.- 0.17666 11398 43 5.5
- 0.19566 16788 64 \ 5. 6

0.20740 35526 60
- 0.21167 10325 55 5.8
- 0.20843 91.333 00 5.9

- ,0.19781 78257 67 6.0.
- 0.18000 55175 74 6.13
- 0.15525 33222 12. 6.2
- 0.12383 93047 38 6.3
- 0.08605 08957 00 6.4

- 0, 04217 34907 11 .6.5
0.00751 65191 79 6.6
0.06275 56777 30 6.7
0.12329 53847 15 6.8
0.18890 25358 69 6.9

0.25935 93780 23 7.0
0.33446 29085 79 7.1
0,41402 40321 50 7. 2
0.49786 66085 82 7.3
0.58582 64745 04 7.4

0.67775 04868 09 7.5
0.77349 56148 91 7.6
0.87292 80949 66 7.7
0.97592 26515.07, 7.8
1.08236 17859 08 7.9

1.19213 51297 01 8.0
1.10513 88581 77 8.1
1.42127 51595 43 8.2
1.54045 17547 76 \ 8.3
1.66258 14631 94 4.4

1.78758 18092 68 4.5
1.91537 46664 26 8.6
2.04588 59340 24 8.7
2.17904
2.31478

52440 32
56943126

V 8.
8.9

8

2.45304.36058125
2.59375 8301011
2.73687 19016154
2.88232 91437 Is
.3.03007 72080 09

3. 18006 55643.19
3.33224 58288 4
3.48657 16324 0
3. 64299 84993 84\
3.80148 37357 79

3.96198 63258 60 \

aes

a In r(z)

5.96893 91493 52
- 6.11415 43840 05

6.25959 93585 61
- 6.40526 53566 40
- 6.55114 41480 20

- 6.69722 79531 89
- 6.84350 94110 69

6.98998 15495 i0
- 7.13663 77586 96
- 7.28347 17659 19

- 7.43047 76136 25
- 7.57764 06383./5
- 7.72498 24519 72
- 7.87247 09237 38
- 8.02011 01645 61

.0 In r(z)

. 3.96198 63258 60
4,12446 68364 90
4.28888 73284 80
4.45521 12743 47

, 4. 62340 34819 04

4.79343 00232 04
4.96525 81683 67
5.13885 63238.91
5.31419 39750 77
5.49124 16322 40

- 8,16789 55118
- 8.31582 25159 69
- 8.46388 69271 17
- 8.61208 46838 95
- 8.76041 19021 72

- 8.90886 48649 60
- 9.05744 00129 63
- 9.20613 39357 92
- 9.35494 33637 73
- 9.50386 51603 25

- 9.65289 63148 29
- 9.80203 39359 83
- 9.95127 52455 81
- 10.10061 75726 94
-10.25005 83482 21

5.66997 07803 94
5.85035 38321 46
6.03236 40835 50
6.21597 56726 90
6.40116 35407 92

6.58790 33956 67
77617 16773.32

---t594 55256 30
7..157.20 27497 24
7.3499117/93 20

7.54408 17175 09
7.73966 22151 13
7.93664 34464 25
8.13500 61862 70
8.33473 17082 71

8.53580 17842 76
8.73819 86648 33

48.94190 50606 84
9.14690 41251 84
9.35317 94376 01

9.56071 49872 49
9.76949 51583 85
9.97950 47158 43

10.19072 87913 49
10.40315 28704 84

10.61676 27802 52
10.83154 46772 22
11.04748 50362 14
11.26457 06394 86.
11. 48278 85664 18

11.70212 61836 32
11.92257 11355 62
12.14411 13354 15
12.36673 49565 33
12.59043 04241 06

12. 81518 64072 43
13.04099 18113 65
13.26783 57709 12
13.4(1570 76423 49
13.72459 69974 44

-10.39959 50997 80
-10.54922 54469 17
-10.69894 70966 06
-10.84875 78390 24
-10.99865 55435 72

-11.14863 81551 38
-11.29870 36905 72

-11.44885 02353 71
-11.59907 59405 42
.41.74937 90196 53

9.4 I -11.89975 77460 43
9.1 -12.05021 04501 83
9.2.. -12.20073,55171 88
9.3 -12.35133 13844 58
9.4 -12.50199 65394 43

9.5 -12.65272 95175 33
9.6 -12.80352 89000 52
9.7 -12.95439 33123 60
9.8 -13.10532 14220 44
9.9 -11.25631 19372 14

10.0 -13.40736 36048 74 13.95449 36168 27



GAMMA FUNCTION AND RELATED FUNCTIONS

GAMMA FUNCTION FOR COMPLEX ARGUMENTS

)1n r(s) I In, r(s)

.r -1.2

4 In r(s)

0.0 - 0.08537 40900 03 0.00000 00000 00 5.0 - 5.80731 52672 85

0.1 - 0.09169 75124 13 - 0.02865 84973 21 5.1 5.95057 66519 39
0.2 - 0.11050.89067 86 - 0.05586 39903 67 5.2 - 6.09410 47211 91

0.3 - 0.14135 09532 62 - 0.08025 91592 09 5.3 - 6.23788 94064 81

0.4 - 0.18352 07443 57 - 0.10066 05658 03 5.4 - 6.38192 11972 10

0.5 - 0.23614 32688 51 - 0.11610 77219 87. 5.5 - 6.52619.11003 82
0.6 - 0.29824 98509. 35 - 0.12588 00935 13 5.6 - 6..67069 06038 24

0.7 - 0.36884 83560 49 - 0.12948 68069 21 5.7 - 6.81541 16425 98
0.8 - 0.44697 73864 90 - 0.12663 80564 1 5.8 - 6.96034 65682 97
0.9 - 0.53174 22756 96 - 0.11720 77278 71 5.9 - 7.10548 81209 15

1.0 - 0.62233 46814 87 - 0.10119 48144 90 6.0 - 7.25082 94030 54

1.1 - 0.71803 95313 44 - 0.07868 85716 52 6.1 - 7.39636 38562 29
1.2 - 0,81823 34133 20 - 0.04983 92764 14 6.2 - 7.54208 52390 70
1.3 - 0.92237 79303 78 - 0.01483 57562 65 6.3 - 7.68798 76072 47
1.4 - 1.03001 06294 86 + 0.02611 15201 47 6.4 - 7.83406 52949 5)

1.5 - 1.14073 52341 0.07278 23932 61 6.5 - 7.98031 28978 26
1.6 - 1.25421 22047 )9 0.12495 51937 38 6.6 - 8.12672 5257Q 99
1.7 - 1.37015 01536 37 0.18241 21090 01 6.7 - .8.27329 74450 10
1.8 - 1.48829 83245 09 0.24494 25273 48 6.8 - 8.42002 47512 17

1.9 - 1.60844 01578 57 0.31234 49712 35 6.9 - 8.56690 26702 20

2.0 1.73038 78680 93 0.38442 80719 73 7.0 - 8.71392 68096 74

2.1 - 1.85397 79144 87. 0.46101 09100 87 7.1 - 8.86109 32795 24
2.2 - 1.97906 72374 32 0.54192 29484 31 7.2 - 9.00839 78818 89
2.3 - 2.10553 01371 17 0.62700 37140 16 7.3 - 9.15583 69016 37
2.4 - 2.23325 56848 33 0.71610 23338 39 7.4 9.30340 66975 98

2.5 - 2.36214 55727 43 0.80907 69945 69 7.5 - 9.45110 37743 60

2.6 - 2.49211 23232 46 0.90579 43715 71 7.6 - 9.59892 47746 01

2.7 - 2.62307 77928 95 1.00612 90561 43 7.7 - 9.74686 64719 23

2.8 - 2.75497 19177 39 1.10996 29987 3) 7.8 9.89492 57641 38
2.9 - 2.88773 16568 77 1.21718 49784 62 7.9 40.04309 96669 84

3.0 - 3.02130 00992 07 1:32769 01044 18 8.0 -10.19138 53082 31
3.1 - 3.15562 57049 65 1.44137 93510 29 8.1 -10.33977 99221 46

3.2 - 3.29066 16590 00 1.55815 91278 68 8.2 -10.48828 08443 04

3.3 - 3.42636 53170 56 1.67794 08829 56 8.3 -10.63688 55067 01

3.4 - 3.56269 77297 54 1.8006417379 67 8.4 -10.78559 14331 66

3.5 - 3.69962 32317 85 1.92617 91533 49 8.5 -10.93439 62350 38
413. 6

3.7
- 3.83710 90860
- 3.97512 51741

24
07

2.05448 06211
2.18547 33836

84
08

8.6
8.7

-11.08329 76070
-11.23229 33237

93
11

3.8 - 4.11364 37264 61 2.31908 91746 67 8.8 -11.38138 12352 53

3.9 4.25263 90859 57 2.45526 29835 70 8.9 -11.53055 92646 46

4.0 - 4.39208 75003 42 2.59393 28374 55 9.0 -11.67982 54041 57

4.1 4 5 3 1 9 6 69343 70 2.73503 96019 03*N. 9.1 -11.82917 77123 44
4.2 =74.67225 69312 23 2.87852 67976 01 9.2 -11.97861 43111 70
4.3 - 4.81293 84293 30 3.02434 04316 86 9.3 -12.12813 33832 78

4.4 - 4.95399 36651 50 3.17242 88424 26 9.4 -12.27773 31694 04

4.5 - 5.09540 60548 36 3.3 25560 43 9.5 -12.42741 19659 29

4.6 - 5.23716 00880 20 3.4 41545 72 9.6 -12.57716 81225 64

4.7 - 5,37924 12391 93 3.62985 81537 79 9.7 -12.72700 00401 42

4.8 - 5.52163 58863 97 3.78657 08902 31 9.8 -12.87690 61685 35
4.9 - 5.66433 12381 00 3.94533 04167 32 9.9 -13.02688 50046 68

5,0 : 5.80731 52672 85 4.10609 64053 70 10.0 -13.17693 50906 38

290

.1 In Ns).

4.10609 64053 70
4.26883 00575 53
4.43349 40204 01
4.60005 23089 91
4.76847 02339 50

4.93871 43339 56
5.11075 23127 64
5.28455 29803 68
5.46008 61980 02
5.63732 28266 55

5.81623 46788 41
5.99679 44733 73
6.17897 57929 16
6.36275 30441 11
6.54810 14200 83

6.73499 68651 55
6.92341 60416 24
7.11333 62984 34
7.30473 56416 32
7.49759 27064 691

7.88759 75313 et7.69188 67310 4

8.08470 54778 77
L28319 14729 22
8.48303 69297 94

8.68422 37525 82
8.88673 43171 55
9.09055 14530 96
9.29565 84265 39
9.50203 89238 50

9.70967 70361 08
9.91855 72443 36

10.12866 44054 34
10.33998 37387 77
10.55250 08134 40

10.76620 15360 05
10.98107 21389 38
11.19709 91694 76
11.41426 94790 19
11.63257 02129 90

11.85198 88011 32
12.07251 29482 35
12.29413 06252 48
12.51683 00607 77
12.74059 97329 36

12.96542 83615 35
13.19130 49005 92
13.41821 85311 47
13.64615 86543 64,
13.87511 48849 16

14.10507 70446 23



t
280

Table 6.7

y .$1 In r(t)

GAMMA FUNCTION AND RELATED FUNCTIONS

GAMMA FUNCTION FOR COMPLEX ARGUMENTS

-1.3
r(s) y di In r(s) -1 In r(s)

0.0 - 0.10817 48095 08 0.00000 00000 00 5.0 - 5.64541 41381 33 4.24823 90621 27
0.1 - 0.11383 61080 85 - 0.01671 99199 34 5.1 - 5.78673 23355 37 4.41126 31957 95
C. 2 - 0.13070 20636 90 - 0.03225 84033 35 5.2 - 5.92835 35606 66 4.57620 66023 67.
0.1 - 0.15843 10081 49 - 0.04549 95427 81 5.3 - 6.07026 64370 51 4.74303 39118 17
0.4 - 0.19649 12771 78 - 0.05514 82296 06 5.4 - 6.21246 02140 03 4.91171 10050 12

0.5 - 0.24420 93680 45 - 0.06126 78750 55 '5.5 - 6.35492 47217 66 5.08220 49501 77
0.6 - 0.30082 34434 02 -. 0.06229 79103 48 '5.6 - 6.49765 03305 97 5.25448 39434 72
0. 7 0.36553 39002 19 r 0.05805 28252 04 5.7 - 6.64062 79133 72 5.42851 72533 50
0.8 0.43754 53407 27 - 0.04820 73993 35 5.8 - 6.78384 88113 55 5.60422,51684 12

0.51609 74046 40 - 0.03257 37450 94 5.9 - 6.92730 48028 21 5.7817Z 89485 09
-

1.0 - 0.60048 45154 05 - 0.01107 52190 48 6.0. - 7.07098 80742 52 5.96045 07788 45
1.1 - 0.69006 62005 12 + 0.01627 90894 04 6.1 - 7.21489 11938 62 6.14161 37268 52
1.2 - 0.78427 03001 02 0.04941 70710 23 6.2 - 7.35900 70872 13 6.32399 17016 49
1.3. - 0.88259 13601 03 0.08822 25250 96 6.3 - 7.50332 90147 58 6.50795 94158 99
1.4 - 0.98458 61322 90 0.13255 01649 50 6.4 - 7.64785 05510 98 6.69349 23498 81

1.5 - 1.08986 76158 16 0.18223 70479 17 6.5 - 7.79256 55658 27 6.88056 67176 38
1.6 - /1.19809 86148 04 09920 47 6.6 - 7.93746 82058 02 7.06915 94350 45
1.7 - 1.30898 54162 82

_0023711
0.29699 65855 44 6.7 - 8.08255 28787 24 7.25924 80896 76

1.8 - 1.42227 19237 14 0.36171 93463 93 6.8 - 8.22781 42379 13 7.45081 09123 38
.1.9 - 1.53773 44011 63 0.43110 85022 51 6.9 - 8.37324 71681 76 7.64382 67501 64

2.0 1.65517 68709 10 0.50499 87656 67 7.0 - 8.51884 67726 68 7.83817 50411 67
2.1 - 1.77442 71431 91 0.58323 13926 09 7.1 - 8.66460 83606 78 8.03413 57901 50
2.2 - 1.89533 34239 28 0.66565 47394 67 7. 2 - 8.81052 74362 48 8.23138 95458 91
2.3 2.01776 14331 34 0.75212 44759 30 7.3 - 8.95659 96875 66 8.43001 73795 19
2.4 - 2.14159 19646 87 0.84250 35670 42 7.4 - 9.10282 09770 73 8.63008 08640 04

2.5 - 2.26671 88222 04 0.93666 21049 03 7.5 - 9.24918 73322 19 8 :83192 20546 97
2.6 - 2.39304 70725 18 1.03447 70464 53 . 7.6 - 9.39569 49368 29 9.03396 34708 43
2..7 - 2.52049 15659 37 1.13583 18965 15 7.7 - 9.54234 01230 14 9.23790 80780 23
2.8 - 2.64897 56799 18 1.24061 63628 56 I 7.8 - 9.68911 93636 11 9.44313 92714 58
2.9 - 2.77843 02497 03 1.34872 60013 87 7.9 - .9.83602 92650 88 9.64964 08601 22

3.0 - 2.90879 26554 06 1.46006 18633 96 8.0 - 9.98306 65608 89 9.85739 70516 25
3.1 3.04000 60402 26 1.57453 01525 07 8.1 -10.13022 81051 96 10.06639 24378 12
3. 2 3.17201 86387 60 1.69204 18960 57 8.2 -10.27751 08670 60 10.27661 19410 47
3.3 - 3.30478 31979 94 1.81251 26335 69 8.3 - 10.42491 -19248 88 10.48804 10011 24
3.4 A. 3.43825 64765 05 1.93586 21235 97 8.4 -10.57242 84612 54 10.70066 51627 91

3.5 - 3.57239 88099 07 2.06201 40693 37 8.5 -10.72005 77580 15 10.91447 04638 39
3.6 - 3.70717 37325 19 2.19089 58627 45 8.6 -10.86779 71917 09 11.12944 32237 30
3. 7 - 3.84254 76469 59 2.32243 8.7 -11.01564 4229216 11.34557 00727 24
3.8 - 3.97848 95346 95 2.45657 5593 6 8.8 -11.16359 64236 64 11.56283 79415 00
3.9 - 4.11497 07016 98 2.59324 47004 5 8.9 -11.31165 14105 63 11.78123 40512 20

4.0 - 4.25196 45543 18 2.73238 56006 34 9.0 -11.45980 69041 59 12.00074 59040 23
4.1 - 4.38944 64012 12 2.87394 08855 80 9.1 -11.60806 06939 74 12.22136 12739 31
4.2 - 4.52739 32778 30 3.01785 56433 48 9.2 -11.75641 06415 49 12.44306 81981 38
4. 3 - 4.66578 37904 84 3.16407 73073 22 9. 3 -11.90485 46773 52 12.66585 49686 64
4.4 - 4.80459 79774 65 3.31255 55163 23 9.4 -12.05339 07978 49. 12.88971 01243 51

4.5 - 4.94381 71850 33 3.46324 19848 78 9.5 -12.20201 70627 34 13.11462 24431 99
4.6 - 5.08342 39564 42 3.61609 03828 59 9.6 -12.35073 15923 02 13.34058 09350 03
4.7 t 5.22340 19323 94 3.77105 62237 32 9.7 -12.49953 25649 49 13.56757 48342 95
4.8 - 5.36373 57615 52 3.92809 67607 19 9.8 -12.64841 82148 10 13.79559 35935 62
4.9 - 5.50441 10199 31 4.08717 08902 55, 9.9 -12.79738 68295 12 14.02462 68767 33

5.0 - 5.64541 41381 33 4.24823 90621 27 10.0 -12.94643 67480 34 14.25466 45529 28
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1).

0.0

V. iny(s)

GAMMA FUNCTION

GAMMA FUNCTION

J r(,$) 1/ 9, In r(z)

- 0.11961 29141 72 0.00000 00000 00 5.0 - 5.48319 80511 50
- 0.12473 21357 76 - 0.00597 40017 43 5.1 - 5.62258 51037 75

0.2 - 0.14000 01552 88 - 0.01097 08056 66 5.2 - 5.76231 08530 59
0.3 - P0.16515 59551 89 - 0.01405 93840 03 5.3 - 5.90236 26637 68
0.4 - 0.19978 93616 12 - 0.01439 47989 49 5.4 - 6.04272 8580 90

0.5 - 0.24337 34431 09 - 0.01124 72025 18 5. - 6.18339 73257 62
0.6 - 0.29530 16779 62 0.00401 77865 38 5.6 - 6.32435 81614 11
0.7 - 0.35492 46161 10 0.00775 78473 84 5.7 1- 6.46560 09417 01

- 0.42158 20669 SS 0.02441 65124 32 5.8 - 6.60711 60288 99
0:9 - 0.49462 85345 46 0.04618 11610 421 5.9 - 6.74889-42683 24

1.0 - 0.57345 12921 03 0.0731782199 73 6.0 -. 6.89092 69567 80
1.1 - 0.65748 16506 41 0.10545 58409 92 6.1 - 7.03320 58135 18
1.2 - 0.74620 06322 98 0.14300 11986 37 6;2 . - 7.17572 29534 78
1.3 - 0.83914 04638 04 0.18575 57618 52 6.3 - 7.31847 08625 98
1.4 - 0.93588 32199 21 0.23362 80933 40 6.4 - 7.46144 2 750 25

1.5 - 1.03605 77156 27 0.28650 41540 26 6.5 - 7.60463 520 25
1.6 - '1.13933 54742 88 0.34425 5333 7 92 6.6 - 7.74802 624 64
1.7 - 1.2 63479 " 0.40674 45404 87 6.7 - 7.89163 6647 23
1.8 - 1. 5407 41615 64 0.47383 07041 21 6.8 - 8.03543 21899 02
1.9 - 1. 6505 26007 14 0.54537 20299 26 6.9 - 8.17942 50262 34

2.0 - 1.5 16 14562 85
2.1 - 1.6 22 32/02 19
2.2 - 1. 008 03838 54
2.3 - 1.92859 23663 09
2.4 - 2.04863 37884 08

0.62122 82885 81 7.0 8.32360 47045 82
0.70126 23803 49 7.1 - 8.46796 59849 44
0.78534 13608 50 7.2 - 8.61250 38438 82
0.87333 70735 61 7.3 - 8.75721 34627 90
0.96512 64991 00 7.4 - 8.90209 02169 54

2.5 - 2.17009 23032 73 1.06059 19035 92 7.5 - 9.04712 96653 17
2.6 - 2.29286 69947 17 1.15962 08468 95 \ 7.6 - 9.19232 75409 21
2.7 - 2.41686 69570 58 1.26210 60952 18 ' 7.7 - 9.33767 97419 53
2.8 - 2.54201 00734 84 1.36794 54704 02 7.8 - 9.48318 23233 58
2.9 - 3.66822 19640 86 1.47704 16591 47 7.9 - 9.62883 14889 78

3.0 - 2.79543 50784 95 1.58930 19987 43 8.0 - 9.77462 35841 76
3.1 - 79116 75 1.70463 82510 60 8.1 - 9.92055 50889 05
3.2 - 3.0 262 43245 92 1.82296 63729 35 8.2 -10.06662 26112 05
3.3 - 3.188888822222249 29542 71 1.94420 62885 89 8.3 -10.21282 28810 76
3.4 - 3.31314 67001 61 2.06828 16678 10 8.4 -10.35915 27447 20

3.5 - 3.44454 22757 38 2.19511 97123 13 8.5 -10.50560 91591 10
3.6 - 3.57663 98160 21 2.32465 09517 70 8.6 -10.65218 91868 81
3.7 - 3.70940 25331 00 2.45680 90502 77 8.7 . -10.79888 99915 05
3.1 - 3.84279 64130 02 2.59153 06235 98 8.8 -10.94570 88327 39
3.9 - 3.97678 99482 4 2.72875 50671 88 8.9 -11.09264 30623 27

4. - 4.11135 39012 79 2.86842 43947 56 9.0 -11.23969 01199 39
4.1 24646 10946 69 3.01048 30870 18 9.1 -11.38684'75293 27
4.2 - 4.38208 62246 51 3.15487 79501 77 9.2 -11.53411 28946 97
4.3 - 4.51820 56949 47 3.30155 79836 24 9.3 -11.68148 38972 65
4.4 - 4.65479 74683 75 3.45047 42563 13 9.4 -11.82895 82920 01

4.5 - 4.79184 09340 18 3.60157 97913 33 9.5 -11.97653 39045 38
4.6 - 4.92931 67880 70 )3.75482 94580 13 9.6 -12.12420 86282 47
4.7 - 5.06720 69267 30 3.91017 98712 52 9.7 -12.27198 04214 52
4.8 - 5.20349 43497 23 4.06758 92973 81 9.8 -12.41984 73048 02
4.9 - 5.34416 30732 30 4.22701 75662 27 9.9 -12.56780 73587 55

5.0 - 5.48319 80511 SO 4.38842 59888 87 10.0 -12.71585 87212 03

AND RELATED FUNCTIONS

FOR COMPLEX 'ARGUMENTS

-1.4

Tablf 6.7 ,,,

In r(s)

4.38842 59888 87
4.55177 72808 10
4.71701 54898 14
448416 59286 80
5.05313 51119 86

5.22391 06968 84
5.39646 14275 35
5.57075 70829 41
5.74676.84279 33
5.92446 71670 92

6.10382 59013 94
6.28481 80874 01
6.46741 79988 09
6.65160 06901 96
6.83734 19628 28

7.02461 83323 73
7.21340 69984 03
7.40368 58155 67
7.59543 32663 20
7.78842 84351 12

7.98325 09839 40
8.17928 11291 83
8. 37669 96196 29
8.57548 77156 28
8. 77562 71692 98

8.97710 02057 23'
9.17988 95050 80
9.38397 81856 34
9.58934 97875 68
9.79598 82575 76

10.00387 79341 91
10. 21300 35337 97
10.42335 01372 94
10.63490 31773 72
10.84764 84263 58

11.06157 19846 19
11.27666 02694 74
11.49290 00045 92
11.7102'1,82098 57
11.920M21916 70

12.14839 95336 59
12.36911 80877 89
12.59092 59658 40
12.81381 15312 39
13.03776 33912 29

13.26277 03893 53
13.48882 15982 45
13.71590 63127 03
13.94401 40430 46
14.17313 45087 16

,14.40325 76321 42
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Table 6.7

GAMMA FUNCTION AND RELATED FUNCTIONS

GAMMA FUNCTION FOR COMPLEX tEGUMENTS

WIntlz)

0.0 - 0.12078 22376 35
0.1 - 0.12545 03928 11
0.2 - 0.13938 53175 79
0.3 - 0.16238 37050 76.
0.4 0.19412 35254 45

0.5
0.6
0.7

0.9

0.23418 63474 70
- 0.28208 36136 63
- 0.33728 34790 33
- '0.39923 54301 20
- 0.46739 08704 08

- 0,54121 88685 47
- 0.62021 70896 71
- 0.70391 84698.97
- 0.79189 44573 28
- 0.88375 56946 74

1.5 - 0.97915 09391 81
1.6 - 1.07776 48736 47
1.7 - 1.17931 53061 81
1.8 - I. 28155 '01134 19
1.9 - 1.39024 41643 92

2.0 - 1.49919 63725 85
2.1 - 1.61022 69592 23
2.2 1.72317 49667 28
2.3 - 1.83789 60327 96
2.4 - 1.95426 04180 71

2.5 - 2.07215 12706 83
2.6 - 2.19146 31061 38
2.7 - 2.31210 04795 77
2.8 - 2,41397 68277 27
2.9 - .2.55701 34593 17

3.0 - 2.68113 86746 74
3.1 - 2.80628 69972 89
3.2 - 2.93239 85022 62
3.3 - 3.05941 82284 63
3.4 - 3.18729 56630 57

3.5 .

3.6
3. 7
3.8
3.9

- 3.3159)8 42885 64
- 3.44544 11840 65
- '3, 57562 66733 10
- 3.70650 40135 44
- 3.83803 91197 27

4.0 - 3.97020 03195 93
4.1 - 4.10295 81356 26
4.2 - 4.23628 50905 75
4.3 - 4.37015 55336 09
4.4 - 4.50454 54845 89

4.5 - 4.63943 24943 00
4.6 - 4.77479 55187 51
4.7 - 4.91061 48059 1
4.8 - 5.04687 17934
4.9 - 5.18354 90163'32

S.0 - 5. 32063 00229 09

r 1.5

./ irq(z) In P(i) .0 In P(t1 0

0.00000 (b000 00 = 5.32063 00229 09 4,52667 02683 le
,

0.00,78 68415 10 5.1 - 5.45809 92990 12 4. 69038 )46594 51
0.00839 39012 17 5.2 - 5.59594 21987 69 4.85599 23475 89 I

0.01460
0. 02315

80536 11
34211 15

'5.3
Si 4

5.7 14
- 5.87269

48816
48552

77
05

5.02345 93914 30
5:14275 29984 42 ,1

0.03466 89612 75 5.5 6.01157 79223 61 5.36384 14702 24 .
0.04969 46638 36 5.6 - 6.15078 41337 33 5.53669 41510 65
0.06866 64150 66 5.7 4.- 6.29030 17435 55 5.71128 .13794 95
0.09191
0.11969

83319 .43
06415 60

5.8
5.9

- 6.43012
- 6.57022

0r693
93551

96
39

87 44426 18
6, 0

865575
4 55330 63

0.15214 09934 52 ; 6.0 - 6.71061 97.369 14 6.24516 77083 65
0.18935 73091 01 6,1 - 6.85128 22117 36 6.42641 48526 40
0.23137 07067 73 . 6.2 - 6.99220 81085 67' 6.60926 6403 83
0.27816 75270 32 6.3 -.7.13338 91616 09 6.79368 35022 65
0,32969 99180 52 6.4 - 7.27481 74856 07 6.97965 65928 01

0.38589 47712 67 6.5 7.41648 55529 97 7.16715 -77597
0.44666 10201 49 6.6 - 61721 29 7.35616 45152

110.51189 54441 75 6.7 - 7.7005 24706 26 7.54665 50081
0.58148 71805 09 .6.8 - 7.8428 78711 490 7.73860 79984 87
0.65532 11610 93 6.9 - 7.98541 60804 40 7.93200 28323 86

0.73328 06816 91 7.0 - 8.12818 10705 51 8.12681 94190 02
0.81524 92850 60 7.1 - 8.27114 70647 52 8.32303 82082 45
0.90111 21116 92 7. - 8.41430 85238 40 8.52064 01697 48
0. 99075 68430 94 7.3' - 8.55766 01333 52 8.71960 67728 67
1.08407 43370 92 7.4 - 8.70n9 (0916 34 8.91491 99676 60 '
1.18095 90329 08 7.5 - 8.8401 35986 81 9.12156 21668 12
1.28130 91860 05 7,.6 -- .= 8.98880 58456 98 9. 32451 62284 17
1.38502 69784 97 9.13286 90053 22 9.52876 54395 97
1.49201 85397 98 7.8 9.27709 87224 65 9. 73429 35008 92
1.6'219 39035 70 '7.9 - 9.42149 08057 13 . 9.94108 45113 82

1.71546 69204 67 8.0 -. 9.56604 12192 67 1014912 29545 01
1.83175 51411 18 8.1 - 9.71074 60753 60 10. 35839 3684506
1.95097 96800 61 8.2 - 9.85560 16271 36 10.56888 19138-53
2.07306 50684 28 8.3 - 10.00060 42619 46 10.78057 31993 61
2.19793 91011 06 8.4 -10.14575 04950 41 10.99345 34334 6

2. 32553 26824 38 8.5 -10:29103 69636 22 11. 20750' 88298 51
2.45577 96733 92 8.6 -10.43646 04212 40 11.42272 59443 12
2.58861 67421 82 8.7 - 10.58201 77325 09 11.63909'15140 53
2,72398 32197 )5 8.8 - 10.72770 58681 09 11.85659 27478 60
2.86182 09608 36 8.9 -10.87352 19000 77 12.07521 70166 56

3.00207 42115 08 9.0 -11.01946 29973 44 12,29495 19944 46
3.14468 94828 47 9.1 - 11.16552 64215 28 12.51578 56196 58
3. 28961 54314 23 9.2 - 11. 31170 95229 33 12.73770 60868 20
3.43680 27461 51 9.3 . -11.45800 97367 84 12. 96070 18385 99
3. 58620 40415 07 9.4 -11.60442 45796 38 13,18476 15581 41

3.73777 37568 62 .9.5 -11.75095 16459 94 13. 40987 41417 61
3. 89146 80616 79 9.6 -11.89758 86050 76 13.63602 87918 31

.4.04724 47663 05 9.7 -12.04433 31977 78 13. 86321 48100 75
4.20506 32380 SS 9.8 -12.19118 32337 59 14,09142 17910 27
4.36488 43223 09 9.9 - 12.33813 65886 95 14. 32063 95157 82

4.52667 02683 19 10.0 -12.48519 12016 51 14.55085 79659 84
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GAMMA FUNCTION AND RELATED...FUNCTIONS

GAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.7

it In r(s)

.r-1.6
.1 in r(s) y . .4 In r(z) In r(t)

010 - 0.11259 17656 97 0.00000 00000 00 9.0 5.15767 38696 89 4.66298 63139 40
0.1 - 0.11687 93076 07* 0.01272 17953 11 5.1 5.29324 00046 70 4.82709 89421 23
0.2 - Ot 12968 70233 13 0.02614 08547 67( 5.2 - 5.42921 38858 50 4.99309 00410 26
0.3 - 0.15085 38452 14 9.04092 98346 69 5.3 - 5.56558 05247 67 5.16092 64732 77
0.4 ,- 0.18012 29875 82 00.05771 47266 93 5.4 - 5.70232 57347 10 5.33057 61938 29

0.5 - 0.21715 76591 72 0.07705 74009 90 5.5 - 5.83943 60752 49 5.50200 82001 33
8.6, 6. 0.26155 99560 SO 0.09944,39491 75 5.6 - 5.97689 88014 04 5.67519 24850 30
0.7 -. 0.31289 07142 69 0.12527 90746 40 .5.7 - 6t11470 18170 24 5.85009 99922 08
0.8 - 0.37068 83847 40 0.15488 59553 99 5.8 - 6.25283 36319 59 6.02670 25740 71
0.9 - 0.43448 55339 80 0.18851 04588 87 5.9 - 6.39128 33226 66 6.20497 29518 79

1.0 - 0.50382 960 58 0.22632 83631 44 6.0 - 6.53004 04959 33 6.38488 46780 37
1.1 - 0. 57825 588 66 0.26845 42738 89 6.1 - 6.66909 52554 28 6.56641 21003 90
1.2 - 0.65736_ _44 11405 00 6.2 - 6.80843 81708 20 6.74953 03284 11
1.3 1-0.-74076 95833 61

_0.31495
0.36583 95580 78 6.3 - 6.94806 02492 33 6.93421 52011 79

IP' 1.4 - 0.82810 01661 20 0.42110 63293 75 6.4 - 7.08795 29088 41 7.12044 32570 25

1.5.
1.6

- 0.91903 10002 05
- 1.01326 27864 52

0.48071 20031 31
0.54459 72874 22

6.5
6.6

- 7.22810 79544
- 7.36851 75545

00
64

7.30819
7.49743

17Q47 52
83963.44

1.7 - 1.11052 43845 66 0.61268 83586 73 6.7 - 7.50917 42208 19 7.68816 18010 64
1.8 - 1.21057 08228 70 0.68490111588 51. 6.8 - 7.65007.07879 17 7.88034 09808 67

- 1.31318 11150 50 0.76114 48080 60 6.9 - 7.79120 03956 68 8.07395 55670 43

2.0 - 1.41815 60399 85 0.84132 42695 09 7.0 - 7.93255 64719 90 8.26898 57380 27
' 2.1 - 59861 47 0.92534 23984 61 7.1 - 8.07413 27171 08 8.46541 21983 05

2.2 - 1.63 89215 98 1.01310 14934 56 7.2 - 4.21592 30888 20 8.66321 61583 45
2.3
2.4

- 1.745 5 85219 99
- 1.85836 24696 22 1

1.10450 44515 88
1.19945 56127 07

7.3
7.4

- 8.35792 17887
- 8.50012 32493

32
99

8.86237
9.06288

93155 10
38358 78

2. 5
2.6

-; 1.97279 09238 15
- 2.08873 51557 24

1.29786 13618 36
1.39963 05453 39

7.5
7.6

- 8.64252 21222
- 8.78511 32665

97
62

9.26471
9.46784

23369 30
78710 61

2.7 - 2.20609 63358 10 1.50467 47448 81 7.7 - 8.92789 17384 38 9.67227 39011 48
2.8 - 2.32478 44606 95 1.61290 84436 93 7.8 - 9,07085 27813 87 9.87797 43290 61
2.9 - 2.44471 74052 94 1.72424 91120 48 7.9 - 9.21399 18168 02 10.08493 33943 44

.03.0
3.1
3.2

- 2.56582 00865. 46
- 2.68802 37258 40
- 2.81126 51983 53

1.83861 72327 21
1.95593 62824 65
2.07613 26817 55

8.0
8.1
8.2 ,

- 9.35730 44352
- 9.50078 63884
- 9.64443 35813

92
89
39

10.29913
10.50256
10.71321

57475 61
63937 51
06886 60

3.3 - 2.93548 64586 59 2.19913 57221 55 8.3 - 9.78824.20648 48 10.92505 43268 31
3.4 - 3.06063 40331 69 tt. 2.32487 74784 17 8.4 - 9.93220 80292 58 11.13808 33302 03

3.5 - 3.18665 85710 48 2.45329 27106 82 8.5 -10.07632 77975 98 11.35228 40372 42
3.6 - 3.31351 44463 00 2.58431 87608 00 8.6 -10.22059 78196 20 11.56764 30924 55
3.7 - 3.44115 94046 31 2.71789 54457 96 8.7 -10.36501 46660 67 11.78414 74364 58
3.8 - 3.56955 42495 22 2.83396 49506 80 8.8 -10.50957 50232 55 12.00178 42963 80
3.9 - 3.69866 25626 62 2.99247 17222 46 8.9 -10.65427 56879 66 12.22054 11767 06

9
4.0 - 3.82845 04545 47 3.13336 23649 89 9.0 -10.79911 35626 11 12.44040 58504 89
4. 1 - 3.95888 63415 67 3.27658 0399'89 9.1 -10.94408 56506 53 12.66136 63509 22
4.2 - 4.08994 07464 23 3i 42209 13672 73 9.2 -11.08918 90522 76 12.88341 09632 56

X4.3
4.4

- 4.22158 61190 90
- 4.35379 66759 32

3.56983 38320 36
3.71976 56948 92

9.3
9.4

-11.23442 09602
-11.37977 86562

86
21

13.10652
13.33070

82170 40
68786 75

4.5 - 4.48654 82548 65 3.87186034062 62 9.5 -11.52525 95066 64 13.55593 59442 57
4.6 - 4.61981 81847 38 4.02602 45248 92 9.6 -11.67086 09597 45 13.78220 46327 06
4.7 - 4.75358 51673 33 4.18226 81404 46' 9.7 -11.81658 05418 21 14.00950 23791 60
4.8 - 4.88782 41705 81 4.34053 48000 81 9.8 -11.96241 58543 24 14.23781 88286 23
4.9 - 5.02253 13317 74 4.50078 64388 72 9.9 -12.10836 45707 60 14.46714 38298 57

5.0 -* 5.15767 38696 89 4.66298 63139 40 10.0 -12.25442 44338 60 14.69746 74295 03
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284 GAMMA FUNCTION AND RELATED

Table 6.7 GAMMA FUNCTION FOR COMPLEX

x=.1.7

V .4 In r(s) i In r(s) y 4/ In r(s)
t.

FUNCTIONS

ARGUMENTS

it In r(s)

0.0 - 0.09580 76974 07 0.00000 00000 00 5.0 - 4.99429 42740 24 4.79738 98064 85
0.1 - 0.09977 01624 55 0.02095 53101 47 5.1 - 5.12797 31077 01 4.96193 49448 28
0.2 - 0.11161 35203 43 0.04250 99781 99 5.2 - 5.26209 29486 79 5.12834 25830 88
0.3 - 0.13120 82417 20 0.06524 48506 20 5.3 - 5.39663 77210 /9 5.29658 04404 97
0.4 - 0.15834 67099 43 0.08970 54480 34 5.4 - 5.53159 21994 12 5.46661 72692 91

0.5 - 0.19275 44989 43 0.11638.82473 83. 5.5 - 5.66694 19135 53 5.63842 28098 55 a.
0.6 - 0.23410 41754 11 .0.14573 09476 06 5.6 - 5.80267 32805 14 5.81196 77481 03
0.7 - 0.28203 01468 30 0.17810 70108 82 5:7 - 5.93877 31855 28 5.98722 36749 U
0.8 - 0.33614 32007 35 0.21382 42284 85 5.8 - 6.07522 93070 61 6.16416 30480 45
0.9 - 0.39604 36829 33 0.5312 66649 29 5.9 - 6.21202 98903 76 6.3427511548 66

1.0 - 0.46133 26441 19 0.29619 91243 57 6.0 - 6.34916 37463 25 6.52298 60784 05
1.1 - 0.53162 06562 78 0.34317 32455 42 6.1 - 6.48662 02160 75 6.70481 86640 24
1.2 - 0.60653 43029 30 0.39413 44205 39 6.2 6.62438 91385 04 6.88823 24881 89
1.3 , 0.68572 05552 37 0.44912 88915 80 6.3 - 6.76246 08200 42 .07320 38287 20
1.4 .- 0.76884 93610 19 0.59817 05624 82 6.4 - 6.90082 60067,27 7.25970 9690 25

1.5 - 0.85561 48134 32" 0.57124 72301 84 6.5 - 7.03947 58582 98 7.44772 75087 22
1.6 - 0.94573 52538 42 0.63832 60866 03 .6.6 - 7.17840 19241 47 7.63723 56630 84
1.7 - 1.03895 26210 76 0.70935 84280 02 6.7 - 7.31759 61209 77 7.82821 29137 39
1.8 .- 1.13503 13039 83 0.78428 36123 89 6.8 - 7.45705 07120 18 8402063 8866480 35
1.9 - 1.23375 66975 90 0.86303 23052 04 6.9 - 7.59675 82876 82 8.21449 28045.37

2.0 - 1.33493 36116 09 0.94552 91079 51 7.0 ;- 7.73671 17475 34 8.49975 58520 62
2.1 - 1.43838 46369 05 1.03169 40541 37 7.1 - 7.87690 42834 81 8.60640 87697 25
2.2 - 1.54394 85411 53 1.12144 7259194 7.2 - 8.01732 93640 69 8.80443 30279 43
2.3 - 1.65147 87389 10 1.21470 42030 73 7.3 - 8.15798 07198 22 9.00381 05701 63
2.4 - 1.76084 18623 15 1.31138 27144 41 7.4 - 8.29885 23295 23 1,20452 37958 73

2.5 - 1.87191 64452 44 1.41140 07152 26 7.5 - 8.43993 84073 80 9.40655 554)8 14
2.6 - 1.98459 17246 80 1.51467. 73744.45 7.6 - 8.58123 3)910 02 9.60988 90763 93
2.7 - 2.09876"65571 99 1.62113 3511416 - -7t 7 8. 72271:19301 22 9.81450 80646 38
2.8 2.21434 84448 82 1.73069 18813 34 7.8 8.86442 88760 30 10.02039 65738 46
2.9 - 2.33125 26629 53 1.84327 73680 71 7.9 - 9.00631 92716 38 10.22753 90498 84

3.0 E 44940 14805 61 1.95881 71071 34 8.0 - 9.14839 83421 10.43542 0)060 85
3.1 - 2.56872 34658 89 2.07724 05531 98 8.1 - 9.29066 14862 9 10.64552 55107 28
3.2 - 2.68915 28670 O W 2.19847 95064 74 8.2 - 9,43310 42680 75 V10.85634 01730 59
3.3 2.81062 90603 591 2.32246 8107141 8.3. - 9.57572 24089 73 11.06835 01418 2)
3.4 - 2.93309 60594 79 2.44914 28100 87 8.4 - 9.71851 17806 54 11.28154 15743 00

3.5 - 3.05650 20770 24 2.57844 23336 14 8.5 - 9.86146 83080 47 11.49590 09457 89
3.6 - 3.18079 91341 33 2.71030 76079 67 8.6 -10.00458 84128 32 11.71141 50295 52
3.7 - 3.30594 27115 93 2.84468 17064 22 8.7 -10.14786 81072 85 11.92807 08891 58
3.8 3.43189 14379 84 2.98150 97744 80 8.8 40.29130 38884 74 12.14585 58092 46
3.9 3.55860 68105 24 3.12073 89551 42 8.9 10.4348922827 58 12.36475 75866 47

4.0 - 3.68605 29448 47 3.26231.83125 99 9.0 -10.57862 99305 96 12.58476 39218 81
4, 1 3.81419.'63503 82 3.40619 87555 93 9.1 - 10.72251 35816 27 12.80586 30109 93
4.2 - 3.94300 57284 13 3.55233 29614 33 9.2 -10.86654 00900 14 13.02804 32377 08
443 - 4.07245 17902 59 3.70067 53013 46 9.3 -11.01070 64100 32 13425129 32259 06
4.4 - 4.20250 70933 22 3.85118 17677 02 9.4 -11.15500 95918 83 13.47560 18323 86

4.5 - 4.33314 58930 01 4.00380 99034 45 9.5 -11.29944 67777 28 13.70095 81399 16
4.6 - 4.46434 40087 52 4.15851 87339 90 9.6 -11.44401 51979 25 13.92735 14505 47
4.7 - 4.59607 87027 47 4.31526 87017 23 9.7 -11.58871 21674 47 14.15477 12791 90
4.8 - 4.72832 85697 79 4.47402 16031.94 9.8 -11.73353 50824 91 14.38320 73474 23
4.9 - 4.86101 34372 26 4.63474 05290 18 9.9 -11.87848 14172 43 14.61264 95775 51

5.0 - 4.99429 42740 24 4.79738 98064 85 10.0 -12.02354 87208 09 14484308 80868 68

295
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GAMMA FUNCTION AND RELATED FANCTION8

GAMMA FUNCTION FOR COMPLEX ARGUMENTS

. z =1.8

it In 'hi) In r(z) y .4 In r(z)

0.0 - 0.07108 38729 14
0.1 - 0.07476 57386 86
0.2 0.08577 55297 09
0.3 - 0.10400 76857 12
0.4 -1).12929 22496 30

0.5) - 0.16140 31015 52
0.6 - 0.20006 82029 53
0.7 - C. 24$98 08149 51
0.8 - 0.29581 07721 71
0.9 - 0.35221 50054 25

1.0 - 0.i1384.67690 74
O. 8036 32661.1 - 3266952

1.2 - 0. 5143 15880 74
1.3 - 0.62673 30272 43.4 - 0.70596 59713 03

1.5 - 0478884 75850 80
1.6 - 0.8751.1 45440 57
1.7' - 0.96452 30468 26
1.8\ - 1.05684 83111 80
1.9 - 1.15188 37223 02

2.0 - 1.24943 97659 29
2.1 - 1.34934 28469 99
2.2 - 1.45143 40669 35
2.3 - 1.55556 80105 11
2.4 - 1.66161 15761 22

I

2.5
2.6
2.7
2.8
2.9

3.0
3.1
3.2
3.3
3.4

3.5
3.6
3.7
3.8
3.9

4.0
4. 1
4.2
4.3
4.4

- 1.74944 28703 84
- 4.87895 01786 38
- 10163 61
- 2.1. 259 12619 95
- 2.2 6511 43688 12

- 2.33181 06516 27
- 2.44831 66432 13
- 2.56599 45147 78
- 2.68478 15548 41
- 2.80411 97009 53

- 2.92545 51190 19
- 3.04723 78253 42
- 3.16992 13469 31
- 3.29346 24159 89
- 3.41782 06949 39

- 3.54295 85286 89
- 3.66884 07212 13
- 3.79543 43338 26
- 3.92270 85028 21
- 4.05063 42944 24

4.5 - 4.17918 44552 05
4.6 - 4.30833 34763 48
4.7 - 4.43805 72703 06
4.8. - 4.568333158596
4.4 - 4.69913 97495 61

5.0 , - 4.83045 68451 13

4

0.1)0000 00000 90
0.02858 63331 36
0.05769 29209 31
0.08782 585381

0.11946 40495 57

. 0.15304 83729 82
0.18897 35429 70
0.22758 31014 17
0.26916 73612 58

7 0.31396 39650 50

0.36216 05120 09'
0.41389 86472 00

Y 0.46927 90315 88
0.52836 66950 54
0.59119 63857 23

1

0.65777 76436 65
. 0.72809 94297 1

0.80213 42229 48
0.87984 15616 08
0.96117 10434 30

1.04606 48267 65
1.13445 96865 98
.22628 86841 72

1.32148 25078 65
1. 41997 05387 49

1.52168 16884 90
1.62654 50508 69
4.73449 04020 35
1.84544 85788 28.
1. 95935 17594 45

2.07613 36663 29
2.19572 97074 49
2. 31807 70690 52
2.44311 47704 17
2. 57078 36890,62

2.70102 65631 50
2.83378 79764 90
2.96901 43304 05
3.10665 38058 79
3. 24665 63186 51

3.38897 34693 93
3.53355 84906 21
3.68036 61916 47
3. 82935 '29025 75
3.98047 64181 31

4. 13369 59419 14
4. 28897 20315 17
4. 44626 65448 66

. 4.60554 25879 92
4.76676 44644 38

4.92989 76263 84

5.0 - 4.83045 68451 13
5.1' - 4.91.226 53,55 54

- 5.09454 72216 70
5.3 - 5.22728 53433 89
5.4 5.36046 35143 73

5.5 - 5.49406 63619 68
5.6 - 5.62807 92920 13
5.7 - 5:76248 84380 56
5.8 - 5.89728 06145 63
5.9 - 6.03.244 32737 64

6.0 - 6.16796 44658 02
6.1 - 6.30383 28019 05
6.2 - 6.44003.74202 92
6.3 -.6.57656 79546 04
6.4 - 6.71341 45046 23

6.5 - 6.85056 76090 92
6.6 - 6.98801 82204 65

- 7.12575 76814 17
6.8 7.26377 77029 87.
6.9 - 7.40;07 03441 98

7.0 - 7. 54062 i'9930 63
7.1 - 7i 67944 33488 49
7.2 - 7.81850 94055 06
7.3 - 7.95781 94361 78
7.4 - 8.09736 69787 03

7.5 - 8.23714 58220 35
7.6 - 8.37714 99935 16
7.7 - 8.51737 37469 39
7.8 - 8.65781 15513 42
7.9 - 8.79845 80804 75

8.0
8.1
8.2
8.3
8.4

8.5
8.6
8.7
8.8
8.9

- 8.93930 82029 08
- 9.08035 69727 44
- 9.22159 96207 08
- 9.36303 15461 81
- 9.50464 83091 20

- 9.64644 56228 63
- 9.78841 93471 63
- 9.93056 54816 43
-10.07288 01596 06
-10.21535 96421 85

9.0 -10.35800 01128 01
9.1 -10.50079 86719 24
9.2 - 10.643751332105
9.3 -10.78685 50132 67
9.4 -10.93010 65382 43

9.5 -11.07350 28285 39
9.6 -11.21704 09003 12
9.7 -11. 36071 78605 47
9.8 -11. 50453 Q9034 33
9.9 -11.64847 73069 06

10.0, - 11.79255 44293 69

. 296

.0 In r(g)

. 4.92989 76263 84
5. 09490 86275 80
5.26176 50781 04v
5.43043 56009 62
5.60088 97905 12

5.77309 81726 78
5.94703 21669 16
6.12266 40498 86
'6.29996 69207 68
6.47891 46681 58

6.65948 19384 99
6.84164 41059 65
7.02537 72437 42
7.21065 80966 53
7.39746 40550 43

7.58577 31298'85
7,77556 39290 39
7.96681 56346 11
8.15950 79813 46

.8.3536212360 30

8.54913 61778 15
8.74603 40794 54
8.94429 66893 74
9.14390 62145 64
9.34484 53042 25

9.54709 70341 42
9.75064 48917 54
9. 95547 27618 74

10.16156'49130 30
10.36890 59844 02

10.57748 09733 12
10.78727 52232 56
10.99827 44124 32
11.21046 45427 62

111.42383 19293 59

11.63836 31904 38
11. 85404 52376 37
12.07086 52667 34
12. 28881 07487 37
12.50786 94213 31

12.72802 92806 69
12. 94927 85734 79
13.17160 57894 90
13.39499 96541 43
13.61944 91215 87

13. 84494 33679 42
14. 07147 17848 17
14. 29902 39730 75
14.52758 97368 21
14.75715 29

14.98772 21 61
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GAMMA FUNCTION AND RELATED FUNCTIONS

, Table 6.7 GAMMA FUNCTION FOR COMPLEX ARGUMENTS
.

4-1.9

it In r(:) .1 r(s) Y kit In r(s)

0.0 - 0.03898 42759 23 0.00000 00000 00 5.0.. - 4.66612 81728 77

0.1 - 0.04242 16648 18 0.0356947077 36 5.1 - 4.79608 44074 24

0.2 - 0.05270 43596 .13 0.07184 49288 73 5.2 - 4.92654 53878 64

0.3 - 0.06974 53071 16 0.10889 51730 33 5.3 - 5.05749 30552 47

0.4 - 11.09340 38158'25 0.14726 87453 39 , 5.4 5.18891 02823 51

0.5 - 0.12349 16727 26 0.1873$90383 60 5.5 - 5.32078 08121 05

0.6 - 0.15978 08372 30 0.22952 28050 02 5.6 5.45308 92008 98

0.7 - 0.20201 20244 82 0.27407 56544 06 5.7 - 5.58582 07663 21

0.8 - 0.24990 35004 09 0.32128 97690 64 5.8 - 5.71896 15389 41

0.9 - 0.30315 9$035 34 0.37139 36389 55 5.9 5.85249 82177 50

1.0 - 0.36147 78527 10 0.42457 34706.81 6.0 - 5.98641 8289 7 8
1.1 0.42455 64621 11 0.48097 58618 6,1 - 6.12070 911879 56

1.2 - 0.49209 86372 39 0.54071 13247 10 6.2" 6.25535 98637 85
1.3 - 0.56381 71504 20 0.60385 82827 2 6.3 - 6.39035 91465 66
1.4 - 0. 6394111834 98 0.67046 72268 81 6.4 6.52569 65169 71

1.5 0.71869 82795 42 0.74056 47971 47 6.5 - 6.66136 19179 75

1.6 - 0.80135 54698 30 0,81415 76239 52 6.6 6.79734 57285 54

1.7 0.88717 97447 03 0.89123 58296 55 6.7 - 6.93363 87392 01

1.8 - 0.97595 80247 42 0.97177 61401 47 6.8 - 7.07023 21291.12

1.9 - 1.06749 27687 53 1.05574 45936 43 6.9 - 7. 2074 74449 04

-2.0
1

- 1.16160 13318 68 1.14309 88592 34 1.0 - 7.34428 65807 56

2.1 - 1.25811 51641 83 1.23379 01934 57 - 7.48173 17598 49

2.3
- 1.35687 89195 14
- 1.45774 95259 72

1.32776 50714 39
1.42496 65323 75

7.2
7.3

- 7.61944
- -7.75742

55170 18
06825 11

2,4 - 1.56059 52554 63 1.52533 52787 28 7.4 - 7.89565 03667 07

2.5 - 1.66529 48176 11 1.62881 05662 06 7.5 - 8.03412 79462 62

2.6 - 1.77173 64947 51 1.73533 09179 80 7.6 - 8.17284 70499 43

2.7 - 1.87981 73280 00 1.84483 46926 69 7.7 - 8.31180 15468 79

2.8 - 1.98944 23595 80 1.95726 05315 67 7.8 - 8.45098 55,43 75 /
2.9 - 2.10052 39332 16 2.07254 77068 08 7.9 - 8.59039 33269 141

3.0 - 2.21298 10520 42 2.19063 63887 13 8.0 - 8.73001 94457 32

3.1 L 32673 87919 77 2.31146 78475 36 8.1 - 8.86985 86090 10

3. 2 - 2.44172 77675 72 2.43498 46022 00 8.2 - 9.00990 57226 31

3.3 - 2.55788 36468 15 2.54413 05263 98 8.3 - 9.15015 58714 69

3.4 - 2.67514 67111 48 2.68985 09205 60 8.4 - 9.29060 43111 75

3.5 - 2. 79346 14569 24 2.82109 25566 19 8.5 - 9.43124 64604 23

3.6 - 2.91277 62346 38 2.95480 37012 40 8.6 - 9.57207 78935 85
3. 7 - 3.03304 29224 14 3.09093 41220 91 8.7 - 9.71309 43338 13

3.8 - 3.15421 66305 10 3.22943 50808 91 8.8 - 9.85429 16464 97

3.9 - 3.27625 54337 96 3.37025 93162 16 8.9 - 9.99566 58330 75

4.0 -. 3. 39912 01294 42 3.51336 10185 24 .9.0 -10.13721 30251 72

4.1 - 3.52277 40173 08 3.65869 57993 21 9.1 -10.27892 94790 52

4.2 - 3.64718 27007 49 3.80622 06560 50 9.2 -10. 42081 15703 58

4.3 - 3.77231 39057 84 3.95589 39339 63 9.3 -10.56285 57891 26

4.4 - 3.89813 73167 71 4.10767 52859 66 9.4 - 10.70505 87350 54

4.5 - 4.02462 44269 53 4.26152 56312 41 9.5 -10.84741 71130 08

4.6 - 4.15174 84023 59 4:41740 71132 72 9.6 -10.98992 77287 64

4.7 - 4.27948 19577 56 4.57528 30577 67 9.7 -11.13258 74849 48

4.8 - 4.40780 72434 44 4.73511 79308 60 9.8 -11.27539 33771 93

4.9 - 4.53669, 57418 38 4.89687 72979 01 9.9 -11.41834 24904 66

5.0 - 4.66612 81728 77 5.06052 77830 38 10.0 -11.56143 19955 88

297

.# in r(s)

5.06052 77110 38
5.22603 70297 75
5.39337 36626 27
5. 56250. 72499 47
5.73340 82679 93

5.90604 80662 49
6.08039 88340 38
6.25643 35684 02
6.43412 60432 49
6.61345 07797 49

6.79438 30179 35
6.97689 86894 96
7.16097 43917 16
7.34658 73625 14
7.53371 54565 59

7.72233 X2413
7.91243 13806 $7
8.10397 78829 64
8.29695 64920 80
8.49134,80626 65

8.68713 36229 72
8.88429 47573 07
9.08281 35092 45
9.28267 21655 74
,74rWr .11

/a. 34 24629 88

1 .09517 32348 33
07585 45

1 .30148 43916 76
?.0.50903 90590 64

0.71782 24352 78
0.92782 00504 91
1.13901 77608 39
1.35140 173/9 39
1.56495 845 29

11.77967 4696) 13
1.99533 75096 87

12. 21253 42358 42
12.43065 24807'06
12.64988 01110 $7

12.87020 524641$
13.09161 62520 42
13.31410 17307 41
13.53765 05165 78
13.76225 16677 85

13.98789 44603 16
14.21456 83815 73
14.44226 31243 75
14.67096 85811 36
14.90067 48382 65

15.13137 21707 60



GAMMA FUNCTION AND RELATED FUNCTIONS 28?

V

GAMMA FUNCTION FOR COMPLEX ARGUMENTS

f' -'2.0

.11 In r(z) .# In r(s) it In r(z)

Table 6.7

.1 In No

0.0 0.00000 00000 00 0.00000 00000 00 5.0 - 4.50127 58755,42 5.18929 93415 60
0.1 - 0.00322 26151 39 0.04234 57120 74 5.1 - 4.62939 88796 82 5.35533 82031 27
0.2 - 0.01286 59357 41 0.08509 33372 06 5.2 - 4.75805 70222 52 5.52318 54439 62
0.3 - 0.02885 74027. 79 0.12863 61223 10 5.3 - 4.88723 13522 76 5. 69281 16137 11
0.4 - 0.05107 93722 62 0.17335 05507 97 5.4 - 5.01690 38831 33 5.86418 81052 00

0.5 - 0.07937 37235 30 0.21958 93100.95, 5.5 - 5.14705-75299 57 6.03728 71248 73
0.6 0.11354 77183 40 0.26767 56897 80 5.6 - 5.27767 60518 81 6. 21208 16640 30
0, 7 0.15338 06308 81 0.31789 96132 02 5.7 - 5.40874 39987 03 6.38854 54709 43

0.19863 06626 31 0.37051 53392 47 5.8 - 5.54024.66615 82 6.56665 30238 56.
0.9 0.24904 17059 66 0.42574 07261 44 5.9 - 5.67217 00274 24 6.74637 95048 97

1.0 - 0.30434 96090 22 0.48375 78429 30 6.0 - 5.80450 07366 29 6.92770 07748 95
1. 1 - 0.36428 77010 76. 0.54471 46524 35 6.1 - 5.93722 60439 25 7.11059 33491 13
1.2 - 0.42859 14442 42 0.60872 74700 17 6.2 - 6.07033 37820 31 7.29503 43738 76
L 3 - 0.49700 21701 52 0.67588 39160 88 6.3 - 6.20381 23278 98 7.48100 16040 81
1.4 - 0.56926 99322 58 0.74624 61166 63

. .
6.4 - 6.33765 05713 36 7.66847 33815 76

1.5 - 0.64515 55533 76 0.81985 39537 67 6.5 - 6.47183 78858 22 7.85742 86143 76
1.6 - 0.72443 19760 33 0.89672 82178 63 6.6 - 6.60636 4101316 8.04784 67567 00
1.7 - 0.80688 50339 42 0.97687 35612 07. 6.7 - 6.74121 94789 19 8.23970 77898 071
1.8 - 0.89231 37613 78 1.06028 11909 26 6.8 - 6.87639 46872 45 8.43299 22035 86
1.9 - 0,98053 03476 69 1.14693 12720 53 6.9 - 7.01188 07803 50 8.62768 09788 99

2.0 - 1.07135.9830214 1.23679 50341 04 7.0 .- 7.14766 91771 18 8.82375 55706 27
2.1 - 1.16463 96040 42 1.32983 65907 26 7.1 - 7.28375 16419 82 9.02119 78914 05
2. 2 - 1.26021 88108 76 1.42601 44920 94 7.2 - 7.42012.02668 81 9.21999 02960 14
2.3 - 1.35795 76568 48 1.52528 30352 04 7.3 - 7.55676 74543 62 9.42011 55664 09

.2. 4 - 1.45772 66961 57 1.62 33595 36 7.4 - 7.69368 59017 46 9.62155' 68971 45

2.5 - 1.55940 61080 61 It 732 9 43555 35 7.5 - 7.83086 85862 69 9.82429 78825 87
2.6 - 1.66288 49866 52 1.841 3 34120 22 7.6 -. 7.96830 87511 MI 10.02832 25016 83
2.7 - 1.76806 06566 17 1.952 S 70264 63 7.7 - 8.10599 98924 36 10.23361 51072.,54
2.8 - 1.87483.80234 65 2.06 1 12994 71 7.8 - 8.24393 57468 08 10.44016 04128 09:
2.9 - 1.98312 89631 02 2.18 4 23322 91 7.9 - 8.38211 02798 83 10.64794 34810 35

3.0 - 2.09285 17530 93 2.30 t39 65434 67 8.0 - 8.52051 76753 67 10.85694 97125 60
3.1
3.2

2.20393 05460 64
- 2.31629 48844 77

2.42452 09185 18
2.54926 32043 52

8.1
8.2

8.65915 23247 82
- 8.79800 88177 87

11.06716 48351 59
11.27857 48933 86

3.3 2.42987 92551 37 2.67657 20582 60 8.3 - 8.93708 19330 47 11. 49116 62386 10
3.4 - 2.54462 26813 03 2.80639 71597 50 8.4 - 9.07636 66296 28 11.70492 55194 45

3.5 - 2.66046 83499 73 2.93868 92920 59 8.5 - 9.21585 80388 55 11.91983 96725 52
3.6 - 2.77736 32717 84 3.07340 03990 47 8.6 - 9.35555 14566 37 12.13589 59137 86
3.7 2.89525 79709 78 3.21048 3622188 8.7 - 9.49544 23361 92 12.35308 17297 01
3.8 - 3.01410 62029 30 3.34989 33215 16 8.8 - 9.63552 62811 84 12. 57138 48693 62
3.9 - 3.13386 46968 42 3.49158 50837 57 8.9 - 9.77579 90392 11 12.79079 33364 76

4.0 - 3.25449 29213 81 3.63551 57;02 41 9.0 - 9.91625 64956 49 13.01129 53818 23
4.1 - 3.37595 28711 45 3.78164 32567 78 9.1 -10.05689 46678 12 13.23287 94959 63
4.2 - 3.49820 88720 59 3.92992 69172 45 9.2 -10.19770 96994 20 13.45553 44022 19
4.3 - 3.62122 74039 03 4.08032 11023 23 9.3 -10.33869 78553 49 13.67924 90499 21
4.4 - 3.74497 69383 89 4.23280 53645 81 9.4 -10.47985 55166 49 13.90401 26078 95

4.5 - 3.86942 77912 99 4.38732 43808 43 9.5 -10. 62117 91758 12 14.12981 44561 93
4.6
4. 7
4.8
4,4

- 3.99455 19873 65
*--41.14032 31366 90
- 4.24671 63216 20
- 4.37370 79910 87

4.54384 79226 20
4.70234 08252 48
4.86276 89562 20
5.02509 91831 32

9.6
9.7
9. 8
9.9

10.76266 54322 81
-10.90431 09881 75

II. 04611 26442 29
-11.18806 72959 27

14.35664 41900 46
14.58449 15940 42
14.81334 66565 09
15.04319 95540 92

5.0 - 4.50127 58755 42 5.18929 93415 60 10.0 -11.33017 19298 27 15.27404 06485 34

298



Table 6.8

GOMA ?UNCTION' AND mom merlon

DIGAMMA FUNCTION FOR COMPLEX ARGUMENTS
x-1.0

y . AI (z)
, 0.0 - 0.57721 56649

0.1 0.56529 77902
0.2 0.53073 04055
0.3 4.47675 48934
0.4 - 0.40786 79442

" V=0.32888 63572
0.6 7." -0,244 19 65869
047- 4.157 , 61258
0.8 4.07:48 34022
0.9 10/4345 20154

1.0
1.1
1.2
1.3
1.4

1.5
1.6
1.7
1.8
1.9

0.09465 03206
0.17219 05426
0.24588 65515
0.31576 20906
0.38196 28134

0.444119 79402
0.50420 34618
0.56072 00645
0.6144f 06554
0.66570 39172

2.0 0.714591!154
2.1 0.76132 74328
2.2
2.3 .; ar:Eq 7
2.4 s C. 1 42

Jf#(z)
0.00000
0.16342
0.32064
0,46653
0.59770

0.7126
0.81160
0.89563
0.96655
1.02628

1.07667
1.11938
1.15580
1.18707
1.21413

5.0 'fp

5.2
5.3
5.4

5.3
5.6
5.7
5.8
5.9

6.6.1

.2
66.3
6.4

1.23772 6.5
1.25843 6.6
1.27675 6.7
1.29306 6.8
1.30766 6.9

1.32081
1.33271
1.34353
1.35341
1.3.246

2.5 0.92985 7$387 1.37080
2.6 0.96803 70243 1.37849
2.1 1.00485 21252 1.38561
2.8 1.04039 40175 1.39222
2.9 1.07474 51976 1.39838

AO) .4(s)
1.61278 48446
1.63245 69889
1.65175 20861
1.67068 42228
1.68926 67162

1.70751 21687
1.72543 25175
1.74303 90807
1.76034 25988
1.77735 32733

1.79408 08018
1.81053 44105
1.82672 28842
1.84265.45939
1.8583) 75219

1.87377 92858
1.88898 71602
1.90396 80964
1.91872 87422
1.93327 54582

7.0 1.94761
7.1 1.96 175
7.2 1.97 169
7.3 1.

2.
94944

7.4 00300

7.5 .7.01638 71585
. 7.6 0/ 2.02959 35177

7.7 2.04262 82397
7.8 2.05549 57159
7.9 2.06820 01717

43346
12062
16663
10799
45959

3.0 1.10798 07107 1.40413 8.0 2.08074 56749
3.1 1.14016 89703 1.40951 8.1 2.09313 61434
3.2 1.17137 247113 1.41455 842 2.10537 53524
3.3 1.20164 114381 1.41928 ' 8.3 231746 69410
3.4 1.12)741.23104 94107 8.4 2.12941'44191

3.5 1.25962 36033 1.42794 . O. 5 2.14122
3.6

1.34081 34679

1.4433519661

ki
1.28741 54995
1.31446 61381

3.9 1.36649 26435
\)1.1129251 ..

8.6
8.7
8.8
8.9

2.15289
2.16442

2.18710
2.17582

4.0
4.1

1.3915) 61079 I 1..4444109 9.0 2.19825 46616
1.41597 47253 1 9.1 2.20921 19555

4.2 1.43983 61892 ' 1.45175 9.2 2.22018 92160
4.3 1.46314 70060 11.45452 9.3 2.23097 60229
4.4 1.44593 17629 1.45716 9.4 2.24165 740

4.5 45969

4.7
1.53001 36052 16:46210 9.6 2.26266 ;113093
130021 34505 9.5 2.25221 61882 1.51816

4.6 '' 1.51871

4.8 1.46663
9.7 2.27301 , 25015 1.519251.55135 24197 46441

1.57224 88580 9.8 2.28325 . 09877 1.51978
4.9 1.59272 07370 1.46876 9.9 2.29338158823 1.52029

5.0 1.61278 48446 1.47080 10.0 2.30141

\
..,

92637 1.52080

r(-u)1
r(-0 )5j [(_5)1]

ig1+4Y) 4 rcothil -fly
.

o(s) to 5D, computed by M. Goldstein, Los Alamos Scientific Laboratory.

AUXILIARY FUNCTION FOR 1# (1 + iy)

11731
0418
S47716
92217
16687

1.47080
1.47276
1.47464
147646
1.47820

1.47989
1.48151
1.40308
1.48459
1.48605

1.48746
1.48883
1.49015
1.49143
1.49267

1.49387
1.49504
1.49617
1.49727
1.49833

1.49937
1.50037
1.50135
1.50250
1.50323

1.50413
1.50501
1.50586
1.50669
1.50751

1.50030 .
140907
1.50982
1.51056
1451127

1.51197
1.51266
1.51332
1.51398
1.51462

1.51524
1.51585
1.51645
1.51703
1.51760

. .
y -1 .1.4_(,)*_)_

<y ;
au ken pp 'go

y -1

0.10 0.00083 417
9 0.05

0.09 0.00067 555
10 0.04

0.08 0.00911 368
11 0.03

0.07 0.00140 853
13 0.02

0.06 0.o0030 011
14
17 ' 0.00

0.01

[(II .11 0(144). iii y f.f4(y)

<y>,...nearest inter to y.
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11(Y)
0.00020 839
0.00013 335
0.00007 501
0.00003 333
0.00000 03
0.00000 000

r(-6)21
1 3 J

20
25

50
100
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GAMMA FUNCTION AND RELATED 11024CTION8

DIGA3IMA FUNCTION FOR COMPLEX ARGUMENTS

11

11(z) ..,1#(S) N

0.0 -0.42375 0.00000 5.0
0.1 -0.41451 0.14258 5.1
0.2 - 0.38793 0.28082 5.2
0.3 -0.34490 0.41099 5.3
0.4 -0.28961 0.53042 5.4

0.5 - 0.22498 0.0,3764 5.5
0.6 -0.15426 0.7)229 5.6
0.7 - 0.08023. 0.81484 5,7
0.8 -0.00509 0.88630 5.8
0.9 .0.06954 0.94792 5.9

1.0 0.14255 1.00102 6.0
'1.1 '0.21327 1.04687 6.1
4 0.28131 1.08660 6.2

1.3 0.34649 1.12119 6.3
1.4 0.40880 1.15146 6.4

1:5 0.46829 1.17810'- 6.5
1.6 0.52507 -1.20169 6.6
.7 0.57930 1.22269 6.7

1.8 0.63111 1.24148 6.8
0.68067 1.25839 6.9

2.0 0.72813 1.27368 7.0
2.1 0.77363 1.28755 7.1
2.2 0.81730 1.30021 7.2-
2.3 0.85928 1.31179 1.3
2.4 0.89967- 1.32243 7.4

2.5 0.93858 4.33224 7.5
2.6 0.97610 1,341 31 7.6

4 2.7 1.01234 1.14972 7.7
2.8 1.04736 1.15753 -7.8
2.9 1.08124 1.36482 7.9

3.0 1.11405 1.37162 8.0
3.1 1.14586 1.37800 8.1
3.2
3.3

1.17671 4.38398 8.2
1.20667 1.38960 8.3

3.4 1.23578 1.39489 8.4

3.5 1.26409 1.39989 8.5
3.6 1.29164 1.40461 8.6
3.7 1.31847 1,40907 8.7
3.8 1.34461 1.41331 .8.8
3.9 1.37010 1:41732 8.9

4.0 1.39496 1.42114 9.0
4.1 1.41924 1.42478 9.1
4.2 1.44294 1.42824 9.2
4.3 1.46611 1.43154 9.3

44.4 1.48876 1.43469 9,4

4.5 1.51092 1.43771 9.5
4.6 1.53261 1.44059 9.6
4.7 1.55384 1.44135 9.7
4.8 1.57463 1.44600 9.8
4.9 1.59501 1.44854 9.9

5.0 1.61498
F-821
L 6

)

1.45097 10.0
3)21r(-
6L

.41(s)
1.61498 1.45097 0.0
1.63457 1.45332 p.1
1.65378 1,45557 0,2

'1.67264 1.45774 0.3
1.69115 1.45983 0.4

1.70933 '1.46184. 0.5 -0.12710
1.72718 1.46378 -4,06753,
1.74473 1.46565 0.7 -0.00412
1.76197. 1.46746 0.8 *0,06130

.1.77893 1.4421 0.9 0,12730

1.79561
1.81201
1.82815
1.84404
1.85968

.1.87508
1.89025
1.90519
1.91992
1.93443

1.94874
1.96284
1.97675
1.99047
2.00401

2.01736
2.03054
2.04356
2.05640
2.06908

2.08160
2.09397
2.10619
2.11826
2:13019

2.14198
2.15363
2.16515
2.17654
2.18780

2.19893
2.20995
2.22084
2.23161'
2.24228

2.25283
2.26326
2.27360
2.28382
2.29395

2.30397

L
r(-

8
5)61

5-1 .2
91#(1) .f Os) N

-0.28904 0.00000 5.0
-0.28169 0.12620 5.1
-0.26014 0.24926 5.2
-0.22578 0.36640 5.3
4.18064 - 0.47552 5.4

1.47090
1.47253
1.47411
1.47565
1.47713

1.47857
1.47996
1.48132
1.48263
1.0391

1.0
1.1
1.2
1.3
1.4

0,19280
0.25707
0.31960
0.38012
0.43846

0.57530
0.66517
0.74519
0.81589
0.87806

0.93260
0.98046
1.02252
1.05960
1.09240

1.5 0.49459 1.12153
1.6 0.54851 1.14752
1.7 0.60028 1.17082
148 0.64999 1.19179

0.69774 -1.21074

5.
5.5

6
5.7
5.
5.9

8

6.0
6.1
6.2
6.3
6.4

6.5
4.6
6.7
6.8
6.9

1.48515 2.0 0.74362 1.22794 7.0
1.48635 2.1 0. 78775 1.24362 7.1
1.48752 2.2 0.83022 1.25796 7.2
1.48866 2.3, 0.87114 1.27112 7.3
1.48971 2.4 0.91060 1.28323 7.4

1.49085 2.5 0.94868 1,29442* 7.5
1.49190 2.6 0.98546 1.30478 7.0
1.49292 2.7 1.02103,. 1.31441 7,7
1.49392 2.8 1.05546 1.32337 7.8
1.49489 2.9) 1.08881 1.33173 7.9

1.49584 3.0
1.49676 3:1
1.49767 3.2
1.49855; 3.3
1.49940 3.4

1.50024 3.5
1.50106
1.50186 . 3.7
1.50265 3.8
1.50341 3.9

1.50416 4.0
1.50489 4.1
1.50561 4.2
1.50631 4.3
1.50699 4.4

1.50766 4.5
1.50832 4.6
1.50896 4.7
1.50960 4.8
1.51021 7.9

1.51082
r(-

2
5)11

L

1.12113 1.33955 8.0
1.15250 1.34688 8,1
1.18295 1.35377 8.2
1.21254 1.36024 8.3
1.24132 1.36635 8.4

1.26932 1.37211 8.5
1.29659 1.37756 16
1.32315 1.38272 8.7
1.34905 1.38761 8.8
1.37432 1.39226 6.9

1.39898 1.39667 9.0
1.42306 1.40088 9.1
1.44659 1.40489 9.2
1.46959 1.40871 9.3
1.49209 1.41236 9.4

1.51410 1.41586 9.5
1.53565 1.41920 9.6
1.55676 1.42240 9.7
1.57743 1.42547 9.8
1.59769 1.42842 9.9

5.0 1.61756 1. 125 10.0

\ 1 5

300
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Table 6.8

'OW 11(z)
1.61756 1.43125
1.63705 1.43396
1.65617 1.43658
1.67494 1.43910
1.69336 1.44152

1.71146 1.44386
1.72924 1.44612
1.74672 1.44829
1.76390 1.45039
1.78079 1.49243:

1.79740 J.45439
1.81375 1.45629
1.82983/ 1.45811-
1.84561 1.45991"
1.86126 1.46164

1.87661
1.89173
1.90663
1.92132
1.93579

1.46331
1.46493
1.46651
1.46803
1.46952

1.95006 1.47096
1.96413 1.47236
1.97800 1.47372,
1.99169 1.47505'
2.00519 .1,496

2.01852 1.4776
2.03167 1.4788
2.04465. 1.4800
2.05746 1.4811
2.07012 1.482

2.01262 1.48 1 F

2.09496 1.48448
2.10716 1.48553
2.11921 1.48656
2.13111 1.48756

2.14288 1.48853
2.15451 1.48949.
2.16601 1.49842
2.17738 1.49133
2.18862 1.49222

2.19973 1.49310
2.21073 1.49395
.2.22160 1.49478
2.23236 1.49560
2.24301 1.49640

2.25354 1,49718
2.26397 1.49794
2.27429 1.49869
2.28450 1.49943
2.29461 1.0015

2.30462 1.50085
r(051 .r(-53-1

r .
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DIGAMMA FUNCTION FOR COMPLEX ARGUMENTSTable 6.8

x.1.3

8.5 -0.03520 0.52298 5.5
0.6 *0.01541 0.60796 ,5.6
0.7 0.07003' 0.68491 5.7
0.8 0.12718 0.75404 5.8
0.9 0.18561, 0.81582 5.9

11.0 0.24434 0.87085 6.0la 0.30262 0.91983 6.1
'1.2 -0.35994 0.96341 6.2
1.3 0.41593 1.00227 6.3
1.4 0.47035 1.03698 6(:4

1.5 0.52310 1.06809 6.5
1:6 0.57409 1.09605 6.6
1.7 0.62533 1.12126 6.7
1.8 0.67084 1.14409 6.8
1.9 0.71667 1.16483 6.9

2.0 0.76087 .1.18373 7.0 1.95158 1.45681 2.0 0.77968
2.1 0.80353 1.20102 7.1 1.96560 1.45841 2.1 0.82078
2.2 0.84470 1.21688 7.2 1.97944 1.45996 2.2 0.86058
2.3 0.88447 1.23148 7.3 1.99309 1.46147 2.3 0.89913
2.4 0.92290 1.24495 7.4 2.00655 1.46294 2.4 0.93647

4.5 1.51775 1.39416 2.25437 1.48671 4.5 1.52185
4.6 1.53914 1.39795 9.6 2.26478 1.48758 4.6 1.54307
4./ 1.56010 1.40158 9.7 2.27508 1.48844 4.7 1.5638/
4.6 1,58064 1.40507 9.8 2.28528 1.48927 4.8 1.58425
4.9 1.600/8 1.40841 9.9 2.29537 1.49010 4.9 1.60425

1.37263
1.37686
1.38092
1.38481
1.38854

xm 1.4

Y 40(z) IOW N Yt0(z) f#(z) Y fit#(z) .1#(z) U 51t #(z) .40)
0.0 -0.16919 0.00000 5.0 .- 1.62052 1.41163 0.0 -0.06138 0.00000 5.0 1.62386 09213
0.1 -0.16323 0.113.03 5.1 1.63990 1.41472 0.1 -0.05646 0.10223 5.1 1.64311 1.39559
0.2 -0.14567 0.22372 5.2 1.65891 1.41769 0.2 -0.04192 -0.20269 5.2 1.66200 1.39891
0,3 -0.11748 0.32997 5.3 1.67758 1.42055 0.3 -0.01844 0.29974 5.3 1.68055 1.40211
0.4 -0.08009 0.43011 5.4 1.6959,1 1.42331 0.4 +0.01295 0.39204 5.4 1.69878 1.40519

1.71392 . 1.42597 0.5 0.05100; 0.47862 5.5 1.71668 1.40817
1.73161 1.42853 0.6 0.09436 0.55886 5.6 1.73428 1.41103
1.74900 1.43101 0.1 0.14171 0.63250 5.7 1.75158 1:41380.
1.76611 *1.43340 0.8 0.19183 0.69957 5.8 1.76860 1.41648
1.78292 1.43571 0.9 0.24367 , 0.76033 5.9 1.78533 1.41907

1.79947 1.43794 1.0 0.i9635 0.81517 6.0 1.8018 1.42157
1.81575 1.44011 1.1 0,34918 0.86457 6.1 1.8180 1.42399
1.83177 1.44220 1.2 0.40163 0.90903 6.2 1.833 1.42634
1.84754 1.44423 1.3 0.45331 0.94907 6.3 1.849 1.42861
1.86308 1.44619 1.4 0.50395 0.98517 6.4 1.86513 1.43081

1.87837 1.44810 1.5 0.55336 1.01778 6.5 1.88036 1.43294
1.89344 1.44995 1.6 0.60144 1.04730 6.6 1.89537_ 1.43502
1.90829 1.45174 1.7 0 :64811. 1.07409 6.7 .1.91017 .1.43702
1.92293 1.45348 1.8 0.69337 1.09849 6.8 1.92475 1.43898
1.93735 1:45517 1.9 0.73722. 1.12075 6.9 1.93912 1.44087

1.14113 7.0 1.95330 1.44271 '
1.15984 7.1 1.96727 1.44450
1.17707 7.2 1.98106' 1.44625
1.19296 7.3 1.99467 1.44794
1.20768 7.4 2.00809 1.44959 /

I

2.5 0.96007 1.25743 7.5 2.01984 1.46438 2.5 0.9'7265 1.22133 7.5 2.02134 1.45119 '

2.6 0.99604 1.26900 7.6 2.03296 1.46577 2.6 1.00775 1.23402 7.6 2.03442 1.45276
2.7 1.03088 1.27976 7.7 2.04591 1.46713 2.7 1.04179 1,24585 7.7 2.04733 1.45428
2.8 1.06464 1.28980 7.8 2.05869 1.46845 2.8 1.07484 1.25689 7.8 2.06008 1.45576
2.9 1.09739 1.29918 7.9 2.07131 1.46974 2.9 1.10693 1.26723 7.9 2.07267 1.45721

3.0 1.12917 1.30797 8.0 2.08378 1.471,00 3.0 1.13813 1.27693 8.0 2.08510 1.45862
3.1 1.16004 1.31621 8.1 2.09610 1.47223 3.1 1.16846 1.28604 8.1 2.09739 1.46000
3.2 1.19005 1.32396 8.2 2.10827 1.47342 3.2 1.19797 1.29461 8.2 2.10952 1.46134
3.3 1.21923 1.33126 8.3 2.12029 1.47459 3.3 1.22670 1.30269 8.3 2.121511.46266
3.4 1.24763 1.33814 8.4 2.13217 1.47573 3.4 1.25469 1.31032 8.4 2.13337 1.46394

3.5 1.27529 1.34464 8.5 2.14391 1.47685. 3.5 1.28196 1.31753 8.5 2.14508 1.46519
3.6 1.30223 1.35080 8.6 2.15552 1.47794 3.6 1.30855 1.32436 8.6 2.15666 1.46641
3.7 1.3285), 1.35663 8.7 2.16700 1.47900 3.7 1.3)450 1.33084 8.7 2.16811 1.46760
3.8 1.35413 1.36216 8.8 2.17834 1.48004 3.8 1.35983 1.33699 8.8 2.17943 1.46877
3,9 1.37915 1.36742 8.9 2.18956 1.48106 3.9 1.38456 1.34283 8.9 2.19063 1.46991

4.0 1.40351 1.37242 9.0 2.20066 1.48205 4.0 1.40873 1.34840 9.0 2.20170 1.47103
4.1 1.42744 1.37718 9.1 2.21163 1.48302 4.1 1.43235 1.35370 9.1 2.21265 1.47212
4.2 1.45077 1.38172 9.2 2.22249 1.48397 4.2 1.45546 1.35876 9.2 2.22349 1.47319
4.3 1.47358 1.38606 9.3 2.23323 1.48490 4.3 1.47806 1.36359 9.3 2.23421 1.47423
4.4 1.49590 1.39020 9.4 2.24386 1.48582 4.4 1.50019 1.36821 9.4 2.24481 1.47525

9.5 2,25531 1.47626
9.6 2,26570 1.47724
9.7 2.27598 1.47820
9.8 2.28616 1.47914
9.9 2.29623 1.48006

5.0 1.62052 1.41163 10.0 2.30537 '1.49090 5.0 1.62386 1.39213 10.0 2.30621 1.48096

._.112-1 r(-551 r(-5)21 r( -3)1i r(-4)81 r(-5,51 r(-5)21
C` 5 L 31,6j L 3 j L4jL4 j La jL3 j
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GAMMA FUNCTION AND RELATED FUNCTIONS

DIGAMMA FUNCTION FOR COMPLEX ARGUMENT:

40(2) IOW V do(z) .10(z) Y #0(z) do( z)
0.0 .043649 0.00000 5.0 1.62756 1.37278 0.0 0.12605 0.00000 5.0
0.1 0.04062 049325 53 4.64667 1.37658 0.1 C12955 0.08566 5.1
0.2 0.05284 0,18511 5.2 1.66543 1.38025 0.:: 0.13995 0.17023 5.2
0.3 0.07266 0.27432 5.3 1.68386 Y.38378 0.3. 0.15687 0,25268 5.3
0.4 0.09932 0.35978 5.4 1.70196 1.38719 0.4 0.17976 0.33214 5.4

0.5 0.18189 0.44066-- 5.5 1.71976 1.39047 0.5 0.20790 0.40189 5.5
0.6' 0.16935 0.51640 5.6 1.73725 1.39364 0.6 0.24050 0.47942 5.6
0.7 0.21064 0.58668 5.7 1.75445 1.39670 0.7 0.27074 0.54642 5.7
0.8 0.25479 0.65144 , 5.8 1.77137 1.39965 0.8 0.31581 0.60875 5.8
0.9 0.30091 0.71078 5.9 1.78801 1.40251 0.9 0.35697 0.66642 5.9

1.0 0.34824 0.76494 6.9/ 1.80439 1.40528 1.0 0.39957 .0.71957 6.0
1.1 0,39614 0.81424 6:1 1.82051 1.40796 1.1 0.44305 0.76840 6.1
1.2 0.44411 0.85907,!.6.2 1.83638 1.41055 1.2 0.48692 0. -81319 6.2
1.3 0.49175 0,899 6.3 . 1.85201 1.41306 1.3 0.53082 0.85423 6.3
1.4 0.53878 0. 84 6.4 1.86741' 141549 1.4 0.57445 0.89183 6.4

1.5 0.58497 (0.97054 6.5 1.88258 1.41786 1.5 0.61751 0.92629 6.5
1.6
1.7
1.8

0.6301 1.00127 6.6 1.89752 1.42015
0.67 2 1.02932 6.7 , 1.91225 1.42237
0.7 32 1.05500 6.8 1.92677 1.42453

1.6
1.7
1.8

0.66001 0.95790 6.6
11,70167 0.98693 6.7

.74244 1.01363 6.8
1.9 0. 916 1.07855 6.9 1.94109 1,42663 1.9 0.78228 1.03824 6.9

2.0
2.1

0,79983 1.16020 7.0 1.95521 1.42866
0.83935 - 1.12015 7.1 1.96914 1.43065

0.82115 1.06096 7.0
0.85905 1.08197. 7.1

2.2 0.87772 1.13857 7.2 1.98287 1.43257 2.2 0.89597 1.10144 7.2
2.3 0.91499 1.15563 7.3 1.99643 1.43445 2.3 0.93193 1.11953 7.3
2.4 0.95118 1.17146 7,4 2.00981 1.43628 2.4 0.96694 1.13635 7.4

2.5 0.98634 1.18618 7.5 2.02301 1.438054 2.5 1.00102 1.15204 7.5
2.6 1.02050 1.19990 7.6 2.03604 1.43978 2.6 1.03421 1.16668 7.6
2.7 1.05370 1.21271 7.7 2.04891 1.44147 2.7 1.06653 1.18039 7.7
2.8 1.08598 1.22469 , 7.8 2.06162 1.44312 2.8 1.09801 1.19324 7.8
2.9 1.11738 1.23592 7.9 '2.07417 1.44472 2.9 1.12867 1.20530 7.9

3.0 1.14794 04647 8.0 2.08657 1.44628 3.0 1.15856 1.21664 8.0
3.1 1.17769 1.25639 8.1 2.09882 1.44781 3.1 1.18770 1.22733 8.1
3.2 1.20667 1.26574 8.2 2.11092 .1.44930 3.2 1.21611 1.23741 8.2
3.3
3.4

1.23491 1.27457 8.3 2.12288 1.45075
1.26245 1.28290 8.4 2.13470 1.45217

3.3
.4

1.24383 1.24693 8.3
1.27089 1.25594 8.4

3.5
3.6
3.7
3.8

1.28931 1.29080 8* 2.14638 1.45355
1.31552 1.29828 8.6 2.15794 . 1.45491
1.34112 1.30537 8.7 2.16936 1.45623
1.36612 1.31212 8.8 2.18065 1.45753

3.5
3.6
3.7
3.8

1.29731 1.26448 8.5
1.32311 1.27257 8.6
1.34833 1.28026 8.7
1.37297 1.28757 8.8

3.9 1.39055 1.31853 8.9 2.19182 1.45879 3.9 1.39707 1.29454 8.9

4.0
4.1
4.2

1.41443 1.32464 9.0 2.20286 1.46003
1.43779 1.33047 9.1 2.21379 1.46124
1.46065 1.33603 9.2 2.22460 1.46242

4.0
4.1
4.2

1.42065 1.30117 9.0
1.44373 1.30750 9.1
1.46612 1.31354 9.2

4.3 1.48302 1.34134 9.3 2.23530 1.46358 4.3 1.48844 1.31932 9.3
4.4 J.50493 . 1.34642 9.4 2.24588 1.46471 4.4 1.51012 1.32485 9.4

4.5 1.5E639 1.35128 9.5 2.25635 .46582 4.5 1.53136 1.33014 9.5
4.6 1.54742 1.35594 9.6 2,26672 .46691 4.6 1.55219 1.33522 9.6
4.7 1.56804 1.36041 9.7 2.27698 1.46798 4.7 1.57262 1.34009 9.7
4.8 1.58826 1.36470 9.8 .28714 / 1.46902 4.8 1.59265 1.34476 9.8
4.9 1.60810 1.36882 9.9 .29720; 1.47004 4,9 1.61232 1.34925 9.9

1.62756
(-3,11

1.37278
r(-4)71

10.0 2.30716'
r(-1,04-1

1.47105
r(- 5)21

5.0 1.63162
r(-4,91

1.35357
r(-4)01

10.0

L 4 J L 4 J L3 jL3j JLi
4y

.fi+iy) -it ry-
4il + 1
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Table 6.8

"(4
1.63162
1.65057
1.66919
1.68748
1.70546

1.72313
1.74051
1.75760
1.77441
1.79895

1.80724
1.82327
1.83906
1.85460
1.86992

1.88501
1.89989
1.91455
1.92900
1.94326

1.95731
1.97118
1.98487
1.99837
2.01169

2.02485
2.03784
2.05066
2.06332
2.07583

2.08819'
2.10040
2.11246
2.12439
243617

2.14782
2.15934
2.17073
2.18199
2.19313

2.20415
2.21504
2.22583
2.23650
2.24706

2.25751
2.26785
2.27809
2.28822
2.29826

2.30820

r-r]

#
1.35357
1.35773
1.36173
1.36158
1.36930

1.37289
1.37635
1.37969
1.38293
1.38605

'1.38908

94841.3
1.3975
1.40025

1.40284
1.40534
1.40778
1.41014
1.41244

1.41467
1441684
1.41895
1.42101
1.42301

1.42496
1.42686
1.42871
1.43051
1.43227

1.43398
1.43565
1.43728
1.43888
1.44043

1.44195
1.44344
1.44489
1.44631
1.44770

1.44905
1.45038
1.45168
1.45295
1.45420

1.45542
1.45661
1.45778
1.45892
1.46005

1.46115
r(-5)21
L 3 J
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Table 6.14

0.0
0.1
0.2
0.3
0.4

0.5
0.6
0.7
0.8
0.9

1.5
1.6
1.7
1.8
1.9

2.0
2.1
2.2
2.3
2.4

2.5
2.6
2.7
2.8
2.9

3.0
3.1
3.2
3.3
3.4

3.5
3.6
3.7
3.8
3.9

4,0
4.
4.
4.3
4.4

4.5
4.6
4.7
4.8
4.9

5.0

I
GAMMA FUNCTION AND RELATED FUNCTIONS

DIG4$18/A FUNCTION. FOR COMPLEX ARGUMENTS

x
/ x=1.8

gt#(z)
0.20855
0.21156
042050
0.23511
0415494

0.27945
0.30803
0.34001
0.37474.
0.41161

0.45005
0.48957
0.52973
0.57018
0.61063

0.65085
0.69065
0.72990
0.76849
0.80636

0.84345
0.87973
0.91519
0.94981
0.9 62

1.01661
1.04879'
1.08020
1.11084
1.14075

1.16993
1.19842
1.22625
1.25342
1.27997

1.30592
1.33129
1.35610
1.38037
1.40413

1.42738
1.45015
1.47246
1.49432
1.51574

1.53675
1.55736
1.57758
1.59742

4.61690

1.63603
r(-4)71

JL 4

(

J#(z)
0.00000 5.0
0.07918 5.1
0.15747) 5.2
0.23407' '5.3
0.30834 5.4

0.37937 i 5.5
0.44701 5.6
0.51086 5.7
0.57074 5.8
0.62661 5.9

0.67852 6.0
0,72661 6.1
0.77107 6.2
0.81211 6.3
0.84996 6.4

0.88488 6.5
0.91710 6.6
0.94685 i 147
0.97436 6.8
0.99982 6.9

1.02342 7.0
1.04533 7.1
1.06570 7.2
1.08468 7.3
1.10238 7.4

1.11893 7.5
1.13441 7.6
1.14893 7.7
1.16257 7.8
1.17539 7.9

1.18747 8.0
1.19886 8.1
1.20962 8.2
1.21981 8.3
1.22945 8.4

1.23359 *8.5
1.24727 8.6
1.25553 8.7
1.26338 8.8
1.27087 8.10

1.27800 9.0
1.20481 9.1
1.29132 9.2
1.29755 9.3
1.30351 9.4

1.30922 9.5
1.31470 9.6
1.31996 9.7
1.32501 9.8
1.32986 9.9

1.33453 10.0
(-4)51

L 4 J

400
1.63603
1.65482
1.67328
1.69142
1.70926

1,72680
1./74405
476102
1.77772
1.79416

1.81034
1.82627
1.84196
1.85742
1.87261

L88767
1.90246
491705
1.93143
1.94562

1.95961
1.97342
1.98704
2.00048
2.01375

2.02685
2.03979
2.05256
2.06518
2.07764

2.08996
2,10212
2.11415
2.12603
2.13778

2.14939
2.16087
2.17222
2.18345
?..19456

2.20555
2.21642
2.22717
2.23781
2.24834

2.25877
2.26908
2.27930
2.28941
2.29942

2.30933
cc-5)4iL 3JL3J

J#(z)
1.33453,
1.33902:
1.34335
1.34752
1.35154

1.35543
1.35918
1.3628
1.36630
1.36969

1.37297
1.37614
1.37922
1.38220
1.38509

1.38789
149061
1.39526
1.39582
1.39832

1.40074'
1.40310
1.40539
1.40762
L40980

1.41191
1.41398
1.41599
1.41794
1.41986

1.42172
1.42354
1.42531
1.42704
1.42874

1.4)039
1.43200
1.43358
1.43513
1.43664

1.43811
1.43956
1.44097
1.44235
1.44371

1.44503
1.44633
1.44760
1.44885
1.45007

1.45127
r(-5)21

Y
0.0
0.1
0.2
0.3
0.4

0.5
0.6
0.7
0.8
0.9

1.0
1.1
1.2
1.3
1.4

1.5
1.6
1.7 $0.75879
'1.8
1.9

2.0
2.1
2.2
2.3
2.4

2.5
2.6
2.7
2.8
2.9

3.0
3.1
3.2
3.3
3.4

3.5
3.6
3.7
3.8
3.9

4.0
4.1
4.2
4.3
4.4

4.5
4.6
4.7
4.8
4.9

5.0

00(s)
0.28499
0.28760
0.29537
0.30809
0.32541

0.34693

0,4005
0.43155
0.46469

0.49947
0.53546
0.57226
0.60955
0.64706

0.68455
0.72184

0.79528
0.83122

0.86655
0.90123
0.93523
0.96853
1.00111

403299-
1.06416
1.09463
1.12442
1.15353

1.18200
1.20982
1.23703
1.26363
1.28965

1.31511
1.34003
1.36441
1.38829
1.41168

1.43459
1.45704
1.47904
1.50062
1.52178

1.54254
1.56292
1.58291
1.60255
1.62183

1.64078
(r1.6407811
L 4jL

%\10(z)

-$0,35437

-0.64131

0.00000
0.07358
0.14644
0.21792
0.28740

0.41842
0.47928
0.53675,
0.59076

0.68847
0.73237'.
0.77316
0.81103

0.84617
0.87877
0.90903
0.93713
0.96326

0.98757
1.01022
1.03136
1.05110
1.06957

1.08687
1.10310
1.11836
1.13270
1.14622

1,15898
417103
1.18243
1.19322
1.2034$

1.21317
1.22241
1.23119
1.23956
1.24754

4.25516
1.26243
1.26939
1.27605
1.28242

1.28854
1.29440
1.30004
1.30545
1.31065

1.31566
R-4)414j

See pose It.

303

10.

5.0 1.64078
5.1 1.65939
5.2 1.6)969
5.3 3( 1.69569
5.4 1.71336

.F0(s)
i.31566
1.32048
1.32513
1.32961
1.33393

5.5 1.73076 1.33810
5.6 1.74787 1.34213
5.7 1.76472 1.34603
5.8 1.78130 1.34979
5.9 1.79762 1.35344

6.0
6.1
6.2
6.3
6.4

1.81369 1.35697
1.82952 1.36038
1.84511 . 1,36369
1.86047 1.36690
1.87561 1.37001

6.5 1.89053 1.37303
6.6 1.90525 1.37596
6.7 1.91975 1.37881.
6.8 1.93406 1.38158
6.9 1.94817 1.38426

7.0 1.96210 1.38688
7.1 1.97583 1.38942;
7.2 1.98939 1.39189.
7.3 2.00277 1.39430-
7.4 2.01590 --I:39664

7.5
7.6
7.7
7.8
7.9

8.0
8.1
8.2
8.3
8.4

2.02903
2.04191
2.05463
2.06719
2.07960

.2.09187
2.10399
2.11597

..2027$1
2:139p

1.3989? .k
1.40115
1.40332
1.40543
1.40749

1.40950
1.41146
1.41338
1.41525
1.41708

8.5 21510r 1.41886
8.6 2.16253 1.42061
8.7 2.17385 1.42231
8.8 3,18504 1.42398
8.9 2.19611 '1.42561

9.0
9.1
9.2
9.3
9.4

9.6
9.7
9.8
9.9

2.20707
2.21790
2.22862
2.23923
2.24974

2.26013
2.27042
2.28061
2.29069
2.30068

1.42720
1.42876
1.43029
1.43178
1.43324

1J3608
1.43468

1.43745
1.43880
1.44012

t10.0 .3105 1,44142
(-5)4 r(-8)21

3 L 3 j
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DIGAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.8

x NI 9

N .14(:) P0(s) y 44(8) .14(s) y .14() s.,

0.0 0,35618 0.00000 5.0 1.64585 1.29698 0.0 0.42278
0.1 0.35847 0.06870 5.1 1.66428 1.30212 0.1 0.42480
0.2 0.36528 0.13681 5.2 1.68240 1.30707 0.2 0.43081
0.3 0.31.4 0.20377 5.3 1.70022 1.31185' 0.3 0.44068
9.4 0.3 0.26908 5.4 1.71775 1.31647 0.4 0.45420

0.5 0.41071 `. 0.3)229 5.5 1,73500 1.32092 0.5 0.47111
0.6 0.43309 0.39306 5.6 1.75197 1.32522 0.6 0.49110
0.7 0.45842 0.45110 5.7 1.76868 1.32938 0.7 0.51380
0.8 0.48625 0.50624 5.8 1.78513 1.33341 0.8 '0.53887
0.9 0.51614 0.55838 5.9 1.80133 L33730 0.9 0,56594

810
.

1.0 0.54770_ 0.60749 0:0 1.81728 1.34107- 1.0 0.59465
1.1 0,38051" 0.65359 '6,1 1.83300 1.34473 1.1 0.62468
1.2 0.61431 0.69677.' 6.2 1.84848 1.34827 1.2 0.65572
1.3 0.64872 0.73714 6.3 1.86374 1.35170 1.3 . 0.68751
1.4 0.68351 0.77483 6,4 1.87878 1.35503 1.4 0.71980

1.5 0.71846 0.80999 6.5 1.89361 1.35826 1.5 0.75239
1.6 0.75338 , 8.84278 6.6 1.90824 1.36140 1.6 0.78510
1.7 0.78814 ' 0.87335 k7 1.92266 1.36445 1.7 0.81779
1.8 0.82261 0.90188 6.8 1.93688 1.36741 1.8 0.83033
1.9 St 85669 0.92851 6.9 ,1.95092 1,37029 1.9 . 0.88262

2.0 0.89031 0.95338 7.0/1,6 1.37308 2.0 0.91459
2.1. 0.92342 0.97664 7.1 1.

e
843 1.37581 0.94617

2.2 0.95598 0.99840 7.2 1.99192 1.37846 2. 0.97731
2.3 0.98795 1.01879 7.3 2.00523 1.38104 2. 1.00798
2.4 1,01932 1.03792 7.4 2.01838 1.38355 2.4 .03814

2.5 .. 1.05008 1.05588 7.5 2.03136 1.38599 2.5 1 6779
2.6 1.08022 147278 7.6 2.04418 1.38838 2.6 1 9690
2.7 1.10975 1.08868 7.7 2.05684 1.39070 2.7 1.12548
2.8 ..0/4867 1.10367 7.8 2,06935 1.39297 2.8 1.153522.f 98 1.11782 7.9 2.08171 1.39518 2.9 1.18102

3.0 1.19470 1.13119 8,0 2.09393 1.39734 3.0 1.20798
3.1 1.22184 1.14384 8.1 2.10600 1.39944 3.1 1.23442
3.2 1.24841 1,15583 8.2 2.11793 1.40149 3.2 1.26034
3.3 1.27442 1.16719 8.3 2.12973 1.40350 3.3 1.28575
3.4 1.29990 1.17798 . 8.4 2.14139 1.40546 3.4 1.31067

3.5 1.32485 1.18823 8.5 2.15292 1.40738 3.5 1.33510
3.6 1.34929 1.19798 8.6 2.16432 1.40925 3.6 1.35905
3.7 1.37324 1.20727 8.7 2.17560 1.41108 3.7 1.38254
3.8 1.39670 1.21613 8.8 2.18675 1,41286 3.8 1.40558
3.9. 1.41970 1.22458 8.9 2.19778 1.41461 3.9 1.42813.

4,0 1.44226 1.23265 .9.0 2.20870' 1.41632 4.0 1.45036
4.1 1.46437 1.24037 9.1 2.21950 1.41800 4.1 1.47212
4.2 1.48606 1.24775 9.2 2.23019 1.41964 4.2 1.49348
4.3 1.50734 1.25482 9.3 2.24077 1.42124 4.3 1.51446
4.4 1.52822 1.26160 9.4 2.25124 1.42281 4.4 1.33505

4.5 i.54872 1.26810 9.5 2.26160 1.42435 4.5 1.55527
4.6 1.56885 1.27434 9.6 2.27186 1.42586 4.6 1.57514
4.7 1.58861 1.28033 9.7 2.28202 1.42733 4.7 1.59466
4.8 1.60803 1.28610 9.8 2.29207 1.42878 4.8 1.61385
4.9 1.62710 1.29164 9.9 2.30203 1.43020 4.9 1.63270

5.0 1.64595 1.29698 10,0 2,31190 1.43159 5.0 1.65125
r(-4)61 r(-4)41 r(too r(-6)21 r(-)51
L 4 j L 4 i i 3 j I g J

14(s)
zio2.0

Y ucy) 4(s)
0.00000 5.0 1.65125 / 1.27849
0.06441 5.1 1.66948 1.28394
0.1283) 5.2 1.68742 1.28919
0.19130 5.3 1.70506 1.29426
0.25288 5.4 1.72242 1.29916

0.31269 5.5 1.73951 1.30389
0.37042 5.6 1.75633 1.30846
0.42583 5.7 1.77290 1.31288
0.47874 5..8 1.78921 1.31715
0.52904 5.8 1.80528 1.32129

-0.57667 6.0 1.82111 1.32530
0.62165 6.1 1,89671 1.32918
0.66400 6.2 1.85208 1,33295
0.70 6.3 1.86723 1.33660
0.741 6.4 1.88217 1.34015

MT 6.5. 1.89690 1.34358
0.80 9 6.6 1.91143 1.5,692
0.83973 6.7 1.92576 1.35017
0.86853 6.8 1.93990 1.35332
0.89551 6.9 1.95385 1,35639

0.92081 7.0 1.96761 1.35937
0.94454 7.1 1.98120 1.36227
0.96681 1.99462 1.36509
0.98775 7.37.3 2.00786 1.36784
1.00743 7.4 2.02094 1.37052

1.02597 7.5 2.03385 1.37313
1.04344 7.6 2.04661 1,37567
1.05992 7.7 2.05921 1.37815
1.07548 7.8 2.07167 1.380/6
1.09020 7.9 2,08397 1.38292

1.10413 8.0 2.09611 L38522
1.11733 8.1 2.10815 -1-.11046
1.12985 8.2 2.12003 WOW
1.14174 8.3 2.13178 1.39180
1.15304 8.4 2.14339 1.39:89

1.16379 8.5 2.15487 '1.39593
1.17403 8.6 2.16623 1.39793
1.18379 8.7 2.17746 1.39988
1.19310 8.8 2118 1,40179
1.20200 8.9 2.1 7 1.40366

1.21050 9.0 2.21645 1.40548
1.21864 9.1 242121 1.40727
1.22643 9.2 1.40902
1.23389 9.3 2.24241 1.41074
1.24105 9.4 2.2 284 1.41241

1.24792 2. 6318 1.41406
1.25452 9.67.6 2. 7340 1.41566
1.26086 9.7 2. 8353 1.41724
1.26696 9.8 2 9356 1.41879
1.27283 9.9 2t30349 1.42030

1.27849
r(-)81

. 10.0 .31332
(-6)41

1.42179
r(-54-1

L 4 i 3 J I. 8 Jty_1.1.4+8y2.1
.

24/(1412)
if 024-10-it coth

I\...

i
I

304



7. Error Function and Fresnel Integrals
WAUSIM GAMOW 1

Mathematical Properties
7.1 Rum Ihmetion
1.12. Repeated Int.çsb of the Error Function

InZelWand Indadinite Integrab

America Methods
7.11. !se andlIttension of the Tables

Reotroot
Table 7.1.. Eno, Function and its Derivative (0sk2)

(2/14-)4, ref ams(2/1) r am0(.01)2, i 10D

Contents. .

Table 7.2. Derivative Of the h (SIBS)
(2/4;)egl, of/4(.01)10e*

Table 7.3. Complementary Ibtor Function (2 $a 0).

se' ode affaCNVG)oe'rf ."dt, ram .25( .006)0, 7D

orb Q, n-1(1)10, 18D.

. Table 7.4. Repeated Integrals of the Error Function (OS:SS) . .

rr(+1)r ego am+sr(+1),44. etsdi

a-0(.1)5,,=1(1)0, 10, 11,

Table 7.1. Dawson'. Integral (OS .)
el/114, s=0(.02)2, 10D

e

rs-alisesdt, rkm.23(7.003)0, ID

Poe
297
297
299
300
302

304
304

308

310

312

310

317

319

I Guest worker, National Bureau of Standards, from The Amerken University. (Presently
'Pardee University.)
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Table 7.6. (3/r (Ira))i code (4)x2.3),

sna0(.09)1.7(.04)2.8, 7D

Table 7.7. Frcenel Integrals (Os ii) 321

C(x)-12 cos Cr el) di, s(x)fossinqi Odt, s=0(.02)5, 7D

Table 7.8. Auxiliary Functions (031 0) 323

. S(s)] cos G sP)fjC(s)]sin s')

p(s)[iC(2)] cos Ci s")-1--19(s)]sin Or, 11)

Page

320

sign0(.02)1,e'=21(--.02)0, 15D

Table 7.9. Error Function for Complex Arguments (OS s 3.9,0 )/ 3) . 825

w(s)i.e4 aria (is), sx4iy, s=10(.1)3.9,y=s0(.)8, ID

Table 7.10. Complex Zeros of the Error Function (1110) . . . . 829

s, erf 4=0, n go 1 (1)40, 8D

Table 7.11. Complex Zeros of Trend ;ntegrals (0s5) 329

s, ass) fas0, S(4) =0,n- 0(1)6, 4D

Table 732. Maxima and Minima of Framel Integrals (0 sn VS) . . 829

0( 4/11-171), 8(4F1-2), =0(1)5, 8D

The author acknowledges the ambiance of Alfred E. Beam, Ruth E. Capuano, Lois K.
Cheri/10kt, Elisabeth F. Godefroyv David & Liepman, Mary On, Bertha R. Walter, and
Ruth Zucker in the preparation and checking of the tables.
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7. Error Function and Fresnel Integrals
Mathematical Properties

7.1. EftijI Posetion

Ds Saltleee

7.1.1 f'-i!tit
yr .r

7.1.2 tale sr- 1.6-0d4.1-rd*J.
7.1.3 w(a)mos-01(1 f di 41ato (24 ates

la 7.1.0 the path of integration -subject to the

restriction art-'a with lol<1 as 1-00) ale* the

path. (onei iipermimaibie 'tar remains bounded

to the Wt.)

Integral Repreeestetioe.,

7.1.4

(18)m; s jo
tip e-4dt

I.

Series Evendale

7.1.5 erfpill
apt 041P% 211 811101

r:3 (211+1)

7.1.7 wotad (-1)11:6+101-186+inOss)i

7.1.0 10
(is

00
r

(ForI....i(x),eee chapter 10. N

Symmetry Reladese

7.1.9 erf ( a)salerf

7.1.10 erazaai

7.1.11

7.1.12 teaPisR=74

Fiona 7.1. ps!lole
ves01

Ftouss 7.2. geigiltishl.
PISS

..11;

.



mason vox ON AND num firnoms

Pumas 7.3. Afiiieds Mari of w(s).

Inequalities (7.11), [7.17)
7.1.13

1 c'sdi 1

x+ Vir:R 42+ 1121+;

(For other inequalities see [7.2].)

7.1.14

Condoned Frostiesti

(2 0)

2e" 1. 0-82(41., 1 I!! I 3/2 2
a+ T+ 14:

7.1.15

.
z_z_s_a_st

airht no

xr and lir are the zeros and weight factors of
the Hermits polynomials. For numerical values
see chapter 25.

%hoe at Infinity

7.1.16 erf (3-00 in Intl

Vs '0)

Magnum and Inflection Points for Dawson's
Integral (7.31J

F(2)14-

=1it-'s ..'di

7.1.17 F(.92413 88730 . . . )=.54104 42246.

7.1.18 F(1.50197 52682. . . )=.42788 88180.. . .

Derivative:
7.1.19

4741 erf s=t-1)* rill(a)s- (n==0, . .

7.1.20
wo'+'° (s) +2sw("ot(s) +2(n+ OwN)(a)=.0

(n=0, 1,2,

wo(s)..w(s), WW1= -2aw(s)4cir

(For the Hermit. polynomials 14(s) see chapter
22.)

Relation to Confluent Hyperacesnetria Pomades (sae
chapter 13)

erf s=31mG; 2*).sre M (1 , a')

.)

.)

7.1.21

The Normal Distribution Runation With Mean ot and ,
Standard Deviation (see chaplet 16)

(1-101

7.1.22 T dis=1 (1 +(!))

7.1.28 \...774"1. rmPlinel"

Vise° ericsm4+E ( 1 1.3. . 2n12=1.1

"I' 134*
(8.-". log al< 34-II)

.



AA:

ERROR FUNCTION AND

If A44 is the remainder after n terms then,

7.1.24

iti(3)=(-11.3...(2n-1)0,,*

8=Je e- (1-1-1)" di
zi

101<1

Cisr 214)

(larg 31<114)

the first neglected term and of the sam sign..
For x real, R,,(x) is lees in absolute v4,7lue than

Rational Approximations' (05st )

7.1.25

art 1 (alt taliq-aits) Cie+. (x/i,

le(4152.5><101

p=/47047 =.34802 42 /as= .09587 98 .

asi=.74785
7.1.26

1

erf x=1 (dig 4-the+asts+014e-Fzetl)e-ii-F4(x),

I
4

+Px
kW' .5X10-'

p= .327.59 11 41=45482 9592
us= .:-.28449 6736 as..1.42141 3741

at= 1.45315 2027 66=1.06140 5429

/' 1

Shx-Fale+a*ta+a424144-1(4
1(4155X10-4

a, =.278393 41=1.230389

enim.000972 44=1.078108

7.1.27

erf p=.1

7.1.28
1erf v.1

r---(1tx+a-11+ . . . +0,444+0)
1*(415 3X 10-'

at ..07052 30784 a, =.04228 20123

08'.00927 05272 44=.00015 20143

ae---.000'27 66672 as...00004 30638

Approximations1.1.254.1.10 are from C. Hastings, Jr.,
Approximations for digital computers. Prineeton
Press, Prineeton, N. J., 1985 (with permimlon).

PRESNEL INTEGRALS

Infinite Series Approximation for Crimples BMW
Function (7.191

7.1.29
ts-Irserf (x+iy)rnerf f(1C°8 2x1/) +i sin by]

2+; n- //))+6(z, y)

where

f,,(x,y).2x-2x cosh ny cos 2xy+n sinh ny sin 2ay
y) =2Z cith ny sin sinh ny cos 2xy

ii(x,W1g4I0 101 erf (x-Fithi

7.2. Repeated Integrals of the Error Function

Definition
7.2.1-

i* erfc ami PP'1 erfo t dt (s.0,1,2,...)

2r'erfo a= e"1, iverfo xmerfo

Differential Equation

7.2.2 +2z 2-2/11/0
,

ymAi* erfc ark ( s)

(A and B are constants.)

7.2.3

Expression as a Single Integral,

ri° erfc f A J

i° erfc ?l== e-ddt
NV 8

Pew** Seeks*

1*
7.2.4 i* ode s4 ( -1)408

I" 2"klr +"5-4)

Easurrenos Relations
7.2.5

1
i* erfc 1*-1 ado 2+-

2n
i*-1 ark

7.2.6

2(n+1)(n+2)i"*" ed s
1

=(2n-+-1.-20)i" ark s---2 1*-1erfe s

(n =1,2,3, ...)

The terms In this series corresponding to hass+a,
a+4, *44, . . . are understood to be sere.
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Value at Zen

1

rr 0+11
0=-1,0,1,2, . .)

4

Puma 7.4. Routed More eke arra Psaudios.

rster(f+i) Pus
e.o. I. 4.f.14,11

Dorivatives

7.2.1 ark 2=-1*-1 arts s (a=0,1, 2, ...)
ds

7.2.9

(so arfe Oun (-0"21411 *III SOO a

(s.0,1,2, 4.)

Relation to am (no 19.14)

1
7.2.10 1" Ws sue qhoso
-Relation to Hermit. Polysondolo' (ese chapter II)

4-.
7.2.11 (-1)"ii ark s-14" silo (-4 'Fzialf4(.1)

4131.0

Unties to the Combust llypergeentelde
(ereolsopteo

7.2.12

i" ado vais-86 1 id0-1-1, at as)
rir 0+1) .

r-Ir
2

aelotion to Porobelle Cylinder Penetiene (see
chapter 1)

rims
P (irk son 2,1.-51 D....1(0112).

Anymptode ampoules .

2 CA ..i (-1M201-1-s
'" ertei 1P.'717 M541 ste iiits1(24)"

73613

73.14

7.3.1

.y

(414ta 'erg 1,11( al:

7.3. Freund Integral.
.

Doinftioa .

C(ss).f 2cos (- dt

7.34
4 SW gin

t") dt

The following functions are also in use:
4

7.3
1, Foos

(x)414, one Mt, 01(a)"g, dtll

(4-4.1: sin °di' igs(8)* 1

V.3.4



ERROR YVNCTION AND STUMM INTEGRALS

1.3.8 8(x)=91 (x4.332 xa)

1.3.9 OW =4-El(s) sin (121 23)'9(3) COS 81)

1.3.10 19(2)01.-f(s) cos al)-9(a). sin (I a)
2 2 2

1.311

7.3.12

Senor laparolemo

(-1)*(42)" 40+1C(z)msZ4 (24)4414+1) S

144C013 21) 1) Ye 00+1
2 * 1 3 . . . (44+1)

4:sin (Z st) (-04/24+1
(4n+3)

24.6+1

1.3.13 S(s)M (-1)6612)11+1 24*+*
(2#4.1)1(4n+3)

C(s)

$(10

I I I ....1 I 1 1 III
.6 IA i.e iiia 3.0

Fiona 7.5, Frosel istarale.
r Ash ri80) .

I

3
it

.41

#
.

301

7.3.14

S(*)glicos (-1)14,1"/ 41.

2 lila 1 .3. . . (4n+3) a +8

+sin (r so) -1)"
* 1 3 . . . (4a+1) 346+1

7.3.13 Cs(3)=41001-471/2(8)+470(8)

1.3.16 Ss(s)=.41(8)+Jus(s)+Judss)-1- .

For Beesel functions 44.1,1(s) see chapter 10.

Sponntry Relations

7.3.17 0(-s).-0(s), S(-2)171-.9(3)

"al/ (0 is),==i0(s), S(is),=2-6(s)

7.3.19 C(i)=0(s), S(i)=Faii

7.3.20

;.

7.3.21

Value at hanky

1

S
1

C(2)--1° W -1

Derivatives

441"lrea)-1

Relation to Error Function (see 7.1.1,7.1.0)

7.3.22

C(s)448(a)."14-4 [1+; --i)21]

7.&23' g(x)=91{LP w[fr 4.0x]}

7.3.24 J(z)=J{1! w [cr.' (11-02]}

Relation to Confluent Hypergemnetrie Funotion (ses
ehapter 13)

1.3.25
/1 3 i0(8)-FiCS)=A1 s - eis

2 .

messi.$112(
3 . r- Jr)

' 2 2
,

Relation to Spherical Bend Funnies' (see °Upton 10)

2.3.26 Ws) milli./ icoik,sacsomilfsJecodi

311



Val Allropeetlo Norms lows

witRa) 3 (4m-1)
owl (v s90

(8-"'. I larg al<

1.3.21 ,

vies) (-1)0 1 3 ifitig:1+1)

($11* In al<

If ME), R)(2) are theremaindersafteraterms
in 7.3.27, 7.3.21, respectively, then

1.3.29
Ritn(8).(_01 3

O)"
.. (4n-1) Ain

1 r -e-
77-rivii On *KO

1.3.30

Rtow,( 0,1 3 ;4411.14-100,

1 r
Jo 147(fle \ Virg aiNi/

!
7.3.31 ei<1, 101<1 (leg Nis 110

Fora reel, Rtn(s) and itr(x) are less in absolute
value than the first neglected term and of the
same sign.

National Appreninentlene (0s S )
7.3.32

1+.928x
!(a) "2 +1.792x-1-3.10W' 1'I3'

7.348

je(s)12X10-*

1

9(4'2+4.142s+ 3.4920 1-8.870s1+ .(a)

la(412X10-4

(For more accurate approximations see 17.11.)

7.4. Definite and Indefinite Integrals

For a more extensive list of integrals see r.51,
1781, 17.181.

,f -odlteit
2

ApproMmations LILA 141.111 aVe bend on lien elm
in C. Hestings, Jr., Approximations for ealen Preset
integrals,integrals, Approximation Newsletter, April

inting
Note 10.

Oho also MTAC 16, 173, 19364

6
4 ,

4,4111+evi e ze,
2 a if/

7.4.3

f: -.48*-AtitWistt4 (a$0, 16>0)

111/4.0

(91a?0).

7.4.4r tame_odt-l 3 (24-1)1fi
J. 2"1/40

11(n24 -1-1)
.44 (aa>0; sa00, 1, 21 4

7.44

S.. tMe4ildi ......rar
211814

7.44

e-so cos (WM0414

7.4.7

f8-40 sin (2x0dtai e-simfeib5 Ode

(ffla>0;n-0, 1,2, ....)

7.43

et-L-1. gni! es. let° Cas

(SOO)

(AIX as)*
7.4.9

fa,--rfoligra
(1s>0, s 500,1arg 810)

7.4.10

m
Jo et+

x
2u

A s]

7.4.11

-Icit w

17.432 fos et"+11.01.4 (erf

7.4.13

r ye's*
4-4)410e-t aw(a+41) (a real, IX

(a>0100)

(00,00)

(a>0)

O PM
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7.4.14

111111011 mon= AND PRZEINEL DITZGRALB

7.4.24

f.
rel

sin (11) dfri[jCCIVID]'
JO

r t)e-'icit
J.. (x_ot+ya gov.if(x+iy) (x real, y>0)

7.4.15 I ..

C.
-2(ati-00+4jive"(eok-Odt

J* y sx

(x roily 00)
. .

7.4.16

C. 2zys--odg w ww(x-tiy)
0(0te)r-1-01-1-ter§ yix

7.4.17 5.

. _ vvala>0)

0

Jo
1 sa erk abtdtmi

(aa>0Iarli OKI)
7.4.18

fo.sin (at) ark bitit.ial- 11 r"1(0.0,116>.0)

7.4.19

1erfIicit.74a
7.4.30

e-e erfc de=41 trqa

7.4.21

(614+0>o

(Roo, e>0)

e e-Ofe+4C)
foll 0'4" erfo(lii+4-D dices41r.ja-

.

00>o, ilex
7.4.22

008 M 1"'(1)f s-'s dt°114{B-80a4
jC 20 v,1Tein(-01 (Nom

7.4.23.

0- sin (11)de'A (WM CM
(il)fa.

(WA (1)}

'

woo

4-iC2-sCia (6116>°)

Ezt..,4{D.o( Awl (.6)

"FG-990)] Bin
(a6)}

7+26

rriC(t)(1114{G-84-11)1"110

DCOAsIneki)) (SOO
7.4.28

f: tr"s9(t)dt=4 {G--COA cos

40 SCA sinWI WOO)
7.4.29

10. (AnT 24W-T1'-'11)10r1
aria>0)

7.4.30

e-18(Mdt...
Jo 211(4157-a+a)147:ri

08°0

1, 2 j +L-2-3(0T}deini1.4.31 pr_co)11

7.4.32

ferassoaprodx.414. erf (Iree+1)+const.

(4!10)
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.

1.4.33

fe's4dzaufai [ ert (ae+0

(ax-01+cosst

ZEROS !UNCTION

7.4.34

fern.feiedx.ftsi ca'44 [lc(x+iax)

+w iazA+oonst. (000)

AND

(aid 0)

ferf zdx=Lx eri X-4r fras+oonst.

7.4.36

badx.1 [em erf bgdA erf

+caul (GOO)
7.4.37

fem erf Affi dx./{eI erf

sig-t[wfrai+i 4+10 Ax))}

+coast. (a ri 0)

maim rilronaLa

7.4.38

feel (se 4-26x+o)dx

fc°8 (1217111) [Val (ax+b)]

+sin (41-:--;18[12 (ax+6)D+ coast.

7.4.39 .

fsin (021-1-2bx+f)dx

7.4.40 fC(x)dx=2C(x); sin 0)+oonst.1 .

7.4.41 f8(x)dx.x8(x)44r. oos zi)+oonst.

Numerical M

7.5. Use alsd Fatensioa of the Tables

Example 1. Compute erf .745 and r( 11

using Taylor's series.
With the aid of Taylor's theorem and 7.1.19

it can be shown that

art (ro+PA)gzerf xo

2 pa [1 pith+ plits (24 1)]+

0-'800'9.o-4 [1 2pA4+ At (24-1)
2-5e/0404-31+v

where loj<1.2X104°1 1111<3.2.X 10'4 if to=10-11,
IA 5 II. With 4..74, p=.5 and using Table 7.1

erf .7 .70467 80779 +(5)(.00652 88247)X

1 (.005) (.74) + (.00000 83333)(.0952)]

=1.70792 8920

(.85258 24885) (1 .0074

+ (.000025) (. 0952) + (.00000 00833)(.74)(1.9048)]

.67405 7910.

As a check the computation was repeated with
to=.75, pm AL

Example 2. Compute erfo x to 58 for x=4.11.
We have 1/0.=.0434028. With Table 7.2 and

linear interpolation in Table 7.3, we obtain

`I 1erf 4.8* (1.11253) (10- 41(.552883)j 4.8
.(1.1352)10-o.



cf.

t Example S. Compute

3=6.5.

hum swim/ AND IPRISNDIrINIIIIGRALS

-i o
Ali to 5.9 for

With 1/ #=.0236686 and linear interpolation

in Table 74

led.= (.506143)1(6.5) s..077868.

Emu* 4. Compute is erfo 1.72 using the
recurrence relation and Table 7.1.

By 7.2.1, using Table 7.1,

i-lerfe 1.72=1.05856 50.

Using the recurrence relation 7.2.3 and Table 7.1

i erfo 1.72= -(1.72)(.01499 72)4. (.5)(.05856 50)

.1.0034873_

is erfc 1.72= - (.86)(.0034873)+(.25)(.01499 72)

=.0007502.

Note the loss of two significant digite.

Example S. Compute erfo 1.72 for k.1, 2, 3

by backward recurrence.
Let the sequence vt,;(x)(0=ta, . . 1, 0,

-1) be generated by backward use of the recur-
' roues relation 7.24 starting with 140=0, 4,44.1.

Then, for any fixed k, (see V.*,

Rio le )
es'is erfe x (x>0).-

With x=1.72, on=s15 we obtain

artomo
N

'rale 10.7% gram

11 0 I (0) t M tM I 0 in
1 Pi ilk i 11 VI -? ma

From Table 7.1 we have

Thus,

i ark 1.72 so (.058565)(6.0064X 100)/1.0087 X 10"
1.3.4873X 10-0

is erfo 1.72 so (.058565) (1.2920 X 104)/1.0087 X 10"
=74013 X 10-s

is erfo 1.72 so (.058585) (2.6031 X 1010)/1.0087 X10"
.4.5114X10-1.

Example 6. Compute C(8.65) using Table 7.8.
With x=8.65, 1/x..115607 we have from Table

7.8 by linear interpolation

f(8.65)= .036797, g(8.65) =.000159.

From Table 4.6

sin xs).-.964382-, cos Ci

Using 74.9

C(8.65) =.54- (.036797)(-.961382)
-(.000159)(-.275218)=.46487.'

Example 7. Compute 8t(1.1) to 10D.
Using 7.3.8 and 7.3.10 we obtain by 6-pt inter-

polation in Table 7.8

81(1.1)=8 (1.1 v:)

=S(.87767 30169)=.31865 57172.

Example 8. Compute Ss(5.24) to 6D.
Enter Table 7.7 in the column headed by v.

Using Aitken's scheme of interpolation

816)
.

ttb II .11ra I -:MII I
te-nits:_191, II .4NO OS . N

. ON .
2:.0710
674 TO JP's' II .41711 Of

8,(15.24) in .427177

Example 9. Compute #1(5.24) using Taylor's
series and Table 74.

Using 7.3.21 we can write Taylor's series forte(a)

ern,/ (11541) and g, g (01) in the form

315
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306 ruo* EVNCTION AND

1(e)-ce+s1(u-14)+5-21(16-lie)'+61 (ti-ve)'+ ...1

vim= -[eri-e2 oi-vo

(u-s0)0 +1 'lo'+

ifo=1s(120, et 1045).
1 ... (22-11

where ,

4 +1 =- 4+( -1)1
2At-(2ve)1

(k=.0, 1, 2, .).

Consulting Table 7.8 we chose uo=211.188838
=5.386819, thus having 16-1105=8.24-4.,6819
me -.148819. From Table 7.11

fs(ve) 423.188270, 91(%) =5.014483.

Hence, applying the series above,

A(5.24)=.170436, 21(8.24).0016030.

Using the 4th formula at the bottom of Table 7.8

4(8.24)=.5- (.170436) (.803471)
(.015030) (--..884012)..42718.

Example.10. Compute S,(2) using 7.3.16.
Oeneiating the values of .4+0(2) as described

in chapter 10 we find

51(2) =1/4714(2) +44) Ju m(2) +.71,4(2) + . .

.. .49129 + .06862 + .00297+ .00006...58284.

Example 11. Computaf e* di by numerical

integration using Tables 9.1 and 7.8. tre(i) is the
Bowel function of thesecond kind defined in 91.164

We decompose the integral into three parts

r.(t) f" °(t)"L. +F. Iro(0-t(1)11.-
e

where

°(1) 5=(1 ....1_\ sin(14)
1280;

+f`te(g)

f 76 \
'ITO! ge

, Yr

SEE INTEGRALS

represents the first two terms of the asymptotic
eapansion 9.2.2.

416

urnerical integration, using Table 9.1,

"170(i) 111=55.41826 00.

Using the fact that the remainder terms of the
asymptotic expansion are less in absolute value
than the first neglected terms, we can estimate

32.'82. 72 92+ 1-11/11 di =7.33 X10-1.

Finally;

f: t(1) Iti .148591/211- 4(10)-8100)

_8953819 cos 10-sin 10
2688000 15(ji

23107 cos 10+sin 10
2150400 lorfrifi '1-42298 78,

using Tables 7.8 and 4.8. Hence

fYo(1)-T
di

.I.41826 00-.02298 78=5.39527 22.

The answer correct to 8D is .39827 290 (Table
1L2).

Exempla 12. r -npute w(.44+.67i) using bi-
variate linear inc., t.1 ' Lion.

By linear intki,,mA.,on in Table 7.9 along the
*direction at y..6 and rs..7

to(.44+.6i) om .6(.822246 +.167880i)+.4(.498691
I +.2026661')=.612784 +.1817941

w(.44 +.71) OW .8(.487558 + .1479780 + .4(.467821
+.1791231)...479842+.1604844

By linear interpolation along the pdireotion at
Jet.44

w(.44 + 4f.3(.8 12784 +.1817940 +.7(.479542
+.1604341)==.489818+.168842i.

The correct answer is .489857+.168889i.

Example 13. Compute tE'to(s) for s..44 +.61t.
Hivarlate linear interpolation, se described in

Example 12, is most accurate ifs lies near the
center or dons a diagonal of one of the squares ,

of the tabular grid (7.4 It is not as accurate for
TM

near the midpoint of a side of a square, as to tiffs
example. However, we may introduce an snail.
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iary square (see diagram) which contains a close

to its center. Bivarlate linear interpolation can
then be applied within this auxiliary square.

The values of w(a) needed at s=ri, and s= t,
are easily approximated by the average of the four
neighboring tabular values. Furthermore the
parts to be used are given by

18:2);:1 " +Ps' 1zo 44r 14.71-11/4

where s=4+.1(ps+ip,). Thus, with r.=.4+.6i,
ts=.45-1-;65i, 6=1.45+.551,, p, =.1, we get
from Table 7.9

Agri) 101(.522246 + .498591 +.487556+ .467521)
=.493979

(t,) as 1(.522246 + .498591 +.561252 + .533157)
= .528812

aw(s) es [1- (.4+ .1)j{ (1- (.4 -.1)1.522246
+(.4-.1).528812)+(.4+.1)X

((1-(.4-.1)]. .493979+(.4-.1).498591)=.509789.

The correct answer is .509758. Straightforward
bivariate interpolation gives .509460.

Example 14. Compute Jw(.39+.610 to OD
using Taylor's series.

Let s =.39 +.61i, so =.4 +.6i. From 7.1.20,
and using Table 7.9, we have

w(so)= .522246+ .167880i

tf/(x0)= - .21634 +.367381, s-so=(-1+1)10-1
iip" (so) sio - .215- .185i, (a- tor= -2iX10-'

.fic(s).2 .107880 - .0021634 -.0036738
+ .0000430= .102086.

Example 15. Compute w(.4-1.3i).
1,00m 7.1.11,7.1.12

w(.4 -1.30 =u7-.4--- = 2e-1."."1/
-w(.4+ 1.30.

tsing Tables 7.9 4.4 and 4.6

w(.4-1.30=4.33342+8.042011.

TREEINEL T1 7JORAL8

Example 16. Compute w(7+20.

307

Using the second formula at the end of Table 7.

to(7+20= G-2+70 (44:12475247:42+28s

+421515112----1:5418)=.021853+.0750101.

Example 17. Compute erf (2+0.
From 7.1.3,1.1.12 we have r

erf 2=1 "w(is) 1= 1 -02-12(cos 22y

sin 2s7h1) (s=s+iy).

Using Tables 7.9, 4.4, 4.6

erf (2+0=1-e-* (cos 4-i sin 4)071-2s

=1.003606-.01125901.

ExaMple 18. Compute Si(0+i)42)
From 7.3.22, 74.8, 7.3.111 we have

aSs(s)+17-74 essto [0+0 id

Setting a4§+i) 1,12 and making use of 7.1.11,

7.1.12, and Table 7.9

si(G-4-i)42)-
0-2 (cos sin 14§-rnii 1i

el (cos min DID 0+i i)

= -.990734-.681619i.

Example 19. Compute} (21)dt

using Table 1.9.
Setting O=y+ia, e=0 in 1.4.2 and axing 7.1.3,

7.1.12 we find

e"41-10 cos (2x0ciami Ali ONCIV1)

(00 2, V real).
Hence from Table 7.9

e..1114" -61 cos (2t)dia2 4igiv(2+30 = .231761.

317
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Table 7.1

r

0.00
0.01
0.02
0.03

2iT
1. 12837
1. 12826.
1. 12792
1. 12736

0.04 1.12657

0. OS 1. 12556
i". 0. 06

, O. 07
1.12432
1.12286

0. 08 1. 12118
0.09 1.11927

0.10 1.11715
0.11 1.11480
0.12 1. 11224
0.13 1. 10946
0.14 1. 1 0647

0.15 1.10327
0.16 1.09985
0.17 1.09623
0.18 1.09240
0.19 1.08837

O. 20 1.08413
0. 21 1. 07969
0.22 1.07506
0.23 1. 07023
0.24 1. 06522

0.25 1.06001
0, 26 1. 05462
0.27 1.04904
0.28 1.04329
0.29 1.03736

0.30 1.03126
0.31 1.02498
0.32 1.01855
0.33 1.01195
0.34 1. 00519

o. 0. 49828
0.36
0.37
O.
0.39

0.40
0.41
0.42
0.

44
43

0,

0 45

sans swarm AND mom =TIMBALE
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-

91671
63348
79057
40827
52040

17424
43052
36333
06004
62126

16068
80900
69379
97914
82654

41267
92726
57192
96008
11683

47871
89342
61963
92672
09449

1$1294
18194
.71098
31885
33334

09096
93657
22310
31119
56887

37121
O. 99122 10001
0.48401 14337
0.97665 89542
0.96916 75592

0.96154 12988
0.95378 42727
0.94590 06256
0. 93789 45443
O. 92977 02537

O. 92153 20130
t. 46 0. 91318
0.47 0. 90473
0.48 0. 89617
0.49 0. 18752

0.50. O. 87878

Eke Example 1.

'41122
08685
66223
57337

of
o. O0000 00000
0, 01128 34196
0. 02256 45747
0. 03384 12223
O. 04911 11061

0. 05637 19778
0. 06762 15944
0. 07885 77198
O. 09007 81258
0.10128 05939

0.11246 29160
0. 12362 28962
0. 13475 83518
0. 14586 71148

. O. 15694 70331

0.16799 59714
O. 17901 181 32
0:18499 24612
0. 20093 58390
0. 21183 98922

O. 22270 25892
0.23352 19230

10. 24429 59116
'0. 25502 25996
O. 26570 00590

° 0. 27632 6%902
0. 28689 97232
0. 29741 82185
0. 30788 00680
0. 31828 34959

0. 32862 67595
0.33890 81903
0.34912 59948
0. 35927 86550
0. 36936 45293

O. 37938 20536
0. 38932 97011
0. 39920 39840
O. 40900 94534
0. 41873 87001

0. 42839 23550
O. 43796 90902
0.44746 76184

O. 45688 66945
O. 46622 51153

O. 474 119
0. 484568 575 3900

8

0.49374 50509
5274 9

00.. 510166 826612
707

O. 92049 6987/8

2 e_rs
v

0.50. 0.87878 25789 O. 52049 98778
0.51 0.86995 15467 0.52924 36198
0.52 0.86103 70343 0. 53789 86305.
0. 53 0. 85204 34444 0.54646 40969
0.54 0. 84297 51813 0. 55493 92505

0.55 0.83383 66473 0. 56332 3)663
0.56 , 0. 82463 22395 0. 57161 57638
0. 57 0.81536 63461 O. 57981 58062
0. 58 0.80604 33431 0. 98792 29004
0. 59 O. 79666 75911 0.59593 64972

0.60 0.78724 54317 0.60385100908
O. 61 0.77777 51846 0. 61168 12189
O. 62 0.76826 71442 O. 61941 14619
0. 63 0.75872 35764 O. 62704 64433
0.64 0.74914 87161 0. 63498 58291

0.65 , 0.73954 67634 O. 64202 93274
0.66 0.72992 18814 O. 64937 66880
O. 67 O. 72027 81930 O. 65662 77023
0. 68 0, 71061 97784 O. 66378 22027
0. 69 0.70095 06721 0.67084 00622

0. 70 4.69127 48604 O. 67780 11938
0. /1 68159 62792 0. 68466 55502
0.72 V

9.
. 67191 88112 0. 69143 31231

0. 73 0. 66224 62838 O. 69810 39429
0.74 0.65258 24665 O. 70467 80779

0. 75 0.64293 10692 0. 71115 56337
0. 76 0. 63329 57399 0. 71753 67528

i O. 77 0.62368 00626 O. 72382 16140
0. 78 0. 61408 75556 0. 73001 04313
0. 79 O. 60452 16696 Q. 73610 34538

0. 80 0.59498 57863 O. 74210 .09647
0.81 0. 58548 32161 0. 74800 32806
0. 82 0.57601 71973 O. 75381 07509
0. 83 0. 56659 08944 0. 75952 37969
0.84 0.55720 73967 O. 76514 27115

0. 85 0. 54786 97173 O. 77066 80576
0. 86 O. 53858 07918 O. 77610 02683
0. 87 0. 52934 34773 0. 78143 98455
0.88 0.52016 05514 O. 78668 73192
0.89 0. 51103 47116 O. 79184 32468

0.90 0.50196 85742 O. 79690 82124
O. 91 0.49296 46742 O. 80188 28258
O. 92 0. 48402 54639 O. 80676 77215
0. 93 0. 47515 33132 .0. 81156 35586
0. 94 0.46635 05090 0. 81627 10190

0.95 0.45761 92546. 0.82089 08073
0.96 0.44896 16700 0.82542 36496
0. 97 0.44037 97913 0. 82987 02930
0. 98 0. 43187 55710 0. 83423 15043
0.99 O. 42345 08779 0. 83850 80696

etf z

1.00 0. 41510

5

74974 0. woo om9
. r(-5)11 [11.L

ed - f «- R-0.88822 89266

3 =U

:13
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erf z .r
2 .

1.00 0. 41510 74914 0.84270 07929 1.50 0. 11893 02892
1.01 0.40684 71315 0.84681 04962 1.51 0.11540 38270
1.02 0.39867 13992 .0.85083 80177 1.52 0. 11195 95356
1.03
1.04

0. 39058 18368
0.38257 98986

0.85478 42115
0. 85864 99465

1.53
1.54

0. 10859 63195
0.19531 30683.

1.05 0.37466 69570 0.86243 61061 1.55 0410210 86576
1.06 0.36684 43034 0. 86614 35866 .1.56 0.'00898 19506
1.07
1,08

0.35911 31488
0.35147 46245

0.86977 32972 *
0.87332 -61584

1.57
Se

0.09593 17995
0.09295 70461

1.09 0.34392 97827 0.87680 31019 1. 59 0. 09005 65239

1.10 0.33647 95978 0.86020 50696 1.60 0.fi8722 90586
1.11 0. 32912 49667 0.89353 30124 1.61 0.1)8447 34697
1.12 0.32186 67103 0. 88678 78902 I. 62 0. 08178 85711
1.13 0.31470 55742 0. 88997 06704 1. 63 0. 07917 51730
1.14 0. 30764 22299 O. 89308 23276 1.64 0.07662 60821

1.15 O. 30067 72759 0. 89612 38429 1.65 0.07414 61034

1.
1. 16

17
0. 29381 12389
0.28704 45748

0. 89909 62029
O. 90200 03990

1.66
1.67

0.07173 20405
0. 06938 269724i.

1.18 0.28037 76702 0.90483 74269 68 0. 06709 68781
,l. 19 0.27381 08437 0. 90760 82860 1.69. 0.06487 33895

1.20 O. 26734 43470 0. 91031 39782 1.70 0.06271 10405
1.21 0.26097 83664 0. 91295 55080 1.71 0.06060 86436
1. 22 11 0.25471 30243 0. 91553 38810 1.72 0.05856 50157
1.23 0. 24854 83803 0.91805 01041 1. 73 0.05657 89788,
1.24 0. 24248 44335 0. 92050 51843 174. 0.05464 93607

1.25 0. 23652 11224 0:92290 01283 1. 75 0.05277 49959
1.26
1.27
1.28

0. 23065 83281
0.22489 58748
0.21923 35317

0. 92523 59418
-0.'92751 36293

. 0. 92973 41930

1.76
1
1.78

0.05095 47262
0.04918 74012

- 0.04747 18791
1.29 . 0. 21367 10145 O. 93189 86327 1.79 0. 04580 70274

1.30 0.20820 79868 0.93400 79449 1.80 0.04419 17233
1.31 0.20284 40621 0. 93606 31228 1. 81 0.04262 48543
1.32 0.19757 88048 0.93806 51551 1, 8 2 0.04110 53185
1. 33 0. 19241 17326 0.94001 50262 1.83 0.03963 20255
1.34 0.18734 23172 O. 94191/37153 1.84 0.03820 38966

1.35 0. 18236 99865 0. 94376 21961 1.85 0. 03681 98653
1.36 0. 17149 41262 0.94556 14366 1. 46 0.03547 88174
1.37 0.17271 40811 0. 94731 23980 ' 1. 87 0.03417 98920
1.38 0.16802 91568 0.94901 60353 1. 8 0.03292 18811
1.39 0.16345 06216 0.95067 32958 1. 889 0.03170 38307

1.40 0.15894 17077 0;95228 51198 1.90 O. 03052 47404
1.41 0.15455 76130 0.95385 24,14 1. 91 0. 02938 36241
1.42 0. 15022 55027 O. 95537 41786 1. 92 0.02827 95101
1.43, 0.14600 45107 O. 95605 72531 1 93. 0. 02721 14412
1.44 0.14187 37413 0. 95819 65696 1. 94 0.02617 84752

1.45 0.13783 22708 0.95969 50256 1.95 0.02517 96849
1.46 0. 13387 91486 O. 96105 35095 1.96 0. 02421 41583
1.41 0.13001 33993 0.96237 28999 17. 9 0.02328 09986
1.48 0. 12623 40239 0. 96365 40654 1. 98 0. 02237 93244
1.49 0. 12254 00011 0. 96489 78648 1.99 0.02150 82701

1.50 0. 11893 02892
[(1)1]

0.96610 51465
r(-5)11

2.00 O. 02066 69854
[(-1)

L 6 j
t m0.89622 69256

321

:erf

0.96610 465
0.9672747481
0.96841 34969 .

0, 96951 62091 .,
9705e 56899:

02 81220
O. 4762 2713
0.97202

1

0. 97 60 26875;
O. 97454 70093 :1.,

0.97546 20158

0.97634. 838
0.97720 68
0.97803
0. 97884 28397
0. 97962 1779k

,

0. 9803715450
0. 98110 :. 9213
0. 98181 16'
0, 98249 27870.
0. 98315 25869'

0. 98179 04586 .

O. 90440 70075. '.
0. 98500 28274
0. 98557 84998
0.438613 45950

0:18667 16712
0. 98119 02752
0. 98769 09422
0. 98817 41
0. 98864 05487

0.98909 05016
O. 98952 45446
0,98994 31565
0.99034 68051
0.99073 59476 .

0. 99111 10)01
0.99147 24803
0.99182 07476
O. 09215' 62228
0. 99247 9118. .

O. 99279 04292
0.99308 99398
0. 99337 82251,
0.99365 56502
0.99392 25709

0. 99417 95336
0.99442 62755
0. 99466 37246
.0.99489 20004
0. 99511 141)2

0. 99532 22650
r(-041
L 6 J



Table 7.2

2.00 - 985
2.01 - 2 1.9854 636
2.02 - 2 1.9070 402
2.03 - 2 1.8313 482
2.04 - 2 1.7581--088

2.05
2.06
2.07
2.08
2.09

2.10
Z11
2.12

'2.13
2.14

- 2 1.(978 448
- 2 1.6198 806
- 2 1.5543 422
- 2 1.4911 571
- 2 1.4302 545

- .3715 650
- 2 .1.3150 207
- 2 1.2605 554
- 2 1.2081 043
- 21.1576041

2.15
2.16
2.17 - 2 1.0171 986

-2.18 - 3 9.7389 .910
2.19 - 3 9.3225 623

2.20
2.21
2.22
2.23
2,24

2.25
2.26
2.27
2.28
2.29

(- 3 8.9221 551
- 3 8.5372 378
- 3'8.1672 930
- .3 7.8118 164
- .3 7.4703 176

- 3 7.1423 190
- 3 6.8273 562
- 3 6.5249 776
- 3 6.2347 440
- 3 5.9562 287

2.3° :
5.6890

.2.31
2.32 - 3 5.1869 067
2.33 - 3 4.9512 374
2.34 - 3 4.7253 306

2.35
2.36
2.37
2.38
2.39

2.40
2.41
2.42
2.43
2.44

2.45
2.46
2.47
2.48
2.49

- 292
- 3 4.3013 869
- 3 4.1026 681
- 3 3.9123 473
- 3 3.7301 092

- 487
- 3 3.3886 700
- 3 3.2288 871
- 3 3.0760 230
- 3 2.9298 098

- 886
- 3 2.6563 089
- 3 2.5285 285
- 3 2.4064 136
- 3 2.2897 383

ERROR /UNCTION AND PRESNEL INTEGRALS

DERIVATIVE OF THE ERROR FUNCTION

.1' - r- e'2
.1.

_2 2 14

2.50 - 3 2.1782 842 3.00 - 4
2.51 - 3 2.0718 409 3.01 - 4

1.3n1 r41

..-- 2.52 : 3 1.9702 048 3.02 - 4 1.2345 698
253 3 1.8731 800 303 - 4 1.1620 929
2..54 - 1.7805 771 3..04 - 4 1.0936 521

2.55 - 3 6922

2.58 - 3 1.4508
2.59 3 1.3777

2.56 - 3 1. 79
2.57 - 3 1.5273

2.60
2.61 - 3 1.2416
2.62 - 3 1.1783
2.63 - '3 1.1181
2.64 - 3 1.0607

2.65
2.66
2.67
2.68
2.69

2.70
2.71
2.72
2.73
2.74

2.75
2.76
2.77
2.78
2.79

-
- 4 9.5402
- 4 9.0450
- 4 8.5738
- 4 8.1256

- 4
1

7.6992
.. - 4 7.2937

- 4 6.9082
- 4 6.5418- 4 6.1936

- 4
nil.

- 4 5.2499
- 4 4.9665
.- 4 4.6974

2.80 -- 4 4.4420
-2.81 - 44.1997
2.82 - 4 3.9698
2.83 - 4 3.7517
2.84 - 4 3.5449

136
137
078
325
304

500
455
764
075
090

558
778
949
992
.247

3.05
.3.06
3.07
3.08
3.09

3,10
3.11
3.12
3.13
3.14

3.15
3.16
3.17
3.18
3.19

- 362

- 5 9.1048 542
- 5 8.5617 765

- 5 9.6804'434

- 5 81494 817

- 5 7.5661 267
- 5 7.1107 499
- 5 6.6812 674
- 5 6.2764 699
- 5 5.8950 187

- 5 5.5356 429
- 5 5.1971 360
- 5 4.8783 532
- 5 '4.5782 082
- 5 4.2956 707

476 3.20 - 5 4.0297 22
850 3.21 - 5
932 3.22 - 5 3.5441 831
671 3.23 - 5 3.3227 997
378 3.24 - 5 3.1146 217

725 3.25 - 5 2.9189
722 3.26 - 5
713 3,27 - 5 2.5620 500
360 3.28 5 2.3996 135
632 3.29 - 5 2.2470 263

794 '3.30
1.9(611400 3.31

274 3.32 - 5 1.8428 397
508 3.33 - 5 1.7242 768
449 3.34 - 5 1.6130 192

1

2.85 - 4 3.3488 688 3.35 - 5 1.9086 ;836
2.86 - 4 3.1630 053 3.36 - 5
2.87 - 4 2.9868 598 3.37' - 5 1.3189 127
2.88. - 4 2.8199 597 3.38 - 5 1.2328 243
2.89 - 4 2.6618 533 3.39 - 5 1.1521 246

2.90 - 4 2.5121 089 3.40 - 5 1.0764 NI
2.91 144 3.41
2.92 - 4 2.2360 761 3.42 - 6 9.3923 243
2.93 - 4 2.1090 184 3.43 - 6 8.7704 910
2.94 - 4 1.9887 824 3.44 - 6 8.1881 894

2.95
2.96
2.97
2.98
2.99

- 4 1.8750
- 4 1.7674
- 4 1.6656
- 4 1.5694
- 4 1.4784

262 3.45 - 6
231 3.46 - 67.1327211
619 3.47 - 6 6.6551 620
459 3.48 - 6 6.2083 353
919 3.49 - 6 5.7903 503

2.50 (- 3) 2.1782 842 3.00 (- 4)1.3925 305 3.50 (- 6)5.3994 268

0.88622 69255

322

-4- e-,0

3." :
6 5.3994 2683.51 5.033 X887

3.52 - 6 4.6921 589
3.53 - 6 4.3727 530
3.54 - 6 4.0742 749

3.55 3,75;541 11;3.56
3.57 - 63.2916626
3.58 - 6 3.0645 257
3.59 - 6 2.8524 914

3.60
3.61
3.62
3.63
3.64

3.65
3.66
3.67
3.68
3.69

- 6 2.6545e 968
- 6 2.4699 374
- 6 2.2976 636
- 6 2.1369 782
- 6 1.9871 328

- 250
- 6 1.7171 9.61
- 6 1.5958 281
- 6 1.4827 416
- 6 1.3773 933

3.70
- 2 1.2792 1213.71

3.72 - 6 1.1028 445
3.73 - 6 1.0236 686
3.74 - 7 9.4998 679

"5 S11:36 IIZ3.76
3.77 - 7 7.5835 232
3.78 - 7 7.0320 473
3.79 - 76.5193709

3.80
3.81
3.82
3.83
3.84

3.85
3.86
3.87
3.88
3.89

3.90
3.91
3.92
3.93
3.94

3.95
3.96
3.97
3.98
3.99

4.00

- 7 6.0428 23

- 7 5.1886 715

- 7 4.4516 637
- 7 4.8065 4 9

: ; 1.12
6244.1221

- 7 3.5324 013
- 7 3.2689 796
- 7 3.0245 971

- 7 2.7979 il5;l

- 7 2.3928 327
- 7 2.212V 788
- 7 2.0447 548

:
7 1.8896

11:
- 71.6128098
- 7 1.4895 557
- 7 1.3754 458

(- 7)1.2698 235



I 1 e 0
le

1

4.00 - 7 1.2698 235
4.01 - 7 1.1720 776
4.02 - 7 1.0816 394
4,03 - 8 9.9797 993
4.04 - 8 9.2060 694

4.05 /1014,06
4.07 - 8 7.2178 923
4.08 - 8 6,6529 674
4.09 - 86.1310313

4.11 11:111
4.10.

4.12 8 4.7925 517
4.13 8 4.4130 364
4,14 - 4,0627 618

4.15
4.16
4,17
4.18
4,19

4.20
4.21
4.22
4.23
4.24

4.25
4.26
4,27
4,28
4.29

4.30
4.31
4.32
4,33
4.34

4.36
4,36
4.37
4.38
4.39

4.40
4.41
4.42
4.43
4.44

4.45
4.46
4.47
4.48
4.49

- 8 3.7395 414
- 8 3.4413 471
- 8 3,1662 977
- 8 2.9126 490
- ,8 24787 841

: 1
2.4632

gi..

- 8 2.0814 463
8 1.9127 901

- 8 1.7574 484

: :8
- 8 1.3614
- 8 14498
- 8 1,1472

: :11:211
- 9 8.8608
- 9 8.1266
- 9 7.4517

-
-

9
:111:

- 9 5.738
9 5.2574
9 4.8160

: 9 :lire
9 3.6974
9 3.3843

- 9 3.0970

: 9
1:1;12

- 9 2.3706
- 9 2.1676
- 9 1.9816

994
974
673
993
445

102
598
977
42
438

ERROR FUNCTION AND

DERIVATIVE OF THE
2

e-
4.50
4.51
4.52
4.53
4.54

4.55
4.56
4.57
4.58
4.59

4.60
,4.61
4.62
4.63
4.64

- 059
9 1.6552 434

- 9 1.5123 248
9 1.3814 699
9 1.2616 949

559
- 9 1.0517 423
- 10 9.5997 127
- 10 8.7603 264
- 10 7.9927 363

-10 7.2909 450
-10 6.6494 435
- 10 6.0631 724
-10 5,5274 864
40 3.0381 209

464.6665

-10
8 .187

'4.67 -10 3.8103 962
4.68 -10 3.4702 727
4.69 -10 3.1598 772

4 74.701
-10 2.8766

4.72 -10 2.3826 973
4,73 -10 2.1678 441
4,74 -10 1.9119.702

4.75 1.7934
7:76 11148
4.77 -10 1.4825 049
4.78 -10 1.3474 759
4.79 40 1.2245 007

4.80
4.81
4.82
4,83
4.84

-10
111ISA141

- 11 9.1780 821
-11 8.3337 894
-11 7.5656 '500

260
772

4.85 -11
Ott95 07714,86

144 4.87 -11 5.6537 456
603 4.88 -11 5.1285 259
210 4.89 -11 4.6511 675

647 4.90 -11 4.2173
71:018 4.91

673 4.92 -11 3.4653 660
033 4.93 -11 3,1402 998
439 4.94 -11 2.8451 570

002 4.95 -11 2.5772 El
474 4.96 -11
118 4.97 41 2.1134 428
596 4.98 -11 1.9132 785
862 4.99 -11 1.7317 254

4.50 (.- 9)1.8113 059 540 ( I1) 1,5670 866

4ir- 0.88622 60255
2

INTEORALO

ERROR FUNCTION

5.00 -11
111

866
541 12 69
5.02 -11 1.2825 089
5.03 -11 1.1598 820
5.04 -11 1.0487 7Q2

5.05
5.06
5.07
5.08
5.09

5.10
5,11
5.12
5.13
5.14

5.15
5.16
5.17.
5.18
5,19

5.20
5.21
5.22
5.23
5.24

5.25
5.26
5.27
5.28
5.29

41 9.4811 285
- 12 8.5694 483
- 12 7.7438 839
- 12 6.9964 533
- 12 6.3198 998

-12 5.7076 270
-12 5.1536 405
- 12 4.6524 437
-12 4.1992 391
-12 3.7893 835

470
- 12 3.0839 257
- 12 2.7812 580-
- 12 2,5077 937
- 12 2.2607 652

. 626
- 12 1.8362 094
- 12 1.6543 420
- 12 1.4901 896
-12 1.3420 568

i
-12 1.2084 075
- 12 1.0870 501

. -13 9.7912 433
- 13 8.8108 899
-13 7.9271 093.

5.30 -13
76.11;5.31

5.32 -13 5.7660 568
5.33 -13 5.1835 412
5.34 -13 4.6589 423

5,35
5.36
5.37
5.38
5.39

5.40
5.41
5.42
5.43
5.44

5.45
5.46
5.47
5.48
5.49

- 13 4.1865 979
- 13 3.7613 895
- 13 3.3786 913
- 13 3.0343 233,
-13 2.7245 096

-13
ttgl

-13 1.9699
- 13 1.7673
-13 1.5853

-13
1111;

-13 1.1428
- 13 1.0242
-14 9.1785

3936 6

3
112
627
234

49
989

9

081
75
895

5.50 ( -14) 8.2233 160

323

z

5.50
5.51
5.52
5.53
5.54

5.55
5.56
5.57
5.58
5.59

5.60
5.61
5.62
5.63
544

5.65
5.66
5.67
5.68
5.69

5.70
5.71
5.72
5.73
5.74

5.75
5.76
5.77
5.78
5.79

5.80
5.81
5.82
5.83
5,84

545
5.86
5.87
5.88
5.89

5.90
5.91
5.92
5.93
5.94

5.95
5.96
5.97
5.98
5.99

313

Table TA

;I;
2 41 :

160

-14 5.2876 480
-14 5.9066 187

-14 7.3659 906
- 14 6.5967 265

943
- 14 4.2349 585
- 14 3.7888 91.7

3.0309 4;
-1 3.3891 310
- 14

:Iil I:0.ra ,
- 14 2.1653 317
-14 1.9349 346
-14 1.7287 067

- 144
1.5441

1296.

-14 1.2313 037
-14 1.0991 900
-15 9.8105 529

:t 5:: i2i 111 t
45 64668 183
45 6.2130 917
4 5.5398 013

45 4.9384 851
; -15 4.4015 583
-15 3.9222 232
-IS 3.4943 893
-15 3.1126-00.8

-15
1:111111?

-15 2.1971 447
-15 1.9555 249
-15 1.7401 279

-15 1.5481 468
- 15 1.3770 708
-15 1.2246 543
-15 1.0888 898
-16 9.6798 241

-16
IiWA i

-16 6.7919 883
-16 6.0329 959
-16 5.3577 479

-16 4.7571 261
-16 4.2229 913
-16 3.7480 801
-16 3.3259 113
-16 2.9507 038

6,00 ( 46)2,6173 012

;Ai



314

Table 7.2

6.02 -16
6.03 -16
6.04 -16

6.05
6.06
6.07
6.08
6.09

6.10
6.11

,,.6.12,
6.13
6.14

6.15
6.16
6.17
6.18
6.19

.6.20
6.21
6.22
6.23
6.24

-16
-16
- 16
-17
-17

-17
- 17
- 17
-17
-17

-17
-17
- 17
-17
-17

-17
7

-17
- 17
-17

6.25 -17
6.26 -17
6.27 -18
6.28 -18
6.29

2r
or

2.6173 012
2.3211 058
2.0580 187
1.8243 864
1.6169 533

1.4328
1.2693
1.1243
9.9575
8.8165

7.8047
6.9076
6.1124
5.4077
4.7832

4.2301
3.7401
3.3%2
2.9221
2.5821

2.2812
2.0150
1.7794
1.5711
1.3869

1.2241
1.0801
9.5297
81:4057
7.4128

6.30 -18 6.5359
6.31 . -18 5.7615
6.32 -18 5.0779
6.33 -18 4.4745
6.34 -18 3.9421

6.35 -18 Nil'6.36
6.37 -18 2.6923
6.38 -18 2.3700
6.39 -18 2.0859

6.40 -18 1.8354
6.41 -18 1.6148
6.42 -18 1.4203
6.43 -18 1.2490
6.44 -18 1.0982

6.45 -19 9.6542
6.46 -19 8.4849
6.47 -19 7.4558
6.48 -19 6.5502
6.49 -19 5.7534

8RR0S FUNCTION AND vaiDINEi INITORAL8

DERIVATIVE OF THE

4.

50 -19
6C6.511

5.0525
S

6.52 -19 3.8942 418
6.53 -19 3.4178 066
6.54 -19 2.9990 603

188 ' 6.55 -19 2.6310 921
992 6.56 '. -19 2.3078 100
934 6.57 -19 2.0238 447
277 6.58' -19 1.7744 651
340 6.59 -19 1.5555 031

453
570
268
911

.135
616
970
768
666

620
194
936
830
801

281
812
064
325
421

252
925
819
863
013

886
557
486
568
281

945
045
650
883
455

574
924
503
224
461

6.60
6.61
6.62
6.63
6.64

6.65
6.66
6.67
6.68
6.69

6.70
6.71
6.72
6.73
6.74

6.75
6.76
6.77
6.78
6.79

6.80
6.81
6.82
6.83
6.84

6.85
6.86
6.87
6.88
6.89

6.90
6.91
6.92
6.93
6.94

6.95
6.96
6.97
6.98
6.99

' -1 1.3632 874
- 19 1.1945 852
- 19 1.0465 500
-20 9.1667 618
- 20 8.0275 879

-20 7.0285 758
- 20 6.1526 575
- 20 5.3848 212
-20 4.7118 664
- 20 4.1221 880

852
- 20 3.1530 937
- 20 2.7568 372
-20 2.4098 972
-20 2,1061 973

021
- 20 1.6078 278
- 20 1.4043 634
-20 1.2264 01
- 20 1.0707 765

286
- 21 8.1577 565
- 21 7.1183 018
- 21 6.2100 515
-21 5.4166 048

904
- 21 4.1184 183
- 21 3.5900 610
- 21 3.1288 615
- 21 2.7263 649

:il i.37I2.0688 N
-21 1.8015 892
-21 1.5685 176
- 21 1.3654 '291

-21 1.1883 540

- 22 8.9927 3612
22 7.8244 565

-22 6.8042 967

ERROR, FUNCTION
2 emi
,,

1,

-22 5.9159/630
- 221 5.1411768
- 22 4.469 005
-22 3.8835 679
-22 3.3738 492

4.

7.00
7.01
7.02
7.03
7.04

7 06
7.05 -22

1.9534 8 R3
7.07 -22 2.2 4 736
7.08 -22 1.979 450
7.09 -22 1.6 '45 491 .,

7.10 -22 L 43 426
7.11 -22 1 530 171
T12 -22 1 868 181
7.13 -23 44247 516
7.14 -23 1713 928

7.15 -23 i.0832 963
7.16 -23 6.1388 620
7.17 -2 5.3192 876
7.18 -2 4.6082 095
7.19 3.9913 893

7.21 43 2.9925 904
7.20 3 3.4564 408

7.22 :43 2.5904 701
7.23 43 2.2419 351
7.24 '-23 1.9399 057

7.25 -23 1.6782 295
7.26, -23 1.4515 608
7.27: -23 1.2552 558
7.28 -23 1.0852 815
7.29 -24 9.3813 574

/

71 I: !l; 171A 026
7.32 -24 6.0522 159
4.33. -24 5.2274 546
.34 -24 4.5141 841

''7.35 -24
7.36 153
7.37 -24 2.9035 220
7.38 -24 2.5053 400
7.39 - 242.1613315

7.40
7.41
7.42
7.43 -24 1.1947 351
7.44- -24 10296 557

77.4465 1:21g.
7.47 -25 6.5831 250
7.48 -25 5.6689 820
7.49 -25 4.8808 021

11: 1:211 713
- 24 1.3860 036

6.50 (-19) 5.0525 800 7.00 (-22)5.9159 630 7.50 (-25) 4.2013 654

lir-0.88622 69255

324

.r

7.50
7.51
7.52
7.53
7.54

7.55
7.56
7.57
7.58
7.59

7.60
7.61
7.62
7.63
7.64

7.65
7.66
7.67
7.68
7.69

7.70
7.71
7.72
7.73
7.74

7.75
7.76
7.77
7.78
7.79

7.80

T.82
7.81

7.83
7.84

7.85
7.86
7.87
7.88
7.89

7.90
7.91
7.92
7.93
7.94

7.95
7.96
7.97
7.98
7.99

2 e,
654

-25 3.6157 871
-25 3.1112 033
-25 2.6764 989
-25 2.3020 719

292
-25 1.7020 094
-25 1.4630 299
-25 1.2573 541
-25 1.0803 765

353
-26 7.9716 752
-26 6.8455
-26 5.8772

216
834

. r.

-26 5.0449 849

844
-26 3.7150 594,
-26 3.1870 466
-26 2.7335 323
-26 2.3440 839 \

185
-26 1.7227 031
-26 1.4763 822
-26 1.2650 285
-26 1.0837 147

251
-27 7.9484 723
-27 6.8051 505
-27 5.8251 209
-27 4.9852 310

T :61113.6490 9
- 273.1210820,
- 27 2.6689 356
-27 2.2818 346 ..

- 2"1.9504 883
- 27 6669 236
-27 1.4242 990
-27 1.2167 456
-27 1.0392 297

-28 8.8743
N: I

- 28 6.4673 396
- 28 5.5193 762
-28 4.7094 204

11131

4.0175
1424

-28 2.9219 899
-28 2.4912 008
- 28 2.1234 982

8.00 ( -28) 1.8097 068

4



a

ERROR FUNCTION AND FRED= INTEGRALS

DERIVATIVE OF THE ERROR FUNCTION
,

2 2- e--.0
2 ...4 2 .,..,,,

tir r writ
i AM g x 7-= e '

x ir ,..

8.00 -28 1.8097 068 8.50 -32 4.7280 139:, 9.00 -36 7.4920 734 9.50 -40 7.2007 555
8.01 -28 1.5419 762 8151 -32 3.9884 601 9.01 -36 6.2572 800 9.51 -40 5.9541 351
8.02 -28 1.3135 913 , 0.52 -32 3.3639 141 '4 9.02 -36 5.2249 519 9.52 -40 4.9223 495
8,03 -28 1.1188 0911 8.53 -32 2.8365 973 9.03 -36 4.3620 651 9.53 -40 4.0685 471
8.04 -29 9.5271 911/ 8.54 -32 2.3914 628 944 -36 3.6409 535 9.54 -40 3.3621 678

8.05 -29 8.1112 33 8.55 -32 2.0157 780 , 9.05 -36 3.0384 441 9.55 -40 2.7778 742
8.06 -29 6.9043 382 8.56 -32 1.6987 713 9.06 -36 2.5351 317 9.56 -40 2.2946 629"
8.07 -29 5,8758 453 8.57 -32 1.4313 316 9.07 -36 2.1147 690 9.57 -40 1.8951 272
8.08 -29 4.9995 601 8.58 -32 1.2057 541 9.08 -36 1.7637 559 9.58 -40 1.5648 437
8.09 -29 4.2531 077 8.59 -32 1.0155 245 9.09 -36 1.4707 105 9.59 -40 1.2918 638

8.10 -29 3.6173 .79) 8.60 -33 8.5513 598 9.10 -36 1.2261 088 9.60 -40 1.0662 907
8.11 -29 3.0760 612 8.61 -33 7.1993 468 9.11 -36 1.0219 837 9.61 -41 8.7992 901

8.12 -29 2.6152 245 8.62 -33 6.0598 819 9.12 -37 8.5167 148 9.62 -41 7.2599 363
8.13 -29 2.2229 829 8.63 -33 5.0997 438 9.13 -37 7.0959 960 9.63 -41 5.9886 802
8.14 -29 1.8891 933 8.64 -33 4.2908 734 9.14 -37 5.9;10 925 9.64 -41 4.9390 403

8.15 -29 1.6052 025 8.65 -33 3.6095 760 9.15 -37 4.9230 619 9.65 -41 4.0725 570
8.16 -29 1.3636 296 8.66 -33 3.0358 465 9.16 -37 44993 592 .9.66 -41 3.3574 141
8.17 -29 1.1581 801 8.67 -33 2.5527 988 9.17 .T37 3.4127' 918 9.67 -41 2.7672 971
8.18, -30 9.8348 778 8.68 -33 2.1461 817 9.18 -37 2.8406 437 9.68 -41 2.2804 460
8.19 -30 8.3497 786 8.69 -33 1.8039 709 9.19 -37 2.3639 423 9.69 -41 1.8788 710

8.20 -30 7.0875 167 8.70 -33 -41 1.5477 0171.5160 228 9.20 -37 1.9668 449 9.70
8.21 -30 6.0148 717 8.71 -33 1.2737 818 9.21 -37 1.6361 251 9.71 -41 1.2746 493
8.22 -30 5.1035 431 8.72 -33 1.0700 339 9.22 -37 1.3607 427 9.72 -41 1.0495 .600
8,23' -30 4.3294 262 8.73 -34 .8.9869 668 9.23 -37 1.1314 847 9.73 -42 8.6404.628

8.24 -30 3.6719 947 8.74 -34 7.5464 360 9.24 -38 9.4066 395 9.74 -42 7.1118-55

8.25 -30 3.1137 725, 8.75 -34 6.3355 422 9,25 -38 7.8186 802 9.75 -42 5.8524 252
8.26 -30 2.6398 841 8.76 -34 5.3178 836 9.26 -38 6.4974 888 9.76 -42 4.8150 968
8.27 -30 2.2376'497 8.77 -34 4.4627 957 . 9.27 -38 5.3984 710 9.77 -42 3.9608.401
8.28 -30 1.8963 577 8.78 -34 3.7444 525 9.28 . -38 4.4844 496 9.78 -42 3.2574 873 -/f
8.29 -30 1.6067 846 8.79 -34 3.1411 074 9.29 -38 3.7244 373 9.79 -42 2.6784 979

8.30 -30 1.3611 569 8.80 -34 2.6344 525 9.30 -38 3.0926 112 9;80 -42 2.2019 782

8.31 -30 1.1528 476 8.81 -34 2.2090 784 9.31 -38 2.5674 566 9.81 -42 1.8098 720
8.32 -31 9.7622 228 8.82 -34 1.8520 172 9.32 -38 2.1310.520 9.82 -42 1.4872 907
8.33 -31 8.2649 206 8.83 -34 1.5523 585 9.33 -38 1:7684 718 9.83 -42 1.2219 600
8.34 -31 6.9958 710 8.84 -34 1.3009 248 9.34 -38 1.4672 880 9.84 -42 1.0037 632

8.35 -31 5.9204 954 8.85 -34 1.0899 975 9.35., -38 1.2171 545 9.85 -43 8.2436 338
8.36 -31 5.0094 199 8.86 -35 9.1308 655 9.36' -38 1.0094 602 9.86 -43 6.7689 179
8.37 -31 4.2376 977 8.87 -35 7.6473 600 9.37 -39 8.3703 932 9.87 -43 5.5569 047
8-.38 -31 3.5841 456 8.88 -35 6.4036 010 9.38 -39 6.9392 997 9.88 -43 4.5609 970
8.39 -31 3.0307 803 8.89 -35 5.3610 534 9.39 -39 5.7517 311 , 9.89 -43 3.7428 271

8.40 -31 2.5623 380 8.90 -35 4.4873 418 9.40 -39 4.7664 456 9.90 -43 3.0708 096
. 8.41 -31 2.1658 657 8.91 -35 3.7552 711 9.41 -39 3.9491 520 9.91 -43 2.5189 477

8.42 -31 1.8303 736 8.92 -35 3.1420 030 9.42 -39 3.2713 439' 9.92 -43 2.0658 489.
8.43 -31 1.5465 399 8.93 -35 2.6283 611 9.43 -39 2,7093 286 .9.93 -43 1.6939 130
8.44 -31 1.3064 586 8.94 -35 2.1982 476 9.44 -39 2.2434 186 9.94 -43 1.3886 628

8.45 -31 1.1034 263 8.95 -35 1.8381 516 9.45 -39 1.8572 574 9.95 -43 1.1381 922

8.46 -32 9.3176 012 8.96 -35 1.5367 357 9.46 -39 1.5372'589 9.96 -44 9.3271 204
8.47 -32 7.8664 369 8.97 -35 1.2844 884 9.47 -39 1.2721 404 9.91 -44 7.6417 477
8.48 -32 6,6399 552 8.98 -35 1.0734 315 9.48 -39 1.0525 343 9.98 -44 6.2596 629

.8.49 -32 5.6035 774 8,99 -36 8.9687 435 9.49 -40 8.7066 400 9.99 -44 5.1265 162

315

Table 7.*

8.50 ( -32) 4.7280' 139 9.00 ( -36) 7.4920 734 9.50 ( -40) 7.2007 555 10.00 ( -44) 4,1976 562

" 0.88622 69256
2
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Table 2,3

e-3
0.250
0.245
0.240
0, 235
0.230

0.225
0.220
0.215
0.210
0.205

0.200
0.195
p.190
0.185
0.180

0.175
0.170
0.165
0.160'
0.155

0.150
0.145
0.140
0.135
0.130

0.125

ERROR FUNCTION AND MOM INTIORALII

COMPLEMENTARY ERROR FUNCTION

aesaerfen
O. 51079 14
0.,51163 07
0. 51247 67
0.51332 94
0. 51418 90

O. 51505 55
0. 51592 92
O. 51681 .01
O. 51769 83
0.51859 40

0,51949 74
0.52040 85
0.52132 75
0. 52225 45
0. 52318 98

O. 52413 33
0. 52508 55.
0. 52604 63
O. 52701 59
0.52799 46

0,5Q893 25
0, 52997 98
0. 53098 67
0. 53200 35
0. 53303 02

0. 53406 72
1(-onL3 j

See Example 2.

Ti

1 0. 01218
2 0. 00039
3 0,00001
4 O. 00000
5 0.00000

erfe

<a>
2
2
2
2
2

2
2

2
2

2

2
2
2

2
2
2
3
3

3
3
3
3
3

3

a-3
0.125
0.120
0.115
0.110
0.105

0.100
0. 095
0.090
0.-085
0.080

0.075
0.070
0. 065
0.060
0.055

0.050
0.045
0.040
0.035
0.030

0.025
0.020
0.015
0.010
0:005

0.000

<x> =nearest Integer to a.

88821 84803
27505 88282
41444 02689
05351 64662
00208 26552

mes' ado a
O. 53406 72
0.53511 47
O. 53617 29
O. 53724 20
0.53832, 23

0.53941 41
0.54051 76
0.54163 32
0.54276 11
O. 54390 16

0.54505 51
0.54622 19
0. 54740 24
0.54859 69
0.54980 58

0.55102 95
0. 55226 85
0. 55152 32
O. 55479 41
0.55608 17

O. 55738 65
O. 55870 90
0.56005 00
O. 56140 99
0.56278 96

0.56418 96

L3

erfc

6 0.00000 00008 25422
7 O. 00000 00000 33136
8 O. 00000 00000 01343
9 0.00000 00000/10055

10 0.00000 00000 00002

erfc xi' Le-tiltml-erfx
erfc Viiir compiled from O. Emerideben, Numerieche Werte des Fehlerintewsle flIr OG,
Z. Angew. Math. Mech. 31.898-894,1951 (with permission).
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<a>.
3
3
3
3
3

3
3
3

. c

3-
4

4
4
4
4
4

4
5
5
5
6

6
7
8

10
14

3

!' 4



0.0
0.1
0. 2
0.3
0.4

0, 5
0.6
O. 7
0.8
0.9

1. 5
1.6
1. 7
1.8
1.9

2.0
2. I
2.2
2.3
2.4

.2. 5
2.6
2. 7
2.8
2.9

3. 0
3. 1
3. 2
3.3
3.4

3.3
3.6
3. 7
3. 8
3. 9

4, 0
4.1
4.2
4.3
4. 4

4. 5
4.6
4, 7
4.8
4.9

ERROR FUNCTION AND PRISM INTEGRALS
p

REPEATED INTEGRALS OF THE ERROR FUNCTION

241 (ti+1) l" erfe \

317

Table 7.4

n al
1. 00000

- 1 4. 46884

- 32738
- 1 6. 85245 .
- 1 5.56938

n-2
1. 00000

-1 3. 69906

-
- 1 6.22654
- 1 4.82842

1

H -8
1. 00000

: if MS:
-' 1 3. 15756
- 1 4. 2E565

ti -4
1.00000

- 36220

-12.74894
- 1 3. 86125
- 1 5.36163

- 1 3.. 5385
- 1

5
2. 76388

- 1 2.12869
- 1 1. 61601
- 1 1.20884

: 2
!..:Ng

- 2 4. 61706
- 2 3.24613 ,

- 2 2.24570

: 2
I. MA

- 3 6.73408
- 3 4. 35805
- 3 2. 77245

- 3 1.73350
- 3 1.06515

4 3. 81436
- 4 6.43074

( - 4 2.22250

- 4 1.27195
- 5 1.1429
- 5 3.94619
- 5 2.13082
- 5 1.13820

-6 5.94664
- 6 3.05003
- 6 1.53562
- 7 7.58899
- 7 3.68109

- 7 11. Nig
- 8 3. 75373
- 8 1. 68883

9 7.45575

-: 9?.. /3/214
-10 5. 12405
-10 2.34181
- 11 9.39929

-11 3.70102
7419:0

-12 5.41708
- 12 2.01353
-13 7. 34149

5.0 ( -13)2. 62561

( -1)5. 64189 58355
See Examples 4 and A.

: 1 tglgt.
- 1 1.54061
- 1 1. 12021
- 2 8.03288

: 1 16. :Pin
- 2 2.71686
- 2 1.83748
- 2 1.22308

: ; 11118
8.02626

- 3 3. 29192
- 3 2.05795
- 3 1.26566

: : 7411,1;:
- 4 2.66457
- 4 1.53245
- 5 8.66)72

-: 51.:18976
- 5 1.41072 1

- 6 7.43784
- 6 3.85260

- 1 9. ;VA:
- 7)4. 80916
- 7 2. 31835
- 7)1.09748

: 8 5.10148
3(2113!

- 8 1. 04329
- 9 4,58945
- 9 1.98190

:18 tali:
-10 1.42757
-11 5.72196
-11 2. 25085

-12
136. (219111(41

-12 1.16
- 13 1. 59785

-14) 5. 61169

[2*r (+1)]

( -1)2. 50000 00000

f1:2: I :S
- 1 1. 17295
- 2 8.21802
- 2 5.68138

: 2
16. Mg

- 2 1, 72776
- 2 1.12918
- 3 7. 27211

: 3
I: AM

- 3 1. 77452
- 3 1. 07519
- 4 6.41281

1

- 4)3. 76431
- 4 2.17431
- 4 1. 23562
- 6. 90731
- 5 3. 79773

: 5
1:31?36;

- 6 5.70591
- 6 2.93172
- 6 1,48058

: 7
31. 1:1481411

- 7 1. 71780
- 8 8.08871
- 8 3.14180

-
8

'). ;Olt
- 9 3.12733
- 9 1.43260
-10 6. 05736

-10 UM:1
-11 4.19427
-11 1. 61297
- 12 6. 22316

2.35705
N

- 13 3. 19826
- 13 1. 14567
-14 4.02809

( -14)1. 38998
i

( -2)9. 40315 97258
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- 93408

- 2 6.25650
- 2 9.22962

- 24.18643

- 1 1.34438

,.,
- 22.76442-2 1.80092 .

- 2 1.15720'
- 3 7.33229
- 3 4.58017

: 3 1:1131
- 3 1. 02261
- 4 6.02014
- 4 3.49094

'11 1.121
4. 5 649670
4 5 3.37364

5 1,80727

- 6 9.52500
- 6 4.93818
- 6 2.51801
- 6 1. 26274
- 7 6.22654

-- 77 1: 0417704
- 8 6,14044
- 8 3. 10379
- 8 1.40460

- ; tilt/tit
- 9)1.11184 1

I-10)4. 94271
-10)2. 04800

11 I: MN
- 11 1. 30837
- 12 5. 04508
- 12 1. 91041

-13 72: inn
- 14 9. 29786
- 14 3. 27252
- 14 1. 13080

( -15)3. 83592

(-2i3.12500

. .
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Table 7.4 REPEATED INTEGRALS OP THE ERROR FUNCT)ON

2"r(a +1)i. ode

x

0.0
0.1
0.2
0. ,

0. 4

n B

1.00000
13475

- 1 2. 42671

- 5.03608
- 1 3.51572

0.5 - 1 1.65569
0.6 - 1 1.11630
0.7 - 2 7.43528
0.8 - 24.89121
0.9 - 2 3. 17704

1. 0 2 2:03707
1.1 - 1.28901
1.2 - 8.04765
1.3 - 3 4.95614
1.4 - 33.01008

n8 n-10
1.00000

- 93283
- 1 4.75548
- 1 3.22652
- 1 2.16478

: 1 9.41309
- 2 6.09742
- 2 3.90166
- 2 2.46567

:
2

94. Igi:
- 3 5.76033
- 3 3.4.5489
- 3 2.04411

1. 6
- 3 1.80252

- : 1.1:11!
1. 5

1.7 - 4 6.19032 - 4 3.89303
1.8 - 4 3.54870 - 4 2.17663
1.9 - 4 2.00419 - 4 1.19930

2.0
.-- : 16. 102g2.-1 : 1 gliiiff

2.2 - 5 3.29497 - 5 1.83427
2.3 - 5 1.74988 - 6 9.51547
2.4 - 6 9.14767 . - 6 4.86044

2.5
--

6
1. 738211

- 6 f:11:111
2.6
2.7 - 6 1.18695 - 7 5.89435
2.8 - 7 5.81672 - 7 2.82592
2.9 - 7 2.80391 - 7 1.33308

3. 1 - 8 6.19798 : 11 (24. 4144
3. 0 - 7 1. 32935

3. 2 - 8 2..84151 - 8 1.26835
3.3 - 8 1.28082 - 9 5.60145
3.4 - 9 5.67576 - 9 2.43265

.,.

3.6

3. 8
3. 7

- 9 1. 05855
- 10 4.45435
-10 1. 84200

-10 1.80009
-11 7. 30331

-12 7.43354
-12 2. 81094

. 50393

-12 3.63661.
-12 9. 61928

-12 1.33283

s:

3. 5 - 9 2. 47236
:171 I .. 1 la il 11 1

-11
1. 44111

3.9 -11 7.48503 -11 2.91245 -12 1.04564 -13 4.95149

4.2
4. 3

-12 4.51802
-12 1. 71044 ...

-12 1.66412
- 13 6. 18894 -14 1.69 _612

-14 4.87328

78294
-14 6. 31644
-14 2.20038
-15 7.94020

4. 0
-11

1.1113:4. 1
-11 At Ng:

:I; l. 111:SI

4.4 -13 6.36069 -13 2.26147 -15 5. 80461 -15 2.34109,

4. 7
4. 8
4. 9

-14 1. 01604
-14 2. 93656

-15 3. 45215

11851

-15 9. 91898
-14 2. 86315

- 15 3. 37534
-15 1. 12815

:156 It. :Ili:
-16 2. 10125
-17 6. 71719
47 2. 11065

8.42124
-16 2.74419
4 0479230

43 S. 57626
-17 2.76954

.4. 5 :134 IC ;1541314. 6

5. 0 ( -15)1. 1 5173 ( -16) 3.70336 ( -18) 6.51829 ( 48)2. 61062

1.00000
- 16.28971
- 1 3.91490
- 1 2.41089
- 1 1.46861

- 2 8.84744
- 2 5.27007
- 2 3.10323
- 2 1.80600
- 2 1.03859

- 3 5.90062
- 33.31130
- 3 1.83510
- 3 1.00415
- 4 5.42413

-- 46 14 1.111411
- 5 7.89765
- 5 4. 04407
- 5 2.04244

: 5 6 1.39;02
- 62.4180
- 6 L 15378
- 7 5. 42553

: T
2.51397

1
- 8 5. 16116
- 82.28612
- 9 9.97266

: ; HIM
- 10 7.54345
- 10 3.09165
- 10 1. 24712

s11 .
1.00000

- 15727

- 1 2. 26201
- 1 .3.75288

- 1 1.34906

- 95749
- 2 4.64127

- 2 1.52533
- 22.67626

- 38759126

- 3 4. 78106

3

3 2.62835
3 1.42708
4 7.65146
4 4.05030

4 2. 11641
4 1. 09146
55.55495
5 2. 78871
5 38116

, 7. 22681

74666
6 3.24987

1.54350

/7 3.33519

- 51693
- 9 6.79864

- 8 1. 30595
- 9 5.59577

- 8 3. 00212

36143.
-10 9.81350
-10 4.01541
-10 1.61759
-11 6.41479

[tr(;44)]-1
( -3)9. 40315 97258 ( 2.60416 66667 ( 4) 8.13802 08333 ( -6)1. 69609 66316

I
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DAWSONS INTEGRAL Table 7.S

.1 e " fo 1 r,11 J' r-11; 1dt z-2 zr-11 1 Alt
Jo

.-:..r>

0. 53807 95069 0.250 0.60268 0777 2
0. 53637 44359 0.245 0. 60046 6027 2

. O. 53431 71471 0.240 0.59819 8606 2
0.53192 50787 0.235 0.59588 1008 2'
0.52921 57454 0. 230 0.59351 6018 2

0 0.52620 66800 0.225 0.59110 6724 2

0.00 0.00000 00000 1.00
0.02 0.01999 46675 1.02
0.04 0.03995 73606 1.04
0.06 0.05985 62071 1.06
0.08 0. 07965 95389 1.08

0. 10 0.09933 59924 1.10
0. 12 . 4. 11885 46083 1.12
0.14 0.13818 49287 1.14
0.16 0.15729 70920 1.16
0.18 0.17616 19254 1.18

0.20 0.19475 10334 1.20
0, 22 O. 21303 68833 1.22
0.24 0.23099 26865 , 1.24
0.26 , 0.24859 34747 1.26
0.28 0.26581 41727 1.28

0.30 0.28263 16650 1.30
0.32 0.29902 38575 1.32
0.34 0.31496 99336 1.34
0.36 0.33045 04051 1.36
0.38 0.34544 71562 1.38

0.40 0. 35994 34819 1.40
0.42 0.37392 41210 1.42
0.44 0.38737 52812 1.44
0.46 0.40028 46599 1.46
0.48 0. 41264 14572 1.48

0.50 0.42443 63835 1.50
0.52 0.43566 16609 1.52
0.54 0.44631 10184 1.54
0.56 0.45637 96813 1. 56
0.58 0.46586 43551 1.58

0.60 0.47476 32037 1.60
0.62 0.48307 58219 1.62
0.64 0.49080 32040 1.64
0.66 0.49794 77064 1.66
0.68 0.50451 30066 1.68

0.70 0.51050 40576 1.70
0.72 0.51592 70382 1.72
0.74 0.52078 93010 1.74
0.76 0.52509 93152 1.76
0.78 0. 52886 66089 1.78

0.80 0.53210 17071 1.80
0.82
0.84

0.53481
0. 53702

60684 '1.82--
1.84

0.86 26921 1.86
0.53996 19480 1.88

0.90 0, 54072 43187 1.90
0.92 0.54103 49328 1.92
0.94 0.54090 94485 1.94
0.96 0.54036 39857 1.96
0.98 0.53941 50580 1.98

1. 00 0. 53807 95069 2. 00

0.52291 53777 0.220 O. 58865 6517 2
0.51935 92435 O. 215 0.58616 9107 2
0.5155g5 55409 0.210 0.58364 8516 2

' O. 51152 13448 0. 205 0. 58109 9080 2

0.50727 34964 0. 200 0.57852 5444 2
0. 50282 85611 0.195 0,57593 2550 2
0.49820 27897 0.190 0.57332 5618 2
0.49341 20827 0.185 0.57071 0126 2
O. 48047 19572 0.180 O. 56809 1778 2

0.48339 75174 0.175 0.56547 6462 2
0.47820 34278 0.170 0.56287 0205 2
0. -'7290 38898 0.165 0. 56027 9114 2
0.46751 26208 0.160 0.55770 9305 3
0.46204 28368 0.155 0.55516 6829 3

0.45650 72375 0.150 0.55265 7582 3
0.45091 79943 0.145 0.55018 7208 3
0.44528 67410 0.140 0. 54776 0994 3
0.43962 45670 0.135 0.54538 3766 3
O. 43394 20135 0.130 0.54305 9774 3

, O. 42024 90711 0.125 0.54079 2591 3
.0.42255 51804 0.120 O. 53858 5013 3
0.1686 92347 0.115 0.53643 8983 3
0.41119 95842 0.110 0.53435 5529 3
0.40555 40424 0, 105 0.53233 4747 3

0.39993 98943 0.100 0.53037 5810 3
0. 39436 39058 1 0.095 0.52847 7031 3
0. 38883 23346 O. 090 0.52663 5967 3
0.38335 09429 0.085 0. 52484 9575 3
0.37792 50103 0.080 0.52311 4393 4

0.37255 93490 0.075 0.52142 6749 4
0. 36725 83182 0. 070 0.51978 2972 4
0.36202 58410 0.065 0.51817 9571 4
0.35686 54206 0.060 0.51661 3369 4
0. 35178 01580 0. 055 0.51508 1573 4

_0, 34677 27691 0.050 0. 51358 1788 4
---0. 34184 56029 0.045 0.51211 1971 5

0.33700 06597 0.040 0.51067 0372 5
0.33223 96091 0.035 0.50925 5466 5

0.32756 38080 0. 030 0.50786 5903 6

0.32297 43193 0. 025 0. 50650 0473 6
0.31847 19293 0.020 0.50515 8078 7
9.31405 71655 0.015 0.50383 7717 8
0.30973 03141 0.010 0.50253 8471 10
0.30549 14372 0.005 0.50125 9494 14

O. 30134 03889 O. 000 O. 50000 0000 is

CE ^4)7'1,
r(-5)41 r()81

L 4 j L 4 i L 6 .1

See Example 3. <a> ...nearest integer to r. .

Compiled from J. B. Rosser, Theory and application of fore -a.dx and f: e-Wely f: e-ts;/.r.

Mapleton House, Brooklyn, N.Y., 1948; and B. Lohmander and S. Rittsten, Table of the

function v.e-ofo'peldt,Kungl. Fyslogr. WM. i Lund Fbrh. 28, 45- 52,1958 (with permission).
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MOS manor AND num nazgaas

Table 7.6 fi lOadi
r °

3
3 rs oldt 3. is elsdi .

3 is cedt
J°

x r ! Jo x r (1) 011
0.00 0.00000
0.02 0.02239
0.04 0.04479
0.06 0.06718
0.08 0.08957

0.10 0.11195
0.12 0.13432
0.14 0.15667
0.16 0:17899
0.18 , 0.20127

0.20 0.22352
0.22 0.24571
0.24 0.26783
0.26 0.28988
0.28 0.31184

0.30 0.33370
0.32 0.35544
0.34 0.37704
0.36 0.39850
0.38 0.41979

0.40 0.44090
0.42 0.46180
0.44 0.48248
0.46 0.50293
0.48 0.52312

0.50 0.
0.52 O. 56 64
0.54 0.581 4
0.56 0.60090
0.18 0, 61951

0.60 0. (4775
0.62 0.65560
0.64 0.67304
0.66 0. 69006
0.68 0.70664

0.70 0. 72276

V 7. 51 [( pi
i k

r (D.0.89297
95116

3

Compiled from M. Abramowite, Table of the Integral fleroida, J. Math. Phye. 30,182 -163, 1851

(with permission) . 0
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00
69
31
72
63

67
36
11
22
90

24
24
80
71
70

37
26
82
45
45

07
52
96
51
25

28
66
46
80
78

57
39
52
30
18

69

0.70
0.72
0.74
0.76
0. 78

0. so
0.82
0.84
0.86
0.-88

0. 90
0.92
0.94
0.96
0.98

1.00
1.02
1.04
1.06
1.08 ,

1.10
1.12
1.14
1.16
1:18

1.20
1.22
1.24
1.26
1.28

1.30
1.32
1.34
1.36
1.38

1.90

0.72276 69
0.73842 49
0.75360 34
0. 76829 12
0.78247 88

1. 70618 78
0.80932 16
0.82196 48
0.83408 41

, O.84567 73

0.85674 .42
0.86728 62
0.87730 62
0.88680 89
0.89580 05

0.90428 86
0.91228 25
0.91979 27
0.92683 11
0.93341 06

0.93954 56
0.94525 09

' 0.95054 27
0.95543 76
0.95995 30

0.96410 64
0.96791 62
'0.97140 05
0.97457 79
0.97746 66

0. 98008 48
0.98245 07
0.98458 18
0.98649 52
0.98820 77

0.98973 54

1.40
1.42
1.44
1.46
1.48

1.50
I, 52
1.54
1.56
1.58

1.60
1.62
1.64
1.66
1.68

1.70

1,70
1.74
1.78
1.82
1.86

1.90
1.94
1.98
2.02
2.06

2.10
2.14
2.18
2.22
2.26

2.30

0.98973 54
.0. 99109 36
0.99229 70
0.99335 97 .

0.99429 49.

0.99511 49
0.9918, 14
0.99645- 52
0.99699 62
0.99746 38

0.99786 63
0.99821 16
0.99850 65
0.99875 75
0.99897 03

0.99914 99

0.99914 99
0.99942 75
0.99962 05
0.99975 26 t
0.99984 14

0.99990 01
0.99993 82
0.99996 24
0.99997 76
0.99998 69

o.995» 25
O. 99999 57
0.99999 77
0. 99999 87
O. 99999 93

O. 99999 97

rc-o
L 8

n



MUM MOTION AND ?Rum =TIMBALS

num EL INTEGRALS

C(...).j: ea (it3) dl ai(is )*1 f: e7ildt= C(//t)

8(i)ti re em (j0) dt 142(H).15:til. 4.47(1124

r wirl (7(4°4;204 14(40,82(w) a v lig CO). C200 8(4.14200

0.00 0,00004 00 0. 00000 00 0. 00000 00 1.00 1.57079 63 0. 77989 34 0. 43825 91
0. 02 0. NOM 83 ---0.02000-041-0000-42--- ----1:42 -L 63425 65 O. 77926 11 0. 45824 58
0, 04 0. 00251 33 0. OD 00 0. 00005 SS 1.04 1.69897 33 0. 77735 01 0. 47815 08
0.06 0.00365 49 0. 5999 98 0.119411 31 1.06 1.76494 68 0. 77414 34 0.49788 84
0. 08 0. 01005 31 0. 07999 92 0. 0002641 1.08 1.83217 68 0. 76963 03 0. 51736 86.
0.10 0. 01570 80 0.09 75 /0. 00052 36 1.10 1.90066 36 0. 76380 to O. 53649 79
0.12 0.02261 93 0. 11999 39 I 0, 00090 47 1. 12 1. 97040 69 0. 75667 60 0. 55517 92
0.14 0.03078 76 0.13998 67 0. 00142 67 1.14 2.04140 69 O. 74824 94 0. 57331 28
0.16 0. 04021 24 0.15997 41 O. 0214 44 1.16 2.11366 35 0. 73854 60 0. 59079 66
0.18 0. 03089 311 0.17993 34 0. 00305 31 1.18 2.10717 68 0. 72759 68 O. 60752 74

0. 20 0.06283 19 0.19992 11 0. 00418 76 1.20 2.26194 67 0. 71543 77 - 0. 62340 09
0.22 0.07602 65 0. 21987 29 0. 00517 30 , 1. 22 2.33797 33 0.70211 76 0. 63831 .34
O. 24 O. 09047 79 0.23980 36 0. 00Th3 40 1.24 2.4152e 64 0. 68769 47 0. 65216 19
0.26 0. 1018 58 0.25970 70 0.00919 54. 1.26 2.49379 62 0. 67223 78 0. 66484 $1,
0. 28 0.12313 04 0. 27957 56 0. 01148 16 1.28 1 57359 27 1 65582 63 O. 67626 72

0. 30 0. 14. 1 17 0.29940 10 0.01411 70 1.30 2.65464 58 0. ems 05 0. 68433 33'
0. 32 0. 16084 95 0. 31917 31 0. 01712 56 1.32 2.73695 55 0. 62051 11 -0. 69495 62
0. 34 0.18138 41 1 /MIS 06 0. 02033 11 1. 34 2. 82052 19 0. UM 7020$ SO
0. 36 O. 2035? 02 0. MM. ri 0. 02435 68 1. 36 2. 90534 49 O. 73 0. /0755 67
0. 38 0. 226n 20 O. 37804 96 1 MU 55 1. 38 2. 99142 45 0. 36297 59 O. 71139 77

0.40 0.251132 74 0. 39748 0111 11. 03315 94 1.40 3.07876 Of 0.54309 58 0. 71352 51
O. 42 0. 27708 115- 0. 41678 68 0. OMNI 02 1. 42 3. 16735 37 0. 0310 58 0. 71)89 77
0. 44 0. 30410 62 0. 45594 eg 0. 04430 IS 1. 44 3. 25720 3$ O. 50)16 23 0. 71248 78
O. 46 0. 113'38 05 0.45494 49 0. 05056 42 1. 46 3. 34830 95 0.40142 SO O. 709_0 16
0. 40 0. 36191 15 0.47375 10 O. 05736 63 1. 48 3. 44067 23 0. WO7 OS O. 704418 12

0. 50 0.44269 91 0. 19234 42 O. 06473 24 3. 50 X 33429 1? 0. 44526 12
1 52 0.4114a: 33 0. 51069 69 UM? 89 1. 52 .. 3. 6V16 78 0. 42717 32
0. 54 0. 4 42 1 52878 01 O. 08122 06 1.54. 3.72530 06 0.40997 99
O. 56 f. 49260 .17 . 0. 34654 30 0.49037 08 1.56 ., I. ;2268 99 0. 39385 29
0. 58 O. 52841 .59 0.56401 31 0.10014 09 1.58 X3.92133 60 0.37895 96

O. 60 0. 56340 67 0.48109 54 0.11034 02 1.60 4.0212 86 1 3046 17 1 6 11
0.62 .1 60381 41 0. 59777 37 O. 12157 39 1.62 4412239 ?If 0. 35351 20 07
0. 64 :0. 64339 87 0. 61400 94 1 13325 211 1.6464 4. 22481 38 .- O. 34325 29 0 26
0. 66 3. 68423 89 O. 62_176 25 0.145'17 29 1.66 4.32848 64 0. /11481 SI 58 04

0.68 . 0.472633 62 9.64499 12 O. 13853 54 1. 68 4.43341 56 0. 12830 61 0. 7 83

0.70 1 76969 02 0. 65965 24 0. 17213 65 1.70 4, 53900 14 1 32382 69 0. 54919 60
0.72 0. 81430 08 0. 67370 12 0.18636 89 1.72 4.64704 39 O. 32145 02 1 34 73
0.74 1 86016 81 1 68709 20 0. 20122 21 1.74 4.75574 30 0. 32122 83 0.5 84
0.76 0. 90729 20 O. 69977 79 0. 2100 16 1.76 4.86569 87 0. 32318 87 O. 49
0.78 0. 95167 SS 0. 71171 13 L 23272 88 1.78 4.97691 11 1 32733 23 1 94

0. 80 1. 00330 'fa 0. 72284 43 0.24934 14 . 1. 80 3. 019/8 01 0. 33363 29 1 45093 80
0. 82 1. 05620 it. O. 73312 83 0. 26649 22 . 1. 112 3. 10310 Se 0. 34203 39 O. 4$200 If
0. 84 1.30835 39 0. 74231 54 O. 21414 98 1. 84 5. 31808 80 0. 35244 96 0. 41373 97
0. 86 1.. 16176 10 0. 75093 ?I O. Om/ SO 1. 86 3. 43432 70 0. $6476 M 0. 34999 44
0. SO 1. 21642 47 0. 75840 90 0. 32083 55 1.88 5.55182 25 0. 37682 93. 1 38579 25

0..90 1.27234 50 0. 76482 30 1 33977 63 1.90 5.6 47 0. 39447 O. 0.37334 73

0.92 1.32952 20 0. 77015 63 0. 35904 93 1.91 IL 79058 36 0. 41148 24 0. 30130 37
0.94 L 38793 56 0. 77436 72 0. 37859 81 1.94 5.91184 91 0. 42963 33 0. 35448 37
0. 96 1.44764 59 0. 77741 68 1 39816 12 1. 96 6. 03437 12 0. 44866 69 0. 24830 SO
0. 98 1. 50839 28 . 0. 77926 95 0. 41827 21 1. 91 6. 15814 99 1 46830 36 0. 34466 65

1.00 1.37079 63 1 77989 34 1 41825 91 2.00 0. 28318 SS O. 48825 34 0. 34341 57

1(1 1 n-49 rpm roil
L 8 L 8 8

See Esomple 8.

9750
88
50

O.
6
680118

O. 67870 67
0. 66697

46
13

65363

For 2-00:0( :) r sa 8(:).j z$ Nita al



322 ERROR FUNCTION AND FRESNEL INTEGRALS

Table 7.7

C(r)
2.00 0.48825
2.02 0. 50820
2.04 0.52782
2.06 0.54681
2.08 0. 56482

2.10 O. 58156
2.12 0.59671
2.14 0.61000
2.16 0.62117
2.18 O. 62999

2.20 O. 63628
2.22 0.63990
2.24 0.64075
2.26 0.63879
2.28 0. 63403

2.30 0.62656
2.32 0.61649
2.34 . O. 60402
2.36 0.558940
2.38 0.57293

2.40 0. 55496
2.42 0. 53588
2.44 0.51612
2.46 0.49614
2.48 0.47641

2.50 0.45741
2.52 0.43961
2.54 0.42346
2.56 0. 40939
2.58 O. 39777

2.60 0.38893
2.62 0.38312
2.64 0.38052
2.66 0.38123
2.68 0. 38525

2.70 0.39249
2.72 0.40277
2.74 0.41581
2:76 0. 43125
2.78 0.44865

2.80 0.46749
2.82 0.48720
2.84 0.50717
2.86 0. 52617
2.88 0.54538

2. 90 0.56237
2.92 0.57718
2.94 0.58930
2.96 0.59830
2.98 0.60384

3.00 0. 60572

34
04
73
06
79

,41
75
60
32
53

60
31
25
28
83

17
45
69
65
44

14
11
29
28
35

30
32
72
65
91

75
73
80
50
32

40
39
68
85
46

17
04
21
66
21

64
78
60
19
56

08
[( -84)b1

For 5
e(l)
s

For n ,39
s2(11)

RNE3NEL INTEGRALS

e(, cos (IP) 8(4-.: al (p) di

S C(r)
0. 34)41 57 3. 00 0. 60572 08 0.49631 30
O. 34467 48 1 3.02 0. 60383 73 0. 51619 42
0. 34844 87 3.04. 0.59823 78 0.53536 29
0.35470
0.36334

04
98

3.06
3.,08

0. 58910
0.57674

11-
01

0.55311 oft
0. 56880 28

0. 37427 34 3.10 0. 56159 39 O. MU
0. 38730 37 3.12 0.54421 58 0. 59165
0.40223 09 3.14' 0. 52525 53 0. 59791
0.41880 45 3.16 0.50543 56 0.60033 66
0.43673 63 3.18 0. 48552 76 0.59 34

0.45570
0. 47535

46
85

, 3.20
3.22

0.46632
0.44858 96

06 3 O. 5 34
0. 16

9
97

0. 49532.41 j 3:24 0. 43306 55 0, 57161 47
0. 51521 11, 3. 26 0. 42040 05 A 5561 8 06
0. 53462103 3.28 0.41113 97 / 0. 53849 35

5531/ 16 3.30 0.40569 0. 51928 61
0. 570$1

0.
0. 589002

5964

28
84
89

3.32
3. 34
3. 36

0.40431
0.4070
0.41 3

It 0. 49936
96 0.47960
66 0. 46084

04
95

0.11095 96 3.38 0.4 SS 18 0.44393 82

61969 00 3,40 0,41849 17 0.42964 95/1.

0. 62562 11 3.42 ,0.45514 37 0. 41864 11
O. 62859 38 3.44 / 0.47375 96 O. 4114) 69
0.62851 43 3.46' 0. 49348 70 0.40839 28
0.62535 98 3.48 0. 51340 62 O. 40967 54

0. 61918
0. 61010

18
76

3. 50
3.52

0. 53257
0. 55006

24
11

0. 41524
0.42486 72

so

0.59834
0.58415

06
75

3.54
3.56

O. 56501
0. 57668 02

32 0.43808
0.45428

83
17

0. 56790 42' 3.58 5O. 8446 43 0.47265 92

0.5499 93 3.60 0.58795 33 0.49230 95
0.530 53 3.62 0. 58694 64 0.51224 12
0. 51106 79 3.64 O. 98147 10 0.53143 21
0. 49110 35 3.66 0. 57178 75 0. 54888 15
0. 47153 52 3.68 0. 55838 18 0.56366 38

0. 45291 3.70 0. 54194 57 0.57498 04
0. 43578 98 3.72 0.52334 49 0. 58220' 56
0.42066
0. 40798 90

03 3.74
3.76

0, 50357
0.48371

70
94

0. 58492
0. 98296

61
92

0.39817 24 3.78 0.46487 19 0. 57641 91

0. 39152
0.38828 41

84 3.80
3.82

0.44809
0.43434

49
86

0.56'561
0.55115

87
74

0. 38856 43 3.84 0.42443 43 0. 53384 32
0. 39238 50 3.86 0, 41894 43 0.51466 22
0. 39964 80 3.88 0.41822 16 . 0.49472 45

0.41014 06 3.90 0.42233 27 0. 47520 24
0.42353 87 3.92 0.43105 68 0.49726 13
0.43941 3.94 0.44389 17 0.44198 92
0. 45724 45 3.96 0.46007 70 0. 43032 79
0. 47643 06 3.98 0.47863 51 0.42301 17

0.49631 30 4.00 - 0.49842 60 O. 42051 58
r(-4)41j

0,51(0.3183099

I WO

r(-4)61 r(-4)61
L L J

sin Iv .r2\
0.0968\ COB (0.10129 0464

/ r .r4

C

4.0
4.

06
04

4.08

4.1042
4.14
4. 16
4. 18

0. 49842
0.51821
0. 53675
0.55284
0. 56543

0. 57369
0.57705
0.575527
0.56844
0. 55700

60
54
05
04
47

56
88
76
74
75

0.4 051 58

0.40
301 99

0. 59 00
0. 217.81
O. 5764 45

o. 57 83
9 71o.
7545 9

315)20. 405 87
14

0. 55039 41

4.20
4.22
4.24
4. 26

0. 54171
0.52362
0.50396
0.48411

92

OS
06

63

56319
57157

0L 57491
57295

23
89

47
03

428. 0. 46549 61 56582 05

4.30 0.44944 12 55399 59
41)2 O. 43712 50 . 53831 55
4. 34 0.42946 40 . 51990 77
4.36 0.42704 39 .50011 73
4.38 O. 43006 79 48041 08

4.40 0.43833 29 0.46226 80
4.42
4.44

0.45123
O. 46781 05

59 0.44707
0.43999

06
33

4.46 O. 48679 41 0. 42990 86
4.48 0.50671 95 0. 42931 16

4.50 0.52602 59 0. 43427 30
4.52 0.54318 11 O. 44442 54
4.54 0.35680 46 0.45897 36
4.56 O. 56578 27 I 0.47676 89
4.58 0. 56936 57 1 0.49637 56

460
4.
. 62

0.56723
0.55954

671
811

0.51619
0.53457

23
97

4. 64 O. 54691 861 0. 54999 67
4.66 0.53039 13` 56113 28
4.68 0. 51135 lei 0.56702 44

4.70 0. 49142 651 0.56714 5
4.72 O. 47232 711 0.56146 19
4.74 0.45572 30. O.55044 52
4.76 O. 44308 301 0. 53504 16
4.78 O. 43554 28 0.51659 82

4. 80
4. 82

0.43379
0.43802 47

66 0. 49675
0.47728

02
00

4.84 0.44786 69 0.45995 75
4,86 0. 46244 40 0. 44637 74
4.88 0. 48042 90 O. 43780 82

4.90 0.50016 10 0.43506 74
4.92 0. 51979 51 0. 43843 48
4.94 0. 53747 34 O. 44761 96
4. 96 0. 55150 25 0.46175 67
4. 98 0. 56051 94 O. 47991 78

5. 00 0. 56363 12 0.49919 14
[(1)71 [(1)8)

sin

(
2

jj
}e(7) f(;01-,8 10 '1

COS lir

sin (u) COO (u)

0,5*(0,3889423 08)
IN (0.19947 ( 148) einnip, +4(4) e(55)1:0 X 10-1
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a

0. 00
O. 02
0.
0. 0046
0.08

0. 10
0. 1
0. 14

2

0.16
0.18

0. 20
O.
0. 24

23

O. 26
0.28

0. 30
O. 32

0.
O. 34

16
0. 38

0.40
0.42
O. 44

00..4488

0. 50
0. 52

340.

, 0.58

0.60

O.
0. 62

64
0.
0. 6668

O. 70
72

0O.. 74
0.76
0.78

O. 80
0.
0. 8824
0.
0. 8868

0.90
O.
O. 94

92

96O.
0.98

1.00

MOB smemos AND 51$181001t INTSMIde

0.00062 09.M

00251
0. 00062 1 NM
0. 127 1 22872

0036$ 41667 76462
0. 01005 M4 91407

A_luindiA1nr FUNCTIONS

(0) ./200
0.10000 00000 00000

:14 put rn
0.497 81166949
0.49148 44294 3

Tsbie /.8

8(41° eh(w)

0.30000 00000 00000
0.48031 40066126 34163
0.46125 51219 79101
0.44181 99356 00196
0.42300 0336 30016

O. 02261 tom #047 O. 4111107 82294
0.401779 0345.
0.39119 7111.4 6391

041570 79612 67949 - 0. 4931) 1 06624

0. 0/070 70= 05180 0. 1M4 6 11561 0. 37318 90069- 885
O. 04021 MP .... _.9 .. O. WO. 19.49 31728 O. 3076/ 33566 09573
aasolo OM 0. MOON MO 70711 0. 14491 28197 19391

0.1t181 18530 71796 0.47999 19036 49/40 0. 33061 91227- ;64034

0.09047 23/86
O. 07602 orts 0.4n12 22205 01/1 04107 13/1,0 89318

0. 10618 le .91_1/1
O. 12315 04320 207n

0. 4057 2 / RIP
00 46724 22164

0. 45774' NM 1 0. 27876 42811 ,44593
0. 29093 81914 92531
0.10365 //186 /4/91

0.
0.1
Oa 38 11

i 0. 41277t. :31 31, itill 9292 tun
0. 661 57772

0.00f1 MN 52619 0.43721. 95888 0,214 OS 33799
a now 19895 19183 0.4316'1 0271 53913 O. 22483 578 WM

0.23132 74123 87183
O. 27790 04710 46620
0. 30416 6_1648 67491

0218 M 49000
O. 36191 14716

I
91544

0. 4260 90789
42105 7 /007

0. 21534 71001 93520
0. 20626 $4704 40744

0.41560 0_ 14 90070 0.19756 523213 49727
MAO' 50FM 1091 0.18823 82774 60398
0.4$06 68113 MO 038126 06555 47172

0.,19269 9016 4$724 0.19920 505U 23702 0.4 17364 26996 13238
0.414/4 3/16i 65340
COM U 91392

0. 39175 93295 61363 0.16634 39628

0. 49200 17t 82880.
0.3031 19400
0. 38294 26771

0. 13936 . 3 13733
0.15269 14 00876

O. UM 5N43 33803 0.37739 MU O. 14631 32319 91901

0. 0381 41 19958
0. 56548 46163 0.37228 48922 33620 0.1402211 18419 3704

0. 7260 61215 09960
, 0. 0423 81179$ 51857

0. 0339 817 55190 "7/ 4:01211 NW
0.13666 442 r,0. 161 W 6

O. 0137 , 0. 11838 13187 23611

0. 13411_ 90361 39907
0. 12800 13503 06985
O. 12147 448/4 01863

0.7696.9
0.81430
0. $60

. O. 9072169
0.9367

1.00330
1. 620
1.

0310895

1.16174 12 97
1.2164 46754 69968

1 294994
158 10474

32085
567/2non
48134

0. 34633 13463 82434

134141 TOD Fill
Ong :41111
O. /340 31353 611144
0. 31786 452 88 6
0. 31/14 497
0. 30M 17 0906$
0. sow 00 36579

1. 30247 03066 0. 30022 U096 9530

1. 38795 56343 35971
0. 9814/ 76518
0. 75159 . 51781

14 20109 99200

1. 4470 50/47 /4177 0. 10340 9_108
1. 5a0 27912 53819 0. 20380 98467 20271

1.37079 63267 94897 0.27989 /4003 76823

[11

. 0. 1 1 0821 06 17
O. 1 237U 7 14
0.1 1

6
70Th

O. 1 97111 848
0. 11 08189/ $66

0.09223 05037
3' 21701
17 56 77045

O. 0/139 0446 616_14
0. 07836 38619 62312

20013 30280
0. 251 61451 87912
0. 10431 2012
0. 06679 1/235 49U1
0.06420 94813 13093

0.06174 00526 09645[11
Ike ExampleD 6. 7, and 9.

As) 621-0(r) CO (0) 0004 + /2(V) sin u-!A(0.) eon

JO) cos 4,2)-g(s) sin 41 82(0-1-/200 u-93(u) an

333



824 mason roams AND nosprzi, IN11)1111AI8

Table 7.8 AUXILIARY PUNC1IONS

4 .--1 st -1 - 2
160- . 1200 9(4 02(v) <r> <w>. 0

1.00
-

0. 63661 97723 67581 0.27989 34003 76823 O. 06174 08526 09645 1 2
0.98 0.61140 96293 81825 0.27597 337 36442 0. 05933 31378_004174 1 2

0.96 0.98670 87822 13963 0.27197 11905 76851 0.05693 119827 01259 1 2
0.94 0.56251 72308 63995 .0.26788 56989 47656 0.05456 06112 91100 1 2

0.92 0.5308) 49753 31921 0. 26)71 60682 37287 0.05220 03510 52931 1 2

0.90 0.31566 20156 17741 0.25946 14025 65674 0.04986 06317 93636 1 2
0,88 0.49299 0517 .21455 0. 25512 09512 10091 0.04754 39838 94725 1 2
0.86 0.47084 3906 43063 0.25069 40835 25766 0.04525 30354 03048 1 2
0.84 0.44919 89113 82565 0.24618 02994 44513 0.04299 05078 69)90 1 2
0.82 0.42806 31349 39962 0. 24157 92449 31459 0.04075 93107 68723 1 2

0.80 0.40743 66543 15252 0.23689 07256 57089 0.03856 20343 27312 1 2
0.78 0.38731 94695 08436 0.23211 47216 24632 0.03640 19405 75704 1 3

0.76 0.36771 15805 19515 .. 0.22725 14019 06110 0.03428 19524 44132 1 3
0.74 0.34861 29873 48488 0.22230 11393 53995 0.03220 51407 .19129 1 3
0.72 0.33002 36899 99354 0.21726 45250 44609 0.03017 46086 886)7 1 : 3

0.70 0.31194 36884 60115 0.21214 23821 60329 0.02819 34743 19381 1 3
1.68 0.29437 29827 42770 0.2069) 57719 69521 0.02626 48498 36510 1 3
0.66 0.27131 15728 43310 0. 20164. 60404 80635 0.02439 18186 13588 2 4
0.64 0.26079 94587 61761 0.19627 47584 00004 0.02257 74093 32978 2 4

0.62 0.34471 66404 98098 0.19082 37987 5596) 0.02083 45674 44482 2 4

0.60 0.22918 31180 32329 0.18529 53167 79209 0.01913 61240 35536 2 4
0.58 0.21415 88914 24454 0.17969 17083 86674 0.01751 47623 50357 2 5
0.56 0.19964 39606 14474 0.17401 57076 89207 0.01596 29021 31470 2 5
0.54 0.18563 83296 22387 0.16027 02799 47273 0.01448 30628 73722 2 9

0.52 0.17214 19864 48194 0.16245 86594 19322 A.01307 70253 60097 2 6

0.50 0.15915 49430 91895 0.15458 4)216 36302 0.01174 659)9 24659 2 6
0.48 0.14667 71955 53491 0.15065 09597 56320 0. 01049 31590 42015 2 7
0.46 0.13470 87434 32980 0.14466 24549 29603 0.00931 77420 66589 2 7
0.44 0.12324 95879 30364 0.13862 28400 34552 0.00822 09631 52815 2 8
0.42 0.11229 97278 45641 0.13253 62592 29647 0.00720 301)7 00215 2 9

0.40 0.10185 91635 78813 0.12640 69204 94864 0.00626 36346 49122 3 10
0,38 0.09192 70951 29079 0.1202) 90456 93806 0.00940 21018 72942 3

al0.36 0.08230 59224 98839 0.11403 68174 47880 0.00461 72197 27002 3
0.34 0.07359 32456 85692 0.10700 43252 41741 0.00390 7)235 12822 3 14

0.32 0.06518 98646 90440 0.10194 55126 32988 0.00327 02912 03254 3 15

0.30 ..0. 05729 57795 13082 0.09526 41276. 74844 0.00270 35642 68526 3

0.26 0.04303 54966 12048 0.08264 73969 33180 0.00176 87922 53700
0.28 0.04991 09901 33618 0.08896 36786 39974 0.00220 41768 84885

0.24 0.03666 92988 88373 0.07631 82087 00913 0.00139 37442 77909
0.22 O. 03081 2)969 82591 0.06997 87161 16730 O. 00107 50825 .02743

4
4

4

5
..

17

2
23

0.20 0.02546 47908 94703 0.0636) 11887 04012 11.00010 86180 82883 5
0.18 0.02062 64806 24710 0.05737 75644 30652 0.00038 99686 10701 6 48
0.16 0.01629 74661 72610 0.05091 94597 99975 0.00041 45999 18234 6 61

0.14 0.01247 77475 38409 0.04455 81874 32960 0.0_0027 78633 97799 7 80

0.12 000916 71247 22093 0.03819 47805 44642 0.00017 50279 00144 11 / 109

0.10 0.0063661977 23676 0.03183 00214 15118 0.00010 13057 94484 10 ! 157
0:08 0. 00407 43665 4315) 0.02546 44738 95252 .0.000.05 18732 17470 1) , i 2411

0.06 0.00229 18311 80925 0. 01909 85179 30105 0.00002 18849 44630 .17 1 436
0.04 0.00101 85916 39788 0.01273 23855 39770 0.00000 64845 30524 25 1 982
0.12 0.00025 46479 08947 0.00636 61974 14061 0.00000 08105 69272 90 I 3937

0.00 0.00000 00000 00000 0.0000000000 00000 00000 0.00000 00000 00000

V-101
[(-15111] [11]

1 1
1, ( r) -2 +/(t) sin (isa)-9(r) ON (i72) C200 -2 +My) min u-p(u) ea is

1 1(P)-07) ein (i20) Ale(*)-rh(w) eee u-Se(*) am is

<e>-neareet integer to S.
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ERROR PONCTION AND. FROM nprzallALB

ERROR FUNCIION FOR COMPLEX ARGUMENTS

80)-e-0 erre (-ix) si.x+iy

MAO Jw(s) au(s) Jw(s) Stw(*) Jw(s)
x-0.2 x-0.3

t96070 asag Ten tam
ern t.13740) 7246 0.2
Oh% en MP

0.07

01u(s) Im(s)
Y

oil
L/

f.
ta
t=

0.1 0.61
0.6 0.96

1.0
1.1

1.1

1.4 fa.

Table 7.9

1.0
1.9

tit
/.1
1.4

1.9
'.6

LI
2.9

1.0

0.

0.04601

0.179001 0.000000

Y x-0.5
co 0.170001 0,4

ti &Leal L.
0.
0.4 1 +NM

o.en/17

0.9 0.3 0 0.

I0.9 0.4141 I

iiIX
Mil.0

.1 0.
1.4 0.11017101

017111100030)

x-0.6

a a
047701 0016193

S-4.8
0.600411

061700 0.0100

x-0.7

lapji
Eltiti

10. '1600022739

0.17601 0.011466

X-0.8

t.4 1 Klein
1/6.41ensit

140570 0.2711113

1 0.731

LS O.
1.6
1.7 O. t4.L.i.

U 4t:=

LI

147
34

L9 PM
L6 v.1

1.1 ti
2.9 0.10161 O.

tos

to emu* WIWI 037307 assume 1171503 0.026371.. 0.169X9 0.041101

See Examples 12-19. so(x)-440+ Ipie-Isads

w(-2+0)-ott(i«iy) ma-iy)-2401-42 (coo ti sin asy)-WirlY)

w(ly)-02 fee y '4(1+0,11°4-1"f1+ -1)[CF:11)+Leirfll
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Arabi. 7.9 ERROR FUNCTION FOR COMPLEX ARGUMENTS

000)-s-saerfe (As s-z+iy
Aso) .iwoo sho(s) .Pss(s) mw(s) .Pw(s)

e-1.1 e- 1.8 x42

%nit 115"1= WPM" Mi°.1.°1°
anon SI

IMM 40.06411977.° 0.06411
u=

!Irks) .400
y x-1.0

1.1

0.0 2.0com 0.9 S
0.4 1

0.3 unto
0.4 0.90010 0.740766

0.3 0.99400 0.34101
OA 0.30W 0.011010
0.7 01174

0.9 404.011064

0.194606 1006
0.2047441.0

1.2 0.11470 17096
13 0.2774 0.09391
1.4 0.10967 0.146712

LS 0010130 0.139141
i.6 0.2400 944

0.240971 0.1
1.8 0412061 0.1
I.9 0.m909 0.09114

LO 040809 O. 4+4.
LI 0.1006

1.9 LI 041100
1

7.4 0.1996 m71304

24 0.11019

&Ira t2"
2.1 0.17047 1
2.9 0.16001 0.05 1 MS

t6002 0.20906 0.09 0.12411

LIS= tin0.1601:1 On14426 It 04
0.1

41 °Lk
113 IR ° mr1

t IN

1.194 9.0601 kurfan moos
Oa 14 91470 10 UMW °Assn.),

1.0 0.1603610.050197

1- x4.5
0.0 0.10991 0.4007
0.1 0.0049 0.451769

0.i
0.196321 6.411a
0.179165 0.391

0.4 04869114 0.96

alma 0.084211

x-1.8

611
0.0%053 110

0.
0.12 007

14701 0.9170005__

0015103

Ls 0.0096 0.0772

O./ atomas 13m0 MT 11.3
04 WM

La 0.21040 Oi 04040 679H
0.94 0.2046 Li 1 0.04049

LO 0.11197 0.1
4.I 0.2 0.2
1,2 b1.3

U730611.4 O. 177 0.1

51i erals
2067

0421799 0.167063

GAMY 11.155975m imJuoil Lltnpt
tuiiirse
0.110662

0.1 040270-
o.1 04097495
040599 0.091706
0.179191 0.0116011

101.1
0.17
0.

0.1 f0
0.1 310al 1.1

17

511016 0.00261

0.190493 0.038149 0.10105 0.061936

e4.7 x -1.8
0. 00355160.41080 8. 991 0.1191

0.103429 01112 0.1322
049907 0408676 Morn NMo.psos awns

LI MO1.

2
tiPna il Ol'

(s.
1

4 11

;

um 115
um

limn

dials) ./w(s)
x1.4

51910

MAI min
70 e.29tj twig

0419205 0.19107
042067 0.114903
0.319710 L199416
0.00192 0.10199
0.06940 tunas
ustass 0.160661

g9911ono 0.149927

5 4.131106
03604 0.14010

0.1090 0.121181

1190608 0.119286
10024 0.10039
10112 0.101911

0477985 L00015
0471914 0.~
Li= moist
06207 tinr5/
0..115100 0.071359
0.150171 0.06034

0.151005 0.065173

x1.9
0.027102 0.964497
0.00090 0.953046
0.071111 044
0.019593 0.91P
0.104641 0.0 161

0.11710 0.2062401.137644
1.19610 3
0.1 OA43949
0.141010 0.30067

0.1 19
:4114110.11V9 1.111

a 001.5

20 0.111303 0.11

7
.1 Italia:7%0

0.060674 0.0949024

2.9 0.1}!1,0
26 0

O.
.

2.7
0.1
0.0170

fA 0.140610 0.06009

ug
0.1
0.1 0.1fillai

O.form

0.1

04 0.0751

0.141144 0011558

!lee Example@ 12-19.

x «iy)-io0raij

0441602 i 01480 0.138012 0.076794

$(..)-042+giors-VoOok

10-41-2#02-42 20'1'4 PAY)-

0)1-0 effe +011--"{ q4-1)(certYise))/
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rogg7.- 4,1! .-47f

nos mama an Mai& INTSGRAla

Easton rivrtnom Fon COMPLEX ARGUMENTS

4000-es' wife (-is) e-a+ ijr

Aka) AP(e) MOO 111410 stw(s) Ag(s) 911419.00(0)
x42.0 x -11.1 242 st4.8

\ 21.
0.0. 0,01

064

tr" 1:14114 9.
0.153.74

1.8
01. 3:111141.11

11 te:
thig

tin3.5
1:1/ allUMW/ O. O. 101144

MB a.

0.0

0.
0.1

3
0.4

0.3
0.11

0.3

1.3
1.4

0.130757 0.001113 0.127113 1011944

st-2.6
o. 99

timsoo
0.13411/73 11.0

0.0117305
005007 mto

0.129010 0.0041101

a

oswoos karma

\".

Table 7.9

**eye(*)
1-14

o. o. so
o. 1 0.244478
0.05440 0.241406

0.04400 0441914
41$1 0. MTN

Os leh
76 9301

005814 1348

0.11141 0.11044314

11:1109142
ansou La
0.1.0.172510
Mill 0.10112111

0.10N94
1 wont

oon
0,1 309r B

mAUM

11.1)2010
O.M743

O. mama
0.1141W

0.12111 0.111440

0.1
O.

0.11

::11M 0.

0.116375 0.017227

st-11.9
0.809177

1100 7 20103
O. 8.081511 0.191744

IOW
19,141

O. 00.181618 -0. 0.117044

0.111$30 ts egm
1.4
L1.7 t I

C11 ISMS AM al

uistin twell
IMES Eat

u
111$36 83$ 0.1

1 .0-1

14.1 4005 Odr
7

$

441

74

o.

s.o all awns alms mom oatoo ammo 0.102767 0.810473

See fix M** 12-19. eloe-da+ o""21:40412

w(x -iy)-21162"2 KM bpi 2syy iRTV)

egt(i:9)-08 ollfe 4(1+0040-2411+ 0-14/6+41,11,01)

0.000444 0.040011



BUDD ON ANY 711138313114 INTIIGRAIA

Table 7.9 ERROR FUN

8618)-

411$1(1)

x 3.1
0.000067 0.193630
0.007234 0.193292
0.014338 1192376
1021250 0.190913
0.027929 0.188951

0.034328 1186532
0.040407 1183709
0.046141 0.180534
0.051509 0.177061
0.056901 0.173340

aw(s) 114(s)
x -3.0

0.0 0.000123 0.201131
0.1 0.007943 0.200742
0.2 0.019627 0.194669
0.3 0.023095 0.197980

0.030279 0.195732

0.037126 0.192984
0.4 0.043598 0.189798
0.7 0.049665 0.186239
0.8 0.055311 0.182368
0.9 0.060529 0.170;43

1.0 1065318 0.17/918
1.1 0.069685 0.169445
1.2 0.0716410.164866
1.3 0.077202 0.160223
1.4 0.080309 0.155531

1.5 0.083210 0.190880
1.6 0.083697 0.146136
1.7 0.047870 0.141640

. 1.8 0.089749 0.137113
1.9 0.091355 0.112667

2.0 0.092711 0.118317
2.1 1091835 0.124071.la 0.094748 0.119936

3 0.095467 1115919
2.4 0.096010 0.112023

2.5 0.096393 0.108249
2.6 0.096632 1104600
2.7 0.096739 0.101076
2.8 0.096729 0.097674
2.9 0.096613 0.094395

3.0 0.096402 1091236

y x-8.5
o.o 0.000000 0.168830
0.1 0.005)40 0368645
0.2 0.010633 1168102
0.3 0.015846 0.167212
0.4 0.020944 0465990

0.3 0.025897
0.6 0.030677 162633
0.7 0.033263 0160548
0.8 0,039637 0, 9
0.9 1043785 0. 55696

1.0 I 0.047698 0.1
1.1 0.051370 0.1
1.2 1094798 04
1.)
1.4 414:0641: iti

1.5 0.061637 0.
1.6 0.066116 0.
1.7 0.068374

1.9

2.0

2.2
2.1

2.3
2.6
1.7

3.0

2988
124

7133
038

0862

7628
14154
31058

0.070419 0.127755
0.072260 0.124460

0.07)908 0.121185
0.075371 0.117940
0.076666 0.114735
0.077796 0411578
0.078774 0.108474

0.079611 0.105431
0.000116 0.102451
0.080898 0.099538
0.081/66 0496696
0.021710 0.69/927

0.081996 0.091210

ON FOR COMPLEX ARGUMENTS

-on* (-ix) -x+iy
Hisv(s)

x 8.2
0. 0036 0.186704
O. 70 0.186421
0.0 223 0.185630
0.01 .39 0.184354
0.02 0.182626

0.03184 0.180484
0.037565 177970
0442983 75128
0.048083 0. 72003
1052854 0.1...37

0.057289 0.165 72

5750
1061387 61 9

53567
0.065151 O.
0.068589
0.071711 0.149572

0.074529 0.145543

1141g/16 1114766:
1081297 MS3495
1003044 0.129548

1111661 14.116116
0.086974 0410099

0007900
0.11444

1080657 0.110875
2

0.009259 0.107403
0.089719 0.104027
0.090050 0.100751
0.090263 0.097575
1090368 1094499

0.090375 0.091523

0.061114 0.169419
0.065350 1165339
1069216 1161145
0.172723 0.156872
0.075883 0.13250

0.078712 0.148217
o.onn9 0.143885
0.08)450 0.139581
0.085394 0.135335
0.087080 0.131146

9.084125 0.127031
1089749 0.123003
0.090767 0.119068
0.091597 0.119231
0.092255 0411303

0.092754 0.107881
1093110 0.104370
0.093336 9.100969
0.09)442 0.097688
1093442 0.094502

0.091345 0.091434

X-8.6
0.000002 0.163662
0.004999 0.163498
0.009952 0.167011
0.014841 1162211
0.019632 0.161111

1094297 0.199725
1028812 1158075
0.031158 040001
0.037316 0.1 66
0.041274 0.151759

0.043023 1149271

&MP 1.1:43:11
0.994 62 0.141014
105705 0418067

0.060491 0.135056
0.0629% 9.131999
0.069176 0,12n11
imam 1123812
0.069061 1122709

timm ::11211
&OVA 24:1141
0.071770 0407940

10.0/6664
0477430 11017 7
0.071074 0.09 1
0.078611 0.046247
0.079044 0.09,321

4,10(s) .114(s)

x3.3
0.000019 0.180302
0.006167 0.180061
0.012232 0.179369
0.018222 0.178245
0.0240)2 0.176715

0.029643 0.174808
1035022 1172560
1.040144 0.170096
0.044989 0.167184
0.049544 0.164132

0.053801 0.160886
0.057757 0.157480
1061413 0.153948
1064773 0.150320
0.067844 0.146623

07063 1142882
73158 0.139120

0. 75423 0.135357
0.

416
0.13 609

0.0 11 0.124214
10 82 0.120600

It0:61/1 0.111116
1085213 0.110153

1085905 0.106827
0.066458 0.101586
0.086083 0.100433
0.087190 0.097369
0.087391 0.094196

0.087493 0.091513

x-3.8
0.000001 0.158821 0.000001 0.154273
0.004645 0.158673 1004406 0.154140
1009339 0.158235 1008736 0.157743
0,013935 0.157513 0.013115 0.153088
1018446 0.196516 0.017370 0.152183

1012M7 0.155260 1021529 04131040
0.017U8 0.153760 0.020m4 0.149012
coup .0.152014 1029416 0.148094
1015195 0.190102 0.93)25) 0.146324
1030974 1147985 0.036861 0.144/80

1042965 0.145 3 0.040301 0.142219
0.

:14
159 0.1 741 0. 0415218

1043367 0.140039
0. 61 On 1137680
Oa 0.139316 O. 1132671

105793/ 0.112530- 0.054819 0.130054
1059968 0.129619 0.097179 1127184

1:110 9.05941
0.184.7f

1061174 0421935
1066058 0.1 47 0.w21, 0.119182

6.6143:151
0.064909 0.116425
10664 9.113673

0. 1.1 294 0.06 9.1409,3n 04OR18
72903 04 10 66 0403310

kg660:1
7 49 041 875

$ 0.1 60

n4
o.

o. 0.090160 0.073939 a

1079181 1090973 1076105 10110649

if y:.$ 0.481348 0.09990210 0.

" "iirm.rir-rtgligrt+ ,11v),<:rcC

If z .6orp.6 w(s)fii ° 0.05110686

686

090265

e(*)

00)1<10-0 *

Sa(s) .1,4)(0
x3.4

0.000010
0.005728
0.011394

01966
00..9226403

0.027670
0.032738
1037582
0.042185
0.046532

0.050615
0.054428
0.057971
0.061246
1064258

0.067012
0.069518
1071785
0.073823
0.075646

1077263
0.070687
0.079910

0
00..081921

81004

0.174362
0.174152
0.173342
0.172345
0.171181

0.169475
0.167455
0.165151
0.162596
1159821

045649
0.153730,

0.150490.147141
0.141717,

0.140
0.13673
0.1332
0.12969
0.1261

0.122723
0.119296
0.115919
1112602
0.109349

0.082690 0.106166
0.083324 0.103037
0.083832 0.100026
0.084225 0.097071
0.084511 0.094202

0.084700 0.091413

X

0.000000
0. 0041

008282
53

0.
0.012%8
0.016)89

3.9
0.149992
0.149871
1149510

11
0.1489 13

41088

0.020326 0.147044
0.024162 1145792
1027880 0 144146
0.031469 1142121
1034916 4.1409)1

0.038212 0.138993
1041392 0.136922
0.044328 0.134735
1047149 0.132440
049781 1130076

0.052260 11276))
0.054572 0.12513
0.09072e 0.1925
0.058701 9,120
1060540 0.1 422

0.062222 .114817
0.06/75 112212
0.0651 0.199614

0.
070I 0.111

536 04104469

4068371 0.101935
0.069414 0.0994))
04014161 0.096968
0407693 0.994343
107155 0.091162

0,072061 0.089826

0(4)j .2 x 10-6

'0.Oys 77.

i



N S.
1 1.43061 316
2 3. 24465 ell
3 3. 89974 103
4 3. 33546 074
3 3.76900137

fir79,57:tt34,1,7;;"

(

rt

BOOS PUNC111011 AND PRIONMIL 2111211011AL3

ZEROS OF ME ERROR FUNCTION 'Table 7.10

art 8,-0 en-an+ire
ON at

200 : 6 4. 3099 840
7 314 7 4.51631631 940

110 8 4. 797 031
3. 17 494 9 5. 158/6 791
4.06069 721 10 3. 0219 220

et weed ( -4)ert loert ( -11s) -6

- 6151 (e>0),

, .

From H. E. fisher, Complex mem of the Verret ("Won, J. Franklin Ind.
1965 (with permiedon).

N
0
1
2

4

1
2
9
4

tt COMPLEX ZEROS-411? PIESI4EL INTEGRALS

0.0000
1. 7427
1 6515
9. 3208
,..7s9

COO 0 Ja +bat

H(4) 4.a+sy

0.0000
0. $057

2529
2239

0.2047

0.0000
3.0393
2.0333
3,4673
4.0026

4.3611 0.1909 4.4742

(sa) '4( - sik) (8'04 -11414(i4) mikei( - isN) °eft( -011)-:(111) 0

0Na

71122114
tpd (*A

4.4)557 144
4.7 164
3.10150 804
3.4033) 264
3.6880)744

209411,

Table 7.11

0.0000
0.2806
0.2443
0.2143
0.2008

0.1077

MAXIMA AND MINIMA or PRESNEL INTEGRALS Table 7.12

N,- c(4+1)

O.

0. 5 n
0.56941)

me- 0(11O-71) 14- 114(4474)
Ms

0.321036
0.300389
0.404260
Q. 41m
O. 427056

0.423666

mi;+g:11110

ma

. O.
0. 15

600M
0. 420M6

0.374917 0.428877

0.367002 0.433039

1 1400)42-1
11144r giondree

,:svse
hem 0. N. Wats" A truths on the theory of Bowl hmetionAtd ed. Cambridge Univ.

Zoliblad 068 Ova
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Legendre Functions
Matbenuokailhoperties

8.1. Differential Equation

dlto dw
(1-$1 W-'211ai-flit(r+1).-.1--f-?110=g0

Notation

The conventions used are 2=x+iy, a, y real,
.and in particular, s always means a real number

in the interval -152 g +1 with cos Om: where
I is likewise a real number; and fat are positive
integers or son P and is are unrestricted except
where otherwise indicated.

Other notations are:

atF',,(2)
P4(a) for 2p3---4;:1p

&XX) for (-1)"P:(2)

T;(x) for (-1)V2(x)

'n(x) for (-1)* 919.17 P17(2)

IC(s) for PM, C:(a) for Q;(2) (as>1)

Of(o) for dwele)

(ms) for ail-1-4"an rr
Various other definitions of the functions occur

aa well as mixing of-definitions.

&la

.soiutione

(Degree r and_ order with singularities at
a.±1, as ordinary branch pointa7a, mkt.
teary complex constants.)

PM.), ego Asseelated.Legendre Functions (Spber.
tad Harmonies) of the First and flesond Dade*

lug (0± lesir RIO

(sc,. 1)0 (s - 1)40(s + 1)10

(For P;(a), 100, Legendre polynomials, me
chapter

8.1.2

11(11)=FU-74) "'PP° P
1 rit÷r N.( +1.1 .1-$)a ":

a 1-4K*
(For F(a, 6; o; a) see chapter 18.)

8.1.3 e(s)=0*-Nre 1--,-1311-(4- +1 s-ris-4(0-1)eq(1-441 §+i+2, riT p) (1:1>1)
1 e. . 1

1'0+.
Alternate Forms

(Additional forms may be obtained by means of the transformation formulas of
geometric function, see (8.1),)

(i-54+i--121; 1;81) IP(i-;""i 14-i-ti; ss

8.1A P;(2)=2024 (a' -1) 40

r 07;1) r (14-i'S) r as+H) r (7"Pfl)

8.1.5 P:(s) 2"-lf-tr4-1-41"+"-s Pe+F--t, 1-42e; r+hz-*)00-01a2r(-P'0) 2 2 2 2 2 2

21` role+8,..) (1.11 gr)

e..100(s)..r(l+r+0)11-0)(s-1)10(s+1)-1,
1 -a)

F Pi 0; -r2r(1+1,"'"/
1

+ras r(µ)(8+1)6/61'"1)-I.,("*P. 1+P; 1,-0;10

the Wet-

(101<i)

(18-11<l)

(11el<2)

The functions YVO, 40er P:(eos I) milled surface harmonies of the first kind, taneral for w<* and sestoral

to rim e. With 09 Str, 0 S S2v, they are everywhere one valued and eontinuous Notions on the meta. of the
unit sphere se+ ye+ 10- I where stools 0 we w ymeln sin and imam s.

-1M--"Irsw
332 341



.1.7 0-40421,1e)=020(0-1) -so

",': '8.1.8

MINORS mown }'

refit)
2r (iti-0

Ar (+1+) 011.4.-.)

r
1-4444; zi) (101<1)

*qv 4.-"17("isi 28" al)

Wroskiaa

,....,s,l0++2\ triltp)"" k) r k
ifilPt(s), !r -"+2)

r (t-"-J*1)
2

8.1.9 W (P.(a), Ws)) (10-1)-1

ILL Relations Between Legendry Functions

Negative Degree

8.2.1 Pe,s(3)=P;(41) ;

8.2.2

Qt.-1(3)=1 f Teo cos vviai(z)

+O(a) sin (141+,01)/lan (flir-41

Negative Argument (lx%0)
8.2.3

Pg- 414"'"Pgs)72r. 41-4' sin IT0+1410(8)

8.2.4

8.2.3

P;12)=;((.-4)) [Pi(s)-. s-40 sin (0)Q;(s)

8.2.6 Q;1(2)..fte-14" rrIvv-+:44,11 42:00

Q:(g) ....406.(0($)

Negative Order

Degree a+ i and Order r+ i

ih0
87 P:":1(011)114)"1111;17Q1)
8.2.11

Q31 ((stsoui)

--i(40"'n-v-4 (0-1)"4:wP:(8)
8.3. Values on the Cut

(-4(a<1)
8.3.1

Pt )=*".Pgs+i0)+41101P;(*-i0)1
ellie II ,

.ti ' P

(Upper and lower signs according as ACP.)

8.2.2
t(x).044P;(xii0)

8.3.8

8.3.4

e:(4-44-41104welx+i0)+00414-7imj
(Formulas for P; (x) and Q: (x) are obtained wit
the replacement of s-1 by (1 -x)s±'', (0-0 by

-21)emr, 2+1 by x +1 for a=x±i0.)

-0.'Q lx+io)
06q2:(a -0)1

8.4. Explicit Expressions

(x=seoe 0)

Po(s) Po(x)=1

Qe(4.11n (P-)

=Me, 1;1;49
8.4.3 131(s)., Ps(x) =x =cos

8.44
(10311 In C4:1Y 1 Qi (X) =11 In (II-21)-1

8.4.5

,PI(a) = 4(3.1-1) 4(3.'-1)
.4(3 cos 28 +1)

$214.)=1 .

(31n in

8.4.6W ns) =sis) in (82E\2
3.

8.5. Recurrence Relations

(Both 11: and e satisfy the se;Me recurrence
relations.)

Varying Order
8.5.1
Pr's(s) o (0- 1)- e( 0-M) 0'gs)- (0+ ii)Pe-1(1)

342,



334 MINUS FUNCTIONS

8.5.2

(0-1) 0+1(r -16+1)(11-1)111-1(1)

NstPgs)
Violins Dave*

8.5.3

(r-0 + 1)P: o (s) = (2r+ 1)2P:(8)(P+0)/t -s(8)

(s).844 (0-1) -----sorsn(s)(r-f 1s)Pti -1(s)

Varying Order and Degree

8.8.5 +1(s).. It -1(4-1- (2r+ 1) (31 1)iir ' (s)

8.6. Special Values

2.0
8.6.1

P;(0)

=7"e1 cos i4ir(r+o)ir(iP+ii++4)/r(IPIp+1)

8.6.2

Q;(0)=4

20-40 sin Iiir(p+16)11(iP+io+ i)/r(IP ish+ 1)

8.6.3

reiP:(41
L-31-1.01122

2°1+110 sin Iii(P+41 r(P+10+1)/r9P-4p+4)
8.6.4

L dr lase
24i cos 1(1,4-1,4+1)/T(fr-4,4+4)

8.6.5
vor Op+ fu+ 1)r Or+ fro+j)w{P:(:),Q:(2)}s-o= ropipi-ordpii4+4)

8.6.6

8.6.7

m=s1===1, 2, 3, . . .

P:14 = (ss 1)1.
)

&PIO)
P:(2)

q:(2) (ssoe

Q"(z) 091 opm 0(2)
0- ± I

8.6.8

Ii(g) (10 1)-420 -"ifIs+ (0 Out"
+Is+ (10.1)!1.1"-t

'Soo pip IL

8.6.9

P:1(2)=0)" (8127,141/4 12+(s8-1)1nr1

is+ (SI 1)9 P-1)

8.6.10

Qi(s)824(4014(111-1)" 1/13+ (a' -1)1/9"-e

8.6.11

(4440= i(2w)lis (0-1/1z-F(0-1)09-"1 *

8.6.12

Mow 0)=(0)-1 (sin 0) -4 00. i(r+4)01

8.6.13

0(ccs = (0)1 (sin 0)4 sin i(v+00)

84.14

P;I(ess 0=(0)-4(P+0-1(sin 104 sin Ri+4)01

8.6.15

e1(0080)=(21r) 1(2P-1-1)-44in WI 00e 10+001°

8.6.16

8.6.17

8.6.18

$0=1,

2-,(0-1)*
" Zig= r(r+i)

2"(sin1IP
P; '("s r(p+15

0=0, r.in

(Rodrigues' For mauls)

1 Os OS 4r
IsmiN de

8.6.19 Qn(s).4. P,,(x) In 11-1'Vis-i(s)

where

2n-1 P-s(s)

2n-9 Po-i(X) +

t ni P1-1(0..-e(4

W-1(s)=0
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LEOZNORE FUNCTIONS

r =0,1

84.20 reken =22 In (cos ia)
UP .0

84.21 ner°---111°1.0 tan 40-2 cot i0 In (cos 49)

8.6.22 ur tan j$ sin' 30+sin 01n (cos it)
.1

8.7. Trigononsetric Expansions (00.0)

8.7.1 h(cos 0)=r-u220+'(sin /W 644.:i(vv++116+1)4 sin [(p+0+2k+1)0]

8.7.2 Q;(cos 0),"12.(sin 9). 1-V+11)1 Gs+tv(P++114+1)* cos [(o+A+2k+1)81

8.7.3 P.(cos 8) n-r----21(42:+(1111; [sin (a+ 1)0+212:--"c!3 sin (a +3)8-1-1: (g:++13))((2114++2)5) sin (n+3)9+ . .

8.7.4 Qq(cos 0):=2;71+-4-,t(111));[cm (n+1).+21.1f (n+3)0+ 21 (2n+3)(2n+3) cos (n+5)0+ . . .]
1.3 (n+1)(n+2)

8.8. Integral Representations
(a not on the real axis between 1 and )

8.8.1 11(2).= r (2: taz$)14,.
o

t)-.-.1(sinh 02 4.1di

8.8.2 e(i)==e;701+1;2i;$ rrros_+:441 (0-1) Is f °is+ (e-1)e cosh t1-0-1(sinh frodt (gi(v±m+1)>0)

8.8.3 Q.(a)=4f (af)-1 df = (-1)1P q.1 a)

(For other integral representations see (8.21.)

8.9. Summation Formulas

8.9.1 (E z)(2m+1)Pas(a)Pgs()= (n+1)1/1.4.1(1)P.(8)Pe(f)Pa+,(41

8.9.2 (k--4.*.0(2m-1-1)Pm(4Q..(1)=1(n+1)1Po+,(10Q4Po(Ogo+i(01

8.10. Asymptotic Expansions

For fixed z and It and 5pµ --"0, 8.10.1-8.10.3 are asymptotic expansions if a is not on the real
axis between (a and 1 and +a) and +1. (Upper or lower signs according as .11. arc0.)

r(p+0+1)1(mP) fe+1\i" sin brn. [r p+1; 1+a; 4+4.)
861" 114) fr 01+ 1) kiLli

sin nt 04, rly r +1; 1+0; 4140]"..gus pi 1+1

130.2 eVt/9-!=iieg..
iz+1\10

11(0+1) \si) r(0-4 [F(v, v+1; 1 +µ; His)

\
, e,'.., e,'.. 0).. F( r, .+1; 1+0; e" a)

\ .
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336 LZOICNDRIC TUNOTIONB

8.10.3
Q;°(*.e-1°21rIelledv1+(7)°)) (111-.1111° r+1; 1+ m; 4-42)

01)-* F(--P, 141; 1+0; i+118)]

With 0 replaced hy--.714, 8.1.2 is an asymptotic expansion for P; "(a) for fixed a and v and GI 0-yo
if a is not on the real axis b4tween -. and -1.

For Axed a and # and ab-, 8.10.4 and 8.10.6 are asymptotic expansions if a is not on the real
altia between -0 and -1 and +0) and +1; 8.10.3 if a is not on the real axis between -0 and +1.

8.10.4 P:(3)=(210-4(0-1)"" r(P4*4.1) lis+00-1)4reni+o, 4-#4; 4+v; s+-1-12211-1)4r(v+i)
+24'+ie-418(0-1)*Ir4F(i+o,io;11-1-F;

8.10.5 (e(z)=e10(0)1(0-1)-114 11(r44.1 Ia-(44-1)11 "Ri-l-s 4-Ae4+P. :"--r-z+(s2-1)1)r(v+E 1 1 242-1),

8.10.6 Qt.(z)=e441(1041-1)"" r(o14-0 r
sin 1.10_0) r( µ) 1COB PT[S+(21-1)/1"/F(i+0,1-0; 4 +';3W)

4-iSI" COS idri2-(0-1)111-1F(4 -1-0 4-0;4+411(aif:1)P)}

The related asymptotic expansion for P.1.,(z) may be derived from 8.10.4 together with 8.2.1.

8.10.7 Pgeos 8) (er in 0-4 cos Rp+ 4) 8-1+11+0(v-1)

8.1" We°8 =11(1',(+4-4.)1) (2 Lid c" ((V+ i)e+1+71+°(P-I)

For other asymptotic expansions, see [8.17] and [8.9].

8.11. Toroidal Functions for Ring Functions)

(Only special properties are given; other properties and representations follow from the earlier
sections.)

8.11.1 it i (cosh n)=113.(1-m)1-'210(1 e-19-4 ('+IIIR 1-m, 4+v- µ; 1 -2µ; 1-s-191

r(n+m+i)(.inh ,y4 (sin 0)''''d4,
r(n- e)r-fir(m+i) je (cosh 11-1-cos to sinh syr+4+4

8.11.3 (4_4(envh 11).1 ro -fol-Ivielor(i+v+m)(1e-h)se-4+01(4+0, +14m; 1+P; Ch) *

af,

cosh mt
8.11.1 _I frosil 20 (-1)"r(n+1) r (n >et).

t'04.141+0- Jo (cosh s+cosh t slab Itr+1

'Pro pep it.
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Lams Dam FUNCTIONS

0.12. Conical Functions

(P4pokfras0), Q iob(ess

(Only special properties are given as other
properties and representations follow from earlier
sections with rims 4+4 (A, a real parameter) and
sows 0.)

8.12.1
4M+ 11

11,4+0 (cos 0) °I 1 + sin
s

§

+ (03+1') (4M+3') 0

241 sin -2+ . . (050<w)

8.12.2 P..14,,h(cos 0) DP-1_0(cos 0)

8.12.3 P..1,,h(cce
cosh Akit .

w 2 (cos t cos 0)
*12.4

cos Mdt
Q-1.4 O(008 m f i sinh

2(0086 1-1-cos

cosh Atdt+ litt:-cos
0)o

8.12.5

P -44o( --ow 0)

coal,
kir1Q-e+o(cco.0)+Q-t-aces e)i

8.13. 1Relittion to Elliptic Integrals
(see chapter 11) WOO

114(,)-!a K (Arr)8.13.1

0.14.1

8.14.2

8.14.3

8.14.4

8.14.8

8.14.6

11.14.7

8.13.2 cosh ;] IC (lNth

8.13.3

8.13.4

0.13.5

K ( 4-741.1)

Q-,(cosh 0=20-0Me-)

! (1 +1s 'Awn (s+0-1)1E1sS1 /
8.13.6 Pi(cosh 1).-

2 enE(11----)

0.13.1 (a)
12(s+1)PE

1+1 (-10<l)
8.13.8 P _1(44 IC

8.13.9 P...(cos 0)415 (sin ;)

8.13.10 Q-0)=K(/17+-8)

8.13.11 Pi(s)®![2E (IR)J

8.13.12 Qi(x)i=K (1121F1-2E(144--i)

8.14. Integrals

P,(x)C2)(4=((pr)(04- r+ Or.
4

OgSgh(S)dS= R/1"-'14 (0+ r+ 1)MP-1'0#44M

I(Ms)rds= (2r+ 1)-110*(a + 1)

.11 *

2-2

0P.(s)P Wf 1(0-4(o+r-1-1))-' (2 sin wrsin rp(#(r 4-1)-4(p+ 1)1+ w sin (rpri) }

U.+ V+ 1 06

(91p>gr>O)

(R(0+6-1, 0+14100;
.ppl 1, 2, 3, . . .)

(ifb>i)

61.11 wr)3#'(.4-1)
Irt(r+

Q (s)dx=1(0.)(14 0+ Orit(*(V+ 0'4(0+1)1[1+M cos is sin Ow_
*

ri
j_itixoopds-(2p+1)-1(igse(r +1)11+40apoi)

'Sep PIP n.

(o+p+ 1 00; r, pad 1, 2, 3, .
Opt 2, 3, .

346



1,,,,Tiv;77,',,,r57,7;trfr), ,rfq

888 liG12102X 7tIN(71110W8

8.14.8 1.1.0)e(a)damii0-4(o+P-4-1))-1 {1008 (Pr""PW) 2 sin 11. COS

(SPX a,>0,
8.14.9 r1ll.(2).(x)da.14(2,4-1)-a sin 2vel. 041) (irti>0:

(Int nt 1 positive intafins)

8.14.10 8.14.11 rp:Wrivw(04-0-100+mMe-1101
r$
j_iesooProxs-a(-1)4;V-1: I-V141 8.14.14 .

8.14.11 J.' Elmopluda.0 (i on) fa.(1 0)-IP:MVx1=01-1-NsWes(sns),

8.14.15
8.14.12 CP:(2)/31,(a)(1-0)-kisw.0 (5$ on)

1.14.16

10 1421)mb.rb+ip-1141I1P+1,4-11)

(111P>--1)

2-00(k+Mr(eabs)f: (sin 01-11tqcos t)dgmr(i+ia.f.mr(0ip)r(.04jr+i)r ir
8.14.17

f I1),(sXdar
I

5.14.11

f.27.(s)=(-1).(s-1) -ea f
1r

For other integrals, see [8.2), 18.4) and chapter
22.

00,( cosi)

Flown 81. PAOXIO. *-0(03.

k, 347

(91(a sa) >0)

Puma 8.2. Pito. *wow*
t
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1.6

1

."111x

.
-10

run= 04 Q.(8). elm40(1)14

.11 3 4 e 6 7 10

Plena 8.8. Q.(m). son0(1)8, a>1.

Numeriesil Methods

8.15. the mud &tangos of the Tables
Casigenallea el Pe(s)

F ell volute of e there le very little lose of
sigoilleefit figure (except at gene) to wing the
reeurrenee /elation 4.11411forintreesing velum of n.

ikeemple 1. ComputePde) fora-111418 92654
and x-2.8 for sass2(1)4.
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77,175aRtWAI 3'e'77WATPt7,f7a77:::.;

340 MIND=

P,,(14111 92484) P.(2.8)
0 1 1

1 .31415 22654 2.8
2 -.35195 59340 9.64
3 -.39372 32064 40.04
4 .04780 63122 174.982

. .34184 27817. 786.74336
6 .15729 86975, 3404. 330016
7 -. 20123 so* . 16729. 51005
8 -.25617 29328 78402.65522

(imputing PA(x) using Talrh 22.9 carrying ten
significant figures, P.(.31416 92654)1.2-.25817 2933
and Po(2.6)e78402.55526.

CAaspatatiaa Qa(o)

For x<1, use of 8.11.3 for increasing values of n
leads to very little loss of significant figures.
However, for 01, the remrrenes relation 8.5.3
should be used only for -decreasing velure of *
after having first obtained Q. using the formulai;
in terms of hypergeometrie functions.

Example 2. Compute Q,,(x) for pas .31413 92634
and simi0(1)4.

With the aid of $4.3 and 8.4.4 we obtain
4(.10414 92814)

0 . 32615 34813
1 -.89793 00212
2 -.58567 95933
3 .29190 80854
4 :59974 26989

Using the results of Example 1 together with

8.6.19. we * Q4(x) W4(x)ln (1-4-1)-04.)

where Wei Pr44 Ps, giving Q31415 92834)=
.39974 26989.

sovranolgo

Example 3. Compute (Mx) for a-2.6.

T e n t a m s in the series for FeV/ Pp; .4 p
of 8.1.3 are nectuary to obtain nine significant
figures giving Q,(2.6) em4.8182 4468 X10-4. Using
8.5.3 with increasing values of n carrying ten
significant limes we obtain

0
1

2
3
4
3

9142.9)
. 40548 51081
.05420 928
.00868 384
. 00148 93
. 00026 49

00004 81

where Qo and Q, are obtained using 8.4.2 and 8.4.4.

Cankladatien Piki(s), ergs)

For all values of x, P,61(x) and Q,,,a(x) are
easily computed by means of 8.13.

Example 4. Compute Q-1(x) for x2.6.
Using 8.13.3 and interpolating in Table 17.1 for

K(4),-we find a

(C)...2171,

(.74835 39926)(1.9064 1417)

=1.41933 7761.

On the other hand, at least nine terms in the

expansion of F(1.4P, PT; p-1-1; of 8.1.3 are

necessary to obtain comparable accuracy. s.
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0.70 2.17500 0.75250 00 2.05168 4 4.15678 18
0.71 2.28075 0.93.44 25 1.39897 66 4.03808 45
0.72 2.38000 1.151,4 00 , 1.09043 73 -.., 3.82364 72
0.73 2.49679 1.93279 75" * 0.53008 28 3.50693 03
0.74 2.60700 1.54142 00 - 0.0667 36 3.08626 20

tg 2.71M
2.03200 .98

1.73114 25
1208 00

- 0.72287 14
- 1.39984 9$

56116
12..93351 2496

0.77 2.94675 2.21432.73 - 2.09708 32 .1.20791 71
0.71 3.06300 2.45466 00 - 2.80201 52 '' + 0.39215 05
0.79 348075 3.70318 25 - 3.49987 45 - 0.50239 96

0.80 X 30000 2.96000 00 - 4.17348 81 - 1.46023 77
0.81 .. 3.42075 1. nut 75 - 4.80308 26 - 2.4.122 91

109.1
0.

3.54 00
X 66675
X 79200

VIC; 21
4.01232 00

-.5.36607 64
- 5.8361610
- 6.18657 15

- 3.41002 97
- 4.4014721
- 5.43990 91

0.83 3.9111, 4.9 .75 - 6.31285 68 - 6.2110,91 0
0.06
0.87

4.04n0
4.17673

4. n _ 6.38961 06 - 7.0051 07
- 6.16672 97 - 7.50140 99

0.88 4.3M 5.325 6 00 - 5,66983 23 - 7,72711 51
0.09 4.44075 0. 66195 75 - 4.84997 54 7.581103 90

0.90 4.0500 6.00750 09 3.68315 19 - 6.98312 79

0.92
0.93

O. 91

4.98675
tali: 6,56249 25 .' - 2:021i 73

6.72704 00 + 0.111_ 20 - L98006
- 5.82184

7.10114 75 24144 18 - 1.32194
0.94 5.1370 7.41622 00 661603 35 2.29628 14

0,934 L 2075 7.$79% 25 10.24403 70 7.0470 58

0.91
5.41;900.96 ' 0.1U0 00 15.14351 59

0.90 1".111P 0.12006 00
8.69677 75 20.93987 66

27.79100 16 30.04600 25
ikitilli OF

0.99 0.0075 9.53523 25 35.77086 17 41.38561 43

100 t. 6.00000 10. 00000 00 45.00000 00 55.00000 CO

VII [(19 [(12] V-Pi
Pio-1(-8+1521) no -; (-60+1400)

PIO) alAI (120-55400+800100-7201200+4018000

Pigs)alglii 011120-4104800+21421000-3O06400+18475600)

10.0644 10.00-11***(4)

354



Table 8.3

MENDEN FUNCTIONS

LEGENDRE FUNCTION-SECOND KIND Q,Ass)

Qs(x) 49(x)
0.00000 000 0, 66666 667 -0. 40634 921

- 0.01999 867 0. 66626 669 -0. 40452 191
-4 03998 933 0. 66506 699 -0.39905 538
-0.05996 399 0. 66306 829 -0. 38999 553
-0, 07991 463 0, 66027 179 -0, 37741 852

0,00
0.01
0, 02
O. 03
0. 04

0. 05
O. 06
0, 07
0, 08
0. 09

0,111 0
0.
0.12
0.13
0.14

0.15
0.16
0.17
0,18
0.19

O. 20
0, 21
0, 22
0. 23
0.24

0.25
0, 26
0.27
0.28
0.29

0.30
0.31
0.32
0.33
0.34

0.35
0.36
0.37
0.38
0.39

0.49
0. 41
O. 42
0.43
0.44

0.45
0.46
0.47
0,48
0.49

0. 50

Qe(x)
0. 00000 000
0, 01000 033
0.02000 267
0. 03000 900
0, 04002 135

0. 05004
0, 06007 216

173

0.07011 467
0, 8017 133

09024 4190.
0

0.10033
0. 11044 692

535

0.12058 103
0.13073 985
0.14092 558

0.15114
0.16138
0.17166

2666690.18198
0.19233 717

0.20273 255
0, 21317 135
0. 22365 11
0: 23418 '9647
O. 24477 411

0. 25541
0. 26610 841

281

0, 27686
0,28768 207

382

0.29856 626

0.30951 960
0, 32054 541
0.33164 711
0. 34282 825
0. 35409 253

0, 36544
0. 37688 590

375

0.38842 310
0. 40005 965
0. 41180 003

0. 42364 893
0. 43561 122
0. 44769
0. 45989 668

202

0. 47223 080

0, 4847
49731

0
O. 129

028

0.51007 034
0.52298 428
0.53606 034

O. 54930
2
614

r(-5)
5 .1

- 1.00000
-0. 99990
-0. 99959
-0, 99909
- 0.99839

- 0.99749
-0. 99639
-0. 99509
4. 99358
-0.99187

-0, 98996
-O. 98785
-0.98553
-O. 9830
-0, 98027

-O. 97732
-0.97417
-0.97081
- 0.96724
0. 96345

-0. 95945
- 0.95523
0.95079

-0. 9
-0.

- 0.93614
-0.
-0. 929352

-0.
-0. 91391944

-0. 90714
-0.90063
- 0.89387
-0. 88686
-0e 87960

-0.87209
-0, 86432
0.85628

- 0.84797
-O. 83939

- 830540.
-0, 82139
-O. 81196
-0. 80224
-0. 79221

- 0.78188
- 0.77123
-0, 76026
-0, 74896
-0. 73733

- 0.72534

Qs(x)
000
000
995
973
915

7
567

91

629
802

647
084

28
0 3082

042

893
813
667
31
594

2

349
240

6566
04613

42
125 421

680
081

4 677
181

590241 78

412

293
092

866854

469
108
345
73$
799

043

939405

845
443

487
681
694
755
044

693

C(

)41
6 J

-0. 09983
-O. 11971
-0, 13954
-0.15931
-0.17902

- 0.19866
21821

-0. 23768
0, 25705-

-0, 27631

4, 29946
31449

-0. 33339
- 0.35214
4, 37075

-0. 38920
-0, 40748
-0. 42559-0.44351
- 0.46123

-0.47876
-0.49607
- 0.51315
- 0.53000
- 0. 54661

- 0.56297
- 0.57906
- 0.59488
4, 61041
-0. 62564

-0. 6405.7
65517
66944

- 0.68337
-0.69694

-0.71014
0 .72296

- 0.73538
-0. 74739
- 0.75897

.4. 77012
-0.78080
-0. 79102
-0.80074
44.80996

169
321

199
602
563

264
885
596
567
958

923
610
158

353
699

439
232

062
180
857

145
081
68
962

5

900

466
608
256

662

159
633
887
690
784

872
624
67
600
958

243
904
336
877
804

0. 65667 917
0. 65229 261
0, 64711

4
475

0, 6411 873
0. 63439 817

0. 62686 720
0. 61856
0, 60948 204499
0. 59964 048
O. 58903 905

0. 57768 532
0. 56558 646
0. 55275 016
0. 53918 465
O. 52489 868

0.50990
0. 49420
0. 47701
0.46074
0.44300

0.42461
0.40557
0. 38591.
O. 36562
0. 34474

2)27
00.. 330123
0.27864
0.25551
0. 23187

0. 2E772
0. 18310
0.15802
0.13251
0. 10658

0. 08026
0. 05357

+0.02654
-0. 00080
-0, 02843

-0.05633
-0.08446
- 0.11299
4. 14128
-0. 16992

155
314
388
476
738

719
9

80519

467

542
647
459
723
261

970
825
883
285
256

264
117

221
418
939

524
239
034
732
027

- 0.36143
-0. 34216
-0. 31978
- 0.29448
-0. 26647

-0. 23599
-0. 20330
-0.16869
4.13245
- 0.09491

0.05638
0.01721

+0.02223
O. 06161
0,10057

0.13874
0. 17577
0.21130
0.24499
0, 27652

0.30556
0.33182
O. 35502
0.37489
0.39122

O. 40380
0.41246
0. 41705
0.41749
O. 41371

0.40567
0.39334
0. 37693
0.35638
0. 33189

O. 30363
0. 27184
0.23679
0.19877
0:15815

0.11531
O. 07067

+0.02471
-0. 02210
-0.06923

026
562
750
565
538

595
891
61
792

6

050

395
959
260
670
361

345
093
.336
861
557

765
571

746
089

551

351

822
981

084

12
336
227
546
317

867
811
006
461
208

136
773
030

897
100

Qw(x)
0. 00000 000

-O. 04056 181
- 0.08068 584
- 0.11993 860
- 0.15789 513

- 0.19414 321
- 0.22828 745
- 0.25995 321
-0. 28879 038
-0, 31447 701

-0. 53672 259
0.35527 122

- 0. 36990 435
-0. 38044 330
- 0.38675 142

-0.38873 587
-0.38634 905
- 0.37958 962
-0. 36850 308
-0.35318 198

-0, 33376 565
- 0..31043 947
0.28343 378

- 0.25302 221
.441951 969

- 0.18327 994
-0.14469 251
- 0.10417 949
- 0.06219 173
-0.01920 468

+O. 02428 610
0, 06776 "979
0. 11072 534
0. 15262 723
0.19295 076 ,

0.23117 811
0. 26680 432
0. 29934 .337
0.32833 437
0. 35334 774

0. 37399 123
0. 38991 596

0.
40082

4210. 40646 77
8

0. 40665 845

0. 40128 259
0.39028 551
0. 37368 827
0.35158 779
0. 32415 933

- 0.81866 327 . -0019865 477 11616
6303

0.29165 814
r_ity9 [(lig]

Qo(r) a I In al 41(r).. ; Inal,
Qi(n)-'4-11n(11-T

rai 2Qa(z) I. 4 (50 -8) In (I+1 -2+A

(16+1)Q. 4. I (a) "1 (2n +1)44(x) - isQ$ - 1(4

(10(z) aretanh r (Table 4.17) is included here for eompietenam.
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yoliveRz mums 347.

LEGENDRE FUNCTION-SECOND KIND (Mst)

Qo(x) Q1(2) Q2(n)
0.50 0.54930 614 -11,12534 693 -0. 81866 327
0.51 0.56272 977 A. 71300 782 - 0.82681 587
0.52 0.57633 9_75''-0, 70030 333 - 0.83440 647
0.53 0, 59014 -0.68722 307 - 0.84141 492
0.54

,516
0. 60415- 560 - 0.67375 597' - 0.84782 014

0.55 0..61838 131 -0. 65989 028 - 0.85360 014
0.56 0.63283 319 - 0.64561 342 - 0.85873 186
0.57 O. 64752 284 -0,.63091 198 - 0.86319 116
0.58 0. 66246 271 - 0.61577 163 . - 0.86695 267
0. 59 0.67766 607 - 0.60017 702 -0. 86998 970

0.60 0.69314 718 - 0.58411 169 -0.87227 411
0.61 0.70892 136 -0. 56755 797 - 0.87377 622
O. 62 0. 72500 509 -0. 55049 685 - 0.87446 461
0.63 0.74141 614 - 0.53290 783 - 0.87430 597
0,64 O. 75817 374 - 0.51476 880 -0.87326 492

0.65 0.77529 871 - 0.49605 584 - 0.87130.380
0.66 IL 79281 363 - 0.47674 300 - 0.86838 239
0.67 0.81074 313 -0. 45680 211 -0. 86445 768
0.68 0.82911 404 -0.43620 245 - 0.85948 352
0.69 0. 84795 576 - 0.41491 053 - 0.85341 027

0.70 O. 86730 053 -0.39288 963, -0, 84618 438
0.71 0.88718 386 J-0. 37009' 946 - 0.83774 785
0. 72 O. 90764 498 - 0.34649 561 -0.82803 775
O. 73 0.92872 736 -0. 32202 902 -0.81698 546
0.74 0.95047 938 - 0.29664 526 -O. 80451 593

0. 75 IL 97295 507 - 0.27028 369' -0. 79054 669
IL 76 0.99621 508 - 0.24287 654 -0. 77498 679
0, 77 1. 02032 776 -0. 21434 763 -0.15773 539
0, 78 1. 04537 055 -0.18461 097 - 0.73868 011
0.79 1. 07143 168 -0.15356 897 -0. 71769, 507

0.80 1. 09861 229 -0.12111 017 - 0.69463 835
0.81 1.12702 903 -0. 08710 649 - 0.66934 890
0.82 1. 15681 746 - 0.05140 968 - 0.64164 264
0. 83 1.18813 640 -0.01384 678 - 0.61130 745
0.84 1.22117 352 +0.02578 575 -0.57809 671

0.85 1. 25615 281 0. 06772 989 - 0.54172 080
0.86 1.29334 467 0.11227 642 - 0.50183 576
0.87 1.33307 963 0.15977 928 - 0.45802 786
0.88 1, 37576 766 0. 21067 554 - 0.40979 212
0.89 1. 42192 587 0.26551 403 -0. 35650' 171

0.90 1.47221 949 0.32499 754 - 0.29736 306
0.91 1.52752 443 0.39004 723 - 0.23134 775
0.92 1. 58902 692 O. 46190 476 - 0.15708 489
0.93 1. 65839 002 0. 54230 272 -0. 07268 272
0.94 1. 73804 934 0.63376 638 +0. 02458 593

0.95 1. 83178 082 0. 74019 178 0.13888 288
0. 96 1. 94591 015 0.86807 374 0.27707 112
0.97 2. 09229 572 1.02952 685 0.45181 370
0.98 2. 29755 993 1.25160 873 0.69108 487
0.99 2.64665 241 1.62018 589 1. 08264 984

1.00 co to to

Table 8.3

Ws) Q,(x) Qio(g)
-0.19865 477 -0.11616 303 +0.29165 814
- 0.22745 494 -0.16231 372 0.25442 027
- 0.25628 339 -0.20711 759 .0, 21286 243
- 0.28510 113 - 0.24999 263 0.16748 087
- 0.31386 748 - 0.29035 406 0.11884 913

- 0.34253 994 - 0.32762 069 0.06761 470
- 0.37107 413 - 0.36122 172 +0.01449 441
- 0.39942 362 - 0.39060 386 - 0.03973 144
- 0.42'53 983 -0. 41523 901 - 0.09422 630
- 0.45537 186 - 0.43463 218 - 0.14810 594

- 0.48286 632 -0. 44832* 986 - 0.20044 847
- 0.50996 718 - 0.45592 864 -0.25030 577
- 0.53661 553 -0.45708 410 - 0.29671 648
- 0.56274 938 -0. 45151 989 - 0.33872 031
-0.58830 338 -0.43903 693 - 0.37537 391

-0. 61320 855 -0. 41952 271 - 0.40576 815
-0. 63739 196 -0. 39296 048 - 0.42904 673
- 0.66077 634 - 0.35943 834 - 0.44442 606
- 0.68327.969 -0.31915 810 -0.45121 636
- 0.70481 480 -0.27244 363 - 0.44884 377

-0. 72528 d68 -0.21974 878 - 0.43687. 329
- 0.74460 199 - 0.16166 443 -0.41503 236
- 0.76264 823 -0, 09892 467 - 0.38323 471
- 0.77931 296 '- 0.03241 178 -0. 34160 431
-0, 79447 280 +0. 03684 .038 -0.29049 884

-0. 80799 424 0. 107641474 - 0.23053 218
-0. 81973 225 0.178661149 -0.16259 543
-0, 82952 866 0.24840 151 -0. 08787 565
-0. 83721 016 0.31523 '275 - 0.00787 146
- 0.84258 586 0.37739 063 +0.07559 560

-0, 84544 435 0.43299 312 0.16037 522
-0. 84555 002 0.48006 146 0.24398 961
- 0.84263 849 0.5]1654 781 0.32364 357
- 0.83641 078 0.54037 123 0.39624 661
- 0.82652 589 0.54946 418 0.45844 913

- 0.81259 0.54183 191 0.50669 726
- 0.79414 886 0.51562 828 . 0, 53731 190
-0, 77065 91 0.46925 273 0.54659 757
-0. 74147 880 0.40147 508 0, 53099 253
-0. 70582 '022 0. 31159 776 0.48727 156

-P. 66270 962 0.19967 037 0.41282 291
go. 61090 890 +0. 06677 934 0.30602 901
-0. 54880 000 -0. 08454 828 +0.16680 029
- 0.47419 336 - 0.24975 925 - 0.00265 428
- 0.38399 297 -0. 42137 701 = 0.19666 273

-0.27356 330 - 0.58752 240 -0.40421 502
- 0.13540 204 - 0.72921 201 - 0.60564 435
+0.04408 092 - 0.81464 729 - 0.76587 174

0.29436 613 -0. 78406 452 -0. 81720 735
0.70624 131 - 0.48875 677 -0. 59305 105

co to oo

410(z) .1 In (11 Qi (4- i In ell-1

q2(z)74--"4 71 In (11- ?I Qs(x) 7: (Be -a) In ril-T+1
(n+1)(is+I(x) ... (2n+ 1)Aio(x) - 44o- 1(43 56



348 LEMUR TUNOTIONS

Table 8.4 DERIVATIVE OF THE LEGENDRE FUNCTION-SECOND KIND (K,(x)

0.00
0.01
002,
0, 03
0.04

0.05
0.06
0.07
0.08
0.09

0.10
0.11
0
0.13
0.14

0.15
0.16
0.17
0.18
0.19

0.20
0.21
0.22
0.23
0.24

0.25
0.26
0.27
0.28
0.29

0.30
0.31
0.32
0.33
0.34

0.35
0.36
0.37
0.38
0.39

0.40
0.41
0.42
0.43
0.44

0.45
0.46
0.47
0.48
0.49

Qkx) Qi(x)

1.00000
1. 00010
1,00040
1. 00090
1.00160

1.00250
1.00361
1.00492
1, 00644
1.00816

1.01010
1.01224
1.01461
1.01719-
1. 01 999

1.02301
1.02627
1.02976
1.03348
1. 03745

1.04166
1.04613
1.05086
1.05585
1. 06112

1.06666
1. 07250
1.07863
1.08506
1.09182

1. 09890
1.10631
1.11408
.1. 12220
1. 13071

1.13960
1.14889
1. 1 5861
1.16877
1.17938

1.19047
1.20206
1. 21418
1.22684
1.24007

1.25391
1.26839
1. 28353
1.29937
1.31596

0.50 1.33333

000
001
016
081
256

627
301
413
122
615

101
820
039
052
184

790
258
007
491
202

667
453
171
471
054

667
107
229
944
225

110
707
200
851
009

706
114

430

436

619
756
164
333
937

850
168
228
630
263

0.00000
0.02000
0.04001
0, 06003
0.08008

0. 1 0016
0. 12028
0.14045
0.16068
0. 1 8097

0. 20134
0.22179
0. 24233
0.26297
0.28372

0.30459
O. 32559
0.34672
0.36800
0.38945

0. 411 36
0.43285
0.45484
0.47703
O. 49944

0. 52207
0.54495
0. 56809
0. 59150
0.61519

0.63918
0.66350
0. 68815
0. 71315
0.73853

0.76430
0. 79048
0.81711
0.84419
0.87175

0.89983
0.92845
0.95764
0. 98743
1.01786

1.04896
1.08077
1.11333
1.14668
1.18088

333 1. 21 597

Qkx) Q10(2)

000
133
067
603
546

704
894
936
662
914

545
422
428
462
443

312
031
587
997
305

589
960
568
605
304

948
869
454
152
472

993
370
335
706
396

415
884
039
242
994

941
892
831
931
572

360
146
051
490
202

281

-2. 00000 000
-1, 99959 998
- 1.99839 968
- 1.99639 838
- 1.99359 487

-1. 98998 747
-1. 98557 401
- 1.98035 179
1.97431 766

-1. 96746 792

-1. 95979 839
-1. 95130 431
-1.94198 044
- 1.93182 094
- 1.92081 942

- 1.90896 890
-14 89626 181
-1. 88268 994
- 1.86824 444
-1, 85291 580

-1. 83669 380
- 1.81956 752
- 1.80152 526
- 1.78255 455
- 1.76264 210

-1. 74177 372
- 1.71993 437
- 1.69710 801
- 1.67327 761
- 1.64842 510

- 1.62253 126
-1. 59557 570
- 1.56753 678
- 1.53839 152
-1. 50811 553

- 1.47668 292
- 1.44406 617
- 1.41023 606
- 1.37516 155
- 1.33880 960

- 1.30114 509
- 1.26213 064
-1. 22172 641
-1. 17988 995
- 1.13657 597

-1. 09113 613
-1. 04531 874
- 0.99726 854
- 0.94752 634
- 0.89602 868

- 0.84270 745

00000 000
0.07999 200

- 0.15993 599
-0.23978 392
-0.31948 767

-0. 39899 900
- 0.47826 951
- 0.55725 060
-0:63589 347
- 0.71414 899

- 0.79196 777
- 0.86930 001
-0. 94609 554
-1. 02230 373
- 1.09787 345

- 1.17275 302
-1. 24689 019
-1. 32023 203
-1. 39272 496
- 1.46431 458

-1. 53494 573
- 1.60456 234
-1. 67310 742
-1. 74052 294
- 1.80674 982

-1. 871 72 780
-1. 93539 537
-1. 99768 972
-2. 05854 661
-2.11790 027

- 2.17568 334
-2. 231 82 672
- 2.28625 944
- 2.33890 860
-2. 38969 914

- 2.43855 378
- 2.48539 281
-2. 53013 394
- 2.57269 210
-2. 61297 926

-2. 65090 420
- 2.68637 229
-2. 71928 520
-2. 74954 067
-2. 77703 216

-2. 80164 855
- 2.82327 375
-2. 84178 630
- 2.85705 896
-2. 86895 817

- 2.87734 353

0. 00000.
0.36520 2
0.72733 83
1.08336 241

2311.43027 231

1. 76512 911-.
2. 08508 14
2.38737 90.
. 93

2.92866 44

3.16285 86
3.36984 76
3.54769 49
3.69467 78
3.80930 18

3.89031 48
3.93671 92
3.94778' 25
3.92304 76
3.86234 02

3.76577 54
3.63376 26
3.46700 84
3.26651 77
3. 03359 33

2.76983 31
2. 47712 56
2.15764 35
1.81383 48
1.44841 22

1;06434 02
0.66482 02

+0.25327 32
- 0.16667 95
- 0.59123 78

-1, 01644 63
- 1.43822 04
-1. 85237 43
- 2.25465 05
- 2.64075 25

-3. 00637 81
- 3.34725 61
-3. 65918 35
- 3.93806 51
-4.1 7995 45

- 4.-38109 69
- 4.53797 26
-4. 64734 21
- 4.70629 25
- 4.71228 35

- 4.6631954

- 4.06349 21
- 4.04156 71
- 3.97600 70
- 3.86745 44
- 3.71697 43

- 3.52604 61
-3. 29655 13
-3. 03075 84
-2.73130 43
-2. 40117 40

- 2.04367 37
- 1.66240 59
- 1.26123 82
- 0.84427 11
- 0.41580 27

+0 01970 77
0. 45767 92
0. 89344 90
1.32231 56
1.73958 08

2. 14059 45
2.4 8752507797 5494

3. 20128 51
3.49331 81

3.74813 48
3. 96230 97
4. 13277 26
4. 25684 84
4.33229 46

4.35733 72
4.33070 22
4.25164 35
4.11997 79
3. 93608 76

3.70095 66
3, 41617. 42
3.08394 42
2.70708 74
2.28903 82

"1.83383 54
1.34610 61
0.83104 35

+O. 29437 81
- 0.25765 92

-0, 81838 00
- 1.38069 01
- 1.93714 78
- 2.48003 04
-3. 00140 86

-3.

1.

C(

r(-401jL j L [(6'2J6
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LEGENDRE FUNCTIONS

DERIVATIVE Or THE LEGENDRE FUNCTION-SECOND KIND CO)

(Aft) Qi(x) Q7(x)

0.50 1.33333 333 1.21597 281 - 0.84270 74
0.51 1.35153 399 1.25201 210 - 0.78748 95
0.52 1.37061 403 1.28905 905 - 0.73029 59
0.53 1.39062 717 1.32717 756 - 0.67104 20
0.54 1.41163 185 1.36643 680 - 0.60963 61

0.55 1.43369 176 1.40691 178 - 0.54597 91
0.56 1.45687 646 1.44868 400 - 0.47996 38
0.57 1.48126 204 1.49184 220 - 0.41147 39
0.38 1.50693 189 1.53648 320 - 0.34038 30
0.59 1.53397 760 1.58271 285 - 0.26655 35

0.60 1. 56250 000 1. 63064 718 - 0.18983 51
0.61 1.59261 029 68041 364 - 0.11006' 36
0.62 1.62443 145 1. 73215 259 - 0.02705 91
0.63 1.65809 982 1.78601 903 0.05937 63
0.64 1.69376 694 1. 84218 _458 0.14946 05

0.65 1.73160 173 1.90083 983 '0. 24343 42
0,66 1.77179 305 1.96219 705 0.34156 40
0.67 1. 81455 271 2. 02649 344 0.44414 64
0.68 1. 86011 905 2.09399 499 0.55151 17
0.69 1.90876 121 2.16500 099 0.66402 96

0.70 1. 96078 431 2.23984 955 0.78211 54-
0.71 2.01653 559 2,31892 413 0.90623 72
0.72 2. 07641 196 2.40266 159 1.03692 51
0.73 2.14086 919 2.49156 187 1.17478 21
0.74 2.21043 324 2.58619 998 1. 32049 75

0,75 2.28571 429 2.68724 079 1. 4 7486 32
0.76 2. 36742 424 2.79545 7b1 1.63879 46
0.77 2.45639 892 2.91175 493 1.81335 60
0.78 2. 55362 615 3. 03719 894 1.99979 32
Q. 79 2. 66028 199 3,17305 446 2.19957 51

0.80 2. 77777 778 3.32083 451. 2.41444 73
0.81 2.90782 204 3.48236 488 2.64650 26
0.82 3.05250 305 3,65986 997 2.89827 40
0.83 3,21440 051 3.85608 883 3.17286 02
0.84 3.39673 913 4. 07443 439 3,47409 64

0.85 3.60360 360 4.31921 588 3.80679 33
0.86 3.84024 578 4.59595 604 4,17707 50
0.87 4.11353 352 4.91185 380 4. 59287 14
0.88 4.43262 411 5.2764.7 688 5.06465 07
0.89 4.81000 481 5,70283 015 5.60654 69

0.90 5.26315 789 6.20906 159 6.23815 05
0.91 5.4733 566 6. 82129 988 6:98747 73
0.92 6. 51 041 667 7.57861 025 7.89613 09
0.93 7.40192 450 8.54217 980 9.02883 27
0.94 8. 59106 529 9.81365 072 10. 49236 44

0.95 10. 25641 026 11. 57537 057 12. 47698 56
0.96 12. 75510 204 14. 19080 811 15. 35932 33
0.97
0.98

16.92047
25. 25252

377
525

1 8, 50515 528
27. 04503 467

20. 0 0905
29. 00735

43
14

0.99 50. 25125 628 52. 39539 613 55. 11181 39

1.00 on ao

Q;(x) Qii(x)
- 2.87734 35 - 4.66319
- 2.88206 72 - 4.55737
- 2.88297 33 - 4. 39368
- 2.87989 70 - 4.17156
- 2.87266 39 - 3.89102

- 2.86108 89 - 3. 55277
- 2.84497 53 - 3. 15819
- 2.82411 36 - 2. 70941
- 2.79821 02 - 2.20934
= 2.76723. 56 - 1.66171

- 2.73072 4 - 1. 071 08
- 2.68846 5 - 0.44291
- 2.64017 0 + 0.21644
- 2.58551 0 0.89973
- 2. 52414 0 1. 59875

- 2.45567 92 2.30438
- 2.37971 49 3. 00660
- 2.29579 49 3. 69447
- 2.20342 4 4. 35619
=-2. 1 0205 4. 97914

- 1.99107 21
- 1.86981 5
- 1.73752
- 1.59336 t4
- 1.43637.6

- 1. 26549/ 27
- 1.0794 65
- 0.8769 20
- 0.656 0 16
- 0.415 2 09

- 0,15 35 72
0.1 62 04
0.4 165 68
0.7 955 16
1. 8395 08

14 61061, 19
2. 08677 72

/2. 62171 45
' 3. 22751 63

3.92032 16

/ 4. 72224 63
5.66456 11
6.79318 58
81776 62
9.. 936858 04

12. 26978 50
15. 57616 37
20. 76422 38
30. 50045 90
57. 80864 53

on

33d

5. 54998
6. 05466
6.47859
6. 80675
7.02388

7.11464
7.06387
6.85691
6.47990
5. 92027

5.16720
4. 21227
3. 05023
1. 67989
0. 1 0532

- 1.66270
- 3. 60489
- 5. 69098
- 7. 87652
- 10. 09858

- 12.26944
- 14.26758
- 15.92348
- 16.99643
-17.13329

- 15.78782
- 12.04072
- 4.11777
+12. 32933

54. 86521

349

Table 8.4 x.

Qi0(x)
04
62
94
11
65

54

- 3. 493228
- 3.947399
- 4.355894
- 4. 710854
- 5.004695

- 5.230233
61 - 5. 310807.
73 - 5.450406
79 - 5.433812
26 - 5.326732

51 - 5.125950
60 - 4.829465
47 - 4.436645
10 - 3.948368
12 - 3. 367109

77 - 2.697371
55 - 1.945245 \
22 - 1.119087
14 - 0.229371
99 + 0.711177

34 1.687501
05 2.682165
09 . 3. 675339
90 4. 644816
88 5.566082

51
68

6.7. 411525413611

02 7.763836.
33 8.206652
14 8.450921

18 8. 463693
67 8.212559
28 7.666669
36 6.798024
57 5. 583115

85 4.005017
91 2. 056070
02 - 0. 258625
81 - 2.916594
18 - 5.871760

98 - 9.045801
89 - 12.315713
54 - 15.495090
22 - 18.304274
84 .20. 319071

62 -20. 873659
38 - 18.851215
87 -12.140718
89 4, 242107
05 49. 428990

ao 0



MIND= summon

Table 84 LEGENDRE FUNCTION-FIRST KIND P.00

Po(x)1 Pi(x) -x

z 112(x) ' Ps(x)
1.0 1.00 1.00
1.2 1.66 2.52
1.4 2.44 4.76
1. 6
1. 8

2, 0
2. 2
2. 4

3. 34
4. 36

5. SO
6. 76
8.14

7. 84
'/1. 88

17. 00
23. 32
30. 96

2. 6 9. 64 40.04
2. 8 11. 26 50,68

3. 0 13. 00 63. 00
3.2
3. 4

14.86
16, 84

77.12
93.16

3. 6 18. 94 111. 24
3. 8 21. 16 131. 48

4..0 23.50 154.00
4,, 2 25. 96 178. 92
4, 4 28, 54 206. 36
4. 6 31. 24 236. 44
4, 8 34,, 06 269.28

5. 0 37.00 305.00
5. 2 40. 06 343. 72

Pi(g) Pa(x) AM Pio(2)
1.00000 1.00000 1.00000 1, 00000
4.04700 6.72552
9.83200 09686

02754 06544
2 5. 03668 3 1.13789

(1)3. 41520
( 1)1. 94470 1 4, 97354

2 1. 01148
3 2. 45973 3 6. 65436
3 8, 97882 4 2. 81110

1 8.47120

2 1. 74952 2 7.86743
2 2.39887 . 3 1.16849

2
3.. /157"

2 5 10597
13591

5 1. 69353 5 7. 37020
3 3. 70173 6 1, 75809
3 7.56647

S 2. 81929

6 3.89219

412. 71007 4 9. 606051 5. 53750

2 6. 86607 3 4. 36022
2 8, 58472 3 5, 76676

2 4.20727 3
2 5 41672 3 3.24050 6 4. 77208 7 3.01437

46256 09745
6 2. 69625 7 1. 59814

7 1, 34978 7 9.57313
6 8. 15181 7 5 46578

2 3. 21000 3 1... 361113

3 1,06038 3 7.51150

13 11:. C8719191; I4

1..9. III 21 7 7. 90944 8 6. 82993
3 2.23641 4 1.91071 8 1.16994 9 1.05524

7 5. 23060 8 '14. 331

7 2. 17406 : I.
7 3. 41632

3 2.64100 4 2.35250 8 1, 70196 9 1.60047

1 rlit 4 2.87205 ,8 2. 43839 9

5. 8 49, 96 479. 08 3 4. 82519 4 4. 99917
5.6 46.54 430.64 _4,18537 4 4.18440

8 3. 44472

8 6. 61853
8 4.80363 9 5, 06985

9 7,, 23884

5. 4 43. 24 385. 56 1..
g... 1:16:72

I VIE 13. rOgi6. 0 53. 50 531. 00
6.2 57.18 586.52

8 9. 01781 10 1104141

6. 6 64,, 84 708. 84 3 8. 13847 4 9. 61180
6.4 60.94 645 76 3 7.1

6. 8 68. 86 775. 88 3 9.18133 5 1.11759

4 8, 22754
9 1. 21596 1

9 2. 14858 10 2. 67872
9 2. 81890 10 3. 62216

9 l., 62372 10 1.96229

7.0 73.00 847.00 4 1.03210 5 1. rn3(21 9 3.66876
7.2 77.26 922.32 4 1.15633 9 4. 73885

10
I: Mil

7. 4 81. 64 1001. 96 4 1. 29142 5 1. 71215 9 6. 07749 10 8. 50564
7. 6 86, 14 1086. 04 4 1. 43797 5 1, 95846 9 7, 74185 11 1.11305
.7. 8 90.76 1174.68 4 1.59663 5 2.23227 9 9.79919 11 1.44623

8. 8 4 115, 66 1690. 48 4 2. 59466 5 4. 09643 10 2. 92387 11 4. 87282

8,0 95.50 1268.00 4 1, 76804 5 2.53583 10 1.23283 11 1.86653
8.2 100, 36 1366.12 4 1.95286 5 2.87149 1.54212 11 2.39363
8.4 105,34 1469.16 4 2.15176 5 3.24171 0 1,91848 11 3.05098
8.6 110.44 1577.24 4 2.36546 5 3.64912 10 2.37430 11 3.86641

9. 0 121. 00 1809. 00 4 2. 84010 5 4. 58649 10 3. 58363 11 6.10897

/

9.2 126.46 1932.92 4 3.10252 5 5, 12230 !O 4.37243 11 7.62030
9.4 132. 04 2062.36 4 3.38268 5 5.70699 AO 5.31184 11 9.45994
9,6 137. 74 2197.44 4 3.68137 5 6.34383 10 6.42640 12 1.16898
9.8 143.56 2335 28 4 3. 99938 5 7.03621 10 7.74404 12 1.43817

10,0 149.50 2485.00 ( 4)4. 3)754 ( 5)7, 78769. ( 10)9. 29640 (12)1. 76188

From National Bureau of Standards, Tables of associated Legendre functions. Columbia Univ. Press, New

York, N.Y., 1945 (with permission).
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DERIVATIVE OF THE LEGENDRE FUNCTION -- FIRST KIND Pax) Table 8.6

Pi(x) 1 P9(x) ite

s 11(x)
1.0 6.000
1: 2 9.300
1.4
1.6

81.
11}1313
1 2.280

2.4
1 t.17:154

4 1 4.0
2.6 1 492
2.8 1 5..730

0

;I 1 Mg:
3.4 1 8.520
3.6 1 9.570
3.8 2 1.068

4.0 1.185

4.1 2 1.3437
4.6 2 1.572
4.8 2 1,713

-

le.: 1 16.10111'
5.4 2 2.172
5.6 2

22.,508
337

5.8 2

6.0
22.8686.2

64 2 057. 3.
6.6 2 3.252
6.8 2 3.453

7.4

7.8

111.873

7.6 2 4.317
2 4.092

2 4.548

7.0
7. 2

1.3 25:028
8.4 2 5.277
8.6 2 5.532.
8.8 2 5.793

9.0 2 6.060
92 2 6.333
9..4 2 6.612

99,6 2 6.897
.8 2 7,188

p(x) Pm , P; re(x).

1 1.00000
1

1.50000
1 4. 00

1 !Int2 7 587

1 8.85600 2 3.30168
4 74282

5.33445
4 5.24824
5 1.85808

1 3.75200 21.01688 3 50787 4 1.13477
1 5.96800 2 1.92723

...

5 1.39531 ! t..542.0)0
1 1.6r8r0 1 Pe.#28701 5 .25362

6 2.59296

6 336028
6 7.29317
7 1.48267

5 6.94480 ..2 2.23920 3 1.15704
2 2.88080 3 1.62377 6 1.38132
2 3.63160 3 2.21628

lir MO
2 6.62320 3 4.9602
2 7.89480 3 6.27 6
2 9.31760 3 7.83 5

3 3.86184
.

6 7.95819
7 1.31805

7 X 10652
7 2.11632

; Vigil
7 9.25345

8 2.60626
8 1.57706

1311:L41657751 4 1. 2518 8 1,10
3 1.66888 4 1. 0764 3

4.19097

1.00955

34 t All 7 5.04229
7 7.52431

3 1.89936 4 2. -21988--
1.51918

92.24508

3
3

1..1111101 4 2.39550 8 3.12290 9 3.24140

3 3.37096 4 4.36775

8 4.29574

8 7.83868
8 5.83620 9 6.59627

9 1,04169 10 1,26604

9 4.67217

9 9.19329.

4 2.8)816
3 2.71512 4 3.27172
3 3.03128 4 3.79020 i

3 3.73500 44 1..11011496 9 1.37071 10 1.72421

3 4.53952 4 6.49870
9 1.78712 10 2,32/97
9 2.31006 10 3.10217

3 4.12424

3 4.98168 4 7.35714 ' 9 2.96206 10 4.10354
3 5.45156 4 8.29772 9 3.76947 10 5.38214

3 5.95000 4 9.32550 9 41: itin 10 79: sgts
3 6.47784 1 1..10463;

3 7.62508 5 1.29849
9 7.45591 11 1.15949
9 9.24362 11 1.47670

3 7.03592

3 8.24616 5 1.4ir2 10 1.11953 11 1.86875

4 1.18598 5 2.34099 10 . 00866 11 5.57149

3 9.58744
4 1.01093 5 1.94187 10 2.06937 11 3.65675
4 1.10665 5 2.13445 10 .50070 11 4.52490

5
1:169111

39725
10 1.70455 it 2.35063

4 1.35580
5 2.56215 10 3.60463 11

1:11;13
4 1.44647 5 3. 05102 10 5.11311 12 1.01182
4 1.54109 5 3.32013 10 6.05576 12 1.22399
4 1.63974 5 3.60663 10 7.14698 12 1.47481

10.0 (2)7.485 ( 4)1.74250 ( 5)3.91127 (10)8.40642 (12)1.77028

From National Bureau of Standard% Tables of associated Legendre functions. Columbia Univ. Press

New York, N.Y., 1948 (with permission).
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Table 8.7

r 01(.0

1.0 te

1.2 1.19895
1.4 -1 8. 95880
1.6 -1 7.33169
1.8 4 6.26381

2.0 -1 5.49306
2.2 -1 4.90415
2.4 -1 4.43652
2.6 .. -1 4.05465
2.8 -1 3. 73607

33. 20

-1
1:1t11:

3.4 -1 3.03068
3.6 -1 2.85272
3.8 -1 2.69498

44; 20 :1 1.41111
4.4 -1 2.31312
4.6 -1 2.20916
4.8 -1 2.11428

S. 0
542
5.4
5.6
5.8

6.0
6.2
6,4
6. 6
6.8

7.0
7.2
7.4
7.6
7.8

8. 0
8.2

8.
9. 4

6
8.8

9. 0
9.2
9. 4
9.6
9.8

-1 2.02733ggi
-1 1.87347
-1 1.80507
- 1 1.74153

-1 1.68236
-1 1.62711
- 1 1.57541
- 1 1.52691
- 1 1.48133

LEGINDRE !UNCTIONS

1.EGENDRE. FUNCTION-SECOND KIND Q.,(4

QI(4
ey

38737
-1 2.54232
-1 1.73070
4 1.27487

86123'
-2 7.89122
-2 6.47638
-2 5.42093
- 2 4.61002

97200
- 2 3.46035
-2 3.04309
-2 2. 69807
- 2 2.40934

-2 2.16512
-2 1.95664
-2 1,77717
-2 1.62153
- 2 1.48564

36628
- 2 I. 26084
-2 1. 16723
-2 1. 08574
- 2 I. 00894

416n
-3 8.80944
-3 8.25935
- 3 7.75944
- 3 7.30377

Qs(x)

illa°9166
- 2 4.87829
- 2 3.10233

:11 I: 11081:-2 1.13240
- 3 8.468364
-p 6.81708

-3 11359.6874
-3 3.66347
- 3 3.05981
-3 2.58298

.3 /... 2811:11411

- 3 1.3766
-3 1.2759
-3 1. 25217

-3 1.10450
-4 9.79278
-4 8.72377
-4 7,80551
-4 7.01223

43841
-1 I. 39792
-1 I. 35967

88725
-3 6. 50550
-3 6. 15475

-1 I. 32346 -3 5;13171
-1 I. 28915 -3 5.53353

25657 -3
g.. f321727016.-1 1.22561 -;

-1 I. 19615 -3 4. 76469
-1 1.16807 -3 4. 54386
-1 1. 14129 -3 4.33807,

11572
-I 1.09127
-1 1.06787
-1 1..04546
-1 1.02397

- 3 3. 96640
- 3 3.79827
-3 3.64063
-3 3.49262

:44 14. Mill
-4 5.19491
-.4 4.73078
-4 4. 32050

95644
-4 3, 63228
-4 3. 34266
-4 3.08311
-4 2.84980

63950
- 4 2. 44944
-4 2. 27723
-4 2.12082
-4 1.97844

84855
-4 1. 72979
- 4 I. 62102
-4 1. 52119
-4 1. 42940

Qs(x) 419(x)

a a
-: 3411.3ffi:

- 63.91902
- 5 1.71471

: t 61;1, )1
- 7 1.42488
- 8 5, 92566
- 8 2.66020

: 8
9 1721:9

- 9 3, 39441
- 9 I, 86714
.: 9 1, 06372

-10
t. pH?

-10 2, 33956
-10 1.48213
-11 9.58309

80147

-2 1.47080
-3 8.07870

-2 3. 10542

97112

..5 I. 07961

-3 3,13576

-3 14, 48960
-3 2.12013

02854
-4 6.10146
-4 4.72397
-4 3.71695
- 4 2.96625

39697
-4 1.95866
-4 1. 61661
- 4 1.34641
-4 1.13061

-5 9, 56532
-3 8.14823
-5 6.98500
-5 6.02278

. -5..-5 5. 22117

54896
-5 3.98181
-5 3.50058
-5 3. 09006
- 5 2.73812

43500
-5 2. 17277
-5 1.94497
-5 1.74631
-5 1. 57242

-11
2., iiii701

-11 2.87937
41 1.98859
-11 1439197

-12 9.86572
-12 7. 07418
-12 5.12787
-12 3.75499
-12 2.77600

-12
1175(7110

- 12 1.18115
-13 9.02383
-13 6, 94338

-5 1.41968 -13 5.37876
-5 1.28507 -13 4.19350
- 5 1.16606 -13 3.28941
-5 1.06054 -13 2.59524
-6 9.66707 -13 2.05891

:114.141r7 11/11... 1121
-6 7.41202 -13 1.06011
- 6 6.80982 -14 8.57794
-6 6. 26763 -14 6. 97159

Qso(x)

- 46.75615
- 5 4. 27633
- 6 5.73368
- 6 1.13241

- 7 2.86313
- 8 8.62195
- 8 2.96212
- 8 1. 12879
- 9 4.67876

- 07945
-10 9.80358
- 10 4.86183 '
- 10 2. 51945
-10 1.35695

56235
- 11 4. 34493
-11 2.56563
- 11 1. 55290
- 12 9. 61271

07362'
- 12 3.91025
-12 2.56132
- 12 1.70471
-12 1.15147

88519
-13 5.46920
-13 3.83900
-13 2. 72499
-13 1.95462

:1311.
-14 7.63577
-14 5. 67877
-14 4.25654

:1:11:1111i
-14 1.87141
-14 1.44191
-14 1.11775

111:. 78319/1
-15 5. 38569
-15 4.26656
-15 3. 39644

10.0 (-1 )1. 003)5 ( -3)3. 35348 ( -4)1. 34486 ( -6)5. 77839 (- 14)5.. 69010 ( -15)2. 71639

From National Bureau of Standards, Tables of associated Legendry functions. Columbia Univ. Press, New

York. N.Y., 1945 (with permission),.
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lawanniz manors
DERIVATIVE' OF THE LECENDRE FUNCTION- SECOND KIND Wks)

a -4e(a) -4(s) 3(4) -OM
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1.2 2.27273 1.42833

1.6 1416.1441102667 U11922447254 4 1.21817
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:1 k 758% lit 1°621
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9. Bessel Functions of Integer Order

Mathematical Properties

Bessel Functions J and Y

9.1. Definitions and Elementary Properties

Differential Equation

dw
9.1.1 At 4148 wi.(8*-8')18.0

Solutions are the Bessel functions of the first kind
J,,,(z), of the second kind Y,(z) (also called
Weber's function) and of the third kind Hl" (2), HIP (s)
(also called the Henkel functions). Each is a
regular (holomorphioy function of z throughout
the a -plane cut along the negative real axis, and
for fixed s(00) each is an entire (integral) func-
tion of v. When v= *n,J,(s) has no branch point
and is an entire (integral) function of a.

Important features of the various solutions are
as follows: J,(z)(gb0) is bounded as s-00 in
any bounded range of erg a. J,(z) and J-,(s)
are linearly independent except when is an
integer. J,(z) and Y,(a) are linearly independent
for all values of r.

HP)(s) tends to, zero as (z1-4m in the sector
0<arg 20; HP° (s) tends to zero as 121-4-6 in the
sector v <arg s<0. For all values of 1,, H; >(a)
and H;"(s) are linearly independent:1N

Notation
'Ilu; tables in this chapter are for Bowel func-

tions of integer order; the text treats general
orders. The conventions used are:

s=x-1-iy; z, y real.
ro is a positive integer or zero.
r, µ are unrestricted except where otherwise

indicated; r is supposed real in the sections devoted
to Kelvin functions 9.9, 9.10, and 9.11.

The notation .used for the Bessel -functions is
that of Watson (9:151 and the British Association
and Royal Society Mathematical Tables. The
function Y,(a) is often denoted 1V,(s) by physicists
and European workers.

Other notations are those of:
Aldis, Airey.

G(z) for if Y(s), Ki.(s) for (

Clifford:

C(x) for 2704(24).

Gray, Mathews and MacRohert (9.91:

Y(s) for 10'4,(z)+(l4 2-7),1*(2),

t(s) fov Ire" INC(11r) 11/4g),

0,(s) for ifiliNs).

Minks, Emde and Us& (9.32):

A,(s) for r (v+ 1)(0)- '4(4.

Jeffreys:

114(z) for 11;,)(z), Hi,(z) for H :2) (z),

Kh,(z) for (2/01C.(8).

Heine:

I Qs) fortrYs(s).

Neumann:

Y*(s) for if Ns) + 2-7)4(z).

Whittaker and Watson (9.18:

K44 for cos(pr)K,(2).

366

Relations Between Solutions

9.1.2 Ns) J,(z) cos (PO 47-.(8)
sin (DT)

The right of this equation is replaced by its
limiting value if P is an integer or zero.

93.3

10) (4 =404+ 1l:(8)
cac(vir)(tr"14(8)--.7-.(8)}

9.1.4

HP" (a) =4(4 Y.(s)
cso(pv){,/,_,(2)e'"J.(8)}

9.1.5 J-4(g)--= ()Ve(z) r-r(1) 122(--)*Yr (8)

9.1.6 II!!;(8),2"-e"riMi)(8) Ini(a)=6-"HP)(18)
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lo

NOM roxanows OF

Lhniting Panne for Small Arguenenti

When r is fixed and s-00

9.1.7
J,(a)... (1411'(r +1) (rod 1, 2, 3, . .

9.1.8 (z) ^(2/v) In a

9.1.9

poclur," (4 #.411:*(2)^, (1Mr(v)(18)",,
(gb>0)

Aseending Series

9.1.10 th(a)(0),g. (-411)+41)

9.1.11

us)._Shf (n4i_91

+: in (wi(s)

.1 iiirt {0+1) +01+k-i-1) 04.27)41

where #(n) Is given by 6.3.2.

9.1.12 48)=1go-
9.1.13

Us) 111 (0)+7}4(8)+:- (#1;

-0+0 ( +(li-e-14) .}

9.1.14

.1,(1)4(3)..

(43),+g ()V(v+os+2k+ 1) (le)'
r(r +k+1)11)644+1)r(r-Fm+i1) hi

Wronsklans
9.1.13

W(4(2), 4441 =41.+1(10.7-47)+4(8)40+t)(s)
= 2 sin (rv)/(irs)

9.1.16

W(.1.(1), Y;(8))=Jpo(a)r.(8)-41.(8)Y00(8)
.2/(ra)

9.1.11

Wf HIn(a), nr(4)==t(s)111N8)-1/1"601111t(*)
.-4i/(1rs)

368
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9.1.18

4(4-1 COO (8 sin od..1 C060 CO6 OCIOV 0 V 0

9.1.19

ro(2)=R lot* cog (3 COS 0) {7-Fbi (2s sins 0)

Integral Representations

.et .4.11
o

CO8(St coe 0) slab Oda

west), rt.
"i-pro.-4--vo tI)'-f cos (a)cit (gto>-11)

9.1.21 ;

414(3) nal Foos (s sin 8-0)d.r

9.1.22

°ft° cos (nO)d0

er(0-jfw 0024 0-4d87 it 4)

.sin(mr) r. e-, slab t-,01dt (lug litl<k)
V jo

ift ein(s sin 0#0)d0
0

""71r.
{0+11". oos (rv)}6- '1dt (iartf 81<is)

9.1.23

4(4.4 fo. ein(x cosh t)dt (z>0)

Fo(a)mPrf. coe(z cosh t)dt (x>0)

9.1.24

J.(x)=24if. (191,1<ital>0)

r4s)aa--jr((x411 (c°110() 4t4 (ig° Ke's>°)
9.1.25

H11)(3)smitf"+"egibt-odi (argsKir)
e -v,

lir (a) als "dt (1 arg sKir)vs -0
9.1.26

4(4am2,34 f:: 104if di (91,>Ota>0)

In the last integral the path of integration must
lie to the left of the points t=0, 1, 2, . . . .



9.147

1111510111 IPON0110118

Ilmsuovaass limiadsas

V.-.100 +I G400117% (a)

-As) 9 .0(11)2112V:(a)

V;(1)=4 v(a)

V :(44.8 V .+14)+i COO

If denotes.); Y, W", H or any linear combina-
tion of these functions, the coefficient. in which
are independent of a and p.

9.1.111 4(s)a27-4(e) T;(s) (s)

If j.(s)isssoregkin when P, 4,1 are independent
of p, then

9.1.29
i.-1(8)+1s(102.(241)flp(a)
(P+ whio(s) + ipo(s) (2P/)Pelf.(11)

si,(e)0400/...1(4+ (PPOPIP
kr.(1)=*X2e/Po(s)+41+4./.(t)

reemalms ter borivadves
9.1.30

( aore,(s) ) i=s""rifi.p(00

eitY (18-PCian =()111-"V+,(s)
(kaff0, 1, 2, ...)

9.1.31

V11)(0)4(if.-4004ki)

-1-a) V.-+(a) +()V.44(2))
(k'0,1, 2,

It
limemaseses Itekdoss tee Oress-Psoduess

9.1.32

then
9.1.0

pow J ,(41)1 .(b) .(b)Y ,(a)
61". AIWA '-'4,:(b)r
re.4:00 re(0-4 _KM

= Mag 100 :MY .00

P+1 s
er 2.

p+ 1
flP+s-r rimii -7- F141

no+ forni Poo

1 1
alit.1""art

Or WIZ= ORM
and

9.1.34
.forww6

Aamlyde Goodiaustisa

In 9.1.$5 to 9.1.38, ea is an integer.

9.1.35 JAW") J.00

9.1.36

4.

17.(sse")=s-ftgir,(s)+2i ein(eirr) oot(rir) J.(10

9.1.37

an(POZIP)(gen Misin((4-1)m)HP(s)
co" i(law)Hr (s)

9.1.311

ein(pv)H

9.1.39

94.40

J410.743 Y,(5) Tor, sy

0)=2/7145) HPALM74 real)

Gesesaming Faustian sad Amosisted emotes

Oen mak ((Os+ 1)v,}111° (2)
+es ein(orr)H11)(1)

HP c"1/1"(8)
Hr(20-11=*".11:"(s)

9.1.41 eme-uenp MOO (t "BO)

9.1.42 cos (a sin 6)00.700-1-2 E 400 cos (2k0)

9.1.411 sin (s Sin 0) g 440 sin ( (2h+1)0}

9.1.44

cos (a 008 0)=400+2 ()hAM coo OM

9.1.45 .

sin (a cos 0) P2 g ()iv.+,00 coo (0+10)

9.1.46 1=400+ 2.1,(8)+ 24(s)+ MOO +

9.1.47

008 1040(8)''271(8)+24(8)-24(8)+

9.1.40 sin sge2.71(s)-24(s)+2.4(a) . . .
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3118SEL FUNCTIONS

Other Difkeential Equations

9.1.49 w" -1-(X*±iri) 10=0, 10=ai(e. Oa)

9.1.110 0as1V.(kal)

9.1.51 w"-I-XisP-410=0, w= V100410/P)

9.1.52

te-I-Vw=0, tv=2091,(2)

9.1.53

site+ (1-2p)auf+ ()'ertu+eriew=0,
w=i4,0421)

9.1.54

to
+ (we-, 11)10. ta.cfAxes)

94.55

se(s' s0)10"+s(0-30)0/
/ { (ep9i (a2+ io)}tv.o, w.C(a)

9.1.16

tem. w=soire(2kcial)

where a is any of the 2n roots of unity.
Differential Equations foe Produets

In the following 01. a and t4 24,40 are any

cylinder functions of orders r, p respectively.

9.1.57

(e-2(o+ + as)s}to

+4as(a +1)(0+2)10=0, w=if.(a)gr(a)

9.1.58

0(0P-40)10+40(0+ 1)01=0, 10=41'409,W

9.1.59

Ow "' + s(4 + 1 40)w' (41 1)w= 0,

10. zeir,(s)9,(a)

Upper Bounds

9.1.60 1./.(s)I I (rat)), 14(x)111 ,ii (rat)
21

9.1.61 O<J,(r)<vr(i)re (r>0)

9.1.62 (a) I 5 I irs(11:+8111)!I ai)
370

Or INTEGER ORDER

are goes u.

9.1.63 14 (no I a* (xi) WO 211) I

I {1+40 OW I
Derivatiree With Respect to Order

9.1.64

ar J, (4=4 (a) In (ha)

9.1.65
1a

(a) =cot (ra) {b-8;J, (a) 7Y, (a) }

ceo (yr) to-;41-,(3)irth (a)

(POO, ±1, ±2,
9.1.66

Et4(3)1..`i Y4(2)-1211122)=1-'

9.1.67

[Pi Y, (a)

[14,(01.0.1 17,(a),[-1. Y
(z)1

o Ispremions in Terms of Hyperaemic

9.1.69

(2)=* "AP+ 1 ; -=-r p+i)

2
sl (4

2
2)-

J (8)-1-

htl (a)
(nk)kl

0 2

rio Funstions

as)

Isa

sik11-2.
31(r+1, 2r+1, 2ia)

9.1.70

lim p; r +1 ;r(+1) 444

as X, p-r= through real or complex values;
being fixed.

(0A is the generalised hypergeometric function.
For /1/(a, b, a) and F(a, ' a) see chapters 13 and
15.)

11

Connection With Legendre Funetion4

If p and x are fixed and i-40 through real
positive values

9.1.71

lam (ens (cos 0) .(x) (x>0)
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9.1.72

lim foor (cos if Y "(4 (x>")

For P;" and Q;", see 8.

Continued Fractions
9.1.73

.74!)._._ 1 1 1

a. z(z) 2rz-1 2(x+1)2-1 24,-1:5517-7

.ezb, 139/(1('+1)} ten (r+1)(142)}1 1 1
MuliipUsation Theorem

9.1.74

(T)`w-okozrv,(4
k!

11<l)
If 4I' J and the upper signs are taken, the restric-
tion on is unnecessary.

This theorem will furnish expansions of It',(re")
in terms of qi,ak(r).

Addition Theorems
Neumann'.

9.1.75 <4.,(u± .h E 1(.44 (10/(v) lvl< iu )

The restriction lel< lul is unnecessary when
W=J and r is an integer or zero. Special cases are

9.1.76 1= 4(z) +2 JN (a)

9.1.77

Oa ()*Jk(z)J,... i(2) +2 Ji(z)46+a(2) (n..>. 1)

9.1.78

J.(2z)= Ji(z) (i)' +2 ()14(2) 4+4(4

Cr.".

9.1.79

qr,(w) PX=3 9.4 104074) eNa(ive"'i<11$1)sin k a - +

Gegenbeuer's

9.1.80

61r, a(li) Clem a)12(1-±)- .2'r (0 Xi (v+k)
IP I

(r00,71, . Itea41<iul)

In 9.1.79 and 9.1.80,
to=4(10+V-210 we a),

'tsv cos a=te cos x, v sin a=w sin x

the branches being chosen so that to-ois and x-0
as z-b0. C(:) (cos a) is Qegenbauer's polynomial
(see chapter 72).

Gegesbanwoo addiNon theorems.

u, ears real and positive and 0 saStr, then to, x
are real and non-negative, and the geometrical
relationship of the variables is shown in the dia-
gram.

Tho restrictions -Ite"l< Itil are unnecessary in
9.1.79 when =J and 19 is an integer or zero, and
in 9.1.80 when W=.1.

Degenerate Venn (s,ig ):

9.1.81

e" .= (r) (iv) (,+k)ivi,...(v)010) (ma a)
000, 1,

Neumann's Zapansion of an Arbitrary Function in a
Series of Deere' Functions

9.1.82 f(z)=Iao10(z)+2 opra(z) (121<e)

where a is the distance of the nearest singularity
off (s) from s=0,

9.1.83 ak.--: isl.e
f f(1)0,(t)di (0<ef<a)

2,3

and WO is Neumann's polynomial. The latter
is &fined by the generating function

9.1.84

t.1:2=J0(2)0o(t) +2 4(z)4 kW (INKItl)

0.(t) is a polynomial of degree n+1 in 1/ 00(1)°a lit,

9.1.85

0(0.4giqnt1)!(:y-a+1
The more general form of expansion

9.1.86 fis)=04,1,(s) +2 g om/.41($)

371
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also called Neumann expansion, is investigated
in 19.71 and 19.151 together with further generalise-
dons. Examples of Neumann expansions are
9.1.41 to 9.1.48 and the Addition Theorems. Other
examples are

9.1.87

(p+2,0+0
(0).-N k!

*

9.1.88

Y.(:)--at(
4 4-

(v00,

"I (1414(a)
(n- k)kl

+; (In (42)-#(n+1) 14(s)

2 N1.1 2kW + (3)
-Tr 1:1 II k(n+k)

where 4'(n) is given by 6.3.2.

9.1.89
2 4 Jts(S)

Yo(a)a; {In (42!)-1-7}Jo(a)-; (-)1

9.2. Asymptotic Expansions for Large
Arguments\

Principal Asymptotic Forme

When r is fixed and isi -re

9.2.1

J,(a).147(,ra)(cos (a- isnr -}r)-FeLf 40(18)-2)}

(Mg ai<v)
9.2.2

Ns) ../55) ( sin (s irr -1r) + f 40(is)-I))
al<*)

9.2.3

11;"(2)...j2RIraje'('-i"-i" (-r<arg s<2r)

9.2.4
HL (a)", v2/(rs)e-1(8-0.-10 (-2r<arg5 <r)

Hankers Asymptotic Expansions

When r is fixed and Isl-..

9.2.3

421(ra)(13(p, a) coax- Q(p, a) sin x}

(lent al<r)

07 INTEOER ORDER

9.2.6

Y.(s)=1,15T(Trii)(P(r, a) sill X+ CP! 10 cox)

(lug 81<*)

9.2.7

HP) (2).,,r2( 74 (P(r, a) + iQ(r, a)) e"

(-r<arg s<2r)
9.2.8

HP) (s).1,177Fra {P(r, s)-iQ(r, s)}e-'4

(- 2w <arg s<r)
where x. -(jr+f)ir and, with 4rs denoted by 0,

9.2.9

'EN

, (r,2k) (0-)0-9P(P,ar.'a ,
Twoml('`

21

+64-1)64-9)(p-25)(4-49)...41(844
9.2.10

Q(r, (-)4

,-1 (,-1) (µ-9)
8111 31(85)1 I

If r is real and non-negative and a is positive, the
remainder after k terms in the expansion of P(r, a)
does not exceed the (k+1)th term in absolute
value and is of the same sign, provided that
k>er -I. The same is true of Q(r,$) provided
that k>ip

Asymptotic Rapanalona of Derivative*

With the conditions and notation of the pre-
ceding subsection

9.2.11

.1:(2).4§Tra5( - R(p, a) sin x-3(r, cos x)

(lug al<f)
9.2.12

r,(3).15R7rs) (12(n, a) cos x- S(p, a) sin .x}

al<f)
9.2.13

HPP(2).--1/276rz)(tift(p, s)-8(v,
(-f<arg s<21r)

9.2.14

May(a)= XIV{ -iR(P, a)- S(r 4W
(-2r<arg s<r)

372
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9.2.13
404-160-1 (r, 2k)

no, Z"Ya 40 (41k (22015

=1 21(80
(A-1)(m+154

9.2.16

SO, Z
,

m

(PWr.
ok-1)

so/ (1.4-1)(0-9)(m+354
8a 31(843

Modulus and Phase-

For real r and positive x

9.2.17

m.= IHP)(z) I =d{ Mx) + Mil
0,=arg 14" (x) =arctan { Y,(41J,(x))

9.2.18

N.= IH:1"()1---4(.41(z)+112(x))
to.arg HP)1(x)=arctan { 11(x)14(x))

9.2.19 <1,(z)=M, cos 0,, Y,(x)=M, sin

9.2.20 J;(x)= AT, cos fp 1",(x) .N, sin fv,,.

In the .following relations, primes denote differ-
entiations with respect to x.

9.2.21 M:0;=21(Tx) Mop,',..2(xsri)1(irs3)

9.2.22 Ar:=M?+Mle?=M?+4/(val.)1

9.2.23 ON,N',-f- :Al. 0

9.2.24

tan (0,-0,)=M,KIX.21(1rxM,M;)
M,N, sin (0,-00.2/(rx)

9-2.25 OW -F. W. (xs 10)M. COM!) = 0

9.2.26

As"' + x(4.0+ 1 4,1)wi (40 1)/v= 0, w=xM:

-1,8'; 3 (cy 0-19.2.27 0?+5 .e; 1 7
Asymptotic Expansions of Modulus sod Phase

When r IN fiXf;krifi large and positive, and A=40

9.2.28
2 1 ii1,13 (p 1)(p-9)

Ai; { 1+2 (242'2.4 (24'
1 3 . 5 (µ- 1)(µ- 9) (µ --28)
'2 .4 . 6 (24" . .1

OF INTEGER ORDER

9.2.29

14--z--(1P+1)7+2(4)

365

+(a-1)(ai--215)+
(u-1) VI-110+1073)

6(443 8045

+(p-1)(150-153501+54703m
375733)

. . .
14(441

9.2.30

me 2 f 1 0-3_1 1 (µ- 1)(µ -48)
(243 2 .4 (2x)'

The general term in the last expansion is given by

1 1 . 3 . . (2k-3)
2.4 .6 . .. (2k)

x(g4-1)(0-40. .{A(2k-3)1} {A(2k4-1)(2k-1)2}
(24"

9.2.31

a 14+3 0+46m-63
w1-204 6(44$

+0+15W-20630+1899+5(444

If r >_0, the remainder after k terms in 9.2.28 does
not exceed the (k+1)th term in absolute value
and is of the same sign, provided that k>vI.

9.9. Asymptotic Expansions for Large Orders

Principal Asymptotic Forms

In the following equations it is supposed that
p- co through real positive values, the other vari-
ables being fixed.

9.3.1

9.3.2

1 OA'
1127rek2;-1

VI I e
Y,(3)'..

eau& 0-0)
J,(1, soch

112tv tank a

eget- WS et)

(1. 8eCh
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9.3.3

J, (fp sec 0)=

1/2/(,rr tan p) { cos (r tan f rp },r)+0 (el)

(0<0<)
Y,(r sec p).

1/2/ (vr tan 0) (sin (r tan 0-4 iv) O(P-1) )

(O<Kilr)

BES8EL ?UNCTIONS

9.3.4

J,(v+ zr4)=2%r-HI Ai(-2144+0(r1)

Y,,(v &O. 2141,-4 Bi( Viz) + 0(s-t)

24 1
9.3.5

30ir (I)

1

Y'(v)."..-3,4r(i)
9.3.6

)4 {Al(vhf)J,(vz).(F:is

+ex1)--P4rvIr1) °
r Bi (vNt)

1-0) pH

+exPli.41(4!tvg4)1 °

(larg 21<i)

(iarg 81<r)

In the last two equations r is given by 9.3.38 and
9.3.39 below.

Debye's Asyniptotio Expansions

(1) If a is fixed and positive and r is large and
positive

9.3.7

..e) tik (coal a)J,(r ascii a) tanh a{ 1 + 7 ,

9.3.8

Y,(r sech (0-4,

where

0$ INTEGER ORDER

el.- UM* e)
(e jojstb a)

1,7T;ta={14Z

3 74

9.3.9

vo(t) =1
= (3i-50)/24

142(t)= (810-4620+3850)/1152
ist(t)= (30375t' -3 696030+7 65765t'

4 25425t9)/4 14720
u4(t)= (44 651250-941 216760+3499 22430

4461 85740013+1859 1072502)/398 13120

For us(t) and ue(t) see (9,41 or [9.211.

9.3.10

uh.;4 (t) fit2(1-1')14(t)+-11.8 (1-50)us(048 0
(k=0,

Also

9.3.11

J',(v sech a)",

inb 2a drum* -) (coth a)

9.3.12
Y;(r sech a)

.-48 eor-tambe) (_)4
vry

inh 2a vh (coth a)}

where

93.13
4(0=1

= ( 91+70)/24
v2(t) (-135p +5940-4550)/1152
N(t) ---- (-425250+4 517370-8 835750

+4 754750)/1 14720
9.3.14
Mt) =u1(1)+t(t*--- 1) ( (t) t4...1(t)

(k=1, 2, )
(ii) If p is fixed, 0<#<4ir and P is large and

positive

9.3.15
J,(v sec Q1= 421(13. tan p) {L(v, 0) cos *

+M(r, 0) sin it}
9.3.16
Y,(v sec #)=1121(tv tan p) {L(v, p) sin

#) cos )
where 40=r(tan ##) iv

9.3.17
um(i cot p)

81 cot' 0+462 cot' cots=1 + . . .
11520

ti
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9.3.18

m , 1±!!!t1;(0i.s.:VA

3cot0+5cot'$
. .

24w

Also

9.3.19

.1:,(v sec 0) = 4(sin 2$)/(i v) N(v, 0) sin *
0(e, 0) cos If)

\43.20
}1(1, sec 0) = (tIrcTr-riP)/(Tr)(N(w, 0) cos IP

0(r, 0) sin $}
where

9.3.21 \

Mr/ 0)"-' N

=1+135 cots 0+594 cot' 0+455 cot°
11520

9.3.22

0(41,0)"-
voi+t(i cot ft) 9 cot 0+ 7 cots

. A"' 24e

Asymptotic Esp insionit-in. the Transition Regions

When z is fixed 11,1 is large and. Barg

9.3.23
N. (z)

J,(v+zr1")...- Ai (--2"z) {1+N. ?Ts-)

.+7 Ai' (-2oz)

9.3.24

'"'21Ta
.6(e)Bi (-2144{ 1+

2" . 4 ch
r- Bi' (-22) * (z);Iv;

where

9.3.25

Ji(z) !5 z

9 3
zs

100 35

957 173 1

fs(z) 701)0
a° 150

za
-225

27 23573 5903 947

14`21 '-'20000 2'1)-147000 27 T-138-666 2

J.
go500 Z

OF INTEGER ORDER

9.3.26

367

90(z)=1 zs

, 17 1
gl kZ)

a I

9g2(z). zi+611- z4 37 z
1000 3150 3150

549 _4_110767 6 79 ,
271000 4 64i006 7-1,2U75

The corresponding expansions for H11)(e+zelis)
and 111,$)(v..1-zp") are obtained by use of 9.1.3
and 9.1.4; they are valid for ir(arg '<IT and
17<arg v<lic, respectively.

9.3.27

44)
zPi")"' 217: Al' (-2"sz) {1+N oviv

21/3 us ,4)+;;_ Ai(-2 70-vi

9.3.28

isno±eputy.....r..;i7i Be (-2t1sz) 4(4
-rtr}

Bi (-2h/sz) 5j$4

where

9.3.29

Its(z). 4
z

49(x) .______
i 57 z

699 217 23
h3'211=3500 a' .-31650 Z

4.1.

315d

f.,,N 27 to 4G631 j. 3889 1159_

11""2-0---006 z 141690 2 116roo

9.3.30

3 1

lo(2)
za-4

131 1

"(2)4=-140 3
4

9 5437 593
1'(2) 500 28+4W) 2

369 a 999443 e 31727 4, 941

C93003
,

T'Aititio

375
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9.331 J.(0,;%.{I+A.

9.3.32
11+ A. :tij-51151

BESSEL FUNCTIONS Or INTEGER ORDER

9.3.33 J:(0) ^41.1 04-g.

5 11109.3.34 r(r) 31/1
{1+ 3 E ;sI

where

tin
a.-sor--,(10....44730 73184,

Zan
b.pri-r, 1)=.41085 01939,

ao=1,

34=2.77475 90021

30.=.71161 34101

al =--
5

sze 004
22 '

aft=.00069 3735 . . as=.00035 38 . .

Po= -1--..01428 57143 . .
70

01= 10
23

1213
750. .00118 48598 ..

8 2 . - . 0 0 0 4 3 78 . . P1=.00038 . . .

7o=1, 7112'
23 =.00730 15873 . .

3150

.00093 7300 . . .00044 40 . . .

1

'80--5
8,

ilx=

.00080

9 47
.00273 30447 . .

4=4 .00038.. .

3

47

46500.=

. .

Uniform Asymptotic Espansions

These are more powerful than the previous ex-
pansions of this section, save for 9.3.31 and 9.3.32,
but their coefficients are more complicated. They
reduce to 9.3.31 and 9.3.32 when the argument
equals the order.

9.3.33

4(00 eir \I/ 4 Ai (riot) ts,(t)
k 1 711 pal

9.3.36
sea)z,) t pia fzi

Bit WI%

9.3.37

Irpo (pa) ft.20-11/S( 4t Ai (eftgarfusi)
t yin

ekom (efts/so/so A. kx01

When P-4+ 0, these expansions hold uniformly
with respect to a in the sector Jarg elSrI, where /
s is an arbitrary positive number. The corre-
sponding expansion for HP) (14) is obtained by
changing the sign of i in 9.3.37.

Here

9.3.38

14". f
t

V7dt.lni+?11731
equivalently,

9.3.39

2a (-03/1=fi dtArir:71.arccos ')

the branches being chosen so that r is real when
a is positive. The coefficients are given by

9.3.40

th(t)=. ii,t-hntin-{ (1-0)41

ba(r)=-1-* 141)4.1--""un_e+1{0-21)-#}

8

where ui is given,iven by 9.3.9 and 9.3.10, A0 =m0=1
and

9.3.41

)4
(2s+1) (28+3) ... (8,9-1)

*1(144)*

Thus so(r)=1,

9.3.42

8s+1
As8s-1

5 1 I 5 1

66(11=--iirem
a_

124(1-0)mti(1.-711)1
5 a_ 1 5 1

48ram(-01124(0-1)/114-8(0-1)11

Tables of the early coefficients are given below.
For more extensive tables of the coefficients and
for bounds on the remainder terms in 9.3.35 and
9.3.36 see (9.38J.

t)
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Voltam Espendoes at the Dashed's.

With the conditions of' the preceding subsection

11.3.411

2 /1-2N, Ai WO eta)

+Avis 101)

9.3.44

(ra)Ja-CintiliSkio

4-
Big

vs,
(IV) S. d2.(r)

9.3.45

40"11(1- sly Ai few/30V el(t)
HP"(rs)",-

+eson
Al' (fel'ussn1.) 4 Mt)

where

9.3.46

4(1')=- 214 ost-hissu.-.4.1{ (1- 0)-I}

kt-"vm-s {(1 -0) -I}

and v is given by 9.3.13 and 9.3.14. For bounds
on the remainder terms in 9.3.43 and 9.3.44 see
(9.381.

kW 01(0 4(0 d1(t)

0 O. 0180 -0. 004 0. 1687 0, 007
1 .0278 -. 004 . 1785 .009
2 .0361 -. 001 . 1882 .007
3 . 0366 +. 002 . 1927 . 005
4 . 0362 . 003 . 2031 . 004
6 . 0331 . 004 . 2166 . 003
8 . 0311 . 004 . 2284 . 003
7 . 0294 . 004 . 2413 . 003
8 . 0278 . 004 . 2539 . 003
9 . 0265 . 004 . 2662 . 003

10 .0283 .004 .21 .003

h(t) al(t) 401 4(0

o a 0180 -0. 004 O. 1687 11 007
1 . 0109 -. 003 . 1323 . 004
2 . 0067 -. 002 . 1087 . 002

4 .0031 -. 001 .00770044 .001
8 .0022 -. 000 .0688 .000
6 . 0017 -. 000 . 0676 . 000
7 . 0013 -. 000 . 0811 . 000
8 . 0011 0469
9 . 0009 -. 000 . 0416 .000

10 .0007 -. 000 .0379 .000

INTEGER ORDER

For r>10 use

r6-.104r11 ai(1)=.003,

369

1.1+.1461-1, tit (t) = .003.

For r<-10 use

be( t-', (t)

r'-1.33(-t)-o, (14)=.000.

Maximuvalues of higher coefficients:

1kali-A*3, ias(01=:0008, .001

14(011=.008 (1' <10), 4(t)^,-.00314 as t-b+ 0 .

9.4. Polynomial Approximations*

9.4.1 -3 szs3
Je(x).1-2.24999 97(z/3)1+1.26562 08(x/3)'

- .31638 66(43)' -1-.04444 79(x/3)

-.00394 44(43)10+.00021 00(x/3)11-Fe

1.1<5X10-8

9.4.2 0<x3
Yo(s) = (2/v) in(ix)Jo(x) +.38748 691

+.60559 3664/3-.74350 31144/3r
+.25300 117(x/3)-.04261 2144/3r

+.00427 916(43)4-.00024 848(x/3)1f +e

1.1< 1.4X 10-0

9.4.3 3x<
Jo(z) cos 00 Y0(z) =4-Y0 sin 00

1o.--...79768 958-.00000 077(3/z) -.00552 740(3/a)'

-.00009 512(3fte)'+.00137 237(3/4'

-.00072 805(3/a)' +.00014 478(3/0+

1.1< 1.6X 10-111111111
I Equations 9.4.1 to 9.44 and 9.8.1 to 9.8.8 are taken

from E. E. Allen, Analytical approximations, Math. Tables
Aids Comp. 8, 240-241 (1964), and Polynomial approxi-
mations to some modified Bessel functions, Math. Tables
Aide Comp. 10, 182-184 (1986) (with permission). They
were checked at the National Physical Laboratory by
systematic tabulation; new bounds for the errors, o, given
here were obtained aa a result.
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Se= -.78539 818-.04188 397(3/x)

- .00003 954(3/46+.00282 573(3/0
-.00054 125(34)4-.00029 333(3/4°

+.00013 558(3/x)6+

lel <7X 10-6

9.4.4 -35x53
.71(x) .1- .58249 985(x/3)1+ .21093573(43)°

-.03954 289(x/3)' +.00443 319(x/3)1

-.00031 781(43)*+.00001 109(x/3)6+8

lel<1.3X 10-6

9.4.5 0<x 53

xY1(x)= (2/1r)z ln(fx)Ji(x)- .63681 98

+.22120 91(x/3)' +2.16827 09(x/3)4

- 1.31648 27(x/3)0 +.31239 81 /3)1

-.04009 78(x/3)10+.00278 73(x

jel<1.1,X 10'4

9.4.6 3 5x< to

th(z)=z-V1 008 01, 17,(x)=CY1 sin 8 .

11..79788 488 +.00000 158(3/x)+.01859 8437(3/41

+.00017 105(34)1-.00249 511(3/x)4

+.00113 853(3/x)1-.00020 033(3/x)1+8

<4 X 10-6

01=x-2.35619 449+2499 812(3/x)
+.00005 850(34)1-.00837 879(3/x)'

+.00074 348(3/z)°+.00079 824(3/0

-.00029 188(3/x)6+*

ill<9X10-6

For expansions of 410(x), row, 11(x), and Y1(x)
in series of Chebyshev polynomials for the ranges
0 5z 58 and 0 58/x 51, see 19.371..

9.5. Zeros

Rod Zeros

When P is real, the functions J.(e), J;(2), n(a)
and Y;(z) each have an infinite number of real
zeros, all of which are simple with the possible
exception of s=0. For non-negedive P the 8th
positive zeros of these functions ars denoted by

OF INTEGER ORDER

4, th., and , respectively, except that 2.0
is counted as the first zero of .4(s). Since
*Aka)... -411(2), it follows that

9.3.1 j,c0=0, (s=2, 3, . . )
The zeros interlace according to the inequalities

9.5.2
. .

14. t 144+t . Kl/pH . s<

'SA i<16. i<4.
. .

The positive zeros of any two real distinct cylinder
functions of the same order are interlaced, as are
the positive zeros of any real cylinder function
1,(s), defined as in 9.1.27, and the contiguous
function if,o(s).

If p, is a zero of the cylinder function

9.5.3 W.(21)=4(1) 009(1r0+4(8) sin(11)

where t is a parameter, then

9.8.4 IC(p..).9111,-1(0.) -48,is(P4

If e, is a zero of St'; (z) then

9.5.5 11,(e,) =4: SC-1 (c.) V.+ (0.)

The parameter t may be regarded as a continuous
variable and p., o, as functions p,(t), Mt) of t. If
these functions are fixed by

9.5.6 MO) us 0, e,(0)=,g
then

9.5.7

9..=s48), 16.=0-4) (e=1,2, )
9.5.8

4.=e4t-1), 14..= 444- (e =1,2, )

9.5.9 g.(o0s0 W.(40417-11--+:2 ty.

hoduits Produots

94.10 4(6)"Y0 I.r(P+.1 (1 r9)

9.5.11 tr,(a)m 2r 4 1 -7, N
GT' (i Es) (p>0)

37d
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Mc Malson's Expansions for Large Zeros

When v is fixed, s>>v and 0=40

371

9.5.12
1 4 (, 1) (7A-31) 32(, -1) (83,'- 982,+3779)

80 3(80)' 15(80)6

64(u-1)(694V-1 53855A0-1-15 85743p-62 77237)
105(80)7

where ilf= (a + iv Dir for j,. gi= (8 +iv 1) r for y..,. With pir---(1+ Iv Dir, the right of 9.5.12 is the
asymptotic expansion of,p,(t) for large t.

9.5.13
1,4+3 4(7p2+82p-9) 32(83143+20742-3039A+3637)4,-- 80' 3(80')' 15(80')8

64(69490+2 9649440-12 48002p1+74 14380p-58 53627)
105(80')7

.

where 1E= (R + $),r for j',. tr= (.9+ iv 1)v for y',, (t+ iv+ i)r for o,(t).
9.5.12 and 9.5.13 see [9.4] or (9.40].

Asymptotic Expansions of Zeros
and Associated Values for Large Orders

9.5.14
j.1,v 4- 1.85575 71018 + 1.03315 Op-1/8

.00397p-1.0908P-6/34-.0431*-m+

9.5.15
+ .93157 680+.26035 1 Y. '113

011981.-.1 "- .00601%613 P-413 +

9.5.16
.80861 65v"+ .07249 Ov""

.05097v-1+.0094v-"+ .

9.5.17
y'.1,v +1.82109 80v1 a+.94000 71.-113

.05808r-1 .0540Y-5/8+ . . .

9.5.18
t) 1.11310 28v-v3/(1+1.48460 6v-1/1

+.432941.-".19431. -1+.019,-84+ . )

9.5.19
869-11111/(1+ .74526 1v."1"

+.109101.-4/3.0184-1.003tais+ . .)
9.5.20
J(j;.,) 51v-"(1.16172 3p-"

+.02918v-" .0068v-1+ . . )

9.5.21
}",( +l1,.1).%,..57319 401-"s(1.36422 Otrlis

+.09077v-" +.0237e1+ . . . )

Corresponding expansions for 8.2, 3 are given
in (9.40). These expansions become progressively
weaker as a increases; those which follow do not
suffer from this defect

For higher terms in

Uniform Asymptotic Expansions of Zeros and
Associated Values foe Large Orders

9.5.22 j,.--14(r)+AV- with r.,-1/304

9.5.23
. 2 Ai' (a,) Fk(r)

t4(1"). (r)h(r) 11+.1

with r.rusa,

9.5.24 j',--rz(r)-}-A t with r=p-ima;

9.5.25

(a;) :4) (1+A 61,%(0) with r.v-ima:

where a a's are the 8th negative zeros of Ai(z),
Ai' (a) (see 10.4), z=z(r) is the inverse function
defined implicitly by 9.3.39, and

9.5.26
h(0={4r/(1-0) }1
Ji(t)=0(3'){14(1) )%co

picoirigo{h(O}'c0(r)
where MO, co(t) appear in 9.3.42 and 9.3.46.
Tables of the leading coefficients follow. More ex
tensive tables are given in [9.401.

The expansions of y,,, Mk:), t/.. and Y. i...)and
to 9.5.22 to 9.5.25 are obtai ed by

changing the symbols j, J, Ai, Ai', a, a d a; to
y, Y, Bi, Bi', 6, and 6 respectively.

I Ft3§7.9*
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-r on h(r) AO PICO (-1)g,(t) (-t)bs(t) (-010s (t)

a 0
0 2
4 4
O. 6

4 8
10

1.000000
g 1. 166284
1.347557
1.543615
1.754187
1.978963

1.25992
1.22076
1. 18337
1.14780
1. 11409
1.08220

4 0143
.0142
.0139
.0185
. 0131

o. 0126

-0 007
-. 005
-. 004
-. 003- 003
-0 002

-O. 1260
-. 1335
-. 1399
-. 1453
- 1498

-o.. nu

-4 010
-. 010
-. 009
-. 009
-. 008

-o. oos

O. 000
.002
. 004
.005005
.006

0. 006

-, 1(t) kal AO P1 al el (r) es(t) 01(t)

1.0 1.978963 1.08220 a 0126 -a 002 -0. 1533 -O. 0011 4 006

1.2 2.217607 1.052008 .0121 -. 002 -. 1301 -. 004 .004

1. 4 2.469770 1. 02367 . 0115 -. cow -. 1130 -. 002 .003

1.6 2. 735103 4 99687 .0110 -. 001 -. 0998 -. 001 .002

1.8 3.013256 .97159 .0105 -.001 -.0893 -.001 .002

1 10 3.303889 4 94775 4 0100 -0. 001 -4 0807 -0 001 4 001

12 3.606673 .92524 .0095 -0 001 -. 0734 .001

14 8.921292 .90397 .0091 -.0673 .001

16 . 4 247441 .88387 . 0086 -. 0819 . 001

18 4584833 .86484 .0082 -. 0573 a 001

3.0 4 933192 . 4 84681 4 0078 -4 0533
3.2 5 292287 .82972 .0075 -. 0497

14 & 861780 .81848 .0071 -. 0484

16 1041525 .79806 .0068 -. 0436

3.8 1431269 .78338 .0065 -. 0410

4.0 6830800 4 76939 4 0062 -0 0386

4.2 7.239917 .75605 .0060 -.0865
4.4 7.658427 .743332 .0057 -.0345
4.6 1 086150 .73115 .0065 -.0328
4.8 8.822912 .71951 . 0052 -. 0311

5.0 1 968548 0 70836 4 0050 -4 0296
52 1 422900 .69768 .0048 -.0282
8. 4 1888820 .88742 .0047 -. 0270

1 6 10 357162 .67758 .0045 -. 0268

5.8 10 836791 .66811 .0043 -. 0246

6, 0 11. 324575 O. 65901 4 0042 -4 0236

12 11. 8203118 .65024 .0040 -. 0227 .

6. 4 11 324111 . 64180 .0039 -. 0218

6.8 11 836827 .63366 .0037 -. 0209

a a 11 354826 .622580 .0036 -. 0201

7.0 13. 881601 4 81821 4 0035 -4 0194

( -6-4 i ( 0. - I ( - 01 ( - 1) ik (t ) In t (t)
.1011.1.m....01111

O. 40 1.828915 1.62026 a 0040 -O. 0224
. 35 1.341532 1.663(51 .0029 --. 0158
. 30 1. 551741 1. 68067 .0020 -. 0104

. 25 1.569490 1.70146 .0012 -. 0062

. 20 1.564907 1.71607 .0006 -. 0033

O. 15 1.568286 1.72523 O. 0003 -0. 0014

. 10 1. 670048 1.72002 . 0001 -. 0004

. oil 1.570703 1. 73180 . 0000 -.. 0001

. 00 1.570196 1.73205 .0000 -. 0000

MEMIN11=MIEIMMI, .
11443dassum Values of Higher C4444141444

Lii(r) I ...ow, Iritr)(...op04 -r< )
los(r)ls-.001, 101(r)1=.0007 (15 -r< )
lc-0664)1*z 402, if-046%4)1=024(W

(05 -CS)1)

"480

Complex Zeros of ,/,,(4)

When it> -1 the zeros of th(e) are all real. If
p<-1 and P is not an integer the number of corn -
plea zeros of J,(z) is twice the integer part of
(-4; if the integer part of (' -.0 is odd two of
these zeros lie on the imaginary &Ili.

If r?,0, all zeros of J;(e) are real.

Complex Rem of 1:(s)

When is real the pattern of the complex zeros of
Y,(z) and no) depends on the non-integer part
of P, Attention is confined bets to the case p=sn,
a positive integer or zero.



noon PVIIMITON1 or ENTWER oust

Fiouas 9.5. Zero* of Y,(s)' and rs(s) . .

!ant el ST.

Figure 9.5 shows the approximate distribution
of the complex zeros of n(s) in the region
(erg el Sv. The figure is symmetrical about the
real axis. The two curves on the left extend to
infinity, having the asymptotes

111=1±41n awn ± 14931

There are an infinite number of zeros near each of
three curves.

The twc curves extending from 0= -ft 'o s=in
and bounding an eye-shaped domain intersect
the imaginary aria at the points *4,84+6),
where

a="447-71=.66274 . . .

b=h11--1- In 2=19146 . . .

and to=1.19964 . . . is the positive root of ooth
=ie. There are n zeros near.each of these curves.
Asymptotic expansions of these zeros for large

373

are given by the right of 9.5.22 with p=n and
r=o-vsp, or n-' ,, where 0 are the complex
zeros of Bi(s) (see 10.4).

Figure 9.5 is also applicable to the zeros of
Yam). There are coin an infinite number near
the infinite curves, and n near each of the finite
curves. Asymptotic expansions of the latter for
large n are given by the right of 9.5.24 with
r =n and r=m-mix or n-wit; where and ro are
the complex zeros of Biqa).

Numerical values of the three smallest com-
plex zeros of Yo(s), Ylle) and Yi(s) in the; region
0< erg gt<w are given below.

For further details see [9.361 and (9.131. The
latter reference includes tables to facilitate
computation.

Comaplex Zeios of the .11ankel Functions .\\
The approximate distribution of the zeros of

(s) and its derivative in the region Iarg al y
is indicated in similar manner on Figure 9.6..

1;111..

ft

Arilat

FUME 9.6. Zeros of HP (s) and APIs) . . .

Isez15.r.
The asymptote of the solitary infinite curve is
given. by

- f ln 2= -.34657 . . .

Zero* of Yo(s) and Value of r,(s) at the Zeros'
Iwo Yt

Beat Nag. Boa Nag.
-2.40301 6832 +.88988 2313 .10074 7689 86196 7710

-5. 61987 6702 .64718 0011 -.02924 8418 +. 58716 9503

-8.66367 2403 .64841 '2067 +.01490 8083 -. 46945 8752

Zeros of Y,(s) and Values of Yo(s) at !As Zeros
las Yo

Real Neg. Boa Nag.
-0.50274 3273 +.78624 3714 -.45952 7884 +1.31710 1937

-3. 83353 5193 +. 56235 6538 -F. 04830 1909 -- 0.69251 2884.

-7. 01590 3683 +.55339 3046 -.02012 6949 +0.61864 2833

Zeros of Yi(s) and Values of no) at the Zeros
Zero Vt

Real Mag. Beal /mac.

+0. 57678 5129 +. 90398 4792 -. 76349 7088 +. 58924 4865
- 1.94047 7342 +. 72118 6919 +. 16206 4006 - .95202 7886

- 5.33347 8617 +. 56721 9637. -.03179' 4008 +. 59685 3673

3 From National Bureau of Standards, Tables of the Hensel functions Yo(s) and Y,(s) for complex arguments,
Columbia Univ. Press, New York, N.Y., 1950 (with permission). '

%'8128. 1
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There are n zeros of each function near the
finite curve extending from s= * to s =n; the
asymptotic expansions of these zeros for large n
are given by the right side of 9.5.22 or 9.5.24
with pc=n and r=s-k'nn-wed, or p=s-lwolfrilla:.

Zeses of OrappProduets

If v is real and 4 is positive, the zeros of the
function

9.5.27 J.(a) Y.(ks) 4(Xs) Y,(s)

are real and simple. If 4 >1, the asymptotic
expansion of the ath zero is

9.548 r=4/4:112
Pl. fir 1- 05

+

where with 40 denoted by Pt

9.3.29
0-0#(4 -1)

0-1 (N-1)(µ-215)(4' -1)
Pgra gas 6(44)*(4 -1)

64 1)(N-1140+1073) (V 1)
3(0) '(4 -1)

The asymptotic expansion of the large positive
zeros (not necessarily the eth) of the function

9.5.10 ar.(8) Y:(44) J:(Xa) r(c) (4 >1

is given by 9.5.28 with the same value of 0, but
instead of 9.5.29 we have

9.5.11

±3, "
(0+(64))(6) (11s-1)

(um + 1850 20153p +1899) (A ° -1)
6(04°04-1)

1

The asymptotic expansion of the large positive
zeros of the function

9.3.32 ./:(s)Y(2)}1004(4s)
is giveti by 9.5.28 with

9.3.33
0= (11-040-1)

(04-3)4 (0-1)
8A(X-1)

1(0 +460- 63)W OA ) 25)
quffs 6(4)41(X-1)

5(414) '(4 -1)r.(0-1- 1850 20830+ 1899P4°

GA ) (N' -1140 +1073)

nit 382

Modified Bessel Functions I and K

9.6. Definitions and Properties

Differentia Equation

(AD the
9.6.1 as as--1-11 (ss+ sA) to =0

Solutions are 4,(s) and .74(a). Each is a regular
function of s throughout the z -plane cut along the
negative real axis, and for fixed e( 00) each is en
entire function of P. When v=i±n, /y(s) is an
entire function of s.

1.(s) (Nye) is bounded as s-+0 in any bounded
range of erg s. /,(s) and /..,(s) are linearly inde-
pendent except when v is an integer. 14(s) tends
to zero as 1$111 CD in the sector larg
and for all values of v, /.(s) and K,(s) are linearly
independent. Ms), K,(s) are real and positive
when v>-1 and s>0.

Fioutui 9.7. /0(z), 14(x), /4) and KI(x)
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noon 9.8.
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INISSZle FUNCTIONS 07 WIMPS ORDER

o 1 9 10

!-11.4(a),-"I1(x).ekofiti mid 81401.

* holm 9.9. /.(5) and 14(5).

Modena lemma Illutleme

/...sinc4-4.19
9.6.1

The right of this equation is replaced by its
limiting value if r is an integer or zero.

9.6.3

I,(s) 41-0"4(seit9 ("s<arg 0510
I.(a) 0001/14( se .4001) atir<nr81510

9.6.4

LOD= 0409 (* <ell IS 110
14(a)=1ivirollir (80-1")(er<s1111S0

94.5

Y,(8eigt).eilre'D"Ii,(s)(210.-041C00

(-1r<aie :Sir)
9.6.6 I -a(z)=1»(2), K-0=1404

c'

Most of the properties of modified. Bowel
functions can be deduced immediately from those
of ordinary Basel functions by application of
these relations. /

375

Limiting Emma for Small kraumaists

When r is fixed and s-40

9.6.7

h(s)(0)111(r 1-1) Old 1, 2, ...)
9.64 s

, 9.6.9 LW'. ir W(Is)" (91,)0)

Ascending %glee '1

.6.1O h(8)=421. .42141)
9 11

(_)s+1 In (isOla(s)

+ Naar g (#(k+1)-1-0(4-1-k+1)) kirks
#(n) is given by 6.32°

9.6. 40)=1+44-121):4-F+.4.
9.6.

Ko(8) {In .010+7}4(0+4
+0 +0 Vi-(1+4+1) L(3 +..

Wronsideas
9.6.14

W( /is), LAE) =1.00/-0+,)(n)L(4,-.(1)
an 2 sin ()/(rs)

9.6.15

W(KM)e),1=1/.(2)K.+I(s)÷ho(1014(1) =.11
a 6

1'11,4,44

I
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Integral Representations
9.6.16

/0(z).1 iv e"""o°d8=.1. iv cosh (z Cos 0)d0
V V

9.6.1714.(z)=.-- I 4111' (At+In (2zsin28)}dO
V

I. 1?

9.6.18
0* iv -as 600 S.

daVIr(P+1) 6 gin

as-f14)1' f tlY-'101/indt

9.6.19 1.(a) f e' cos (nO)de
V

9.6.20

!,(z)! ft el "sty CON ("Oa
V

_sin (vr) r was-0dt
t

9.6.21
I.

I

(ffly>-4)

/

!denotes I,, or any linear combination of
these functions, the coefficients in which are
independent of z and,.

9.6.27 4(z)=4(4, K(z)=K1(z)

FormaVas for Derivatives

9.6.28

G peg p(s)} =31-'2%-*(z)

I d *. 1ai) ...)

9.6.29

214)(g)==,i {2..-k(z)t(t),2'._k+2(z)
+()f\

"44(4+ +.2..+k(z)}
(k=0,1,2, ...)

(larg zl<ir)

K0(a) cos (x Binh t)dt.j" C°8_11-1) dt
, 0 1,10+1

/6.22
K,(x) =sec (w) f cos (x sinh 1) cosh (,t)4

0

=ale (ivr)f sin. (x Binh I) sinh (4)dt
0

9.6.22
(1RA<1, x>0)

)/r4(42)e j40.6"1"4" di

tr.211 ,f`
di-sitts_i).-1

(ar>-4, lug 21<ir)
9.6.24 K.4) ...f s 'mil" cosh (re) di (lag 'Xi")

9.6.28
r(p+i)(2z)' r co.

vie Jo (t'+ z)
oh> 4, z>o, 'erg zi<iwr,.

Recurrence, Relations ,

2,
X, _1(z) ..+1(z)=.7

2",(4. 2',..(z) 2",(z)

+ 2. +1 (a) 22 :(z)

2.:(:)=2°.+1(z)+.`i 2..(8)

94.26

*Roo page ft

et

Analytic Continuation

9.6.30 1,(ze"'").,e""1"1,(a) (m an integer)

9.6.31

K,(zew'')=e- "`"*K,(a)- ri sin (mvr) ceo (vir)1.(0
(m an integer)

9.6.32 4(i1=7,755, .14(2) (0 real)

Generating Function and Associated Seri..

9.6.33 +1/8;, 2,4 tt/k(s) (t00)5--.

e' c"°..../0(z)+2 h(z) cos(k8)

9.6.35

()411k+1 (z) sin { (2k+1)0}

+2 A: ("(z) cos(2k1)

9.6.36 1= /0(z) 2/2(z) + 214(z) 2/8(z) + . . .

9.6.37 si./0(z)+2/1(z)+2/0(z)41/0(z)+ . . .

9.6.38 e-'= 4W-2/LW+ 211(z) 213(2) . .

9.6.39

cosh a 40(4 +210(z) +214(z) -1-210(a)-t- . . .

9.6.40 sinh z=2/t(z)+2/0(e)+ 24(4+ . . .

/ '

A
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Othr Diftereatiol Equations

The quantity in equations 9.1.49 to 9.1.54
and 9.1.56 can be replaced by - As if at the same
three the symbol in the given solutions is
replaced by S.

9.6.41

111/4."+80*211410+(±8''',$)W1=0, 111=1.82;(11)

Differential equations for products may be,
obtained from 9.1.57 to 9.1.59 by replacing a by

Derivatives With Respect to Order
9.6.42 /
a #0+k+1) *LT
5; US) 3=1*(2) OS) E,w, --Er-
9.6.43`

a
ic.(2) efic(Pv)1{/ 1-40 "i; (41

cot (ra)ips)
9.6.44

(-)I[tigs)]

9.6.45

000, ± 1, ±2, . .)

-1400+. 2
*-i( )-*1 (I s)/ (z)

[rt ICAO] fAtilLs P; erKk(2)

"I4 2 (n-k)k!

9.6.46

[31/.(s)] .,=-14(2),b, .0 Cal
a ic.(z)]

rapresAlois in terms of Rypergeometrie ruactious

9.6.47

.4(a) ?8). ori 0+1;r +ir)
EN. 2,4- I, 28)=2b+er(p+eMo, (2z)

9.6.48 14(s)=GiY5,10,.(2z)

(IF', is the generalized hypergeometrio function.
For M(a, b, a), Mo(s) and Woo(*) see chapter 13.)

Coassetion With Legend?* Functions

Ifµ and are fixed, 9l' a >0, and r--0
ma) positive values

9.6.49 , lim floP;0 (onsh -4(a)

through

377

80.50 lim { rse-091(2: (cosh 0} iTIC,,(s)

For the definition of P;" and (a., see chapter 8.

a

9.6.51

2'44 =Mt'

Multiplication Theorems

lees(4 (1),C-11<l)

If ; =1 and the cpper signs are taken, theirs- ,
stro n on A is unnecessary.

9.642
sh e

ti.+4(8), Jr(a)=11 ()" g 4+1100

Neumann Series for K.(.)
9.6.53

K(z)=(-)*-' In (ig).L4(,a-14)34(4

+Ig(42)-"V la (iarti(a)
2 ,(4 ' (n-k)kl

01-1-2k)/+()*

9.6.54 Ko(z)= (In (42) +7)/0(z) +2 /
. . Zeros

Properties of the zeros of Ma) and 14(4 may
deduced from those of 4(s) and 111"(z) resP03-

tively, by application of the kansformationes
9.6.3 and 9.6.4.

For example, if v is real the zeros of /.(s) are all
Complex unless -2k<v<-(2k-1) for some 'posi-
tive integer k, inowhich event 4(a) has two real
zeros.`±

The approximate distribution of the zeros of
If,(0) in the region -Jr s arg x S Jr is obteined on
rotating Figure 9.6 through an angle -tir so that
the cut lies along the positive imaginary axis.
The zeros in the region arg iffir are their
conjugates. 14(z) has no zeros in the region
larg al S fir; this result remains true when n is
replaced by any real number v.

9.7. Asymptotic Expansions
Asymptotic Expansions for Large Arguments

When so is fixed, lel is large and m=40

9.7.1

/v(8),, {1 M-14.(0-1)6A-9)
1124,s 58 21(8s)*

44-1)64-9)(0-25)
31(8a)t +\ 385

.} ,(1611181<ir)
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9.7.2

K.(a) ,...,vi 8 -. ( 1 +0
a-

1+ 6i.... 0649)
z 1z)N

G6-1) (µ -9) 9) 64 -'

-r -482)$ 254
_i_

.) (lark al<111)

Noon FUNCTIONS OW INTEGER ORDER

0 9.7.3

44) le
(1

0+3
+

64-1)(0+15)
21(82)111§7r9

64-1) 64-"64+354 (Ian al <il);31(80
9.7.4

K;(4 fts- 1
_

s ( 1 +
a 34 (p -1)4+105 2100)

4
44-1) GI-CPI-354 .) (larg al<k)

h,,, 31(82)*

The general terms in the last two expulsions
can be written down' by inspection, of 9.3.15 and

'
If rill Teal and non-negative and a is positive 4

the remainder after I terms in the expansion
9.7.2 does not exceed the (k +1)th term in absolute
value and is of the satne sign, provided that

9.7.5
'1 1 p

1.4)14(z) ~22 {1 221

1 .3 (0-1)(0-9)
2 .4 (2a)4

9.7.6

Z(a)K:(8) +5 To.
1 .
2 4 (244

(larg al<I0r
The general terms can be written don by
inspection of 9.248 and 9.2.30.

.}

al<er)

Uniform Asymptotic Evanston. for Large Orders

9.7.7 I ti 4. ÷ VIM
(i+r)"4-

9.7.8

ic(Ps)ftifi 0.÷911411+ 1A,(-)4

1.1 ICJ
..

9.7.9 Mpg) +ern
42, a 41^{1+N v-1-0-4}

9.7.10

When 1,-- +02, these expansions hold uniformly

ve number.pbiy. onumber. Here
with respect to a in erg Sit =e,
where s an arbitrary

11.11T-1-a4+1n
1+.41+0

9.7.11 t=1/ 1 +a',

and v (t), Mt) are given by 9.3.9, 9.3.10, 9.3.13
, and 9.3.14. See (9.38] for tables of lb 14(0,
Mt), and also for bounds on the 'remainder
terms in 9.74 to 9.7.10.

9.8. Palyn Approximations 4

Idequsfons 9.8J. to 9.8.4, t=x/3.75..

9.8.1 -3.75 3.75

/0(x) =1 +3.51562 290+3.08994 2414+120674 920
+.26597 320+03807 8804+ .00458 1304+.

I1<1.8X10-7

9.8.2 3.75 xi<co

xie-sI0(x). 29894 228.1-.01328 5920
+.00225 3190-.00157 5850
+.00918 2811 4-.02057.706t4
+.02835 53714-.01847 8331-7

+.00392 3771-' +.

11<1.9X10.4

9.8.3 -3.75 S x 53.78

x-'4(x).1+ .87890 59404-.51498 8890
+.15084 934e +.02858 7330'
+.00301 5320+ .00032 4y11'ute

11<axio-
9.8.4 3.75 x<ce

xer4/1(x)==.39894 228-.03988 0240
-.00382 018r4+.00183 8010
- .01031,555r'+.02282 9870
-.02895 312r° +.01787 8540

-.00420 0590+.
11<2.25<10-7

386
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9.8.5

: BSINIEL FUNCTIONS

0<a

.K0(3)=2 in (42).70(3).57721 566
+.42278 420(x/2)'+.23069 756(x/2)'
+.03488 590(42)8+.00262 698(42)8
+.00010 750(3/2)u)+.00000 .740(3/2)P+.

11<lX10-8

9.8.6 2 s< /
3leK0(;)=1.25331 414.07832 318(2/a)

+.02189 568(2/3)11.01082 446(2/3)8
+..00587 872(2/a)' .00251, 540(2/3)8

o ;1-00053 208(2/3) °+s

lol<1.9X10-7

9.8.7 05a 2
. sKI(s) =3 In (42)4(x)-1-1 +.15443 144(3/2)*

.67278 379(3/2)'.18156. 897(42)5

.01611 402(a/2)6 .00110,404(3/2)10
, .00004 686(3/2)"+.

lol<8X10-9

2 ap<9.8.8

sleK1(s)=1.25331 414+.23498 619(2/x)4 .03685 620(2/01-.01504 268(2/s)'
'.00780 353(2/0.00325 614(2/s)° -

- .00068 248( /s)° +°

I1<2.2X10-7.

For expansions of 40(3), Ko(s), /Az), and Iii(x)
in series cif Chebyshev polynomials, for the ranges
04s8 and O S8 /zS 1, see (9.371.

Kelvin Functions ,

9.9. Definitions and Properties

In this and the following section P is real, a is
Iasi and non-negative, and n is again a positive
integer or zero.

Definitibne
9.9.1

ber, z+i ;=41.(ze'") =1"4(x41-"")
=01,011/Axet/4)=.11111/1/44-Sirt/11)

9.9.2

ker, z +i kei, 3me-0"14(zet'14)
= frimo tris-rimo(le-iftm)

When r=0, suffices are usually suppressed.

or INTEGER. soling

Differential Equations
9.9.3

ev/'+am' (its+ 0)11).0,

ca==ber, bei,

ker, x+i kei,

379

ber_, 3+i bei_,

ker-, x +i kei-,

9.9.4

1.10-1-2sta"'(1+20)(As"av/)
-1-(0-40+34)to=0,

w =berg,, kW*, a

Relations Between Solutions

9.9.5

z=cos(rr) ber, 3+sin(vr) bele;

+ (2/w) sin (car) ker,

bei_, shkrr) ber, z+cos(pr) bei,
+(9 /r) kei. a

9.9.6

z2=cos(rr) ker, zsin(iir) kei,r
kei_, at=sin(rr) ker, a+cos(rv) kei,

9.9.7 ber_" 37()6 bar. a, bei-. bei.

91.9.8 ker_" al= )8 kereXI keLs 22=1('-")* kei"

9.9.9

ber, c
os r+ )oy

+1) (10r,

bei, r= (ix) gain { }r+ltk)r
it P+ +1) ""

9.9.1Q
ars (WY

Amending !Jerk*

bei 2=}0 V(31) ):+121)11

9.9.11

ker" r= Roy. g- cos {Owl-WI)

ae -in ax) ber" 2+0 be a

+Rear C°8{(14+}i)f)

x{#0+1-(11-4#+(nki+14±1..

38'7



380 BROOM FUNCTIONS OP DITZOIR ORDER,

Ma -4(isys g. sin ((in-tik)v)

(a-6-01X (ier in (ix) beiv x-1r her

+wag sin ((11-1-0)x)
e WO+ 1) +01-14-1-1_)) f(ix')

14.. Al(a+k)t

where #(n) is given by 6.3.2.

9.9.12

!ter a= (ix) ber x-Fir bei a

+A ()!#(2k;") (ler
kei x= In (1x) bei fier a

+Ness #(2k-I-2 (14"1

Functions of Negadv; Argument

In general Kelvin functions have a,,branch
point at x.0 and individual functions with argu-
mente as"' are complex. The branch point is
absent however in the cue of ber, and bei, when r
is an integer, and

9.9.13

ber.( x) = ( ) * ber. x, ()* bei,, a
.

Iteeturenes Relations

9.9.14 4
J.+1+1._,Irg V, got

"212 245%.1.4.1tg.+1-1.-171.-1)

- 1.f

y +0 )

Iwhere

9.9.15 ;

. fe.ber, x f,=bei,

x g,== ber, a

./.71ter. x} a

go= kg. a g, = ker,

9.9.16

9.9.17

If

9.9.18

bar' ,a=bers a+bait

id belt x.0ber, x+beis

ker' aftikver, a-lakeil

x=iker, x+keil
OF I

llosnivenos Relations for CanesProdusts

.then

9.9.19

i
po=berl x+beil a

ge=ber, a beg ;ber: a bei,
r,=ber, a ber: beg a

8,,=berP x +bei:* a

and \ .

9.9.20

The same relations hold with ber, bei replaced
throughout by ker, kei, respectively.

Indefinite Integrals

In the following A, g, are any one of the pairs
given by equations 9.9.13 and are either the
same pair or any other pair.

9.9.21
441

fe+y,dxt-- (1.4.1-tho)--z4+' `x

9.9.22

le-Y4f-15 00.4.0
9.9.23 v,
f(1(1.0uAdxtri (i:(1.+1+g +1)

gg./.44 gy+i) MA1+0+1)+94,41-00}
1_4 ftfr+40#.0')

38a
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9.9.24 - ,

fA.hig+9;f:)dx=3-14- Left

-;/.4.10-1+2941-9.-if:+1-1/:+17:-0

1188881. FUNCTIONS' OF INTEGER ORDER

Zeros of Functions Of Order Zeto

.9.9.23.

fx(g+ Adz= 41,)

(41415)(Ah+i+ibib+s--.49.4.i+th+tg.)

9.9.26

fx.hiax.'14-0(2.14,7-.4-4.+1=-1+ig.-1)

9.9.27
e C

Ascending Series.forCross-Products

9.9.28

bet! beg s.

4

9.9.29

1
(ix)'' r(P-1-k+1)11(v+2k+1) k!

ber, x bee, z-ber, x bei,

(i2)"=,(,12)b+1.r 1

it% r (v+Ii+1)r (p+2k +2) k!

9.9.30

%et, 2 her: i beg x

9.9.31..
A

ber: e

. 1 (tzar
=11(ix)h-1..,4 11(r+k-1:1)11(v+2k) k!

(20+24+10) (01)14-(ix)"-t 11(r+k-f-1)11(14-2k+1).

Expansions in Series of Bowel Functions

9.02
. da.44).+Aztj,+1(s)

ber. xl=1 2.0 kl
. 80.+0)./42.v.+4(x)

20 a
9.9.33

ber.(xtri) % ...L(-)1+44+u(x)in(x)

bein(42)m. E (2)*+Voef1(x)/9e+1(x)

381

ber s bel s ker s
.
kei s

let zero 2. 84892 5.02622 1. 71854 3. 91467
2nd zero 7. 23883 9. 45541 & 12728 S. 34422
3rd seto 11. 87396 13. 89349 10. 56294 12..78258
4th zero 16. 11356 18. 33398 15. 00269 17.62314'
5th zero 20. 55463 22. 77544 19. 44381 21. 68464

ber' s "bel' s ' ker's kW' s

1st zero 8.03871 3. 77320 2. 68584 4. 93181
2nd zero 10. 51364 8.28099 .7. 17212 9.40405
3rd zero 14. 98844 12. 74215 11. 63218 13.45827
4th zero 19. 41758 17. 19343 16. 08312 18. 30717
5th :pro 23. 86430 21. 64114 20. 53068 .22.75379

9.10. Asymptotic Expansions'

Asymptotic Expansions foralargelrgumeint.

When pis fixed and x is large
4

9.10.1

044
be.r, t,(x) cos a+ g.,(x) sin a}

1-! (sin (Ur) x+cos (2vs.) kei, x}

0.10.2

b441':;57rx{fAx) sin a-g,(x) cos a}

1
-171; (cos (2rw) key, x-sin (21nr) kei,

9.10.3

key, x=4111(24e-8142{M-x) P--g,(-x) sin 0}

9.10.4

kei, irIr(I4s-1/01{ -f,(-s) sin 0-2gg-eyeeep)

where

at(x/i/2) +(ir-1)7, 137-(x/112)+(iP+Or=a+11

and, with 4v2 denoted by m,

9.10.6

.h(±4
(0-1) (a-9) . fo- (0-1)(br)

(8 )4 --N
From British Association for the Advancement of

Science, Annual Report (J. R. Airey), 254 (1927) with
permission. This reference also gives 5-decimal values of
the next five zeros of each function.

389
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9.10.1

0.(±2)
,A4. (T)r 61-1)44-9) { )4 (2k-1)2} sin (hi)

1:1(82)1

The terms' in kens and kei.z in equations 9.10.1
end 9.10.2 are asymptotically negligible compared
with the other terms, but their inclusion in numeri-
cal calculations yields improved accuracy.

The corresponding cries for ber:a, b eta ker: a
and kei: a cap be derived from 9.2.11 and 9.2.18
with sp.xeM". the extra terms in the expansio
of ber: a and beg x are respectively

(1 /w) {sin(2rw)ker: x+cos(2rw)kei:
and

1/1)(cos(2rw)ker:Isin(2rw)kei: a).

Modulus and Phase

9.10.8

M.= ,Aber; a +beg a) , 0.= &retail (bei.s/ber.x)

iro=Mi cos (01Oobr)
ei=(Magio) sin 01-4- it)

9.1i17 A

d 30.)/dx=s31k, Oe + A r$4.0M.0
.10.18

No...Aker:r +keg 4) , 4,= &ratan (kei, x/ker.

9.10.19 luir.x=N. cos 4, kei.x=N. sin 44

9.10.9 1:ser.x=24cos 0., bei.x=.34, sin 0.

9.10.10 .31_0=/11, 0_0=00nw

9.10.11

bet.: i= M+1 cos (041-10i M...1 cos (0...1'10
(r/x)M. cos 0.-1-M,+, cos (041-1,r)

7". (v101. cos 0,-14-1 cos iv)

9.10.12

x=1/110 sin (ew iv) M-1 sin (0,-s

"". = (r/x)/1/. sin O.+ /11.+1 sin (0.4.1 fir)

(r /s) M. sin 0. M...1 sin (44 iv)

9.10.13 .

bee a= M, cos tot-10, bei a =Ms sin (0-- Iv)

9.10.14

M:= (r/z)Mei-M.+Icoi
=7 (44214 cos (0...1-0,--1*)

9.10.15

= (M.+IIM,) sin 9.440.
-- (M._, /M,) sin (0.-1-0.

',The coefficients of these terms given in (9.17) are in-
correct. The present results ere due to Mr. 0. F. Miller..

Playas 9.10. bar x, bei 2, ker &and kei x.

Ftottas 9.11. In 310(x), 00(x), In NM(x) and 00(x).

Equations 9.10.11 to 9.10.17 hold with the symbols
,M, 0 replaced throughout by k, N, fp, respectively.

In place of 9.10.10

9.10.20 N...,== N., -004.+VIt

390



emu rwerioNs OP INTEGER ORDER

Asymptotic Upsilons ofillodolus sad Plums

When P is fixed, x is large and 0=41,1

9.10.21

esiv2 f 1_0-1 _L. 61-.- 1)1 1
.trirtz 84/2 X 256

(0 1)(µ2+14m-399) 1 _L.n 1 Ni
6144i2 FT'

9.10.22

9.10.23

42 v2

9.10.24

(21%) 1 (0-1)(µ -25) 1
842 z 38442

....(17
128

-13 1
1-07

IN
if

L µ-11 , 0-1 1
872'

N,=rl:L e-giv 0+ 8 1
AZ 134

1
: 256

9.10.25

4. 64-1)(0+140-399)
614442 as+Ow}

in 141..-44 (11:)+E_-!. 14, G6-1) GA-28)

X128 13

42 v2x/ 842 x ' 38442

.4-t)(;1)
9.10.26

fl 1\ 11-11 11-1 1
6.; -7/5kr+01r 87-2 70.

(+-32;25)
Asymptotic Forsosioor of CrosProduets

If x is large

9.10.27
4042 1 1ber' x-}-bei'

1

(14-4-4§

33 1 1797 1 ,

25842 ?"5-2
9.10.28

ego 1 1 1/ber x bei' xber' bei ;
I_ 9 1 39 1 75 1 +' 442 x +512 x' +819242

. ,

9.10.29

ber bars x+hek! bee x"-'27,.e
_31

x

'6442 x2 512 zws-r-iirOV2
15 1,. 45 _L. 315 1

383
4.

9.10.30

ber" x+beiti x 'fix 72 '
4. 1\

+§-5Qii°4-15-2
75 1 2475 1

9.10.31

ker' x+kei9 14., 1 1
2x v 442x '6 x2

9.10.32

33 1 1797 1 _L.

250,1.4w-6-8192F'

ker x kei' a; ker' x kei x sw -so (1_11
8 x .

9.10.33

ker x ker' kei' x fig Cis" (1-1- 21
112 8 x

9 1 39 1 75 1 _L. \
'6442 Y2-512 Fri-WW2 Fr I

9.10.34

15 1 A. 45 1 _,_ 315 1 A. \
6442 0-T-512 P-T-819242 /

3 , 9 1
ker" z+kei" xmli -so (14* TUT'

UT'
1r

75 1 _1_2475 1 a.
25642 Fr8192 F;*

Let

9.10.35

168 3281 ' 15360 5121. -I-

where ms=40. Then ifs is a large positive integer

9.10.36

Zeros of ber, x-41(8f(8)},

Zeros of bei, x Id( a f(8) },

Zeros of ker, xri(8-1-,A I) },

Zeros of kei,

Asymptotic Expansions of large Zeros

41

391

8=(e-- it Of
6=(e iv+i)*
8=(e-0i)*
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31/4 BESSEL FUNCTIONS OP INTEGER

For v=0 these expressiona gtve, the ath zero of
' each function; for other values of v the zeros
repreiented may not be the sib.

Unqavas Asymptotic Repazugoas far Large Orders

When r is large and positive

9.10.37

ber(rz) +i bei.(a)'-'
erl izseft/N0

0

9.10.33

ker, (rx) kei, (rx)

I/ _,Iess {1+gbi (_)._14421

9.10.39

ber: (Px)-f.i bei: (rx)

?±(521
a-. 64 /sow \

1124130 X k 1 ) (711

9.10.40

ker: (r4+i kei: (v4
or PI / Xethrii4V'

2p 1.+./1) (1+A
where

, .

9.10.41 t= 1
and sh(t), va(t) are given by 9.3.9 and 9.3.13. All
fractional powers take theik principal values.

9.11. Polynomial Approdmitiona

9.11.1 -85x58
ber x=1 -04(x/8)'+ 113.77777 774(48)"

-32.36345 652(48)11+2.64191 397(48)1$

-.08349 .609(48)90 +.00122 552(x/8)"

-.01)000 901(x/8)s+ e

xio-9

9.11.2

bei z=18(zia)' - 113.77777 774(48).

+72.81777 742(248)0-10.56765 779(x/8)1'

+.52185 6154/8)1-.01103 667(x/8)"
+.00011 346(x/8)28 +s

11<8 X10-*

4

ORDER

9.11.3 0<x8
ker a= -ln (ii,) ber z+br bei x-..57724 566

-59.05819 744(z/8)4+171.36272 133(4.8)$

50.60977 451 (Z/P)" + 8.65839 121(x/8)"

-.19636 347(x/8)°+.00309 699(8/8)"
-.0r2 458(48)"+

9.11.4 0<z0
kei z=i-ln(tz)bei z-},r ber a+8.70454 .938(x/8)°

-112.91827 687(48)°+124.23589 850(;/8)"

-21.30080 904(z/8)14+1.17508 004(48)".

-.02895 875(z/8)"+.00029 832(x/8)'1 +I

III <3 X10-.

9.11.5

ber' x=14-4(z18)1-1- 14.22222 222(x/8)°

6.06814 810(48)10 +.88047 849(z/8)1'

-.02809 253(z/8) " -1-.00045 957(3/8)n

.00000 94(2)88)241-F.1
,

fie) <2.1 X10.4

9.11.6

bei' x=xlf -10.66666 666(x/8)'
+11.37777 772(48)8-2.31167 514(z/8)"

+.14677 204(x/8)10 -.00379 386(x/8)9)

+.00004 609(48)1+1

idi<7X10-'

.4#

9.11.7 0<x8
ker' -ln (1z) bee ber x+fir bei' x

+4-3.69113 734(48)"+21.42034 017(48)6 ,

-11.3643,3 272(48)10 +1A1384 780(z/8)" ,

-.06136 358(z18)"+.00116 137(48)n
-.00001 075(x/8)n+s

11<8X10-4
392



DZISigl FUNCTIONS

. )9.11.8 0 <x58

kei' (ix) bei' bei x-iv.bers i
' +421139 217-13.39868 846(7/8)'

+10.41182 758(48)6 -4,65950 823(48)"

+.33046 424(x/8)'°-.00926 707(48)s

+.00011 997(x/8)9+.

1.1.7X10-4

o

9.11.9 . 85 s<

ker x+i kei x.f(x) (1 +es)

f(x)=-P7 expf-
L

11: ti-e(-4]
11

Iftl<1X10-/

9.10 85x.<

ber x+i bei (ker x 1-i kei 4=9(4 (1 +ft)

[1-1-i
g(x)==-Tirrx cap x+0(x)

1..K3x10-1

Numeikal Methods

OF ISTISOIDE MSS

where

9.11.11
0(3)(.00000 00-.i=2 9269 91i)

+ (.01104 83-A.01104 850(8/x)

+ (.00000 00-.00097 651 (8/x)'

+(-.00009 06-40009 011')(8/46

+(-.00002 52+40000 00i)(8/44

+(- .00000 34+.00000 61i)(8/x).

4 (.00000 06+.00000 191)(8/W-

9.11.12 85x<
kers x-1-ti kii 1(x) #(- s)('1 +a)

lish<2X10-/

385

9.11.13 85s<ce
ber' x+i bei' x-.1 (ker'x+ti kei' .r) =g(x).(x) (1 +ft)

J41 <3 X 10'4
where

9.11.14

.(x)=(.70710 68+.70710 681)

+(-.06250 01-.00000'010(8M
+(-.00138 13+.00138 11i)(8/x)I

+(.00000 014.00024 62i)(8/46

+(.oma 46 I- .00003 381') (8 /x)'

+(.00001 17-.00000 24i)(8/x).

+ (.0000 16-.00000 32i)(8/46

9.12. Use and Extemisiol of the Tables

Example 1. To evaluate 4(1.55), ni=10, 1, 2,
. . each to 6 decimals.

The: rlourrence relation

1(s)-1-Joi(x)L3 (24/444(s)

can be used to compute Jo(x), Ji(x), Ja(s),
successively provided that n'<x, otherwise severe
accumulation of rounding errors will occur.

Awe, however, J,,(x) is a decreasing function of n
when n>x, recurrent:elan always be carried out
in the direction of decreasing is.

Inspection of Table 9.3 shows that 4(1.55)
vanishes to 5 decimals when n>7. Taking arbi-
trary values zero for J, and unity foal, we comppte
by recurrence the entries in the second column of
the following table, rounding off to the nearest
integer at each step.

is Mal maws /*(4.6/)
9 ' 0 .00000
8 '1 .00000
7 10 .00008
8 U .00028
6 679 00311
4 4292. .01381
3 21478 .06661\
2 78829 .24468
1 181917 .66442
0 166916 .48376

We normalize the results by use of the equation
9.1.46, namely

A(s) -1-24(s) +WM +

This yields the normalisation factor.

1/322376,=.00000 61019 7
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and multiplying the.trial values by this factor we
'obtain the required results, given in the third
column. As a cheekwe may verify this value of
J0(1.55) by interpolation in Table 9.1.

Remarks. (i), In this example it was possible. '
to estimate immediately the value of n=N, say,'
at which to begin the recurrence. This may not
always be the case and an irbitrary value of Nmay
have to be taken. Thetpumber of correct signifi-
cant figures in the final values is the same as the
number of digits in the respective trial values.
lf, :the chosen N is too small the trial values will
have too few digits and insufficient accuracy is
obtained in the results. The calculation must
then he repeated taking a higher value On the
other hand if N were too large unnecessary effort
would be expended. This could be offset to some
extent by"discarding significant figures in the WA'
values which are in. excess of the number of
decimals required in J.. -

(1i) If we had required, say, J0(1.55), J1(1.55),
. . 4(1.55), each, to 5 significant figures, we
would have found the values of J10(1.55) and
J11(1.55) to 5 significant figures by interpolation
in Table 9.3 and then computed by recurrence

th, . Jo, no normalization being requi
Alternatively, we could begin the recurrenc at

a.higher value of N and retain only 5 signific nt
figures in the trial values for n<10.

(iii) Exactly similar methods can be use to
compute the modified Bessel function /,.(x) by
means Of the relations 9.6.26 and 9.6.36. If x is
large, however, considerable cancellation will
take place in using the latter equation, and it is
preferable to normalize by means of.9.6.37..

Example 2. To evaluate Y,(1.55), n=0, 1,.2;
. . JO: each to 5 significant figures.

The recurrence relation

Y.-1(z) Yft+i (z) (2/1/2) Yo(z)

ran be used to compute Y(x) in the direction of
increasing n both for n<r and n>i, because in
the latter event Y(z) is a numerically increasing
function of n.

We therefore compute no .55) and Y1(1. i5) by
interpolation in . Table 9.1. generate Y20.55),
Y2(1.55), . . Y,0 (1.r by ieeurrence and check

'Y,o(1 .55) by interpolation in Title 9.3.
Y.(1.45) n Y 4(1.65)

0 0. 40228 6 1. 9917 X 101
1 0. 37970 7 - 1. 8100 X 101
2 -0 89218 8 -1.3440X10 4
3 1.. 9227 . 9. 1. 3722 X 101
4 6.5808 10 1. 8801 X 101
8 31. 886

I

0
Remarks. (i) An alternative' way of computing

Yo(x), should Jo(x), .12(x), .14(x), . . ., be avail-
able (see Example 1), is to use formula 9.1.89.
The other starting value for the recurrence,
Y1(x),. can then be found from the Wronekian
relation .11(x) Yo(x)-.10(47,(x)=2/(irx). This is a
convenient procedure for use with an automatic
computer.

(ii) Similar methods can be used to'compute the
modified Bessel function .K.(x) by means of the
recurrence relation 9.6.26 and the relation 9.6.54,
except that if x is large severe cancellation will
occur in the use of 9.6.54 and other methods for
evaluating Ko(x) may be preferable, for example,
use of the aeympkitio expansion, 9.7.2 or the poly-
nomial approximation 9.8.6.

Example & To evaluate J0(.36) and Y0(.36)
each to 5 decimals, using the 'multiplication
theorem.

Vora 9.1.74 wo have

`1'0044 == oao(x), where ak (-kV
kl
-1)4(43r,

17.b

We take z=.4. Then X .9, (X2-1)(1z)= -.038,
and extracting the necessary values of .1k(A) and
n(.4) from Tables 9.1 and 9.2, we compute the
required' results as lollows:
Is , as 55J5(.4) akYk(4).
0 +1.0 +.98040 -.60602
I +0.038 -1-'.00745 -.08787
2 +0.7220X 18-3 + .00001 '- ..00599
3 +0.914X 10-0 - .00074
4 +0.87 k 10-I - .00011
3 +0.7 X10-* / -.00002

Jo(.38) = .98788 Yo(.38) = -.88085

Remark. This procedure is equivalent to inter-
polating by means of the Taylor series

Wo(!-1-h) Ve(z)

at z=.4, and expressing the derivatives trk)(z) in
terms of ro(z) by means of the recurrence rela-
tions and differential equation for the Bessel
functions.

Example 4. To evaluate ,./,(x), r,(x)*
and l':(x) for v=50, z=75, each to 6 decimalit.

We use the asymptotic expansions 9.3.35, 9.3.36,
9.3.43, and 9.3.44. Here z=0=312, From 9,3.39

we find ,

2 .... 1 2
IT" - arccos -= +.2769653.
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Hence

r= -.6567724 and (1-419-,.)116= +1.165332:

BEESEL FUNCTION8 OP INTEGER dRDER 387

Next,
01=3.684031ot Plier 74158582.

Interpolating.in Table 10.11, we end that

AWN% = 4.2999 14-, .Ai' (Mr) + .451441,

Bi(vivir)= -.160585, Bis(visisr).= +.819842.

As a check on the interpolation, we may verify
that Ai EV- AliBi=1/...

' Interpolating in the table following 9.3.46 we
obtain

MO= +.0136, ear) =4 +.1442.

The contributions of the terms involving ch(r)
and dl(r) are negligible, and substituting is the
asymptotic expansions we find that

1

4(75) = +1.155332(50-'11X .299953

+50-14 X .451441 X.0138) +.094077,

405) = - (413) (1,155332) ''''' (50 -"X.2999536

X .1442 +50 -' " X .451441) 'r-.- .038858,
k 1

Y10(75) = -:- 1.155332 ( - 5071.4 X .160585 i

60 -10 X .819542 X .01.36) = .4t.080336,

rso(75) = + (4/3).(1.155332)- '( - 50'4m X .10685

X .1442 + 50" iis X .819612) = + .069343.

As a check we may verify that

Jr -47 I'm 2/(754 '

Remarks. This example may also be computed
using the Debye expansions 9.3.13, 9.3.16, 9.3.19,
and 9.3.20. Four terms of each of these series are
required, compared with two in the odmputations
above. The cloeei the argument-order ratio is to
unity, the less effective the Debye expansions
become. In the neighborhood of unity the even*
sions 9.3.23, 9.3.24, 9.3.2'7, -and 9.3.28 will furnish
results of moderate accuracy; for high-accuracy
work the uniform expansions should again be used.

Example 5. To evaluate the 8th positive zero
of t 40(4 and the corresponding value of 40(x),
each to 5 decimals.

We use the asymptotic expansions 9.5.22 and
9.5.23 setting v=10, s=5. From Table 10.11

we find

66= -7.944134,

Hence

A11'00= +.947.336.

r=10-$466=.2151434766= minsus..

Interpolating in the table Bowing 9.5.26 we
obtain

ago= +2.888631,
(r) +.0107,

kr) = +.98259,
Pla)=-.001.

The bounds given at the foot of the table show
that the contrillutkos of higher terms to the
asymptotic series are negligible. Hence

. .ilas=28.88631+.00107+ . . =2838738,

1 2 .947336
4(41

_L

1% iCPA 2.888831)5,96269

X(1-.00001+ . ...)= -14381.

Example 6. TO evaluate the first root of
.70(x)Y0044- Yo(x)Jo(ax) =0 for X=11 to 4 signii-

-oant-figures,
last a61) denote the root. Direct interpolation

in Table 9.7 is impracticable owing to the
divergence of the differences. Inspection of
9.5.23 suggests that a smoother function is
(X-1)4". Using Table 94 we comiute the fol-

.-lowing values

tft - )g.11) a as

0.4 3.410

0:4? 3.13f +21
+9

0.8 3.140
+2

1.0 3.142(1)

-12

-7

Interpolating for 104=.887, we obtain
(X-1)4)=4.134 and thence the required 'root
41=6.288.

ExaMple 7. To evaluate her. 1.55, bal. 1.55,
n=0, 1, 2, . . each to 5 decimals.

We use the recurrence relation

Ja-s(u.'",+41a+1001"1

(1-1-Oirs(xe""I

tilting arbitrary values iero for 470(0004) and
1-01 for JI(xes"o) (see Example 1).
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1/(294989-22011i). (.337119+ .025165i)X 10-6,
4.

.

A Real
trial values

!meg.
trial values

beta bolo

9 s 0 0 . 08000 . 00000
8 +1 0 . 00000 . 00000
7 -7 -7 I.-. 00002 -. i 1 i

6 -1 +89 -.00003 +. i i IA)
r 6 +500 -475 -I-. 00181 -. 11148

4 - 4447 -203 -. 01494 -. 00180
' 3 +14989 +17446 +. 04614 +. 06258

2 +11172 -88578 +. 06994 -. 29680
1 .-- 197012 wi 123804 -. 89531 +. 38781
0 +281539 +165373 +.91004 +.69461

Z +106734 +207449 +. 30763 , +. 72419

The values of berx and beiz are computed by
multiplication of the trial values by the normal-
izing factor

:1

Obtained from the relationtlon

J04"4)-1-244(se"")+2.74(xek1I4)+ . .

Adequate checks are furnished by interpolating
in Tam %II for ber 1.65 and bel 1.66, and the
use of a simple sum check on the normalization.

Should ker,,x end keio be required they can be ,

computed by forward recurrence using formulas'
9.9.14, taking the required tstarting values for
n=0 and-1 from Table 9.12 (iee Exam* 2). If
an indep ent check on the recurrence is required
the asymptotic expansion 9.10.38 can be used.
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Table 9.1 BESSEL FUNCTIONS-ORDERS 0, 1 AND 2

Jo( r)
. 0. 0 1.00000 00000

0. 1 0. 9975t 15620
0. 2 0.99002 49722
0.3 0.97762 62465

10. 4 0.9603 8266

0. 5 0.93846 98072
0.6 0.91200 48634
0.7 0.88120 08886,
0. 8 0.84628 73527
0.9 0.80752 37981

fte

1. 0 0.76519 76865
1.1 0. 71962 20185
1.2 0.67113 27442
1.3 0.62008 59895
1. 4 0. 56685 51203

1.5 I O. 51182/76717
1, 6 0.4540 21676
1.7 9.39798 48594
1.8 :0.33998 64110
1.9 /,/ 0.28181 85593

2.0,, 0.22389 07791
2.1 0.16660 69803

/ 2. 4 +0. 00250 76832
. O. 05553 97844
0. 11036 2469

2.3

2. 6 -0. 04838 37764
-0.09680 49543

2. 7 - 0.14244 93700
2.80 - 0.18503 60333
2.9 -0. 22431 15457

4
3. 0 - 0.26005 19549
3.1 - 0.29206 43476
3. 2 - 0.32018 81696
3.3 - 0.34429 62603
3.4 -0.36429 55967

3.7
I-0.3 10.

923 02033
3.6

77399
76 89837-

3. 5

3.8 -0.40255 64101
3.9 -0. 40182 60148

4. 0 - 0.39714 98098
4.1 -0.38866 96798
4. 2 - 0.37655 70543
4.3 -0.36101 11172
4. 4 - 0.34225 67900

4. 5 -0.32054 25089
4.6 - 0.29613 78165
4.7 - 0.26933 07894
4. 8 - 0.24042 53272
4. 9 - 0.20973 83275

5. 0 - 0.17759 67713

L(
r( -4)61 r(-4)31

L 11 j L 8 j L 7 i
JA-F i (.r)14 4(0 -10)

Compiled from Britik.h Association /for the 'Advancemen of Science, Bessel tune-
,:

tions, Part II. Functions of positive integer order, Ma ematical Tables, vol..X
(Cambridge Univ. Press, Cambri*, England, 1952) and Harvard ComOutation
Laboratory, Tables of the Bessel functions of the first kind of orders 0 through
135, vols. 3-14 (Harvard Univ. 'Press, Cambridge, Mass., 1947-1951) (with per-
mission).

.11(r) .12(.1.)

00000 O. 00000 00000 0.00000 00000
66040 0.04993 75260 0.00124 89587
39576 O. 09950 08326 0.00498 33542
38296 0. 14831 88163 0.01116 58619
59563 0.19602 65.789 0.01973 46631

40813
97211

.- 0.24226 84577
0. 28670 09881

0.03060
0.04366

40235
50967

07405 0.32899 57415 0.05878 69444
50480 0. 36884 20461 0. 07581 77625
22545 0.40594 95461 O. 09458 63043

57967 0. 44005 05857 O. 11490 34849
27511 0.47090 23949 0.13656 41540
64363 0.49828 90576 0.15934 90183
61509 O. 52202 32474 0. 18302 66988
74289 O. 54194 77139 0. 20735 58995

*A918 0. 55793 65079 0.23208 76721
39381 0. 56989 59353 0.25696 77514
46109 0.57776 52315 0.28173 89424
42550 0.58151 69517 0. 30614 35353
74385 0. 58115 70727 0.32992 57277

41236 0. 57672 48078 0. 35283 40286
31990 0. 56829 21358 O. 37462 36252
22174 0.55596 30498 0. 39505 86875
45602 O. 53987 25326 0.41391 45917
97244 0, 52018 52682 0.45098 00402

68198 i 0.49709 41025 0. 44605 90584
97038 0.47081 82665 0.45897 28517
46012 0.44160 13791 0. 46956 15027
64387 0.40970 92469 0. 47768 54954
91968 O. 37542 74818 O. 48322 70505

01933 0. 33905 89585 0.48609 12606
50698 0.30092 11331 O. 48620 70142
57123 0.26134 32488 0. 48352 77001
98885 0.22066 34530 0.47803 16865
62000 0.17922 58517 0.46972 25683

87263 0, 13737 75274 0.45862 91842
00798 0.09546 55472 0.44480 53988
71191 0.05383 39877 0.42832 96562
78564 +0. 01282 10029 0.40930 43065
87640 -0. 02724 40396 0, 38785 47125

63847 - 0.06604 33280 0.36412 81459
35854 -.0. 10327 32577 0. 33829 24809
67568 - 0.13864, 69421 O. 31053 47010
36535 -0.17189 65602 0. 28105 92288
03886 -0. 20277155219 O. 25008 40982

85121 . -0. 23106 04319 0. 21784 89837
74141 ' -0. 25655 28361 0. 18459 31052
19753 - - 0.27908 07358 O. 15057 30295
91183 - 0.29849 98581 0.11605 03864
85326 - 0.31469 4671.0 0.08129 152p

14338 -0, 32757 9137 O. 04656 51163

338
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BESSEL FUNCTIONS - ORDERS 0, 1 AND 2

Yd(s) Y1(s)

-. 0

Table CI

Ya(e)`

- 0

891

0.1 4. 53423 86514 :6. 458;5 10947 -127. 64478 324'
0,2 4. 08110 53224 -3, 32382 49881 - 32. 15714 456

1,, z 0.3 - 0.80727 35778 - 2.29310 51384 - 14009 401
0.4 .4. 60602 45684 - 1.78087 20443 8.. 2948833 565

0.5
1

-D. 44451 817335 - 1.47147 23927 . - 5.44137 084
0.6
0.7

- 0.30850 98701
u.0.19066 49293

' - 1.26039 13412
- 1.10324 98719

3.89279 462
2.96147 756

0.8 }.0.08680 22797 ,0.9977814 41767 2.35855 816
0.9 +0.00562/83066 - 0.87312 65825 - 1.94590 960

1.0 -- 0. 08825169642 6,-.0. 78121 28213 - 1.65068 261
1.1 0.16216 32029 - 0.69811 95601 1.43147 149
1.2 .0. 22808 35032 - 0.62113 63797 - 1.26331 080
1.3 0. 28653 53572 - 0.54851 97300 - 1.13041 186
1.4 0.33789 51297 - 0.47914 69742 - 1.02239 081

1. 5 0.38244 89238 - 0.41250 BUN,. - 0.93219 376
1.6 0.42042 68964 - 0.34757 80083 - 0.85489 941
1. 7 0.45202 70002 - 0.28472 62451 - 0.78699 905
1.8 0.47743 1714 - 0.22366 48682 / 0. 72594 824
1.9 0. 49681 99711 - 0.16440 57723 - 0.66987 868

2. 0 1 0.51037 56726 - 0.10703 21315 0.61740 810
2.1 0. 51829 37375 -0. 05167 86121 0.56751' 146
2.2 0. 52078 42854 +0. 00148 77893 - 0.51943 175
2.3 0. 51807 53962 0.05227 73158 0.47261 686
2.4 0.51041 47487 0.10048 89383 0.42667 397

2.5 0.49807 03596 0.14591 81380 - 0.38133 585
2.6
2.7

0.48133 05906
0.46050 35491

0.18836 35444
0.22763 24459

- 0. 33643 556
0.29188 692 -

2.8 0.43591 59856 0.26354 53936 0.24766 928
2. 9 0.40791 17692 0.29594 00546 0. 20381 518

3. 0 0.37685 00100 .__, 0. 32467 44248 0.16040 039
3.1 0. 34310 28894 0.34962 94823 - 031753-348
3.2 0. 30705 32501 0.37071 13384 0.07535 866
3.3 0.26909 19951 .0.38785 29310 - 0.03402 961
3. 4 O. 22961 53372 0.40101 52921 + 0.00627 601

....."

-048902-49419 --- - 0.41018 84119 0.04537 144---3i4
3.6 0.14711 10126 0.41539 17621 0.08306 319
3. 7 0.10607 43153 . 0.41667 43727 0.11915 500 y

3.8 0. 06450 32467 0.41411 46893 4.15345 185
. 3.9 +0.02337 59082 0.407@2 00193 .0.18576 256

4. 0 - 0.01694 07393 0. 39792 57106 0.21590 359
4.1 , -0.05609 46266 0.38459 40348 0. 24370 147
4, 2 - 0.09375 12013 0.36801 28079 0.26899 540
4.3 -0. 12959 59029 0.34839 37583 0. 29163 951
4.4 0.16333 64628 0.32597 06708 0. 31150 495

4.5 0.19470 50086 0.30099 73231 0. 32848 160
4.6
4.7

-O. 22345 '99526
- 0.24938 76472

. 0.27374 52415
0.24450 12968

0.34247 962
0. 35343 075

4.8 - 0.27230 37945 0.21356 51673 0.36128 928
4.9 -0. 29205 45942 0.18124 66920 0.36603 284

5. 0 -0.3045176252 0.14786 31434 0.36766 288
211In+ 1(s).-i n(s)-n- 1(4

4.

T.3



BUM FUNCTIONS OF INTEGER ORDER

Table 9.1 BESSEL FUNCTIONS-ORDERS 0, I AND 3
C

41(x) Ji-4) J2(x)
5.0 - 0.17759 67713 14338 0.32757 91316 0. 44656 51163
5. 1 - 0.14433 47470 60501 - 0.33709 72020 , +0r01213 97659
5.2 - 0.110Q9 04397 90987 - 0.34322 30059 - 0.02171 84086
5.3 , - 0.07580 31115 85584 - 0.34596 08138 -O. 05474 81465
5.4 -0. 04121 01012 44991 - 0.34534 47908 -0. 08669 53768

5. 5 - 0.00684 38694 17819 - 0.34143 82154 - 0.11731 54816
5. 6 +0. 02697 08846 85114 - 0.33433 28363 - 0.14637 54691
5.7 '9.05992 00097 24037 - 0.32414 -0.17365 60379'
5.8 0.09170 25675 74816 - 0.31102 7443 -0. 19895 35139
5.9 0.12203 33545 32823 4. 2951 24447 - 0.22208 .16409

6. 0 0.15064, 52572 50997 - 0.27668 38581 -0.24287 32100
6. 10 0.17729 14;22 42744' .0. 25586 47726 0.26118 15116
6.2 0.20174 77//29 48904 - 0.23291 65671 - 0.27688 15994
6.3 0.22381 20061 32191 - 0.20808 69402 -0. 28987 13522
6.4 0. 24331 '06048 23407 - 0.18163 75090 - 0.30007 23264

6.5 0.26009 46055 81606 -0.15384 13014 - 0.30743 03906
0:27404 33606 24146 - 0.12498 016 .- 0.31191 61379

78

0. 28506 473_77 10576
0:29309 56031 04273

- 0.09534
.0. 06521

21180 - 0.31352
86634 - 0.31227

50715
75629

6.9 0.29810 20354 04820 - 0.03490 20961 - 0.30821 85850

7. 0 0.30007 927054955.6 4. 00468 28235 - 0.30141 72201
7. 1 0.29905 13805 01550 +0.02515 32743 , - 0.29196 59511
7. 2 0. 29507 06914 00958 0. 05432 74202 - 0.27997 97413
7. 3 0. 28821 69476 35014 1 08257 04305 - 0.26559 49119
7.4 0.27859 62326 57478 0.10962 50949 4.124896 78286

7. 5 0.26633 96578 80378 0.13524 84276 - 0.23027 34105
7. 6 0. 25160 18338 49976 0.15921 37684 - 0.20970 34737
7,7 0. 23455 91395 86464 0.18131 27153 - 0.18746 49278
7.8 041540 78077 46263 0.20135 68728 - 0.16377 78404
7.9 0.19436 18448 41278 O. 21917 93999 - 0.13887 33892

1 0 0.17165 08071 37554 0. 23463 63469 - 0.11299 17204
8. 1 1 14751 74540'44378 0, 24760 77670 - 0.08637 97338
8.2 0.12221 53017 84138 0.25799 85976 - 0.05928 88146
8.3 0.09600 61008 95010 0.26573 93020 ..0.03197 25341
8.4 0. 06915 72616 56985 0. 27078 62683 - 0.00468 43406

8.5 0. 04193. 92518 42935 0.27312 19637 +0.02232 47396
8.6 +0. 01462 .29912 78741 0. 27275 48445 0.04880 83679
8.7 - 0.01252 27324 49665 1 26971 90241 0. 07452 71058
8.8 - 0.03923 38031 76542 0.26407 37032 0. 09925 05539
8.9 -0. 06525 32468 51244 0. 25590 23714 0. 12275 93977

9.0 - 0.09033 36111 82876 IL 24531 17866 0.14484 73415
9.1 4. 11423 92326 '83199 0. 23243 07450 0. 16532 29129
9.2 - 0.13674 83707 64864 0.21740 86550 0.18401 11218
9.3 -0. 15765 51899 43403 0.20041 39278 0. 20075 49594
9.4 - 0.17677 15727 51508 0. 18163 22040 0.21541 67225

9.5 - 0.19392 87476 87422 `O. 16126 44308 0.22787 91542
9. 6 -0.20897 87183 68872 0.13952 48117 0.23804 63875
9.7 - 0.22179 54820 31723 IL 11663 86479 O. 24584 46878
9.8 - 0.2322'! 60275 79367 0. 09284 00911 IL 25122 29849
9.9 - 0.24034 11055 34'60 1 06816 98323 0.25415 31929

. 10. 0 -0. 24593 57644
r(-4)41
L 11 j

51348 0. 04347 27462 0. 25463
rc- 4)41
L 8 J C(L

0313

I
2ft

Ja+ t (x) .4(e)-,/s-1(x)

40'0



/-

5.0
5.1
5.2
5.3
5.4

5.5
5.6
5.7
5.8
5.9

6,
6. 4

6.5
6.6
6.7
6. 8

is 9
0

"17..1
7.2:
7.3
7.4

7.5
7.6
7.7
7.8
7.9

41,

388881. FUNCTIONS 07 mum ORDER

BERM FUNCTIONS-ORDERS 0, 1 AND 2 Table 9.1

Yo(x)
-0. 30851 76252
- 0.32160 24491
-0. 33125 09348
- 0.33743 73011
-0. 34016 78783

-0. 33948 05929
-0. 33544 41812
-0. 32815 71408
- 0.31774 64300
- O. 30436 59300

-048819 46840
- O. 26943 49304
-0. 24830 99505

W-116. 1175:143

- 0.17324 24349
- 0.14522 62172
40. 11619 11427

A. 08643 38683
-0. 05625 36922

-0. 02594 97440
+0.00418 17932

0. 03385 04048
0. 06277 38864
0. 09068 08802

0. 117)1 32861
0.14242 85247
0. 16580 16324
0. 18722 71733
0. 20652 09481

Ys (I) .

0.14786 31434
0.11373 64420
0.07919 03430
0.04454 76191

+0.01012 72667

- 0.02375 82390
-0. 05680 56144
- 0.08872 '33405
-0. 11923 41135
0.14807 71525

-O. 17501 0343
-0. 19921 22045
-0. 22228 36406
- 0.24224 95005
-0. 25955 98934

- 0.27409 12740
-0. 28574 12791
-0. 29445 T3130
-0.30018' 68758
4.'30291 76343.

-0. 30266 72370-
-0. 29947 88746
- 0.29342 25939
-0.-28459 43719
4: 27311 49598

-0. 0012 es1oi
04iE4280 10021

4000. 22431 84743
" -0. 20388 50954

- 0.18172 10773

8.0 0.22352 14894 - 0.15806 04617
8.1 0.23809 13287 - 0.13314 87960
8.2 O. 25011 80276 -0. 10724 07223
8.3 0.25951 49638 -0. 08059 75035
8.4 O. 26622 18674 4. 05348 45084

8.5 0.27020 51054 . - 0.02616 86794
8.6 0.27145 77123 +0. 00108 39918
8.7 0.26999 91703 0.02801 09592
8.8 0.26587 49418 .0. 05435 55633
8.9 0. 25915 57617 O. 07986 93974

9.0 0. 24993 66983 0.10431 45752
9.1 O. 23833 59921 0.12746 58820
9.2 O. 22449 36870 0.14911 27879
9.3 0. 20857'00676 0.16906 13071
9i4 0.19074 39149 0. 18713 56847

9.5 0. 17121 06242 0.20317 98994
9.6 0. 15018 01333 0. 21705 09660
9.7 0.12787 47920 0.22866 00298
9.8 0.10452 70840 0.23789 32421
9.9 0. 08037 73052 0. 24469 24113

10.0 0. 05567 11673

C` j

Y2(x)

0.36766 288
0.36620 498
0.36170 876
0.35424 772
0.34391 872

0.33084 123
0. 31515 646.
0, 29702 614
0.27663 122
O. 25417 029

0.22985 790
0.20392 273
047660 555
0.14815 715
0. 11883 613

0.08890 666
0.05863 613

+0. 02829 284
-0. 00185 639
- 0.03154 852

- 0.06052 661
08854 204

- 0. 11535 668
-0. 14074 495
- 0.16449 573

4. 18641, 422
20632 353

- 0.22406. 617
- 0. 23950 '340
- 0.25252 628

- 0.26303 660
- 0.27096 757
- 0.27627 430
- 0.27893 605
-0. 27895 627

- 0. 27636 244
-0. 27120 562
4. 26355 987'
.-0. 25352 140
- 0.24120 758

-0. 22675 568
-0. 21032 151'
- 0.19207 786
- 0.17221 280
4.15092 782

- 0.12843 591
- 0.10495 952
- 0.08072 839
- 0.05597 744
-0. 03094 449

O. 24901 54242 -0. 00586 808
r (-4)41 I"

L
( -

6
4)41

L 8 .1 j
Y4411(4..11 Ya(s)- Yo- 14)

to

/401



394

Tat& 9.1

.0

RICSSIDL FUNCTIONS OF INiECIER ORDER

BESSEL FUNCTIONS - ORDERS 0, 1 AND 2

10.0
10.1
10. 2
10. 3

-0.24593
-0. 26902
-O. 24961
- 0.24771

Jo(x)
57644
96505
70698
68134

51348
80910
54127
822441

10.4 -0. 24337 17507t 14207

10.5 -0. 23664 81944 62347
10.6 -0.22763 50476 20693 '
10. 7 - 0.21644 27399 23818
10.8 - 0.20320 19671 12039
10.9 -0.18806 22459 63342

11.0 -0.17119 03004 07196
11. 1 -0.15276 82954 35677
11.2 - 0.13299 19368 59575
11.3 - 0.11206 84561 09807
11.4 - 0.09021 45002 47520

11.5 -0. 06765 39481 11665
\ 11.6

11. 7
- 0.04461
-0. 02133

56740
12813

94438
88500\ 11. 8

11. 9
+0. 00196

0. 02504,
71733
94416

06740 ..
99590

12, 0 0, 04768 93107 96834
12. 1 0, 06966 67736 06847
12. 2 0.09077 01231 70505
12.3 O. 11079 79503 07585
12.4 0.12956 10265 17502

12. 5 0.14688 40547 00421
12.6 0.16260; 721/7 45511
12.7 0.17658 78885 61493

- 12.8 0.18870 13547 80683
12.9 0.19884 24371 36331

13.0 0.20692 61023 77068
13.1 0. 21288 81975 22060
13.2 0.2168 59222 58564
13.3 0.2188229 80903 19277
13. 4 0. 21772 51787 31184

13.5 0.21498 91658 80401
13,6 0. 21013 31613 69248
13.7 O. 20322 08326 33007
13.8 0.19433 56352 15629
13.9 0.18357 98554 57870

14.0 0.17107 34761 10459
14. 1 0. 15695 28770 32601
14.2 0.14136 73846 57129
14.3 0.12448 76852 83919
14. 4 0.10648 41184 90342

14. 5 0.08754 48680 10376
14.6 0.06786 40683 23379
14.7 0.04764 18459 01522
14.8 0. 02708 23145 85872
14..9 +0.00639 15448 90853

15.0 - 0.01422 44728 24781

L It j

(z)
Q6.04347

+0.01839
- 0.00661
- 0.03131
-0. 05547

-0. 07885

27462
55155
57433
78295
27618

4

00142

' J3(0)
0.25463 03137
0.25267 23269
0.24831 98653
0.24163 56815
0.23270 39119

0.22162 91441
-0.10122 86626 0. 20853 53000
- 0.12239 94239' 0.19356 43429
- 0.14216 65683 0.17687 48248
0.16034 96867 0: 15864 02851

- 0.17678 52990 0.13904 75188
-0.19132 82878 f 0. 11829 47301
- 0.20385 31459 0.09658 95894
- 0.21425 50262 0.07414 72125
-0. 22245 05864 0. 05118 80816

-0. 22837 86207 0. 02793 59271
-0.23200 04746 +0. 00461 55923
- 0.23330 82408 - 0.01854 91017
-0. 23228 47343 - 0.04133 74673
-0. 22898 32497 -0. 06350 40215

-0.22344 71045 - 0.08493 .84949
.4.21574 89734 - 0.10532 77609
-0. 20598 20217. -0. 12453 76677
- 0.19425 88480 -0. 14238 47549
-0.18071 02469 - 0.15870' 78405

-0.16548 38046 -0. 17336 14634
-0.14874 23434 -0. 18621 71675
-0.13066
-0.11143

22290
15593

-0. 19716
- 0.20611

46175
25359

0

-0. 09124 82522 -0. 21298 94530

-0. 07031 80521 -0. 21774 42642
- 0.04885
- 0.02706

24733
67028

-O. 22034
-0. 22078

65904
69378

-0. 00517 74806 -O. 21907 66588
+0. 01659 90199 -0.21524 77131

0.03804 92921 -0. 20935 22337
0. 05896 45572 - 0.20146 19030
0.07914 27651 - 0.19166 71443

'' '0.09839
0.11652

05167
48904

-0. 18007
- 0.16681

61400
36842

0.13337 51547 13201 98826
0.14878 43513 - 0.13584 87137
0.16261 07342 - 0.11846 64643
0.17472 90520 -0. 10005 00556
0.18503 16616 -0. 08078 52766

0.19342 94636 -0. 06086 49420
0.19985 26514 -0. 04048 69928
0. 20425 12683 -0. 01985 25577
0.20659 55672 +0. 00083 60053
0. 20687

40.20510

61718

40386

0. 02137

0. 04157.

70688

16780
v

C( 7
-4)31

J

+ 1(s)
n Js(z)-Js-t(z)

402

r( 4)n
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O

Iran rukonows Of INTEGER' ORDER

WESSEL FUNCTIONS - ORDERS 0. 1 AND' 2 Table 9.1

Yo(z)

10.0 O. 05567 11673
10. 1 O. 03065 73806
10.2, ". +0. 00558 52273
10.3 -0. 01929 78497
10.4 -0. 04374 86190

10.5 -
11.06753

03725
10.6 -0. 09041 51548
10.7 -0. 11218 58897
10.8 - 0.13263 83844
10.9 - 0.15158 31912

YI(z) Y2(z)

0.24901 54242
0.25084 44363
0.25018 58292
0.24706 99395
0. 24155 05610

0.23370 42284
0.22362 92892
0. 21144 47763
0.19728 90905
0.18131 85097

- 0.00586 808
+0.01901 478

0. 04347 082
0.06727 260
0.09020 065

0.11204 546
0.13260 936
0.15170 828
0.16917 340
0.18485 264

11.0 - 0.16884 73239' 0.16370 55374 0.19861 197
.11.1 - 0.18427 57716 0.14463 71102 0, 21033 651
11.2 - 0.19773 28675 0.12431 26795 0. 21993 156
11.3 - 0.20910 34295 0.10294 21889 0.22732 329
11. 4 -0. 21829 37073 0.08074 39654. O. 23245 932

11.5 - 0.22523 21117 0.03794 25471
1%. 6 -0. 22986 97260 0. 03476 64463
11.7 .' - 0.23218 05930 +0.01144 60113;
11.8' -O. 23216 17790 -0. 01178 90120
11.9 -0. 22983 32139 -0.03471 14983

/

12.0 -0. 22523 73126 -0. 05709 92183
(12.4 -0. 21843 83806 -0. 07873 69315

'412.2
2 -0. 20952 18128 - 0.09941 84171

2.3 -0. 19859 30946 -0.11894 84033
12.4 -0. 18577 46153 - 0.13714 43764

12.5 - 0.17121 43068 '- 0.15383 82565'
12. 6 -0. 15506 41238 -0.16887 79186
12.7 . - 0.13749 83780 -0.18212 85528
12.8 - 0.11870 19463 -0.19347 38454
12.9 - 0.09887 03702- --0.20281-69743

13.0
13,1
13.2
13.3
13, 4

13.5
13.6
13.7
13.8
13.9

14.0
14.1
14. 2
14.3
14.4

14.5
14.6
14.7
14.8
14, 9

10.07820.78645'
i- 0.05692 52568

0.03523 78771
/ - 0.01336 34191
+0. 00848 02072

0. 03007 .70090
0.05121 50115
0.07168 83040
0.09129 90143
0. 10985 94895

0.12719 25686
O. 14313 62286
0.15754 20895
0,17027 82640
0. 18123 02411

0.19030 18912
0.19741 62858
0.20291 63238
0.20556 51604
0.20654 64347

-0:21008 14084
- 0,21521 15060
- 0.21817 29066
- 0.21895 27145
- 0.21755 94728

-0.21402 29303
- 0.20839 36044
- 0.20074 21453
-0.19115 85095
- 0.17975 09511

-0.16664 48414
-0.15198 13335
-0.13591 58742

11861 65967
4. 10026 25924

-04,08104 20909
-0. 06115 05609
-0.04 78 87536

0.020 6 07059
+0.000 2 82751

0.23530 908
0. 23586 34i41
0.23413 718
0.23016 364
0. 22399 935

0.21572 078
0.20542 401
0.19322 371
0.17925 189
0.16365 655

0.14660 019
0.12825 810
0.10881 672
0. 08847 166
0. 06242 . 588

0.04580 765
0. 02406 854

+0. 00218 138
-O. 01956 180
-044095. 1T7..

-0. 06178 411
0.08186 113
-0,10099 373
-0.11900 315
- 0.13572.264

- 0.15899 897
- 0.16469.386
-0.17668 517
- 0.18686' 800
-0.19515 560

.4. 20148 011;
- 0.20579 307
- 0.20806 5811
- 0. 20828 958'
- 0.20647 553

15.0 0.20546 42960 0.02(10 36280 -0. 202654 440
[( 1)1 [( 4)1 NA]

r«.+ its).-
26

rim Y i(x)g
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4

BEIMUIL FUNCTIONS OF INTEOBB tORDIR,
Table 9.1 BESSEL FUNCTIONS-ORDERS 0, 1 AND 2

a 400 J1(z)
15.0 -0. 01422 44728 26781 0. 20510 40386
15.1 °-0. 03456 18514 55565 ' 0.20131,02204
15.2' -0. 05442 07968 44039 0.19554 '54359
15.3 -0.07360 75449 51123 0.18787 94498
15. 4 it -0. 0919/ 62278 62321 O. 17840 02717

5.15. - 0.10923 06509 00050 0.16721 31804
. 1 6 .0. 195a,,n640 22481 0.'5443'95871

15.7 -0. M.18 29049 0.14021 57469
15.8
15.9

4.15312 57477
-- -0. 16497 04994

60686
85671

0.12469 15114
O. 10802 74901

144 -0.17489 90739 83629 0. 09039 71757
16.1 - 0.18302 36924 65310 0.07197 94186
16.2 0. 18927 49469 77945 0. 09296 14991
16.3 -O. 19360 23723 28377 0. 03353 50765
16.4 - 0.19597 48287 91007 .0.01389 46807

16.5 -0.19638 00929 36861 -0.00376 42137
6 , -0.19482 78558 05566 -0.02324 71116
7166..7 -0.19134 35295 25189 -0.04436 '24008

16.8, -0.18597 38653 47601 -0.06292 32177
16.9 -0.17878 31878 91219 -0.08074 9250

17.0 -0.16985 42521 51184 -0.09766 84928
17.1
17.2

-0.15921
-0.1471, 11 7

12265
66030

-0..
-0.12814

11151
9705884837

17.3 -0.1/370, 70 75744 -0.44142 11353
17.4 -0.11895 58561 36348 - 0.15321,61760

17.5 -0.10311 03982

[11
28686 4. 18141 99694

n-021
L 7 ) .

-er

Table 9.1

. .

O. 10 0.79719 175
0. 09 0.79748 584
0. 08 0.79756 868
0.07 0. 79764 214
0.06 0.79770 609

J2(a)
'0.04157 16780
0.06122 54568
0.08015 04595
0.09816 69502
0.11510 50943

0.13080 65451
0.14512 59111
0.15793 20904
0. 16910 94608
.0417895 89133

038619
O. 19196 52/5872092
0. 19581 34037

.0.19771 71056
O. 19766 93020

0. 19568 20004
0. 19178 60551
0.

:17 30061
06671

0.
0.1 2 72631

0.15836 38412
0.14600 8273
O. 13229 00112
0. 117)5 11285
0.10134 48016

4+1(z)")-81
2n

400 -4-i (a)

0.08443 38303
r(.44)21L 7 i

BESSEL FUNCTIONS--MODUWS AND PHASE OF ORDERS 0,1 AND 2

.1*(x).1164) cOe Os(a) Te(s);114) do .(a)

0. 05 . 0.79776 040
0.04 0.79780 498
0.03 .0. 79783 975
0. 02 0. 79786 469.
0.01 ... 0. 79787 957

0. 00 0.79768 456
r (-

4
6)11

L

211116 (a) 110-a al)12(x) #21.2)-a <a>

a

-0.79783
-0.79660
-0.79516
-0.79412
-0.79288

0.79164
-0. 79039
-0. 78914
.0. 78789
-0.78664.010

-0.78539

499 0.799
186 0.79908
548. 0.79883
617 0.79861
426 0.79842

009 0.79825
402 0.79812
641 0. 79801
764 0.79794

0.79789

816 , 0.79788
rc-Ni
L 4 j

575
654
586
398
116

761
353
908
438
952

456
r(-0)41L 4 J

91
4. 32256
- 2.52627
- 2.33000
- 2.33372

- 2.33746
2.34120

4. 34494
- 2.34869
-2.35244

- 2.35619

5 508
201
732
016
965

488
495
891
580
465

449
rc-onL 4 J

0.89942 553 7
0. 80398 367 -3.1
O. 80269 711 4. 77717
0. 801% 472 4, 79986
aeons 949 4. 81456

0.79975 851 -54 11,12
0. 79908' 299 .885201.
0.79855 829 .4.87075
0. 79818-387 4.81949
0.79795 937 4. 90824

0.79788 456 9269912
n-4 021
I

6015
327
599M
786

521
346
014
363
117

r(-4)L 4

11
13
14
17

20'
ES
33
SO

100

<z >- nearest integer to e.
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BE8SEL FUNCTIONS OF INTEGER ORDER 397

BESSEL FUNCTIONS - ORDERS 0,1 AND 2 Table 9.1

.r Yo(x) . Y1 (x)

15.0 0.20546 42960 0.02`107.36280
t 15.1 . 0.20234 32292 ,0.04127 35340

15.2 ' -. 0.19722 76821 ; 0.06093 08736
15. 3 0. 19018 15001 11; 07985 51269
15. 4 0.18128 71741 0.09786. 41973

15. S 0.17064 49112 0.11478 61425
15.6 0. 15837 15368 0.13046 07959
15.7 O. 14459 92412. 0,14474 12638
15.8 0.12947 41833 035749 52835
15. 9 0.11315 49657 0.16869 64314

16. 0 0. 09581 09971 0.17797 51689
16. 1 0. 07762 07587 0.18551 97173
16.2 0.05876 99918: 0.19117 67538 r

16.3 0.03944 98240. 0.19490 19240
16:4 0. 01985 48506 0.19667 01648

16.5 +0. 00018 12125 . 0.10647 58178
16. 6 - 0.01937 53254 0:19433 26715
16.7 - 0.03862 14147 0.19027 35142
16.8 -0. 05736 /78596 0. 18434 99015
16.9 -0. 07543/15476 0.17663 14431 *

/ 17. 0 -0. 092 71984 0:16720 50361 ,
17.1 -0.108 1 90473 0.15617 39131
17. 2 -0.12 82 24237 0. 65362
17. 3 -0, 1 50 52134 90.12 53467
17. 4 -0. 973 91883 1.1147 53859

17.5 -0111r(6041
4,2

11925 0.09 857 027987
r(-21 .

L 7 J
n+104.-28 Ye (a)---Yr-i(z)

a.

Y2 (.1-)

-0.20265 448
- 0.19687 654
- 0.18921 046
-0. 17974 292
- 0.16857 754

- 0.15583 380
-0. 14164 57.9
- 0. 12616 086
- 0.10953 807
-0, 09194 661

.- 0.07356 410
-0. 05457 483
- 0.03516 792
- 0.01553 548
+0. 00412 931

0.02363 9402
0.04278 890
8.06140 866
0.07931 428
0.09633 468

0.11230 838
0.12708 500
O. 14052 667
0.15250 930
0.16292 372

O. 17167 666
[(1)2]

Tame 9.1

BESSEL FUNCTIONS -- AUXILIARY TABLE FOR SMALL ARGUMENTS

x ,' f1(Z) .12(4 x

0. 0 -0. 07380 430 - 0.63661 977 ,1. 0
0. - 0.07202 984 4. 63857 491 1.1
0. - 0.06672 574 -0. 64437 529 1.2
O. -0. 05794 956 - 0.65382 684 1.3
0.4 -0.04579 663 - 0.66660 964 1.4

0.5 -0. 03039 904 -0. 68228 315 1.5
0.6 -0. 01192 435 -0. 70029 342 1.6
0.7 +0.00942 612 - 0.71998 221 1.7
0.8 0.03341 927 -0. 74059 789 1.8
0.9 0.05979 263, - 0.76130 792 1.9

1.0 0.08825 696 4. 78121 282 2. 0
r()41 r (-)51
L 6 J L J

Yo(s).41(4+;
2 Jo(x) In s

f1(x) h(a)
O. 08825 696 -.O. 78121 282
0.11849 917 - 0.79936 142
0.15018 546 -0. 81476 705
0.18296 470 -0. 82642 473
0.21647 200 - 0.83332 875

0.25033 233 -0. 83449 074
0.28416 437 -0.82895 780
0.1758 436 - 0.81583 036
0. 35020 995 - 0.79427 978
0.38166 415 -0.76356 508

0.41157
21
912

R-4,
L 6 J

-O. 72304 896
[( 1)11

1 2
' Y1(.0,-;-,h(x)+; (r) In x
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. Table 9.2

BESSEL FUNCTIONS OF INTEGER ORDER

IRESS14, FUNCTIoNs.....011DERS 3-9

J' .4(r) .14(r) .1A(r)
0.0 0.0000 04000 0.0000
0.2
0.4 -3 1.3201 '5 6.6135 -6 2.6489
0.6 -3 4.3997 -. -4 3,3147 -5 1.9948
0.8 -2 1.0241 -.3 1.0330 -5 8.3084,

:1.0 , -4 2.4926
' 1.2 -2 3.2874 -3 5.0227 -4 6.1010'

1.4 . -2 5.0498 -3 9.0629 -3 1.2901
1.6 -2 7.2523 -2 1.4995 -3 2,4524
1.8 -2 9.8802 -2 2.3197 -3 4.2936

2.0 . .: .12894 -2 3.3996
2.2 0.16233 -2 4.7647 -2 1.0937
2.4 0.19811 ,. -2 6.4307 -2 1.6242
2.6 0.23529 -.7, 8.4013 -2 2.3207
2.0 0.27270 -1 1.0667 -2 3.2069

3.0
3.2

0.30906
.

0.13203
. :22 45.63262388

3,4, 0.37339 0.18920 -2 7.1785
3.6 0.39876 0.21980 -2 8.9680
3.8 0.41803 0.25074 -1 1.0984

4,0 0.43017 0.28113
0.153210944.2 0.43439 0.31003 0 1 6

4.4 0.43013 0.33645 0.18160
4.6 0.41707 0.35941 0.20799
4.8 0.39521 0.37796 0.23473

5.0 . 0.36483 0.39123 0.26114
5.2 0.32652 0.39847 0.28651
5.4 0.28113.. 0.39906 0.31007
5.6 0.22978 0.39257 0.33103
5.8 0.17382 0.37877 0.34862

6.0 0.11477. 0.35764 0.36209
6.2 +0.05428 0.32941 0.37077
6.4 -0.00591 0.29453 0.37408
.6.6 "-0.06406 0.25368 0.37155
6.8 -0.11847 0.20774 0f.36288

7.0 -0.16756 0.15780 0.34790
7.2 -0.20987 0.10509 0.32663
7.4 -0.24420 +0.05097 0.29930
7.6 -0.26958 -0.00313' 0.26629
7.8 -0.28535 ,-0.05572 0.22820

8.0 -0.29113 -0.10536 0.18577
8.2 -0.28692 -0.15065 0.13994
8.4 -0.27302 - 0.19033 0.09175
8.6 -0.25005 -0.22326 +0.04237
8.8 -0.21896 -0.24854 -0.00699

9.0 -0.18094 -0.26547 -0.05504
, 9.2 -0.13740 -0.27362 -0.1000

9.4 -0.08997 -0.27284 -0.14224
9.6 -0.04034 -0a6326 -0.17904
9,8 +0.00970 -0.24528 -0.20(093

10.0 0.05838 -0.2196b -0.23406

J60.)
0.0000

-7 9.9956
:11 8.8382

-6 5.5601

.4(.r)
.0.0000

-111118
- 8 4.2907

I - 7 3.1864

Js(r)
0.0000

-11 6.3210
- 9 1.6110
- 8 1.5967

J9(2.)

0.0000

-12 1.4053
-11 5.3755
-10 7.1092

-4 1.5231 -'5 1.5366 - 6 1.3538 - 7 1.0587
-4 3.3210 - 5 3.8397 - 6 3.8744 - 7 3.4687

-5 2.0938 .::13:413 - 8 9.4223 - 9 5.2493
5.3093 - 7 4.0021 - 8 2.6788

-4 6.5690 - 5 8.5712 - 6 9.7534 - 7 9.8426

-3 3.3669 - 4 5.9274 - 5 9.0756 - 5 1.2300
-3 5.2461 - 3 1.0054 - 4 1.6738 - 5 2.4647

1 1111: . I':
1.7494 - 5 2.2180

- !
:194?

- 7.8634 - 3 1.6314 - 4 2.9367 - 5 4.6719

-2 1.1394
-

3 2.5473 - 4 4.9344 - 5
11..:11

-2 2.1934 - 3 5,6301 - 3 1.2482 - 4 2.4382
-2 2.9311 - 3 8:0242 - 3 1.8940 - 4 3.9339
-2 3.8316 - 2 1.1159 - 3 .7966 - 4 -6.1597

..
-2

6.1312!
- 2 1.5176 - 3 4.0287 - 4 NM

-2 7.6279 - 2 2.6433 - 3 7.8267 - 3 2.0275
-2 9.2745 - 2 3.3959 - 2 1.0591 - 3 2.8852
-1 1.1105 - 2 4.2901 - 2 1.4079 - 3 4.0270

,-.
0.13105 - 2 5.3376 - 2 H462

- ; 1.1421R0.15252 - 2 6.5447
0.17515 - 2 7.9145 - 2 3.0044 - 3 9.8734
0.19856 - 2 9.4455 - 2 3.7577 -2 1.2907
0.22230 - 1 1.1131 - 2 4.6381 -'2 1.6639

0.24584 0.12959 - 2 5.6532 t- 2 2.1165
0.26860 04491d - 2 6.8077 - 2 2.6585 .

0.28996 0.16960 - 2 8.1035 - 2 3.2990
0.30928 0.19077 - 2 9.5385 - 2 4.0468
0.32590 0:21224 - 1 1.1107 - 2 4.9093

0.33920 0.23358 - 0.12797 - 2 5.8921 1
0.34857 0.25432 0.14594 - 2 6.9987 /
0.35349 0.27393 0.16476 - 2 8.2300 i
0.35351 0.29188 0.18417 - 2 9.5839
0.34828 0.30762 0.20385 - 1 1.1054 I/ .

' I
0.33758 0.32059 0.22345 0.126321
0.32,31 0.33027 0.24257
0.29956 0.33619 0.26075 ELT
0.27253 0.33790 0.27755 i 0.17 7
0.24060 0.33508 0.29248 0.196 0

0.20432 0.32746 0.30507 0.21488
0.16435 0.31490 0.31484 0.25266
'0.12152 0.29737 0.32138
0.07676 0.27499 0.32427 0.2 546

*0.03107 0.24797 0.32318 0.2 67

0.21671 0,29186-0.01446 0.31785

Compiled from 'British Association for the Advancement of Science, Bowel functions, ?Part II. Func-
tions of positive integer order, Mathematical Tables, vol. X (Cambridge Univ. Press, Cambridge, Eng-
land, 1952) and Mathematical Tables Project, Table of AP) -, n1(14-4.4(4). J. Math. PhYs A 45-60
(1944) (with permission).
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1

0.0
0.2
0.4
0.6
0.8

1.0
1.2
1.4
1.6
1.8

2.0
2.2
2.4
2.4
2,8

3.0
3.2
3.4
3.6

4.0
4.2
4.4
4.6
4.8

5.0
5.2
5.4
5.6
5.8

6.0
6.2
6.4
6,6
6.8

7.0
7.2
7.4
7.6
7.8

8.0
8.2
8.4
8.6
8.8

9.0
9.2
9.4
9,6
9.8

RESI4E10 FUNCTIONS OF INTEGER ORDER

BESSEI. 'NCTIO,NS--11111/E14S 3-9

roti 4.t.)

2 -6.3982, 4
3

1:3141
1 4.1202

1 -2.4692 2 -2.4302
1 -1.0815 1 -7.8751

-5.8215 ( 1) -3.3278
-3.5899 (1) -1.6686
- 2.4420 -9,4432
-1.7897 -5.8564
- 1.3896 -3.9059

-1.1278 -2,7659
-0.94591 -2.0603
- 0.81161 - 1.6024
-0.70596 -1.2927
- 0.61736 -1,0752

-0.53854 -0.91668
-0.46491 -0.79635
- 0.39363 -0.70092
-0.32310 -0.62156
-0.25259 -0.55227

-0.18202 -0.48894
- 0.11183 -0.42875
-0,04278 -0.36985
+0402406 -0.31109

0.08751 -0.25190

0.14627
0.19905
0.24463
0.28192
0.31001

0.32825
0.33622
0.33383
P.32128
0.29909

0,26808
0.22934
0.18420
0.13421
0481(1

+0.02654
-0.02753
-0.07935
-0.12723
-0.16959

-0.20509
- 0.23262
-0.25136
-0.26079
-0.26074

10.0 -0,25136

- 0.19214
-0.13204
-0.07211
-0.01310
+0.04407

0.09839
0.14877
0.19413
0.23344
0.26576

0.29031
0.30647
0.31385
0.31228
0.30186

0.28294
0.25613
0.22228
0.18244
0.13789

0.09003
+0.04037
- 0.00951
-0.05804
-0.10366

-0.14495

I-

l.n(z) . Yo(X) Eils)
- oo - w

5 -7.6586 7 -3.8274
4 -2.4114 5 -6.0163

- 3 -3.2156 4 -5.3351
2 -7.7670 3 -9.6300

2 -2.6041
2 -1.0765
1 -5.1519
1 -2.7492
1 -1.5970

-9.9360
-6.5462
-4.5296
- 3.2716
-2.4548

-1.9059
- 1.5260
-1.2556
-1.0581
- 0.91009

-0.79585
-0.70484
- 0.62967
- 0.56509
-0.50735

-0.45369
-0.40218
-0.35146
- 0.30063
-0.24922

-0.19706
-0.14426
-0.09117
- 0.03833
+0.01357,

0.06370
0.11119
0.15509
0.19450
0.22854

0.25640
0.27741
0.29104
0.29694
0.29495

0.28512
0.26773
0.24326
0.21243
047612

0,13540

3 -2.5708
2 -8.8041
2 -3.5855
2 -1.6597
1 -8.4816

1-4.6914
1 -2.7695
1 -1.7271
1 -1.1290

-7.6918

-5.4345
-3.9723
-2,9920
-2.3177
-1.8427

- go
-2.2957

t

MI-1.8025
6 -1.0638
5 -1.4367

4 la:
3 *-3.0218
3 .2173
2 -5.4947

- 1.5007
- 1.2494
-1.0612
.0.91737
- 0.80507

-0.71525
-0.64139
-0.57874
-0.52375
-0.47377

- 0.42683
-0.38145
-0.33658
-0.29151
-0.24581

-049931
- 0.152Q4
- 0.10426
-0.05635
-0.00886

+0.03756
0.08218
0.12420
0.16284
0.19728

0.24677
0.25064
0.26830
0.27932
0.28338

0.28035

2 -1.4452
1 -8.1825
1 -4.8837
1 -3.0510

( 1) -1.9840
( 1) -1.3370

-9.3044
- 6.6677
-4.9090

-3.7062
- 2.8650
-2.2645
-1.8281
-1.5053

-1.2629
- 1.0780
-0.93462
-0.82168
-0.73099

-0.65659
-0.59403
-0.53992
-0.49169
-0.44735

-0.40537
-0E36459
-0.32416
-0.28348
-0.24217

-0.20006
-0.15716
4.11361
-0.06973
-0.02593

+0.01724
0;05920
0,09925
0.13672
0.17087

0.20102

399

Table 9.2

YsIX)

-
Y9(x)

-
8 -6.3027 10 -2.5193
7 -2.4769 8 -6.5943
6 -2.5046 7 4.9949

.. 6 -6.7802
5 -1.0058 6 - 1.3323

4 -2.9859 5 -3.3823
4 -1.0485 5 - 1.0364

3 -4,1889 4 -3.6685

2 -8.9196
2 -4.6004
2 -2.5168
2 -1.4486

1. -5.4522
1 -3.5320

,1 -2.3612
1 - 1.6243

( 1) -1.1471
- 8.3005
-6.1442
-4.6463
-3.5855

-2.8209
-2.2608
-1.8444
-1.5304
- 1.2907

407

- 1.1052
-0.95990
-0.84450
-0.75147
- 0.67521

-0.61144
- 0.55689
-0.50902
- 0.46585
-0.42581

-0.38767
-0.35049
-0.31355
-0.27635
- 0.23853

- 0.19995
- 0.16056
-042048
-0.07994
-0.03928

+0.00108

4 -1.4560
3 4.3425
3 -2.9851
1 -1.5000
2 -7.9725

14,4496
2 -2.5924
2 -1.5691
1 .9.8275
I -6.3483

1 -2.8756
1 -2.0078
1 4.4333
d - 1.G446

-7.7639
-.5.8783
-4,5302
-3.5510
-2.8295

-2.2907
4.8831
-1.5713
-1.3301
-1.1414

z0.99220
-0.87293
.0.77643
.0.69726
-0.63128

-0.57528
-0.5267,
-0.48363
-0.44440
-0.40777

-0.37271
-0.33843
-0.30433
-0.26995
-0 3499

-0.19930



RUM FUNCTIONS OF INTEGER ORDER

IIESSEL FUNCTIONS-ORDERS 3-9

z 3(x) J40 .18(5) J6(x) J7 (r) 44 J9(x)10.0 0.05838 -0.21960 -0. 23406 - 0.01446 0.21671 0,31785 0.2918610.2 0..10400 -0.18715 -0. 25078 - 0.05871 0.18170 0. 30811 0.3016110.4 0.14497 - 0.14906 -0. 25964 -0.10059 0.14358 0. 29386 0, 3085210.6' 0. 17992 0.10669 - 0.26044 -0.13901 0.10308 0. 27515 9. 3122410.8 04.20768 -0. 06150 - 0.25327 -0.17297 0.06104 0. 25210 0.312
'11. 0 0.22735 - 0.01504 -0. 23829 4.20158 +0. 01838 0.22497 0.3088611.2 0.23835 +0. 03110 -0. 21614 - 0.22408 - 0.02995 0.19414 0. 30130
11. 4 0.24041 0. 07534 - 0.18754 -0. 23985 -0. 06494 0.16010 0. 2896411.6 0. 23359 0.11621 -0.15345 -0.24849 - 0.10361 0,12344 Q. 27388
11.8 0. 21827 0.15232 - 0.11500 -0. 24978 -0.13901 0. 08485 0. 25407

12.0 0.19514 0. 18250 - 0.0/347 - 0.24372 -0. 17025 0. 04510 0. 23038
12. 2 0.16515 0.20576 - 0.03023 -0.23053. - 0.19653 +0. 00501 0. 2031012.4 0.12951 0.22138 . +0. 01331 - 0.21064 - 0.21716 -0. 03453 0.17260
12. 6 0.08961 0. 22890 0. 05571 -0.18469 - 0.23160 ,0.07264 0. 13935
12. 8 0.04702 0.22815 0. 09557 -0.15349 -0. 23947 - 0.10843 0.10393
13:0 +0. 00332 0.21928 0.13162 -0.11803 -0.24057 -0.14105 O. 0669813.2 -0. 03984 0.20268 0.16267 -0. 07944 -0. 23489 - 0.16969 +0. 0292113.4 - 0.08085 . 0.17905 0.18774 - 0.03894 -0.22261 -0. 19364 -0. 0086013.6 - 0.11822 0. 14931 0.20605 +0.00220 -0. 20411 -0. 21231 -0. 0456713.8 0.15059 0.11460 0.21702 0.04266 - 0.17993 -0. 22520 - 0.08117

14. 0 -0.17681 0. 07624 0. 22038 0.08117 .4.15080 -0. 23197 - 0.1143114.2 -0. 19598 +0. 03566 0.21607 0.11650 -0.11762. 0.23246 - 0.14432
14. 4 -0.20747 -0.00566 0.20433 0.14756 -0. 08136 -0. 22666 -0. 1704814.6 - 0.21094 - 0.04620 0.18563 0.17335 -0. 04315 - 0.21472 - 0.19216
14. 8 0.2063! -0. 08450 0.16069 0.19308 -0. 00415 - 0.19700 -0. 20883

.

15.0 - 0.19402 - 0.11918 0.13046 0.20615 +0.03446 - 0.17398 -0.'2200515.2 - 0.17445 -0. 14901 0. 09603 O. 21219 0. 07149 - 0.14634 -0. 22553
15. 4 - 0.14850 - 0.17296 0.05865 0.21105 0.10580 - 0.11487 -0. 22514
15. 6 - 0.11723 -0. 19021 +0.01968 0.20283 0:13634 -0. 08047 -0. 21888
15. 8 -0. 08188

. .
-0. 20020 -0. 01949 0.18787 0.16217 -0. 04417 -0. 20690

16.0 - 0.04385 - 0.20264 - 0.05747 0.16672 0.18251 -0. 00702 0.18953
16.2 -0. 00461 - 0.19752 -0. 09293 0.14024 0. 19675 +0. 02987 - 0.16725
16.4 +0. 03432 - 0.18511 -0.12462 0.10913 0. 20447 0.06542 -0. 14065
16.6 0. 07146 - 0.16596 -0.15144 0.07473 0.20546 0. 09855 -0. 11047
16.8 0.10542 - 0.14083 - 0.17248 0. 03811 0.19974 0.12829 - 0.07756

17.0 0.13493 - 0.11074 -0.18704 +0.00072 0.18755. 0.15374 -0. 04286
17. 2' 0,15891 - 0.07685 - 0.19466 - 0.03632 0.16932 O. 17414 - 0.0073317.4 0.17651 -0. 04048. -0. 19512 -0. 07166 0. 14570 0.18889 +0. 0279917.6 0.18712 -0: 00300 -0.18848 . -0.10410' 0.11751 0.19757 0. 06210
17.8 0.19041 +0. 03417 -0.17505 =0.13251; 0. 08571 0.19993 0. 09400

18.0 0.18632 0.06964 - 0.15537 -Os 15596 0. 05140 0.19593 0.1227618,2 0.17510" 0.10209 - 0.13022 -0.17364 +0. 01573 0.18574 0. 14756
18.4 0.15724 0.13033 -0. 10058 -0.18499 - 0.0200/ 0.16972 0.16766
18.6 0.13351 0.15334 - 0.06756 4.18966 -0. 05481 0.14841 0. 18247
18.8 0.10487 0.17031 -0. 03240 740.18155 -0. 08731 0.12253 0.19159

19. 0 * 0. 07249 0.18065 +0. 00357 1- 0.17877 - 0.11648 0. 09294 0. 19474
19.2 0.03764 0. 18403 0.03904 / - 0.16370 -0. 14135 0. 06063 0.19187
19.4 +0.00170 0. 18039 0.07269 ! -0.14292 - 0.16110 +0. 02667 0. 18309
19. 6 -0. 03395 0.16994 0.10331 / -0.11723 -0. 17508 - 0.00783 0.16869
19.8 . -0. 06791 0.15313 0.12978 08759 - 0.18287 -0. 04171, 0. 14916

20. 0 -0. 09890 0.13067 0,1511 -0. 05509 - 0.18422 -0. 07387 0.12513

5 5
- a )11 rc- 4)91

L 5 L 5 j
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Y3(x)
10.0 -0. 25136
10.2 - 0.23314
10.4 - 0.20686
10.6 -0.17359
10.8 -0.13463

11.0 -0.09148
11.2 - 0.04577
11.4 +0. 00082
11.6 0. 04657
11.8 0. 08981

12.0 0; 12901
12.2 0.16277
12.4 , 0.18994
12.6 ; 0. 20959
12.8 1 0. 22112

13.0 1 O. 22420
13.2 ' 0.21883
13.4 0. 20534
13.6 0.18432
13. 8 0.15666

14.0 0.12350
14.2 0.08615
14.4 0. 04605
14.6 +0.00477
14.8 -0. 03613

15. 0 -0. 07511
5.2 -0.11072

15.4 - 0.14165
15.6 -0.16678
15.8 -0.18523

16. 0 -0.19637
16. 2 - 0.19986
16.4 4 -0.19566
16. 6 - 0.18402
16.8 -O. 16547

17. 0 -0. 14078
17.2 -0.11018
17. 4 - 0.07725
17.6 - 0.04094
17.8 -0.00347

18.0 +0.03372
18. 2 0.06920
18. 4 0. 10163
18. 6 0.12917
18. 8 0.15261

19.0 0.16930
19.2 0.17927
19.4 0.18221
19. 6 0.17805
19.8 0.16705

20.0 0. 14967

L
(

5
)11

WWI. FUNCTIONS OF MECUM ORDER

BESSEL FUNCTIONS- ORDERS 3-9 Table 9.2

14(x) Ys(x) Ye(x) Ns) Ys(x) Ys(x)

-0. 14495 0. /3540 0.28035 0. 20102 0.00108 -0. 19930 .

-0.18061 0.9148 0.27030 0. 22652 0.04061 - 0.16282

-0. ?0954 +0. 04567 0. 25346 .0. 24678 0.07874 -0.12563
-0.23087 -0. 00065 0.23028 0.26131. 0.11488 - 0.08791

- 0.24397 - 0.04609 0.20130 0.26975 v 0.14838 -0. 04993

- 0.24851 -0. 08925 0. 16737. 0. 27184 0.17861 -0. 01205

.0. 24445 -0.12884 0.12941 0. 26750 0.20496 +0. 02530

.4. 23203 - 0.16365 0.08848 4.25678 0. 22687 0.06163

-0. 21178 . - 0.19262 0.04573 0.23992 0.24384 O. 09640

-0..18450 -0. 21489 +0. 00238 0.21732 0. 25545 0.12906

- 0.15122 -0: 22982 -0. 04030 0.18952 0.26140 0; 15902

- 0.11317. -0. 23698 - 0.08107 0.15724 0.26151 .0.18573
- 0.07175 .0. 23623 - 0.11875 0.12130 0.25571 0. 20865

-0,02845 -0. 22766 -0.15223 0. 08268 0.24409 0.22728
+0. 01518 -0. 21163 -0.18052 0.0424,; 0.22689 0.24122

0. 05759 -0.18876 -0.20279 +0. 00/57 0.20448 0. 25010

0.09729 -0. 15987 -0. 21840 - 0.03868 0.17738 0. 25369

0.13289 - 0.12600 - 0.22692 -0. 07722 0.14625 0. 25184

0.16318 -0. 08833 *4.22813 - 0.11296 0.11185 0.24454
0.18712 -0. 04819 -0. 22204 +0.14489 0.07505 0.23190,

0.20393 -0. 00697 4-0. 20891 -0.17209 +0.03682 0.21417
0.21308 +0.43390 -0.18921 - 0.19380 - 0.00186 0. 19170

0.21434 0.07303 -0.16363 -0. 20939 -0. 03994 0.16501
0. 20775 , 0.10907 - 0.13305 4. 21842 -0. 07640 0.13470

0.19364 0.14080 -0. 09850 -0. 22067 -0.11024 0.10149

0.17261 0.16717 -0. 06116 - 0.21610 - 0.14053 0.06620

1 0.14550 0.18730 -0.02228 - 0.20489 - 0.16644 +0. 02969

0.11339 0.20055 +0.01684 - 0.18743 -0. 18723 -0. 00710

0. 07750 0. 20652 0.05489 -0.16430 - 0.20234 -0. 04322

+0.03920 0.20507 0.09059 - 0.1x3627 - 0.21134 -0. 07775

- 0.00007 .0.9633 0.12278 -0.10425 - 0.21399 - 0.10975

- 0.03885 0.18067 0.15038 -0. 06928 -0.21025 - 0.13838

4.07571 0.15873 0.17250 - 0.03251 - 0.0025 -0.16286
4. 0.13135 0.18843 +0.00487 - 0.18432 - 0.18253

-0. 841 0. 09956 0.19767 0..04164 -0.16297 - 0.19685

-0.16200 0. 06455 0.19996 . 0. 07660 - 0.13688 -0. 20543

-0.17924 +I 02761 0.19529 0.10864 -0.10686 - 0.20805

-0.18956 -0. 00990 0.18387 0.13671 -0. 07387 - 0.20464

- 0.19265 L0.04663 0.16616 0.15991 -0. 03895 - 0.19533

- 0.18846 -0. 08123 0.14282 0.17752 -0. 00320 -0.18039

-oarin 4:11249 0.11472 0.18897 +0. 03225 -0.16030
4.15942 -0.13928 , 0.08289 0.19393 0. 06629 - 0.13566

0.13580 -3; 16067 0.04848 0.19229 0. 09782 - 0.10722

- 0.10.731 - 17593 +0. 01272 .0. 18414 0.12587 - 0.07586

- 0.07506 -0 18455 - 0.02310 0.16980 0. 14955 - 0.04252

04031 - 0.18628 -0. 05773 0.14982 0.16812 -0.00824
- 0.00440 - 0.18111 - 0.08993 0.12490 0.18100 +0. 02593

+0.03131 0.16930 -0.11857 0.09595 0.18782 0.05895

0.06546 - 0.15134 -0.14267 0.06399 0.18838 0. 08979

0.09678 - 0.12794 -0.16139 +0. 03013 0.18270 0.11750

0.12409 -0. 1-03001 4

j
-0r. 1744 11 1 00443 Or. 1-7 1 01 r

O .

-144121
4
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5
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Table 9.3

FUNCTIONS OF mama Or1111

VESSEL FUNCTIONS -ORDERS 10. 11, 20 AND 21

1019z-1041(z) 101Iz- II Jii(r)
0.0 2.69114 446 1.22324 748
0.1 2.69053 290 1.22299 266
0.2 2.68869 898 1.22222 850
0.3 2.68564 500 1.22095 588
O. 4 2. 68137. 477 1.21917 626

O.
0. 5

6
0.7
0. 8
0.9

1.0
1.1
I.
1. 3
1.4

1.5
1.6
1.7

-1. 8

2.67589 362
2.66920 838
2. 66132 738
2.65226 043
2.64201 878

t. 63061
2.61006
2.60437
2.58958
2.57368

512
358
963
012
323

1.21689 169
1.21410 481
1.21081 883
1.20703 750
1. 20276 518

1.19800 675
1.19276 764
1.18705 385.
1.18087 185
1.17422 867

2.55670 842 1.16713 182
2.53867 639 1.15958 931
2.31960 907.. 1.15160 961
2.49952 955 1.14320 168
2.47846 207 1.13437 488

2.0 2.45643 192 1.12513 904
2.1 2.43346 545 1.11550 438
2.2 2.40959 000 1.10548 152
2.3 2. )8483 3114 1.09508 144
2.4 2.33922 pa 1.08431 551

2.5 2.33279 682
2.6 L 30551 673
2.7 2.27759 732
2.8 2.24889 074
2.9 2.21948 976

3.0 2.18942 770
3.1 '.15873 8%
3.2 2.12745 59$
3.3 2. 09561 517
1 4 2.06325 085

1.07319 540
1.06173 318
1.04994 098
1.03783 155
1.02541 767

1.01271 242
0.99972 906
0.98648 108
0. 97298 213
0193924 599

3.5 2.03039 en 0.94528 659
3.6 I. 99709 21,_ _11,13111. 794
3.7 1.96336 956 0.91675 415
3.8 1.92926 467 0.90220 939
3.9 1.89481 352 0. 88749 785

4.
4. 0

1
4.2
4.3
4.4

4.5
4.6
4.7
4.8
4.9

1.86005 168
1.82501 462
1.78973, 765
1.75425 588
1.71860 416

1.68281 701
1.64692 860
1.61097 267
1.57498 249
1.53899 084

0.87263 375
0.85763 130
0.84250 469
0. 82726 806
0.81193 548

0,
11. 79652

103
093

78 829
O. 76550 130
0.74992 357
0.73431 852

10-9.00 l'io(z) 1021z -20.720(z) 10v x-21 Ai (0)10 -2+z" Y200*
- 0.11828 049 . 3.91990 9.33311 - 0:406017
-0.11831 335 3.91944 9.3320S -0. 40607.
- 0.11841 200 3.91804 9.32886 -0. 406231
- 0.11857 661 3.91571 9.32357 -0.406499
- 0.11880 730 3.91244 9.31615 . -0.406873

- 0.1 1910 510
-0.11946 998
-0.11990 282
- 0.12040 444
-0.12097 581

-0.12161 801
- 0.12233 229
- 0. 12312 002
- 0.1218 273
- 0:12492 212

-0.12594 004
0.12703 8$2A 12021'977

- 0. 12940 616
- 0.430114 030

-0.13228 497
-0.13382 319
- 0.13545 821
- 0.13719 351
-0.13903 284

- 0.14098 Oh
- 0.14303 997
- 0.14521 672
- 0.14751 543
-0.14994 141

- 0.15250 037
- 0.15519 840
- 0.15804 206
0.16103 836

-0.16419 482

+0.16751 951
._..,0,17102110

-0.17470 889
- 0.17839 286
- 0.18268 376

0.18699 31(
- 0.19153 346-
- 0.19631$i2
-0. 20136 159
-O. 20667 950

=0, 21228 873
-0.21820 757
- 0. 22445 582
- 0.23105 498
4. 23402 840

5.0 1. 50302 991 O. 71869 942 -O. 24540 147

L(
r(-061

L 6 J L 6 j r (-owl
L '6 J

3.90825
3.90314
3.89710
3.89015
.3.88228

3.87330
3.86383
3.85325
3. 84179
3.82945

3;81624
3.80216
3.78723

k 1 1.77146
75485

3.70742
3.71918
3.70015
3 68032
3.
.
63973

' 3.63837
3.61627
3.39344

3.
3. 56989

54564

3.52071
3. 49510
3. 46885
3.44195
3.41444,

3. 38633
535/61-
3. 32837

2M1
3. 2601

3.23736
3.20601

33..1147149129

3.10921

9.30663
9.29500
9.28128
9.26346
9. 24758

9.22762
9.20562
1.18157
9.18550
9.12743

9.09737
9.06534
9. 03137
8. 99546
8.95766

L 91797
8, 87643
8. 83306
8. 78790
8.74096

8.69228
8. 64189
8. 58901
8. 53609
8. 48076

8.42385
8.36539
8.30542 ,

8.24397
8.18110

. .

- 0. 407355
- 0. 407945
- 0.408644
- 0. 499452
-0. 410369

- 0. 411397
- 0. 412536
- t 413788
0.415153

- 0. 416632

- 0.4/8228
- 0.419940
-0. 421771
- 0.423722
- 0. 425795

- O. 427992
- 0.430315
- O. 432764
-0.

4435344-O. 38056

4440902
- o. 441885
-0. 447007
- O. 450272

. -0. 453682

-0. 457241
-0.460951
- 0. 464816
-0.468840
- O. 473027

8.116812 -0. 417379
--L-09119-

7. 98424 .4. 486600 1

7.91600 -O. 491476
7.84653 =O. 496537

7.77586
7.70403
7. 63108
7.55707
7.48202

3.07608 7.40598
3.04256 ; 7.32900
3.00866 7.25112
2.97440 7.17238

. 2.93981 7.09282

2. 90490
r(-4)11
L j

7. 01250
r(-081

8 J

- O.
-O. 5417116

507229
- O. 512872
- 0. 518719
-41. 524777

- 0.531091
- 0.537549
- 0. 544276'
- 0. 551240
4. 558448

4.565907

[(18]
as as4+10)---iJim-4-10o Y. + 1 (s) - 7, r,.(s)-r.-1(s)

Compiled from British Association for the Advanlement of Selene., Basel functions. Part II. Functions
of positive integer order, Mathematical Tables, vol. X (Cambridge Univ. Press, Cambridge, England,
1982), L. Fox, A short table for Basel functions of integer orders and large arguments. Royal Society
Shorter Mathematical Tables No. 8 (Cambridge Univ. Press, Cambridge, England, I964), and Mahe.
matiad Tables Project, Table of Mr).alait)-*A(*). J. Math. Phys. 2i, 4640 (1944) (with reet
million).
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HEMEL FUNCTIONS OF INTEGER ORDER

BES 'FUNCTION S--ORDERS

x In ox 1°./in(x) 10six "Jii(z) 10 -9x 10 Ylo(x)
5.0 1.50302 991 0.71869 942 - 0.24540 147
5.1 1.46713 132 0.70307 931 - 0.25320186
5.2 . 1. 43132 603 0.68747 104 - 0.26145 975
5.3 1. 39564 431 0.67188 722 -0. 27020 813

10. .11, 20 AND 21 Table 9.3

1025x -2°J2e(a) 10/ix 21 J21 (I} 10 -"X" Y20(X)
2.90490 7.01250 -0. 565907
2. 86969 6.93145 -0. 573626
2. 83421 6.84971 -0. 581612
2. 79846 6.76734 0.589875

-2.761413 6.68437 -0. 598423-5-.-4- -1--36011. . - .27948-5011---
5.5 1.32476 -;,904 0.64084 205 , - 0.28932 400 2. 72628 6.60085 - 0.607266
5.6 1. 28963 229. 0.62540 .463 - 0.29977 431 2.68988 6.51682 - 0.616414
5.7 1.25473 264 0. 61003 945 -0.31088 154 2.65330 6.43231 -0. 6258765.8 1. 22009 642 0.59475 774 - 0.32269 795 2.61656 6.34742 -0. 6356635.9_145574 907 0. 57957 04,1 -0. 33528 105 2. 57967 6.26213 x0.645788

6. 0 1.15171 513 0. 56448 805 - 0.34869 413 2. 54267 6.17651 - 0.656261
6.1 1. 11801 822 0. 54952 091 - 0.36300 693 2. 50556 6. 09059 -0. 667094
6.2 1.08468 098 0.53467 890 - 0.37829 631 2. 46837 6.00443 -0. 678301
6.3 1.0517: 510 0. 51997 158 - 0.39464 698 2. 43111 5.91806 -0. 689895
6.4 1.01917 129 0.50540 814 - 0.41215232 2. 39381 5.83152 -0. 701890

6.5 0.98703 926 '0.49099 740 -O. 43091 524 2. 35647 5. 74485 - 0.714300
6.6 0. 95534 769 0. 47674 781 -0. 451 04 907 2. 31913 5.65810 - 0.727140
6.7 0.92411 427 0.46266 745 - 0.47267 855 2.28179 3.57131 -0. 740427
6.8 0. 89335 563 0. 44876 400 - 0.49594 084 2.24448 5. 48451 - 0.754178
6.9 0.86308 740 0.43504 477 - 0.52098 648 2; 20721 5. 39775 -0. 768410

7.0-- 0.83332 414 0.42151 665 - 0.54798 051 2.17000. 5. 31106 -0. 783140
7.1 0.80407 941 0.40818 616 - 0.57710 346 2.13286 5. 22448 -0. 798389
7.2 0.77536 570 0.39505 943 -0. 60855 234 2.09582 5.13805 -0. 814177
7.3 0.74719 450 0. 38214 216. - 0.64254 159 2.05888 5. 05181 0.830524
7.4 0. 71957 626 0. 36943 970 - 0.67930 390 2. 02206 4.96579 - 0.847452

7.5 0. 69252 040 0. 35695 696 -0. 71 909 088 1. 98539 4.88002 -0. 864985
7.6 0.66603 536 0.34469 850 -0. 76217 356 1. 94807 4. 79455 - 0.883147
7.7 0.64012 854 0.33266' 845 - 0.80884 258 1.91252 4.70940 - 0.901963
7i 8 .0. 61480 640 0.32087 058 =0. 85940 807 1. 87635 4. 62461 -0. 921 460
7.9 0. 59007 439 0. 30930 826 -0.91419 914 1.84038 4.54021 - 0.941665

8.0 0. 56593 704 0. 29798 448 .0.97356 279 1.80462 4.45624 0. 962608
8.1 0. 54239 791 0. 28690 187 - 1.03786 231 1.76908 4. 37272 984319
8.2 0. 51945 967 0.27606 265 -1.10747 485 1. 73378 4.28968 -1. 06831
8. 3 0.49712 408 0.26546 873 -1.18278 826 1.69874 4.20716 30118
8.4 0.47539 201 0.25512 162 -1. 26419 685 1.66395 4.12518 -1. 054394

8. 5' 0. 45426 352 0. 24502 250 -1. 35209 608 1. 62944 4. 04377 -1. 079518
8.6 0.43373 779 0. 23517 220 -1. 44687 .598 1. 59521 3.96296 - 1.105589
8.7 0.41381 323 0.22557 121 -1.54891 312 1. 56128 3.88277 - 1.132647
8.8 0, 39448 748 0.21621 969 - 1.65856 097 1.52765 3.80323 - 1.160736
8, 9 0. 37575 740 0.20711 750 -1. 77613 854 1.49434 3.72436 -1. 189902

9. 0 0. 35761 917 0.19826 418 - 1.90191 706 1. 46136 9 3. 64619 -1. 220192
9.1 0.34006 823 0.18965 897 -2. 03610 452 1.42872 3. 56873 - 1.251657
9.2 0.32309 939 .0.18130 082 - 2.17882 801 1. 39641 3.492014 -1. 284351
9. 3 0.30670 683 0. 17318 839 - 2.33011 366 1. 36447 3.41606 - 1.318328
9.4 0, 29088 411 0.16532 010 -2. 48986 396 1.33288 3. 34088 -1. 353647

9.5 0. 27562 422 0.15769 409 -2. 6578) 251 1. 30166 3.26651 -1. 390)72
9.6 0. 26091 963 0.15030 825 - 2.83359 602. 1.27082 3.19294 -1. 428567
9.7 0.24676 227 0.14316 025 -3. 01652 353 1.24036 3.12022 -1. 468301
9.8 0.23314 362 . 0.13624 751 -3. 20574 283 1.21029 3.04834 - 1.509646
9.9 0.22005 470 0.12956 726 - 3.40010 421 1.18061 2.97733 -1. 552680

10.0 0.20748 611 0. 12311 653 -3. 59814 152 1.15134
r(

5 j r(5)31 r( -3)11
C( 3

8)51I 1. 5 L 7 j L

2. 90720 -1. 597484
(-4)11I 3 J

411



404

Table 9.3

x Jio(s)
0.20748 611
0.2b87 417
0.22413 707
O. 23223 256
0. 24011 699

10.0
10. 1
10.2
10 3
10.

.
4

10.5
10. 6
10.7
10. 8
10.9

O. 24774 554.
0. 25507 240
0. 26205 109
O. 26863 466
0.27477 603

RZIMIEL FUNCTIONS OF INTEGER ORDER

BESSEL FUNCTIONS-ORDERS 10, 11, 20 AND 31

J1 (s)
0.12311 693
0.13041 285
0.13787 866
0.14549 509
0.15324 123

0. 16I09' 467
0.16 902 861
0. 17701 780
0.18503 266
0.19304 230

11.0 0. 28042 823 0.20101 401
11.1 0. 28554 479 0.20891 340
11. 2 O. 29007 999 0.21670 446
11.3 0.29398 925 0 :22494 974
11.4 0. 29722 944 0.23181 048

11. $ 0.29975 923
11.6 0.30153 946
11.7 O. 30253 345
11.8 0. 30270 737
11.9 0. 30203 061

12.0
12. 1
12.2
12,3
12.4

12. 6
12. 5

12.7
12.8
12.9

13. 0
13.1
13.2
13.3
13.4

13.5
13.6
13.7
13.8
13.9

14. 0
14. 1
14. 2
14.3
14.4

14. 5
14.6
14. 7
14.8
14. 9

0.30047 604
0.29802 036
0.29464 445
0. 29033 357
0. 28507 771

0.27887 175
0.27171 575
0.26361 509
0.25458 064
O. 24462 889'

0.23378 201
0.22206 793
O. 20952 032
0.19617 859
0. 18208 776

0.16729 HD
0.15186 646
0. 13585 302
O. 11932 411

. 0.10235 036

0.08500 671
0.06737 200
0. 04952 862
0. 03156 199

0. 01356 013

- 0. 00438 689
- 0. 02218 745
.0. 03974 898
- 0.05697 854
-0. 07378 344

0.23904 680
0. 24601 789
0. 25268 218
0.25899 761
0. 26492 183

0.27041 248
O. 27542 744
0.27992 508
0.28386 459
0. 28720 623

0. 28991 166
0.29194 422
0.29326 923
0.29385 431
0.29366 968

0.29268 843
0.29088 684
0.28824 464
0.28474 526
0.28037 612

0.27512 884
0.26899 942
0. 26198 851 °
0.25410 149
0.24534 866

0. 23574 535
0. 22531 197
0. 21407 407
0.20206 238
0.18931 275

0.17986 611
0.16176 836
0.14707 028
0.13182 729
0. 11609 931

15. 0 -0. 09007 181 0. 09995 048
r(-4)11 r(-4)11
L 6 j AL 5 J

6

no(s)
- 0. 35981 415
- 0.34383 078
-0. 32793 809
- 0.31207 433
-0. 29618 615

- 0.28022 819
- 0.26416 276 .

-0. 24795 949
-0. 23159 513
-0. 21505 324

- 0,19832 403
- 0:18140 409
-0.16429 620.
- 0.14700 917
-0. 12955 753

-04196 142
4 0. 424 62r
- 0. 07644 263
- 0. 05858 580

04071 566

- 0. 02287 631
-0.00511 577
+0. 01251 441
0. 02995 946
0. 04716 182

0. 06406 154
0. 08059 668
0.09670 381
0.11231 845
O. 12737 554

0.14180 99
0. 555
0,

18073 529
286

0.
0. 19204 392

O. 20242 090
0. 21181 137
0.82016 393
0. 22743 118
0.23357 014

0.23854 273
0.24231 614
0.24486 329
0.24616 313

I 0.24620 100

0;24496 888
0.24246 568
0. 23869 741
0.23367 730
0. 22742 597

0.21997 141
r( - 4)21
L j

412

100x-20./20(x)
1.151337
1. 122469
1.094012
1.065970
1. 038347

1.011148
0.984374
0. 958030
0. 932118
0.906639

0. 881596
0. 856989
0.832821
0.809092
0.785801

0. 762950
0.740539
0.718565
0.697029
0.675930

0.655266
0.635035
0.615236
0.595866
0.576929

0. 558403
0.540305
0. 522625
0. 359505
l_yll18504

0.472056
0.45f 1
0, V.
O.* 1.1
O. 4a ,n2.

0.395776
0. 381681
0. 367961
0. 354612
0.341628

0.329005
0.316736
0.304816
0.293240
0.282001

0.271095
0.260516
0.25025?
0. 240312
0. 230676

0.221343
r( -5)01
L.

1077X-21 hi (X) 10-2300Y20(x)
2.907199 - 1.59748
2.837961 - 1.64414
2.769629 - 1.69275
2. 702215 - 1. 74339
2. 635729 . - 1.79618

2.570182
2.505582
2.441939

- 1. 85121
- 1. 90861
- 1.96848

2. 379259 - 2.03097
2. 317550 - 2.09619

2.256817 - 2.16430
2.197065 - 2.23544
2.138299 - 2.30977
2.080523 - 2. 38746
2..023738 - 2.46870

1.967947 - 2. 55367
1,913152 - 2.64257
1.859352 - 2.73563
1.806548 - 2.83307
1.754740 - 2.93513

1. 703925 - 3.04208
1.654102 - 3.15419
1.605267 - 3.2717
1.557418 - 3. 395
1.510551 - 3.52

1.464660 3. 66044
1.419743 3. 80321
1.375791 - 3.95323

- 1,332800 - 4.11095
1.290762 - 4.27684

1.249671 - 4. 45140
1.209120 - 4.63518
1.170299 - 4. 82874
1.132001 -.5. 03272
1.094617 - 5.24778

1. 058137 - 5.47464
1.022552 - 5.71407
0.987853 - 5.96691
0.954028 -. 6.23405
0.921067 - 6.51646

0.888960 - 6.81520
0.857694 - 7.13138
0.827260 - 7.46624
0.797644 - 7.82110
0.768835 - 8.19739

0.740821 8. 59667
0.713590 - 9.02062
0. 687129 - 9.47109
0. 661426 - 9. 95006
0.636467 -10. 45971

0 612240-
4
4)11j

- 11.00239

L 4
-8)41j



SiSSEL FUNCTIONS OF INTEGER ORDER

RESSEL FUNCTIONS-ORDERS 10, 11, 20 AND 21
..

X of 10(X) .111(X) Yio(x)
15. 0 -0.09007 181 0. 09995 048 0. 21997 141
15.1 -0. 10575 330 0. 08344 886 0.21134 904
15.2 - 0.12073 964 0.06666 618 0.20160 159
15.3 - 0.13494 535 0. 04967 738 0.19077 902
15.4 -0. 14828 828 0.03296 025 -O. 1789)-834

15. 5 - 0.16069 032 +0. 01539 539 0.16614 338
15.6 - 0.17207 791 - 0.00173 513 0.15246 453
15.7 - 0.18238 269 -0. 01874 731 0.13797 838
15.8 - 0.19154 204 -0. 03555 621 0.12276 733
15. 9 - 0.19949 958 -0. 05207 632 0.10691 918

16.0 -0:20620 569 - 0.06822 215 0. 09052 660
16.1 - 0.21161 797 - 0.08390 874 0.07368 666
16. 2 -0. 21570 160 - 0.09905 224 0. 05650 016
16.3, -0. 21842 977 -0. 11357 046 0.03907 110
16.4 -0. 21978 394 -0. 12738 344 0. 02150 600

16.5 - 0.21975 411 - 0.14041 403 +0,00391 319
16.6 -0. 21833 905 - 0.15258 841 -0. 01359 786
16.7 - 0.21554 637 - 0.1683 668 -0.03091 729
16. 8 -0. 21139 267 - 0.1744009 338 -0. 04793 557
16. 9 - 0.20590 350 - 0.18329 797 -0. 06454 431

17.0 - 0.19911 332 - 0.19139 539 - 0.08063 696
17. 1 - 0.19106 S38 -0. 19833 646 -0. 09610 960
17.2 - 0.18181 155 -0. 20407 831 - 0.11086 170
17. 3 -0.17141 203 -0. 20858 485 -O. 12479 683
17. 4 -0.15993 505 -0. 21182 701 - 0.13782 343

17. S - 0.14745 649 -0. 21378 318 - 0.14985 544
17. 6 -0. 13405 943 -0. 21443 935 - 0.16081 304
17.7 - 0.11983 363 -0. 21378 944 - 0.17062 321
17.8 - 0.10487 499 -0. 21183 538 - 0.17922 038
17. 9 -0. 08928 492 -0. 20858 727 -0. 18654 691

18. 0 -0. 07316 966 -0. 20406 341 -0. 19255 365
18.1 -0. 05663 961 - 0.19829 032 - 0.19720 030
18. 2 -0. 03980 852 - 0.19130 265 -0. 20045 582
18. 3 -0. 02279 278 -0. 18314 307 - 0.20229 875
18. 4 -0. 00571 052 -0. 17386 213 -0. 20271 742

18. 5 +0. 01131 917 -0. 16351 793 - 0.20171 011
18.6 0. 02817 711 - 0.15217 591 -0. 19928 520
18.7 04 04474 490 - 0.13990 845 -0. 19546 113
18. 8 0. 06090 579 - 0.12679 446 - 0.19026 637
18.9 0. 07654 556 - 0.11291 893 - 0.18373 930

19. 0 0.'09155 333 -0. 09837 240 -0. 17592 797
19. 1 0.10582 247 - 0.08325x439 - 0.16688 985
19. 2 0. 11925 134 - 0.06765 09 - 0.15669 143

, 19. 3 0.13174 416 -0. 05168 334 - 0.14540 785
19.4 0.14321 168 -0. 03544 863 - 0.13312 231

19. 5 0.15357 193 -0. 01905 771 -0. 11992 566
19.6 0. 16275 089 - 0.00262 120 - 0.10591 538
19.7 0.17068 305 +0. 01374 948 -0. 09119 555
19. 8 0.17731 198 0. 02994 285 -0. 07587 548
19.9 0. 18259 079 0. 04584 818 - 0.06006 922

20. 0 0.18648 256 0. 06135 630 -0. 04389 465

C(

4)21 r( - 4 )21 r( - 4)21
I 6 J L 6 j i 6 j

405

9.3

1021/4-2040(X) 10/7x- 21J41(x) 10-230°1'20W
0.22134 33 0.61224 04 - 11. 0024
0.21230 71 40. 58873 25 - 11. 5807
0.20356 16 0.56593 06 - 12. 1974
0.19510 08 0.54382 12 - 12.8555

-----0:11169-1 -81- 0.52239 -14-- 13138r
0.17900 91 0. 50162 76 - 14.3098
0.17136 .62 0.48151 66 - 15.1136
0.16398 38 0.46204 52 - 15.9742
0.15685 60 0.44319 99 - 16.8962
0.14997 67 0.42496 74 .,..: 17. 8849

.
0.14334 00 0. 40733 43 8.9460
0.13694 00 0.39028 75 - ?0.0855
0.13077 08 0.37381 35 - 1.3104
0.12482 65 0.35789 93 - 22. 6279
0.11910 14 0,34253 16 - 24. 0462

0.11358 96 0.32769 75 - 25. 5740 ,
0.10828 55 0.31338 39 - 27.2209
0.10318 34 0.29957 78 - 28.9975
0.09827 77 0.28626 66 - 30.9150

'0.09356 30 0.27343 76 - 32. 9859

. 0.08903 37 0.26107 81 - 35.2237
0:08468 45 0.24917 57 - 37.6429
0.08051, 02 0.23771 82 - 40. 2594
0. 07650-53 0.22669 32 - 43. 0904
0.07266 49 0.21608 89 - 46.1543

0. 06898 37 O. 20589 33 - 49.4711
0.06545 69 0.19609 48 - 53. 0622
0.06207 96 0.18668 17 - 56. 9506
0.05884 68 0.17764 27 - 61.1611
0.05575 39 , 0.16896 66 - 65. 7197

0.05279 63 0.16064 24 - 70. p543
0.04996 93 0.15265 91 - 75.9946
0. 04726 85 0.14500 62 - 81. 7717
0.04468 96 0.13767 32 - 88.0182
0.04222 83 0.13064 97 - 94:7683

0.03988 04\ 0.12392 57 -102. 0574
0.037 4 17 0.11749 14 -109.9219
0.03550 84 0.11133 69 -118. 3992
0.03347 64r_ 0.10545 28 -127. 5270
0. 03154 21 0.09982 98 - 137.3432

0.02970 16 0. 09445 89 - 147.8850
0.02795 15 0.08933 10 -159.1885
0.02628 80 0. 08443 76 -171. 2882
0.02470 79 0.07977 01 - 184.2155
0. 02320 78 0. 07532 03 -197. 9980

0.02178 44 0.07108 01 - 212.6583
0.0204,3 46 0. 06104 16 - 228.2122
0. 01915 S4 0.06319 71 - 244.6678
0.01794 37 0. 05953 92 -262. 0226
0.01679 67 0.05606 06 -280. 2622

0.01571 16 0. 05275 42 -299. 3574
r(-8)41 r(-8)91 r(--i)lii 4 j L 4 j L a j

'413



6

HESBEi rowericers or nairaza ORDER

Table 9.3
BESSE!. ruricrons-moolums AND PRASE OP ORDERS 10, 11, 20 AND 21

is(a).PMe(r) 408 kW

r-1 z1X10(=)
0.030 IL 85676 701
0.04s 0.88136 60
0. 046 0.14633 336
0.044 0, 84164 245
0.042 0.03727 251

'0.040 0.03320 419
0. OM 0. 02942 012
0. 036 0.82590 472
0. 014 0.12264 403
O. 032 0. 01961 546

0. 030 0.111611) 775
0. 028 0. 81427 076
0. 026 0. 01191 546
O. 024 , 0. 80976 370
0. 022 0.80780 WS

0.020 0. 10604 267
0. 010 0.80446 127
0.016 0.80305 902
0.014 0.00103 156
0.012 0.00077 512

No(*) -21
_ 94791 INA

- 14.05309 901
.14.15926 914
.14.26413 96$
- 14.36863 333

.14.47247 887

.14.57600 035
- 14.67912 919
.14. 7810 967
.14. WM 611

.14. 98636 000

- 15.1946854
M 085

77-
.15.29090 253
45. 99191 569

- 19.49271 527
.15. 59333 192
.15, 69/75 SW
45. 79403 741
15.09411 589

0.010 0. 79918 647 .15. tom 093
0.000 0.79916 297 -16.19416 161
0. 006 0. 79060 244 .16.19402 726
0.004 0.79820 323 .16. 3930 652

O. 79796 417 .169960 02
0. 000 0.79700 456 .16.49)36 143

[(11 [11
seM20(s)

0. OW 1.474083
0.141 1.330991
0. 046 1.211667
0.044 1.131459
0. 042 1.070045

0.040 1.023762
0. OM 0.916284
0. 036 0. 933823
0. 034 0. 930695
0. 033 0. 909519

0. 03$ 0.016003
0. 028 0. 076299
0. 026 0. 06)121
O. 024 0. 01741
0. 022 O. 841895

0. 010 0. 09973
0. 018 (1. 826019
O. 016 0.019702
0.014 0. 814121
0. 012 0. 80796

0. 010 O. 00600
0. OW 0.003071
0. 006 0. 800781
O. 004 0. 799165
0. 002 0.791204

0201)""7
41. 047407
41.

1
606130

.22.49524
42. 676802
3.188535
43.685931410900
.244. 67. 0620
45.106640
- 15.960740

46. 006981
46.446210
46.09433 P%

47.7159
47. 73001090

28348822
4L 563147
.21.97

)846565066
49.791303

40.195941
.90.
.31.
.31. 404
.11.01522

y,,(:),...M.(e) sin 0.(r)

OM* (z) hi (a) -2, <z>
0. 07222 790
0. 86513 271

- 14.96750 606
- 15.09771 672

20
21 gb

0. OM 314 .15.22701 466 22
0.16350 50 .15. 3052 901 23
0. 04689 281 - 15.40330 635 24

co. swo 044 -15. 61039 144 25
04309 917 .15. 73612 771 26
0. 0346 203 -15.16265 679 28
0.006 126 - 19.91791 8% 29
0. 02459 4% .16.11265 291 31

0.82112 469 .16. 33689 620 31
IL 81714 113 9686$ SO4 16
0. 01503 056 411405 4A9 38
0.01237 970 -114 68703 912 42
0. 80997 731 - 16.72967 149- 45

0. 80711 410 - 16.15191 406 50
0. SOSO 079 -16, 97400 IDS Se
0. 80416 997 - 17.09577 SOS
0. 11167 SOS - 17.21731 438 71
0.80139 036 - 17.33065 S90 ID

0. 80091 114
0.79943 341

- 17.45902 810
- 17.58006 166 125

100

0.79075 391 - 17.70178 301 167
0. 79827 099 - 17.02262 084 250
0. 79798 OW - 17.94340 116 500

0. 79715n8 496 .10. 06415 776

L
[1]r(-

01/21(z)

1.
1. 7911

525581
33

1.347435
1.224460
1.134653

1.071741
1. 012171
0. 91932Y-`
0. 01
0.0019

01 2

0. 904821

0.
186 799
8710,

0.11511M5
0.147145

0.1137417
0. 091

110 8161
. MI
.

04011069

0. 10925
O. 809612
0.101011
IL 799297
0.798237

12i -t
- 21.390925
'41. 927545
- 22.550002
41. 04/. 71426936

40

44. t04948
44.03101
45: WWI
- 29.901471
46.4175

46.916
- 27.406346
- 27.881527
48. /63869
41.83/311

49.297299
- 29.75000. 213405318
.9030.. 664
41.111%9

.31. 56020
- 32.005000
- 92.440139

090109
- 33.331907

<r>
20
21
22

24

26
25

28 ,
29
31

36
30

45
42

SO
se
61
71

135
100

350
167

SOO

O. 000 0. 885 .32. 301325 0. 797089 771121

[11 [11
[(1 9

(-841
7 J

Complied from L. Pon, A dart tabl<elf>orm Hemel if=t1 :of integer orders and large arguments.
Royal Society Shorter Mathematiad Table. No. 8(Candsidge Univ. Pram Cambridge, England,
1964) (with partnimion).

,

/".
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=MEL FUNCTIONS OP INTEOBORDER

WESSEL FUNCTIONS -- VARIOUS ORDERS Table 9.4

a JIM) Js(2) 4(0)

?
-

1 74.6401470
6866 : 1

2.23890 7791 - 1 -1.77596
173i:

2 - 1 1.14903 4849 - 1 3.52834 0286 - 2 4.65651 1628
3 - 2 1.95633 5398 - 1 1.28943 2495 - 1 3.64831 2306
4 - 3 2.47663 89 f64 - 2 3.39951981 - 1 3.91232 3605

5
1 :717 : 1.25215152

1
I6

- 2.49757 7302 3
01.197

- 2.61140 nii
7 - 6 1.50232 5817 . 4 1.74944 0749 - 2 5.33764 1016
a - 8 9.42234 4173 - 5 2.21795 5229 - 2 1.84052 1665
9 - 9 5.24925 0180 - 6 2.49234 /3435 - .3 ,,,5.52028 3139

11
- 10 2.63061 Dit.. - 7

1:11:11 it
- 3 1.46780

4498
10

12 - 13 4.99971 8179 - 9 1.932,69 5149 - 5 7.62781 3166
13 - 14 1.92561 6764 *- 10 1.49494 2010 - 5 1.52075 8221
14 - 16 6.88540 8200 - ,11 1.07294 6446 - 6 2.80129 5810

15 - 17 ttlallill - 13 1:111% 6356 - 7 4.79674 Ea
17
18
19

20
30
40
50

100

- 20 2.11537 5568
- 22 5.88034 4574
- 23 1.54847 8441

- 25 3.87350 3009
- 42 3.48286 9794
- 60 1.10791 5851
- 80 2.90600 4948

( -189) 8.43182 8790 (

- 15 2.65930 7805 - 8 1.15266 7666
- 16 1.48173 7249 ,- 9 1.63124 4339
- 18 7.81924 3273 - 10 2.18282 5842

.. 19 3.91897 2805 - 11 2.77033 0052
-33 3.65025 6266 - 21 2.67117 7278
- 48 1.19607.7458 - 33 8.70224 1617
- 65 3.22409 5839 - 45 2.29424 7616

-158)1.06095 3112 ( -119) 6.26778 9396

a Ja(10) . J4(00) Js(100) .

1
- 1 - 2.45935 7645 - 2 111111 27670

2 - 1 2.54630 3137 - 2 -5.97128 0079
3 - 2 5.82793 7931 - 2 *9.27348 0406
4 - 1 -2.19602 6861 - 2 *7.08499 7728

6 - 1 :1...45:V118 541V1 - 2 -8.71210 2682
- 2 0.14002 4770

7 - 1 2.16710 9177 - 2 +6.04912 0126
8 - 1 3.17854 1268 - 1 +1.04058 5632
9 - 1 2.91855 6853 - .2 -2.71924 6104

10 - 1 2.07486 1066
- 2 -1.83466 7862
- 1 -1.13847 8491

1
12 - 2 6.33702 5497 - 1 1.05775 3106
13 - 2 2.89720 8393 - 2 *6.91188 2768
14 -.2 1.19571 6324 - 2 -6.98335 2016

15
16

- 3 4.50797 3144 - 3 ;111911251: 5990

17 - 4 5.05646 6697 - 1 .1.11360 4219
18 - 4 1.52442 4853 - 2 7.08269 2610
19 - 5 4.31462 7752 - 2 -643650 3508

30 :11 tiNg ::111
- 1 - 1.16704 3528

.
'20

40
50

100

-21 6.83089 9312
-30 1.78451 3608

( -89) 6.59731 6064 (

- 1 -1.38176 2812
- 1 +1.21409 0219

-21)+1.11592 7368

415

-2
'1:;121 Ulf

-2 -2.15287 5734
-2 7.62842 0172 i

-2 2.61058 0945
/..'

l

-2 -7.41957 3696
-2 -3.35253 8314
-2 +7.01726 9099
-2 *4.33495 5988
-2 -6.32367 6141

-2 - 5.47321 7694

-2 +6.62360 4866
-2 -3.63936 7434
-2 -7.56984 0399

-2 *1.51981 2122
-2 +8.02578 4036',
-2 1.04843 8769
-2 -7.66931 4854
-2 -3.80939 2116

-2 +6.22174 $850
-2 +8.14601 2958
-2 *7.27017 5482
-2 -3.86983 3973

( -2)+9.63666 7330



408. BUM FUNCTIONS. OF INTEGER ORDER
i

Tst I. 9.4 SEMI. FUNCTIONS-VARIOUS ORDERS

11 ran Y*(2) Yol(8)

0 - 8, 82569 6422 - 6726
1 - 1 7.81212 8213 - 1 .1. 07032 4315 1 -4.1.111N MI
2 0 -1. 65068 2607 - 1 -6. 17408 1042 - 1 +3. 67662 8826
3 0 -5. 82151 7606 0 -1. 12778 3777 - 1 +1.-46267 1627
4 1 -3. 32784 2303 0 -2. 76594 3226 - 1 -1. 92142 2874

.5 60405 8666 93598 9120 -
1 1. 111941 Egi66 3 -2. $7078 0243 1 4. 69140 0242

7 4 -3. 05889 5705 2 - 2.71548 0254 0 -1. 26289 8836
8 5 -4. 25674 6185 3 4. 85392 2175 0 -2. 82086 9383
9 _6 -6,78020...4919_ .__ .___ 4, 45 1 9 8. 2938 . 0 -7. 76388 3188

10
9 Sts:?

5422
11 6 - 1.27728 5$93
12. 10 - 5.32411 4376 7 4. 39209 5698
13 12 - 1.27536 1870 8 - 1.65774 1981
14 13 - 3.31061 6748 9 - 2.14114 3619

1 :, I
10109n 19

2 - 3.82982 1416
3 -1. 74556 1722
3 - 8.69393 '8814

ei

15
1: --ek. 711178 123766

19

17
18

16
17 - 8.86684 3398
19 -3. 01195 2974
21 -1. 08341 6386 .

98102 3646

14 1.20091 5873
12 -7. 09038 8217
11 -4. 45012 4034

15 -2. 15455 8183 7 -7. 95635 6938

4 -4. 69404 9564

6 -1. 69993 3328
7 -1. 12865 9760

5 -2. 72949 0350

30
40
50

57 -7.18487 4797
77 -2.19114 2813

08165 1389

45 -6. 66154 1235
30 -2. 91322 3848

62 4. 97615 0576
29 - 9.21681 6571
18 -4. Q2856 8418

42 -2. 78883 7017

8 -5. 93396 5297
iii 1. NE 8783

20

100 ' (185)4. 77528 7810 (155) - 3.00082 6049 (115) - 5.08486 3915

ii
n Y410) Ya(50f l's(loof

1
-2

1:4R1
6728

. - 2 -5. 67956 6856
-2

-22:B1N
13370 - 2 -9. 80649 954/

2 -3 -5.86808 2442 - 2 +9. 57931 6873 -2 +7. 68368 '6713
3 -1 - 2.51362 6572 - 2 +6.44591 2206 -2 +2. 34457 8669
4 -1 -1. 44949 5119 - 2 -8. 80580 7401 -2 -7. 54301 1992

5 -1
:16. 1018 (4976 --

2
73.121441g 919310

-2 - 2.94801 9628
6 -2 +7. 24821 0030
7 -1 +2. 01020 0238 - 2 +9.59120 2782 -2 +3.81780 4832
8 -3 +1. 07547 3734 - 2 - 4.54930 2351 -2 - 6.71371 7353
9 -1 -1. 99299 2658 - 1 -1. 10469 7953 -2 -4, 89199. 9608

10 -1
:.16. 17159

1522
:%

3 +5.72389 igli -2
:66. 81816; Igl11

12 -1 - 7.84909 7327 - .2 +4. 38902 1867 -2 -4. 50025 8583
13 0 - 1.36345 4320 - 2 -9. 16920 4926 -2 - 7.13869 3153
14 0 -2. 76007 1499 - 2 -9. 15700 8429 -2 +2. 64419 8363

15 0 - 6.36474 5817 - 2 VI..N111 0205 -2 +7. 87906 8695
16 -3 - 2.80477 7550
17 1 -4. 59045 8575 - 2 +3.37105 6788 -2 =7.96882 1576
18 2 -1. 39741 4254 - 2 -9. 28945 7936 -2 - 2.42892 1581
1.9 2 -4. 57164 5457 - 1 - 1.00594 6650 -2 +7.09440 980/

20
30 9 --16. 7956t:

3848 - 2 +1.64426 3395 -2 +5.12479
79321

40 18 -1. 36280 3297 - 2 - 4.53080 1120 -2 +4.07468 5217
50 27 -3. 64106 6502 - 1 -2. 10316 5546 -2 +7. 65052 6394

100 (85) -4.0914 8271 ( +18) -3. 2938010188 ( -1) - 1.66921 4114

See pap H.
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szeolm rut/arson or atrium =ma
Table 9A

2111104 AND ASIOCIADD ITAL1/10 OF DESSEL FUNCTIONS AND THEM DERMATITIS

k. 44.6. /VA .) .71,.--77-r01k-.)

$
2 .

4076 . sassed 4 13967
7. *040012 0. 7114 447130
0. 1 7 -O. 14970 11. 4.11244

4 11. =441%54
5 14. 7706 - 01710664 64)31 16. -0.10647 ism

a I
9 It

10

11

M.

II
11 NMI 16

u4.
13 ame. stm7
16
17
10

4 niq
SS5/*

10 68131

Vis
61111 91902

.0.17326
- 0.16170
4. 15111
4.14417
44)7%

+0, 141.600 4 ass 4.1
44 n; $14/ 2. 1.11M 49. 44216 16. Wel ni

MO %920 +O. $1, MAI +0,10999
WM 1 SO 44 1 19 55. 1296) 4. 10615

.1: tt 104 0122
+O. 1096
-11. 10129'

-.0.1013; 34981 63.611% .. 10004 63. 15921 4. 09101

"4A .) A!

2 9.76103
1 6, 18016 7.51014 4.360% M411 -0. 14543

41. 06471 4. 2310 IL /31160 +O. 11743
3 13. 01520 4. 21018 14.3 /2114 -O. 106% 15. 70017 -O. 1%15
4 16. 22347 4.1%44 17. 61597 4.11766 18, 98013 .0.17993
5 19.40943 -O. MOOS IL ems -0.17123 22.21700 , -O. 16112

6 21. 5803 4. 16741 24, 0190 +O. 161611 IL 41034 .0.15669
7 a 74817 4. 15671 27.1 4.15217 20. 62662 - 0.14799

21. 9015 4.1401
9 3L 06485 -0. 14060 3

4.14416 -sk +O. 14059

1131M9% 118, 15917 +O. 1186110 354211167 +0. 11421 36.
4. 13420

11 I& 37047 -0.13062 39. 85763 .12607 41.12611 - 0.12366
11 41. 52072 +0. 12%7 43.01374 4. 13140 44.48932 +0.11925
19 44.6974 -0.11915 46.16785 -0.11721 47. 64940 -0.11527
14 47. 12779 11521 49.32036 +0.11 41 50. 00717 4. 11167

90.96503 -0.11167- 32.47155 .4. 10%9 53. 9630 -0.11030

16 54.11161 +0.10839 55. 62165 4.10685 57;11730 +O. 10537
17 !7.25765 -0. 10537" 50. 77004 - 0.10396 60.:025 -O. 10260
18 60. 40322 4. 10110 61. 91925 4. 10129 . 63. 42205 .0. 10003
19 63.54040 -0. 10004 65. 06700 4.09102 -66. 57209 4. 09765
20 64 69/24 +0. 0065 68. 21417 .0. 09651 69. 72289 +0.09541

a 'A . "OA.) /1. .r7(if, .) ia "gist4
1 9. 93611 4. nns 11. lisp 4. 21209 12. 22509 -o. 19944
1 13. 0929 4. 20525 14. 11117 . % 19479 16. OM *O. lkli,
3 17. MO 4.10726 11 21751 -0.17942 19. 55454 4.17144
4 20, 3,1 .0:17105 21.64154 .0.16610 IL 94517 +0.16110
5 a 0601 -0.16159 34.9149) 4.15657 26. 26681 , -0. /1196

6 D: :DO 4.15211 2L 19119 +0414791 11. 54566 4. 14404
7 -0.

1)71
31. 42279 " 4. 14145 92, 79510 -L

0 31. OM 4.1)717 IL 0709 +O. 13418 36. 02562 461 117
9 SC Mu - 0.1)1)1 37. sun 4. safe 39. 34045 4 1260)

10 39. 60324 .0. 13606 41.03077 A 121n. 42.44309 .0.12137

11 441: = 4. 32139 44.21541 -0.11 434 4k WO 4 11719
12 .0. 11721 47, 39417 4.11526 45:02593 .0.11342
13 49.1157/ 504,1140 4. 141 52. 00769 -0.

. 14 52. slims 11141 53, TRH 55.18475
15 11. 4dM9 44 MS IC WM -0405 51 157110 -0. 1

16 41, ern :t ilm ttwo 61, 51774 lion
17 64. 69470
11 64.. 94T4 60. /9141 4. 07 67. 8594/ d. 09652
19 60, 0. 09M

67/. gra
ACM 71. 02200 4 09430

20 71. 3 01) *O. MS 4. 09336 74. 103T1 *0. 09237
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410 1180SIBL !UNCTIONS or prison ODDER

Table 9.5
MON AND AIIOCIATED VALUES OF imam FUNCTIONS AND THEIR DERIVATIVES

ri.. roh..)
X $8424 .0. 39921
6.79381 -0. 29992

10. 02346 +0.24967
13. 20999 -0. 21835
16. 37897 .0. 19646

i

19. 53904 -0. 18006

1
2
3
4
5

6
7
II
9'

10

11
12il
14
15

16,
17
18
19
20

/A0.

0. 09357 647
3.95767 042
7.00605 106

10. 22234.504
13.36109 747

...---14. 50092 244
19.64130 970
22. 78202 885
25.9! 765
39. 06 021

32. 20320 412
33. 14645 231
30.40775 665
41. 62910 447

'1;44. 770% 661

47. 91189 633
51.05332 055
54. 19477 936
57. 33624 970

ra(M o)
+0. 07942 SO
A 46254 267
4. 30001 761
4. 24970 124
.0.21035 BO

19646 494
+0. 6 SI
4. 1 II 450
+0.156 493
-0.148014011

.0.14060 518
4.13421 123
+0412861 661
442166 795
'+0.11924 981

.0.11527 369
*0.11167 049
- 0.10838 535
.0.10537 485
-0.10260 057

'

.

Y1,.
-2.19714
5.42968
0.59601

11: 74915
14. 89744

18.04)40
21.18107
24. 33194
27. 47529
30. 61029

33. 76102
36. 9056
40. 04594
43. 18122
46: 33040

49.41251
52. 61455
55. 75634
SL 09150
62. 04041

r 1 (p..)
.0.52079
- 0.34032
.0.27144
-0. 23246
4. 20655

0. 1877)
+0.17127
-0.16170
.0.15218
A 14417

.0.13730
4.131)2
+0.12607
-0.12140
4.11721

-0.11343
.0.10999
-0.10685
.0.10396
-0.1012960. 47772 516

22.693%
25.14561
21. 99508
32. 14300

35.28979
38. 43573
4.58101
4142578
1111.,117012

51. 01413
54. 15785
57.30135
60.44464
63. 58777

.0.16718
- 0.15672
.0.14801
=0.14061

4.1)421
- 0.12062
.0.12367
- 0.11425
.4.11527

- 0.11167
.0.10839
- 0.10537
.0.10260
- 0.10004

a Mt* re343, 4 pa, /".(44. 4 1160
1 4.52702 .0. 33256 5.64518 .0. 2009 6.74718 .
2
3

8. 097%
O. 39647

- 0.27080
*0. 232)2

9.36162
12. 7)014

4.24148
4. 21805

10. 597_11
14. 03310 .

4 14. 62308 -L 28650 15. 99963 4. 19635 17. 34709
3 17.81846 .0.18771 19.12443 +0. 111801 20:60290

6 20. 99428 0.17326 a ow - 0.16716 23.82654
..7 24. 16624 .0.16170 25.6152 +L ism 27. 03813

8 27. WM - 0.15210 28.78589 - 0.14800 30.22034 '
9 30. 48699 0.14416 31. 95469 4. 14060 33. 40111

10 33. 64205 -0.13730 35.1185) .0.1)421 16. 57497

11 36. 79479 +0.11132 38. 21'1167 0.12861 39.7436)
12 39. 94577 , -0.12607 41.435% -8.12367 42. 90125
13 43. 09537 *0. 12140 44. 09102 *0. 11925 46. 06968
14 46. 24387 -0.11721 47, 74429 -0.11527 49. 22854
15 49. 19150 +0.11143 10. 89611 0.11167 52.31531

16 52. 531140 -0.10999 . 14. 04674 4. Ins ss. 34033
17 55. 614/0 +O. 106115 57.19615 ' .0:10537 58. 139)
18 50. 83049 ''.. 60.34513 4. 10260 61. 84628
19 61. 97516

...---.410144
.0. 10119 63.49320 *0. 1000) 64. 99759

20 65. 12006 4. 098112 , 66. 64065 4. 09-768 6L 14799

r a(tia. r
4. 25795
4.23062
*0. 20602 41
811. 18753

\047317
-0.16165
.0.15215
-0.14415
+O. 13729
- 0.13132

0. 11606
- 8:12140
Al. 11721
- 0.11343
.10999
-a mien
.0. 10/964. gin
tt. 09682

a Veto Y*0(,/(1, in, a r7 OA rope..)
1 7.83774 *0. 21429 8.91961 4. 21556 9.99463 *0. 21027
1 11.01104 -L 21591 13. 011771 - 0.20/52 14.10036 - 0.19289
3 15. 11362 +0, von 16. 57392 +0.18672 17. 81789 .0.17880
4 18. 67070 8.17975 19. 97414 4. Ina, 21. 2601% 4. 16662
5 21.95829 0.16701 23. 29397 .0. 16148 2441258 15643

6 25.20611 . 0.15664 26. 56676 - 0.15206 27. 91052 -0. 14785
7 28.42904 +0.14796 29. 80953 40.14409 31. 17170 +0.14051
0 31.63400 - 0.14050 33.0)1% -0.13725 '34.41286 - 0.1)415
9

10
14. 02$64
38. 01147

.0.13419
-0.12090

36. 2%27
39. 0579

+0.13130
4.12605

37. 63465
40. 64342

40.12057
- 0.12)64

11 41.19152 .0. 121- 6 42. 61391 +0.12138 44.04215 4. 11923
12 44.36427 -0.11924 45, 80544 -O. 11720 47. 2)298 .0. 11526
13 47. 53282 +0.11527 40.901n +0. 11342 50. 41746 4. 111%
14
Is

50. 697%
33.86031

4.11167
.0.10030

52.1336,
55. nus

4.10999
*O. 10684

53. 59675
56. 77177

-0.10838
+0. 10537

16 37. 02034 -0.0537 58 .48767. -0. 1 59. 94)19 0.10260
17 60.17842 .10260 61.650n +0. 11169 63.11158 0.10003
10 63.33485 -030003 64. 81164 0.09882 66. 27738 ' 09765
19 66.40986 +0.09163 67.97075 09652 69. 44095 +0. 09943
20 69. 64364 -0. 09543 71.12810 -O. 09431 72. 60259 4. 09336

418



SWIM suNonom OP INTEGER ORDER

ZEROS AND ASSOCIATED VALVES 4W RESSEL FUNCTIONS AND THEM.

1
2
3
4
5

6
7

9
10

11
12
13
14
15

16
17
18
19
20

0.00000 00000
3.83170 59702
7.01558 66698

10,17146 81351
13432369 1936)

16.47063 00509
19.61585 85105
22,76008 4W 6
25.90167 I76
39.046U 85149

33.18967.99110
33.33234 15501
38.47476 62348
41.61709 42128
441,,75931 1$11977

47.0146 08812
51.04353 51836
5448555 36411
57.32752 54379
60.46943 78453

Ado, f,,.
.1.00000 00000 4.84118
.440275 93957 3.33144
.0.30011 57525 8.53632
.0.24970 a_ rn
+0.11831-94071-1041159

4.19 13 53715 18,01553
.0.18006 33753 21.16437
446718 46005 24.31133
*045672 49063 27.45705
.444101 moo . 30.60192

+0.14060 57982 .374618
4454 21 12403 361..18999

40.033444421 61 MA
-0.10.12966 98130 443.176.31663960

49.6239
.0.11167 52.605404
.0,10838 0489 55.757
.040537 40554 58.7489000
.040260 05671 62.01235

jav a

1
2
3
4

6
7

9
10

12
11

13

IS
14

16
17
18
19
20

a

1
2
3
4
5

6
7
8
9

10

11
12
11
14
15

16

18
17

20
19

4.20119
8.01524

11.34292
14.58 S
17.78075

20.97248
24.14490
27.31006
30.47027
33.62695

36.78102
39:93311
43.08365
46.23297
49.38130

52.52882
55.67567
38.82195
61.967/5
63.11315

7.50127
11.73494
15.26818
18.6)744
21.93172

25.18393
28.40978
31.61788
34.81339
37.99964

41.17885
44.35258

50.
47.32168/8196

51.03$79

57,01138
60.16995
63.32681
66.48221
69.63633

JI(fl, .1 ha

Table 9.5
DERIVATIVES

Mho)
4.58187
4,34613
.0.27330

mo

3.05424
6,70611
9.96947
.17017

+0.48650
-0.31353
.0.23414
0.22088_._

111120701

448802
4461847346
.0
.04.1.1 .

4425224

8

.043736
-043137
.0.12611
.0 42143
+0.11734

4.11145
*441001
- 0.10687
.0.10397
- 0.10131

14752

19.51291
22.671511
25.02604
28.97767
32.13733

35,27554
38.42269
41.56893
44.71455
47.85964

51.00430
54.14860
57.29260

,60.43635
63.57909

.0.19794

448101
.0446784
445720
.0.14.3.
4.14088

+0.11443
4.12879
.042381
4.11937
.0.11537

*0.11176
4.10846
- 0.10544
.0.1
4.100002668

A

1/3(1.30
s

) ja 414
.0.43439
- 0,29116
.0.24074
.4.21097
449042

- 0.17505
.0.16295
4.13310
.0.14487
.443784.

.0.13176
0.12643
.0.12169
441746
.0.11364

-0.11017
.0.10100
.040409

3.4,0 0141
09891

.0.35414
-0.25017
.0.21261
-0.18978
.047363

4.16127
+0.15137
.0.14317
.0.13623
- 043024

.0.12499
- 0.12035
.0.11620
- 0.11246
4.10906

-0.10596

-040049
*049805
0.09579

5,31795 .049963
9.28240 - 0.27438

12.48191 .0.22959
19.96411 .0.20276
19.19603 .048403

22.40103 4.16938
23.58976 .0.15866
28.76784 . -0.14945
31.93854 +044171
35.10392 ,0.13509

38.26532 .0.12932
41.42367 - 0.12425
44.57962 .0.11973
47.73367 0.113,68
50.88616 .0.1

54.03737 440868
57.18752 .0.10563
60.33677 .040283
61.48526 440023
66.63309 4.09783

ft,
8.57784

12.93339
16.52937
19.94185
23.26805

26.54503
29.79075
33.01518
36.22430
19.42227

42.61152
45.79400
48.97107
52.14375
55.31282

*41887
61.64239
64.80374
67.96324
714211)

.4(17..)
.0.33793
.0.2409
*0403868
.0.1844
4.13929

9

445762
..14823

.40.14044
4,13381
4.1280$

.0.12305
4.11859
.0.11460
.4.11099
.0.10771

- 0.10471
.0.10195

*0.
4.09940

09704
-0.09484

oI At a

6.41562
10.51986
13.92719
17.31284
20,57551

23.80358
27.01031
30.20285

3
36.
33.8544

56078

39.3064
42.789627
46.05857
49.21817
52.37559

55.33120
58.68528
61.83809
64.98980
68.14057

° JA(16,4
.0,376
4.2140909
.0.22039
- 0.19580
.0.17049

446533
.045482
. 0.14616
*041885'
- 0.13256

.0.12707
- 0.12223
.0.11790
- 0.11402
.0.11049

- 0.10728
.0.10434
.040163
.0.09912
- 0.09678

4(114.4
9,64742 6 .0.32438

14.11552 -0.23303
17.77401 .0.19998
21.22906 - 0.17979
24.58720 .0.16539

27408927 - 0.15431
31.15533 *0.14537
34439663 .0.13792
37.62000 .0.13158
40.83018 -0.12608

44.01001 .0.12124
47.22176 -0.11695
50.40702 , +0.11309
53.58700 -0.10960
56.76260 .0.10643

.59.93454 -0.10352
63.10140 .0.10084
66.26961 -0.0983?
69.43356 .0.09607
72.59554 -0.09)93

419
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412 alien ruzionoNs OP arnipia ORM

Table 9.3
ZEROS AND ARSOCIATED VALUES OF OUSEL runcnons AND THEIR DERIVATIVES

1
2
3
4
5

6
7

VI%

2.10714 133
3.42968 104
8.5%00 587

11.74919 483
14.89744 213

18.04540 228
*2618806 ins

Yn(w'u
*0.52078 641
444031 803
.0.27145 90
-0.23246 177
4.20654 711

0.11772 909
.0.17)26 604

11'1,
668502
6.94150

10.12340
13.28576
16.44006

19.59024
22.73803

8 24.33194 257 - 0:16170163 2688431
9 27.47529 498 .0.15218126 29.0208

10 30.61828 649 - 0.14416 600 5617412
A

11 35.76101 760 4.13720 696 35.31813
12 56.00355 5)2 -0.11152 464 38.46.175
13 40.04594 464 4.116% 051 41.60507
14 43.18821 810 -0.12139 80 44.74814
15 46.33039 925 .0.11721 120 47.09101

16 4647250 96$ -0.11342 920 51.0373
17 52.61435 077. .0.10999115 54.17632
18 55.75654 488 - 0.10684 789 57.51880
19 58.89849 617 S 440595 957 60.46118
20 62.04041 115 -0.10129 350 63.60349

012. UV'S:4 °` 1/14.
1
2

2536314
9.60870'

*0.31660
-0.26195

7.46492
11.00517

3 12.97241 .0.22420 14.23172
' 4 16.10045 -0.10%7 17.584%

5 19.38210 4.18223 20.10106

6 22.55970 -0.16867 23.00700
7 .0.15779 27.17080
$ 2 -0.14881' 30.35396
9 32.04098 4.14122 33.52180

10 .35.10427 4.15470 36.68503

11 18.35728 , +0.12901 39.8448)
12 41.50855 -0.1230019190 0.
1) 44.63845 .0.11952 4615686
14 47.80725 -0.11550 49.31009
15 50.05515 .0.11186 52.46191

16 54.102)2 -0.10155 55.61257
17
18

57.24887
60.39401

4.0.10152
-0.10275

98.71229
61.01110

19 63.54050 .0.10015 6605925
20 66.68571 4409775 68020679

NI tit*
1 9.01480 44.38)39 16%515
2 13.53281 -0.22854 14.76560
I 16.9655) .0.20007 18.25012
4 20.29129 4.10111 21.61275
5 2656186 .0.16708 24.91111

6 26.79050 -0.15607 2617103
7 50.01567 .0.14709 31.40518
0 33.21607 -0.1%57 34.62140
9

10
36.40152
30.59002

*0.10013
-0.1273)

37.82455
41.01701

11 42.76632 .0.12260 44.20351

13
12 45.411775

49.10528
-0.11822
.0.11428

47.3014
50.55711

14 52.26%) -0.11072 7070
15 35.40136 .0.10748 5653..8M9

16 58.59089 -0.10451 (Aiwa
18
17 66757

64.41480468
*0.10177

54.0092
0.2233
66400370

1

10 68.0504) .0.09 69. 54237
20 71.21301 4600-0.0971 72.6%55

420,

1'i(N11,4 /.; a(el..)
*0.4167) 5.00250 .0.56766
-0.30517 0.35072 1' -0.27928
.0.25091 11.57420 *0.20504
-0.21897. 14.76091

/1
-0.20845

.0.19683 17.93129 ; 4.18890

4.1800 21.09289 '1 -0.17405
4.16735 24.2492 .0.16225
-04%44
*0.14810

27.4021
30.552 4-0.15259

.14448
.0.14067 33.701 4.13754

4.15427 36. .0.13152
-0.12866 39499 -0.12623
4.1 2)70 4/.14 .0.12153
-0.11928 46.28016 -0.11732
.0.11530 49.4 4.11/52

- 0.11169 52 -0.11007
*040840 55. 064963 .4.10692'
440559 5 SO -0.10402
4.10261 62 4 4.10/5
-0.10005 6 51% -6091887

W A,

$.64056.1.524.143512

.0.21481 5.66080

;410 .4179265617 8° 94. i 2 2,19211

*0.15384 i '2660804
-0.1097 // 25.40907

-0.14543 / 31.79520
.0.15828 i ,34.97380
-0.13211 / 38.1401

470%121179e /I 47.65867

4.12671 i 41.31392
44.47779

-0.1138 50.70713
4.1105 53.95360

57.10841
60.2618)-

66641407
6.05)0

69.71565

Upli,
4.29718
- 0.23763
.0.20681
- 0.1.0.,rn
4.15080
4.1
-0.142350306.3359
40..112071

*612458
- 0.12001
4.11501
-0.121
4.1081283

4.10578
102415

1.10035
*0.0793
-0.000561

NI17,
4.271

04.220707
4

.0.19414
- 0.17634
.0.16311

-0.15260
.0.14417
0.13700
.0.13085
- 0.12549

.0.12076
-0.11654
.0.11270
-0.11031
.0.10618

-0.103/0
.0.10065
-0.09820*0.52
4.09500079

NIK I
1610564
1698384
19.5177)
22.91696
2624370

29.525%-
32.77857
36.01026
39.22658
42.43122

45.62670
48.81512
51.99761
555I. .17520

MO%

61.51933
64.68681
67.85185
71.01478
74.17587

Yglem.)
.0.26220
- 0.21402
.0.18191
-0.17207
4.1505,

-0.14962
*0.14149
-03540
*0.12874
4.12359

.0.11904
- 0.11497

.*0.11111
-00..10407%191

0.10216
.0.09958
-0.09720
4.094%
-0.001

4



0.00
0.02
0.04
0.06
0.08

0.10
0.12
0.14
0.16
0.18

0.20
0.22
0.24

. 0.26
0.28

0.30
0.32
0.34
0.36
0.38

0.40
0.42
0.44
0.46
0.48

0.50
0.52
0.54
0.56
0.58

0.60
0.62
0.64
0.66
0.68

0.70
0.72
0.74
0.76
0.78

0.80
0.82
0.84
0.86
'0.88

0.90
0.92
0.94
0.96
0.98'

INISBEL FUNCTIONS OF INTEGER ORDER

Jo( .4,0)
1.00000
0.99942
0.99769
0.99480
0. 99077

0. 7929
0.

0. 7186
0.96333
0.95370

0.94300
0.93124
0.91844
0.90463
0.88982

0.87405
0.85734
0. 83972
0.82122
0. 80187

0.78171
0. 76077
0.73908
0.71669
0.69362

0.66993
0.64565
0.62081
0.59547'
0.56967

0.54345
0.51685
0.48992
0.46270
0.43524

0. 40758
0.37977
0.35186
0. 32389
0.29591

0.26796
0.24009
0.21234
0.18476 .
0.15739

0.13027
0.10346
0.07698
0.05089
0:02521

BESSEL FUNCTIONS-J(4 4A

Jgio.11)
1. 00000
0.99696
0.98785
0.97276
0.95184

0.92526
0.89328
0. 85617
0.81429
0.76800

0.71773
0.6.6392
0. 60706
0.54766' ;

0. 48623

. Jo(josz)
1.00000
0.99253

Jo(j0,0)
1. 00000
0. 98614

0..97027 0.94515
0. 93373 0.87872
0. 88372 .0. 78961

0.82136 0.68146

0.42333
0. 35950
0.29529
0.23126
0.16795

0.10590
+0. 04562
0. 01240
- 0. 06769
-0.11983

- 0.16840
- 0.21306
.4. 25349
- 0.28941
-0. 32062

-0. 34692
-0.36821
-0. 38441
4. 39551

40152

- 0.40255
- 0. 39871
- 0. 39019
- 0.37721
-0. 36003

- 0.33896
- 0.31433
- 0.28652
-0, 25591
- 0. 22293

- 0.18800
- 0.15157
- 0.11411
-0. 07605
-0. 03787

1. 00 0. 00000 0.00000
n -081
L 4 J

r(-401j1 3
From E. T. Goodwin and J. Staton, Table of Jo(isoir), Quart. J. Mech. Appl.
Math.:, 220-224 (1948) (with permission).

0. 74804
0. 66537
0.57518
0. 47943

0. 38020
0.27960
0.17976

+0. 08277
00942

- 0. 09498
- 0.17226
- 0.23986
- 0.29664
-0. 34171

-0. 37453
- 0.39482
- 0.40264
- 0. 39835
- 0.38259

-0. 35628
-0. 32056
- 0.27678
- 0.22648

17130

- 0.11295
- 0.05320
+0. 00622
0.06363
0.11745

0. 16625
0.20878
0.24399
0. 27107
0.28945

0.29882
0.29915
0. 29063
0. 27374
0.24914

0. 214774
0. 18059
0.13891
0.09399
0.04722

0.00000
-341

L 5 J

0. 55871
0. 42632
0. 28958
0.15386

0?02438
.-0. 09404
- 0. 19716
- 0. 28155
-0. 34466

- 0. 38498
- 0. 40207
-0.39653
- 0. 36998
- 0. 32493

Table 9.6.

Jo(j0,53)
1.00000
0.97783
0.91280
p. 80920
0.67388

0. 51568
0. 34481
0.17211

+0. 00827
- 0.13693

- 0.25533
- 0.34090
- 0. 39013
- 0. 40225
- 0. 37917

- 0.32527
- 0. 24698
- 0.15223
- 0.04980
+0. 05137

- 0. 26467 0.14293
.0. 19304 4 0.21767
-0. 11431 0.27011
-0. 03289- - 0.29684
+0. 04684 0. 29671

0.12Q78
0. 18527
0.23725
0. 27445
0.29541

0. 29959
0. 28731
0. 25977
0. 21892
0.16735

0.10814
+0. 04470
- 0. 01945
-0. 08082

13618

- 0.18270
- 0. 21808
- 0. 24067
- 0. 24957
- 0. 24461

- 0. 22637
- 0.19613
-0.15580
- 0v10779
- 0. 05486

0. 00000

C(

-3)3i
L J

0.27086
0.22252
0.15667

+0. 07960
-0: 00160

.-0,108007
-0.14891
-0. 20259
-0. 23697
,0. 24965

- 0. 24019
21003

- 0.16237
- 0.10179
- 0. 03389

+0.03525
0.09960
0.15369
0.19306
0.21464

0.21694
-0. 20021
0.16630
0.11854
0, 06138

0.00000
C(

6) J

421

418
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1011118E1 PONCHO= . OF niTza!mg ORDER

BESSEL FLINCTIONS-M1SCEL1r1:013S ZEROSTable 9.7

ath Zero of xis (a) - 4 (sit

k\s
0.00
0.02

*0. 04

../ 0.06
0.08
0.10

0.20
0. 40
0.60
0.80
1.00

1

0.0000
0.1995
0.2814
0. 3438
0.3960
0.4417

0.6170
0.8516
1.0184
1.1490
1.2558

2
3.8317
3.8369
3.9421
3.8473
3.8525
3.8577

3.8835
3.9344
3.9841
4.0325
4.0795

3
7.0156
7. 0184
7.0213
7. 0241
7.0270
7.0298.

0
i 0721
7.1004
7.1282
7.1558

4 3
10.1735 13.3237
10.1754 13.3252
10.1774 13.3267
10.1794 13.3282
10. 1813 13.3297
10.1833 , 13. 3312

1931 13. 3387
10. 2127 13. 3537

.10. 2322 13.3686
19.2516 13.3835
10.2710 13.3984

4

1\a 1 2 3 4. 5 <x>
-1.00 1.2558 4.0795 7.1558 10. 2710 13.3984 1
0.80 1.3659 4. 1361' 7.1898 10.2950 13. 4169 1
0. 60 1.5095 4.2249 7.2453 10.3346 13.4476 2
0.40 1.7060 4.3818 7. 3508 10.4118 13.5079 3
0.20 1.9898 4. 7131 7.6177 10.6223 13.6786 5

0.10 2.1795 . 5.0332 7.9569 10. 9363 13.9580 10
0.08 2.2218 5.1172 8.0624 11.0477 14.0666 13
0:06 2.2656 5.2085 8.1852 11.1864 14.2100 17
0.04 2.3108 5.3068 8. 3262 11.3575 14.3996 25
0.02 2.3572 5.4112 8.4840 11. 5621 14. 6433 50
0.00 2: 4048 5.5201 8.6537 11.7915 14.9309

sib Zero of Ji (e)-Wo (x)

k\e 1 2 ,b..,

. .
14 4 a

0.5 0.0000 5.1356
.4

8. Wi 11. 6198 14.7960
0. 6 1.1231 5.2008 8.4569 11.6486 14.8185
01. 7 1.4417 5.2476 8.4853 11.6691 14.8346
0.8 1.6275 5.2826 8. 5066 11.6845 ' 14.846
0.9 1. 7517 5.3098 8.5231 11. 6964 14. 8561
1. 0 1.8412 5.3314 8.5363 11.7060 14.8636

1- NI 1 2 3 4 a <>
1. 00 1.8412 5.3314 8.5363 11.7060 14. 8636 1
0. 80 1.9844 5.3702 8.56 11.7232 14. 8771 1
0.60 2.1092 5.4085 8.5836 11.7404 14. 890 2
0.40 2.2192 5.4463 8. 6072 11. 7575 14.9041 3
0.20 2.3171 5.4835 8.6305 11.7745 14.9175 5

0.10 2.3621 5.5019 8.6421 11.7830 14.9242 10
0.08 2.3709 5.5035 8.6445. 11.7847 14.9256 13
0.06 2. 3795 5. 5092 8.6468 11. 7864 14, 9269 17
0.04 2.3880 5.5128 8.6491 11.7881 14.9282 25
0.02 2.3965 5.5165 8.6514 11.7898 14.9296 50
0.00 2.4048 5.5201 8.6537 1.7915 14.9309 ao

<I> smeared integer to A.

Compiled from H. S. Carelaw and J. C. Jaeger, Conduction of heat in solids (Oxford
Univ. P11814, London, England, 1947) and British Association for the Advancement
of Science, Basel functions1 Part I. Functions of orders zero and unity, Math.
ematical Tables, vol. VI (Cambridge Univ. Prom, Cambridge, England, 1960)(with
permission).
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11188EL !UNCTIONS MINITORR ORDER 415

BESSEL FUNCTIONS..- MISCELLANEOUS ZEROS Table 9.7

0.90 12. 55847 031
0.60 4.69706 410
0.40
0.20

2. 07322 886
0.76319 127

0.10 0.33139 387
0.08 0.25732 649
0.06 0.18699 458
0.04 O. 12038. 637 .
0.02 0. 05768 450
0.00 0.00000 000

A- ) \a 1

0.80 12. 59004 151
0.60 4. 75805 426
0.40 2. 15647 249
0.20 0.84714 961

0.10 0.394094416
0.08 0.31223 576
0.06 0. 23235 256
0.04 0.15400 729
0.02 0.07672 788
0.00 0.00000 000

A-I\e 1

0.80 6. 56973 310
0.60 2. 60328 138
0.40 1. 24266 626
0.20 0.51472 663

0.10 0.24481 004
0.08 0.19461 772
0.06 0.14523 798
0.04 0.09647 602
0.02 0. 04813 209
0.00 0.00000 000

itit ZOO Of 4,001404-.Y0(s).ro (A9)
2 3 4 5 <h>

25.12877 37. 69646 50. 26349 62. 83026 1
9.41690 14. 13189 18.84558 23. 55876 2
4.17730 6. 27537 8. 37167 10. 46723 3
1.55710 2.34641 3.13403 3.92084 5

0: 68576 1.03774 1. 38864 1, 73896 10
0.53485 0.81055 1.08536 1. 35969 13
0.39079 0.59334 0. 79522 0.9963 17
0.25340 0.38570 0. 51759 0.64923 25
0.12272 0.18751 0.25214 0. 31666 50
0.00000 0.00000 0.00000 0.00000 so

as Zero of is (x) - Yi (s) 0

2 a 4. 5 <X>
25. 14465 37. 70706 50. 27145 62. 83662 1
9.44837 14.3,5300 18. 86146 23. 57148 2
4.22309 6.30658 8. 39528 10. 48619 3
1.61108 2.38532 3.16421 3. 94541 5

0.73306
0.57816

1.0783
0. 84552

1.41886
I. 11441

1.76433
1.38440

10
13

0. 42843 0.62483 0.82207 1.02001 17
0.28296 0.41157 0". 54044 0. 66961 25
0.14062 0.20409 0.26752 0.33097 , 50
0.00000 0. 00000 0.00000 0. 00000

sah Zero of J* (s) Yo(z) -Y, (x)J0(A4)

2 3 4 5 <A>
18. 94971 31:47626 44. 02544 56. 58224 1

7.16213 11. 83783 16. 53413 21. 23751 2
3.22655 5.28885 7.36856 9.45462 3
1.24657 2.00959 2.78326 3.56157 5 4

0.57288 0.90956
0.45251 0. 71635

1.25099
0. 98327

1.59489
1. 25203

10
13

0. 33597 0.53005 0.72594 0.92301
0.22226 0.34957 0.47168 0.60634 25
0. 11059 0.17353 0.23666 0.29991 50
O. 00000 ,O. 00000 0.00000 0.00000 se

<X> soneareet integer to X.

Compiled from British Association for the Advancement of Scienbe, Basel func-
tions, Part I. Functions of orders zero and unity, Mathematical Tables, vol. VI
(Cambridge Univ. Press, Cambridge, England,. 1950) (with permission).
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_ ;
Table 9.8

111188EL marmot% OF INTEGER ORDER

MODIFIED BF.S821. VUNCTIONS-ORDERS 0, 1 AND 2

0.0
r -4(a)*

1.00000 00000
e--41 fry

0.00000.00000
0, 1 0.90710 09258 0.04529 84468
0.2 0.82693 85516 0.08228 31235
0.3 0. 75758 06252 0.11237 75606
0.4 0.69740 21705 0.13676 32243

0.5 0.64503 52706 0.15642 08032
0.6 0.59932 72031 0.17216 44195
0.14. 0.55930 55265 0.18466 99828
0.8 0.52414 89420 0.19449 86933
0. 9 0.49316 29662 0.20211 65309

1.0 0.46575 96877 0.20791 04194
1.1 0.44144 03776 0.21220 16132
1.2 0..41978 20789 0. 21525 68594
1.3 0.40042 49127 0.21729 75878
1.4 0.38306 25154 0.21850 75923

1. 5 0.36743 36090 0. 21903 93874
1.6 0. 35331 49978 0.21901 94899
1.7 0. 34051 56880 0.21855 28066
1. 8 0.32887 19497 0.21772 62788
1.9 0.31824 31629 0. 21661 19112

2.0 0.30850 83225 O. 21526 92892
2.1 0. 29956 30945 0.21374 76721
2.2 0.29131 73331 0.21208 77328
2.3 0.28369 29857 0.21032 30051
2.4 O. 27662 23231 0. 20848 10887

2.5 0.27004 64416. 0. 20658 46495
2.6 0.26391 39957 0.20465 22544
2.7 0.25818 01238 O. 22 906069

741132.8 0.25280 55337 0.200073
2.9 0. 24775 57304 0. 19877 72816

3.0' 0.24300 03542 0.19682 67133
3.1 0.23851 26187 0.19489 21309
3. 2 O. 23426 88316 0.19297 86229
3. 3 0.23024 79848 0.19109 01727
3.4 0. 22643 14011 0.18922 98511

3.5 0.22280 24380 0.18739 99766
3.6 0.21934 62245 0.18560 22484
3.7 0.21604 94417 0.1838318580
3.8 0.21290 01908 0.18210 75810
3.9 0, 20988 75279 0.18041 18543

4.0 0. 20700 19211 0.17875 08394
4.1 . 0. 20423 0.17712 44763
4.2 0.20197 73 0 0.17353 25260
4.3 0.19902 52 71 0.17397 46091
4.4 0.19656 55589 0.17245 02337

4.5 0.19419 82777 0.17095 88223
4.6 0.19191 59151 0.16949 97311
4.7 0.18971 34330 0.16807 22681
4.8 0.18758 62042 0.16667 57058
4.9 0.18552 99721 0.16530 92936

5.0 0.18354 08126 0.16397 22669
..

[(12] r(-8)11L e i

z-2/2 (g)

0.12500 00000
0. 12510' 41992
0.12541 71878
0.12594 01407
0.12667 50222

0.12762 45967
O. 12819 24416
0.13018 29658
0.13180 14318
0.13369 39819

0. 13574 76698
0.18809 04952
0.14069 14455
0.14356 05405
0.14670 88837

0.15014 87192
0.15389 34944
0. 15795 79288
0.16235 80900
0.16711 14772

0.17223 71119
0. 17775 .56370
0.18368 94251
0.19006 26964
0.19690 16460

0.20923 45837
O. 21209 20841
n.22oso 71509
0.22951 53938
.23919 52113

0.24946 80490
O. 26049 85252
0. 27229 47757
0.28490 86686
0. 29839 61010

0.31201 73100
0.32823 72078
0.34472 57467
0.36235 83128
0.38121 61520

0.40138 68359
0.42296 47539
0.44605 16629
0.47075 72701
'0.49719 94689

0.52550 70272
0.55581 63319
0.58827 61978
0.62304 67409
0.66030 07270

0.70022 45988
R-ori ,L 7 j

4+1 (a) 4-11 4 (2)+.1%-t (a)

Compiled from British Association for the Advancement of Science, Bemel

functions, Part I.Punctions of orders sero and unity, MathematkalTables,

vol. VI , Part II. Functions of valid* integer ardw, Mathematical Tables,

vol. X(Cambridge Univ. Areas Cambridge, England, ISSO M)aNI L. Fai,
A short table for Bond functions of integer orders and large arguments.Royal

Society Shorter Mathematical Tables No. 8 (Cambridge Univ. Frees, Cam'
bridge, Englfnd, IMO (with permiadon).
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HUM FUNCTIONS OF INTIM ORDSS

MODIFIED BESSEL FUNCTIONS - ORDERS 0, 1 AND .; Table 9.8

a
0.0

asSo(t) 011(4

0.1 2.68232 61023 10.89018 2683
2

00..3
'2. 14075 73233
1.85262 73007

5. 83338
4.12515

,6037
7762

0..4 1.66268 20891 3.25867 3880

G. 5 1.52410 931157
2. 73g1910.6 1, 41673 76214 470026

0. 7 1.33012 36562 2.11501 13128
9. 8 1.25820 31216 1.91793 02990
0.9 1. 19716 33803 1.76238 82197

1.0 1.14446 30797 1.63615 34863
1. 1 1.09833 02828 1.53140 37541
1. 2 1.05748 45322 1.44289 75521
1.3 1.02097 31613 1.36698 72841
1.4 0.98806 99961 1.30105 37400

1.5 0.95821 603 1.24316 58736
1.6 0.93094 59808 1.19186 75654
1.7 0.90591 81386 1.14603 92462
1. 0.88283 35270 1 10480 53726
1. 9 0. 86145 06168 1.06747 09298

2.0 0.84156 82151 03347 68471
2.1 0. 82301 71525 1. 00236 80527
2. 2 0.80565 39812 0.97377 01679
2.3 0.78935 61312 O. 94737 22250
2.4 0.77401 81407 0. 92291 )6650

2.5 0. 75954 86903 0. 90017 44239
2.6 0.74586 82430 0.87896 72806
2.7 0.73290 71515 0. 85913 18867
2. 8 0.72060 41251 0.84053 00604
2. 9 0. 70190 49774 0, 82304 20403

3. 0 0.69776 15980 0.80656 34800
3.1 0.68713 11010 0.79100 30157
3. 2 0.67697 51139 0.77628 0204
3. 3 0. 66725 91831 0. 76232 42864
3.4 0.65795 22725 O. 74907 20613

3.5 0. 0909 63377 003646 79400
3.6 0.64045 59647 0. 72446 06608
3.7 0.63221 80591 0. 71300 63010
3.8 0. 62429 15812 O. 70206 46931
3.9 0.61665 7)147 0. 69159 08206

4.0 0.60929 7669) 0. 68157 59452 t
4.1 0.60219 65064 0. 67196 61952
4.2 0. 59533 0. 66274 24110
4.3

_11.=
0.65387 9839510---- 12704--t58$71-59230 0. 64535 58689

4.5 0.57609 67897 0.63714 97988
4.6 0.57008 72022 0.62924 26383
4. 7 0.56426 24840 0.621 69312
4. 8 0.55861 33194 O. 61425 66003
4.9 0.55313 10397 0. 60714 68131

5.0 0.54780 75643 0.60027 38587

4+1 21g (a)+K...1 (a)

425

Alfa (a)
2.00000 0000
1.99503 9646
1.98049. 7172
1.95711 6625
1.92580 8202

1.88754 5888
1.84330 9881
1.79405 1681
1. 74067 2762
1.68401 1992

1.62483 8899
1.56385 0953
1.50167 3576
1.43886 2011
1.37590 4446

1. 31322 5917
1. 25119 2681
1.19011 6819
1.13026 0897
1. 07184 2567

0. 9 1226
1. 015hi 9018

0.9068 7952
0.85556 9487
0. 80633 1113

0.75912 6289
0.71396 9565
0.67085 9227
0.62977 9698
0.59070 3688

0.55359 4126
0.51840 9885
0.48508 7306
0.45358 1350
0. 42382 7789

0.39976 2241 /
0.36931' 9076
0.34443 1194
0.32103 0914
0. 29905 0529

0.27842 2808
0. 25908 1398
0.24096 1165
0.22399 8474
0.20813 1411 .

0. 19329 9963
0.11944 6150
0.16651 4127
0.15445 0249
0. 14320 3117

0.13272 3593
r(411
1 11

417



418 WEISEL FUNCTIONS OF INTEGER ORDER

Table 9.8 MODIFIED BESSEL FUNCTIONS-ORDERS 0, 1 AND 2

z . e t ,10(z) . e-,11(z) e-ale(s)
5.0 / 0. 18354 08126 G. 16397 22669 0. 11795 1906
5. 1 0.18161 51021 0.16266 38546 0.11782 5355
5.2 0.17974 94883 0.16138 32850, 0.11767 8994
5. 3 0.17794 08646, 0.16012 97913 0.11751 4528
5. 4 0.17618 63475 0.15890 2 50 0.11733 1527

5. 5 . 0. 17448 32564 ._ 0.15770 1 90 0. 11713 7435
5.6 0. 17282 90951 0.15652 42 05 0.11692 7581
5.7 0.17122 15362 0.15537 15922 0.11670 5188
5.8 0. 16965 84061 0.15424 23641 0.11647 1384
5. 9 0.16813 76726 0.15313 58742 0.1162 7207 .

6.0 0.16665 .74327 0.15205 14593 0.11597 3613
6.1 0.16521 59021 0.15098 84754 0.11571 1484
6. 2 0.16381 14064 0.14994 62978 0.11544 633
6. 3 0.16244 23718 0.14892 43212 0.11516 09
6.4 0.16110 73175 0.14792 19595 0.11488 705

6. 5 0. 15980 48490 , 0.14693 86457
6.6 0. 15853 36513 0.14597 38314
6.7 0.15729 24831 0.14502 69866
6.8 0. 15608 01720 0.14409 75991
6.9 0. 15489 56090 0.14318 51745

0.11459 2958
0.11429 9157
0.11400 0845
0.11369 8525
0. 11339 2660

-7. 0 0.15373 77447 0.14228 92347 0.11308 3678
7.1 0.15260 55844 0..14140 93186 .0.11277 1974
7.2 0:15149 81855 0. 14054 49809 0.11245 7913
7.3 0.15041 46530 0.13969 57915 0.11214 1833
7.4 0.14935 41371 0.13886 13353 0.11182 4046

7. 5 0, 14831 58301 0.13804 12115 0. 11150 4840
7.6 0.14729 89636 0.13723 50333 0. 11118 4481
7. 7 0.14630 28062 0.13644 24270 0.11086 .3215
7. 8 0.14532 66611 0.13566 30318 0.11054 1268
7. 9 0.14436 98642 0.13489 64995 0.11021 8852

8.0 0.14343 17818 0.13414 24933 Z 10989 6158
-

8. 1 0.14251 18095 0.13340 06883 0.10957 3368
8.2 0.14160 93695 0.13267 07705 0.10925 0645
8. 3 0.14072 39098 0.13195 24362 0.10892 8142
8.4 0.13985 49027 0.13124 53923 0.10860 6000

8. 5 0.13900 18430 4.13054 93551 0.10828 4348
8. 6 0.13816 42474 0.12986 40505 0.10796 3305
8. 7 0.13734 16526 0.12918 92134 0.10764 2983
8.8 0.13653 36147 032852 45873 0.10732 3481
8.9 0. 13573 97082 0.12786 99242 0.10700 4894

9. 0 0.13495 95247 0.12722 49839 0.10668 7306
9.1 0. 13419 26720 0. 12658 95342 0.10637 0796
9.2 0.13343 87740 0.12596 33501 0. 10605
9. 3 0.13269 74691 0.12534 62139 0.10574 15gr
9.4 0.13196 84091 0.12473 79145 0.10542 8428

. 9.5 0. 13125 12609 0.12413 82477 0.10511 6893
9.6 0.13054 57016 0.12354 70154 0.10480 6740
9. 7 0.12985 14223 , 0.12296 40258 0.10449 3015
9. 8 0. 12916 81218' 0.12238 90929 0.10419 0759
9.9 0.12849 55220 0.12182 20364 0.10388 5010

10.0 0.12783 33371 0. 12126 26814 0. 10358 0801
r(-0 i.

6)81
L
r(--

6 j6)31

...

L
, 0

426
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6)21



RUM PUNOTIONS OF MEM ORDER

MODIFIED ansq, FUNCIIONS-ORDERS 0, 1. AND 2 Table 9.9

x esio(s) e'Ki(x)
5.0 0. 54780 75643 0. 60027 38587
5.1 0. 54263 53519 0.59362 50463
5.2 0.53760 7)540 0.58718 86062.
5.3 0.53271 69744 0.58095 36085
5.4 0.52795 80329 0. 57490 98871

5.5 0.52332 47)16 0.56904 79741
5.6 0..51881 16252 0.56335 90393
5.7 0.51.441 35938 0.55783 48348
5.8 0.51012 58183 0.55246 76495
5.9 0.50594 37583 0. 54725 02639

6. 0 0.50186 31309 O. 54217 59104
6. 1 0. 49787 98929 0. 5372) 82386
6. 0. 49399 02237 0.53243 12833
6. 3 O. 49019 05093 0. 52774 94344
6.4 0. 48647 73291 0. 52318 74101

6.5 0.48284 74413 0.51874 02336
6.6 0.47929 77729 0. 51440 32108
6.7 0.47582 54066 0.51017 19097
6, 8 0.47242 75723 0.50604 21421
6, 9 0. 46910 16370 0. 50200 99471

7.0 0.46584 50959 0.49807 15749
7.1 0.46265 55657 0.49422 34737
7.2 0.45953 07756 0.49046 22755
7.3 0.45646 85618 .0.48678 47842
7.4 0.45346 68594 0. 48318 79648

7.5 0.45052 3699i 0.47966 89336
7.6 0.44763 71996 0.47622 49486
7.7 0.44480 55636 0.47285 33995
7.8 O. 44202 70724 0.46955 18010
7.9 0.43930 00819 0.46631 7/847

88..1
0 0.43662

0.43399
30185
43754

0. 46314
0.46004

90928
35709

2 0.43141 27084 0.45699 91615
88.. 3 0. 42887 66329 0.45401 39001
0.4 0. 42638 48214 0. 45108 59089

5
88..6

0.42343
0. 42152

59993
89433

0. 44821
0. 44539

33915
46295

8.7 0.41916 24781 0.44262 79775
8. 0. 41683 54743 0.43991 18594
8. 0.41454 68462 0.43724 47648.

9. 0 t. 0.41229 55493 0.43462 52454
9.1 0. 4100$ 05783 0.43205 19116
9.2 0. 40790 09662 O. 42952 34301
9.3 0.40575 57809 0.42703 85204
9.4 0.40364 41245 0. 42459 59520

9.5 0. 40156 51322 0. 42219 45430
9.6 0.39951 79693 0.41983 31565
9.7 0.39750 18313 0.41751 06989
9.8 0.39551 59416 0.41522 61179
9.9 0. 39355 95506 0.41297 841103---

10. 0 0. 39163 19344 0.41076 65704

e'K2(x)
0.78791 711
0.77542 949
0.76344 913
0.75194 475
0. 74088 762

0.73025 127
0.72001 128

'0. 71014 511
0.70063' 190
0.69145 232

0.68258 843
O. 67402 358
0.66574 225
0.65773 001
0.64997 339

0.64245 9112
0.63517 753
0. 62811 553
0.62126 350
0.61461 177

0. 60815 126
O. 60187 345
0.59577 030
0.58983 426
0.58405 820

0. 57843 541
0.5772995 955
0. 56762 463
O. 56242 497
0.55735 522

O. 55241 029
0.54758 538
O. 54287 592
0. 53827 757
0.53378 623

0. 52939 797
0. 52510 909
0.52091 604
0. 51681 544
0. 51280 410

0.50887 894
0. 50503 704
0.50127 562
0.49759 202
0.49398 369

0.49044 819
0.48698 321
0.48358 651
0. 48025 597
0.47698 953

4.47378 525

[( 8
A]

[(-6
rc-5 foi

# 427
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Table 9.8 MODIFIED ,ESSEL FUNCTIONS-ORDERS 0, I __r 2

a -i/a(a) , 6 'WI 00) 481120)

10.0 0. 121183 333 0.12126 26814 . 0. 358 0801 1.

10.2 0.12653.916 0.12016 64024 0 0297 7124 1

10.4 0.12528 3 0.11909 89584 .10237 9936 1

10.6 0.12406 470 2 0.11805 91273 0.10178 9401
10.8 0. 12288 07 0 0.11704 57564 / 0.10120 5644 i

1

11.0 0. 1217111 0.1160177582 0.10062 8758
11.2 0. 12061 132 0 0.11509 41055 0. 10005 8806
11.4 0.11952 281 5 0.11415 38276 0.09949 5829
11.6 0.11846 329 2 0.11323 60059 0.09893 9845
11.8 '0.11743 149 3 0.11233 97

12.0
12.2
12. 4
12.6

2.8

13.0
13.2
13.4
13.6
13.8

14.0
14.2

14. 4
14.6
14.8

15.0
15. t
15.4
15.6
15.8

16,0
16. 2
16, 4
16.6
16.8

17.0
17.2
17.4
17.6
17.8

18.0
18.2
18.4

18. 8
18. 6

0. 11642 62212 0. 11146 4 3

0. 11449 94
O. 11544

O. 10977 25611
0. 11060 096

0..108 48501
0.1 5 50080

04/0737 23993
10660 64190

O. 0 4 57995 .10585 64916
0. 0921 73954 0.10512 20685
0410840 74378 ' 0.10440 26267
( .
O. 10761 52517 ,, O. 10369 74675
0.10684 01959 , .0. 10300 67148
0.10608 16613 0.10232 93142
0. 10533 9068111 0. 10166 50311
0.10461 18671 0.10101 34506

0.10389 94 314 0.10037 41751 0.09051 630g
0. 10320/15618 0.09974 68245 0.09007 698q

0.10118 91887 0.0979) 27574 0.08879 263

332
0.1010 68351 0.09852 64572 0. 08921 523
0.102_ 51. 74813 0.09913 10348

0.09929 01906 0.09621 37828

0.08837 542
0.09991 12544 0.09677 67216 0.08796 351

11

0.08753

0.10054 41273 0.09734 96147

0.09868 05729 0.09566 05145 0:08715 52
0.09808 20539 0.09511 66444 0.08675 8644

0.09749 43005 0.09458 19107 0.08636 7017
0.09691 69938 0.09405 60614 0.08598 0242
0.09634 98277 0.09353 88542 0.08559 8235
0.09579 25085 0.09303 00560 0.08522 0911
0.09524 47546 0.09252 94423 0.08484 8188

0.09470 62992 0.09203 67968 0.08447 9984
0.09417 68703 0.09155 19113 0.08411 6221
0.09365 62299 0.09107 45848 0.08375 6819
0.09314 41336 0.09060 46237 0.08340 1701
0.09264 03503 0.09014 18411 0.08305 0793

0.11355 206
0.112 90074

0, 11 08338
0.1 33621

0.09819 0853

0.09784 8838
. .

0.09731 3770
0.09678 5608 I '
0.09626 4300 1

0.09574 9787 1

0.09524 2003 i

0.09474 0874 1
0.09424 6323
0.09375 8168
0.09327 6622 i

0.09280 1299
0.09233 2208
0.09186 9257
0.09141 2352
0.09096 1401!

,.. ,
19.0 0.09214 46572 0.08968 60569
19.2 0.09165 68400 0.08923 70968
19.4 0.09117 66923 0.08879 47929
19.6 0.09070 40151 0.08835 89829
19.8 0.09023 86167 O. 08792 95099

20.0 0.08978 03119 0. 08750 62222
[( 11 [( 1/

42

0.08270 4020

011031
0.08168 7792
0.08135 6848.

0.08102 9690

[(1)91



BEIM FUNCTIONS 1 OP INTEGER ORDER

MODIFIED BESSEL FUNCTIONS.ORDERS 0, 1 AND 2 Table 9.8

. 10.0
10.2
10.4
10.
10.8

11.0
11.2
11. 4
11. 6
11.8

12. 0
12.2
12. 4
12. 6
12. 8

13.0
13.2
13.4
13.6
13.8

14.0
14 2
14.

.
4

14,
14. 8

15.0
15. 2
15.4
15. 6
15.8

16.0
16.2
16.4
16, 6
16.8

17.0
17. 2
17.4
17.6
17. 8

18. 0
18.2
18. 4
18. 6
18.8

19. 0
19. 2
19. 4
19.6
19.8

20.0

eKo(x)
0.39163 19344 '-

0.38786 02539
0:38419 55846
0.38063 29549
0.37716 77125

0.37379 54971
0.37051 22156
0.36731 40243
0.36419 73076
0.36115 86616

0.35819 48784
0.35530 29318
0.35247 99643
0.34972 32746
0.34703 03081

0.34439 86455
0.34182 59943
0.3393 01806
0.33684 91405
O. 33444 09142

0.33208 36383
O. 32977 55402
0.32751 49332
0.32530 02091
0.32312 98364

0.32100 23534
0, 31891 63655
N 31687 05405
0.31486 36051
0.31 89 43424

0.31 15880

0. 30 k0.307

O. 303 7 487

11919
0.305 7 1792

0.30186 'sorb-
0.30007 24678
0.29836 65276
0.29668 93657
0.29504 01817

0.29341 82062
0.29182 26987
0. 29025 29472
0.28870 82654
0.28718 79933

0.28569 14944
0.28421 81554
0.28216 73848
0. 28133 86117
0.27993 12862

0.27854 48766
r(-8)11
L

esKi(x) eisK3(x)
0.41076 65704 0. 47378 525
0.40644 68479 0.46755 571
0.40225 98277 0.46155 324
0.39819 88825 0.45576 482
0.39425 78391 0.45017 842

0.39043 09362 0. 44478 294
O. 38671 27920 0.43956 807
0.38309 83725 0.43452 427
0.37958 29618 0.42964 265
0.37616 21391 0.42491 496

0.37283 17534 0.42033 350
0.36958 79032 0.41589 111
0.36642 69191 0.41158 108.
0.36334 53438 0.40739 714
0.36033 99192 0.40333 342

0.35740 75702 0.39938 443
O. 35454 -53922 0.39554 499
0. 35175 06397 , 0. 39181 028
0.34902 07143 O. 38817 572
0.34635 31558 0.38463 702

0.34374 56322 0.38119 016
0.34119 59314' 0.37783 131
0.33870 19537 0.37455 687
0.33626 17039 0.37136 346
0.33387 32858 0.36824 785

0.33153 48949 N. 0.36520 701
0.32924 48132 0. 36223 805
0.32700 14043 0.35933 826
0.32480 31080 0.35650 503
0.32264 84361 0.35373 592

0.32053 59682 0, 35102 858
0. 31846 43471 0.34838 081
0.3643 22766 0.34579 049
0.31443 85164 0.34329 562
0.31248 18807 0.34077 427

0.31056 12340 0.33834' 464
0.30867 54886 0.33596 497
0.30682 36027 0.33363 361
0. 30500 45765 0.33134 898
0.30321 74518 0.32910 956

0.30146 13089 0.32691 391
0.29973 52642 0.32476 064
0.29803 84697. 0.32264 843
0.29637 01096 0. 32057 602
0.29472 94003 0.31854 218

0.29311 55877 0.31654 577
0.29152 79458 0.31458 565
0.28996 57766 0.31266 076
0.28842 84068 0.31077 008
0.28691 51886 0.30891 262

0. 28542 54970 O. 30708 743
r(-6)21 r (-6)31
L j L

429
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Table 9.8

BICHSEL FUNCTIONS OF INTEGER ORDER

MODIFIED BESSEL FUNCTIONS--AUXILIARY TABLE FOR LARGE ARGUMENTS

r- Isles& (X)\ <X>e o(s) si, ill(z) sit 112(x) f IzielCo(x) r !Ass Ka(s)
.0,050 0.40150
0.048 0.40140
0. 046 0. 40129
0.044 0.40119
0. 042 0.40108

0. 040 0. 40098
0.038 0.40087
0. 036 0.40077
0. 034 0.40067
0.032 0.40056

0.030 0. 40046
0.028 x.40036
0.026 0.40025
0.024 0.40015
0.022 0.40005

O. 020 0. 39995
0.018 0. 39984
0.016 0.39974
0.014 0.39964
0. 012 0.39954

0.010 Q.39944
0.008 0. 39934
0.006 0.39924
0.004 0.39914
0.002 0. 39904

0.000 0. 39894

9761
4058
8619
3443
8526

3868
9466
5319
1424
7781

4387
1241
8340
5684
3270

1098
9164
7469
6009
4785

3793
3033
2503
2202
2128

2280
[(1)3]

For interpolating near x note that din(s--1)Pale-*/*(x) then IA( 1) IslieKa(g).

<s> nearget integer to s.

Compiled from L. Fox, A short table for Besse functions of integer orders and large arguments. Royal
Society Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cambridge, England, 1954) (with
permission).

MODIFIED DESSEL FUNCTIONS-AUXILIARY TABLE FOR SMALL ARGUMENTS

0. 39133 9722 0. 36237 579 0.39651 5620 0.40631 0355 0.43714 666 20
0. 39164 8743 0. 36380 578 0.39661 0241 0. 40601 9771 0.43558 814 21
0. 39195 7336, 0. 36523 854 0.39670 5057 0.40572 8854 0.43403 211 22
0. 39226 5502 0. 36667 408 0.39680 0069 0. 40543 7604 0.43247 858 23
0.39257 3245 0. 36811 237 0. 39689 5278 0. 40514 6017 0.43092 754 24

0. 39288 0567 0. 36955. 342 0. 39699 0686 0.40485 4094 0.42937 101 25
0. 39318 7470 0.37099 722 0. 39708 6293 0.40456 1832 0.42783 299 26
0. 39349 3958 0. 37244 375 0.39718 2101 0.40426 9230 0.42628 949 28
0.39380 0032 0.31389 302 0.39727 8110 0. 40397 6286 0.42474 850 29
0.39410 5695 0.37534 502 0.39737 4322 0.40368 2998 0.42321 003 31

0.39441 0950 0.37679 973 0. 39747 0738 0. 40338 9365 0.42167 410
0.39471 5798 0. 37825 716 .0. 39756 7359 0.40309 5386 0.42014 070 11
0.39502 0243 0. 37971 729 0.39766 4186 0. 40280 1058 0.41860 984 38
0.39532 4286 0.38118 012 0. 39776 1221 0.40250 6380 0.41708 153 42
0.39562 7929 0.38264 564 0.39785 8465 0.40221 1349 0.41555 576 45

0.39593 1176 0.38411 385 0. 39795 5918 0.40191 5965 0.41403 256 50
0. 39623 4028 0. 38558 474 0. 39805 3583 0.40162 0226 0.41251 191 56
0.39653 6487 0.38705 830 0.39815 1460 0.40132 4130 0.41099 383 63
0.39683 8556 .0.38853 453 0.39824 9551 0.40102 7674 0.40947 833 71
0. 39714 0236 0. 39001 342 0.39834 7857 0. 40073 0858 0.40796 540 83

0.39744 1530 0.39149 496 0.39844 6379 0.40043 3679 0,40645 SOS 100
0.39774 2440 0. 39297 915 0.39854 5119 0.40013 6136 0.40494' 730 125
0. 39804 2968 0. 39446 599 4 Q. 39864 '4077 0. 39983 8226 0.40344 214 167
0.39834 3116 0.39595 546 'O. 39874 3256 0.39953 9949 0.40193 958 '250
0.139864 2886 0. 39744 756 0. 39884 2657 0.39924 1300 0.40043 962 500

0. 39894 2280 0. 39894 228 0.39894 2280 0. 39894 2280 0.39894 228r r(-7)31
L 3 j r(-8)31

L 3 j r
(

8)01
L 3 j r( -7)81

L 3 j

0. 0
0.1
0.2
0. 3
0.4

0.5
0.6
0. 7
0. 8
0. 9

1.0

Ko(s) /0(2) In x
0.:1593 152
0.11872 387
0.12713 128
0. 14124 511
0.16121 862

0.18726 857
0.21967 734
0.25879 579
0. 30504 682
0.35892 957

0. 42102 444

AKI(s)- Ws) In sl
1. 00000 000
0.99691 1811
0.98754 448
0. 97158 819
0.94852 090

0.91759 992
0.87784 980
0.82804 659
0. 76669 810
0.69201 997

0.60190 723

1. 0
1.1
1.2
1.3
1.4

1.5
1.6
1.7
1.8
1.9

7.0
r(-3)11
L

r( -3)21
L 7 j

4 3o

Ko(x)+ I o(x) In x
0.42102 444
0. 49199 896
0. 57261 444
0.66373 364
0. 76632 938

0.88149 436
1. 01045 200
1.15456 879
1. 31536 786
1.49454 429

xliCt(s)-11(x) In xi
0. 60190 723
0.49390 093
0.36514 944
0. 21236 381

+0.03176 677

- 0.18096 553
- 0.43076 964
- 0.72326 976
- 1.06486 242
-1. 46281 214

1. 69398 200 -1. 92535 914

C(
-3)31

L 7 j r(-)81
7 j



V

illIPBEL FUNCTIONS OF iNTSOIER ORDER

MODIVIED 4F.ssria lol'ACTIONs-tiNDENS 3-9 ',aye 94)

x -4(;) e- 415(s)
0.0 0.0000 0.0000
0.2 ( .4 1.1646 4 LOU
04 9.1173 .5 4.5047
0.6 4 L3237 .4 1.4130
0.0 .3 409477 .0 4.94113

1.0 .3 11.1553 .6 6.2731 7 L11132
1.2 .2 Men :3 III? I 111# 5 2.0544 . 1.7497
1.4 .2 1.3911 .3 L 7139 .4 7.7439 .5 .3203 6 4.2031
1.6 .2 2.0160 4 L9110 .4 6.12$11 .5 0.0504 . 6 9.0974
11.11 * 1.4493 4)311023 9.24711 1.5616 w 5 1.7349

2.6 4 4.0023 4 1.1213 . .3 3.0293 .4 4.3166 4 1.1395

2,2
2.4 4 3.7001 .2 1.0306 3 Layal -4 4.6097 -.5 7.7000

2.0 4.4421 -2 1.42)4 3 3.7311 -4 L3747 4 1.6197

:1 1.141 :1 [4110/ :7 111:J
+

-4 1.2349 5 4.9776
2.0

L 0 4 4.770) 3 1.. um; .3 43409
3.2 4 5. *) L391) :1

1.0796 - .4 1:11t1

3.4 .1 3.3 .4 LON .3 6.2947 .3 1.6711 4 3.0723
3.6 4 L64 4 2.1143 . 7.2431 .3 2.0249 . 4 4.9334
7.0 . UM .2 2.40114 .3 122011 .3 2.4106 . 4 4.1640

4.0 4 6.1124 4 2.5940 .3 9.2443 .1 2.4115 - 4 ktt94:
4.2 4 6.3161 .4 L7761 .2 1.02113 .
4.4 6.3015 -2 2.9333 -2 1.1337 .3 3.7566 3 1.0919
4.6 . 6.6699 -2 3.1221 .2 1.2402 .3 4.2609 3 1.2064
LS . 611227 .2 3.2034 .2 1.3471 -3 4.7190 - 3 1.4900

5.2 4 7.0161
5.4 4 7.1N19
3.6 4 7.3045 4 LI17011 L 7707 .4
5.11 7.3917 0005 .2 111171$ -3 MU 3 2.0067

4 3.7346 .2 14662 -7 6.4909 3 um.2 1.5605 :1 ::11:: 1 Iii:1
- 3 2.3157

3.0 4 6.9611

6,0 . 7.4736 4.1231 2 L9732 -3 lial:i - 1 7.1itt642 4 7.5460 :21 4.2400 2 2.0747
6.4 .2 766121 11 .2 2.1723 .3 9.3763 3 3.7674
6.6 4 76702 .2 4.4570 4 24677 .2 1.0212 3 4.1105
6.1 4 7.7216 .2 L5567 4 2.1604 4 1.01149 .. 3 484637

P-113(x)
0.0000
t..11,41

.3 1.1201

.3 3.9377

0

e-1114(x)
0.0000

5
.7 5.62116
.6 2.6152

0-017(x)
0.0000

. 9 1.7109

. 11 2.40114
7 1.4902

e-044(s)
0.0000

-11 4.2730
-10 9.0201
- 9 7.4343

ez,414.9
0.0000

-13 9.4957
-11 3.0037
-10 3.2933

- 7 1.3858
-

3.7225
- 7 9.0178
- 9 1.9302

1

-

11099

- 6 6.7325
-' 5 1.13%

(- 3 1.
(- 3 2.7609

I- 4.0512

- 4 1.0638
4 1.1963

-55.7%2
5 7.9208

9 8.6707
- 8

-

2.0797

- 7 1.9131
- 8 7.9596

-
- 7 0.1206
- 6 1.4887
- 6 2.5669
% 6 4.2044

-: : 11:11;. 1.4507
- 5 2.0556
- 5 2.0310

4-* 1.7968 - i 032113
4 2.2703 -

- 4 2.8224 - 5 64607
." - 4 3.4378 - 3 8,3667

- 4 4.1806 4 1.0503

: 4 4.99)9 , 4 1:111:
. 4 6.9020 - 4 .

4 7.99% 44 2 3010- .
- 4 9.1937 - 4 2.7249

: : f1:111- 3 1.1870
- 3 1.33111 - 44.2971
- 3 1.4924 -, 4 4.9261
- 3 1.6387 - 4 5.6094

:1
1.1436

- 1 :129:1 - 1 1::I;77.0 4 7.7670 .1 4.6509 3 tag
7.2 - 4 7.4064
7.4 -4 L1416 .2 4.0244 4 L6261 4 1.2756 3 5.5750 3 2.2
7.6 4 7.3717 4 4.9040 .2 2.7096 4 1.3307 3 5.9546 3 2.4004
7.8 -2 7.11973 .2 4.9791 ,if 2.7907 1.4012 3 64499 . 3 2.61

:1 111:1 : 1 14.1::: : 1 1: :10.0 4 7.9194 3 1.11/06111 .1 2.0694
6.2 4 7.9378 -2 2.9436
14 .2 7.95211 $.1800 -2 3.0195 -2 1.5034 3 7.5414 - 3 3.2766
0.6 .2 7.9649 -2 3.2)93 4 3.0909 2 1.6453 . 3 7.9313 3 33093
8.8 -2 7.9741 -2 5.1954 4 34601 .2 1.7045 - 3 0.3302 3 3.7473

9.0 4 7.9101
9.2 4 7.9132 :1 13111 .2 kilt: -2

1.1111 - 1 ItIttl - 1 1.11:1
9.4 4 7.9075 -2 5.4445 2 3.35911 2 1.3763 - 3 9.9119 3 4.4908
9.6 MVO -2 5.4113 -2 3.4141 -2 1.9319 3 9.9924 - 3 4.7470
9.8 . 7.41162 .2 3.5196 3.4723 -2 1.9464 2 1.04110 - 3 5.0066

10.0 ( .2) 7.91130 ( .2) L3603 (4) L5204 ( .2) L0390 ( . 2) 1.0406 (- 3)3.2694

11.0 4 7.9469 671:: :I 3.6602 -2 2.1690 - 2 1.1:14 - 1 VIII1043 4 769617

11.5 I 7.9112 :2 5.7905 4 LOW .2 2.4070 2 1.3775 7.30112

12. 7.11411 4 5.1425 .2 7.9190 -2 2.9176 2 1.4722 3 0.0010
12.3 7.11474 -2 5.111157 4.0003 -2 2.6212 - 2 1.3642 3 16939

13.0 4 7.1467 .2 5.4211 -2 tiro 4 2.7103 c 2 1.6533 1 91,..r663461

13.3 4 7.7635 4 5.9477 4 2.11106 " - 2 1.7)94 -
14.0 4 7.710 .2 5.9723 .2 4.3 .2 1.1969 2 L0225 2 1.0744
14.5 4 7,96716 4 5.9_1111 4 41. 70 4 2.9779 2 1.9025 2 L4410
15.0 4 Lan 4 LIM 4 4 15 2 L011111 2 10794 1 1.2064

4
13.5 4 7.5749

.2
6.0106 -2 4.9726 4 3.1231

1 11141 : 2 BIB
17.0 74260 . 3 ti.21,4 . 4 44951
17.5

:.1iUtil
7.1761

-2 4.0170 :1 ::114
4 46278

-2 9.912
-2 9.26%

-213.2341

. 2.9107

2 24910
2 2.2%7

. 2 1.5125

- 2 1.3946
- 2 1.454316.5

-210.0155 4 3.191016.0

10.3 :1 k.11:1 i 131:093 I 11111 :I 3.4106
I 1:11::

- 2 12:111,0

1 . 2 AIM 2 .677419.8 -1 712173 11.7161 -4 :.;
11.0 :I 1.1.131 4 4.964e 4 4.7444 :I 4.3917 : EAU : 1 1 :1113

Compiled from British Association for the Advancement of Science,
dons, hut II. Functions of positive integer order, Mathematical

: 1 P.1:01
- 4 7.9897
- 4 3.0937
. 4 9.8327

: 111.108t.3 1.3053
- 3 1.4224

3 1.5446

- 3 'Zit
3 1.9349

- 3 2.0000
3 2.2260

( - 3)2.3733

:
3 tieS

- 3 3.6073
- 3 4.0537
- 34.5134

: I ::::11
- 3 5.9449
,. 3 4.4334
- 1 4.9260

: 1 k.11/1
- 3 8.3947
- 3 11788
- 3 98..9584

- 1 9.8324
2 1.0300

: 111:1
2 .166

Basel fun&
Tables, vol.

X (Cambridge Univ. Prow Cambridge, England, 1952) (with PerndOnn)
andININISINIMMIIN

, 000 Deo U.

4 1, I
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Table 9.9

BUM* FUNCTIONS OP INTNOES ORDER

,MODWIED BESSEL FUNCTIONS-ORDERS 3-9

x 040) elliC4(X)
0.0 0 a
0.2 w
0.4 2 1.8282 3 2.7602
0.6 16.4573 6.3306
0.8 -k. 1 3.2183 2.4743

1.0 1 1.9303 2 1.2024
1.2 1 1.2904 1 6.0582
1.4 0 9.4)45 1 4.3280
1.6 0 7.2430 1 2.9585
1.8 '0 5.7946 1 2.1426

2.0 0 4.7836 1 1.6226
2.2 0 4.0481 1 1.2731
2.4 0 3.4948 1 1.0280
2.6 0 3.0667 0 8.4909
2.8 0 2.7276 0 7.1659

3.0 0 2.4539' 0 6.1432
3.2 0 2.2290 0 5.3413
3.4 0 2.0415 0 4.7013
3.6 0 1.8833 0 4.1817
3.8 0 1.7482 0 3.7541

4.0 0 1:81; 0 3.3976
4.2 0 3.0971
4.4 0 1.4414 0 2.8412
4.6 0 1.3629 0 2.6213
4.8 0 1.2931 0 2.4309

5.0 0 1.1306 0 2.2646
5.2 0 1.1745 0 2.1186
3.4 0 01.9895
5.6 0 1.0777 0 1.8746
5.8 0 1.0337 0 1.7720

6.0 -1 9.9723 0 1.6798
6.2 -1 9.6194 0 1.3967
6.4 - 19.2942 0 1.9213
6.6 -1 8.9936 0 1.4328
6.8 -1 8.7149 01.3902

7.0 -1 8.4339 0 1.3329
7.2 -1 0.2145 0 1.2803
7.4 is 4 7.9890 0 1.2318
7.6 -1 7.7778 0 1.1870
7,8 4 7.5797 0 1.1455

d.0 -1 7.211 0 1.1069
8.2 -1 0 !.ono
8.4 -1 7.0527 0 1.0376
8.6 -1 6.8963 0 1.0062
8.8 -1 6.7483 -1 9.7693

9.0 -1 6.6079 -1 9.4941
9.2 -1 6.4740 -1 9.2354
9.4 -3 6.3480 4 0.9918
9,6 -1 6.2274 -1 8.7620
9.8 -1 6.1125 -1 8.5449

10.0 ( -1) 6.0028 ( -1) 8.3399
th.

10.3 -1 5,7493 -1 7.8717
11.0 -1 5.5217 -1 7.4397
11.5 -1 5.3161 -1 7.0942
12.0 -1 5.1294 4 6.7680
12.3 -1 4.9591 -1 6.4751

13.0 -1 4.8030 -1 6.2106
13.5 -1 4.6593 -1 3.9706
14.0 -I 4.5266 -1 3.7319, 14.3 -1 4.4036 -1 3.3317
15.0 -1 4.2892 -1 5.3678

15.3 -1 4.1826 -1 5.1982
16.0 -1 4.0029 -1 3.0414
16.5 -1 3.9893 .1 4.8959
17.0 -1 3.9011 -1 4.7605
17.3 -1 3.8191 -1 4.6343

18.0 -1 3.1411 -1 4.5162
18.5 -1 3.6674 -1 4.4033
19.0 -1 3.5976 -14 .3033
19.5 -1 3.531) -1 40
20.0 -1 3.4684 -1 4.1114

egltb(x) exK6(x) esK7(x) K8(x) &WO)
0

1/

13
4 5.3388 6 1.3075 7 4.1679 Nal 10 1.21::11
3 8.7987 3 1.4730 6 2.9548 6.9092 9 1.8454.
3 2,5064 4 3.1378 5 4.7618 6 8.3647 8 1.6.77/

2 9.8119 3 9.9322
2 4.6886 3 3.9736
2 2.53 3 1.8772
2 1.367317 2 9.9939
2 1.0102 2 5.8263

1
t..0344

2
14.4157

1 3.7762 2 1.67h2
1 2.9217 2 1 ,2087
1 2.3202 1 9.0029

1 1:1111 1 3:4123;
1 1.3103 1 4.3240
1 1.1176 1 3.5226
0 9.6515 1 2.9153

0 8.4268 1 1144
2.07860 7.4295

0 6.6072 1 1.7858
0 5.9217 1 1.5493
0 5.3445 1 1.3565

0 4.8540 1 1.1973
0 4.4338 1 1.0645
0 4.0711 0 9.5283
0 3.7557 0 8.5813
0 3.4798 0 7.7717

0 3.2370 0 7.0748
0 3.0221 0 6,4711
0 2.8311 0 5.9448
0 2.6603 0 5.4833
0 2.5071 0 5.0771

0 2.3689 0 4.7171
0 2.2440 0 4.3^70
0 1.1306 0 4,1110
0 2.0273 0 3.8544
0 1.9)28 0 3.6235

0 1.0463 0 3.4148
0 1.7667 0 3.2256
0 1.6934 0 3.0535
0 1.6257 0 2.8966
0 1.5629 0 2.7330

0 1.5047 0
1:3111

0 1.4001 0 2.3886
0 1.3529 0 2.2855
0 1.3088 0 2.1900

( 0)1.2674 0) 2,1014

1111:7410 1.0947
0 1.0251 0 1.6008

-1 9.6415 0 1.489)
-1 9.10)1 0 1.3758

-1 8.6249 P1..2849
-1 8.1974 0 1.2043
-1 7.8133 0 1.1333
-1 7.4666 0 1.0701
- 1 7.1520 0 1.0136

4 6.8656 -1 :IN:
-1 6.6036
-1 6.3633 -1 8.1524
-1 6,1420 - 18.3734
-1 5.9376 -1 8.0272

-1 5.7483 al ;.$74n6-1 5.3725
- 1 5.4087 4 7.1482
-1 5.2559 -1 6.8990
-1 5.1130 4 6.6679

432

4 4.0223
4 .6347
3 7.6506
3 3,9853

3 2.2576
3 1.3680
2 8.7586
2

4.
5.09048709

2

2 2.9455
2 2.1822
2 1.6572
2 1.2860
2 1.0171

1 6.6819
1 5.3310
1 4.6342
1 3.9258

1 2.9000
1 2.5245
1 2.2144
1 1.9559

1 1.7387
1 1.3547
1 1.3978
1 1.2630
1 1.1467

0 9.5723
0 8.7970
0 8.1132
0 7,3074

06.4871
0 6.0556
0 5.6674
0 5.3170

0

14.9998
0 4.7117
0 4.4493
0 4.2098

3.9904

0)3.7891

0 2.9941
0 2,6956
0 2.4444
0 2.2310

0 1.8902
0 1,7927
0 1.6323
0 1.5261

11.4319
0 1.3480
0 1.2729
0 1.2053
0 1.1442

0 1.0384
-1 9,9234
-1 9.5013
-1 9.1137

6 1.6923
5 4.7326
5 1.6535.
4 6.7942
4 3.1580

3 8.9469
3 5.2768
3 3.2821
3 2.1352

3 1.4435
3 1.0088
2 7.2560
2 5.3532
2 4.0388

2 2.4352
2 1.9384
2 1,5654
2 1.2807

1 8.8721
1 7.4980
1 6.3942
1 5.4983

14.7644'
1 4.1577
1 3.6521
1 3.2275
1 2.8685

1 2.3010
1 2.0754
1 1.8800
1 1.7098

1 1.3610
1 1.4301
1 1,3146
1 1.2123
1 14212

0 9.6702
0 9.0153
0 8.4247
0 7.8906

( 0) 7.4062

0 5.3318
0 4.8824
0 4.3)21
0 3.8743

0 3.4902
0 3,1645
0 2.8860
0 2.6461

al2.4379

0 2.2561
0 2.0964
0 1.9552
0 1,8299
0 1.7181

0 1.6178
0 1.5276
0 1.4460
0 1.3721
0 1.3048

6 NM
6 1.9061
5 6.8707
5 2.8469

4

116.11g
4 3.6055
4 2.0785

1.2610

111.1git

3 7.9932

3 2.56
3 1.802.

3 1.32523

2 4.6613
2 5.9082

1/.7012:;

2 2.0483
2 1.7124

2 2.4741

2
LIN:

1 7.8960

2 1.0528
1 9.0873

116.91 4.7692

034
1 6.0705
1 5.3671

1 4.2581

i110331111
1 3.1096
1 2.8221
1 2.5702

1 1.9794
1 23529

1 1.8251
1 1.6873

( 1)1.5639

1 1.1070

0 7.1904

0 9.4885
0 8.2209

0 5.6407
0 5.0510

0 4.1265
0 4.5521

0 2.9275

0 3.4444
0 3.1689

0 2,7150

0 2.0759
0 1.9552

0 2.3595
0 2.2100



MODIFIED

swan FUNCTIONS or Urrialill OESU

BESSEL FUNCTIONS .-0RDERS' 10, 11, 20 AND 31 Table 9.10

001.0

0.2

0.i

1014-19/100)

0.0.22693!
44$

16939 910
7009.448

040.27132 457
capes 504

10112-1111100
.23226 4 7

74811.224224
1.22733 125
1.23245 346
1.23965 820

1.0' 0.27529 480 ,24897 8,M
0.27805 517 1,126045 740

1.4
1,6

0.28135 012
0.211519 648

1
29011

,27414 8
1.91798

1.8 0.28961 396 1,30843 932

240 0.29462 53$ .32920 016
2,2 0.30025 682 11 3.5250 061
2.4 '0.30653 784 1.37845 262
2,6 0431350 170 1,40718 215
2.4 0.32118 565 1.49811) 260

.0 0.32963 121 1.47355 907'
33.2 0.330118 455 1.51153 657
3.4
3.6

0.24899
0

681
.36002 459

1.55295 703
1.5900$ 551

3.4 0.37203 019 1.64700 3U

4,0
4.2

316
00..3992385085 U9

1.70012 064
1.766

4.4 0.41464 129 1.11175995 989678
4.6 0643132 237 1.08733 435
4.8 0.44940 562 1.96016 700

0
55..2

0.46099 655
0.49022 387

2.03886 82
2.12388 83

5.4 0.51322 061 2.21572 08
5.6 0.531113 536 2.31490 71
5.8 0.56913 169 2,42204 09

66.2
0.59438 965 2.53777 36
0.63610 759 2.66282 00
0.66090 400 2.79796 40

6.
6.6

8
.697on81

0
972

a0n
2.94406

08
93

3,102 00

7.0 0.78229 $81 69
7.2 0.8300 7 1194 3.4 4 4
7.4
7.6

0.1W1 66)
0,M0 764

7 74
29

7.8 0,99991 77$ 431098 A

8.0 1.06693 936 4.36629 90
8.2
8.4

1.12909 641
1.21940
1.30625

5
5054

7
4.6439
4.9443U 3885
5.27132 42

8.4 1.40103 829 5.626U 64

9,0 1.50460 429 6.01375 48
9.2 1,61784 713 6.43496 31
9.4 1.74175.933 6.89386 57
9,6. 1.87744 369 7.39417 36
9.11 2.02612 620 7.93999 51

10.0 2,10917 062 8,11535011

461
02

[(11
I. J

10- °0.104!)
1,85794 560
1.855$8 251
1.04970 867
1.113947 021
1.82524 326

1.80713 290
1.9527 169
1.75981 701
1.7M5
1.6M7 929792

1.66381 982
1.62600
1.51569 894422
1.54314 529
1.49161 645

1.45238 126
1.4$71 \020
1407 192
1.30613 075
125574 432

1620496 150
1.15402 052
1.10314 736

01.525 442
1.00243

5
944

0.95298 465
0.90435 626
0.85670 405
0.81016 129
0.76404 483

0.72085 5)2
0.67827 767
0.63718 161
0.59762

4 137
235

0.5596

0.52526 729
0.48851 672
0.45539 529
0.42389 4.44
0.39401 195

0J65Th 690
0.33898 159
0.31377 202
0629004 783
0.26776 418

0.24687 23451
0.227$2 1
0.20905 690
0.19202 382
0.17616 568

40.114_2 5

[11
53

1020-20/20(7) 1026.r-21100) 10-3 i0ir20W
0.391994 0.933311 6.377'1
0.3921i 0.933736 6.3705
0.3927 . 0.935008 36,36429
0.39367 0.937136 6.34757
0.394988 0.940123 6.32424

'0.396684 .0.943974 6.29437
0.398766 0.948703 6.25807
0.401239 0.954321 6.21545
0.404112 0.960843 6.16665
0.407392 0.968285 6..i1184

0.411087 -0.976669 6.0511i
0.415209 0.986016 5.98488
0,419760 0.996351 5.91314
0.424778 1.007703 -5.83620
0.430253 1.020101 5.75428

0.436209 1.033581 5.66764
0.442662 -1,048178 5.57655
0.449632 1.063935 5.48120
0.457139 1.080893 5,38210
0.465205 1.099102 5.27932

0.473853 1.118613 5.17321
0,483111 1.139481 5.06408
0.493006 1.161768 4.95224
0.503569 1.185_5341 '4,83797
0.514832 1.210U1 4.72159

0.526830 1.237813 4.60339
0.539601 1.266475 4.48367
0.553186 1.296933 4.36272
0.567630 1.329281 4.24084
0.582979 1.363622 4.11830

0399284 1.400061 3.99837
0.616599 1.438715 3.87234
0434984 1.479709 3.74945
0.654501 1.523176 3.62695
0.675219 1.569259 3.50507

0.697210 1.618113 3.38405
0.720554 1.669904 1tai0.745333 1.724008 3.
0.771639 1.783016 4.111512
0.799570 1.844734 L

0.1129231
298870.1160735 1,979 2.
2,577330.89420$ 2.05

0.929769 2.131351 2,4698$
04967571 2.214264 2.36466

1.007764 2.302281 2.261
1.050510 2.395741 2.16171
1.095918 2.495011 2.06411
1.144389 2.600488 1.96916
1.195919 2.712593 1.07692

1.2501100 2.831786 1.787[11 [(11 [I)
2n

Compiled from British Amociadon for the Advancement of Science, Bawl filnctione, Part II. Pane-
time of paddy' Mager order, Mathematical 'tab's, vol. X (Cambridge Univ. Prom CambrldgEng.
land, 11162fand L Iros, A short table for &eel functions of integer orders and large
Society Shorter Mathematical Tablas No. 8 (Cambridge Univ. Pram, Cambridge, ISO (with
maiden) .
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Table 9.10

BE$SEL FUNGI

MODIFIED BESSEL

10.0
10.2
10.4
10.6
10.8

11.0
11.2
11.4
11.6
11.8

e 'I io(x)
0.00099 38819
0.00107 29935
0.00115 52835
0.00124 06973
0.00132 91744

0.00142 06490
0.00151 50508
0.00161 23051
0:00171, 23339
cumensoss9

e 81 11(x)
0.00038 75284
0.00042 45861
0.00046 37417
0.00050 50080
0.00054 83934

0.00059 39013
0.00064 15309
0.00069 12768
0.00074 31298
0.00079 70766

12.Q 0.00192 03870 0.00085 31003
1 .W 0.00202 82412 0.00091 11805
12.4 0.00213 85303 0.00097 12937
12.6 0.00225 11650 0.00103 34132
12.8 0.00236 60548 0.00109 75097

13.0 0.00248'31086 0.00116 35512
13.2 0.00260 22347 0.00123 15035
13.4 0.00272 33415 0.00110 13301
13.6 0.00284 63375 0.00137 29926
13.8 0.00297 11314 0.00144 64509

14.0 0.00309 76327 0.00152 16634
14.2 0.00322 57518 0.00159 85870
14.4 0.00335. 53999 0.00167 71776
14.6 0.00348 64894 .0.00175 73898
14.8 0.00361,89341 0.00183 91776

15.0 0.00375 26491 0.00192 24942
15.2 0.00388 75510 0.00200 72921
15.4 0.00402 35583 0.00209 35235
15.6 0.00416 05908 0.00218 11403
15.8 0.00429 85705 0.00227 00942

16.0 0.00443 74209 0.00236 03366
16.2 0.00457 70675 0.00245 18192
16.4 0.00471 74378 0,00254 44936
16.6 0.00485 84612 0.00263 83118
16.8 0.00500 00690 0.00273 32259

I

17.0 0.00514 21947 0. 0282 91884
.17.2 0.00528 47735 0. 0292 61523
17.4 0.00542 77427 0. 0302 40709
17.6 0.00557 10418 0. 0312 28982
17.8 0.00571 46119 0, 0322 25887

18.0 0.00585 83964 0.00332 30977
18.2 0.00600 23403 0.00342 43808
18.4 0.00614 63909 0.00352 63948
18.6 0.00629 04971 0.00362 90969
18.8 0.00643 46098 ...0.00373 24450

19.0 0.00657 86817 0.00383 63982
19.2 0.00672 26672 0.00394 09161
19.4 0.00686 65226 0.00404 59590
19.6 0.00701 02059 0.00415 14885
19.8 0.00715 36768 0.00425 74667

20.0 0.00729 68965 0.00436 38567
r(-7)41

NS OF INTEGER ORDER

NCTIONS-ORDERS 10, 11, 20 AND 21

Kio(x)
35. 633 91
32.6 59 68
29.9 3 91
27.642 29
25.5471 23

23.66558
21.97172 2
20.44277 46
19.05917 72
17.80405 56

16.66281 24
15.62277 97
14.67293 16
13.80364 34
13.00649 01

12.27407 71
11.59989 74
10.97821 07
10.40394 07
9.87258 79

9.38015 52
8.92308 36
8.49819 79
8.10265 95
7.73392 53

7.38971 31
7.06797 04
6.76684 87

-6.48467 94
6,21995 46

5.97130 87
5.73750 35
5.51741 43
5.31001 78
5.11438 19

4.92965 63
4.75506 40
4.58989 42
4.43349 60
4.28527 20

4.14467 40
4.01119 75
3.88437 85
3.76378 89
3.64903 41

3.53974 93
3.43559 74
3.33626 62
3.24146 65
3.15093 00

3.06440 75

1024x- 9°120(X)

1.25080
1.30927.
1.37160
1.43806
1.508415

C`

r(-2)41
i a j L 8 j

434

1.58462
1.66540
1.75169
1.84390
1.94249

.04795
16080

2. 8162
2. 105
2.5':75

2.69
2.8579
3.0292
3.21306
3.41058

3.62289
3.85121
4.09686
4.36131
4.64613

4.95305
5.28394
5.64087
6.02608
6.44202

6.89137
7.37705
7.90228
8.47055
9.08571

9.75197
10.47392
11.25663
12.10562
13.02697

14.02734
15.11406
16.29515
17.57946
18.97668

20.49749
22.15363
23.95803
25.92489
28.06989

30.41029

L
r(-2,21

5

1024x-21121(x) 10-2200/C20(x)
2.83179 1.787443
2.95856 1.700753
3.09345 1.616873
3.23703 1.535814
3.38992 1.457578

3.55278 1.382160
3.72634 1.309546
3.91139 1.239714
4.10876 1.172637
4.31937 1.101979

4.54421 1.046601
4.78434 0:987556.
5.04093 0.931095'
5.31521 0.877164
5.60856 0.825703

5.92244 0.776652
6.25845 0.729947
6.61832 0.685520
7.00393 0.643305
7.41731 0.603230

7.86068 0.565225
8.33644 0.529218
8.84722 0.495137
9.39585 0.462910
9.98543 0.432464

10.61932 0.403728
11.30119 0.376630
12.03503 0.351101
12.82520 0.327070
13.67643 0.304470

14.59389 0,283235
15.58322 0.263299
16.65059 0.244598
17.80271 0.227071
19.04691 0.210658

20.39124 0.195301
21.84444 0.180944
23.41611 0.167532
25.11674 0.155012
26.95781 0.143336

28.95188 0.132454
31.11272 0.122321
33.45541 0.112991
35.99648 0.104124
38.75407 0.095978

41.74804 0.088414
45.00024 0.081397
48.53460 0.074892
52.37745 0.068865
56.55768 0.063285

61.10706 0.0511124
r( -2)n r(-4)41
L j L 4 j



RE88EL IFUNOTIONS OF INTEGER ORDER

MODIFIED BESSEL FUNCTIONS-I-AUXILIARY TABLE FOli LARGE ARGUMENTS

, 1 i
1-1 in [724-dto(z)] In [r2e-41, (a)] In (r- I 2410 KloW I

t
0.050 -3.42244 002 -3.93653 292 1.47299 048
0.049 . -3.37318 689 - 3.87762 888 1.42771 939
0.048 -3.32386 306 -3.81861 524 1.38232 785
0.047 -3.27447 055 -3.75949 454 1.31681 644,
0.046 - 3.22501.139 -3.70026 938 1.29118 575

0.045
0.044
0.043
0.042
0.041

0.040
0.039
0.038
0.037
0.036

0.035
0,034
0.033
0.032
0.031

0.030
0.029
0.028
0.027
0.026

0.025
0.024
0.023
0.022
0.021

0.020
0.019
0.018
0.017
0.016

0.015
0.014
0.013
0.012
0.011

0.010
0.009
0.008
0.007
0.006

3
.002

0.001

- 3.17548
- 3.12590
- 3.07625
-3.02655
4.97678

- 2.92697
- 2.87711
-2.82719
- 2.77723
-2.72722

-2.67718
- 2.62709
-2.57141
- 2.5268I
.471161

:.
-2.41639
.2.3 61S
- 2.32588
4.27558
- 2.22527

- 2.174960 4
-2.124

2.07424
- 2.02388
- 1.97351

- 1.92313
- 1.87276
- 1.82238
- 1.77201
- 1.72165

- 1.67130
- 1.62096
- 1.57064
- 1.52033
- 1.47004

- 1.41918
.1.36954
4.3193/
-1.26914.
- 1.21900

- 1.16888
- 1.11881
- 1.06877
'-1.01878
-0.96883

766
147
496
03
979

S59
002
539
40S
837

076
36S
948
074
992

95
216
032
659
356

384
002
47S
063
031

64
162

3

853
979
1106

S109S
6
11
36S

3

626

154
207

40
9008
063

229
754

73S
514
808

4.64094 242
- 3.58151 639
- 3.52199 408
-3.46237 835

.-3.40267 211

- 3.34287 833
- 3.28300 006
- 3.22304 039
- 3.16300 246
-3.10288 949

- 3.04270 472
- 2.98245 146
4.92213 308
- 2.86175 298
- 2.80131 461

-2.74082 147
- 2.68027 709
- 2.61968 SO4
- 2.55904 894
-2.49837 243

- 2.43765 918'
- 2.37691 291
- 2.31613 733
- 2.25533 620
- 2619451 329

- 2.13367 239
-2.07281 731
-2.01195 186
- 1.95107 986
- 1.89020 S14

- 1.82933.153
- 1.76846 286
- 1L64675.70760 295
- S64
-1.58592 472

- 1.52511 400
- 1.46432 125
- 1.40356 824
- 1.34284 072
-1.28214 841

- 1.22149 499
-1.16088 414
- 1.10031 949
-1.03980 463
- 0.97934 314

1.24543 642
1.19956 910
1.15358 449
1.10748 332
1.06126 635

1.01493 437
0.96848 822
0.92192 874
0.87525 686
0.82847 349

0.78157 961
0.73457 624
068746 1
44021 54420

0.59291 97S.

0.54548 920
0.49795 47S
0.45031 764
0.40257 9I5
0.35474 059

0.30680) 331
0.25476 871
0.21063 822
0.16241 332
0.11409 551

0.06568 636
+0.01718 74S
- 0.03139 959
- 0.08007 306
- 0.12883 128

- 0.17767 247
- 0.22659 48S
- 0.27559 659
- 0.32467 581
-0.37383 061

- 0.42305 904
.0.47235 911
- 042172 881
- 0.57116 608
- 0.42066 881

- 0.67023 489
- 0.71986 215
.0.76954 839
- 0.81929 138
- 0.86908 886

In (.1.2*- 4174.41 in (J2e 121(0)
- 10.434749 -11.346341
- 10.263511 -11.160467
- 10.091302 -10.973471
- 9,918126 -10.785351
- 9.743983 -10.596108

' - 9.568876
- 9.392809
- 9.215785
- 03

8.
9.7810

858889

- 8.679029.
- '8.498236
- 8.316519
- 8.133888

7.950352

- 7.765923
- 7.580613
- 7.394434
- 7.207403
- 7.019533

- 6.830842
- 6.641348
- 6.451070
- 6,260027
- 6.068243

- 5.875738'
- 5.682539
- 5.488669
- 5.294155
- 5.099025

- 4.903309
- 4.707035
- 4.510235
- 4.312943
- 4.115190

- 3.917011
- 3.718443
- 3.519520
- 3.320281
- 3.120763

- 2.921004
- 2.721043
- 2.520921
- 2.320676
- 2.120350

- 1.919982
- 1.719613
- 1,519284
- 1.319036
- 1.118907

0,000 -0.91893 85/. -0.91893 .53 .0.9189) 853 0.918939
r(-)91 r()1 r(-)21 r(-4)11

L 4 L 4 j
<a >. nearest integer to e.

L 4 JL 4 j

Compiled from L Fox, A short to le for Bessel functions of integer orders and large arguments. Royal
Society Shorter Mathematical Tables No. 8 (Cambridge Univ. Press, Cambridge, England, 1954) (with

permission)

- 10.405744
- 10.214259
- 10.021658
- 9.827944
- 9.633121

9.437195
9.240173
9.042063
8.842873
8.642612

8.441293
8.238927
8.035529
7.831113
7.623695

7.419294
7.211929
7.003620
6.794389
6.584261

6.373261
6,161416
5.948754
5.735305
5.521102

5.306177
5.090565
4.874302
4.657421
4.439978

4.221995
4.003521
3.784599
3.56527
3.345586

3.125587
2.905322
2.684838
2.464184
2.243408

2.022558
1.801685
1.580838
1.360065
1.139416

0.918939
r(-)11
L 4 j

427

Table 9.10

In (r-1.401:200] <r>
8.250182 20
8.088946 20
7.926737 21
7.763551 21
7.599386 22

7.434240 22
7.268110 23
7.100994 23
6.932893 24
6.763806 24

6.593733 25
6.422673 26
6.250630 26
6.077603 27
5.903597 28

5.728614 29
5.552659 29
5.375732 30
5.197843 31
.5.018998 32

4.839203 33
4.658466 34
4.476796 36
4.294202 37
4.110696 38

3.926290 40
3.740995 42
3.554826 43
3.367799 45
3.179929 48

2.991233 50
2.801730 S3
2.611440 56
2.420383 S9
2.228582 63

2.036059 67
1.842840 71
1.648949 77
1.454415 81
1.259264 91

1.063526 100.
0.867231 111
0.670412 125
0.473099 143
0.275328 167

+0.077133 200
-0.121451 250
-0,320188 333
-0.519640 500
-0.719170 1000

-0.9109)9 ,

L 4 j
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MOM FUNCTIONS OF DITEOIR ORDER

Table 9.11 MODIFIED ROM .FUNC1140:8-VAIU011)4 ..
... .

is !sill

l 1.6611111 : 1, at VA : 7tl-15/04 r .. 1 NB 41:
2 1 1.35747 669$ - 1 6.0948 4477 1 1.75056 1497
3 2 2.21684 2492 1 2.12734 9592 1 1.03311 5017
4 3 2.73712 0221 2 3.07285 6998 0 5,10823 4764

5 -. 4 2.71463 1560 - 3 9.02%7 9323 0 2.15797 4547
6 3 1.60017 3364 1 7.92285 6690
7 - 6 1.59921 8231 4 2.24639 1420 - 1 2.56488 9417
8 - 8 9.96062 4033 S 2.76993 6951 - 2 7.41166 3216
9 -, 9 5.51838 5863 6 5.04418 5903 2 1.93157 1802

10 is ( 7 3,01696 3879 -3 4.38004 4419
11 : If bial :IN (- 8 2.72220 2336 - 4 9.95541 1401
12 - 13 3.19376 1153 - 9 2.25413 0978 - 4 1.99663 4027
13 - 14 1.99563 1678 (- 10 1.72431 6264 - 5 3.71560 0720
14 - 16 7.11879 0054 (- 11 1.22598 3451 - 6-6.44800 5272

15
:'171 1."641

3051
16
17 - 20 2.17495 9747
18 - 22 6.03714 4636
19 - 23 1.38767 8369

20 - 25 3.96683 5986
30 - 42 .3.33950 0388
40 - 60 1.12150 9741
50 - 80 2.93463 3309

100 (-189)8.4736, 4000

0
1
2
3
4

5
6
7
8
9

4(10)
3 2.81571 6628
3 2.67098 8304
3 2.28151 8968
3 1.75838 0717
3 1.22649 0538

2 7.77188 2864
2 4.49302 2514
2 2.38025 5840
2 1.16066 4327
1 5.23192 9250

- 13
- 14

. - 13
- 15
- 18

- 19
- 33
- 48
- 65

8.13943-2531
5.06837 1401
2.97102 8970
1.64621 3204
8.64160 3385

4.31056 0576
3.89351 9664
1.25516 9192
3.35384 2830

- -6
- 7
- 8
- 9
- 10

- 11
- 21
-.32
- 45

(-158)1.08217 1475 (-119)

4(50) .

378 42
2 2.90307 859 42
20 2.01643 064 42
20 2.67776 414 42
20 2.49509 894 41

831 41
20 2.03930 928
20 1.78909 488 41
20 1.53844 272 41
2 1.29679 321 41

1.04797 7675
1.60139 2190
2.30866 7371
334983 706
4.117841 5U7

5.02423 9358
3.9970 4971
1.18042 6980
2.93146 9647

7.09355 1489

4(100)
1.07375 171
1.0606 939
1.05238 4U
1.0_2627 402
9.90807 878

:17611169
940

8.39476 551
7.78580 222
7.14903 719

19 0616 552
11 0 8.53588 0176 . 19 8.68154 347 41 5.84924 209
12 0 3,11276 9776 19 6.89609 247 41 5.21214 227
13 0 1.06523 2713 19 5.37.141 909 41 4,59832 794
14 - 1 3.43164 7223 19 4.10295 454 41 4.01657 700

15 - 4907 455 41)3.47$68 630
16 - 2 3.00302 3016 19 2.25869 5111 109
17 - 3 8.21069 0206 19 1.62819 923 41 2.52185 563
10 - 3 2.13390 3437 19 1.15132 033 41 2.11704 017
19 - 4 5.286)7 7589 18 7.99104 593 ... 41 1.75972 117

20 - 97% 840
30 -12 7.70756 9783 16 4.27499 365
40 -20 2.04212 3274 13 6.00717 897
50 -30 4.75689 4561 10 1.16508 024

1011.121
38 3.84110 550
$6 4.82195 809

100 (-88)1.08234 4202 (-16) 2.72780 795 (21) 4.64153 494

I 436
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BE FUNCTIONS OF MEOW ORDER

MODIFIED BESSEI, FUNCTIONS==AVARIOUS .ORDERS

Ks(1)
0 - 1

INN
4382

1
2 0 1.62483 8899
3 0 7.10126 2825
4 1 4, 42 324 1585

5 2 3.60969 5896
6 3 3.65383 8312
7 4 4.42070 2033
8 5 6.22552 1230
9 7 1.00050 4099

10 80713 2899
11 9 3.62427 0839
12 10 7. 99146 7175
13 12 1.92157 6393
14 13 5.00409 0088

Table 9.11

.,...(2) ,(5)
i. .13893 8728
-1 1. 39865 0818
-1 2. 53759 7546
-1 6. 47385 3909

0 2.19591 5927

0 V. 431 04 9101
1 4.93511 6143
2 3.05538 0177
3 2.18811 7285
4 1.78104 7630

5 1.62482 4040
6 1.64263 4516
7 1.82314 6208
8 2.20420 1795
9 2.88369 3795

3.69109 8334

. -3 8.29176 8415

-3 4.04461 3445
-3 5.30894 3712

- 2 1.52590 6581

-2 3.27062 7371
- 2 8.06716 1323
- 1 2.26318 1455
-1 7.14362 4206

0 2.51227 7891

0 9.75856 2829

4-113 ;1I.9 11
2 9.65850 3277
3 5. 21498 4995

15 15 1.40306
64191 1.41 211,113N

4 3. 01 697 6630
16 5 1.86233 5828
17 18 1. 34994 1505 12 9.82884 3230 6 1. 22206 4696

' 18 , 19 4.59403 9121 14 1.67702 1 006 6 8.4962 351 7
19 21 1.65520 4032 15 3.02846 6654 7 6.23952 3402

20 22 6.29,436 9360 16 tifffilli 8 4.82700 0521
'30 18 4.11213 2063
40 58 1.11422 0651 45 9.94083 9886 30 1. 05075 672
50 77 3.40689 6854 62 2.97998. 1740 42 3.39432 224

100 (185) 5. 90033 3184 ( 155) 4. 61941 5978 ( 115) 7. 03986 0193

n /4410) Kse(50) K (100)

1

4
3
2

\ -5 3. 786/4 3716

_ -5 1.86487 7345

-5 2. 72527 0026
-5 2. 1 5098 1701

43 3. 99528 424

-23 3.54793 183
-23 3. 72793 677

65662 823
-45 4. 67985 373

- 45 4. 86986 27,4
-45 4.75022 530

- 45 5.04241 707

-23 3.41016 7740 -5 1. 77800 6232

i
l 4

8

6
7

9

-5
9.. 752041 tORS

- 4 1.72425 7946
-4 3.36239 3995
4 7.10008 8338

-23
:IF 111):

-23 5. 53 67 521
-23 6, 41870 975
-23 7.58966 233

27325 611

-45 5. 94162 523
- 45 6. 40157 021
-45 6.96587 646

-45 5. 56974 268
5

13

11
12

14

-2 1.02789 9806
-2 2. 86081 1477
- 2 8. 46600 9

-22 1. 41010 135

-22 2. 34706 565
.22 1, 80185 441

65542 797

-44 1. 23283 148

-45 8. 49696 206
-45 9.52475 963
-44 1.07829 044

3 3.. 93:111
5300 -23 9.15098 81910

16
17
18
19

1 1. 13769 8721
0 3.08686 9988

1 4.40440 2395

.22 5.81495 828

41 1. 16980 523
-22 L 17096 398

42348 325

-44 1. 95464 371
-44 2, 32445 531
-44 2. 79144 763

44 1. 65987 64$7.1 121. Kilt 251: 1 t, 11:279
11715

130

$8520 54120 -21 1.70614 838

40
50

$114, nig lin
17 5. 93822 4681
27 2. 06137 3775

.16 1. 29986 971
-19 2, 00581 681

.1 3 4. 00601 347

-43 3.97060 205

-40 9. 27452 265
-41 1.x0840 080

100 ( 85)4, 59667 4084 ( .1 3)1. 63940 352 ( -25) 7..61712 963

437



Tble 9.12

r
0.0
0.1
0.2
0. 3
0. 4

0. 5 0.99902 640
0. 6 0. 99797 190
0. 7 0. 99624 84
0.8 O. 99360 1377
0. 9 0.98975 13367

1. 0 O. 984 17812
1.1 0.9 79732
1. 2 0. 967 91558
1. 3 0, 95 2 874041
1. 4 0. 7 ,50567

1.5 0. 07 21835
1.6 0. 789 11386
1.7 0. 7 12370
1.8 , 0. 672 17942
1.9 0. 52 41670

2.0 75173 41827
2.1 69860 50014
2.2 / .63769 04571
2. 3 O. 56804 89261 %

2. 4 0. 40904 77721

MISSEL FUNCTIONS OP INTEGER ORDER

KELVIN FUNCTIONS-400S 0 AND 1
bit r

1.00000 00000
0. 99909 84375
0. 99997 sow
0. 9 9987 34 9
0. 99960

1744

bei
0. 00000
0. 00249
0. 00999.
0.02249
0..03999

2.5
2.6

8
2. 7
2.
2.9

0.39996 84171
0.30009 20901
0.18870 63040

.0. 06511 21084
- 0:07136 71258

-0. 22198 02496
- 0.38553 14550
4.56437 64)05
-0. 75840 70121
-0.96803 89993

-1.19359 81796
- 1.43530 53217
- 1.69325 99843

1.96742 32727
- 2.25759 94661

- 2.56341 65573
-2.118430 57320
- 3.21947 98323
- 3.56711 08628
- 3.92810 66215

-4. 29908 05516
-4.67835 69372
- 5.06318 55867

5.45307 61749
- 5.84294 24419

00000
09996
99722
96836
02222

bbilri
-0. 00000 00000

9548-0. 03539 1
- 0.07106 36418
- 0.10725 47768
-0.14423 08645

0. 06249 32184 -0.18224
0. 08997 97504 -0. 22153
0.12244 89390 -0.26233
0.15988 62295 -0. 30485
O. 20226 93635 -0. 34931

0.,24956 60400 -0. 39506
0.301/3 12692 -0. 44469
0. 35870 44199 -0. 49591
O. 42010 59656 - 0.54964
0. 48673 39336 - 0.60594

0. 51/56 00623 -0. 66486
O. 6 72 96770 -O. 72639
O. 71203 72924 - 0.79050
O. 79526 19 - 85709548

-0.0.0. 81212 23406 92601

O. 97229 16273 -0. 99707
1.06530 81608 - 1.07002
1.16096 99438 -
1. 29852 89751 -1.221020
1. 35748 54765 - 1.29657

1.45718 20442 - 1.37309
1.55687 77737 . -1.44914
1.65574 24073 - - 1.52398
1.75285 05638 - 1.59680
1.14717 61137 - 1.66670

1.93758 67853 -L 73264
2.02283 90420 , -1. 79350
2.10157 33801 - 1.84805
2.17231 01315 -1. 89492
2.23344 57503 -1. 93265

2.20324 99669 -1. 4964
2.31986 16548 - 1.97418
2.34129 71145 - 1.97443
2.34543. M14 - 1.95842
2.33002 18823 - 1.92410

2.29269 03227 - 1.86924
0. 23094 27803 - 1.79156
2.14216 79067 - 1.68163
2.02364 70694 - 1.55794
1.87256 37948 - 1.39689

1.68601 72036 - 1.20282
1.46103 68339 .0. 97297
1.19460 07960 -0. 70458
0. 88365 68537 -0. 39486

:30. 52514 68109. -0. 04099

4.0 -6. 24787
_04 -8)8
8 8

KELVIN FUNCTIONS-AUXILIARY
., ker oler $. in .1. kei .r+bei .,. In .,.

O. 0 0.11393 1516 - 0.78539 116!
0.1 0.11789 2485 0.78260 7108

. 0. 2 0.12374 5076 - 0.77421 9267
0.3 0.13319 8210 -O. 76019 0919
O. 4 0.14669 9682 -O. 74045 0212 i

bell r
0. 00000 00000
0. 03531 11265
0. 07035 65360
0.10486 83082
0.13857 41359

31238 0.17119 51797
37177 0. 20244 39824
33470 0. 23202 24623
87511 0. 25962 00070
01000 0. 28491 16198

82610 0.30755 66314
19268 O. 32719 65305
45913 0. 34341_43903
1)616 0. 35593 34449
56099 0.96421 64560

$4180 0. 36786 49890
98786 O. 36641 93916
51846 O. 35939 88584
05470 0. 34630 18876
39357 0. )2660 72722

76519 O. 29977 94370
3'7462 0. 26525 03M2
92997 0. 22246 17120
15903 0.1)082 833U
11717 0. 10976 1)027

6897
09315

6

37054
94413

16139

42211
71373

352125

2348
36306

19999224

62
42002665

07174

3984590

42730
648

5564
959997

.0. 03866 84440
-0. 04304 07916
-0. 13594 96215
-0. 24062 74875
-0.35762 26713

. 41770
--00.3060 25952
-O. 78750 00506
-O. 95851 92889
- 1.14996 11510

- 1.34404 23711
- 1.55881 06139
-1. 71047 96677
-2. OM 31257
,- 2.29110 70630

-I. 56982 10M
-2. 84961 19932
-3.14790 74399
-0. 4570 07560
-S. 77737 39182

16315 -4.10368 54014
72697 44064 68813
98649 - 4.78006 99721
10961' 4. 12141 92170
46681 - 5.46179 58790

7 5.44.3597 66660 - 79790

[(lei r( -8)
L 8

TABLE FOR SMALL ARGUMENTS
iikert .r+beri z In 4 tateit ofbell .1 In 4

-0.70710 6781 - 0.70710 6781
-0.70651 7131 -0. 7=15 4903
-0. 70416 2164 -0. 68733 0339
-O. 70248 3157 -O. 66272 8009
- 0.69994 6658 -0. 62851 1738

0.5 0.16943 5574 -O. 71489 8693 ' -O. 69804 1049 -0. 58492 2770
r(-40n rc-ori ' r(-4)11 r(4)11
L 7 J L 7 J L 7 J L 7 j

Compiled from National Bureau of Standards, Tibia of the Hemel functions e(s) and It(s) for comp's*
arguments, 2d ed. (Columbia Univ. Pre % New York, N.Y., 1947) and National Bureau of Standards,
Tables of the Basel functions ra(;) and /1(4) for complex arguments (Columbia Univ. Prom, New York,
N.Y., 1980) (with permission).
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°0.1
0.2
0.3
0.4

0.5
0.6
0.,
O. 8
0.9

1.0
1.1
1.2
1.3
1.4

1.5
1.6
1.7
1.e
1.9

2.0
2.1
2.2
2.3
2.4 ,

2.5
2.6
2.7
2.8
2.9

BEMSEL FUNCTIONS OF INTEGER ORDER

leer

2.42047
1.73314
1.33721
1.06262

0. 83390
0.69312
0.56137
0.45288
0.36251

0.23670
0. 22
O. 126894

84

0.12345
0..08512

0.
03293
02602

.0. 00%9
-O. 01469

. -O. 02966

- O. 04166
- 0.03110
- 0.05833
-0.06367
- 0.06737

-0. 070826968
-O. 0
-0.07097
-O. 0
-0.

07
0689)

29

3.0 -0. 06702
3.1 - 0.06467
3.2 -0. 06198
3.3 -0. V41$
3.4 03589

3.5 -0. 05263
3.6 -0. 04931
3.7 -0. 04597
3.8 - 0.04264

-IL 03937P. 9

4.0 -0. 03617
4.1 4. 0)308
4.2 - 0.03010
4.) - 0.02726
4.4 -0. 02433

4, 3 -0. 02199
4.6 - 0.01939
4.7 - 0,01734
4.8 -0. 01324
4.9 .0. 01330

S. 0 -0. 01131

ELVEN 81.11114:TIONS.....118DERS 0 AND 1 Table 9.12

kei
- 0.78539

r
816)

ker,-
keirr.

-
3980 -0. 77685 0646 -7.14668 1711 - 6.94024 2133
2732 -0. 75812 4933 - 3.63868 3342 -3. 32341 7218
8637 -O. 73310 1912 -2. 47074 2337 - 2.08283 4751
3902 -O. 7038.0 0212 - 1.88202 4030 - 1.44430 5150

5872 -O. 67158 1693 -1. 52240 3406 1.05118 2083
069 3 - 0,63744 9494 - 1.27611 7712 -0. 78373 8860
8274 -0. 60217 5451 . -1. 09407 2943 -O. 39017, 3231
2093 -0. 36636 7630 -0. 93203 2731 -0. 44426 9983
4812 - 0.53051 1122 -O. 83672 7829 - 0.33122 6820

6208 -O. 49499 4636 -0. 74032 2276 -0.24199 5966

5392
4513 -0.46012

-0. 416
9528
3604

-0. 65791
- 0.38627

0729
4386

-0. 17068
-0.11323

4462
6800

3)93 40. 3932629 1826 -O. 32321 3989 0.06683 262Z
6048 -0,36166 4781 -0. 46718 3076 - 0.02928 374

4913 -0. 33139 SS62 -0. 41704. 4285 +0,00100 8681
9861 -0. 30256 5474 -0. 37193 12)8 0. 02530 6776
1104 -0.27522 8834 -0. 3)123 0485 O. 04461 3190
6087 -0.24941 7069 -0. 29442 3803 0. 05974 7779
1407 -O. 22514 2235 -0. 26105 9493 0.07137 3592

4314 0068 -0.23080 5929 0. 08004 9398=0. 20240
6500 -0.18117 2644 - 0.20337 3135 0.08624 3202
8834 - 0.16143 0701 -0. 17850 9812 0. 09035 1619
0454 -0.14313 3677 -0.13399 6034 0. 09271 2940
3493 -0.12624 1488 - 0.13563 6638 0. 09361 7161

7972 -0.11069 6099 - 0.11725 6136 0. 09331 3788

3560
3704 -O. 09644

- 0.08342
2891
1858

-O. 10069
-0. 08580

5314
8451

0. 99201
O. 08991

8037
5810

6321
9052

. -O. 07137
-0. 06082

0648
3473

-0. 07246
- 0.06032

1339
9735

0.08716
0. 08391

7762
2666

92)3 -0. 03112 1884 -O. 04989 8)08 0.08027 0223
8610 -0. 04239 5446 -O. 04045 9333 O. 07634 3431
4833 0.03458 2313 -0. 03211 3183 O. 07222 0724
2916 - 0.02761 9697 -0. 02476 5662 0.06797 7529
6330 -0. 02144 6287 -0. 01832 9556 0.06367 7999

9277 - 0.01600 2368 - 0.01272 3249 0.05937 6256
5356 -0.01123 1096 -0. 00787 0385 0. 05311 7392
1723 - 0.00707 6704 -0. 00370 0376 0. 05093 9314
6864 -0. 00348 6663 -0. 00014 7138 0.04687 2681
3608 -0. 00041 0809 +0. 04285 1153 O. 04294 1728

8848 +0.00219 8399 0.00535 1296 0. 03916 6011
4395 O. 00438 3818 0. 00740 60'' 0. 03336 0272
7574 O. 00619 3613 O. 00906 4226 0. 03213 5233
1764 O. 00766 1269 0. 01037 0732 0. 02889 8142
6892 0. 00882 5624 O. 01136 6998 0. 02383 3229

9873 O. 00972 0918 O. 01209 0904 O. 02300 2160
5024 O. 01037 8865 O. 01257 7182 O. 02034 4409
4409 0.01082 8723 0.01283 7498 0. 01787 7607
8188 O. 01109 7399 0. 01296 0631 0. 01339 7847
4899 0.01120 9526 0. 01291 2753 O. 01349 9960

1727 0. 01118 7587 O. 01273 7390 0. 01137 7754

KELVIN FUNCIIONS-AUXILLARY TABLE FOR SMALL-ARGUMENTS

r) r(keil r +keit r In 1)

0, 5 -O. 58492 2770
0.6 -0. 33229 1460
0.7 - 0.47103 2294
04

-O. 40176 2012
0. 9 -0. 32312 07%

1.0 -0. 24199 5966
(-3

7
)11

L

r. ker +ber J. In kei + bei r In r riken +berg r In
-0. 69804 1049
-0. 69777 1367
- 0. 70033 3648
- O. 70720 4389
-O. 71993 1903

-0. 74032 2276
( -3)11

L J

0.16343 5574
0.18332 9433
0.20604 1279
O. 23116 6407
0.25823 4099

O. 28670 6208

C( 7
4)41

J

4.71489 3693
-O. 68341 3436
-0. 64384 9920
-O. 60204 5231
- 0.55182 2327

- 0.49499 4636

Lr(4)817 J
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BERM FUNCTIONS OF INTEGER ORDER

Tabby 9.13 KELVIN FUNCTIONS-MODUWS AND PHASE
ber r A 10(.a) Cos 08(.0 ben its (x) ens et (r)

bei :-.1/0(0) an .0(,) bei e 3. -MI (z) sin 0101
r lio(x)

0.0 1.000000
0. 2 1.000025
0.4 1.000400
0. 6 1. 002023
0. 1 1. 006SO

1. 0 1. . 11525
1. i , 1 1319576
1. 4 1. 05060
1. 6 1. 098431

1

1.8 1.154359

2.0 1.229006
2.2 1.314576
2. 1. 44291
2. 6 1. 5055836
2.8 1.754059

3.'0 1.950193
3.2 2.176036
3.4 2.434210
3.6 2.727979
3.8 3.061341

4.0
4.2
4.4

4. I
4. 6

3.439118
3.867032
4.351791
4.901189
5.524209

5.0 6.231163
5.2 7.033141
3.4 7.943700
5.6 8.982083
5.8 10. 160471

6.0 11. 500794
6.2 13. 025757
6.4 14. 761257
6.6 16. 736836
6.8 10. 906200

7. 0 21. 547863

[(-21

On(r)
0. 001:000
0. 010000
0. 039993
0. 08991
0. 15954/

9

0.248194
0. 354999
0. 477755
O. 013068

7s

O. 912630
1. 06801
1.225011
1.380379
1.533667

1.604559
1.833156
1.979784
2.124854
2.268771

2.411887
2.554483
2.696771
2. I/1193
2. 90M?

5.122970
3.265002
3.407044
3.549094
3.691142

3.833179
3.975191
4.117190
4.259152
4.401083

4.54,2982

[121

MI(r) Si(A)
0. 000000 2.356194
0.100000 2.361194
0.200013 ' 2.376194
0.300101 2.401109
0. 400427 L 436166

0.501301
0.603235
O. 706902
0. 813585
0.924407

1.041167
1.165949
1.301211
1.449780
1.614838

1. 7999
2. 0000404

8

2.245840
2.515453
2.822653

3.172896
3.572227
4.027393
4.545990
5.136619

66..55744474
7.445618
IL 437013
9.565568

10. 850192
12. 312791
1L 978402
15. 875614
1K 037122

20. 500302
(r-2)41L 8j

2.481006
2.535872
2.600386
2.674406
2.757605

2.849536
2. 949617
3.057139
3.171215
3.291160

3.415839
3.544415
3.676044
3.809981
3.945601

4.002407
4.220023
4.3'58179
4.496691
4.635441

4.774362
4.913417
5.052589
5.191872
5.331267

5.470772
5.610390
5. 0117
5. 88759950
6. 029094

6. 169913
r(-11)11

KELVIN 'FUNCTIONS-MOM .:1;.3 AND PHASE FOR LARGE ARGUMENTS
- *42 mar) 08(r)- (2/42)

0.15 0.40418 -0. 40758
0.14 0.40183 - 0. 40644
0.13 0.40349 0. 40534
0.12 0. 40315 - 0.4042740427
0.11 0.40281 -0. 40323

0.10
0.09
0.08
0.07
0.06

0. OS
0. 04
0. 03
0.02
0.01

0.00

0.40246
0.40211
0.40176
0.40141
0.40106

0.40071
0.40035
0. 40000
0.39965
0. 19930

0.39894
( 6r-,11

L 2

-0. 40211
-0. 40119
-0. 40019
-0. 39921
-0. 39824

21,- *142M1(r)
O. 38359
0. 30457
0. 38556
0.38653
0.38735

0. 31156
0.38957
0.39060
0.39162
0.39266

.0. 39720 0. 39369
-0. 34634 0.39474
-0. 39541 0.39370
-0. 39449 0.39683
-O. 39359 0. 39799

-O. 39270 0. 39894
r(-011 r(-6)81
L j L 2

u >- nearest integer to r.

440

.1W -0/%12) < r>
1.12254 7
1. 21922 7
1. 21599 8
1. 21280 8
1.20968 9

1.20660 10
1.20356 11
1.20057 13
1.19762 14
1.19471 17

1.19114 20
1.18901 23
1.18622
1.18348 30

33

1.18077 100

1.17810



Min IFUNOTION8 OF urn= 0861112

KEVIN FUNC11014S-MODULUS AND PHASE Tablet 9.12

ker a.No(x) ea ee (2) .kgri a -N1(s) co 1(s)
kei 'Pao 4i) SIR *1(s) WI a .1h (a) sin (z)

et (e)
- 2.356194
- 2.401447
- 2.487035
- 2.590827
- 2.704976

4.825662
- 2.950763
- 3.078993
- 3.209526
- 3.341804

- 3.475437
- 3.610143
-3. 7715
4. 88145994
- 4.018860

- 4.196217
- 4.293990
- 4.432118
- 4.570551
- 4.709250

- 4.848179
- 4.987312
- 5.126623
- 5`266093
4.405705

4.545443
-5.685295
- 5.829250
4. 965298
- 6.109130

- 6.245638
- 6.385917
-6.526260

4.4. 666662
807119

<5>

7

8
9

4. 96825 10

4
.1. 98592 11
.1. 6982184)57 13

.
- 1.97876

ill
- 1.97630 20
- 1.97381 25
.1.97128 33
- 1.96872 SO
-1.96613 100

- 1.96350 es

rcriomL 2 J

25662
- 2.950763
- 3.078993
- 3.209526
- 3.341804

- 3.475437
- 3.610143
-3. 7715
4. 88145994
- 4.018860

- 4.196217
- 4.293990
- 4.432118
- 4.570551
- 4.709250

- 4.848179
- 4.987312
- 5.126623
- 5`266093
4.405705

4.545443
-5.685295
- 5.829250
4. 965298
- 6.109130

- 6.245638
- 6.385917
-6.526260

4.4. 666662
807119

01 (4+ friliM
4. 9994
.1. 99729

)
- 1.99505
4. 99281
.1. 99055

et (e)
- 2.356194
- 2.401447
- 2.487035
- 2.590827
- 2.704976

4.825662
- 2.950763
- 3.078993
- 3.209526
- 3.341804

- 3.475437
- 3.610143
-3. 7715
4. 88145994
- 4.018860

- 4.196217
- 4.293990
- 4.432118
- 4.570551
- 4.709250

- 4.848179
- 4.987312
- 5.126623
- 5`266093
4.405705

4.545443
-5.685295
- 5.829250
4. 965298
- 6.109130

- 6.245638
- 6.385917
-6.526260

4.4. 666662
807119

44\1\

sr- I
0.15
0.14
0.13
0.12
0.11

0.10
O. 09
0. 08
O. 07
O. 0 6

0. 03
0. 04
0. 03
0. 01
0. 01

0. 00

sr Iegh8N064 *0
1.23695 -
1.23802 -0.
1.23909 0,
1.24017 40.
1.24125 0.38367

1.24233 .04
1.24342 4.

. 1.24451 4.
1.24560
1.24670 4870
1.24779
1.24889

11090 .4.
1.13110 .0.
1.13121 .0,

1.25331 -0.

L 2 J

(4+ (44 0104 NI (2)
0.38070 1..30377

38142 1.60039
31217 1.29701
38291 1.29363

1.29024

. 1. 28.28687
22 1349

0 1.28012
1. 27679

3 \ 1. 273)9

38843926 26667
31010 1.26332
39096 1.25998
39182 1.25664

39270 1. 25331
[(lit] V481

L 2
1. 25331
V481
L 2

<z-eserest Mere to :\<z-eserest Mere to :\

01 (4+ friliM
4. 9994
. 1. 99729

)
- 1.99505
4. 99281
.1. 99055

0.10
O. 09
0. 08
O. 07

6O. 0

<5>

7

1.24233
1.24342

. 1.24451
1.24560
1.24670

1.24779
1.24889

11090
1.13110
1.13121

8
9

0. 00 1.25331 -0. 39270

L 2 J [(lit]

4. 96825 10

4
.1. 98592 11
. 1. 6982184)57 13

.
- 1.97876

ill
- 1.97630 20
- 1.97381 25
.1.97128 33
- 1.96872 SO
-1.96613 100

- 1.96350 es

rcriomL 2 J

8
9

.04 . 1. 28.28687
4. 22 13494. 0 1.28012

1. 2767948703 \ 1. 273)9

38843926 26667
.4. 31010 1.26332
.0. 39096 1.25998
.0, 39182 1.25664

44\1\

2 1.24017 40. 38291 1.29363
0.11 1.24125 0.38367 1.29024

0. 03
0. 04
0. 03
0. 01
0. 01
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Table 10.8. Modified Spherical Hemel Function Orders 0, 1 and 2
(0S10)

41? iwe(4, XrdCol(n)
*-0, 2; a-0(.1)6, 4-9D

Table 10.9.11Modified Spherical Basel Functions -- Orders 9 and 10
(0StS)

rISIPTA*4(z) sm44FT*1444(x)
* -9,10; son0(.1)3, 7-8S
0'4+04 0104,1444(x)
less9, 10; s-6(.1)10, OS
firs (-8-1-11(n+1)/ (20)140(s)

fix i; sap ts-fo+1mur..02)
.-, 10; art -.1( .0000, 7-8S
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Sn S 100)
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aul0(1)20, 30, 40, 60,100
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Table 10.11. Airy Functions (0SaS 0)
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m4(.01)1(,1)10, 8D

Auxiliary Function for Large Positive Arguments
AR.)goitru'rW-1); Bit4ssorINIA0
Aiqn) ; DPW gansurla

.A*1), 0(±); roul.6(.1).6(.06)0, 8D
Auxiliary Functions for Large Negative Argument.

Ai(a)morIlia 0.8 I-114 sin
Iii(-0130/4/40 oa 1.M0 sin 41
.4-40414k/a sin 1-1.(1) oa it
Br(x)amentga sin 114.*(0 ow
MIL MC MIL 0(E);
ess.06(--.01)0, 6-7D

Table 10.19. Integrals of Airy Functions (0Sx10)

r.

Al(t) 411, am0(.1)7.6; rAROdt, x- 0(.1)10, 7D

Bi(e)di, 2-0(.1)2; r sm0(.1)10, 7D
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469

470

473

476

478

Table 10.13. Zeros and Associated Values of Airy Functions and Their
Derivatives Se S10) 478

Zeros so to: of Ai(s), AP(s), Bi(s), Biqa) and values of AP(o.),
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10. Bessel Functions of Fractional Order
Mathematical Properties

10.1. Spherical Basel Fuiketions

Definitions

Dithrestid Equation
10.1.1

sets"4-21ivi-l-lit-0(0+1)iwg°0
(n=0,±1, 2, .)

Particular solutions are the Spherical Bessel
fvactior.e of the Ant kind

..ta(a)=4&784+14)

the Spherical Bessel junctions of the second kind

fle(8)21111IRTara44(1).

and the Spherical Bend ione of the third
kind

hit"(a)=1/11(8)+4.00=4RTaffe40),

(s)=1/.(a)-4.(a),ENISTillits(s).

The ,Pairs j (a), Ma) and lilt" (a), Ws) are
linearly independent solutions for every n. For
general properties see the remains after 9.1.1.

Amoslidhis Swiss (2110 MA, germ)
10.1.2

1*(4 "si. a . (n4 -1){1 1 x2n+3)

(V!
4.2K2a+O(zai-5) '}

10.1.3
1 .34 . . pn-1) 1..1

se+ 2s)

1

Lhallting Values as s

10.1.4 11-1i.4
1

04111,1.34 , (2n+1)

20,1, 2, . ..)

10.1.8

si+ith(s)--1311. . . (2n-1) (0"0,1, 2, . ..)

7

5,X

Wsoneldsus

k0.1.6 W(j,,(:), y,,(s) ) ma's

10.1.7

wvirw,hroo).-24-$ (n=0, 1, 2, ...)

Repriseatadons by tairy Funetions

10.1.8

il(1)=8-11P(a+e a) sin 4-00
+Q(n+it, 008

10.1.9 (44

Ve(a)=B(-1)**12-11PO4e, cos 01+1,110

42(n -1-11 gi) sin (s+inv)1

P (n+e, 2,80,11-21%2% (24.1

+4g141)13) (28)-4.

(-1)1(s+e, 2k)C2ar°

1rn (24-1 AN%

51(")14) (21)"-'"
mier ( -1)1(n+ t 2k+1) (2a) "a-I

(n+e,

(n1=0, 1,2 .)

*-1-k

, 2 3 -4 6

1
2
3
4
6

2

162
IA
80

12
60

180
420

120
840

3360

.

1880
16120

444



1.10

je()imis(a) sin 8+ (-1)"1-11-1(a)

1o(1)=11-1. 11(s)=.."'

1-(*) +41 00 am all+ Orlis (I)
(am% f 1, *2, .

The Funetionejo(s), Ms) kit slot 1, 2

10.1.11 M46°4° s

s.co: s

111111811L FUNCTIONS 01 FRALIFIGNAL ORD=

j""leis ji) is; ce.

10.1.12

Vatit-1(8) 6-COO

iftWuni-i(z)m--1sinse s

100031ri-8004-34-Deoi a-3 sin a

JO)

IN 41.

Playas 103. ya(s). six0(1)11.

hoops 10.1. jo(o). sm0(1)11.

44
111. Nee II

hews' 10.3. ids), yo(v). sm10.

Poisson's Weisel and Gegenbaneee Generalisation

vs t
10.1.13 Ma) mor

fmig ace (a 0090) ida$ 10 dO

(8e0 9.1.20.)

10.1.14

n(-0T.iessep.(c..0sinedo
0

(0..0, 1, 2, .



-01111711 7UNC110110 OP 711ACTIONAL OMR

spieled Bowl runedoo et the %owl sad Wad
WWI

10.1.13

=(-1).+V-*-t(s) *20, *1, *2, .

10.1.16

AT(s).si-"-Is-ish* (0.+i, k)(-2i8)

10.1.17

kr (*.+4, k) (2is)-*

10.1.12

691-1 (s)wi(-1)4,10 (a)

len-1W= i(-1)%6(a) ( snuO, 1, 21 )-

E1smantari Psepertko
Resureose Mader

MO:44W MAC MU, le 00
(%-O, ±1, . ..)

10.1.19 h-1(11) ile+A/0=2(211+1)11-W0)

10.1.20 sh-1(4-0b-1-1M+1(3)=(20+1) Ms)

10.1.21 n--11 MO +Ili Ms) sof*-104

(See 10.1.23.)

10.1.22 (a) &f. (0)14.+1 (a)

(See 10.1.24.)

DItheresibdes Forondes

is(l) :ja(1), Va(a), 10(a), A.®(S)
(*=O, ±1, *2, .)

10.1.23 lytiokoiswime-R"J*-1,(0)

10.1.24 (Iyel.-ii.(0)1,(-0-.-e-11.44.00

Ilkykaithie Feenothe

10.1.23

00-0 (...1 d vg sin s
a

10.1.26

--e d y cos
vs(s) a/ a (Weak 112p

2 POW 2.

Median end IMIsees .

iiu=s4P711,1**1(s) cos 01.444),

14(8)=i14.4.1(s) sin 01.44(0.)
(See 9.2.17.)

10.1.27

0100 in+140=-1ii *.(21-rliTtis2k)I a$011-1.

lee 9.2.28.)

10.1.28 OffslAirts(8)=VICO4140045$0

10.131)

$)M I = 00 +14(g)caltr'+ 0-4

10.1.30

Ow/aMais(s)rosji(s)+14(0)=E-1+321-4+9s-

Coo Peadoete

10.1.31 i*0014-1(10-1.-1(0)v*(s)=84

10.1.32

j +16014-100is-1($)tkp1(0)=(2*1-1)ri

10.1.33 (
1.00i(a)+*09v*(4

=es (-1)'2"P rt. k)
(t 1=0,

Ambits Casebooks

1, 2, . . .)

10.1.34 Mae") imelmtlia(S)

10.1.33 Va(0.ta")=(-1)"'e"47,00

10.1.36 geolecee+ln= (-1)"hr (a)

10.1.37 hr(ssoNsivol.(....0,140

10.1.32 hp (son =kV (a)
(1=1, 2; os, n.20,

Generetbs Fusetleas

1, 2, . .)

10.1.39

o
Mt141 4 (21i1<181)

10:1.40 am ja100

446



Derivatime With Rospast to Order
leave

Rj(z)1.(0/4{Ci(2x) sin zSi(2x) cos z)

18142

reto Mx)]....10(ev/x)(Ci(2x) cos z+Si(2x) sin z}

10.1.43

[ty.(z)]
POO

(iir/x) (C1(2z) oos zi-(Si(22),Lir) sin z)

MUM

Up MI)]

(fir/z)(Ci(2z) sin x (Si(2x) v) cos al

/tendon Thoorance and Deipmerata Fame

r, p,0, X arbitrary complex; R.1,1(04-0-2rp cos 0)

XR "10.1.45
sin

(2x4-1),Mhr)joAp)Po(cos 0)

*10.1.46 V4 (2,1+1).in(4)200)Ps(009

10.1.47 e""1"... (2n+1)e1 wuj(s)P,s(cos 0)

10.1.48

Jo(s sin 0).*) (4n+1) jo(s)Po,(cm 0)

Duplication Formula
10.1.49

. /1104=

o ...nte+1 it! 211-2k4-1 4. 1.1
i1(2uk+1)! J""./Y11-4P9

Some Waite Settee Involving g(s)

10.1.50 (2*-1- 1) j,;(8)=1

. n 2
10.1.51 (-1)*(2n+1))",(s)msi s----i

. Si (2s)10.1.52 .g(*).

Set PIS* I.

447

Fresno* Integral*
10.143

CP( 247.8 )sleifs J..1(t)dt

"I 4[We 1 YVIN+1( ix)

+sin ix (-1Wis+sis(ix)i

m JSWizji),r ifo*i(t)dt

1=42klin ix (-1)*.ko(ix)

\
cox ix (-1)*Abs+sn( )i.

(See also 11.1.1, 11.1.2.)

Zeros and Their Asymptotic Expansions

The zeros of j.(z) and yo(x) are the same as tie
zeros of 4.1(x) and l',,4.1(x) and the formulas or

and y,,, given in 9.5 are applicable with
v=n+I. There are, however, no simple relations
connecting the zeros of the derivatives. Ac-
cordingly, we now give formulas for 44, km, the
e-th positive zero of j,(s), y:,(s), respectively;
sug0 is counted as the first zero of ,g(2).

(Tables of 4,, jo(a;,,,), yo(r,,,,) are given in
(10.311.)

Elemontory Maims

.144*(c) cos irt+y(s) sin ire

(I a real parameter, 0 St 1)
If r* is a zero of f,(s) then

10.1.55 1.(1.,,),:2[T,As+1)1,1. -t(+.)
(See 10.1.21.)

10.1.36 (r.fil)1..1.1 (vs)

(See 10.1.22.)

10.1.57
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21,11111111111011 to * Need and s Large

10.1.35

(16+7)(30)-1

4
(70-1- 1540+90ogo-i

(8510+35350+35e 04-ei mow

64 (6900+4749080' +3306380

-1-90467800-6076147) (8111? . . .

Ogis eq.+ is for ., (a+ iu) 'for ,;
14=1(2n+1)1

Asymptotic Espeusions of Zeros and Associated Values
tor * Leh:

4 10.1.59

4.1^(*-1-0+.3086165(s+00 .2366800'44) -'p

.20736(' +1) '4+163301+0 '4+ ..
10.1.60

b: Laioeso(n+Wo

+ .802728(n+ i) -10 .11740 (n 4- -1

+ .0249(n+ 4) ""I-

10.1.61

Ma:a) ^#.845843001-1-0"" { 1 46603201+0 -"a

+.38081014-0-"220301+0-4+ }

10.1.62

,)"'7183921('+ i)-"(1-1274769(n+1)-"

+1.23038(o+ i)""-1.0070 (n + "s+ .1

See [10.311 for corresponding expansions for
r-2, 3.

or TRACTIONAL MUM 441

Whims Asymptotic Fopessalosse at Zeros and
Associated Values for * Lams

10.1.63

a:0 -.(n+e) { 20+1) -"an

+ hI(*+3)-1"4:1(n+Ws")

. 10.1.66

14..--(s+otion+o-sisba

heRn+ ""ba(n-F. -16)

10.1.65

je "-NIPAl(n.)

h((74.0-8134 (st(n-fi)'"al)-us

(1+A Imo+ 0-gisa)ot+0-.)

10.1.66

Ys(g..)^---NIRM(60(ni-i)-"
ii(s-1-11) -"kJ (a I (n+ --nsbm-im

%--(1+N Hat(n+VIsise:101+0

14(i), a(E) are defined as in 9.5.26, 9.8.311, 9.3.39.
0:, tt: a-th (negative) real zero of Ai'(a), Biqa)
(see 10.4.94 10.4.994

Complex Zeros of Ws), kr(s)

ALI)(8) and WO:sot% any integer, have the
NUM zeros.

1,P (a) has s zeros/symmetrically distributed with
respect to the imaginary axis and lying approxi
mately on the finite arc joining s= ts and an
shown in Figure 9.6. If n is odd, one zero lies on
the imaginary axis.

P4 "'(a) has 6+1 zeros lying approximately on the
same curve. If n is even, one zero lice on the
imaginary axis.

448
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-r ,-
,

(-1151(r) (-I)M(O (-1)54) (-01/11(11
.

(-04/4(r) (-OHM

0. 0
0.2
0.4
0 6
0 6

1.0

-. 4409724
-. 4572444
- .4702280
-. 4802164
-. 4876706

- .4926355

- .122500
-. 114201
- .107248
- .101318
-. 096159

- .091861

-. 06806
- .06986
- .06279
- .04874
-. 04160

- .08726

.000000

.027518

.049069

.065677

.078266

.087587

.00000

.00575

.01118

.01592

. 01983

.02290

.0000

.0023

.0043

.0061

.0076

.0086

-r CO 1/1) h(r) 111(x) MAO

1.0-
1.2
1. 4
1. 6
1. 8

2. 0
2. 2
3.4
I 6
a. 8

- -
3. 0
3.2
I. 4
3. 6
a 8

4. 0
4. 2
t 4
t 6
4.8

6.0
2

86.4
&

6
6

&

6. 0
& 2
6.4
6.6
6.8

7.0

- .4926366
- .4131380
-. 3661700
-. 3108648
-. 2767704

-. 2472321
-. 2238898
- ..2086814
-.11868 01

I 17

- .1589519
- .1476804
-. 1878003
- .1286601
-. 1206469

-. 11342r111
-. 1069004
-. 1009699
- .0965634
-. 09081

-. 081 I

-. 07 23--.. 07
071 850

1152
2370

1 , 7708

.

- .09156
- .05056
-. 03048
-. 01950
-. 01310

-. 00914
-. 00668
- .00486-. 306
-.0280

.00219
- .00173
-. 001- .00119
-. 00091

-. 00076
-. 00062
-. 00032
- .00044
-. 00037

- .00082
-. 00027
-. 00023
-. 00020
-. 00018

-. 00013
-. 00013
-. 00012
-. 00010
-. 00009

- .00008

-.037
-.014
-. ON

-. 001

.

.067587

.066507

. 000524

. 039890

. 032086

. 026206

.021882

.018141

. 015326

. 013061

.011217

.009701

. 008443

.007891
,. 006506

. 005753
. 006111
. 004560
.004085
.003672

.003313

. 002998
002712

.

. 002478
002262

. 002070

.001899

.001746

.001609

.001486

.001375

j

I

.0229

.0121
. 0070
. 0042
.0027

. 0018

. 0012

.0008
. 0006
.0004

.0008
i .0002

. 0002

.0001

. 0001

a

..

TIE=11111301r

("q)'"4 MO M(r)

-
1130)

0.40 -. 0648731 -. 00013 .001889
. 36 -. 0487592 -. 00003 .001056
. 82 -. 036290 -. 00002 .000651
. 28 -. 0242416 -. 00001 .000289
.24 - .0186683 . 000106

-. 0091416 . 000037
. - .0047978 .000010
.12 . -. 0020088 .000002
. 08 -. 0005965
. 04 -. 0000747

.00 - .0000000
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10.2. Malted Sphevieal easel Functions

Definitions

fides Equalise
10.2.1

s'w +2ste is' -1-**-1-1)jips0
(nws0,.±1, +i, . . .)

Particular solutions are the Modified Spherical
Besse, *actions of &first kind,

10.2.2

'X1;34+40 =Cs's"j*(""11)
gma egiegnis(se

of the second kind,

(_,Karg

(-1<//8 8110
.4/<11/8.11$1r)

( iv<srig sSir)
of the third kind,

iiPTEICR.42)=0(-1)"+1;PNII44(a)-1-s-0)l
The pairs

;PT/IR+0), ;PT/I-R-0)

IX-811+0);PT/KR+0)
are linearly independent solutions for every n.

Most properties of the Modified Spherical
Beesel 'functions on be derived from those of the
Spherical Basel functions by use of the above
relations.

and

Annedings Salm
10.2.11

VRT/Is+0)uni 3 8 (24+0

{1+181

*Sr
11(2n+3)+Yrin+3)(2/6-1-5)+ }

10.2.6

/ (_01064.1

{1+
its 4. Ger

141-2n) ' 2I(1-2n)(3-2n) '

(Ai"0,1,2,...)

10.2.7

W(ARTh/.4.1(a), ArRiEs_gto ).(-1)14s2-1

10.2.8

WhIPTils+0), ;Plis/Cs+4(/)}

Regementallens by Elementary Funstions

10.2.9

plamuldass

NIFTals+ga)==(2s)-1.13(n+i,-1) 6$

1,5M1-1,400-1(210-11101+46-30e
+(-71)*Mnit,$).-14

8( (n+1)1 (2s)-1
14-1.16 48°4+ 111-7F)

10.2.11

(14+2)1 (24 1++21r (S1)

go* (6-1-1, k)(241)-"

(See 10.1.9.)

10.2.12

4=0,1,2, 4

rdot+0)=9,(8) sinh sti-g-ip400 /0/1/

0(a)=11-1, 50)==/-1
Rs-1($)-01+1W = (2s+1)s-igo(s)

(n=0, *2, .

The Punetiane 4FrTaid,044) Ors°, 1, 2

10.2.18

RTill/M'einhis

s j_cosh
s

T/h/0).08+0 Binh se; cash s
10.2.14

ratl-s/Aa6wah a

4Fril_.,e.sinh s_ootih a
1 8 V

lipril_vs($0 Binh n+0+0Well a
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altultisd apbreleal &reel Fusel Sew of the TbInl Rind

10.2.1111

siPTaKo(8)=ef41("'"'ke(ses'I)
(r<arg

ift.i.".(11+341/1e(selird)

(if<arg S

sm(ilr/s)e". (11+11, 004
4 _iii i

10.2.16
I

t

114.44 (2)=1C-...e (a) (s.0, 1, 2, . . .) 1
t

Tbs Funetkuss Ig55,44(,),essO, I, 2
I

I I
I

10.2.17 4Frileh(s)se *Ms' 1%

I
I%

Kws(a)gli (eris)e-11 +2

4Frarats00 211 (e1/11) -11 +341-1+318.1)

Elementary Properties

Recurrence Relations f
Ms): IfFil*+*(1) (-1)"a4i7risif.fe(s)

*4, ±1, ±2,...

3.2.18 fis-M.4.+100=q2A+1)8-7400

10.2.19 AA-1(s) + (1+ 1) /44.1 (4 = (2h+ 1)

10.2.20 1 1.1 I 00+ f (s)=.4 I (10* -
(See 10.2.224

10.2.21 7,4(s)+1.4(8).4.+1(8)
(See 10.2.23.)

DlabrentlatIon Forendae

Mg): iRigh+foo (-1)",,IFTilcii+e(s)

1.W

(annO, ±1, ±2,

10.2.22 atTIe+IiWimise-a+14-..(8)

10.2.23
(i 41)11-%00)=1-"'"fs+1*(9)

(11am1, 2, 3,

Frans 10.4. Az..44),
29

X

d

sw0(1)3.

0 4 104

51

hens 10.8. 4.4(a), 1-10.
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Formula of Ray leigitie Type /

10.2.24
''17-2781**+1(a)12'2s* Ci 8inh,

10.2.25

1 LI)* weL1a
ar di s

(n1.0, 1, 2,

Formulae tor It+.(21);/E1 (a)

10.2.28

(4148)[ro+1(4-P-6-i(001

(-1)1+1 (24;t42takY (2467

(tts=0, 1, 2, .)

Addition Theorems and Degenerate

r, p, 0, arbitrary complex, R=N1r, -2rp cos

is+b(V)I-

10.2.33

eue-han2r. (2n-1-1) I

10.2.27 (OM Irv, (a) -P-us

10.2.28 (fir/s)Viis (s) tP-sis (s)

10.2.29

(OM W0(4 -41/1(2)] 3s-1=-9r°

Geanuting Functions /

sinh 11-14. 11t *1410/1-+i(s)]

(2111<181)

10.2.30

10.2.31

cosh -11717aist= 1:14-Frata-Ml

Derivatives With Rapeet to Order

10.2.32

a
1-6-,L041..em 17,422)*"'"Ei(-2044

10.2.33

[14(2)1..4=21ml (El
(2s)s."-I-Ei(-2.1)el

10.2.34 [-Z1,14(s)1 *NlitX.Ei(-2x)e
Or

For El (s) and Ei(s), see 5.1.1, 3.1.1.

8** PAW U.

47criksKi+#04)11Vcoe

e****4=V (2n +1) figiis+i(s)1Pa(cos

10.2.37

(-1)*(24+1)1ARTals4441Ps(coo 0)

Duplication Formula

00111=

10.2.38
144.02)1=

10.3.1

F I

;(-1)*(2*-2k+1) Kl04(8)nlirlfe" 4.0) kl(2n-k+1)1

10.3. Riceatiacesel Functions
Dittreential Equation

sAtei-re-n(n)i- Mum.°
(n=0, ±1, ±2, . . .)

Pairs of linearly independent solutions are

4144, 21/6(0)

AP (2), ahr (e)
All properties of these functions follow directly

from those of he Spherical Basel functions.

The Funotioos 400, IsiO 1, 2

10.3.2

;Ws)=sin s, gib(s)golori sin s-cos s

ges(s)=1(32-1-1) sin a-38-1 cos C.

10.3.11

sh(s) -cos s, syi(e)=2-sin 8-0-1 car a
shoo= -32-1 sin s -(8x-c--1) cos

Ifiroasidans

10.3.4 Wt. riii(s), 181/*(s) =21

10.3.5 W{ skin (s), eAr)(0)) = -2i

452

(ng=40, 1, 2, .
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10.4. Airy Function*

Da Witless and Elementary Properties

Dilionstial Equation

to"Stara0
Pairs of linearly independent solutions are

(a), Bi (a),

Ai (a), Al ('10'"),
Ai (8), Al (seer").

Amend leg Swim

10.4.2 Ai (s).esf(s)esg(s)

10.44 Bi (s) Ara tesm+ggooi

foo.4 si+140 0+141 0+

14. 34 al Tat
2.5 2.5.

g(s)=8411 84+W 111+W8. in+ . . .

14 at al (Z
(a+Do"11

(e+04= (a +1) (3a+4) . (8a-1-3k-2)

(a arbitrary; It.1, 2, 3, . .)
(See 6.1.22.)

10.4.4

evi. Ai (0) =Bi (0)Ari=3-111/1C(2/3)

=D.35502 80538 87817
10.4.5

el= Ai' (0) =Bi' (0)N5.3-1Nr (1/3)
20.25881 94037 92807

Relations Between Solutions

10.0 Bi (s)m=et". Ai (seh")+8"4° Ai (se-sto)

10.4.7

Ai (a) +e' Ai (sek.4)-1-e-1" Ai (se-1").0

10.4.8

Bi ()+ es" Bi (no") +e-64" Bi (se- '4)=O

10.4.9 Ai (sso")..erwilAi (s)Ti Bi (s))

ronsidsos

10.4.10 W{Ai (a), Bi (a) } a'

10.4.11 W{ Ai (a), Ai (sem") } emerrae""

10.4.12

10.4.13

W {A1 (a), Ai (s1-$'1/1))

W{Ai (se"5), Ai (se-"

ir-.16014

}

Pious 108. Ai (*a), Ai' (*a).

453
hens 10.7. Si (*a), Br (*a).
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10.4.30 Idam(r)=(4/22)(14 Ai' (8)-1-Bi' (2)i

10.4.31 Ka1a(r)=r( 13/2) Ai' (a)
Integral Representation.

Ilapresentatiaaa In Telma Ressel Function.

rusk"
-10.4.14

(2)=1 -3rs(0lus(Oi isT3K1n(r)

10.4.15

(-2)=i4(41110(0+.1-14(r)1

1.17I2tusini(n+e-0VI'Mr)1

10.4.16,

* Ai' (2)= 34 Len(r) an(0).. (2145)Kstis(r)

10.4.17

(-2)=-12(4001Jin(r)l
Ins i(s1 Ce-« "14)1(r)-f. eu'lla(01

10.4.18 Bi (4= viiii(Lus(r) +An(t))

10.4.19

Bi (-2) 1.61;31.7 -m(r) An(r)) \
"HOW 6"*"1471(r) I

10.4.20 Bi' (IV= (2/4)(Lus(r)+13n(r)l

10.4.21

Bi' ( ..(111115)I4 -vs(r) Ann
ii(shri)

Repreasatationa at Hemel Functions In Tema of Airy

*10.4.23

10.4.24

10.4.25

10.4.26

10.4.27

10.4.28

Ha(r),=.4,-*""Inks(r)

functions

.41 Otis

Jaus(r)=442(Ifi (-11)TBi (-2)1

inia(t)=24-'"NriThIAi ( ( s)1

Hilis(l)=2**"45iAi (-2)+i Bi (-2))

latn(r)htilitT 4 Ai (4 +Bi (1)1

Kai n(r)=1.1riii Ai (8)

JoadOzis (4/21)I± 4 Ai' ($)+Bi' (a))

s'" (4 3 ICA? ( Bi' (a))
10.4.29

ROW) = 40"411111/0

.8-04(43/e)(Ai' ( s) ÷i Bi' (-41
'fie row o.

10.4.32

(3a)-3181. Ai (±(3a)-lissj=f0 cos (ati±st)dt

10.4.33

(3a) -' "r Bi 1± (3a)-118.11 1

8111 Leap ( at' ± +sin (aes *got

The isstvaisl: Ai (*OA f: Hi (*ode

t =Iasi*

10.4.34 f Ai (04=1 for II -'n(t) /us(t)ldt

10.4.35

10.4.36

10.4.37 f Bi (-0dt=
I

...m(t)J us(tnit

Aseendlag Series forfes Al (t t)dt, r 111

10.4.38 fol#i (t)dt =eine) eta (s)

(See 10.4.2.) 11

10.4.39 fssAi (-0dt= elF( 4+4 1( a)

10.4.40 f Bi (t)dt Jte (s) -1- csa(s)i

(See 104.3.)

10.4.41

fBi 0dt == 11-3(elF( sy) +ea (
o

1 1.4 .4.
F(4=s+ii -F.ir 8 ÷1

7
-Nr 8 4.

(1) Tar
2 2.5 2.5.8

61(0)=1-1 111+ir ft + fir-11 . . .

fi 3i /A
VA (3k +2)t

The constants ch 4 are given in 10.4.4,10.4.5.

Ai (t)4t®a j: I4r-us(0-1-4M1dt

Bi (t)di=q1 for [Lusa) ÷/1/1(01di.

454
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10.4.42

\
Oi (a) = or- 'I. sin (;,1-3.1s+ at) dt

Bi (a)+fol(Ai (a) Bi (t) Bi (a))dt

10.4.43

Oi' (a)=3Bis (a) +E(Ais(s) Bi (t) Ai (t) Bi'(a)Jdt

10.4.44

Hi(a)=orf exp t' + at) dt

41! Bi (a)+E(Ai (t) Bi (s)Ai(a) Bi (t)kit

10.4.45

Hi' (10..4 Bi' (g)+E(Ai (t) Bi'(a) Ai'(a) Bi (01dt

10.4.46 Gi (a) +Hi (a) =Bi (a)

Representations aloe Al( 0ff,fo Hi( * I) di

by 41 (±s), (±t)
10.4.47

fAi (t)dt=4+irrAi' (a)Gi(a)Ai (a)Ge(a)]

10.4.48

MEM FUNCTIONS OF TRACTIONAL ORDER

The Functions 01(s), Hi(*)

2ir[Ai' (a) Hi (a) Ai (a) Hi' ($0

10.4.49

Ai (-0dt= 1.-7(Ai' (a) Oi (a)

Ai (a) Oi' (-4]
10.4.50

10.4.51

fo

+IrIAV (a) Hi (a)
Al (a)Hila)]

Bi (t)dt=ir[Bi' (a) Oi (a)Bi (a) Oi' (1)1

10.4.52 ina Ir(Bis (a) Hi (a) Bi (a) Hilo)]

10.4.53

Bi ( Odt .1r[Bi' (a) Oi (a)
Bi (a) Oi' (a)]

10.4.34 .718i' (a) Hi (a)
Bi (a) Hi' ( a)]

Differential Equations for CH (s), Hi (a)

10.4.55 to"aw=
1

w(0)=5 Bi (0).4 Ai (0) x .20497 55424 78

w'(0)04Bi' (0)=-- Ai' (0)=.14942 94524 49

10.4.56

w(a)=Gi(s)

teaw=r-
w(0).4 Bi (0) =3 Ai (0).40995 10849 56

2 2 Lw' (0)=1 Bi' (0)=-71 i' (0) =.29885 89048 98

w(a)=Hi (a)

Differential Equation for Products of Airy Functions

10.4.57 w"1-4aw'-2w=0
1

Linearly independent solutions are Ai' (a),
Ai (a) Bi (a), Bi' (a).

Wronskian for Produsits of Airy Functions

10.4.58 W{Ais (a), Ai (a) Bi (a), Bi' (a) } =22.-s

Asymptotic Espamions for Is/ Larp

l'i?k+}) .(2k+1)(2k+3) ... (6k-1),
4=21' 4=°54* 114+0 21641

de=1,4=-6k61÷1 4 (k=1, 2, 3, . . .)

2
r="i 2$ $1

1

10.4.59 11

(a)^4, Ir-"sa-1/41-1 ( -1)'c r-" (iallesi<r)

10.4.60

Al (-10.-r-useus [sin (r+0 (Wears

000 0+10 (i)aeu+irsi-a].

(i art ai<ile)
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10.4.70

--AP(-2)=.1t1(2) cos OK ( 4 czNO0 sin 000

N(2)=.4(Ail (-2)+ in (-4,
motto (Bi' (x)/Al' ( x)1

170onsDiffeimitial for Modulus and Phase

Primes denote/lifferentistion with respect to a

10.4.62

Ai' (-1).%.w-lat [ens (r+D (vctors
+du (r+0 ( ova+, rak-q

(lag st<1

10.443

Bi * (lug aKi ir)

10.444

[cos
0+0*1 (Wears

+8in (OD* (-1)18+iralA

(lug BRIO
10.415

Bi (06'4")

"wIlrlie""111-1[60 (r4.14 In a)* (i)'ctirst

cos (r 4.141 In a) (_040,44.11-16-q

on skill
10.4.66

Bi' (4-.1000 * dars Clara 81<i
10.4.62

Bi' (Ts) -.1rial [sin 0+0 * (i)'dors

. cos (r+1)* (i) dsorml
Clan 21<i

10.4.68

Bi' (sew')

[cos (r+lir-T;: In 2) (-1)14rs

ein (t+ITI In 2)* (-1)%kot- -1]

(18r8 81<i 10

Modulus and Phase
10.4.69

Ai (a) ges M(x) ca 4(:), Bi (a) an Af(s) sin 0(x)

411(2).4(Ail (-2) +Bil (x)1,
0(x) .5, erctsn Pk ( x) /AI (a)]

*Oda /IV IL

449

Os)

10.4.71

10.4.72 IVI.A01-800=3811+ ir481-*

10.4.7h NW= WM'
10.4.74

an (0-0 =MOD/M'ag2 (4011)-',

MN gin 4-0=
10.4:15

10.4.76 _,-;(41teri+41(AP)' 210=0

el+4(OH70°)--1(2"ir)' ons'.

;Jim= Arses

Asymptotic Espouses= of Modulus and Phase Ow
lariP

10.4.78

10.4.79

0(x)1

Me(x)-11r-x-"s*W 2$1() (28)".6a

11 [1 (22)-

.8282128,5 _4

7-
1_

`61
12320 31625 ie.%

14338
.

10.4.80

Ni(x)-40 '#(,,72Viejtira 0).(22)-14

10.4.81

2 [_ . 7 ._ ._11 1463 .4r-- xin it- vat) -- (2s)3 4 go

495271 2065 30429 _(24 II+

Asymptotic Forms off:Al (i dileiBi (*Mahe Levee

10.4.82 .111 Ai (t)dtftii irorsi exp
0

10.4.83

ft: Ai (OcitAw-usx-ssi cos x11+0
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10.4.84 f Bi (t)dt,.1r-",x-so e" (3
2
- a #")

CI

10.4.85 f Bi (-1)dt-,Irlitx""4 sin X$4+1411f
Asymptotic Farina of Of (t.1), 01' ( z), ( *a)

for Large

10.4.86 Gi (z)-wir-12-1

10.4.87 Gi (-2).ir-Inx-1/s cos (3
4

1 zus+9

10.4.88

10.4.89

10.4.90

10.4.91

10.4.92

10.4.93

(z
) .%'96 -

Gi' (-Z)%* -/1204 sin (2
5

zus--1
4

exp (km)

Hi (-z)....1r-lx-'

Hi' (z),,,ir-40x10 exp (km)

3Hi' (-z) 2

Zeno and Their Asymptotic Expansions

Ai (2), Ai' (a) have zeros on the negative real
axis only. Bi (a), Bi' (a) have zeros on the nega-
tive real axis and in the sector sKir
a,, 6 6: a -th (real) negative zero of Ai (a),
Ai' (a); Bi (:), Bi' (a), respectively. th, 8 ; 19,, "0:
8-th complex zero of Bi (s), Bi' (a) in the sectors
fr<arg ir<arg s<-410, respectively.

10.4.94

10.4.95

10.4.96

10.4.97

10.4.98

a,= -./13 w (48 - 1 )/81

a;=. g(3 w (48 - 3)/81

Ai' (6s,)=--.(- 0.-y,[3,(48-1)/8)

Ai (a;) ( 1)"9,[3ir(48 -3)/8j

--fi3w(4*-3)/8J

10.4.99 -9[3 r(49 1)/8j

10.4.100 Hi' (6,) (- 1)-y,f3r(4.-3)/8j

10.4.101 Bi (k) ( )'th(3w(4e-1)/81

10.4.102 0, - [3: (4s-1) +3-4!: In 2]

10.4.103 "g [3: (4.9 -3) +141: In 2]

Noe pap II

10.4.104

Bi' (Pk= (-1)Sritrysisit Uti-r (48-1) +.3,4 in 2]

10.4.105,

Bi 00= (-1)*-11fiengi [38 (0_3).F In 2]

(si sufficiently large

/ 3 77125
i(4^*0 " +48 z-4+ a's

36 82944

1080 56875
69 67296

+ 16 23755 96875
z

3344 30208

7 35 181223
g(z),,,013 (1--

48
es+

288 20
a-4 7380'2

188 83371
e+ 13 44160 2-$

I 9 11458 84361
1911 02976.

11(8) ^s'-1/081/0 (i
48 4608

+23 97875
6 63552 2

gt(3),..T-Inz
k

7 -2 1673

-6

843 94709
265 42080 It I

)

Formal and Asymptotic Solutions of Ordinary Differ.
ential Equations of Second Order With Turning
Points

An equation

10.4.106 W" a(z, X)W=0

in which X is a real or complex parameter and,
for fixed A, a(s, X) is analytic in 8 and 6(2, A) is
continuous in a in some region of the a- plane, may
be reduced by the transformation

10.4.107 W(z) -Ca) exp 1 a(t, X)dt)

to the equation

10.4.108

to' X)tv=0

Ip(z, 6(z, X) at(s,"X) -(1-2 a(s, X).
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It 0.(s , X) can be written in the form

10.4.109 0(2, )4=o*,(2)-41(a, )4)

where q(s, X) is bounded in a region R of the z
plane, then the zeros of p(a) in R ant said to be
turning points of the equation 10.4.108.

The Special Cue n's+Peis+q(s, 000

Let X=1X1e1. vary over a sectorial domain 8:
IX/ >,k,(>0), taiSidS(01, and suppose that q(a, A) is
continuous in z for lal<r and X in 8, and q(z, X)

q.(1)A-* as )1 in S.

Formal Series Solution
10.4:110

w(a)=u(z) Fa. s*(:)X--1-44-44*(s) #(s)X-*

ti" -f-X8r4.0

foo(8)...co, 6(4= riot, co, et constants

foie+1(s)=-; Cs)-1 * 9-o(t)04(i)di

Ms) Et-i[40)-1.*q....(0.0)] de
(n=0, 1, 2, . . .)

Uniform Asymptotic Zepansions of Solutions

Fors real, i.e. for the equation

10.4.111 y"+(Xix+q(x, X))y=0

where a varies in a bounded interval aSzsb that
includes the origin and where, for each fixed X in 8,
q(z, X) is continuous in x for aSzSb, the following
asymptotic representations hold.

(1) If X is real and positive, there are solutions
yo(z), yi(z)"such that, unifoimly in x on a Sz

10.4.112

yo(x) = Ai ( - X142)(1 + 0(X-9) -co

yi (2) =Bi ( - Xlix)11 + o(k l)]

and, uniformly in a on 0 fix V

10.4.113

yo(z) -Ai (-xt412)(i +004-9)+13i (-Xii3z)0(X-'),

(z) Bi - x1132)11 + 0(x -')[ + Ai ( - X1132)0(X-')

(ii) If AfX >0, ./X00, there are solutions
yo(s), y, (r) such that, uniformly in a on a

°5 P41*
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10.4.114

yo(x)=Ai (-1X"x)(1+0(A -2))

yi(x)=Bi (-04x)(1+0(x-91 (N-c.

For further representations and details, we
to (10.4).

When a is complex (bounded or unbound
conditions under which the formal series 10.4.
yields a uniform asymptotic expansion of a ra-

tion are given in (10.12) if g(a, A) is independ t
of X and IX10 with fixed w, and in 110.141 X

lies in any region of the complex plane. Further
references are (10.2; 10.9; 10.10).

The General Case w"(xlp(s)+9(s ))1101.0

),
10

Let X= IXIsly where N)41(>0) and -1r 50 Sir;
suppose that p(a) is analytic in a region R and has
a zero a=ro in R, and that, for fixed X, g(2, X) is
analytic in a fora in R. The transformation

f(z), v=qp(z)/aloto(s), where $ is defined as
the (unique) solution got the equation

10.4.115 E (1)$=2P(s),

yields the special case

dIv
10.4.116 + [Xl+f(1, )4)]1, = 0,

f(td )4 -di 2, x)- d-ti)-tg( (19-1 Rd in
&ample:

Consider the equation

10.4.117 y"+[Xs-(Xt i1 x-')y =0
for which' the points x=0, or are singular points
and 2=1 is a turning point. It has the functions
244(Xx), act 1'),(X.2) as particular solutions (see
9.1.49).

The equation 10.4.115 becomes

I (-E)"=-41-0+Ini r-1(14il=?)

whence

(0<aS 1)

en= .ff-q-arccos (1z< co).

Thus
\ 1/4

y(z)10.4.118
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satisfies the equation

=SOL 'FUNCTIONS OF TRACTIONAL MSS

It follows from 10.4.120 that uniformly in a on
0<x< co
10.4.12510.4.119 divilkt-1

414-4 xl(31.4.41] °=°re
which is of the form 10.4.111 with x replaced by
and g(i, A) independent of A.

Suppose SiA 0, ./A 00: By the fiat equation
of 10.4.114 there is a solution 90(1). of 10.4.119,
i.e., a solution yo(x) of 10.4.117 for which the
representation

10.4.120
\

voa)mkw)
01

YoW 103 Ai( )401)(1 + 0(A- ')]

holds uniformly in x on 0<x<0 as 1)41-
To identify yo(i) in terms* of 'MOO, onm,

restrict at to 0 <zb <1 so that by 10.4.118E is
degative, and replace the Airy function by its
asymptotic representation 10.4.59. This yields

10.4.121

5-1,1x-1,4(..1)11. exp (2xly714 1

. (11-0(A-1)]

-114
IM (-411) eXP )4(Os")

+ 004-11

Let now A be fixed and x-0 in 10.4.121. There
results

10.4.122 yo(x) i ir-u'A-uxo (I 41

On the other hand, yo(x) is a solution of 10.4.117
and therefore it can be written in the form

10.4.123 yo(x).21n(cl./k(x) +41%441

where, from 9.1.7 for A fixed and x-40

JA(Ax),,,

YA(U) --Pile- cot Air (r)..). arc Arr.ro4+1) 1' 1A)

Thus, letting x--.0 in 10.4.123 and comparing the
resulting relation with 10.4.122 one finds that
4.0 and

10.4:124 yo(s) ft- in'A-4- uSehr (A + 1)xuloth (As)

Jo(As)

21iii +us de'-'1\-114 .ImiWe 45-\--i) Al (A tX1+0(X-11
(1X1"))

Numerical Methods

10.5. Use and Crtenslon of the Tables

Spherical Semi Fimetlem

To computajo(x), yo(x), s=0, 1, 2, for values of
outside the range of Table 10.1, use formulas

10.1.11, 10.1.12 and obtain values for the circular
functions from Tables 4.6 -4.8.

Example 4: Compute A(x) for s.11.425.
sin x cos sFrom 10.1.11, A (a).-- Hence, using

xs
Tables 4.6 and 4.8,

.90920 500 .41634 873
A(11'425)'" 11.425)* 11.425

= .00696 54535 .036441902
= .04340 7356.

To compute Mx), 11 gn 20, for a value of
within the range of Table 10.3, obtain from Table
10.3, directly or possibly by linear interpolation,
jot(x), Ao(x) and use these as starting values in the
recurrence relation 10.1.19 for decreasing n.

An alternative procedure which often yields
better accuracy and which also applies to compu-
tations of Mx) when both n and a are outside the
range of Table 10.1 is the following device essen-
tially due to J. C. P. Miller (9.201.

At some value N larger than the desired value
assume tentatively FN115,0, Fee 1 and use

recurrence relation 10.1.19 for decreasing N to
obtain the sequence . . Fo. If N was
chosen large enough, each term of this sequence
up to F. is proportional, to certain number of
significant figures, to the corresponding term in
the sequence jx_1(x), . . Jo(x) of true values.
The factor of proportionality, p, may be obtained
by comparing, say, Fo with the true value Mx)
computed separately. The terms in the sequence
pPo, . . . pF,, are then accurate to the number
of significant figures present in the tentative
values. If the accuracy obtained iinot sufficient,
the process may be repeated by starting from a
larger value N.
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Eigample 2. Compute jis(z) for z= 24.6.
Interpolation in Table 10.3 yields for z= 24.6

enelseiti(x)- (-28)3.934616
z-N.1 "j20(x)= (-27)9.48683

whence

ja(24.6)= .05804 29, j20(24.6)=.03896 98.

From the
results

recurrence relation 10.1.19 there

j19(24.8)= .00890 67660 (.00890 70)

.ils(24.6)= .02484 93173 [-.02485 90)

j17(24.6)= .04628 17554 [-.04628 16)

ji.(24.6)= .04099 87086 [-.04099 88)
.00871 65122 [-.00871 67]

For comparison, the correct values, are shown in
brackets.

To compute fax) for z=24.6 by Miller's de-
vice, take, for example, N=39 and assume
Fe=0, F10=1. Using 10.1.19 with decreasing N,
i.e., Fm_1.---[(2N+1)14FN- Fm.,.1, N=39, 38, . .

1, 0, generate the sequence Fla, Fat, . F0,

compute from Table 4.6, /0(24.6) = (sin 24.6)/24.6
- .02064 620296, and obtain the factor of pro-

portionality

P=io(24.6)/Fo=.00000 03839 17642.

The value pF,s equals ju(24.6) to 8 decimals,
The final part of the computations is shown in
the following table, in which the correct values
are given for comparison.

N IN PIN
...

ix (24.8)

lb - 22704.71107 - .00871 87391 - .00871 874
14 +78178.88238 +.03001 42622 +.03001 426
13 +.114888.80811 +.04409 93941 -F. 04409 939
12 +47894.44363 +.01838 76218 +.01838 762
11 - 88193. 59317 -. 02341 28882 -. 02641 289
10 - 109782.78234 - . 04214 76392 -. 04214 764

9 - 27623.39903 - .01060 87186 - .01068 872
8 +88524.86262 +.03398 82628 +. 03398 826
7 +88899. 11017 4.. 03406 31532 +. 03406 816
8 -34440. 02929 -. 01322 21348 -. 01822 218
6 -108899. 12686 -. 04104 04802 -. 04104 048
4 - 13380.39272 -. 00612 92906 -. 00612 929

\3 + 102011. 17704 +. 03918 38906 +. 08918 389
3 +42387. 98341 +.01827 34870 +.01827 349
1, - 93396.73728 -. 03686 82712 -- .03686 527
0 - 63777.88747 -. 02084 82030 - .02084 820

e

It may be observed that the normalization of the
sequence Fs, FA, . . F0 can also be obtained
from formula 10.1.50 by computing the sum
o=° (2k+1)F1 /Aid finding p=11110. This

yields, in the case of the example, p=1/1Th=
.00000 03839 177.
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Modified Spherical &mei Functions

To compute AliirTil,,+.1(x), ArigiTzK044(z), n=0,
1, 2, . . . for values of z outside the range of
Table 10.8, use formulas 10.2.13, 10.2.14 together
with 10.2.4 and obtain values for the hyperbolic
and exponential functions from Tables14.4 and
4.15. In those cases when Ari/i/$44(z) and
s/-0_4(z) are nearly equal, i.e., when z is
sufficiently large, compute AIRXIC,,44(z) from
formula 10.2.15, for which the coefficients (n+ j, k)
are given in 10.1.9.

Example S. ComputeAT-/d013(z), VriTaKen(z)
for z=16.2.

From 10.2.13, ArP5/0/2(z)=(3+0) sinh x /zI-
3 cosh x /z2; from Table 4.4, cosh 16.2= (6)5.4267
59950 and this equals the value of sinh 16.2 to the
same number of significant figures. Hence

Ifir/16.210/2(16.2)= (.06243 402371
- .01143118427)[(6)5.4267 59950]
=338814.4594-62034.29298
=276780.1664.

To compute Vir/16.214,0(16.2) use 10.2.17 and
obtain

r 1 6 , 12 1
111W5721C5/416.2)="-16.2mi+rovrtiRIJ

= ( - 7)2.8945 38069[.036932 60400]

= (-8)1.0690 28283.

To compute iffi5/+.(41 3 Ste S8, for a
value of x within the range of Table 10.9, obtain
from Table 10.9, 1/Frz/1013(x), 411723/11,0(z) for
the desired value of x and use these as starting
values in the recurrence relation 10.2.18 for
decreasing n.

To compute AlFTr zK.4.1(z) for some integer n
outside the range of Table 10.9, obtain from
10.2.15 or from Table 10.8, ArciTzKi(x),
ArRiKlis(z) for the desired value of x and use
these as starting values in the recurrence relation.
10.2.18 for increasing n. If x lies within the
range of Table 10.9 and n>10, the recurrence
may be started with VFXICI0,0(z),11FITr zKum(x)
obtained from Table 10.9.

Example 4. Compute A/Fr-/XKLI a(z) for x =3.6.
Obtain from Table 10.8 for x=3.6

460
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The recurrence relation 10.2.18 yields successively

-ViiiiiiKen(3.6). -.01102 222
3
6

--- (01523 3982)
3.

=- .02461 718

=

iiiriliKus(3.6)=.01523 3952
5

+3 8
- (.02461 718)

.04942.4480

ltFT1.6K9,;(3.6)= - .02461 718

-.576. (.04942 4480)

=- .12072 034

VW/571KIII,(3.8) = .04942 4480
9

+3.6- (.12072 034)

.5122 533.

As a check, the recurrence can be carried out until
n =9 and the value of jii7/376K19,1(3.6) so obtained
can be compared with the corresponding value
from Table 10.9.

To compute y IFTZL,44(z) when both n and z
are outside the range of Table 10.9, use the device
described in [9.201.

Airy Functions

To compute Ai(z), Bi(z) for values of z beyond
1, usi'auxiliary functions from Table 10.11.

Example S. Compute Ai(z) for z.4.5.
First, for z.4.5,

4=101=6.36396 1029; r1..15713 48403.

Hence, from Table 10.11, f(- i) = .55848 24 and
thus

Ai (4.8)

4(4.5)-"(.55848 24) exp (-8.36396 1029)
= i(.68658 905)(55848 24)(.00172 28302)

=.00033 02503.

To compute the zeros c, c' of a solution y(z) of
the equation y" -xy=0 and of its derivative

461

y'(z), respectively, the following formulas may be
used, in which d, d' denote approximations to c, c',
and u= y(d)/y'(d), v=y1(d')/d'Iy(ds).

iss 164 148c=d-u-2d 7;1+2
Ti

-24th'
al = (88 +720d')+88d ip-(88+720d1) fi

+5856/11-(16640d+40320d4)14+ . . .

c' =t1'{1-v1- (31-2dp- (18+ 10d's)4;

- "(105+76d +We);

-(945+756d"+272d");- .}

2/'(e)=Y1(1) {1-d ;.+31 -30 41-1-14d 152!.

-(14+450):;+4710

-(14324+15750)8-;+ .}

y(e)=y(d') {1-d" Z'-d'' ;- (3d" +304-iv

v6-(15d41-14d")ii

...,(105d'a+101d'°1-45(14)74-
JJ

Example 6. Compute the zero of y(z)=Ai(z)
-Bi(z) near d= - .4.

From Table 10.11,

y(-.4)=.02420 467, y'( - ;71276 827

whence u= y( - .4)/yq- .4) = .03398 8776. From
the above formulas

c=-.4+.03395 8778-.00000 8221
+.00000 0111+.00000 0001

= -.36604 6333.
yi(c)=(-.71276 627){1+.00023 0640

-.00000 6527-.00000 0027+.00000 0002)
=(-.71276 627)(1.00022 4088) .

= -.71292 899.
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BESSEL FUNCTIONS OF FRACTIONAL ORDER

SPHERICAL DOM. FUKTIONS-ANIDERS 0.1 AND 2

fo(4 i (a)
0.0 1.00000 000 0.00000 0000
0.1 /0.99833 417 0.03330 0012
0.2 / 0.99334 665 0.06640 0)81
0.3/ 0.98506 736 0.09910 2888
0,4 0.97354 586 0.1)121 215

0.5 0.95885 108 0.1Q53 706 3

0.6 0.94107 079 0.1T289 19
0.7
0.8 0

92031 089W
511
98 0.22209

0.24998 55821828
0.9 0.870)6 323 0.27639 252

1,0 0.84147 098 0.30116 868
1.1 0.81018 851 0.32417 490
1.2 0.77669 924 0.34528 457
1.3 0.74119 860 0.36438 444
1.4 0.70389 266 048137 537

1.5
1.6

0.66499 666
0.62473 350

0.39617
0.40870 814

297

1.7
1.8

0.583)3 224
0.54102 646

0.41892
0.42.79

74: :

1.9 0.49805 268 0143228 519

2.0 0.45464 871 0.43539
2.1 0.41105 208 0.43614 199
2.2 0.36749 837 0.4)454 522
2.3 0.32421 966 0.43065 030
2.4 0.28144 299 0.42451 529

2.5 0.239)8 886 0.41621 299
2.6 0.19826 976 0.40583 020
2.7 0.15828 884 0.39346 703
2.8 0.11963 863 0.37923 606
2.9 0.08249 9769 0.36)26 136

3.0 0.04704 0003 0.34567 750
3.1 *0.01341 3117 0.32662 847
3.2 -0.01824 1920 0.30626 652
3.3 -0.04780 1726 0.28475 092
3.4 -0.07515 9148 0.26224 678

3. -0.10022 378 0.2)892 169
3.6 -0.12292 235- 0.21495 446
3.7 - 0.14319 896 0.19051 )80
3.8 -0.16101 523 0.16577 697
3.9 -0.17635 030 0.14091 846

4.0
4.1

-0.18920 062
-0.19957 978

0.11611
0.09152 2960757

4.2 -0.20751 804 0.06731 9710
4.3 -0.21306 185 0.04365 9843
4.4 -0.21627 320 +0.02069 5380

4.5 -0.21722 892 -0.00142 95812
4.6 -0.21601 978 -0.02257 9838
4.7 -0.21274 963 -0.04262 9993
4.8 -0.20753 429 -0.06146 5266
4.9 -0.20050 053 -0.07898 2225

3.0 -0.19178 485 -0.09508 9408
-r( 04J r

6 j

10) Yo(s)
0.00000 000000 -0
0.00066 619061 -9.95004 17

90561 -4.90033 29
0.00596 15249 -3.18445 SO
0.01054 5302. -2.30265 25

Table 10.1

NI (x)

-100.49875
-25.495011
-11.599917
--6,73017 71

1/2(a)

3005.0125
- 377.52483
-112,81472

-48,173676

-4.46918 13 - 25,059923
-3.23366 97 -14.792789
-2.48121 34 -9.54114 00
-1.98529 93 -6.57398 92
-1.63778 29 -4.76859 87

-1.38177 33 -3.60501 76
-1.18506 13 42.81962 54
-1.02833 66 - 2,26887 66
-0.89948 193 -1.86995 92
-0.79061 059 -1.57276 05

-0.69643 541 -1.34571 27.
-0.61332 744 -1.16823 87
-0.53874 937 -1.02652 51
-0.47090 236 -0.91106 065
-0.40849 878 -0.81515 048

"0.35061 200 70.73399 142
-0.29657 450 -0.66408 077
-0.24590 723 -0.60282 854
-0.19826 956 -0,54829 769
-0.15342 325 -0.49902 644

-0.11120 588 -0.45390. 450
-0.07151 1067 -0.41208 537
- 0.03427 3462 -0.37292 316
+0.00054 2796 -0.33592 641

0.03295 3045 -0.30072 380

0.06295 9164 -0.26703 834
0.09055 5161 -0.23466 763
0,11573 164 -0.20346 870
0.13847 939 -0.17334 594
0.15879 221 -0.14424 164

0.17666 922 -0.11612 829
0.19211 667 - 0,08900 2337
0.20514 929 -0.06287 8964
0.21579 139 -0.03778 7773
0.22407 760 -0.01376 9102

0.23005 335 +0.00912 9107
0.23377 514 0.03085 4018
0.23531 060 0.05135 0236
0.23473 838 0.07056 1855
0.23214 783 0.08843 4232

0.22763 858 0.10491 554
0.22132 000 0.11995 814
0.21331 046 0.13351 972
0.20373 659 0.14556 433
0.19273 242 0.15606 319

0.18043 837 0.16499 546

0.01637
0.02)38
0.03153
0.04075
0.05094

0.06203
0.07392
0.08651
0.09968
0.113)4

0.12734
0.14159
0.15595
0.17029
0.18450

0.19844
0.21200
0.22506
0.23749
0.24920

0.2

1107
8995
878
0531

0

5135

5052
4849
2186
8571
028

928
426
157

32320

795
791
330
812
113

- 1.75516
-1.37555
- 1.09263
-0.87088
- 0.69067

-0.54030
- 0.41236
-0.301%
-0.20576
-0.12140

-0.04715
.0.01824

0.07579
0.12622
0.17015

0.20807
0

0.26750
0.28968
0.30724

0.32045
0.32957
0.33484
0.33650
0.33481

0.32999
0.32230
0.31196
0.29923
0.28435

0.26755
0.24909
0.22921
0.20814
0.18613

0.16341
0.14020
0.11672
0.09320
0.06984

0.04684
0.02438

+0.00263
- 0.01822
-0.03806

585
0.27889 675
0.28668 572
0.29328 784

0.29863 750
0.30267 895
0.30536 678
0.30666 620
0.30655 336

0.30501 591
0.30205 107
0.29766 961
0.29189 179
0.28474 912

0.27628 369
0.26654 781
0.25560 355
0.24352 220
0.23038 368

0.21627 586
0.20129 380
0.18553 900
0.16911 850
0.15214 407

0.13473 1211
r( )2

51
94
17
339
774

21
011
480
833
510

8134
9701
0879
)39
240

142
291
01
523
738

745
20
1563
798
316

750
166
712
629
241

05
9956
622
940
649

091
096
877
9110
8380

3511
0984

86
858955
3749

-0.05673 2437

is(g)-ihrizi,44 sf(x)- iAqara+i(x)- Or+ VW:a os+ (.0

Compiled from National Bureau of Standards, Tablesof spherical Bowel functions, vole. I, II. Columbia

Univ. Press, New York, N.Y., 1947 (with permission).
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Table 10.1 SPHERICAL HEMEL FUNCTIONS - ORDERS 0, 1 AND 2

z Jo(r) *ji (2) 12(t) 110(z) Yi(z) . 712(4
5. 0
5. 1

-1
:1; :till -21- 9.5089 -1 1. 3473

-1 -1. 0971 -1 1. 1700 -2 :;.. flit -1 1. 6700
-1 1.8044 :1, 1. till

S.2 -1 - 1.6990 . -1 - 1.2277 -2 9.9065 -2 - 9.0099 -1 1.5257 -1 1.7812
5.3 -1 - 1.5703 -1 -1. 3423 -2 8.1054 -1 - 1.0460 -1 1.3730 -1 1.8231
S.4 -1 - 1.4310 -1 - 1.4404 -2 6.3084 -1 -1.1754 -1 1.2134 -1 1.8495

S. 5

5. 8 -2 -8. 0104

5. 6
5. 7

5. 9

-1
:1:1111

-2 -9. 6611

-2 -6. 3369

-1
:1°. :RI

-1 -1. 6339

-1 -1. 6794
-1 -1. 6649

-2 4.5277
-2 2. 7749
-2 +1. 0617
-3 -6. 0100
-2 -2. 2024

1 :t:Ir4.1
-1 -1.4644 -2 7. 0920

-1 -1. 5720 ,-2 3. 6725
-1 -1.5268 -2 5.3780 -1 1.8049

-1 1. 0485
-2 8. 7995

-1
1.1116°:

-1 1, 8377

-1 1.7587

6. 1
-2

.-1, 48:1
-1

-116220; -1
--1... :ffil -2 1.9898

-1 16. Crl
6. 0

6. 4
6. 3
6.2

-2 1. 8211

-2 - 1.3402
-3 +2. 6689 -1 -1. 5828

-1 - 1.6289

7326
-2 -5. 1419

-2 -7. 8042
-2 - 6.5418 -1 -1.6073 -2 -1. 2523 -1 1.5467

-2 -8. 9620
-1 -1. 5871

-3 +3. 4379

-2 - 2.7861 -1 1.4544
-2 -4. 2458-1 - 1.5234 -1 -1.5519 -1 1.3528

6.5 -1 - ,1.4515
6. 6

-2
it ?ill . -1 - 1.3682 -1 -1. 00°9

-1
--16. 1(311

-2
3.. 11(81

-1
1:1111-1 -1. 0940

6.7 .2 6.0425 -1 - 1.2746 -1 - 1.1750 -1 - 1.3648 -2 - 8.0795 -1 1.0030
6. 8 -2 7.2664 -1 - 1.1717 -1 - 1.2435 -1 -1.2785 -2 -9.1466 -2 8.7500
6.9 -2 8. 3832 -1 - 1.0607 -1 .1. 2995

.
-1 -1.1822 -1 - 1.0097 -2 7.4323

7. 1
-2 9.3855 -2 :98142Z -1 - 1.3427

-1 -1. 3730 1 29.. :2410
-1 1. al: -2 4. 7295

7. 0

7. 4
7. 3
7. 2

-1 l'. 1650
-1 1/ 1023

-1 1. 2145
-2 -5. 6107
-2 -4. 2851

-2 - 6.9183 -1 - 1.3906

-1 .1. 3882
-1 -1. 3956 -2 -7. 2 5 -1 -1. 2637 -2 2. 0132

-2 -8.449 -1 - 1.2197 -2 3.3674

-2 6. 0883

-2 -5. 63 -1 -14940 -3 +6.7812

7.5
7. 6

-1 I.. 1;(3176 1 -1.. 96/4A -1 -1. 3688 -2 -4 6218
-1 -1. 3379 3061

-1
:1: Ni? 3 :t..1421

7. 7 -1 1.2833 -3 - 3.2520 -1 -1. 2960 -2 .9919 -1 - 1.3092 -2 - 3.1089
7.8 -1 1.2802 -3 +9.4953 -1 - 1.2437 -3 6.9174 -1 - 1.2891 -2 - 4.2662
7.9 -1 1.2645 -2 2.1829 -1 - 1.1816 -3 .5.8231 -1 -1.2571 -2 -5. 3561

8.0
8. 1

-1 1.2367 -2 3.3646
4. 4850

8. 2 -1 1.1472 -2 5. 5351
8.3 -1 1. 0870 -2 6.5069
8.4 -1 1. 0174 -2 7. 3932

8. 5 -2 9. 3940 - 8.1877
8. 6 -2 8.5395 -2 8.8851
8. 7 -2 7. 6203 9.4810
8.8 -2 6.6468 -2 9.9723
8. 9 -2 5.6294 -1 1.0357

9. 0 1. 0632
9. 1

-2
1.120:6

-1
1.0800

9.2 -2 2.4227 1.0859
9. 3 -2 1. 3382 -1 1. 0813
9.4 -3 X2.6357 -1 1. 0663

9.5 -3 -7. 9106 -1
1. gill9. 6 -2 - 1.8159

9.7 -2 - 2.8017 -2 9.6325
9. 8 -2 -3. 7396 -2 9. 1126
9. 9 -2 -4. 6216 -2 8. 5149

10. 0 ( -2) - 5.4402 ( -2) 7. 8467

211-1.10311035
-2
-2
-2

-2
-2

- 9.4473
- 8.5177
- 7.5334

- 6.5042
- 5.4401

-2 -4. 3510
-2 -3. 2471
-2 -2. 1385

-2 .1. 0349
-4 +5.3818
-2 1.1184
-2 2.1498
-2 3.1395

-2 4. 0795
-2 4.9622
-2 5.7808
-2 6. 5291

. -2 7.2018

' ( -2) 7.7942 (

ii(4-11;fla+I(x)

453

1 1.8188 -1
:1:11:3

-2 4.1360 -1 -lb 0968
-2 5.1973 -1 - 1.02'43
-2 6.1820 -2 -9.4378

-2 7. 0825 -2 - 8.5607
7.8921 -2 - 7.6218
8.6051 -2 - 6.6312
9.2170 -2 - 5.5994

-2 9.7240 -2 -4.5369

-1 1. 0124 -2 - 3.4542
-2 -2. 36211. 0415
-2 -1. 2710

-1
1. 0596

-3 - 1.91011. 0669.
-1 1.0635 -3 .8.6782

-1 1.0497 -2 1.8960
-1 1. 0257 -2 2. 8844

9. 9213 -2 3.8245
-2 9.4941 -2 4. 7084
-2 8.9817 -2 5.5288

-2
3. ;III

-2 -8. 1487
-2 - 8.8997
-2 - 9.5527

-1 - 1.01041 ll
-1 - 1.0892
-1 - 1.1126
-1 - 1.1253

-1
:1:1141

-1 -1. 1011
-1 -1. 0731
-1 - 1.0358

-2 INS:
-2 - 8.7385
-2 - 8.0528
-2 -7. 3063

-2) 8. 3907 ( -2) 6.2793 ( -2)-6. 5069

y.(!)- AireTrY,,41(z)- (-1)" -"Vitia_wfow



r J3(z)
0.0 0.0000

1

0.1 -6 9.5185
0.2 -5 7.6021
0.3 -4 2.5586
0.4 -4 6.0413

0.5 -3 1.1740
0,6 -3 2.0163
0.7 -3 3.1787
0.8 -3 4.7053
0.9 -3 6.6361

1.0 -3 9.0066
1.1 -2 1.1847
1.2 -2 1.5183
1.3 -2 1.9033
1.4 -2 2.3411

1.5 -2 2.8328
1.6 -2 3.3774
1.7 -2 3. /54
1.8 -2 4 252
1.9.. -2 .3249

1

2.0 6.0722
2.1 6.8639
2.2 2 7.6962
2.3 -2 8.5650

/
2.4 , -2 9.4654

1.7 -1 1.2301

2.5'

246 -1 1.1339

2.8 -1 1.3270
2.9 -1 1.4241

3.0 -1 1.5205
3.1 -1 1.6156
3.2 -1 1.7087
3.3 -1 1.7989
3.4 -1 1.8857

3.5 -1 1.9681
11.6 -1 2.0456
3.7 -1 2.1174
3.8 -1 2.1829
3.9 -1 2.2414

4.0 -1 2.2924
4.1 .1 2.3354
4.2 -1 2.3697
4.3 -1 2.3951
4.4 -1 2.4110

4.5 -1 2.4174
4.6 -1 2.4138
4.7 -1 2.4001
4.8 -1 2.376,
4.9 -1 2.3423

SESSEL FUNCTIONS OF FRACTIONAL ORDER '459

SPHERICAL RESSEL FUNCTIONS -- ORDERS 3-10 Table 10.2

)4(1) Ji (4 je(x) .4(z) jo(z) 109/-9j9(z) 10"1-1°j10(t)
0.0000 0.0000 0.0000 0.0000 0.0000 1.52734 93 7.29309 19

-7

1

1.0577 -10 9.6161 *-12 7.3975 -14 4.9319 .16 2.9012 1,52690 56 7.27151 10

-6 1.6900 - 8 3.0737 -10 4.7297 -12 6.3072 -14 7.4212 1.52589 53 7.26677 00

-6 85364- 2.3296 - 9 5.3784 -10 1.0761 -12 1.8995 1.52407 96 7.25887 47

-5 2.6894 7 9.7904 - 8 3.0149 -10 8.0448 -11 1.8938 1.52154 09 7.24783 46

//

-5 6.5390 - 6 2.9775 7 1.146/ 9 3.8259 -10 1.1261 1.51828 26 7.23366 29
-4 1.3491 - 6 7.3776 ` - 7 3.4113 8 1.3665 -10

/

4.8282 1.51430 88 7.21637 65

-4 2.4847 - 5 1.5866 - 7 8.5649 8 4.0046 - 9 1.6515 1.50962 48 7.19599 61

-4 4.2098 - 5 3.0755 6 1.8989. - 7 1.0153 - 9 4.7873 1.50423 66 Y.17254 61

- 4 6.6912 - 5 5.5059 - 6 3.8277 7 2.3040 - 8 1,2228 1.49815 12 7,14605 41

-3 1.4661
-

451 l.424:16

- 6 7.1569 7 4.7901 - 8 2.8265 1.49137'65 7.11655 26
5 1.2590 - 7 9.2769 8

1

-3 1.0110

-3 3.7164 - 4 4.7963 5 5.2181

-

6 4.9082 - 7 4.0669 1.45757 18 6.96919 61

6.0254 1.48392111 7.08407 57
-3 2.0546 - 4 2.2643 5 2.1058 6 1.6942 - 7 1.2013 1.47579'48 7.04866 21

-3 2.7976 - 4 3.3461 5 3.3756 6 2.9451 - 7 2.2640 1.46700 80 7.01035 39

-3

1

4.8324 - 4
9.1354

- 5 7.8174 - 6 7.8875 - 7 7.0086 1.44749 84 6.92523 71

-3 6.1667 4 4 4 1.1395 - 5 1.2279 - 6 1.1649 1.43680 05 6.87852 85

-3 7.7397 - 3 1.2212 4 1.6212 . - 5 1.8587 - 6 1.8756 1.42549 17 6.82912 49

-3 9.5709 - 3 1.6031 4 2.2577 5 2.7444 - 6 2.9356 1.41358 63 6.77708 37
-2 1.1679 - 3 2.0705 4 3.0840 5 3.9632 - 6 4.4800 1.40109 93 6.72246 53

....

-2 1.6788
-2 1.9817 - 3 4.1059 4 7.1289 4 1.0661. - 5 1.4009 1.36030 78 4379 07

-2 2.6872 - 3 6.1171 3 1.1645 4 1.9071 - 5 2.7420 1.33' 81 6.41301 19
-2 2.3176 - 3 5.0375 4 9.1665 4 1.4358 - 5 1.9754 1.34565 6.47951 98

- 3 2.6352 - 4 4.1404 5 5.6097 - 6 6.6832 1.38804 63 6.66533
4 5.4720 , - 5 7.7975 - 6 9.470 1.37444 35 6.6' 19

-2

1

3.0911 - 3 7.3576 -

8.7717
1.4630 - 4 2.5009 - 5 3.751. .31488 05 6.34434 22

4 3.5292 - 3 7 3 1.8192 - 4 3.2410 5 5 7 1.29879 28 6.27358 74
- 2 4.0014 - 2 1.0372 3 2.2404 - 4 4.1542 .7532 1.28226 44 6.20082 63

-2 4.5071 - 2 1.2169 3 2.7345 - 4 5.2705 5 8.9013 1.26531 50 6.12613 95

- 2 5.0454 - 2 1.4174 3 3.3096 - 4 6. 4 1,1601 1.24796 48 6.04960 91

- 2 5.6150 - 2 1.6397 - 3 3.9744
-2 6.2142 2

8A484 - 4 1.4983 1.23021 41 5.97131 85

1

3 4.7374 - 3 1,0187 4 1.9160 1.21214 38 5. 9115 26

-2 6.8409 - 2 2.1532 3 5.6074 - 3 1.2481 4 2.4283 1.19371 48 5 0979 75
-2 7.4929 - 2 2.4457 6.5935 - 3 1.5177 4 3.052,0 1.17496 82 5 72674 00

- 2 8.1673 - 2 2.7626 3 7.7045 - 3 1.8926 4 1.80510 1.15592 54 64226 82

- 2 3.1042 - 3 8.9491 - 3 2.1980 - 4 4:7098 1.13660 79 .55647

-1 1.1022 - 2 4.2765 2 1.3569 - 3 3.6544 4 8.5665 1.07722 93 .29201 62

-2 9.5706 - 2
-1 1.0292 - 2 3.8614 2 1.1873 - 3 3.1030 4 7.0639 1.09723 52 .38125 47

-1 1.1756 - 2 4.7151 2 1.5429 - 3 4.2801 3 1.0325 1.05702 31. .20181 05

3.4705 2 1.0336 - 3 2.6195 4 5.7875 1.11703 73 .46943 61
OS

-1 1.3217

-1 1.4631 - 2 6.6851
-1 1.5319 - 2 7.2242

-1 1.3935

- 2 5.1766 2 1.7462 - 3 4.9865
-7.

- 2 6.1630 2 2.2065 - 3 6.6676 3 1.7473 0.99550 88 4.92629 07
2 2.4645 - 3 7.6554 3 2.0603 0.97477 06 4,83311 51

3 1.2372 1.03,65 63 .11072 78
3 1.474) 1.01614 44 .01885 80

2 2.7413 - 3 107501 3 2,4174 0.95395 10 4.73942 00

-1 1.6602

-1 1.8247 - 1 1.0092

-1 1.7193 - 2 8.9207 2 3.6857 - 2 1.2739 3 3.7976 0.89120 97 4.45609 35

-1 1.7743 - 2 9.5043

- 2 78.731:: 2 3.0371
- 3 tlig! -7.

2 4.0381 - 2 1.4322 3 4.3763 0.87026 94 4.36119 18

2 4.4086 - 2 1.6042 3 5.0226 0.84934 88 4.26620 13

3 2.8229 0.93307 06 4.64529 34
3 3.2814 0.91215 01 4.55082 25

5.0 ( -1) 2.2982 (-1)1.8702 4- 1)1.0681 (- 2)/4.7967 (- 2)1.7903 (- 3) 5.7414 0.82846 70 4.17120 50

.i,M-y2ir/z., (x)
ii+i !.

r(-
4

)9j
I

1 r(-041
4 J

Compiled from National Nixon of Standards, Tables of spherical Basel funtt. as, vols. I, II. Columbia
Univ. Press, New York, N.Y., 1947 (with permission).
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460 BUM FUNCTIONS OF FRACTIONAL ORDER

Table 10.2

0.0
0.1
0.2
1.3
J.4

0.5
0.6
0.7
08
0.9

1.0
1.1
1.2
1.1
1.4

1.5
1.6
1.7
1.8
1.9

yt(r)
-

3

1-1.5015
3 -9.4126

-1.8686.
2) -5.9544

2 -2.4613
2 -1.2014
1 -6.500
1 -3.9102
1 -2.4854

1-1.4643
1 -1.1631
n .8.4253
0) -6.2927
01-4.8264

0% - 3.7893
0 -1.0374
0 -2.4804
0 -2.0598
0 -1.7366

2.0 0 -1.4844
2.1 0 -1.2846
2.2 0 -1.1242
2.3 -I -9.9368
2.4 -1 -8.8622

2.5 ( -1 -7.9660
2.6 -1 -7.2096
2.1 -1 -6.5632
2.8 -1 -6.0041
2.9 -1 -5.5144

3.0 -1 -5.0802
3.1 ..), - 4.6905
3.2 -1 -4.3365
3.9 -1 -4.0112
3.4 -1 -1,7091

3.5 ( -1 - 3.4257
3.6 , -1 - 3.1573
1.7 ( -1 -2,9012
1.8 ( -1 -2.6551
3.9 ( -1 -2.4173

4.0 -1 -2.1844
4.1 -1 -1.9615
4.2 -1 -1.7418
4.3 ( -1 -1.5269
4.4 ( -1 -1.3165

4.5 -1) -1.1107
4.6 -2) -9.0931
4.1 -2 - 1.1268
4.8 ( -2 5.2107
4.9 ( 2 - 1.3484

SPHERICAL HEMEL FUNCTIONS--ORDERS

(/) NA(/) 441 ./' Y7(s;
--

-1.0507
-3.2906
-4.34149

) -1.0372

-1.4208
-1.3857
-6.4716
-3.3557
-1.8854

31198
-4.6879
-3.2014
-2.2559

-1.6338
-1.2120
-9.1871
-7.0994
-5.5830

-4.4613
-3.6178
-2.9740
-2.4760
-2.0858

-1.7766
-1.5290
-1.3287
-1.1651
-1.0303

-9.1835
-8.2448
-7.4514
-6.1152
-6.1940

-1 -5.6901
-1 -5.2492
-1 -4.8600
-1 -4.5131
-1 -4.2011

-1 -3.9175
- -36574
-1 -3..4165
-1 -3.1913
-1 -2.9788

-1 -2.7768
-1 -2.5833
-1 -2.3966
-1 -2.2155
-1 - 2.0390

5.0 ( -2) -1.5443 ( -1; -1.8662 ( -

-
- 9.4553

- 2.3278
- 1.3028
-1.4798

- 6.1328
-2.0665
-8.2549
-3.7361
-1.8606

- 9.9944
-5.7090
-3.4337
-2.1534
-1.4020

- 9.4236
-6.5140
-4.6157
-3.3437
-2.4709

- 1.8591
-1.4220
-1.1042
-8.6948
-6.9354

- 5.5991
-4.5716
-3.7725
-3.1446
-2.6462

-2.2470
-1.9246
-1.6621
-1.4467
-1.2687

- 1.1206
- 9.9657
-8.9204
-8.0339
-7.2774

-6.6280
-6.0670
-5.5791

) -5.1525
) -4.7765

- 4.4430
-4.1450
-3.8766
-3.6331
-3.4102

)-3.2047 ( -

... 0
-1.0400

8 -1k1359

6 -6.3910
7 -4.7726

.1035
4 -25.2552

5 -1.2907
4

5 -3.7747
6 -1.3458

4 -1.0881

-3.0988
3 -5.6378
3
3 -1.7901
3 -1.0790

2 -6.7473
2 -4.3572
2 -2.8948
2 -1.9724
2 -1.3747

1 -5.2238
1 -3.9108

1 -9.7792
1 -7.0870

1 -2.9702

1 -2.2859
1 -1.7812
1 -1.4041
1 -1.1189

- 9.0069

-7.3207
-6.0048
-4.9682
-4.1447
-3.4851

-2.9528

-1.8743
-1.6325

-2.1660
-2.5201

-1.4310
-1.2620
-1.1196
-9.9895
-8.9625

-8.0839

-6.1102
-5.6166

-7.3286
-6.6763

1113:198
f -2.0668

4(t) 9t10-1:1° '')Y10-V17/10(x)
- 0 -0.34459 42 -0.65472 90

(15 -2.0277 -0.34469 56 -0.65490 14
(12 4-3.9643 -0.34499 99 - 0.63341 86
(11 -1.0329 -0.34550 77 -0.65628 18

-2.0747 ( 9 -7.7739 -0.34622 02 -0.65749 23

- 3.4929 9 -1.0465 - 0.34713 86 -0.65905 23
-8.1579 8 -2.0357 -0.34826 48 -0.66096 47
-2.3888 7 -5.1060 -0.34960 12 -0.66323 28
-8.2559 -1.5429 -0.35115 04 -0.66586 06
-3.2389 6 -5.3756 -0.35291 56 -0.66885 29

- 1.4045 -0.35490 04 - 0.67221.50
-6.6058

- 2.0959
-0.35710 89 -0.67595 30

-3.3227 -0.35954 56 -0.68007 37
-1.7686 S -2.0227 -0.36221 57 -0.68458 47
-9.8790 S -1.0477 -0.36512 46 -048949 42

- 5.7534 4 -5.6859 -0.36827 87 -0.69481 14
-3.4751

-9.1587

-3.2143 -0.37168 46 -0.70054 60
-2.1675 -1.8835 -0.37534 96 -0.70670 90
-1.3911 -1.1395 -0.37928 17 -0.71331 20

-7.0931 -0.38348 96 -0.72036 75

-6.1705 -4.5301 -0.38798 26 -0.72788 93
-4.2450 -2.9613 -0.39277 08 -0.73589 19
-2.9764 -1.9771 -0.39786 50 -0.74439 11
-2.1235 -1.3458 -0.40327 71 -0.75340 38
-1.5395 9.3247 -0.40901 97 -0.76294 81

-6.5676 -0.41510 62 -0.77304 34

-4.6.44389321

-4.6963 -0.42155 14 -0.78371 06
-3.4058 -0.42837 10 -0.79497 18

-4.8802 -2.5025 -0.43558 18 -0.80685 08
-3.7729 -1.8615 -0.44320 20 -0.81937 31

- 2.9476 -1.4006 -0.45125 11 -0.83256 59
-2.3257 -1.0653 -0.45975 01 -0.84645 82
- 1.8521
-1.4881

-8.1850 -0.46872 14 -0.86108 11
-6.3496 -0.47818 95 -0.87646 78

-1.2057 -4.9707 -0.48818 03 -0.89265 39

- 9.8471 - 3.9249 -0.49872 20 -0.90967 72

-4.7139 -1.6498 -0.54704 OS -0.98699 97

-8.1040 -3.1246 -0.50984 49 -0.92757 84
-6.7182 -2.5070 - 0.5215817 -0.94640 10
-5.6086 -2.0265 -0.53396 75 -0.96619 15

-3.9878 -1.3523 -0.56084 19 -1.00887 91

-2.1704 -6.5027 -0.62428 15 -1.10831 79

-3.3947 -1.1158 -0.57541 63 - 1.03188 69
-2.9075 -9.2642 -0.59081 20 -1.05608 44
-2.5048 -7.7389 -0.60708 14 -1.08133 78

-1.8910
-1.6566
-1.4590
-1.2915
-1.1491

-5.4951 -0.64247 43 -1.13650 10
-4.6692 -0.66172 73 -1.16616 90
-3.9887 -0.68211 42 -1.19741 05
-3.4251 -0.70371 SS -1.23032 08
-2.9560 -0.72661 94 -1.26500 29

)-5.1841 ( )-1.0274 ( )-2.5638 -0r(.75092 23 -1.r(30156 80-21 -4)2i
.+,(7)-(-1).+1 1/i-vAL,,,(,) L b)1 5 J
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BESSEL FUNCTIONS OF FRACTIONAL ORDER

SPHERICAL BESSEL FUNCTIONS --ORDERS 3-10

,

r j3(r) J4(r) J 5(4 i 41(z) .17(z) j4(,,)

5.0 -1 2.2982
-1

1.8702 -1) 1.0681 -2 4.7967 -2 1.7903 -3 5.7414
5.1
5.2 -1 2.1803
5,3 -1 2.1069 -1 1.9722 -1 1.2421 -2 6.0573 -2 2.4365 -3 8.3843
5.4 -1 2.0245 -1 1.9935 -1 1.2980 -2 6.5057 -2 2.6821 -3 9.4443

-1 2.2441 1.9102 41 1.1268 -2
1.9443 -1 1.1849 -2 5.6221 -2 2.2061 -3 7.4172

5.2015 -2 1.9908 -3 6.5379

5.5 -1 1.9335 .1 2.0078 -1 1.3522 -2 6.9660 -2 2.9429 -2 1.0602
5.6 -1 1.8340 -1 2.0150 -1 1.4044 -2 7.4364 -2 3.2191 -2 1.1862
5.7 -1 1.7270 -1 2.0147 1.4542 -2 7.9151 -2 3.5104 -2 1.3229
5.8 -1 1.6131 -1 2.0069 -1 1.5011 -2 8.4000 -.2 3.8166 -2 1.4707
5.9 -1 1.4928 -1 1.9913 -1 1.5448 -2 8.8889 -2 4.1374 -2 1,6299

6.0 -1) 1.3667 -1 1.9679 -1 1.5850 -2 9.3796 -2 4.4722 -2 1.8010
6.1 -1 1.2361 -1 1.9367 -1 1.6213 -2 9.8696 -2 4.8205 -2 1.9842
6.2 -1 1.1014 1.8977 1.6533 -1 1.0356 -2 5.1815 -2 2.1797
6.3 -2 9.6346 -1 1.8509 -1 1.6807 -1 1.0837 -2 5.5543_ -2 2.3877
6.4 -2 8.2324 -1 1.7966 -1 1.7033 -1 1.1309 -2 5.9379 -2 2.6084

6.5 -2 6.8161 -1 1.7349 -1 1.7206 -1 1.1769 -2 6.3311 -2 2.8411
6,6 -2 5.3947 -1 1.6661 -1 1.7325 -1 1.2214 -2 6.7327 -2 3.087
6.7 -2 3.9773 1.5905 1.7388 -I 1.2642 »2 7.1412 -2 3.3461
6.8 -2 2.5729 -1 1.5084 -1 1.7391 -1 1.3049 -2 7.5551 -2 3.6168
6.9 -2 1.1905 -1 1.4203 -1 1.7335 -1 1.3432 -2 7.9728 -2 3.8996

1.0 -3 -1.6120 -1 1.3265 -1 1.7217 -1 1.3789 -2 8.3923 -2 4.1940
7.1 -2 -1.4736 -1 1.2277 -1 1.7036 -1 1.4117 -2 8.8118 -2 4.4994
1.2 -2 - 2.7385 1.1243 1.6793 -1 1.4412 -2 9.2292 -2 4.8154
1.3 -2 -3.9479 -1 1.0170 -1 1.6486 -1 1.4672 -4 9.6425 -2 5.1412
7.4 -2 -5.0945 -2 9.0628 -1 1.6117 -1 1.'895 -1 1.0049 -2 5.4759

1.7 -2 -8.0904 -2 5.6051
7.8 -2 -8.9211 -2 4.4300 -1 1.4033 -1 1.5360 -1 1.1568 -2 6.8849

7.5 -2 - 6.1713 (-2 7.9285
-1

1.5685 -1 1.5077 -1 1.0448 -2 5.8188
7,6 -2 - 7.1719 -2 6.7736 1.5193 -1 1.5217 -1 1.0835 -2 6.1686

1.4642 -1 1.5312 -1 1.1209 -2 6.5244

7.9 -2 -9.6613 -2 3.2552 -1 1.3370 -1 1.5361 -1 1.1908 -2 7.2486

8.0 (-1 -1.0305 -2 2.0880 -1 1.2654 -1 1.5312 -1 1.2227 -2 7.6143
8.1 -1 -1.0851 -3 9.3549 -1 1.1890 -1 1.5212 -1 1.2524 -2 7.9804
8.2 -1 -1.1296 -3 -1.9533 1.1081 -1 1.5060 -1 1.2795 -2 8.3451
8.3 -1 -1.1638 -2 -1.2975 -1 1.0231 -1 1.4857 -1 1.3039 -2 8.7069
8.4 1 -1 -1.1811 -1 -2.3644 -2 9.3440 -1 1.4601 -1 1.3252 -2 9.0640

8.5 -1 - 1.2014 -2 -3.3894 -2 8.4249 -1 3.4292 -1 1.3434 -2 9.4145
8.6 -1 -1.2048 -2 -4.3664 -2 7.4784 -I 1.3932 -1 1.3581 -2 9.7564
8.' -1 -1.1982 -2 -5.2894 6.5099 -1 1.3520 -1 1.3693 -1 1.0088
8.8 -1 -1.1817 -2 -6.1529 -2 5.5245 -1 1.3059 -1 1.3767 -1 1.0407
8.9 -1 -1.1558 -2 - 6.9520 -2 4.5278 -1 1.2548 -1 1.3801 -1 1.0712

9.0 -1 -1.1207 -2 -7.6819 -2 3.5255 ( -1 1.1991 -1 1.3795 -1 1.1000

9.1 -1 -1.0770 -2 -8.3387 -2 2.5233 ( -1 1.1389 -1 1.3746 -1 1.1270
9,2 -1 -1.0252 -2 -8.9186 -2 1.5269 -1 1.0744 -1 1.3655 -1 1.1520
9.3 -2 -9.6572 -2 - 9.4187 -3 5.4232 i-1 1.0060 -1 1.3520 -1 1.1747
9.4 -2 -8.9931 -2 -9.8365 -3 -4.2485 -2 9.3394 -1 1.3341 -1 1.1949

9,5 -2 -8.2662 -1 -1.01 70 -2 8.5853 -1 1.3117-2 -1.3689 -1 1.2126

9.6 -2 -1.4836 -1 -1.0419 -2 -2.2842 -2 7.8016 -1 1.2849 -1 1.2275
9,1 -2 - 6.6521 -1 -1.0582 -2 -3.1654 -2 6.9921 -1 1.2536 -1 1.2394
9,8 -2 -5.7814 -1 -1.0659 -2 -4.00/2 -2 6.1608 -1 1.2180 -1 1.2482
9,9 -2 -4.8776 -1 -1.0651 -2 -4.8048 -2 5.3120 -1 1.1780 -1 1.2537

10.0 ( -2)-1.9496 (-1) -1.0559 ( -2) -5.5535 (-2) 4.4501 (-1)1.1339 (-1)1.2558

461

Table 10.2

10 .19 jo(i.) 1011
-to)10(4

0.82846 70 4.17120 50

0.76624 10 3.88698 72
0.74569 86 3.79276 59

0.78689 50 3.98151 88
0.80764 29 4.07628 42

0.72528'47 3.69892 98
0.70501 58 3.60555 18
0.68490 78 3.51270 30
0.66497 60 3.42045 23
0.64523 54 3.32886 66

0.62570 01 3.23801 06
0.60638 37 3.14794 66
0.58729 93 3.05873 50
0.56845 94 2.97043 34
0.54987 57 2.88309 73

0.53155 94 2.79677 98
0.51352 10 2.71153 12
0.49577 04 2.62739 98
0.47831 68 2.54443 09
0.46116 89 2.46266 76

0.44433 45 2.38215 03
0.42782 11 2.30291 70
0.41163 52 2.22500 27
0.39578 30 2.14844 05
0.38026 97 2.07326 03

0.32169 28 1.78687 63

0.36510 02 1.99948 99
0.35027 86 1.92715 45
0.33580 85 1.85627 66

0.30793 39 1.71897 14

0.29453 36 1.65257 72
0.28149 30 1.58770 64
0.26881 29 1.52436 97
0.25649 33 1.46257 53
0.24453 39 1.40232 92

0.23293 38 1.34363 53
0.22169 16 1.28649 51
0.21080 54 1.23090 84
0.20027 29 1.17687 25
0.19009 14 1.12438 32

0.18025 78 1.01343 42
0.17076 84, 1.02401 72
0.16161 93, 0.97612 24
0.15280 62 0.92973 83
0.14432 46 0.88485 16

0.13616 93 0 84144 75
0.12833 53 0. 9950 99
0.12081 68 0. 902 10
0.11360 83 0.71996 20
0,10670 35 0.68231 26

0.r10009 64 0.r6460 5 15
1i

L

(-5)5i
L

(-4)2J
4(1)'1 2 4 5
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462 BESSEL FUNCTIONS OF FRACTIONAL ORDER

Table 10.2 SPHERICAL BESSEL FUNCTIONS-ORDERS 3-10

i PO r) 44(r) ! /s(i) 4H(r) N7(2)
5.0 -2 -1.5443 -1)-1.8662 -1)-3.2047
5.1 -3 +1.9691 -1 -1.6965 -11-3.0134
5.2 -2 1.8700 -1 -1.5295 -1)- 2.8341
5.3 -2 3.4698 -1 -1.3649 -1 -2.6647
5.4 -2 4.9908 -1 -1.2025 -1 -2.5033

5.5 6.4276 -1 -1.0424 -1 -2.3484
5.6 7.7750 -2 -8.8447 -1 -2.1990
5.7 9.0279 -2 -7.2898 -1 -2.0538
5.8 -1 1.0182 -2 -5.7610 -1 -1.9121
5.9 -1 1.1232 -2 -4.2612 -1 -1.7732

6.0 -1 1.2175 -2 -2.7936 -1 -1.6365
6.1 -1 1.3007 -2 -1.3619 -1 -1.5017
6.2 -1 1.3726 -4 .9721 -1 -1.3683
6.3 -1 1.4329 -2 1.3770 -1 -1.2362
6.4 -1 1.4815 -2 2.6754 -1 -1.1052

6.5 -1 1.5183 -2 3.9204 -2 -9.7544
6.6 1.5432 -2 5.1073 -2 -8.4678
6.7 1.5564 6.2315 -2 -7.1937
6.8 -1 1.5580 -2 7.2886 -2 -5.9337
6.9 -1 1.5482 -2 8.2743 -2 -4.6896

7.0 -1 1.5273 -2 9.1846 -2 -3.4641
7.1 -1 1.4956 -1 1.0016 -2 -2.2599
7.2 1.4535 -1 1.0764 -2 -1.0801
7.3 -1 1.4016 -1 1.1427 -4 +7.1768
7.4 -1 1.3404 -1 1.2001 -2 1.1922

7.5 -1 1.2705 -1 1.2485 -2 2.2774
-17.6 -1 1.1925 1 1.2877 -2 3.3235

7.7 1.1073 1.3176 -2 4.3267
7.8 -1 1.0156 -1 1.3380 -2 5.2831'
7.9 -2 9.1812 -1 1.3491 -2 6.1887

8.0 8.1 577 -1 1.3509 -2 7.0400
8.1 1 7.0941 -1 1.3435 -2 7.8334
8.2 5.9992 -1 1.3270 -2 8.5654
8.3 -2 4.8821 -1 1.3017 -2 9.2329
8.4 -2 3.7517 -1 1.2679 -2 9.8330

8.5 -2 2.6172 -1 1.2259 -1 1.0363
8.6 -2 .1.4876 -1 1.1762 -1 1.0821
8.1 -3 +3.7160 1.1191 -1 1.1205
8.8 -3 -7.2210 -1 1.0551 -1 1.1513
8.9 -2 - 1.7852 -2 4,8492 -1 1.1745

9.0 -2 -2.8097 9.0898 -1 1.1899
9.1 -2 -3.7880 8.2794 -1 1.1976
9,2 -2 - 4.7130 7.4246 -1 1.1976
9.3 -2 -5.5782 -2 6.5321. -1 1.1900
9.4 -2 -6.3774 -2 5.6089 -1 1.1748

9.5 -2 -7.1053 -2 4.6623 -1 1.1522
9.6 -2 -7.7572 -2 3.6995 -1 1.1225
9.7 -2 -8.3288 -2 2.7280 -1 1.0860
9,8 -.2 -8.8169 -2 1.1550 -1 1.0429
9.9 -2 -9.2189 -3 47.8793 -2 9.9352

10.0 (-2)-9.5327 (-4)-1.6599 (-2) 9.3834

ys(z) 10-8:Wye (e)

-1 -5.1841 0 -1.0274 -2.5638
-1 -4.8031 -1 -9.2298 -2.2343
-1 -4.4658 -1 -8.3305 -1.9564
-1 -4.1656 -1 -7.5528 -1:7210
-1 -3.8967 -1 -6.8777 -1.5208

-1 -3.6545 -1 -6.2895 -1.3499
-1 -3.4349 -1 -5.7750 -1.2034
-1 -3.2345 -1 -5.3232 -1.0774
-1 -3.0503 -1 -4.9248 -9.6863
-1 -2.8799 -1 -4.5723 -8.7446

-1 -2.7210 -1 -4.2589 -7.9262
-1 -2.5717 -1 -3.9791 -7.2128
-1 -2.4306 -1 -3.7281 -6,5889
-1 -2.2961 -1 -3.5018 -6.0416
-1 -2.1672 -1 -3.2969 -5.5598

-1 -2.0428
-1 -1.9220

-1 IA
-1

-5.1344
-4.7576

-1 -1.8042 -1 -2.7813 -4.4227
-1 -1.6887 -1 -2.6351 -4.1239
-1 -1.5751 -1 -2.4985 -3.8565

-1 -1.4628
-1 -1.3517

-1 1:347N
-1

-3.6163
-3.3996

-1 -1.2414 -1 -2.1334 -3.2032
-1 -1.1319 -1 -2.0228 -3.0246
-1 -1.0229 -1 -1.9162 -2.8613

-2 -9.1449
-2 -8.0665

-1
-1

:1:1113 -2.7112
-2.5726

-2 -6.9945 -1 -1.6136 -2.4439
-2 -5.9299 -1 -1.5166 -2.3236
-2 -4.8741 -1 -1.4209 -2.2106

-2 -3.8290 -1 -1.3262 -2.1038
-2 -2.7968 -1 -1.2322 -2.0022
-2 -1.7798 -1 -1.1387 -1.9050
-3 -7.8077 -1 -1.0456 -1.8115
-3 *1.9747 -2 -9.5274 -1.7211

-2 1.1519 -2 -8.6015 -1.6331
-2 2.0793 -2 -7.6780 -1.5471
-2 2.9765 -2 -6.7573 -1.4627
-2 3.8403 -2 -5.8403 -1.3795
-2 4.6672 -2 -4.9278 -1.2973

-2 5.4540 -2 -4.0214 -1.2156
-2 6.1976 -2 -3.1227 -1.1345
-2 6.8948 -2 -2.2335 -140536
-2 7.5427 -2 -1.3560 -9.7298
-2 8.1384 -3 -4.9250 -8.9243

-2 8.6793 -3 +3.5462 -8.1193
-2 9.1630 -2 1.1827 -7.3150
-2 9.5874 -2 1.9892 -6.5114
-2 9.9507 -2 2.7712 -5.1090
-1 1.0251 -2 3.5259 -4.9088

(-1) 1.0488 (-2) 4.2506 (- ) -4.1117

10-9-r11Y10(4
-0.75092 23 -1.30156 80
- 0.77673 01 -1.34013 68
-0.80415 92 -1.38083 98
-0.83333 74 -1.42381 86
-0.86440 56 -1.46922 70

-0.89791 90 - .51723 25
-0.93284 85 .56801 75
-0.97058 -1.62178 08
-1.01093 -1.67873 97
-1.05412 18 -1.73913 16

-1.10040 93 -1.80321 67
-1.15007 32 -1.87128 02
-1.20342 16 -1.94369 49
-1.26079 38 -2.02062 45
-1.32256 26 - 2,10262 69

-1.38913 71 -23'9005 78
-1.46096 57 -2.28337 46
-1.53853 78 -2.38308.14
-1.62238 69 -2.48973 26
-1.71309 24 -2.60393 95

-1.81128 11 -2.72637 44
-1.91762 85 -2.85777 73
-2.03285 95 -2.99896 17
-2.15774 75 -3.15082 08
-2.29311 31 - 3.31433 45

-2.43982 13 -3.49057 53
-2.59877 67 -3.68071 56
-2.77091 77 -3.88603 37
-2.95720 73 -4.10791 96
73.15862 24 -4.34788 05

7

-3.37613 93 -4.60754 55
-3.61071 67 -4.88866 85
- 3.86327 49 -5.19312 95
-4.13466 98 -5.52293 51
-4.42566 38 -5.88021 45

-4.73689 09 -6.26721 41
-5.06881 69 -6.68628 70
-5.42169 35 - 7.13987 95
-5.79550 68 -7.63051 13
-6.1 8991 88 - 8.16074 96

-6.60420 33
-7.03717 50
-7.48710 95
-7.95166 19
-8.42777 38

-8.73317 65
-9.35034 96

-10.01475 2
-10.72873 2
-11.49443 4

-8.91157 56 - 12.31371 5
-9.39828 63 - 13.18805 0
-9.88210 58 -14.11841 9

-10.35610 3 -15.10518 2
-10.81210 4 - 16.14793 9

-11r(.24057 9 -17r(.24536 7
8)71

yn(,)-1/12./rYn+ on+ 2.ta -(n L
-

6
8)81

J L 6 j

4 6 9



BESSEL FUNCTIONS OF FRACTIONAL ORDER 463

e SPHERICAL BESSEL FUNCTIONS .ORDERS 20 AND 21 Table 10.3

.r 1036.120(x) 1071/21(4 10-249 20(4 10-236021W

0.0 7.62597 90 1.77348 35 . -0.31983 10 -1.31130 70
0.5 7.62705 91 1.77371 23 i -0.31988 11 -1.31149 33
1.0 7.63028 29 1.77439 56 -0.32003 25 -1.31205 61
1.5 7.63560 15 1.77552 32 -0,32028 86 - 1.31300.70
2.0 7.64293 25 1.77707 85 '-0.32065 49 -1.314,36 61

2.5 7.65215 99 1.77903 78 -0.32113 96 -1.31616 11
3.0 7.66313 22 1.78137 03 -0.32175 30 -1.31842 87
3.5 7.67566 19 1.78403 80 -0.32250 82 -1.32121 43
4.0 7.68952 28 1.78699 49 -0,32342 08 -1.32457 29
4.5 7.70444 90 1.79018 73 . -0.32450 98 -1.32856 95

5.0 7.72013 23 1.79355 29 -0.32579 69 -1.33328 02 .
5.5 7.73621 95 1.79702 05 -0.32730 79 -1.33879 33
6.0 7.75231 00 1.80050 95 -0.32907 24 -1.34521 03.
6.5 7.76795 28 1.80392 94 .-0.33112 44 -1.35264 77
7.0 7.78264 38 1.80717 91 -0.33350 34 -1.36123 89

7.5 7.7958? 23 1.81014 64 -0.33625 47 -1.37113 69
8.0 7.80686 80 1.81270 77 -0.33943 07 -1.38251 67
8.5 7,81509 84 1.81472 70 -0.34309 23 -1.39557 96
9.0 7.81976 53 1.81605 56 -0.34731 02 -141055 73
9.5 7.82005 32 1.81653 14 -0.35216 70 -1.42771 82

10.0 7.815076 1.815979 -0.35776 04 -1.447374
10.5 7.803876 1.814208 -0.36420 59 -1.469891
11.0 7.785428 1.811016 -0.37164 20 -1.495691
11.5 7.758627 1.806185 -0.38023 59 -1.525305
12.0 7.722309 1.799482 -0.39019 23 -1.559325

12.5 7.675238 1.790664 -0.40176 53 -1.598497
13.0 7.616116 1.779472 -0.41527 46 : -1.643728
13.5 7.543601 1.765639 -0.43113 22 ,' -1.696143
14.0 7.456316 1.748885 -0.44987 76 ' -1.757166
14.5 7.352841 1.728929 -0.47223 40 ' -1.828625

15.0 7.231764 1.705481 -0.49918 70 -1.912922
15.5 7.091689 1.678251 -0.53209 lt,,, -2.013273
16.0 6.931265 1.646956 -0.57279 98 -2.134049
16.5 \ 6.749220 1.611324 -0.62378 79 -2,281228
17.0 .....16;f44411 1.571096 -0.68821 , 72 -2.462936

17.5 6.315851 1.526041 -0.76981 49 -2.689957
18.0 6.062784 1.4759 -0.87240 01 -2.975153 1

18.5 5.784739 1.42 98 -0.99883 14 -3.336925 1

19.0 5.481584 1.3 155 -1.149171 -3.789188
19.5 5.153621 1 94299 -1.317987 -4.344958

20.0 4.801647 1.223178 -1.490982 -5.004711
20.5 4.427041 1.146936 -1.641599 -5.745922
21.0 4.031843 1.065826 -1.728777 -6.508927
21,5 3.618830 0.98022 63 -1.697442 -7.182333
22.0 3.191590 0.89065 46 -1.483467 -7.592679

22.5 2.754567 0.79 t 77 92 - 1.024223 -7.504782
23.0 2.313103 0.70243 25 -0.274630 -6.640003
23.5 1.873442 0.60561 45 +0.773430 -4.717888
24.0 1.442686 0.50849 80 2.072631 -1.52185
24,5 1.028721 0.41242 27 3.508629 +3.01816

25.0 0.640055 0.31888 30 4.901591 +8,74251

L 6 j L 5 j
j.(e). elp 22/ 4,1 +2) Y*(x) 90-('4 I) exp (z2/4n+2)

Compiled from National Bureau of Standards, Tables of spherical Bezel func-
tions, vols. I, II.ColumbiaUniv. Press, New York, N.Y., 1947(with permission).
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464 RUBEL FoJNCTIONE OF FRACTIONAL ORDER

Table 10.4
SPHERICAL BESSEl. FUNCTIONS-4110DULUS AND PHASE-ORDERS 9, 10, 20 AND 21

Jn(x)...41112.ad1 +1(x) cos (x) Ytt(x)-IlitlxMA+ i(x) sin ON+ (x)
, .

I' I

0.100
0.095
0. 090
0. 085
0. 080

0.075
0.070

.0.065
\0.060

p. 055
110.050

0. 045
0. 040
0. 035
0.030

0.025
0.020
0. 015
0.010
0.005

111rxMl% (x)
1.50513 630
1.41043 073
1. 33509 121
1.27462 197
1.22560 809

1.18548 011
1. 15231 423
1.12467 134
1.10147 221
1.08190 340

1.06534 781
1. 05133 389
1.03949 892
1.02956 235
1. 02130 658

1.01456 304
1, 00920 210
1. 00512 574
1. 00226 240

j 1. 00056 327

0.000 ..` 1.00000 000

L(
-3)21

9 j

x
0.040
0.038
0. 036
0. 034
0.032

0. 030
0. 028
0.026
0.024
0. 022

0. 020
0.018
0. 016
0. 014
0.012

0. 010
0. 008
0.006
0. 004
0.002

iiN/44 (x)
1. 31126 605
1.25741 042
1.21433 612
1.17917 949
1. 15001' 033

1. 12549 256
1.10467 736
1.08687 488
1.07157 283
1. 05838 371

1.04700 987
1.03721 972
1.02883 137
1. 021 70 104
1.01571 485

1. 01078 282
1.00683 452
1, 00381 592
1. 001 68 705
1. 00042 044

1. 000 1.00000 000

01%(x) -x
-

41fIrxMatA (x) 0,00 -2: <X>
1. 72311 121 1. 841 57 799 1. 35401 461 10
1.44562 029 1.65174 534 1.00196 372 11
1.17232 718 1. 50947 539 0.65310 249 11
0.90378 457 1. 40190 550 +0.30984 705 12
0.64017 615 1. 31955 792 -0. 02643 915 13

0.38142 613 1.25559 223 -0. 35524 574 13
+0.12729 416 1.20514 049 - 0.67664 889 14
- 0.12255 277 1. 16476 186 -0. 99107 278 15
- 0.36849 087 1. 13202 416 -1. 29911 571 17
- 0.61090 826 1.10519 883 - 1.64143 947 18

- 0.85018 673 1.08304 588 - 1.89870 678 20
- 1.08669 229 1.06466 562 - 2.19.155 009 22
- 1.32077 114 1. 04939 746 -2. 48055 907 25
-1. 55274 891 1. 03675 104 -2. 76627 814 29
-1. 78293 175 1. 02635 931 -3. 04920 936 33

-2. 01160 832 1.01'94 637 -3. 32981 737 40
-2.23905 224 1, 011 30 529 -3. 60853 532 50
-2. 46552 469 1. 00628 277 -3. 88577 070 67
- 2.69127 701 1.00276 864 -4.16191 106 100
- 2.91655 326 1. 00068 866 - 4.43732 935 200'

- 3.14159 265 1.0r0000 000 -4., 71238 898
-4)sl (

00

L 9 j L 9 j {( 71041

04%(x)-x*) 44x44%(x) 0%W -x <x>
1. 12909 207 1. 37979 868 +0.54348 547 25
0. 61321 135 1. 30763 025 - 0.04056 472 26

+0.11048 098 1. 25205 767 -0. 60729 830 28
- 0.38066 745 1. 20806 627 -1. 15885 172 29
- 0.86163 915 1.17245 178 - 1.69717 68,8 31

- 1.33366 819 1.14310 153 -2. 22398 514 33
-1. 79783 172 1.11857 851 -2. 74075 480 36
-2. 25507 118 1. 09787 629 -3. 24876 024 38
-2. 70621 373 1.08027 122 -3. 74910 503 42
-3.15199 149 1. 06523 083_- - 24275, 239 45

- 3.59305 805 1. 05235 561 -4.73055 105 50
- 4.03000 220 1.04134 092 - 5.21325 651 56
- 4.46335 928 1. 03195 154 -5. 69154 843 63
-4. 89362 072 1. 02400 423 -6.16604 479 71
- 5.32124 187 1.01735 560 -6. 63731 350 83

-5. 74664 872 1. 01189 351 -7. 10588 196 100
- 6.17024 356 1. 00753 093 -7. 57224 522 125
-6. 59240 995 1. 00420 153 -8. 03687 285 167
- 1.01351 707 1. 00185 654 -8. 50021 498 250
- 1.43392 365 1. 00046 253 -8. 96270 770 500

- 7.85398 164 1. 00000 000 -9. 42411 796 Co .

[( 93)9 [( 1)9 [( -1(3)21

r. x:. vi nearest integer to x.
Complied from National Bureau of Standards, Tables of spherical Hensel functions, vole. I, II.
t'olumbin Univ. Press , New York, N.Y., 1947 (with permission).

( -3)21
L 9 J
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a
0
1
2
3
4

5
6
7
8
9

10
11
12
13
14,

15
16
17
18
19

20
30
40
50

100

0
1
2
3
4

5
6
7
8
9

10
11
12
13
14

15
16
17
18
19

20
30
40
50

100

1188ZIo FUNCTIONS OF FRACTIONAL ORDER

SPHERICAL HESSE. FUNCTIONS-.VARIOUS ORDERS Table 10.6

*..1
- 1 8.41470
- 1 3.01168
- 2 6.20350
- 3 9.90658
- 3 1.01101

- : 9.25611

- 7 4.79013
- 8 2.82649
- 9 1.49137

- 11 7.11655
- 12 3.09955
- 13 1.24166
- 15 4.60463
- 16 1. 58957

-
- 19 1. 55670
- 21 4.45117
- 22 1.20385
- 24 I 08874

- 53779
- 43 5.56683
- 61 1. 53821
- 81 3.61527

( -190) 7.44472

9848
6789
5201
1117
5808

5861

4199
8802
6503

2640
1855
2597
7678
5988

6115
8271
7504
5742
2364

5722
1267
0374
4717

7742

t
°

.

(

.1,#)

x2
- 1 4.54648
- 1 4. 35397
- 1 1.98447
- 2 6.07220
- 2 1.40793

- 3 2.63516
- 4 4. 14040
- 5 5. 60965
- 6 6.68320
- ., 7 7.10679

- 8 6.82530
- 9 5.97687
- 10 4.81014
- 11 3.58145
- 12 2.48104

- 13 1.60698
- 15 9. 77323
- 16 5.60205
- 17 3.03657
- 18 1.56113

63264
- 34 5.83661
- 49 1.66097
- 66 4. 01157

-160)9. 36783

7134
7750
9491
9766
9276

9770
9734
5703
4324
7192

0865
1612
8901
1402
9119

2166
7728
9151
8644
3992

1101
7888
8779
5290

2591 (

- 1
- 2
- 1
- 1
- 1

- 1
- 2
- 2
- 3
- 3

: 4

- 5
- 6
- 7

-

- 9
- 10
- 11

- 12
w 22
- 33
- 46

-120)

x..5
- 1.91784 8549
- 9.50894 0808
+1. 34731 2101

, 2.29820 6182
1.97017 6553

1.06811 1615
4. 79668 9986
1.74027 7818
5. 143 4675
1.61809 9715

4.07344
.1:1i

1.92878 6347
3.69320 6998
6.55454 3131

1. :9126
2.44802 0198
3.36741 6303
4.38678 6630

5.42772 6761
4.28273 0217
1.21034 7583
2.85747 9350

5. 53565 0303

x..10 a..50 2..100
- 2

".11:213
1109

- 2 +7. 79421 9363 - 3 +4. 08324
- 2 -3. 94958 4498 - 2 +1.981225
- 1 .11. 05589 2851 - 3 -1. 30947

- 1162 -
;51. 3. r0f1134

- 1 1. 13386 2307 - 2 +1. 92420
- 1 1.25578 0236 - 3 +8. 87374
- 1. 00096 4095 - 2 4. 62249

475:
-5. 06365 6411

-3 -8. 67382 5287
0843 -3 +4. 80344 1652
9460 -3 +8. 91399 7370
7600 -3 - 4.17946 1837

29014 8935
-3 +3. 15754 5454

0195 -3 +9. 70062 9844
9108 -3 -1. 70245 0977
2725 -3 - 9.99004 6510

- 2 6.46051
VIN

- 2 3:Vin
2146

- 2 1.72159 9974 - 2 +1. 95911 1041
- 3 7.46558 4477 - 4 -1. 09899 0300
- 3 2.94107 8342 - 2 -1. 96564 5589

- 3 2715 - 2 4539
3:1190: ;1:1112f

- 4 1.10940 7280 - 2 +1.96438 9234
- 5 3.23884 7439 - 3 +1. 09459 2888
- 6 8.89662 7269 - 2 - 1.88338 9360

.:11 1. iligi
1961

:-

2 -1.57850 2990

-22 8. 43367 1634 -. 06
-31 2. 23069 602) - 2 +1. 882 1 0737

( -90) 5.83204 0182 ( -22) +1. 01901 2263 (

472

95657 8597.

-3 +9.94895 8359
-3 +2. 48391 8282
-3 -9. 32797 8789
-3 -5. 00247 2555

87726 1748
4 +7. 44442 3697
-3 -5. 42060 1928
-3 -9. 34163 4372
4 +1.96419 7210

01076 7128
-3 +8. 70062 8514
-2 +1.04341 0851
-4 +5. 79714 0882

-2)+1. 08804 7701

465
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Table 10.8 SPHERICAL BESSEL FUNCTIONS-VARIOUS ORDERS

YIP)
a x.01 x.2
0
1 0 -1.38177 3291 =I .1:1S211

4183-1 -5. 40302 3059

2 0 - 3.60501 7566 -1 - 7.33991 4247
3 1 - 1.66433 1454 0 - 1.48436 6557
4 2 - 1.12898 1842 0 -4. 46129 1526

S

6
7
8
9

2
4
5
6
7

-9.99440 3434
- 1.08809 4559
- 1.40452 8524
- 2.09591 1840
-3. 54900 4843

10
11 10

- 6.72215 Nfl

12 11 :3.23191 3629
13 12 _8.06570 3047
14 14 -2. 17450 7909

1 -1. 85914 4531
1 - 9.77916 5769
2 -6.17054 3296
3 - 4.53011 5815

I
4 - 3.78889 3009

5541A. 7201
6 -3. 69396 5631
7 -4.21251 9003
8 -5. 22870 9098
9 -7. 01663 2092

15 11 4.01218 2944
16

15
1:482S

7233
12 - 1.56186 6932

17 18 -6. 42938 7516 13 - 2.56695 8608
18 20 - 2.24833 5423 14 - 4.47655 8894
19 21 - 8.31241 1677 15 - 8.25596 4368

x..8
-2 -5.67324 3709
-1 +1.80438 3675
-1 +1.64995.4576
- 2 -1. 54429 0991
-1 X1.86615 5315

-1 20465 0467
-1 - 5.18407 5714

0 - 1.02739 4639

0 -7. 68944 4934
0 -2. 56377 6345

1 - 2.66561 1441
2 -1. 04266 2356
2 -4. 52968 5692
3 - 2.16057 6611
4 -1.12141 4513

4 - 6.28814 6513
5 ..3. 78650 9387
6 -2. 43621 4730
7 -1. 66748 5217
8 -1. 20957 6913

20 23959 2219 60543 6493 8 - 9.26795 1403
30 40 - 2.94642 8547 31 - 1.40739 3871 18 -7. 76071 7570
40 58 -8. 02845 0851 46 -3. 72092 9322 30 -2. 05575 8716.
50 78 - 2.73919 2285 63 - 1.23502 1944 42 - 6.96410 9188

100 ( 186)-6. 68307 9463 (156)-2. 65595 5830 , (116) - 1.79971 3983

a x.10
0 -2 39071 5291

:231 -2 +6.27928 2638
2 -2 - 6.50693 0499 -2
3 -2 - 9.532"/4 7888 -3
4 -3 L1. 65993 0220 -2
5 - +9.38335 4168

--.2 3117813911:4
-3 tag; 1296 -1 +1. 04876 8261

x . 50 x =100
- 1.92993 2057 -3 -8. 62318 8723

-3 +4.97742 4524
+1.95910 1121 -3 +8.77251 1459
-2. 90240 9542 -3 -4. 53879 0951
- 1.99973 4855 -3 -9. 09022 7385

7 -2 +4. 25063 3221 -3 +5.85654(8943
8 -2 -4. 11173 2775 -2 - 1.80870 1896
9 -1 -.1. 12405 7894 -2 - 1.20061 3539

10 72453 6721
11 -1 -2. 49746 9220 1 1:15612

8751 -2
2:35;; lig

12 -1 -4. 01964 2485 -3 - 5.38889 5605 -3 -9. 72724 3855
13 -1 -7. 55163 6993 -2 +2. 03809 5195 -3 -3. 72978 2784
14 0 -1. 63697 7739 -3 -5. 61681 8446 -3 +8. 72020 2503

-3 -2. 48574 3224
-3 -9. 87236 3502
-4 +8. 07441 4285

15 'MO 1745
13.76/119070154 1111t116 1 - 1.07384 4467

17 1 -3.14447 9567 -3 -6. 409 4759 -3 -8. 49604 9309
18 1 - 9.93183 4017 -2 - 2.0719 0007 -3 +3.80640 6377
19 2 -3. 36033 0630 -3 - 8.92329 3294 -3 +9.90441 9669
20 21121 0605 -2

3:172 !ill
-5 +5.63172

;4;30 9 -6. 90831 8646
40 18 - 1.51030 4919 - 5 +4.97879 7221 -4 -1. 04842 0407
50 21 - 4.52822 7272 -2 - 4.19000 0150 -2 +1.07478 2297

100 (85)- 8.57322 6309 (+18)-1.12569 2891 ( -2)-2. 29838 5049
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ZEROS

BESSEL FUNCTIONS OF FRACTIONAL ORDER

OF DOM ntmcnoNs OF HALIF41111'EGER ORDER
JA.i,.)0 Y,(14,1).0

(-1)141Y;06..) a ..1.

467

Table 10.6

8 (.4)11+1 roi.,.)

1/2 1 3.141593 - 0.45015 82 1, 570796 - 0.63661 98 15/2 1 11. 657032 - 0.20550 46 9.457882 +0.20754 83
2 6.283185 +0. 31830 99 4. 712389- #0. 36755 26 2 15. 431289 +0.19008 87 13. 600629 - 0.19801 01

3 9.424778 - 0.25989 89 7.853982 - 0.2847.0 50 3 18. 922999 - 0.17582 99 17. 197777 +0.18264 01

4 12. 566370 +0.22507 91 10. 995574 +0. 24061 97 4 22. 295348 +0.16402 38 20. 619612 - 0.16964 44

5 15. 707963 - 0.20131 68 14.137167 -0.21220 66 S 23. 955267 +0. 15890 14

6 18.849556- +0.18377 63 17. 278760 +0.19194 81
7. 21. 991149 - 0.17014 38 20. 420352 - 0.17656 -66
8 23.561945 +0.16437 45

17/2 1 12. 790712 - 0.19382 82 10. 529989 - 0.19361 38
2 16, 641 003 +0.18155 15 14. 777175 +0.18810 92
3 20.182471 - 0.16922 10 18. 434529 - 0.17517 27

3/2 1 4. 493409 -0.36741 35 2. 798386 .0. 44914 84 4 23. 591275 +0.15870 04 21. 898570 +0.16373 75

2 7.725252 +0.28469 20 6.121250 - 0.31827 37
10. 904122 -0.24061 69 9.317866 +0. 25989 33

4 It 066194 +0.21220 57 12.486454 -0. 22507 76
S 1 7. 220755 - 0.19194 77 15.644128 +0.20131 63 19/2 1 13. 915813 4.18376 12 11. 597038 ,+0.18186 42

6 20.311303 +0.17656 64 18. 796404 -0.18377 61 2 1 7. 838643 +0.17390 80 15. 942945 - 0.17944 10
7 23. 519452 - 0.16437 44 21.945613 +0.17014 37 3 21. 428487 - 0.16326 17 19. 658369 +0.16849 33

4 24.87.3214 +0. 15)83 84 23.1 63734 -0. 15837 45

5/2 1 3.763459 -0. 3171 0 58 3.959528 -0. 36184 68 21/2 1 15. 033469 - 0.17496 82 12. 659840 - 0.17179 22
2 9.095011 +0.25973 30 7. 451 610 +0.28430 7S 2 19. 025854 +0.16722 59 17. 099480 +0.17176 97

3 12. 322941 - 0.22503 59 1 0. 715647 -0.24053 93 3 22. 662721 -0. 15785 09 20. 870973 - 0.16247 13
4 15. 514603 +0.20130 14 13. 921686 +0.21218 15 4 24. 41 6749 +0.15347 5!
5 18. 689036 - 0.18376 96 17.103359 4. 1919) 81
6 21.853814 .0. 1701 4 OS 20. 272369 .+0. 17656 19
7 2 3. 433926 - 0.16437 21

23/2 1 16.144743 - 0.16720 39 13. 719013 +0.163, '4

2 20. 203943 +0. 16113 2S 18. 247994 -0.1645.
3 23. 886531 - 0.15290 87 22. 073692 +0.1570.4 50

7/2 1 6.987932 -0. 2822 3, 71 5.088498 +0. 30882 36
10. 41 7119 +0. 2401 9 23 8. 733710 - 0.25896 77

3 13. 698023 - 0.21208 02 12. 067544 +0.22485 68 25/2 1 17. 250455 -0. 16028 44 14. 775045 -0. 15534 97

4 16. 92 3621 +0.19189 90 15. 315390. -0.20124 01 2 21.373972 +0. 15560 47 19. 389462 +0.15875 20

5 20. 121806 - 0.17654 40 18. 525210 +0.18374 36 3 23. 267630 - 0.15201 34

6 23. 304247 +0.16436 28 21. 71 4547
24. 891503

- 0.17012 77
+0.15914 62

27/2 1 18. 351261 -0. 15406 88 15. 828325 +0.14852 56
2 22. 536817 +0.15056 00 20. 524680 - 0.15316 36
3 24. 653705 +0. 1 4743 15

9/2 1 8.182561 - 0.25620 49 6. 197831 -0. 27236 2S
2 11. 704907 +0. 22432 53 9.982466 +0.23908 76
3 15. 039665 -0.20107 12 13. 385287 -0.21179 27
4 18. 301256 +0.18367 44 16. 676615 +0.19179 35 29/2 1 19. 447703 - 0.14844 69 16. $79170 - 0.14242 04

S 21. 523418 .0.17009 46 19. 91 6796 -0.17649 69 2 23. 693208 +0.14593 21 21. 654309 +0.14806 91

6 24. 117566 +0.15912 86 23. 128642 +0.16433 89

31/2 1 20. 540230 - 0.14333 12 17. 927842 +0.13691 88
2 .24.843763 +0.14166 70 22. 778902 - 0.14340 05

11/2 1 9.335812 -0. 23580 60 7.293692 .0.24538 14
2 12. 966530 +0.21109 29 11. 206497 - 0.22293 49
3
4
5

1 6. 354/10
19. 653152
22. 904551

- 0.19155
+0.17639
- 0.16428

58
49
83

14. 676387
18. 011609
21. 283249

+0.20067 86
-0.18352 21
+0.17002 38

33/2
2
1 21. 629221 - 0.13865 11 18. 974562

23. 898931
- 0.13192
+0.13910

99
20

6 24. 518929 - 0.15909 15

35/2 1 21. 715002 - 0.13434 93 20. 019513 +0.12738 OS

13/2 1
2

10. 512835
14. 207392

-0. 21926
+0.19983

48
04

8.379626
12. 411301

- 0.22441 70
+0.20946 6S 37/2 1 23. 797849 -0. 13037 81 21. 062860 -0. 12321 13

3 17. 647975 - 0.18321 82 15. 945983 -0.19106 S9
4 20.98)463 +0.16988 82 19. 324820 +0.17619 60
S 24. 262768 -0..15902 21 22. 62 8417 - 0.16419 26 39/2 1 24. 878005 - 0.12669 81 22. 104735 +0.11937 34

Values to greater accuracy and over a wider range are given in (10.811
From National Bureau of Standards, Tables of spherical Bowel functions, vols. 1, II. Columbia Univ.

Pre 's, New York, N.Y., 1947 (with permission).
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Table 10.7

. 9 7,,.
1/2 1 I. 1 65561

2 4. 604217
3 7. 789884
4 10. 949944
5 14. 101725
6 17, 249782
7 20. 395842
8 23. 540708

3/2 1 2.460536
2 6.029292
3 9.261402
4 12. 445260
5 15. 611585
6 18. 769469
7 21. 922619

5/2 1 3.632797
2 7. 167009
3 10.6+63561
4 13. 883370
5 17. 072849
6 20. 246945
7 23. 412100

7, 2 1 4.762196
2 8. 653134
3 12. 018262
4 15. 279081
5 18. 496200
6 21. 690284
1 24. 870602

9/2 1 5. 868420
2 9.904306
3 13. 331928
4 16. 641187
5 19, 888934
6 23. 105297

11,'2 1 6.959146
2 11. 129856
3 14.63^406
4 17. 977886
5 21. 256291
6 24, 496327

13/2 1 8.040535
2 12.335631
3 15. 901023
4 19. 291967
5 22.602185

DEBSEL FUNCITMRS OF FRACTIONAL ORDER

ZEROS OF THE DERIVATIVE OF BESSEL FUNCTIONS
OF HALFINTFA;ER ORDER
J:(i...)4 )".(14,,)4

J,(1;,,) 4, (-1) 44/VA,«) ' a f.,. Ji,(1.,.)
+0. 679192 2. 975086 -0. 456186 15/2 1 9.113402 +0.330874
-0. 369672 6.202750 +0.319331 2 13. 525575 -0. 236854
+0. 285287 9.371475 - 0.260267 3 12. 153587 +0. 202841
-0. 240870 12. 526426 +0.225258 4 20. 587450 - 0.182077
+0.212340 15. 676078 - 0.201419 5 23. 929631 +0.167294
-0. 192029 18. 822999 +0.183841
+0.176620 21. 968393 - 0.170188
-0.164412

17/2 1 10. 180054 +0.318378
2 14:702493 -0. 229449
3 18. 390930 +0. 197291
4 21. 866965 - 0.117623

+0. 525338 4. 354435 +0.388891
-0. 328062 7.655545 ,- 0.290138
+0.263295 10. 856531 +0.242910
-0. 226711 14. 029845 -0. 213417 19/2 1 11. 241675 +0. 307606
+0.202245 1 7. 191285 +0.192678 2 15. 868463 -0. 222927- 0.184363 20. 346496 - 0.177046
+0. 170542 23. 498023 +0.164709 3 19. 615222 +0.192335

4 23. 132584 - 0.173605

21/2 1 12. 299124 +0.298179+0.457398 5.634297 - 0.350669 2 12. 025022 - 0.217118-0. 301449 9. 030902 +0.270006
3 20, 828186 «0.187870.0.247304 12. 228863 -0. 229783 4 24. 385974 -0. 169950

- 0.215670 15. 480655 «O. 203956
,Ch 194015. 18. 661309 - 0.185432
- 0.177917 21. 830390 +0.171262
+0.165314 24. 992411 -0.159953

23/2 1 13. 353045 +0.289825
2 18.173567 - 0.211893
3 22. 031181 +0.183813

+0.415533 6.863232 +0.324651
-0. 282237 1 0. 356373 -0. 254849
+0.234875 1 3. 656304 +0.219318 25/2 1 14. 403937 +0.282348
-0. 206685 1 6. 891400 -0.196124 2 19. 314945 -0.207156
+0.187103 20. 095393 +0.179270 3 23. 225333 +0.180103
- 0.172377 23. 281796 -0.166245
.0.160141

27/2 1 15. 452196 +0.275596
2 20. 450018 -0. 202830
3 24. 411521 +0.176690

+0. 386006 8.060030 -0. 305246
-0. 267385 11. 646354 +0.242810
+0.224788 14. 999624 - 0.210673 29/2 1 16. 498138 +0.269455
-0. 199151 18. 220330 +0.189472 2 21. 529459 - 0.198856
.0.181169 21. 500029 - 0.173929
- 0.167534 24.705942 +0.161826

31/2
2

17. 542024 +0. 263833
4 22.703832 - 0.195187

.0. 363557 9.234274 +0.289946
0.255385 12. 909478 - 0.232895

+0.216349 16. 315912 +0.203344 33/2 1 18. 584021 +0.258658
- 0.192692 19. 623229 - 0.183714 2 23. 823614 - 0.191783
.0. I 25982 22. 829980 +0.169229
-0.16)244

35/2 1 19. 624460 +0.253871
2 24. 939214 -0. 188612

+0.345649 10. 391621 - 0.277420 37/2 1 20. 663347 +0.249423
- 0.245384 14.151 399 +0.224513
+0.209127 1 7. 610124 - 0.197009 ,

- 0.187058 20. 954335 «0.178651
+0.171399 24. 238861 - 0.165043 39/2 1 21.700865 +0. 245275

4, ( - Ir." Y.(14,)
11. 535731 +0.266883
15. 376058 - 0.217283
18. 885886 +0.191447
22. 266861 -0.174147

12. 669130 - 0.297833
16. 386323 +0.210950
20.145940 -0.186505
23. 363314 +0.170098

13. 793646 +0. 249935
17. 784362 - 0.205332
21. 192422 +0.182067
24. 845689 - 0.166427

14. 910648 -0. 242951
18, 971857 +0.200296
22, 627032 -0.178048

16.021)96 +0.236710 ,

20. 150142 - 0.195742
23. 851142 +0.174383

17.126125 - 0.231081
21. 320300 «0.191594

18. 226109 +0.225965
22. 483219 -0. 187792

19.321202 -0. 221286
23.63964! +0.184287

20. 413362 +0.216981
24. 790191 - 0.181040

21. 501477 -0. 213000

22. 386374 +0.209303

23. 668335 - 0.205855

24. 747606 +0.202629

Values to greater accuracy and over a wider range are given in (10.311.
From National Bureau of Standards, Tables of spherical Basel functions, vole. 1, 11. Columbia Univ.
1144414, New York, N.Y., 1947 (with permission).
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BESSEL FUNCTIONS OF FRACTIONAL ORDER

MODIFIED SPHERICAL BESSEL FUNCTIONS-ORDERS 0, 2 Table 10.8

ie(x) it (x) i2(x) ko(x) k x) ka(x)

469

0.0 1.00000 000 0.00000 000 0.00000 0000 0 00

0.1 1.00166 750 0.03336 668 0.00066 7143 14.21315 293 156.344682 4704.5536
0.2 1.00668 001 0.06693 370 0.00267 4294 6.43029 630 38.58177 78 585.15696
0.3 1.01506 764 0,10090 290 0.00603 8668 3.87891 513 16.80863 22 171.96524
0.4 1.02688 081 0.13547 889 0.01078 9114/ 2.63234 067 9.21319 233 71.731283

0.5 1.04219 061 0.17087 071 0.01696 6360 1.90547 226 5.71641 679 36.203973
0.6 1.06108 930 0.20729 319 0.02462 3348 1.43678 550 3.83142 801 20.593926
0.7 1.08369 100 0.24496 858 0.03382 5678 1.11433 482 2.70624 170 12.712514
0.8 1.11013 248 0.28412 808 0.04465 2156 0.88225 536 1.98507 456 8.32628 49
0.9 1.14057 414 0.32501 361 0.05719 5452 0.70959 792 1.49804 005 5.70306 48

1.0 1.17520 119 0.36787 944 0.07156 2871 0.57786.367 1.15572 735 4.04504 57
. 1.1 1.21422 497 0.41299 416 0.08787 7251 0.47533 880 0.90746 4974 2.95024 33

1.2 1.25788 446 0.46064 259 0.10627 7995 0.39426 230 0.72281 4219 2.20129 78
1.3 1.30644 803 0.51112 785 0.12692 2227 0.32930 149 0.58261 0332 1.67378 69
1.4 1.36021 536 0.56477 365 0.14998 6112 0.27668 115 0.47431 0537 1.29306 09

1.5 1.41951 964 0.62192 665 0.17566 6332 0.23366 136 0.38943 5596 1.01253 25
1.6 1.48472 997 0.68295 906 0.20418 1728 0.19821 144 0.32209 3595 0.80213 693
1.7 1.55625 408 0.74827 140 0.23577 5138 0.16879 918 0.26809 2818 0.64190 415
1.8 1.63454 127 0.81829 550 0.27071 5433 0.14425 049 0.22438 9655 0.51823 325
1.9 1.72008 574or

0.89349 778 0.30929 9770 0.12365 360 0.18873 4440 0.42165 535

2.0 1.81343 020 0.97438 274 0.35185 6089 0.10629 208 0.15943 8124 0.34544 927
2.1 1.91516 988 1.06149 681 0.39874 5868. 0.09159 719 0.13521 4906 0.28476 135
2.2 2.02595 690 1.15543 247 0.45036 7165 0.07911 327 0.11507 3847 0.23603 215
2.3 2.14650 513 1.25683 283 0.50715 7959 0.06847 227 0.09824 2824 0.19661 508
2.4 2.27759 551 1.36639 653 0.56959 9849 0.05937 476 0.08411 4246 0.16451 -157

2.5 2.42008 179 1.48488 308 0.63822 2102 0.05157 553 0.07220 5736 0.13822 241
2.6 2.57489 701. 1.61311 877 0.71360 6125 0.04487 256 0.06213 1241 0.11656 246
24.7 2.74306 041 1.75200 304 0.79639 0365 0.03909 858 0.05357 9539 0.09863, 140
2.8 2.92568 513 1.90251 546 0.88727 5704 0.03411 437 0.04629 8067 0.08371 944
2.9 3.12398 658 2.06572, 335 0.98703 1387 0.02980 354 0.04008 0625 0.07126 626

3.0 3.33929 164 2.24279 012 1.09650 152 0.02606 845 0.03475 7931 0.06082 638
3.1 3.57304 872 2.43498 437 1.21661 224 0.02282.681 0.03019 0302 0.05204 323
3.2 3.82683 875 2.64368 983 1.34837 954 0.02000 910 0.02626 1944 0.04462 967
3.3 4.10238 723 247041 631 1.49291 787 0.01755 635 0.02287 6452 0.03835 312
3.4 4.40157 747 3.11681 153 1.65144 965 0.01541 841 0.01995 3243 0.03302 422

3.5 4.72646 494 3.38461 421 1.82531 562 0.01355 255 0.01742 4712 0.02848 802
3.6 5.07929 316 3.67596 834 2.01598 623 0.01192 222 0.01523 3952 0.02461 718
3.7 5.46251 092 3.99283 865 2.22507 418 0.01049 611 0.01333 2903 0.02130 658
3.8 5.87879 128 4.33762 799 2,45434 813 0.00924 735 0.01168 0862 0.01846 908
3.9 6.33105 220 4.71289 572 2.70574 780 0.00815 280 0.01024 3262 0.01603.223

4.0 6.82247.930 5.12143 838 2.98140 051 0.00719 253 0.00899 0668 0.01393 554
4.1 7.35655 060 5,56631 208 3.28363 932 0.00634 934 0.00789 7961 0.01212 834
4.2 7.93706 374 6.05085 704 3.61502 300 0.00560 833 0.00694 3650 0.01056 808
4.3 8.56816 571 6.57872 451 3.97835 791 0.00495 661 0.00610 9316 0.00921 893
4.4 9.25438 538 7.15390 628 4.37672 200 0.00438 300 0.00537 9136 0.00805 059

4.5 10.00066 914 7.78076 689 4.81349 122 0.00387 777 1 0.00473 9498' 0.00703 744
4.6 10.81241 998 8.46401 908 5.29236 84 0.00343 248 0.00417 8666 0.00615 769
4.7 11.69554 012 9.20906 250 5.81741 513 0.00303 975 0.00368 6506 0.00539 284
4.8 12.65647 789 10.02142 620 6.39308 652 0.00269 318 0.00325 4257 0.00472 709
4.9 13.70227 889 10.90741 515 7.02426 961 0.00238 716 0.00287 4331 0.00414 695

5.0 14.84064 212 11.87386 128 7.71632 535 0.00211 679 0.00254 0146 0.00364 088
Fr 2)11 r(-2)11 r3)81
L j L 7 J L 7 j

Igo!) v':,tal.+1(x)
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Table 10.9

.r

*MEL FUNCTIONS OF FRACTIONAL ORDER

MODIFIED SPHERICAL BESSEL FUNCTIONS.-ORDERS 9 AND 10

10e.r-1)19 (r) 10mi- mito(x) 10-7"9(.0 10-9.431k1001

0, 0 1.52734 93 0.72730 92 5.41287 38 1.02844 60
0. 1 1. 52771 30 0.72746 73 5. 41128 21 1. 02817 54
0.2 1. 52880 46 0.72794 19 5.40650 99 1. 02736 41
0. 3 1. 53062 54 0.72873 35 5. 39856 70 1. 02601 35
0. 4 1.53317 79 0. 72984 30 5.38746 92 1. 02412 59

0.5 1. 53646 54 0.73127 18 5.37323 85 1. 02170 47
0. 6 1.54049 23 0.73302 17 5. 35590 33 1. 01875 42
0.7 1.54526 36 0. 73509 47 5. 33549 79 1. 01527 95
0. 8 1. 55078 57 0.73749 33 5.31206 23 1. 01128 67
0. 9 1. 55706 60 0.74022 04 5.28564 31 1. 00678 27

1.0 1.56411 27 0.74327 93 5.25629 13 1.00177 53
1.1 1.57193 49 0.74667 38 5.22406 45 0.99627 31
1. 2 1.58054 32 0.75040 79 5. 18902 48 0.99028 56
1.3 1. 58994 87 0. 75448 62 5. 15123 93 0.98382 30
1. 4 1.60016 42 0.75891 37 5. 11078 01 0.97689 61

1.5 1.61120 30 0. 76369 58 5. 06772 38 0.96951 68
1. 6 1.62308 02 0.76883 83 5. 02215 07 0.9610 72
1. 7 1.63581 13 0.77434 76 4.97414 57 0. 95745 03
1.8 1.64941 38 0.78023 05 4. 92379 68 0.94478 97
1.9 1.66390 60 0.78649 43 4.87119 57 0.93572 94

2. 0 1.67930 73 0. 79314 68 4. 81643 66 0.92628 41
2.1 1.69563 90 0.80019 63 4. 75961 72 0.91646 88
2.2 1.71292 33 0.80765 17 4.70083 65 0.90629 89
2.3 1.73118 39 0.81552 21 4.64019 67 0. 89579 04
2. 4 1.75044 59 0.82381 79 4. 57780 09 0.88495 95

2. 5 1.77073 63 0.83254 94 4. 51375 41 0.87381 25
2.6 1.79208 32 0.84172 78 4.44816 23 0.86239 63
2.7 1.81451 64 0.85136 49 4. 38113 22 0.85069 78
2. 8 1.93806 76 0.86147 30 4. 31277 10 0.83874 39
2. 9 1.86277 03 0.87206 54 4.24318 63 0.82655 20

3.0 1.88865 96 0. 88315 57 4.17248 53 0.81413 92
3. 1 1.91577 24 0.89475 86 4.10077 50 0.80152 28
3. 2 . 1.94414 79 0.90688 95 4. 02816 19 0.78872 01
3. 3 1.97382 74 0.91956 42 3.95475 12 0.77574 83
3. 4 2. 00485 39 0.93279 97. 3. 88064 76 0.76262 45

3.5 2.03727 33 0.94661 40 3, 80595 33 0,74936 56
3.6 2. 07113 33 0.96102 55 3. 73076 99 0. 73598 84
3.7 2. 10648 43 0.97605 38 3. 65519 70 0.72250 95
3.8 2.14337 94 ',0.99171 97 3.57933 16 0.70894 53
3.9 2. 18187 40 1.00804 44 3. 50326 88 0.69531 19

4. 0 2.22202 68 1.02505 08 3. 42710 13 0.68162 50 \
4. 1 2.26389 90 1.04276 26 3. 35091 95 0. 66790 p2
4.2 2.30755 54 1. 06120 45 3.27481 07 0. 65415 25
4. 3 2. 35306 35 1.08040 28 3. 19885 96 0.64039 66
4. 4 2.40049 43 1.10038 47 3. 12314 76 0.62664 70

4.5 2. 44992 27 1.12117 91 3. 04775 39 0.61291 75
4.6 2.50142 71 1.14281 58 2.97275 34 0.59922 16
4.7 2. 55508 99 1.16532 63 2.89821 88 0. 58557 24
4.8 2.61099 74 1.18874 39 2.82421 90 0.57198 25
4. 9 2.66924 03 1.21310 29 2. 75081 98 0.55M6 39

5.0 2.12991 40 1. 23843 97 2, 67808 38 0. 54502 82

[(6)$J
[( 11)9

i(2). ilif/x1,+1(x)

Compiled from C. W. Jones, A short table for

Cambridge Univ. Press, Cambridge, England,

477.

L(1)41
r(-)71
L 4 j

Ws). IA rixic(r)

the Hassel functions I , (21 v) An
+

(J.).

1962 (with permission).



MEWL FUNCTIONS OF FRACTIONAL OBDU

MODIFIED SPHERICAL BESSEL FUNCTIONS-ORDERS 9 AND 10

x

5, 0
5. 1
5, 2
5. 3
5.4

s'iti(x)
-5

1, f:111
-5 7.97716
-5 8.85734
-5 9.80541

Calm (2)I
-5

1:1313
-5 1.87488
-5 2.11778
-5 2.38413

5.5 -4 1. 08240 67535
5.6 -4 1.19157 . -5 2.99285
5.7 4 1.30831 -5 3.33809
5. 8 -4 1.43285 -5 3.71252
5.9 -4 1.56545 -5 4.11760

6.0
6.1
6.2
6.3
6.4

6.5,
6. 6
6.7
6.8
6.9

7.0
7. 1
7.2
7. 3
7.4

7.5
7.6
7.7
7.8
7.9

8.0
8. 1
8.2
8.
8. 4

8.5
8.6
8.7
8.8
8.9

-4
1, 78151369

-5 4.55480

-4 2.01376 -5 5.53143
-4 2.18075 -5 6.07377
-4 2.35684 -5 6.65407

1 1:31111
-5

-71..i73172;

4 2.94147 -5 $.63691
-4 3.15568 -5 9. 38317
-4 3.37978 -4 1. 01743

-4 3.61391 -4 HMI
-4 4.11271 -4 1.28304
-4 4.37758 -4 1. 38142
-4 4.65288 -4 1.48492

:44 Urn;
-4

1. rIM
-4 5.54199 -4 1.82727
-4 5.85960 -4 1.95236
-4 6.18789 -4 2.08311

1 16. 58i ill!
-4

1: 3119i
-4 7.23697 -4 2.51020
-4 7.60807 -4 2.66447
-4 7.98985 -4 2.82481

:44 fl.318313: -4 3.196111
-4 9.19895 -4 3.34298
-4 9.62308 -4 3.52828
-3 1. 00576 -4 3. 71997

9.0 -3 1.05026 :: OHS9.1 -3 1.09579
9. 2 -3 1. 14235 -4 4. 33377
9.3 -3 1.18991 4 4.55140
9.4 -3 1.23849 -4 4.77560

9.5 28806
:: g, 20437989. 6 4 1.33861

9. 7 -3 1.39014 -4 5448779
9.8 4 1.44263 -4 5.73844
9.9 -3 1.49607 -4 5.99571

10.0 ( -3)1. 55045 ( -4) 6.25963

2
2
2
2

2, 211:
2 2.19449
2 1.99441
2 1.81692

2 1.65905

2 1, 3912356
2 1.27955
2 1.17821

2
1. 0829674

1 9.30213
1 8.62775
1 8. 01557

1
76, :MI

1 6.48840
1 6.06498
1 5.67717

1

1 5.32140
1 4.99452

.1 4.69371
1 4.41649
1 4.16065

1 3.92420

1 3,3.50262
1 3.31448
1 3.13970

1 UM?,
1 2.68460
1 2.55287
1 2.42979

1
1303;

1 2.10586
1 2. 01109
1 1.92209

1 1. 83843

1 1,1.68563
1 1. 61578
1 1.54991

( 1)1. 48772

Table 10.9

elC19(2)

44 1).

62276

3.681"87
3. 30123
2. 96863

2

eic3i(x)

88159
3 1. 64774
3 1.44818
3 1.27719
3 1.13013

478

00320
2 8.93250
2 7.97686
2 7.14360
2 6.41477

77537
2 5.21281
2 4.71647
2 4.27737
2 3.88791

2 3.54160
2 3.23292
2 2.95714
2 2.71019
2 2.48857

28926
2 2.10966
2 1.94748
2 1.80076
2 1, 66777

54701
2 1.43717
2 1. 33708
2 1.24573
2 1.16223

2 08577
2 1. 01566
1 9.51284
1 8.92076
1 8. 37549

1 7.87266
1 7.40835
1 6.97906
1 6.58165
1 6.21331

1 5. 87149
1 5.55393
1 5.25858
1 4.98356
1 4.72722

1 4.48802
1 4.26461
1 4. 05572
1 3.86022
1 3.67709

( 1) 3.50537

471



472 MEWL FUNCTIONS 01 FRACTIONAL ORDER

Table 10.9

MODIFIED SPHERICAL BESSEL FUNCTIONS-- ORDERS 9 AND 10
x-1 /9(z) ho(z)

10630 573 1. 21411 149
08238 951 1.17260 877
06167 683 1.13650 462
04394 741 1.10534 464
02899 406 1. 07872 041

0.100 1.
0.095 1.
0. 090 1.
0.085 1.
0. 080 1.

0. 075 1.
0. 070 1.
0. 065 0.

01661 895 1. 05626 085
00662 998 1. 03762 412
99883 728 1. 02248 982

0.060 0.99304 985 1.01055 159,
0.055 0.98907 251 1.00151 009

0.050 0.98670 320 0, 49506 _643
0.045 0.98573 080 0.99091 634
0.040 0.98593 357 0.98874 519
0.035 0. 98707 842 0.98822 421
0.030 0.98892 100 0.98900 824

0.025
0.020
0.015
0.010
0.005

0.99120 680
0.99367 323
0. 99605 259
0. 99807 595
0.99947 760

0.99073 519
0.99302 746
0.99549 538
0.99774 259
0.99937 316

0.000 1.00000 000 1.00000 000

L(
R-ion

L 6 j L 7 j

179(z) 910(x) <z>
0.65502 364 0.56777 '303 10
0. 68557 030 0.60351 931 11
0.71563 676 0. 63926 956 11
0.74502 124 0.67473 612 12
1.77352 114

1

0.70961 813 13

80093 667 0.74360 .745 13
82707 483 0.77639 538 14.
85175 354 0.80768 018 15

0 87480 587, 0.83717 510 17
0 89608 425 0.86461 675 18

0.91546` 455 0.88977 340 20
0. 3284 978 0.91245 301 22
0. 4817 344 0.93251 041 25
0. 6140 216 0. 94985 358 .

29
0. 7253 769 0.96444 830 33

O. 90161 804 0.97632 121 40
0.98871 764 O. 98556 077 50
0.9 94 654
0.99 44 863

,0.9923l 623
0,99674 434 1070

0.99 39 894 0.99925 415 200

1.000 0 000 1.00000 000 aor 4)9 R 4)81
L j

V2Triiis(x) =fa(z)ex-
T

1r2iilsi (x) =2/10(x)e-
T

iXtaiT g(x) = 99(x)8- 2+\45a -1

112TthrK2i (X) = gto(X)e .--z-I\ s -1
I

<X> = nearest integer to .

479

.



la

0 0 1.17520 1194
1 - 1 3.67879 4412
2 - 2 7.1562$ 7013
'3 - '''2 1.00650 9052
4 . - 3 1.10723 6461

5 - S 9.099623 7520
6 - 6 7.65033 3778
7 - 7 5. 000,36 0873
8 - 8 2.97924 6909
9 - 9 1.5.6411 2692

10 - 11 7.43279 3349
11 - 12 3.22604 7141*
12 - 13 1.28851 2381
13 - 15 4.76618.7751
14 - 16 1.64168 8672

DEMI. 71 711CT10198 OT TRACTIONAL ORDER
.ff

Table 10.10
MIMED SPHERICAL nun FUN,61ONS.VARIOUS ORDERS

x1

15 - 18 5.29060 2725
16 - 19 1.60182 7153

- 21 4.57312 0086
- 22 1.23512 2995
- 24 3.16500 3796

SO

.. 71514 7_565
36 - 43 5.65589 8686
40 - 61 1.55685 5122

- 81 3.65054 5412

100 ( -190) 7.48149 1755

0
1
2
3
4

V2 I /x/ : (2)
'Phi

x.2
1.81343 0204

- 9.74382 7436
- 1.'31856 0886

2 9,47425 2220
02572 6087

: 1.8t N3
40: Z

- 5 7.09794 4523
- 6 8.24936 9394
- 7 8.59885.3854

f,*

9 8.12182 3211
- 9 7.01394 8275
- .10 5.57826 9483
- 11 4.11114 2138
- 12 .82275 9636

-'13 1.81406 6530.
r' - 14 1.09565 1

- 16 6.24163 0
L' 17 3.36455 792
- 18 1.72131 -7468

- 20 L 672 8478.
- 34 1921 4440
- 49 .74298 6176
- 6 4.17042 9214

.
(460) 9.55425 1030/

z=10 / a=60
3 1,10132 3287. . 19 5.18470 5529
2 9.91190.9633 19 5.08101 1413

19 4.87984 48442 8.03965 99
2 5.89207 9 19 4,59302 6934
2 3.91520 4237 19 4.23682 1073

5 2 2.36839 5827
6 2 6
7 1 6.65436 3519
8 , 1 3.11814 2991
9 1 1. 35352 0435

10 ( 0 5. 46454 1653
11 0 .2. 05966 6874
12 - 1 7.27307 8439
13 - 1 2.41397 ,7 2641
14 - 2 7.55352130933093

15
16 --

2 26..11141 98119
17 - 3 1.66914 7720
18 - 4 4.23421 3574
19 - 4 1.02488 6979

20 37154 3577
30 -1 1.22928 4325
40 -21 2.81471 5830
SO -31 5.8899166154

100 (-90)9,54463 8661

19 3.83039 9141
19 3.39413 3262
19 2.94792 4492
19 2. 50975. 5914
19 2.09460 7482

19 1.71380 5071
19 1. 37480 9352
19 1.08139 2769
18 8.34112 9672
18 6.30971 7670

le 4.68149 3423
18 3.40719 1747
18 2. 43274 6870
18 1. 70426 8938
18 1.17158 7856

1.75 75:11:191941:
12 7.34905 8082

+ 9 2. 00489 8633

( -17)2. 34189 3740

480

x.5

I 1 1.48406 4212
1 1.18738 6128

1 0 7.71632 5346
0 4.15753 5935

, '0 1.89577-3037

_____ ...::-1 7.45140 8690
- 1 2.56465 1251
- 2 7.83315 4364
- 2 2./4704 9422
- 3 543186 3294

/1.20941 3702
- / 4 2. 52325 7454

l, 5 4. 87152 7330
. . 6 8. 74937 8858,/' - 6 1.46862 7470

1.31339 5316
.43223 7424
.81186 1587

6. 39343 1309
8.07224 1852

- 70826 6441
- 22 6.36889 3001
- 33 1.63577 1994
- 46 3.64245 9664

(-1206. 26113. 6933

x..100
41 1. 34405 8571
41 1.33061 7985

" 41 1. 30414 0031
41 1.26541 0984
41 1.21556 1262

a 1.15601
Of71?

f 41 1.01451 8456
40 9.36222 3425
40 .55360 6574

40
7.73703:175t

40 6.14340 7607
40 5. 39297 6655
40 4. 68730 3911

03365 8521
40 3.43686 9769
40 2.89949 1497

1 40 2. 42204 7705
40 2.00333 3832

( 40)1. 64074 7551

1 37 3.95371 93911.

30147 2327
n6

35 4.74095 0959

( 20) 3.73598 8741



474 nun PUNCTIONS ap inuarinual ORD=

Table 10.10

MODIFIED SPHERICAL BESSEL FIA1CTIONS-VARIOUS ORDERS

0
1
2
3
4

S
6
7
8
9

10
11
12
13
14

15
16
17
18
19

0
-

2
30
40
50

a

j a elairsii (a). 1

t'1 ei.2
77863 6749

0 4.04504 5724

2 1._53711 7375

0 1, 15572 7350

1 2. 1)809 5597

9 1.40478 6594
4 1.56063 6427
5 2.04287 5221
6 3.07991 9195
7 5.25629 1384

9 1.00177 5282
i 10 2:10898 4384

11 4.86068 1836
13 1. 21727 9443
14 3.29151 5179

95796 6814
17 2.90613 7227
18 9.79781 0417
20 3.43219 9783
22 1.27089 .3701

1 2314.

40 4.55045 5450
9599L 1633

59 1.24524 3351
78 4.25947 0196

- 06292 0829
- 1 1.59438 1243
- 1 3.45449 2694

0 1.02006 1298
0 3.92¢16 3812

1 1.86907 9845
2 1.06725 5553
2 7.12406 9079
3 5. 44977 7364
4 4,70355 1451

52287 1652

8 6-. 99881 9354

6 4.79605 0749

9 9. 50401 2999

7 5.56068 7078

11 1.38508 0704
12 2.15637 9105
13 3.57187 63_3Q
14 6.27234 7368
16 1.16395 6139

31 1122 661:
46 5.55624 8963 ,.
63 1.86314 7755

100 87)1. 04451 3645 (456)4. 08894 4237

n x -10 ,g50
0 .24 6. 05934 6351
1 1 7.13140 4291

- 6.18051 3280
2 - 6 9.48476 7707 - 4 6.43017 8350
3 -5 1.25869 2857 - 4 6.82355 1115
4 -5 1.82956 1771 - 4 7.38547 5506

5 -.5
2. 88828 84"

-24
1916.11971 r5a,6 -,5 5. 02539 0067

7 -5 9.41830 5538 .23 1.05395 0832
8 -4 1.91828 4837 .21 1.23409. 7408
9 -4 4,20491 4777 -23 1.47354 3950

10
11
12

134

91762 2914'
-3 2.50109 2290
-3 6. 74327 4558
-2 1.93592 7868
-2 5. 90133 2701

15 -1 1.90497 9210
16 -1 6.49556.9007
17 ' 1,0 2.33403 5699
18 0 8.81868 1848
19 1 3.49631 5854

20. 2 1.45175 0001
30 , 9 1. 990453608
40 . 17 6.68871 7408
50 . 27 2.59020 6571

-4
.2
-2

1.79404 4109
2. 22704 2476
2.81848 3648
3.63628 4300
4. 78207 7170

90U
-23 75620 8386,

-22 1. 884 9900
.22 2. 9824 7585

-22 1 21889 8659

-22 3167748 3017

-17 32175 1557
-20 4.72460 0037

-13 1. 10246 0162

100 ( 85)8. 14750 7624 ( .12) 5.97531 1544

481

z=,5
HN8479

- 3 3.64087 6184
- 3 6.18102 2359
- 1.'22943 0749

- 2 2.83107 7584
-.2 7.45780 1433
-1 2.22213 $31
-. 1 7.41218 8536
-' 0 2.74235 7715

:1 1.11621 7817
1 4. 96235 0604
2 39430 3059

13 1. 77 5036
3 6. 97 5499

4 4.16844 6493.
5

1. %ill 181801)12
7 1. 28194 1220
7 9.66570 7838

.66744 6235

IS 11111: ini
42 8.49785 8757
.

(116) 2.49323 8041

z-too
-46

1:1111 164791
-46 6. 02053 9173
-46 6.20294 1454
-46 6. 45474 5215

-46 (4. 10177 1591;
-46 7.71999 6750
46 8.35897 0485
-4(,, 9. 14102 1732

45 1. 00957 6461
-45 1. 12611 3230
-45 1.26858 2504
-45 1.44325 8856
-45 L 65826 2396

' -45 1.92415 4951
-45 2.25475 0430
-45 2.66822 2593
-45 3.18862 8338
45 3.84801 5078

68935 4218
-44 5.77221 5084
-42 1.84121 2999
-40 1.47676 1633

( -25)1. 48279 6529

7



BESSEL FUNCTIONS OF FRACTIONAL ORDER

/

x
0.00

Ai(x) Af(x)
0.35502 803 -6.asein 940

Bi(x)
0.61492 463

0.01 0.35243 992 4.25500 174 0.61940 962
0.02 0.34915 214 -0.258741 90 0.62309 $22
0.0) -0.25866 1990.34726 SOS 7 0.621137 800
0.04 0.34467 901 4.25854 090 166/286 482

0.09 0.14209 435 -0.25838 1.6/735 409
0.06. 0.33951 1)9 -0.35019 164098 0.64184 653
0.07 0.1369) 047 -425797 916 0.04624 286
0.011 0.31415 191 4.25772 745 0.65a4 370
0.09 , 0.33177 603 4.25744 437 0.65534 975

4.10 0.72920 311 -0.25713 042 0.601116 144
0.11 0.32663152 -0.25670 613 0.66401 023
0.12 0.72406 751 -0.25641 200 0.66890 609
0.1) 0.32150 538 -0.256u 854 0.67143 997
0.14 0.31894 743 -0.25557.625 0,67790 260

0.15 0.31619 395 -0.25511 565 0.0(253 473
0.16 0.31)84 521 4.25462 724 0.68704 709
0.17 431130 150 -0.23411 151 0.69167 046
0.18 0.30876 JO? -0.25356 898 0.69625 554
0.19. 0.30623 020 -0.25308 Oil 0.70005 323

0.20 0.30370 315 4.25240 547 0.70546 .420
0.21 0.101e 410 -0.25178.548 0.71008 928
0.22. 0.29866 '3) 445114 067 0.71472 92?
0.23 0.29615 945 425047 151 0.71918 499
0.74 0.29165 818 -0.24977 850 472405 726

0.25 429116 395 -044906 211 0.72874 690
0.26 0.28867 701 4.24832 284 473145 471

0.27 0.28619 751 -0.24756 115 0,71818 170
2.28 0.20)72 5116 444677 753 474292 857

0.20. 0.28126 201 -424597 244' 0.74769 624

0.10 0.27000 648 -0.24514 6)6 0.75248 559
'0.31 0,27635 921_4.2_4429. .926 752
0.32 0.27392 055 -0.2414) 309 011.15729.7621) 292
0.33

140.
0.27149 064 -0.24254 602
0.26906 968 -0.24164 140

0.76699 272
477127 782

0.35 0.26665 787 -0.24071 120 0.77678 917
0./6 0.26425 540 -0.2)977 495 478172 770
0.17
0.38

0.26186 24) -421801 481
0.25947 916 4.27781 731

0.78669
0.79169 018

439

0.39 0.25710 574 -0.23684 291 0.79671 605

4440 0.25474 2)5 -0.23383 201 '0.00177 300
0.41 0.25218 916 4429480 512 480686 202
0.42 0.25004 630 -0.23376 259 ,0.91198 412
0.4) 0.24771 195 4.23270 487 0.81714 033
0.44 0.24539 226 4423161 239 0.112271 167

0.45 0.24308 1)5 4.21054 156 0.02735 920
0
0..41

46 0.24078 139 -422944 079
0.23849 250 -0.2281) OSO

0.03292.397
0.81112 705

0. 48 0.2)621 482 -0.22720 310 0.04146 952
0.49 0.23394 848 -0.22606 297 0.84889 248

0.50 0.2)169 761 -422491 053 0.85427 704

L
r( -()11

J

1

L

1 -(441
.1

r(-6)51
L

AIRY FUNCTIONS Table 10.11
BE (x) x AO) Ai'(x)

, 0.448211 8)6 0.50 0.23169 161 -0.22491 053 0.85427 704 0.54457 256
0.44871 926 0.51 422945 071 -0.22)74 617 0.85174 411 0.54890 049
0.44841 254 0.52 0.22/21 $72 -0.22257 027 0.86525 543 0.55334 219
0.214856 911 0.5) 0,22499 894 -0.22118 322 0.87U1 154 0.55709 959
0.44878 987 0.54 0.22279 109 -0.22018 541 0.87641 301 0.56257 345

0.44907 570
0.44942 752
0.44944 622
0.45031 270
0.45N8 787

0.45151 261
0.41228 709
0.45297 451
0.45/111 357
445472 582

;0.45571 22)
0 45677 371
0.45791 125
1.45912 572
0.46041 808

0.46178 928
0.46124 026
0.46477 197
0.46658 539
0.46808 147

0.55 0.22059 527
0.56 0.21841 158
0.57 041624 012
0.58 0.21408 099
0.59 0.21193 427

0.60 0.2ms 006
0.61 0.21767 844
0.62 0.20556 948
0.63 0.20)47 127
0.64 0.20131 907

0.65 0.19931 917
0.66 0.19726 182
0.67 0.19521 729
0.68 0.19318 584
0.69 0.19116 752

040
0.71
0,72
0.73
0.74

0.18916
0.18717
0.18519
0.18122
0.10127

240
0$2

619626
478

-0,189
-0.221775

7

0.2153
.215629

-.0.n404

-421279
4.21153
-421025
-0.20898
-0.20769

720
889

112
397
790

041

146
970

605

-0.20640 370
-420510. 500
-0.20380 004
-0.20246 920
-0.2011 281

4.19985
-0.1U 52
-0.19719
-0.19585
4,19451

464
119

347
798

0.88206
0.88877605.0
0.830
490515

0.91106
0.91702
0.92303
0.92910
0.91U4

0.94141
0.94760
0.95)99
0.96037
496681

341
152
914
810
902,

114
233

947261
011

0.56736 532
0.57227 662
0.577)0 873
0.51246 311
0.51774 120

0.59314 448
0.59867.447
0.60413 267
0.61012 064
0.61603 997

066 0.62209 ne
241 0.62827 912

(412
0.63460 222
0.64106 124

$43 0.64766 389

0.97112 866
0.97990 703
0.98655 4%
0.99)27)94
1.00006 942

0.65440 592
466129 109
0.66812 121
467549 810
0.64482 363

.46986 119 0.75 0.17933 6)1 4.19)17 521 1,00693 091 0.69029 970 ,0
0.47172 554 0.76 0.17741 128 -0.19102 851 1.01387 192 0.69792 824
0,47367 549 0.77 0.17549 975 -0.19047 865 1.02088 999 0.70571 121

0.47783 623 479 0,17171 724 -0.18777 OSS 1.03516 35) 0.72174 6490.47571 205 0.78 0.17760 1'2 -0.18912 591 1.02798 667 0.71365 062

0.48004 903 0.80. 0.16984 632 -0.18 286 1.04242 217 0.73000 690
4412)5 148 1.81 _0.16791 899 -0.0 310 1.04976 421 0.23842 793 1

0.40474 462 0.82 0.16614-52i -15,-1.043719-1211 -0.74701-350
0.48722 948 0,83 0.16431 516 -0.1 12 840 1.06470 504 0.75576 663
6.42080 71, 0.64 416249 870 4.18096 198 1.07230 717 0.76468 865

0.49247 861
0.49324 501
0.49110 741
450106 692
450412 461

0.50720 168
0.51051 920
(451189 811
0.51736 023
0.52093 614

0.52459 717
4528)7 457
0.33223 958
0.33623 338
0.54035 729

0.54457 256

[( -6)1]
-6)11

0.85'
0.86
0.87
088.
0.89

0.90

311

tg
0.95

tit

0.
0.98

99

'0.16069 588 4.17959 851
0.19890 671 -0.17U) 221
0.15713 124 -0.17686 539
0.15536 942 -0.17549 823
0.10362 128 -0.17413 097

0.15184 680 -0.17276 384
0.15016 600 -0.17139 708
0.14845 886 -0.1700) 090
0.14676 518 -0.16866 514'
0.14508 555 -0.16730 113

0.14341 935 4.16591 797
0.14176 678 -0.16457 621
0.14012 702 -0.16321 611
0.11850 245 -0.16105 781
0.11689 066 -0.16050 153

.1.00 0.13529 242 4.15914 744

Lr(-J
0)2i [(11] [(19.
4

1.07999 919
1.08778 140
1.09566 0%
1.106) 385
1.11170 386

1,11987 281
1.12819 233
1.1,651 496
1.14499 191
1.15157 519

1.16226 720
1.17106 959
1.11998 433
1,18901 352
1.19815 925

1.20742 359

0.77378 215
0.78104 942
0.79249 282
0.00211 471
0.81191 759

0.82190 389
0.03207 615
0.84243 695
0.83298 891
0.86373 470

0.87467 704
0.U581 871
0.89716 253
0.90871 13
492046 818

49)240 593

AIRY FUNCTIONS-AUXILIARY FUNCTIONS FOR LARGE POSITIVE ARGUMENTS

r -1
1.9
1.4
13
1.2
1.1

1.0
0.9
0.0
0.7
0.6

0.5

.f(t) 8(-0
1.000000 0.527027 0.619912 0.619954
1.047069 0.52878) 0.620335 0.617156
1.100099 4510601 0.620327 4614275
1.160397 0,5)2488 0.619799 0.611305
1.229700 0.534448 0.618649 0.608239

1.310)71 0.536489 0.616764 0.605068
1.405721 0.5)8618 0.61422 0.601782
1.520550 0.540844 0,610)09 0.598372
1.662119 0.54)180 0.605543 0.594823
1.842016 0.545614 0.399723 0.591120

2.000084 0.548230 0.593015 0.587245
R r()21 r(-431 R-5)21
L ji 4 jj .11 4+4

8(0
0.470728
0.479925
0.401651
0.014018
0.487101

0.4910)7
0.495921
0.501899
4508909
0.517012

0.526011

L j

r-1
0.50
0.45
0.40
0.35
0,30

0.25
0.20
0.15
0.10
0.05

0.00

*
2.080004
2.2/1407
2.41372)
2318450
2.924018

3.301927
3.831547
4.641589
40112202
9.694894

.A-r)
0.548210
0.349384
0.5509110
0.552421
455/912

0.955456
0.557058
0.551/24
0.560462
0.562280

0.564190
[(-Vil

(0-04 g(r)
0.593015 0.511245 0.526011
0.589451 0.585235 0.530670
0.5,5855 0.0;174 0.535145
0.142330. 0.514056 0.539902
0.5789.5 0.571870 0.544235

0.575908.. 0.570615 0.540255
0.571135 0.574320 4551930
0.57006 8.571927 0.555296
0.568143 0.561448 0.5511428
0.566204 0.566173 0.561382

0.564190 0.564190
(-)41 r(-5)11 R-6)41

J j 4 J1. 6 J

Al(*) - ;x 4e-7( -t) 4erf(t) Aii(x)-- 'tett- f g( -t) Br(x)-x:efg(r) f Itg

From J. C. P. Miller, The Airy integral, British Assoc. Adv. Bei. Mathematical
Tables, Part-vol. B. Cambridge Univ. Press, Cambridge, England, 1946 (with
permission).
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476 REUEL FUNCTIONS OF FRACTIONAL ORDER

Table 10.11 AIRY FUNCTIONS
x Ai( --x) Al '( -x) Bi( x) Bi'( -x) x m(- -x)

0.00 0.35502 805 - 0.25881 940 0.61492 663 0.44828 836 00 0.47572 809
0.01 0.35761 619 - 0.25880 157 0.61044 364 0.44831 896 0.51 0.47775 692
0.02 0.36020 397 - 0.25874 771 0.60596 005 0.44841 015 0.52 0.47976 138
0.03 0.36279 102 - 0.23865 731 0.60147 524 0.44856 104 0.53 0.48174 089
0.04 0.36537 699 .4.25252 986 0.59698 863 0.44877 074 0.54 0.48369 487

0.03 0.36796 149 -0.25836 484 0.59249 963 0.44903 833 0.55 0.48562 274
0.06 0.37054 416 - 0.25816 173 0.58800 767 0.44936 293 0.56 0.48752 389
0.07 0.37312 460 - 0.25792 001 0.58351 218 0.44974 364 0.57 1.48939 774
0.08 037574 243 - 0.25763 918 0.57901 261 0.45417 955 0.58 '0.49124369
049 0.37827 725 4.25733 872 0.57450 841 0.45066 976 0.59 0.493064115

0.10 0.38084 867 - 0.25695 811 0.56999 904 0.45121 336 0.60. 0.49484 953
0.11 0.38341 628 - 0.25655 685 0.56548 397 0.45180 945 0.61 0.49660 821
0.12 0.38597 967 -0.25611 443 0.560964268 0.45245 712 0.62 0.49833 659
0.13 0.38853 843 -0.25563 033 0.55643 `466 0.45315 546 0.63 0.50003 408
0.14 0.39109 213 -0.25510 406 0.55189 940 .0.45390 355 0.64 0.50170 007

0.15 0.39364 037 .0.25453 511 0.54735 642 0.45470 047 0.65 0.50333 395
0.16 0.39618 269 -0.25392 297 0.54280 523. 0.4554 530 0.66 0.50493 511
0.17 0.39871 868 - 0.25326 716 0.53824 536 0.45643 713 0.67 1.50650 295
0.18 0.40124 789 -0.25256 716 0.53367 634 0.45737 503 0.68 0.50803 685
0.19 0.40376 987 4.25182 250 0.52909 771 0.45835 806 0.69 0.50953 620

0.20 0.40628 419 - 0.25103267 0.52450 903. 0.45938 529 0.70 0.51100 040
0.21 0.40879 038 - 0.25019 720 0.51990 986 006045 578 0.71 0.51242 882

0.22 0.41128 798 - 0.24931 559 0.51529 977 0.46156 860 0.72 0.51382 087
0.23 0.41377 653 -0.24838 737 0.51067 833 0.46272 279 0.73 0.51517 591
0.24 0.41625 537 -0.24741 206 0.50604 518 0.46391 740 0.74 0.51.649 336

0.25 0.41872 461 -0.24638 919 0.50139 987 0.46515 148 ' 0.75 0.51777 258
0.26 0.42118 319 0.24531 828 0.49674 203 0.46642 408 0.76 0.51901 296
0.27 0.42363 082 -0.24419 888 0.49207 r .46773 423 0.77 0.52021 390
0.28 0.42606 701 - 0.24303 053 0.48738 22 0.46908 095 0.78 9.52137 479
0.29 0.42849 126 4.24181 276 0.48268 953 0.47046 327 0.79 0.52249 501

0.30 0.43090 310 - 0.24054 513 0.4779 784 . 0.80
0.31 0.43330 200 -0.23922 719 0.473 5 14 0.47333 081 0.81 0.52461 101
0.32 0.43568 747 -0.23785 851 0.4 1 117 0.47481 405 0 2 0.52960 557
0.33 0.43805 900 -0.23643 865 0.4 75 543 0.47632 895 0 83 0.52655 703
0,44 0.44041 607 - 0.23496 718 0.4 898 443 0447787 450 0 4 0.52746 479

0.35 0.44275 817 -0.23344 368 0. 5419 784 0.47944 970 0.85 0.52832 824
0.36 0.44508 477 -0.23186 773 0 44939 534 0.48105 354 0.86 0.52914 678
0.37 0.44739 535 -0.23023 893 .44457 667 0.48268 500 0.87 0.52991 982
0.38 0.44968.937 - 0.22855.22855 687 .43974 156 0.48434 307 0.88 0.53064 676
0.39 0.45196'631 - 0.22682 116 0.43488 973 0.48602 670 0.89 0.53132 700

0.40 0.45422 561 -0.22503 141 I 0.43002 094 0.48773 486 0.90 0.53195 995
0.41 0.45646 675 -0.22318 72 0.42513 495 0.48940 652 0.91 0.53254 502
0.42 0.45868 918 .0.22128 8 0.42023 153 0.49122 062 0.92 0.53308 163
0.43 0.46089 233 -0.21933 4 2 0.41531 047 0.49299 611 0.93 0.53356 920
0.44 0.46307 567 - 0.21732 r7 0.41037 154 0.49479 193 0.94 0.33400 715

0.45 0.46523 864 -0.24525:894 0.40541 457 0.49660 702 0.95 0.53439 490
0.46 0.46138 066 - 0.21313'121 0.40043 934 0.49844 031 0.96 0.53473 189
0.41 0.46950 119 -0.21093 893 0.39544 570 0.50029 070 0.97 0.53501 754
0.48 0.47159 965 -0.20e2 379 0.39043 348 0.50215 713 0.98 0.53525 129
0.49 0.47367 548 -0.20643 147 0.38540 251 0.50403 850 0.99 0.53543 259

0.50 0.47572 809 -0.20408 167 0.38035 266 0.50593 371 1.00 .0.53556 088
I.( -6)31 r(-- 6)71
L 4 .1 L 4 J

Ai'(-x) Bi(-x) Bi'(-x)
- 0.20408 167 0.38035 266 0.50593 371
- 0.20167409 0.37528 379 0.50784 166
- 0.19920 846 0.37019 579 0.50976 123
4.19668 449 0.36508 853 0.51169 132
-0.19410 192 0.35996 193 0.51363 080

- 0.19146 050 0.35481 589 0.51557 853
- 0.18875 999 0.34965 033 0.51753 339
- 0.18600 016 0.34446 520 0.51949 424
- 0.18318 078 0.33926 043 0.52145 991
.0.18030 166 0.33403 599 0,82542 927

- 0.17736 260 0.32879 114 0.52340 115
- 0.17436 341 0.32352 796 0.52737 438
-0.17130 392 0.31824 435 0.52934 780
- 0.16818 399 0.31294 101 0.53132 022
- 0.16500 345 0.30761 795 0.53329 046

446176 218 0.30227 521 0.53525 733
4.15846 007 0.29691 282 0.53721 964
- 0.15509 701 0.29153 084 0.53917 618
- 0.15167 290 0.28612 932 0.54112 575
- 0.14818 768 0.28070 835 0.54306 714

- 0.14464 129 0.27526 801 0.54499 912
- 0.14103 366 0.26980 840 0.54692 048
- 0.13736 479 0.26432 964 0.54883 000
- 0.13363 464 0.25883 185 0.55072 642
- 0.12984 322 0.25331 516 .55260 852

- 0.12599 055 0.24777 973 0.55447 506
- 0.12207 665 0.24222 571 0.55632 480
441810 157 0.2)665 329 0.55815 647
- 0.11406 538 0.23106 265 0.55996 884
- 0.10996 815 0.22545 398 0456176 063

1 0.21982 751
-040159 101 0.21418 345 0.565 7 745
.09731 134 0.20852 204 0.56699 994
4.09297 113 0.20284 354 0.56869 679
*048857 055 0.19714 820 0.57036 671

0.08410 979 0.19143 630 0.57200 845
-047958 904 0.18570 813 0.57362 071
.0.07500 854 0.17996 399 0.57520 2204- 0.07036 852 0.17420 419 0.57675 165
4.06566 925 0.16842 906 0.57826 777

446091 100 0.16263 895 0.57974 926
445609 407 0.15683 420 0.58119 484
4.05121 879 0.15101 510 0.58260 321
- 0.04628 549 0.14518 226 0.58397 309
- 0.04129452 0.13933 585 0.58530 317

*0.03624 628 0.13)41 634 0.58659 217
- 0.03114 116 0.12760 415 0.58783 879
4,02597 957 0.12171 971 0.58904 174
- 0.02076 197 041582 346 0.59019 973
4.01548 880 0.10991 587 0.59131 145

- 0.01016 057 0.10399 739 0.59237 563
r( -6)21
L 4 J

r(-6)81
I 4 J

r(-6)71
L 4 j r()19

L 4 j r(421
L 4 j r(-6)61

L 4 j
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BESSEL FUNCTIONS OF FRACTIONAL ORDER

AIRY FUNCTIONS

x ,Ai( -x) Ai'( x) x) Ai'(-x)
1.0
1.1
1.2
1.3
1.4

1.5
1.6
1.7
1.8
1.9

2.0
2.1
2.2
2.3
2.4

2.5
2.6
2.7
2.8
2.9

3.0
3.1
3.2
3.3
3.4

3.5
3.6
3.7
7.8
3.9

4.0
4.1
4.2
4.3
4.4

4.5
4.6
4.7
.4.8
4.9

5.0
5.1
5.2
5.3
5.4

5.5

477

Table 1,011
Bi( -x) Bi'(-x)

0.53556 088 -0.01016 037 +0.10399 739 0.59237 563 5.5 ,+0.01778 154 0.86419 722 -0.36781 345
0.53301 031 +0.04602 915 +0.04432 659 0.60011 970 5.6%0.06833 070 0.85003 256 -0.36017 223
0.52619 437 0.10703 157 -0.04582 137 0,60171 016 5.7 .0.15062 016 0.78781 722 -0.33245 825
0.51227 201 0.17199 181 -0.07576 964 0.59592 975 5.8 -0.22435 192 0.67943 152 -0.28589 021
0.49170 018 0.23981 912 0.13472 406 0.58165 624 5.9 -0.28512 278 0.52962 857 -0.22282 969

0.46425 658 0.309 97 -0.19178 486 0.55790 810 6.0 -0.32914 517 0.34593 549 -0.14669 038
0.42986 298 0.37854 -0.24596 320 0.52389 354 6.1 -0.35351 168 +0.13836 394 -0.06182 255
0.38860 704 0.4442 455 0.29620 266 0.47906 134 6.2 -0.35642 107 -0.08106 856 +0.02679 081
0.34076 156 0.50999 763 . 0 583 0.42315 137 6.3 -0.33734 765 -0.29899 161 0.11373 701
0.28680 006 0.56809 172 -0.38046 588 0.35624 251 6,4 .0.29713 762 -0.50147 985 0.19354 136

0.22740 743 0.61825 902 -0.41230 259 0,27879 517 6.5 -0.23802 030 -0.67495 249 0.26101 266
0.16348 451 0.65834 069 -0.43590 235 0.19168 563 6.6 -0.16352 646 -0.80711 925 0.31159 995
0.09614 538 0.68624 482 -0.45036 098 +0.09622 919 6.7 -0.07831 241 -0.88790 797 0.34172 774'

+0.02670 633 0.70003 366 -0.45492 823 -0.00581 106 6.8 +0.01210 452 -0.91030 401 0.34908 418
-0.04333 414 0.69801 160 - 0.44905 228 '-0.11223 237 6.9 0.10168 800 - 0.87103 106 0.33283 784

-0.11232 507 0.67885 273 -0.43242 247 -0.22042 015 7.0 0.18428 084 -0.77100 817 0.29376 207
-0.17850 243 0.64163 799 -0.40500 828 - 0.32739 717 7.1 0.25403 633 -0.61552 879 0.23425 088
-0.24003 811 0.58600 720 -0.36709 211 -0.42989 534 7.2 0.30585 152 -0.41412 428 0.15821 739
- 0.29509 759 0.51221,098 -0.31929 389 -0.52445 040 7.3 0.33577 037 -0.18009 580 +0.07087 411
-0.34190 510 0.4211( 281 -0.26258 500 -0.60751 829 7.4 0.34132 375 +0.07027 632 - 0.02159.652

-0.37081 429 0.31458 377 -0.19828 963 -0.67561 122 7.5 0.32177 572 0.31880 951 - 0.11246 349
-0.40438 222 0.19482 045 .9.12807 165 -0.72544 957 7.6 0.27825 023 0.54671 882 -0.19493 376
-0.41744 342 +0.06503 115 .0.05390 576 -0.75412 455 7.7 0.21372 037 0.73605 242 426267 007
-0.41710 094 - 0.07096 362 +0.02196 800 -0.75926 518 7.8 0.13285 154 0.87115 540 -0.31030 057
-0.40319 048 -0.20874 905 0.09710 619 -0.73920 163 7.9 +0.04170 188 0.94004 300 - 0.33387 456

-0.37553 382 -0.34344 343 046893 984 -0.69311 628. 8.0 -0.05270 505 0.93556 094 -0.33125 158
-0.33477 748 -0.46986 397 0.23486 631 -0.62117 283 8.1 -0.14290 815 0,85621 859 -0.30230 331
-0.28201 306 .0.58272 780 0.29235 261 .0.52461 361 8.2 -0.22159 945 0.70659 870 -0.24904 019
-0.21385 598 -0.67688 257 0.33904 647 .40581 592 8.3 -0.28223 176 0.49727 679 -0.17550 556
-0.14741 991 -0.74755 809 0.37289 058 .0.26829 836 8.4 .0.31959 219 +0.24422 089 -048751 798

-0.07026 553 -0.79062 858 0.39223 471 - 0.11667 057 8.5 -0.33029 024 .0,03231 335 +0.00775 444'
.0.00967 698 -0.00287 254 0.39593 974 +0.04347 872 8.6 -0.31311 245 -0,30933 027 0.10235 647

0.08921 076 -0.78221 561 0.38346 736 0.20575 691 8.7 '.0.26920 454 -0.56297 685 0.18820 363
0.16499 781 -0.72794 081 0.35494 906 0.36320 468 8.8 -0.20205 445 -0.77061 301 0.25778 240
0.23370 326 -0.64085 018 0.31122 860 0.50858 932 8.9'-0.1172+ 631 -0.91289 276 0.30483 241

0.29215 278 -0.52336 253 0.25387 266 0.63474 477 9.0 -0.02213 372 J-0.97566 398 0.32494 732
0.33749 598 -0.37953 391 .0.18514 576 0.73494 444 9.1 +0.07495 989 -0.95149 682 0.31603 471
0.36736 748 -0.21499 018 0.10794 695 0.80328 926 9.2 0.16526 800 -0.84067,107 047858 425
0.38003 668 -0.03676 510 +0.02570 779 0.83508 976 9.3 0.24047 380 -0.65149 241 0.21570 835
0.37453 635 +0.14695 743 -0.05774 655 0.82721 903 9.4 0.29347 756 0.7799986 237 0,13293 876

0.35076 101 0.32719 282 -0.13836 913 0.77841 177 9.5 0.31910 325 -0.10809 532 +0.03778 543
0.30932 600 0.49458 600 -0.21208 913 0.68948 513 9.6 0.31465 158 +0.19695 044 -0.06091 293
0.25258 034 0.63990 517 -0.27502 704 0.56345 898 9.7 0.28023 750 0.48628 629 -0.15379 421
0.18256 793 0,75457 542 -Q.32371 608 0.40555 694 9.8 0.21886 743 0.73154 486 -0.23186 331'
0.10293 460 0.83122 307 -0.35531 708 0.22307 496 9.9 0.13623 503 0.90781 333 - 0.28738 356

0 01778 154 0.86419 722 -0.36781 345 0.02511 158 10.0 0.04024 124 0.99626 504 -0.31467'983

r( -3)21 [(-T5] r(-3)21 [(1)1 [1)1 [(11] [(-13)4]
L 3)2] L 8 j

AIRY FUNCTIONS- AUXILIARY FUNCTIONS FOR LARGE NEGATIVE
ARGUMENTS

t' 1 x AO f2(0
0.40028 87
0.40002 58

0.39949 03
0.39921 79

0 39894 23
((-3

J
)41

0.05 9.654894 0.39752 21 0.40092 31 0.39704 87
0.04 11.203512 0.39781 14 0.40052 06 0.39741 99

0.39975 970.03 13.572088 0.39809 83
0.02 17.784467 0.39838 24
0,01 28.231081 0.39866 38

0.00 0.39894 23
R-7)41

3 J

Ai( t) x [fi(t)coar+A(t)sinti

Ai'( -x) x'[gl(t)sin r-g2(t) cos 11

gi(t) g2(t) <t>

0.40012 11 0.30779 49
0.39972 48 0.39817 37
0.39933 19 0.39855 62

0.39894 23 0.39894 23
r(-7)41 ro1
1 3 J

Bi(-x)-x 'ff2(t)cost-fj(r)sin t]

[gl(r) cos c+g2(c)sinil

s-nearest integer to c.

494

20
25
33
50

100

+0.02511 158
- 0.17783 760
-0.37440 903
.0.55300 203
-0.70247 952

-0.81289 879
- 0.87622 530
-0.88697 896
-0.84276 110
- 0.74461 387

-0.59717 067
-0.40856 734
4.19009 878
+0.04437 678
0.2792& 391

0.49824 459
0.68542 058
0.82650 634,
0.90998 427
0.926:, 809

0.87780 228
0.76095

045095 /1
0.36122 9,0*

+0.10670 215

-0.15945 050
- 0.41615 664
- 0.64232 293
- 0.81860 044
0.92910 958

...

6- 0.9629 917
-0.91547 918
-0.7888882 623
-0.59221 3711"1
-0.34136 475

- 0.05740 051
+0.23484 379

0.50894 402
0.73928 028
0.90348 537

0.98471 407
0.97349 918
0.86898 388
0.67936 774
0.42147 209

0.11941 411

[1 1]



478 ,
4 BERM FUNCTIONS OF FRACTIONAL ORM

Table 10.12' INTEGRALS OF AIRY Funcnons

f ; mmihf; 4 4.)411: Bi (.Oaf: BI(-44 x fa M Ma f Ai (Aar Bic Ads
0.0 0.00000 00 0.00000 00 11.0010 00 0.00000 00 3.0 0.331211 76 0.71711 22 04307) 09
0.1 0.01421 01 0.03679 54 0.0637) 67 0.03924 17 3.1 0.33189 73 0.75103 62 0.14113 $9

* 0.2 ' 046903 114 0.07613 70 cum 43 t1139010 3.2 0.333/0 50 0.77926 27 0.11647 SO

ON ( Lk2747121647 06 tag 4452 LILE11561 0406:31 11 II wit a 0301w, 54 ore a
0,3 0443%43
0.6 0.1110} 79
0.7 0.10195 92
0.0 0.20109 43

. 0.221% 97

1.0
1.1
2.2
L3
1.4

1.3
1.6
1.7
LB
.91

2.0
2.1
2.2
2.3
2.4

2.S
2.6
2.1

2.9

0.2)631 13
0.24907 33
0.26031 12
0.21014 09
0.27%0 66

0.20671 67
0.29/49 24
0.299U 73
0.304)0 112
0.30176 29

0.31233 20
0.31377 11
0.31034 43
0.32091 19
0.32292 74

0.32463 00
0.32601 $7
042150 74
0.3203 33
0.31919 03

3.0 0.30992 04
3.1 0.33032 31

33.2 0.33102 49
.3 0.33144 13

3.4 . 0.33170 65

3.% 0.31207 13
4.31130 61

30 0.3)249 93
3.0 0.3%63 76
3.9 0.3)210 70

44 0.33209 27
4.1 043297 U
4.2 0.33304 04
4.3 0.53310 30
4.4 '043315 07

4.3 043311 76
4.6 0.33321 75
4.1 0.33124 11
4.0 0.33326 02
4.9 0.33)27 34

0.20490 93 046533 15 0,23006 211
0.237)6 07 0.45356 SO o.ansa
0.307611 05 0.34773 % 0.31573 56
045944 13 044143 112 0.94032 Of

' 0.41223 SO 0.73649 64 0,13966 27

40 047176 91 30
0.31 9 94 0.990311 0.
0.372 4 03 141466 0. OS 43
0.61421 79 / 1403111 0.17726 99
0.67447 31 1.44579 42 0.16673 34

1.62470 III 0,15030
141231 3) 0.32147 24

2.
2. 3 31 9.301)2

97
67

12 0.21939
a.% 90 0.13323 04

4.1%54:741.1gt
, 0.0613i. 4$

23
4.01 03

Lang 10
0.76709 26
040807 24
0.14439 41
04171011 06

'0.90177 20
0.92133 09
0.934% 340
0.94030 17
091%7 67

0.93107 70
0.91730 34
LOOS 20
046931 37
0.017311 77

040146 29
0.76220 32
0.72100 37 .
0.61913 91
0.63002 56

0.39097 n.
OAS% any

033242 n
0.50130

155111

0.47100 75
0.474% 79
0.4/992 9S
0.492611 31
0.31269 20

0.33901 35
0.37060 39
0.60606 6)
0.64330 31
0.60146 70

147340 I)

LS
3.6
5.7
3.11
3.9

6.0
6.1
eat
6.3
6.4

.64
666

I4.6.11

7.0
7.1
7.2
7.3
7.4

4.021112 94 7.3
4.07009 01 7.6
440170 06 7.7
4.14317 IS 7.11
4.17234 20 7.9

0.33331 97
0.331% 27
04)3332 50
0.333)2 69
0.3)332 11,

043312 93
0.33333 03
033)33 10
0.3%3) 16
03%33 20

23
0.3 333 25
0.3 333 27
0.31333 29
033333 30

0.33333 31
0.33333 31
0.33333 If
0433333' 01
0.33)33 33

0.33%3 SI

. .0.19544 23 0.0 .

442 49 L2 0

a 4.1 32 61 L3 .
4 4.21653 $7 Lir .

. :11289291 50 0.3 . 0.66739 21

0.02131
041197 90
040797 96
0.711914 06
0.76354 19

0.71267 33
0066 93
0.662611 %
0.627111 9$
049392 U

0.36902 95
0.341113 39
043667 69
0.5ns4 .74
0.39906 90

143143 17

040365
047549

04339$
046999 96

4.70%6 19
.' 0.73773 14

0.73110 99
0.77375 13
0.711433 65

0.7U911
240.77413 37

0.73570 33
0.73041 9)
070011 70

.0.13632 33 L .
4.12403 43 04
440914 U

*LOMB 79 94
0.06494 00 9.
0.0947 02 9.4

' 0.05076 01
' 0.01121 70

0.126% 04 94
044076 SO 9.6
0.16347 66 9.7
0.17010 19 9.0
0.16037174 9.9

MU% 70
0.36504 22

0.35011 97
0.36141
0.373%
0.3940) 00
kW% 76
0.63101 01
0.61173 25
0.71373 13
0.73019 04
0.73610 07

[cm [cm
[(j)4]

10.03.0 0.33321 76 1.717U 22

3
Table 10.13 ZEROS AND ASSOCIATED VALUES OF AIRY FUNCTIONS

AND THEIR DERIVATIVES
a'. Ages) b.

1.01079 297 4.3330 666 I.17371 322
L24019 750 4.41901 340 L2n07 330
4.02009 921 647 44)073 7114

- 74/217 726 4. 30 124 7.37,74 791
6.16330 7% *0.3 794 6.169115 213

0.41040 673 4.33047 a) 049194 in
9.33344 903 .0.32102 229 9.33119 431

40.32766 040 431311 539 40.32941 331
- 11.47303 663 .0.30631 729 41.47695 333
4240970 037 040073 on 42.30641 714

Is
1 2.13010 141
2 - 4.00194 944
3 3.32033 903
4 6.10610 SO
S 1.94413 359

6 - 9.02263 003
1 - 10.04011434
0 41.00832 ne
9 - 11.93601 356

10 - 12,02071613

."1012(11101*0
440311 1)7
*04%20 40)
4.91003 014
i0.94711 371

.0.91792 211
*LOU% 012
4.02113 069
*1.04512 063
446119 306

441617 06
4.02030 99

.08=623 II

.0.111111 2$

.0.13014 II

.0.14006 00

.04416) 05

.0433% 7)

.042011 Is

.0.09726 01
4.06047 29

,0.03362 42
.0.000111 10
*0403340 40

0406491'67
0.09147 36
0.11121 47
042273 90
042311 SO

041047 31
0.10)00 37
0.07997 15
043114 33

443072 a:
. 0.01473 64
441664 04
.4.0440 43
.0.09577 17
Amos 22
. 031303 16

.0.09%3 90

.0.07039 64

.0.04203 63

4.01033 04
441196 26

0.05191 24
0.07602 93
0494)9 1/

ere, 27
0.09101 44
0.0717
0.04533

33
9 37

trff

B1'(b V, 111:4
440193 2.29443 944 .0.434 430
4.76031 014 4.07113 309 *0.19652 214
44699 101 3.31239 373 4.36796 916
44447 990 6.7_1119 443 .0.34949 912
.0.3222999911 364 7.94017 169 4.33602 624

.L96323 443 9.01930 336 4.32$30 974
4.99131.637 .10.03169 6)3. 4.31693 463
.1.016311 %6 - 11.00646 261 .0.30972 394
*1.01149 429 11.99426 16$ 440152 766
- 1.05047 114 .4242723 %I 40.29E0 491

AUXILIARY TABLE-COMPLEX ZEROS AND ASSOCIATED VALUES OF
B1(a) AND BV(a)

e-Wie. BYO.) a- WV, 111(r'.)

PModulus Phase mbo Phase
0.993 4.641

Modulus*TN 'Off'
UM 4.313 3.. 0.059

0.730 .0.466

1.224 44% 4. kW 1.111 111:
1.211 4.519 6466 0.023 0.306 .2.624
1.140 4.621 7.374 001/ kW .0.319

0
1 lit tit 0.093

I 4 (1:11
a

5
ii..785

946 t:::4

From J. C. P. Miller, The Al, lategral, blab Aro& Adv. Ilasheandeel
Table. Part-vol. B. Centbelip Ude. Ptak Cgoloidge, P2 sod, 1916 aid
F. W. J. Ohm The soymptode eareadea of Besot Maeda= of large gram
Philos. Trews Roy. Soe. Louisa IA) /1419 11211-3611,1934(wIth peeedseks).
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11. Integrals of Besse! Functions
Mathematical Properties

11.1. Simple Integrals Of Bowel Functions

twode

11.1.1 .

sor(v+if")
j: to41.(0dt= \

( 1-2k+1)r ("2--2-1
e +.s +1( v/

(a1P+P-1-1)>0)

11.1.2

if :J;(t)dtti2 (9b>-1)

11.1.3 fie/s.(t)dt.1J0(t)dt 4+1(4
0 0

,*

11.1.4 Jf se+1(e)dt = 1 Jo(s) 2 N. Jol(s)

Resurnmee Relations 4

11.1.3

0f J.4.1(t)dt=fol.1._1(t)dt-9J.(2) (s>0)

11.1.6 fji(Ode=1.4(s)

powat,fyomalltoomt,ficomde

11.1.7

foairo(i)dt sfefo(x)+-; ( WM Hi Wit(s) }

Wp(x)=Ashi(x)-FBNxbra.0,1

A and B are constants.

480 487

11.1.8

j:20(t)dt=x4(2) -OvalU(44(4+14(44W

2,,(4=AI.(4-1-Be."KM,P=0,1

A and B are constants.

B,(z) and Ly(x) are Struve functions ((see
chapter 12).

11.1.9

f siroMd*=t (7-F1n z +1)

Vo.

y (Euler's constant)=.57721 36649 . . .

In this and all other integrals of 11.1, x le real
and positive although all' the results remain valid
for extended portions of the complex plane nukes
stated to the contrary.

11.1.10

Komdg.i-rfairomdt+i12: YoMilt2 0 2 0

Asymptotis Iropsosious

11.1.11

(Jo(`)-1-iro(Okitt(172)1 01(1'14)
J.

x[A. ()1 as or s" F ()4.2.2-0]

r+ lAtUsi
11.1.12 ae2 ro(e) 2W I1 )

11.1.13

2(k+1)(14+1=3 (k-1-0(k+D dl



INTI1011A18 OP

/0(1)dt4241 ...-/

where the is/ ere defined as in 11.1.12.

11.1.15 ater ra0041#i
where the is1 are defined as in 11.1.12.

PolyoomIal AppothaatIone

11.1.16 8xess,

Wo(I)+iro(t)idg.

o.x-is"8-'141t (--) a,(48)-a's

+i (rea(748).*+.(z)]

140 X10-0

0 ,,, MU 47004
1 .00404 08889

a
2 .00100 8401000872

'4 I I . 928115
8 .00027 118037
0 .00012 70089
7 .00003 118492

. 70788 48800

. 01280 42408

.00178 70044

.00007 40148

.00041 00670

.00028 48855

.00011 07299
00002 24288

11.1.17 8Sa
xis"f lo(t)dgmtCM-1+4W

1.(x)(S2 X 10-0

1 41,

0 .39894 23

1 .03117 34

2 .00691 91

3 .00659 66

4 . 01148 68
6 .01774 40

6 00739 93

Approximation 11.1.16 r item A. J. M. Maw&
Polynomial approsimations to &mak (unctions et order
smo and ono and to Mated hairdos MM. Tablas Aids
Comp. 11, 8618 (1957) (with perm oon).

DOM FON01101411

11.1.18 7 ;;So)

alef Kads-at ()oeO:M-1+ (z)

100152X10-1
Oh

0 1.25331 414
1 0. 11190 289
2 .02578 848
3 :00933 994!
4 .00417 464

. 00163. 271
8 .00033 934

f.41to f EgpLit f r&.

11.1.19

rot --Jo(t) tit
Jo g

481

=2x-1 (2k+3*1(k +2)-0(1)14+1(x)

=1-2x-1.1,(x)

+2e4 (2k+0[0(k +3)#(1-2.114+40

For Cs), see 6.3.

11.1.20

J8 s
r As(044+7+1, 2

. 1"

11.1.21

J

()h

f rAPI=.! 0-1,7-, On 0-4 (fa-c-71)

2 rww ("~)1 r a 1{#( +1 ) +4 y
11.1.22

fia 1,44On 01+7 m 1-01-424 2

11.1.28f
488

(1T
2koto

I



"Sr

Drumm OP mem ruzganows
Asymptotic Espnsions .

11.1.24 KY241294(teiro(X) 00(2)C4

were

11.1.30 4z
jef: ICApict C4)-a4.4(4

is(X)1W

b 4
0 1.25331 41
1 0.50913 39

32191 84
3 .26214 48
4 .20601 26
5 .11103 98
6 . 02724 00

--.:-944-N,(-)aki.) ow,

9i(x) 4I"kl(k+1)1
- .

11.1.25 go(z)=2asi

(7),00-.11.1.26

where

11.1.27
.13

co=s41=-

,2(k +1)4.1.1 (k 1)'+d -.<k+014 -1
1

11.1,28 f-ssir Vo(t)-lidte "-(ar) 'e

11.1.31 5525 o

)

-

where th is defined as in 11.1.27.

3 Polynomial Approximations

.`"'" 5Sx 40

j" 9CitYP. =2gt (4% (2) (x)

where

gotx).-N (-ra*(x10-a+.(4,

1441 1:1 X10-11

k f
0 O. 39893 14
1 .13320 55

-. 04938a
1.4780044

4 -8.655 13
5 28. 12914 78
6 -48.05241 15
7 40. 39473 40
8 - 11.90943 95
9 - 3.51950 09

10 2.19454 84

11.2. Repeated Integrals of J.(z) and Ka(S)

iterated Integrals atJ As)

9

gi(x)-t (-)*Ok(xl5)-"+(2)

I i(x) S 2 X10

k am too

o 1. 0 . 1. 0
1 0. 15999 2815 0.31998 5829
2 . 10161 9385 .30485 8188
3 . 13081 1585 .52324 6341
4 .20740 4022 1. 03702 .0112
5 . 28330 0508 1.69980 3050
6 .27902 9488 1.95320 6413
7 . 17891 6710 1.43132 5684
8 .06622 8328 0.59605 4956
9 . 01070 2234 . 10702 2336

11.2.1

fo.(4)=.10(2),

1t.,( )="J Jit(t)di, .4.(8) f ft,I..(i)dt.
o

11.2.$ .f. Jo(z)

Then

11.2.3

A.,(2)=4-1 j: (2-0"4(i)di (Nr>0)

2' r(k+r)
"43 fraii(a)nii E-kr-41*

489.



11.2.5

r(r ,,(2) =2(r-1 ) ,,,s(a)

[(1-01 44-i.1.(z)

743)4,-10.(a)zsA-1.,,(a)
11.2.6

Relations

INTEGRALS OF MUM FUNCTIONS

dr+1. 0(a) 4/r. )f-1. 000 + 0(4

11.241 fr+1. 4411(4 =i +es-1(2) 1,..(z)

Repeated IateirsOf KAI)
'Let

Kio(z)=14(z).._-

Kil(z)=f: K0(t)dt, . . Ki,(2).f10,..1(t)dt

11.2.9

Then

11:2.10

Ki-r(a)=()' (Tip Ko(a)

eseablde
Kit(a)

(f0>.0, Rz>0, r=0)
11.2.11

Iii,(z)=43 fa" (ta)''114(t)dt ,

(4z0, gtr>0)
(fflr>0)11.2.12 Kin(0) = r (Or?)

,

2
r(r+0

11.233 Kia. +I (()) r (r7+-T)

11.2.14

rKiy.f1(2)=--zKi,(4+ (r-1)1CLI(a)-f-slii,_2(z)

11.3. Reduction Formulae for Indefinite
Integrals

Let

11.31 gr,,(z)2:11 CsiPZ.(t)di

wire Z,(z) represents any of the Bessel functions
of the first three kinds or the modified Bessel
functions. The parameters a and b appearing in
the reduction formulae are associated with the
particular type of Basel function as delineated
in the following table.

11.3.2 Z,(a)

4.(a),Y.(a), HP)(a), 141)(a)
I,(2)
14(s)

11.3.3

pga.,(a)gatroszsZI(s)

. +(o+r)9-i..(a)agr.,+s(a)

483

a
11 11 1

11.3.4

P9...+1(2)=-0"8"Zpo(z)
+ (0 P* 1 )9*-1.+ 1 (a) bgr .p(a)

4

11.3.3

(P1+4)14..(2)==a.""za..+a(s)
+ (0 r-- )s-oszr-12.(z)pe-NzPZ,(z)

+P(2µ -1 )90-1..(z) + 64 nigr-A.(3)

11.3.6

a(as)g...4.1(z)=-2ve-PizilZ,(z)2rPg,...(z)

+b(s+v)gr. -i(s)

Case 1 s ps-Fa6=0, r= f (a-1)

11.3.7 9044 2r,} -1
Zp(z) Z,f,i(z)

+1
e-sea.+1 a

- r

r+
11.3.8 9-4..4)&4 e rse {Z(z) Z-1(2)

11.3.9

is e"PJ,(1)dt. [J,(z),f,i(z)120+1
1 iJ

(Nr>.-4
11.3.10

021...1
[Jp(a)-f.i4-1(a)1j: e"1-V,(t)dt= 2r-1

+2'-1(21,-1) r (r) (rr'1)

11.3.11

etitzet"I'Y,(t)dt.
20

(Y,(2)iY,f,i(z))
+p+11

i2'+111(r+1)
ir(2r+1)

11.3.12

(91P>

f
o

elbeg8e1.411.(t)dt=2pV,(a)T1,f,i(e)1+11
(ffly>711)



484

11.3.13

114TXGRALB Ot

je

4-1.(t)dtasel/s(a)+/1(s)]

+14.-40-1i+20- (Ak)1(s)

11.3.14
r 14 1

as

Tr-VPIWO . 000
11.3.13

'sassy" W;(s)ir.+Ila)]j:
e
*WIC

PM&
sii-5.T.T

1
tr(v+1) cerv),-0T 2r+1

Eno integral (see (11.5D

)11.3.16 f 0E40dt=soiKo(s)+K (101-1

11.3.17

est-14(0di \
trIK,(0-1-14-1(3)1 (9b>0

BEIM 717NCTION

11.3.25 f Phi\ dt=i01,(3) (gb>0)

11.3.26 t-1,+$\)dt=ta"1.(!) 1

2,0-1
jams is 1 ponO,

114.18 bg...-1(1)=010243)

11.3.19 ag-...000= -3-62,00

11.3.20 eie: P./...ode= 0,4(a) (hi>o)

11.3.21 j: t"-'47.+1(t)412.r(41) a-40'00

11.3.22

2af 64211-ml\ft (2k-1)41(4

g-
aa

(26-1)./26_1(s)

11.3.23

i'l.400)deisej"JeMilt
(2o-1-1)je t

(n>0)

(a) A, kin OD
11.3.24

PY...1()dimser;(10+
w

21'(r)

.lo 20
111.3.27

11"(9d1=-3148)+2-,r(r)
1

11.3.28 f rIC,+I(t) t=3 -44(s)

Indefinite Istaiirab of

Let IC,(s) and 2.(a) fl
functions of orders is and

11.3.29

fa {(0P)1-62.6. (kt S(1)#11

ta{kesf.+I(ka)9,(110-1ife )9404

(4-7)Cfg )9Ais)
11.3.30

(9b>0)

at Barell lrustions

any two cylinder
pectively.

\ .

r."-44+1(09.+I(Ode
r-,

{w(s0A00+tel)

11.3.31

f'04'+iivoscooit

2 toostoo+14+1(sos+1cen

11.3.32

f:al-1(0d14.12& 0+2k)41:+100

11.3.33

retarl-1(0-410(014=214:00

A

114.36

(. >O)

(11b>0)

foaten(044110010+4714»

11.3.35

f:Je(04+1(0dinei [141»g, .71(a)



imams
11.3.36

(4+ r) fa t-Vp(t)9.(t)dt

(04-0-1-2n)f i-194,.(t)g.+.1(odi

it(2)9.(z)+94421)9 +01(a) +2%24f/(8)4t441(8)

0

OF BIlliSEL PONenoNs 4.85

Convolution Type Integrals
11.3,37

fog 4(04(3 pdt= 2 f:4(--)14+.+a+I(z)

(Sta>-1, eb>.1)
11.3.33 .
f

J,c1)J1_,(at)dt=J0(z)-4013 (-1<g&<2)

J,(t)J -,(z t)dt.oin z (001<1)

rity)./.(z-otig=A P
±2W

11.3.41

J(t).44odt.,-.(p+o4+.111)
J0

(94>o, gb>0)

11.4. Definite Integrals

Orthogonality 'Properties of Bowel Fanatical*

Let Ws) be a cylinder function of order r.
In particular, let

11.4.1 if'.(s)=AJ.(4-1-BY(8)

where A and B are real constants. Then

11.4i

tZ(1.,t)Z(At)dt =0 (twin)

g50 11{(1bit)ill(XsO-Frpl()40}1

(fft=s)(0<4<e)

provided the following two oonditions hold:
1. A is a real zero of

1,.4.3 haWito (X6) WU) 0

-2. There must exist numbers If; and k, (both
_ not zero) so that for all *

itskiki,i(Xes) k,% (Xos) .0

In connection with these formulae, see 11.3.29.
If .4.0, the is, valid provided B.O. Tide
case ie covered by the following result.

Jo
1t4,4(asot).7,(a,40di .1) (MO*, r > -1) .

=14(a)r
(fn.*, 6=0, v>-1)

el

. .

(si=n, b Ilk 1)
.

al, al, . . . are the positive zeros of
eJ,(z)+6a1:(x)=0, where a 9Cnd 6 are rea' con-
stants. I

11.4.6

Jo;
t -144.11;+iteW.+21+i (0 de .00 (In 0110(

1. 1

=52(2n1-14-1)

(14=0)(r-ill+s>-1)
Definite Inkwells Owen Finite Reap

11.4.7 fo Joo(2z sin t)dt® Jt(a)

11.4.8 I. Jo(2: sin t) cos 2roidt=r4(a)

11.4.9 SI Yo(2z sin 0 cos 2fttdt.Jo(z)Y(z)

11.4.10 '

f osin 0 saikt.ii 00.144 ids

2P11(r+1)
\r" 44+,41(10 (10>-1, at > ' 1)

11.4.11

J.(a sin' 04(z cos' t) coo 2tdt

.( JO+,ta) (ilio>01 giv>0)
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Infinite Integrals

Integrate et the Fenn f estoZ(Odt

11.4.12
0(04.0

6
O.°1 ra+4tr gOde,= r 2er(r 0+1)

i(P-1-4>0
1.4.13

No-I-OM-4.1
(P-04)
(aiii<it

61-1-46)
11.4.14

fo cos bt Koit) di=
(1+ele

11.4.18

f : sin bt KoMdi
einh b

(147'w

2r e+÷.1)f 10.1.(0digm11.4.16
° I. V-2-7

("6+4>

11.4.17 f 4(t)dt=1 (91;>-1)

11.4.18

f: El4tEdi.r (0-:_;1) r (bit)
;0+1\1 (1<aK3i
k 2 If

11.4.19

Jo
PT r ("1+1) r

X sin ; ("'`!)(9164±4>'19abKi)
r .

11.4.20 i Y. (0d. tan I (ialri<i)
0

11.4.21 lel'.Mak =,0

11.4.22

J PK.(t)dt.20-1 r &tit-kJ) r eri±i)

11.4.23
°

K (t)dt=
2

11.4;24 f
(w!<1)

(1411)1
.0(0°>1)

where T (w) is the Chebyshev polynomial of the
first kind (see chapter 32).

11.4.25

jr_lt-se-sV.
2i

es (-0*(1-0)*(4-$00(01<1)

=0(ar>1)

where 14,(0) is the. Chebyshei polynomial of the
second. kind (see chapter 22).

11.4.26

L. of-syvsf1codt=,(-91120P.(w)(wKl)

.0(fer>1)

where P,,(o) is the Legendre polynomial (see
chapter 22).

11.4.27

-1
s Jet2(30eldtra7(41P

whohere 7(a, s) is the incomplete gamma function
(see chapter 6).

Integrals at the Form fcantqprobedt

11.4.28

(910>O as>0)

fo s"-" to-V.(61)dti7:*;

r +1 ) (lbY2 244 G 1
1

b.r+201'0+1)
(g164+100, gial>0)

where the notation M(a, b, s) stands for the con-
fluent hypergeometric function (see chapter M.

11.4.29

fo 10.41°'.1414(60di

064±4>,-i)
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11.4.30
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11.4.37.
afestrelyabOdemlis a 1, Oa) tan mr

4414 (Z) sec Pr] (14p14 Sal>)

11.4.31

ers-doisimmt=ia P10.V
(9 >-1, ote>0)

11.4.32

J. 41

-0040,0.1_,44 Qs) (910>0)

11.4.33
Weberio,41$01111 TIP* lateirsh

Pr (e±r-i---4-

pa.-h+Iro+or

XSA
(a+Fr+1, :27±^F:1; r+1; e;)

(61(0+1P"4 +1)>Ot OA> 1, 0<b<a)
11.4.34

41;(60.7.(bt)dg
for( -")

Jo 2+-milroi+or(rPr+1)

.X2A g:"-÷1-1-; ;4+1; /I)
(is+Px+1)>0,91x>-1, 0<a<b)

For pri, see &spa 13.

Speeds' Came of the IheeentInuone WeberSehdheddla
Integral

11.4.55

j': JAW) sin n log de.,161 A1[0111'0 sin (ObSa)

0, sing.2
146+01-4,0?

11.4,4

ktip(4) 011t et (lc i egg [mmein 5egi)
fro

moos

1.146-1-(644)1? (114>°)
(ROO

COB p amainf JAW) oos bt di=

ass obt las

11.4.38

(05b<o)

(PO) +I6+(esalt
(b>a>0) (teil>""1)

sin
f: Jo(at) sin bt dim

"
00B I

nv-.01[6+(es_a,
(b>a>0) (.114) -2)

11.4.39 conVo(a04.71 1151 (0$ b<a)

i

(0Sb<a)

11.4.40

fo
2iouTo(ag)dinrost."1 aro in (056<d)

1 2i
11.01-410

Xln{6 (0<a<6)
a

11.4.41

tor."'"J. (04(60 0=0 (Xl<a)
20-**1.(61-81Y-0-1.' (r

(6>a>0)

(gb>11/04>.'"1)

11.442 .17.4047.-1(bOdhise.
tio

(00(0

(0<1020)

(b>a>0)

(lto>0)

11.4.43 f:J--10-1° .1, (bi) } tit =0 (0<6a)

=121n (6 ks>0)
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Type laterals

11.4.44

P tr"Jgat)dt ao - K
Jo (04 - zs)0+' am2Pr(s+i)

11.4.45

fo.

OF HEMEL
4

FUNCTIONS

11.4.47

(Ra>c), Ra>0, No<)

(a>0, $lift0,-1<91v<2ate+D

(00, ffla>0, gb>
.

11.4.46

J
Yo at dt_Ko(aa (a0, e>0)

11.4.48

`
0+21'

f J*----i(a)dt./0(ia2)Kigia4

P

(a>0, 5pa>0, gb>-1)

11.4.49

67
, )(it

21v

tP(41$4.(ats)41= 170.(. 9144,8>)

Numerical Methods .

11.5. Use and Extension of the Tables

J (t)dt f Ko(t)dtl (t)dt fo(t)dif o o
o

...For moderate values of use 11.1.2 and 11.1.7-
- . 11.1.10 as appropriate.. lior a sufficiently large,

use the asymptotic expansions or the polynomial
approximtions 11.1.11-11.1.18.

LOC
Example 1. 'Compute f Jo(t)dt to 5D.

Using 11.1.2 and interpolating in Tables 9.1 and
.19.2, we have

J0(t)dt.2(.32019 .09+.31783 69+.04611 82

+. 00283 lei-mow 72+.00000'211
=1.37415

Example 2. Compute fos'" Jo(t)dt to SD by

intrpolatio'n of Table 11.1 using Taylor's formula.
We have

e es h$j 110(0d Jo Jo(t)dti-114(x)--fi 411(x)

164+.0 temx)Jewitie- cum 4(41+ .

Then with x =3.0 and A=.05,

f111. 4041i= 1.387567+ (.05)( .260052)

(.00125) (.339059)

+ (.000010)(.746143) =1.37416

495

This value is readily checked using sa.3.1 and
A. .05. Now 1./0(a)11 for all x and 14001
<2-*, 1 for all a. In Table 11.1, we can/
always choose IAI S .05. Thus if all terms of ()(10)------
and higher are neglected, then a bound-for the
absolute enoris-24/0/48<.210-6 for all a if 1/61

&innerly, the absolute error for quadratic
interpolation does not exceed

M(2i+2)/24<.210-4.

Example 3. Interpolation of Jf o(t)dt using

Simpson's rule. We have

fo1+5J0(t)dt=sj:J0(t)dt+E+5 Jomdt

rJe(odg.ti Po(x)-1-fslo(x410-1-4(x 4-h)11-R

RIMS--11g Jr (1), x<1<x-i-h
Now

tre)(4-4,14(4-4./..(x)+34(41

6+5Arg
'J r (x)

and with ihi x.05, it follows that

1/11<.9 10-1°

Thus if a=3.0 and A=.05

rJ0(t)dt.1.38756 72520++1.26805 19549

+4(.26841 13883) .27683 495991
=1.37414 88481

i
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which is correct to 10D. The above procedure
gives high accuracy though it may be necessary to

interrelate iwiee in fo(a) to compute 442+10
and re(s+/). A similar technique based on the
trapezoidal rule is leas accurate, but at most only
one)nterpolation of Jaz) is required.

:`Example 4. Computer4(0d1 sndfos /OW&

to 5D using the representitioem terms of Struve
functions and the tables in chapters 9 and 12.

For a=3, from Tablei 9.1 and 12.1

, . 260062
Yea .376850

. 41 . 574306

Using 11.1.7, we have

. 339059

. 324674

11,1=1.. 020110

/`

Jo(t)di.3(-- .260052) 4.3t
1(.574306)(.339059)

2

(1.020110) (7 260052) I
=1.38757

Similarly,

f: (t)dt=.19766

Using 11.1.8 and Tables 9.8 and 12.1, one can

computef 4(t)di andj. Ko(t)dt.
o o

r Jo(t)dt r nom_ rig Vo(t)-1)dt !Am!
t 'Jo t 'J, t

For moderate values of a, use 11.1.19-11.1.23.
For as sufficiently large, use the asymptotic ex-
pansions or the polynomial approximations
11:1.24-11.1.31.

Repeated Integrals et 4(e)

For moderate values of a and r, use 11.2.4.
If r=1, see Example 1. For moderate values of
s, use the recurrence formula 11.$.8.\ If a is large
and tow see the discussion below.

Example 5. Compute I,. As) =1,(a) to 5D for
st=2 and r=0(1)5 Wm 11.2.6. We have

dro(s) =4140 fr-1).1.-100 -1-3/,_0(20

sit(a) Ala) = Qs) ./104=f: (I) dt

and the terms on this last line are tabulated. Thus
for a =2,

f.., -- .57672 48, fes .22389 08,11.1.42877 03

The recurrence formula gives

jed=2(fri-i-1) =1.69809 10
Similarly,

.4=1.20909 66,A...62451 73, fe=1.25448 17

When x? fir, it is convenient to use the auxil-
iary function

489

= (r-1)lr'ir(a)
This satisfies the recurrence relation

wal,14 irfit-s(a)
-1-(r-1)(r-2)1,..-140 rk;

91010= aroMdif iis(41=9100-14(2)
0

ga(x)=VANIM-01)-Fejo(u)li11

Example 6. Compute gh(x) to ISD for z =10
and 1..0(1)6. We have for a.110,

J0. .24593 58, .11.04347 27, 0.1.06701 13

Thus
0=1.02353 86, 6..98827 49

and the forward recurrence formula gives

6..96867 36, 6..94114 12, 6=3.90474 -64

For tables of 2-1,(a), 306111.161.

Repeated IatepraIs of ate(s)

For moderate values of a, 9 recurrence
formula 11.2.14 for all r.

Example 7. Compute Ki,(a) to for a=2
and r.0(1)5. We have

rKi,o(s).sKi,(a)+(r-1)1Cif..1(a)+21Cir-ga)

Ki-M =KIK Kio(2)=Ko(u),
pe

KAN*

'and the functions on this last/ line are tabulated
Thus for p.2,

Kess .11389 39, K, =.13986 59, Nil= .09712 06

and . 1

Ki2= 284-1-1/0.08549 06

Similarly,

X15=.07696 36, K1,=.070(43 17, 10.=.06525 22

If air is not large the f ula can still be used
provided that the s values are sufficiently
accurate to offset the of rounding error.

For tables of Ki,(x), 00111.111.

a.
.1
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i(4=s-NfotaKe(t)dt
Now

Jo(x)®ji Ko(Odt tit(4=11-21C,(4Ya

/ the latter following from 11.3.27 with i=1. In
1.1.3.5, put a.1, b.= -1, p=0 and r=0. Let
wait.

.f.(e r
x(f4-1.1)1Co(4110 (m>1)

tabular values 4/0 and fi, one can compute
succession J1, J1, . . . provided that mix is not

07 BlISSSL FUNCTIONS

pie d. Compujief.(x) to 5D for x=5 and
(1)64 We have retaining two additional

Ko= .00369 11 1C1=.00404 46

Thus
. fe. 1. 56738 74 J1==. 19595 54

A..05791 27,f4= .01458 9a,J#= .00685 36

Similarly starting with';, we can compute/! stiffs.
If mix, employ the recurrence formula in

backward form and write

./e-s(x)...1610) +a% x(nt - 1)Ko(x)1/(in- 1 )'

In the latter expression, replace/. by D.. Fix x.
Take r >m and assume g, =0. Compute 2,-11
g,_4, etc. Then

bin t-raW=iK m=r-2kM.

Apart froni round-off error, the value of r needed
to achieve-a stated accuracy for given x and in
can be determined a priori. Let

r=112.7.1.1

ev.44°.(1.-.1)*(t-.3)1 t .

or18/14(2)-1-8(r-1)/CoWY(r -1)1

since for a fixed, J, is positive and decreases as r
increases.

Example 9. Compute/.(x) to SD for 773 and.
m=10(2)10. We have

14=.03473' 95 K1 =.04015 84

If r.16,
eso<1.4.10-1

Taking gs=30, we compute the following vidues
of gs, go, . .1. go by recurrence. Also recorded

ieare tlrequireti !values off. to 5D.

Then

14
12
10-

4

0

. 00855 4

. 01061 09

. 01325 05

02
. 01751 89
. 548 09
. 04447 31
. 11936 90

1.63994 71

. 01326

. 01751
2548. 0

. 04447

.11937
1.68996

For tables of f.(s), see (11.21).
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Table 11..1

a

0.0
0.1
0.2
0.3
0.4

0.5
0.6
0.7
0.8
0.9

1.5.
1.6
1. 7

1;9
1. $

2.0
2.1
2. 2
2. 3
2.4

MUMMA W nem suisanoNe

INTEGRALS OF HESSEL FUNCTIONS

50140)th
0.00000 00000
0.09991 66979
0.19933 43325
0. 29775 75802
O. 39469 85653.

\ 0.48968 05066
0..58224 12719
0.67193 68094
.75834 44308

84106 .59149

0.91973 04101
0. 399 71082
1. 6355 76711
I. 2813 83885
1. 8750 20495

144144 95144
14 28982 09734
1.33249 M29
1.36939 85727
1. 40048.115208

1.42577 02932
1. 44528 81525
1.4591 63387
1.46740 80303
L 470?9 39949.

Lan Yo(t)de 0-8f ha0
dt

a. 00000 00
0. 09055 92
0.16429 28
0.22391 79
.0.8717 46

0.30964 29
0.33929 99
0.36206 71
0.37910 05
0. 39137 42

0.00000 00000
- 0.21743 05666
- 0.34570 88380
- 0.43928 31758
- 0. 50952 48283

- 0.56179 54559
-0. 59927 15570
0.62409 96341
- 0.63786 88991
- 0.64184 01770

.0. 63706 93766
- 0.62447 91607
- 0.60490 26964
- 0.57911 12548
- 0.54783 19295

- 0.51175 .90340 .
- 0.47156 13039
- 0.42788 62338
- 0.38136 24134
-O. 33260 04453

- 0.28219 28501
- 0.23071 32490
-0.17871 50399
- 0.12672 97284
4. 07526 50420

0.39970 88
0.40479 52
0.40721 52
0. 40745 78
O. 40593 39

0.48298 85
0.39891 09
0.39394 29
0.38828 68
0.38211 11

0.37555.57
0.36873. 61
0. 36174 9$
0. 35467 38
O. 34757 29

2.5 1.46 8 09446 -0.12480 29261 0. 34049
2.6 1.4 69 96081 0.02420 24953 0.33349
2.7 1.4 871 25408 0.07132 69288 0.32659
2.8 1.4 231 16899 0.11617 78353 O. 31,981
2.9 1. 181 57386 0.15839 62206 , 0. 31319

3.0 1. 8756 72520
3.1 1.35992 96508
3.2 1 32928 40386
3.3 629602 59125
3.4 .260S6 17835\

3.5 1.22330 57382
3.6 1.18467 59706
3.7 1.14509 13136
3.8 1. 10496 78009
3.9 1.06471 52877

4.0 1. 02473 41595
4.1 0.98541 2156
4.2 0.94712 133 5
4.3 0.91021 52 5 -
4. 4 0.87502 66

4. 5 0.84186 5481
4.6 0.8110 72858
4. 7 0.7827 50802
4.8 0.757 10902
4.9 0. 734 94106

5.0 O. 71 31 19178
fv-ri
L 7

o j

0.19765 82565
0, 23361 66986

26620 20748
.29502 36222.

31996 99576

0.34090 94657
0. 35775 03989
0.37044 06831.
0.37896 74266
0. 38335:41369

0.38366 96479
0.38000 67672
0.3725006 06 2
O. 36131 . 694 5
0.34665 163 8

0.32872 8751
0.30779 7789
0.28413 10351
0.25802 06786
0.22917 58227

93
48
30

59
99

0. 30673 62
0. 30045 18
0. 29435 04
0.28843 67
0.28271 31

0. 2/718 02
0.7183 70
0426668 11
0.261/0 94
0.25691 78

0.25230 18
0. 24785 61
0.24357 56
0.23945 46
0. 23548 74

0. 23166 83
0.22199 15
0. 22445 13
0.22104 21
0. 21775 83

0.19971 93876 0, 21459. 46
{(12)

Ko (i)dt

1.57079 63
x1.35784 82
1.25032 54
1.17280 09
'1.11171 28

1.06127 17
1.01836 48
0.98109 70
0.94821 80
0. 91885 se
0.89237 52!
0.86829 97
0.84626
0. 82596 .8
O.88719

0. 78973 57
0.7734 BO
0. 7581%. 62
0. 74386
0. 73037

0.71762 45
0.70556 50
0.69412 02
0.68324 16
O. 67288 .26

6630(015
0.65356 16
0. 64452: 98
0.63587 68
0. 6275/ 60

/'

0. 61960 34
0..61193 74
0.60455 84
0.59744 84
0.59059 11

.0. 58397 14
0.57757 57
0. 57159 13
.0. 5540 66
0.55961 09

0. 55399 42
0. 54854 72
0. 54326 -15
0.53812 91
0. 533 27

0. 52829 52
0. 52358 03
0.51899 19
0, 5 452.143
0.5 017' 24

0.5 593 10
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INTEGRALS OF BESSEL FUNCTIONS Table 11.1

8 8

X fos Jo(I)di f Yecods i Kom
0

t 0-8f 4(0(u
o

5.0 O. 71531 19178 0.19971 93876 0. 21459 .46 0. 50593 10
5.1 0.69920 74098 0.16818 49405 0.21154 56 0.50179 55
5. 2 0.68647 10457 0.13551 34784 0.20860 68 0.49776 16
5.3 0.67716 40870 0.10295 01932 0.20577 28 0.49382 50
5. 4 0.67131 39407 0.06814 12463 0.20303 89 0.48998 19

5. 5 0.66891 44989 0.03413 05806 0.20040 08 0.48622 86
5. 6 0.66992 67724 +0.00035 67983 0.19785 40 0.48256 16
5. 7 0.67427 98068 - 0.03284 98697. 0. 19539 44 0.47897 75
5.8 0.68187 18713 - 0.06517 04775 0.19301 81 0.47547 34
5.9 0.69257 19078 - 0.09630 01348 0.19072 13 0.47204 60

6. 0 0.70622 12236 -0.12595 06129 0.18850 02 0.46869 29
6.1 0.72263 54100 - 0.15385 27646 0.18635 16 0.46541 11
6.2 0.74160 64692 -0.17975 87372 0. 18427 20 0. 46219 .83
6. 3 0.76290 51256 14. 20344 39625 / 0. 18225 ..84" 0.45905 20
6.4 0.78628 33012 - 0.22470 89068 0.18030 78 0. 45596 '99

6.5 0.81147 67291 - 0.24338 05692 0.17841 74 0.45294 98
6.6 0.83820 76824 - 0.25931 37161 0.17658 44 0.44998 97
6. 7 0.86618 77897 - 0.27239' 18447 , 0. 17480 64 0. 44708 76
6.8 0.89512 09137 '0.28252 78684
6.9 0.92470 60635 - 0.28966 45218

0. 17308 09 0.44424 15
osingto 55 O. 44144 97

IL)

7.0 0.95464 03155 - 0.29377 44843 0.16977 82 0.43871 05
7.1 0.98462 17153 - 0.29486 02239 0.16819 68 0.43602 22
7.2 1.01435 21344 - 0.29295 35658 0.16665 93 0.43338 34
7. 3 1.04354 00558 - 0.28811 49927 0.16516 39 0.43079 23
7.4 1. 07190_32638 _ 4.28043 26862 46370_12 0..4282.4_..26

7. 5 1. 09917 14142 - 0.27002 13202 0.16229 24 0.42574 81,

7.6 1.12508 84628 - 0.25702 06208 0.16091 30 0.42329 20
7.7 1.14941 49299 -0. 24159 37080 0.15956 91 0.42087 86
7. 8 1.17192 99830 . - 0.22392 52368 0. 15825 93, 0.41850 63

-0-.13698 21 0.41617 407:17'-139243-331911--r-0;20421-935Th-

8.0 .1.21074 68348 - 0.18269 75150 0.15573 64 0.41388 07
8.1 1.22671 60587 -0.15959 61109
8. 2 1. 24021 13565 - 0.13516 40494

0.15452 08 0.41162 52.
l0.15333 42 0.40940 65

8.3 1.25112 88778 -0.10966 01934 0.15217 55 0.40722 37

8.4 1.25939 12520 -0. 08335 07540 0.15104 36 0. 40507 56

8. 5 1. 26494 80240 -0.95650 66385 0.14993 74 0.40296 15
8.6 1.26777 58297 -0; 02940 07834 0.14885 61 0.40088 04
8.7 1. 26787 .83120 - 0.00230 54965 0.14779 88 0.39883 15
8. 8 1.26528 57796 +0.02451 01664 0.14676 44 0.39681 40
8.9 1. 26005 46162 0.05078 29664 ' 0. 14575 23 O. 39482 69

9.0 1. 25226 64460 0.07625 79635 0.14476 16 0.39286 97
9.1 1.24202 70675 0.10069 08937 0.14379 16 0. 39094 15
9.2 1. 22946 51666 0.12385 04194 0.14284 16 0.38904 17
9.3 1. 21473 08237 0.14552 02334 0.14191 08 0.38716 95
9.4 1.19799 38314 0.16550 09969 0.14099 87 0.38532 41

9, 5 1.17944 18392 0.18361 20962 0.14010 46 0.38350 53
9. 6 1.15927 83464 0.19969 32017 0.13922 78 0.38171 20
9.7 1.13772 05614 0. 21360 56169 0.13836 79 0. 37994 39
9. 8 1.11499 71504 0.22523 34059

I
0.13752 43 0. 37820 03

9.9 1. 09134 58985 0.23448 42919 0.13669 6 0. 37648 06

10. 0 1. 06701 13040 O. 24129.

f(-4)41J

03183()4 0.1''3588() 0 0.3((7478 43

500
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Table 11.2 INTEGRALS OF BESSEL FUNCTIONS

s r. Kg0 ..
f: 1-1') at I 1'1,'' di.

MO. ...1
"J. t 65

0.0 k 1)0000 000
0.1' 0.00124 961
0.2 0. 00499 375
0.3 0.01121. 841
0.4 0. 01990 030

0. b 0.03100 699
0.6 0.04449 711
.7 0. 06032 057

0.8 0.07841 882
0.9 0. 09872 519

1.0 0.12116 525
1.1 0.14565 721
1'.2 0.17211 240
1.3 0.20043 570
1,4 O. 23052 610/ 1.5. O. 26227 7;
.6' 0. 29557 79

1.7 0. 33031 2
1.8 0. 36636 i

1.9 0. 40360 66

2.0 0.4419 940
2.1 0. 481 541
2.2 0. 52 4 775
2.3 0.56 00 913

-2,4- 1 . / 48

2.
2. 6
2.7
2.8
2.9

0. 509 164

.
1260716 194
942 081

0.77174 836
0.81402 795

3.0 0.85614 669
3.1 0.89799 596
3.2 0.93947 188
3.3 0.98047 571
3. 1.02091 428

1. 6
/3.

.
7

3.8
3.9

4.0
4.1
4.2
4.3
4.4

4. 5
4.6
4.7
4.8
4.9

5.0

1.06070 032
1.09975 277
1.13799 707
1.17536 536
1.21179 667

1.24723 707
1.28163 975
1. 31496 504
1.34718 044
1:37826160

1.40818 716
1.43694 870
1.46454 052
1. 49091(446
1.51622 864

1.54034 722[11.

.0 0.00000 000 0.000000
-1.34140 382 0.00113 140 0.368126
-O. 4 3 067 0.00409 877 O. 460111
-0. 05107' 032 0. 00835 768 i '0. 506394
.0.10231 037 :0.01347 363 0.532910

/
0. 6968 '854 0, 01910 285 O. 548819
0 33839 213 0.02497 622 0.558366

0 37689 807 0.03088 584 0. 563828
.39543 866 0.03667 383 0.566545

0. 40022 301 0.04222 295 0.567355

0.39527 290 0.04744 889 0.566811
0.38332 909 .. 0.05229 76 0.565291
Q. 36633 694 .0. 05672 080 0.563058
0.34572 398 '0. 06070 995 0. 560302
0.32256 701 0. 06425 420 O. 557.163

0.29769 696 I# , t 0. 06735 663 0. 553745
1 0. 27176 713 0.07002 797 0. 550126

O. 24529 896 0.07228 458 0.546364
0.21871 360 0.07414 688 0.542506
0.19235 409 0.07563 806 10. 538587

0. 16650 135
0.14138 594
0.11719 681
0.09408 798

4.07218_ 365-

-0. 02987 272 0.07468 681 0.496292
- 0.04168 613 0:07361 124 0.492717
- 0.05201 554 0.07245 090 0. 489198
- 0.06088 740 0.07121 963 0.485736
-0. 06833 756 0.06993 006 O. 482332

0.05158 229
0.03235 987

+0. 01457 248
- 0.00174 144
-0. 01655 931

- 0.07441 025
-0. 07915 722
0.08263 683

-0. 08491 323
- 0.08605 553

-O. 08613 706
-0. 08523 459
-0. 08342 762
-0. 08079 769
-0. 07742 769

-0. 07340 123
- 0.06880 199
- 0.06371 317
- 0.05821 690
- 0.05239 371

- 0.04632 205

0.07678 298
0.07760 744
0.07813 746
0.07839 884
0.07841 674

0.07821 544
0. 07781 809
O. 07724 664

- 0.07652 168
0. 07566 245

0.06859. 360
0.06722 060
0.06582 033
0.06440 109
0.06297 029

0.06153 450
0.06009 952
0.05867 042
0. 05725 166
0.05584 708

0.05446 000
0. 05309 325
0. 05174 921
0.05042 989
0.04913 691

0.04787 161

0.534635
0.530670
O. 526711
0.522768
O. 518854

0:514976
0.511139
0.507350
O. 503610
0.499924

0.478984
0. 475694
0.472459
0.469280
0. 466155

. 0.463085
0.460067
0.457100
0.454185
0.451320

0.448503
0.445734
0.443012

-0:440335
0. 437703

0.435114
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Table 12.1. Struve Functions (052So) 801

110(2), 111(2), &Mk Io(n)-42), ii(a)-1144). f [lo(t)- L0(i)$t

(2/w) f 2=0(.1)5, 5D to 7D

Table 12.2. Struve Functions for Large Arguments 502
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502



12. .Struve Functions and Related Functions
Matheinatical Properties

12.1. Struve Function nip)
Differential Equation and Cones,.' Solution

Ow dip 4021).+1

P+a 1744.-4*--)ro+0
The general solution is

12.1.2 tom.a4(2),1-6n(a)4-11.(a) (0,6, constants)

where rill,(a) is in entire function of a.

tPower Series Esp.nolon

12.1.3

(WWI1114)=04.+1 ra41010-i-o-i-0

12.1.4 111444"4 [3-4+1 .4-#1. .1

12.1.3

Weird Representation.

If if r>

12.1.6

3

1114
rt

Ar;r0+01 (1Presin (80dt

12.1.7 ciet_gfir J cos einhod,

12.1.1 mr, (a)

2(4 a)' e-s grids
Vfir(P-1-0 Jo

(Lee al<

Reeurrenee Relation.

12.1.9
a it; r(v+1)

12.1.10 11.-1H.+1=211. (44°Icro+o

12.1.11. 114= (2/1) IL

d
12,1.12 des (rip r11-1

1
12.1.13 des

2Pr(v-i-j)

.4

.1

"".

4 503

Fun= 12.1. fitrueefunctiona.

114), s.0(1)3

ittIAA
4:74

FIGURN 12.2. Skim/unctions.

111,(8), a-1(1)3



houss 12.3. Strueefunctions.

.1 111.00,20.1. 6

'Special Posperties

12:1.14 ii.(x)g 0 (X>0 and rk I)

12.1.15

11-0D+1)(8)=(-1)"44410 (u inkger0)

12.1.16 1111(2).4Y (1cos 4

13.1.17
.2 2

21(18)41) (1-1.+() (sin 8+1°V)2, ws

12.1.18 12.(nee")=046+""1100(st an integer)

12.1.19

12.1.20

12.1.21

1400-!Ati1).

0.004-,./44+tg414,!!)1
2(s/21P*1EWw sr, (14 34

4;140+0 '2 P°

laterals (bee chapter 11)

13.1.22 fs- %Ma NZ
2

12343

fine(1)411.4[11-:14o -144.11.314.61/4

12.1.24 f 1- 11.4.41)dts r044
2PIFir+0I

12.1.211

lig-$114(diqins(14+127.171- 12001.

12.1.26

art 144

12.127
"6 -I tan (brio

J:g--ispon..roiorro_to÷i)
(lasKivar>ap-o

A_ as-rirgaT- ]

If 1,(s).fo 1141)vit

12.1.28

/.+1=1(2P+1).M8)E914s)
str+1

(r -1-1)2041(1)11( +11) (a.>e)
Asympt,de Aspamiosa for Large IA

121.29
Ili+

-.4.t+Ris
r(r +ik) (1)Tia

(Iug akv)

when Boom=0( 4"-'). If s is real, a podtive
and on-1-4-0, the remainder after on terms is
'of the same sign and numerically less than the
first term neglected.

12.1.30 n 1 1*. 1.1 0 .0 1saio-r000-;:ii-7+---+
am 310)

12.1.31

111(c)Y1(30^
[; 1+7- P 3-76+ so

2 1 11.3 31.

(141 210)
12.1.32

2f: IWO Ye ge)Iit lb (24+71

24! (-1)'+I(2101(2k-10 (largs10)
.***-1; 001(2411

Where 7=1.37721 36649 . . . is ituler's constant.!

12.1.33

e-,10(t)ncoidpwa,a
2

':504
(Iws aI <w)
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Asses totie Expansions for Lame Orders

12.1.34

ta 741
(bug zi<iroirkizi)

60,-- 1, 6h.284e, 6..6(80)c- 4=20 (vier 40/21

12.1.35
2(le). 'Mb

13.(444414"- (14 >121)4;1'041)

12.2. Modified Struve Function 14(s)

Power Series Expansion

12.2.1 Lle)==-41'1214E404

4`+` gro+tri(r+,+0
Integral Representations

12.22 14(z)..--2-SA-2Y ffeinh (zoos 9) Ole NO
ili.r(P-1-0

12.2.3

1-.(:)-14(x),.Az/C21._
if-r(v+i) jo (14(1--tey-i dt

(116<4fx>0)
Returrenee Relations

(9b>

12.2.4

12.2.5

1! u+,g,---f---;0

(z12)

ro-fo

lions 12.4. Modified Struve junctions.

1.(a), ±s -O(1)1
100 was

Asymptotic, Expansion for Large I is I

.12.2.6 14(46-1-.(s)

1 xe, (-1)4+IT(k+sit

w

zi<io
(76 r ik)(1)

Integrals
12.2.7

ELowdew.-Lrfia 113: 4+1° 322%2. 6+ .]

fstmouondt: fin C24+7112.2.8

(2z

fel 16(t)dt1.4(1)-;st12.2.9 2

Relation to Modified Spherical Besse! Function

12.2.10 I-(+0 (4.44 *(4 (n &II integer 0)

12.3. Anger and liekber Functions

Anger's .Function

12.3.1 1,(4ala feel . sin ey.doO,

12.3.2 1.(s)....1.(e) (n en integer)

Weber's Function
0

12.3.3 2.(a),4118* (re-a Bin to dojo

Relations Between Anger', and Weber's Funetion

12.3.4 sin (vv) 3.(1:0 008 (1011,(2)-11=48)

12.3.3 sin (vr) 11,(2)=3..,(s) Ow) lo(s)

Relations Between' Weber's Function and' Stnive°
Function

If n is a positive integer or ser°1

iri,lro+e)(141-"-'-412)
17,12.3.6 , 1441)= r(re+ik) .(

12.3.7
011+1
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12.3.8 rio(4=-11142)

12.3.9 E3(3)=1°:-111(8)

.

12.3.10

Numerical Methods

12.4. Use and Extension of the Table,

Example 1. Compute L.(2) to 6D. From
Table 12.1 10(2)-14(2)= .342152; from Table 9.11

we have M2)3=2.279585 sit, that L0(2)=1.937433.

Example 2. Compute 0.(10) to 6D.. From
Table 12.2 for x-'=.1. 110(10)- room= .0630724:,..,-
from Table 9.1 we have Y0(10)=.055671. Thus;
..00)=.118743:,

Example 3. Compute
s

f 11,(t)di for' 2.316 to

5D. Using Tables 12.2, 11.1 and 4.2, we have

SC go(i)dt=f l',(t)dt +11 ln 6+A(6)

= -.125951+(.636620) (1.791759)

.1-.816764

=1.83148

Example 4. Compute 11,,(x) for x=34, -43.3
0(1)8 to 68. From Table-12.1 we have 110(4)=
.1350146,1E1(4)=1.0697267. Using 12.1.9 we find

$1.4(4).= -.43107
11_0(4). .240694
11.4(4)= .152Q24.
04(4)= -.439789

04(4)= .689652
11144) 1=1/ "'" 1.21908

11.,(4)=. 2.82088
II.4(4)=. -8.24933

Example 5. Compute 11,(x) for x=4, n=
0(1)10 to 78. Starting with the values of 0,(4)
and IC4) and using 12.1.9 with forward recur-
rence, we get

1114(4)=3 .13501 46
111 (4)=1.08972 67
111,(4) =1.24867 51
11,(4)= .85800 95
1114(4)= .42637 41
11,(4)= .16719 87

H.(4) *3..05433 84
0,(4) 1...01510 37
111,(4) =3.00367 88
W(4) x.00080 08
0,0(4) .00018 18

TONCTIONE

We note that for n>8 there, is 'a rapid loss of
significant figures. On the other hand using 12.1.3
for x=4 we find 04(4)=.0007935729, 311,44)=..
Avousamo and. backward nuturrebcb wit1112.1.9
gives

11,(4)=.00387 1495
0,(4) =3.01510 315
0.(4)==.05433 5113

=.18719 87.
RAO t=?.42637

Example 6.. Compute #1/4(.5) for np0(1)5 to
'SS. From 12.2.1 we find L,(.11) =9.8307462X IV,

L4(5) =32.1212342 X 10-. Then, with 12.2* we
get

La(.5) =3.8205 03 X10'4 16 (.5) =.05394.2181

14(.0=5.3886744x14r, 10(.5)=3.32724 066

Example T. : Compute 14.5) for -n=.11(1)5/
to 6S. From Tables 12.1 and9.8 we findt,(.5)=.
.327240, L1(.5)=.43942. Thenemploying 12.241
with backward recurrence we get

L.4(.5).= .690562 L..,(.5) 222 -75.1418
k(,5) =- 1.16177 L4.5)=31056.92
L-,(.5)=3 7.43824

111(01 .848006
H1(4)=1.24867 6
111(4)=1.06972 7
H0(4)=3 .13501 4

Example 8. Compute Ws) for zrzi8
- n==0(1)6 to 88. From Tibbs 12.2 and 9.1
we find IL,(6) =67.124454, L1(8) =60.725011.
Using 12.2.4 we get

L_,(6) =81.381631 L.4(8)13.16.626028
L.4(6)=46.776680 L..4(6).3. 7.984039
L.4(8)=30.159494 L.4(6)= 3.32780

.,

We note that there is no essential loes of accuracy
until n = -6. However, if further velum were
necessary the recurrence procedure becomes un.
stable. To avoid the instability use the methods
described in Examples 8 and 6.
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STRUMS mama AND REIATSD FUNCTIONS

STRUVE FUNCTIONS

a Ho(2) moo 17,Homd,

0. 0 0.00000 00 0.00000 00 0.000000
0.1 0. 06359 13 0.00212 07 0. 003181
0.2 0.12675 90 0.00846 57 0. 012704
0.3 0.18908 29 0.01898 43 0.028505
0.4 0.25014 97 0. 03359 25 0.050479

0. 5 0.30955 59 0.05217 37 0.078410
O. 6 0.36691 14 0.07457 97 0,112322
0. 7 O. 42184 24 0.10063 17 0.151781
0. 8 0.47399 44 0.13012 25 0.196597
0.9 O. 52303 50 0.16281 75 O. 246476

1.0 0.56863 66 0.19845 73 0.301090
1. 1 0. 61059 87 0.23675 97 0.360084
1.2 0.64855 00 0.27742 18 0.423074
1.3 0. 68235 03 0. 32012 31 O. 489655
1.4 0.71179 25 0.36452 80 4, 559399

1.5 0.73672 35 0.41028 85 .631863
1.6 0.75702 55 0.45704 72 y, 0.706590
1. 7 0.77261 68 0.50444 07 0.783111
1.8 0. 78345 23 0.55210 21 0.860954
1.9 0.78952 36 0.59966 45 0. 939643

2.0 O. 79085 U 0.64676 37 1.018701'
2.1 0.78752 22 0. 69304 18 1,097659
2.2 0.77961 35 0.73814 96 1.17,6053
2.3 0. 76726 65 0.78174 98 1.253434
2.4 0.75064 85 0.82351 98 1. 329364

2.5 0.72995 77 0.86313 42 1.403427
2.6 0.70542 23 0.90036 74 1.475227
2.7 O. 67729 77 0.93489 57 1.544392
2.8 0. 64586 46 0.96649 98 1.610577
2.9 0.61142 64 0.99496 63 1.673465

434A 0.57430 61 1.02010 96 1.732773
0.53484 44 1.04177 30 1.788248

3.2 0.49339 37 1.05983 03 1.839675
3.3 0. 45032 57 1.07418 63 1.886873
3.4 0.40600 80 1.08477 74 1.929699

3.5. 0.36082 08 1.09157 23
3.6 0.31514 40 1. 09457 16
3.7 0.26933 59 1.09380 77
3.8 0.22382 98 1.08934 44
I 9 0.17893 12 1.08127 62

4.0 0.13501 46 1.06972 67
4.1 0.09242 08 1.03484 79
4.2 . 0.05147 40 1.03681 86
4. 3 +0.01247 93 1.01584 22
4.4 -0. 02427 98 0.49214 51

4.5 - 0.05854 33 0.96597 44
4.6 -0. 09007 71 0.93759 56
4.7 -O. 11867 42 0.90729 01
4.8 -0. 14413 67 0.87535 28
4.9 -0.16637 66 0. 84208 90

5.0 -0. 18321 68 0.80781 19

[(11 [111

1.968046
2.001847
2.031071
2.055726'
2,073858

16(20-14(2)
1. 000000
0.938769
0.882134
0.829724
0. 781198

. .

0.736243
0.694573
0.655927

. O. 620063
0. 386763.

0.355823
0.527058
0.500300
0. 475391

4%11'0. 452108

0.430561
0.410388
0.391558
0. 373970
0.357530

0. 342152
0.327756
0.314270
0. 301627
0.289765

0.278627
0.268162
0.258319
0.249056
0. 240332

0.232107
0.224348
0. 217022
0.210099
0.203553

0.197357
0.191488
0.185924
0.180646
0.175634

2.091545 0.170872
2.102903 0.166943
2,110084 0.162032
2,113265 0.157926
2.112633 0.154012

2.108492 0.150279
2,101037 0.146714
2.090574 0.143309
2.077406 0.140033
2. 061852 0.136938

2.044244 0..133955

r(--on r(-4)81
L 5 j L 5 j

(s) -14 (a)

0.000000
0.047939
0. 091990
0.132480
0.169710

0.203952
0.235457
0.264454
0.291151
O. 315740

0. 338395
0. 359276
0. 378530
0.396290
0.412679

0.427810
0.441783
0.454694
0.466629
0. 477666

./10)
0.00000
0409690
0.18791
0.27347
0.35398

0.42982
0.30134
0.56884
0.63262
0.69294

0.75005
0.80418
0.85533
0.90430
0. 95066

0.99479
1.03682
1.07491
1.11518
1.15174

0.487877 1.18672
0.497329 1.22020
0.506083 -1. 25230
0.514194 1.28309
0.521712 1. 31265

0.528683
0.535156
0.541164
0.546746
0.551933

0.556757
0.561246
0.565426

569319
72948

, 576333
0.579492
0.582442
0. 585199
0. 587776

0.590187
0.592443
0.594560
0.596542
0.598402

0.600147
0.601787
0.603328
0.604777
0.606142

0.607426

.1.(-4)51
L 5 J

1. 34106
1.36840
1. 39472
1. 42008
1.44455

1. 46816
1.49098
1.51303
1.53440
1.55508

1.57512
1.59456
1.61343
1.63176
1.64957

1.66689
1.68373
1.70017
1.71616
1.73176

1.74697
1. 76182
1, 77632
1.79049
1. 80434

1.817878

n-on
L 4 j

-Table 12.1

11-eds
v.ht

1.000000
0.959487
0.919063
0.878819
0.838843

0. 799223
0.760044
0.721389
0. 683341
0. 645976

0.609371
0. 573596
0. 538719
0.504803

-`0. 471907

0,440086
0. 409388
0. 379857
O. 351533
9. 324450

0. 218654
0. 274109
0.250891
0.228992
O. 208417

O. 189168
0. 171238
0.154618

139293 3
0.125242

0.112439
0.100857
0.090460
0. 081212
0. 073071

0. 065992
0.059928
0. 054829
0.050642
0. 047311

0. 044781
0. 042994
0.041891
0. 041414
0.041502

0.042096
0.043139
0.044571
0, 046335
0. 048376

O. 050640

r 119

itgo-ihmide.4.00

Him, IL., 14(r), We), compiled from Mathematical Tables Project, Table of the Struve functions
14(2.) and Ns), J. Math. Phys. 25, 26t4vii, ANS (with permission).

fis 110(0dt, f; [4(0_4(o)ds,!. dt, compiled from M. Abramowitz, Tables of Integrals of Struve

functions, . Math. Phys. Z9, 4941,1960 (with permission).

tos
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Table 13.3

emu FUNCTIONS AND RELATED sulronows

STRUVE FUNCTIONS FOR LARGE ARGUMENTS

sr'
0. 20
0.19
0.18

WS -14(z)
0. 123301
0.117449
0.111556

111(s)- Ns)
0. 659949
0.657819
0.655774

Mid
0.819924
0. 818935
0.817981

0.17 0.105625 0. 653818 0. 817062
0. 16 0.099655 0.651952 0. 816182

0.15 0.093647 0.650180 0. 815341
0.14 0.087602 0.640504 0. 814541
0.13 0.081521 O. 646927 0. 813785
0.12 0. 075404 O. 645452 0. 813074
0.11 0.069254 0.644081 . 0.812411

0.10 0.063072 O. 642817 0.811796
0.09 0.056860 0.641663 0.811232
0. 08 0.050620 0.640622 '0.810722
0.07 0.044354 0. 639696 0.810266
0.06 0.038064 . 0.638888 0.809866

0.05 0. 031753 0.638200 0. 809525
0.04 0. 025425 0.637634 0. 809244
0.03 0.019082 0.637191 0.809023
0.02 0.012727 0.636874 0.808865
0. 01 0.00636 0.636683 0.008770

0.00 0. 000000 0. 636620 0.808738
6)1 [( 12]

C(

-6)81
J

/4s) - Ws)
0.133955
0.126683
0.119468
0.112319
0.105242

0. 098241
O. 091318
0.084474
0.07706
0. 012010

0.064379
0.057805
0.051279
0.044793
0. 038340

h(e)-140,2 fax) fr(x) <x>
0:607426 0.793280 0. 125868 5
0.610467 0.794902 0.119694
0.613348 0.796448 0.113505 6
0.616060 0, 797910 0.107299 6
0A, 618598 .,:0.799279 0.101079 '6

0.620955 0.800551 0.094843 7
0, 623129 0.801721 0.088593 7
0.625119 0.802/87 0.082328 .8
0.626927 0.803750 0.076051 8
0.628558 0.804611 0.069761 9

0.630018
0..631315
0.632457
0.633450
0.634302

0.805374 460
0.80604 0.05
0.8066 0.050824
0.807140 , 0.044492
0.807572 0. 038152

10

13
11

17

0.031912 0.635016 0.807933 0. 031805 20
0.025506 0.635596 0.808225 0.025451 25
0.019116 0.636045 0.808450 0.019093 33
0.012738 0.636365 0.808611 0.012731 50
0.006367 0.636166 0.808706 0.006366 \ lop

0. 004000 O. 636620 0. 808738 0. 000000 m

L
r( -pn rj

L
( 3 j L jn on [(

f:011,(0- F.(0)1114, s+1100

1\....5114(e) -WM In a+11(1)

Frio); Ys(0)ds ,..60,) 1

<s> mamma integer toe.

Starting with Has) and Ws), reeurrenee formula 1E1.9 may be used to gamete II.(s) for s <0. As long es s<S/2
(approx.), H.(s) may be generated by forward reinnenes. When s>s/2, forward recurrence is unstable. To avoid the
instability, chores Is> >s, compute 11,(s) and 1111.4.1(s) with 1E1.3, and than use backward recurrence with 12.1.9.

If s >0, LW must be gmerated by backward recurrence. If s<0, L.(s) may be generated by backward recurrence

as long as Ws) increases. s<0 and L.(s) is decreeing, forward recurrence shouldbb used.

See Faramiles 4-8.

I
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13. Coneuenti HyOcrgeometric Functions
liner Jaen thrina

Contents

Mathematical -Propeetbas
13.1. Definitions of Kummer and Whittaker Functions
13.2. Integral Representations
13.3. Oonneetions With Basel Functions
13.8. Recurrence Relations and Differential Properties
13.5. Asymptotic Itspansiiis and Uniting Forios .

13A 89.cial Cases
VAX Zeus and Turning Values

Nmnerleal Methods
13.11. Us. and Eittension of the Tables
1 3 . 9 . C a l c u l a t i o n o f Z e r o s a nd T u r n i n g Points . .. . .

1 13.10. Graphing M(a, 6, s) ,

Behrens.. ,

Table 13.1. Confiuent Hypergeometrio Function M(o, b,
acm.1(.1)1(1)10, Own (.i)11 6=.1(.1)1, 88

Table 13.2. Zeros of M(s, b, 2)
a=-1(.1).1, 3=1(.1)1, 7D,

Pao
504
504

&
505
506
506
508
509 ..

510

511
511
513 \
513

514 MK,

618

635

The tables were calculated by the author on the electemile calculator ED8ACI in the

Mathematical Laboratory of Cambridge University, by kind permission of its director, Dr.

U. V. Wilkes, The table of M(., b, e) wan reeonspute4 by Alfred E. Beam for uniformity

to eight eignidaint Aguas.

1 Cnivereity Untbeniatiod,Laborafery, Cambridge. (Prepared under contrast with the

National Bureau of 8taadardi.)



13. Confluent Hypergeometric Functions

Mathematical Properties

13.1. Mania= of Kuninker and Whittaker U(a, 6, a) la a many-valued function. Its princl.
Functions *branch is given by -or<arg ESL

liumitees Iriguedes

try ok.
a D-Kbs) zi-atc-0

It has *regular singularity at s -0 and an irregular
singularity at .

Independent solutions are

Stummeee Pumeoles

13.1.2

M(a, 6, s)-1+7

where

#4006(a1-1)( +2) 0144-1),

13.1.3

t/(a,
Mobs

r 1+a-
a),

Peramelere
(a, e positive Wpm')

6.' -n s -so

60-n awe -so

apc.Tios
-a asm -on,

on>11

af(a,
a convergent series for

all values of a, 6 and s
a polynomial of dices m

s

a simple pole at 6- -se

--s a -no, =defined
mss ,

U(a, 6, a) is defined even when 4.-.±n
As 111-00

13.1.4

11(a, 6, s)mr(a 1 s'a"114-0(121'91 WOO)
and

111.1.2

M(a. 6,a)usTA 0)"11+0(111-1)) es<O)

era
5 11

13.116
Leseeitlemie Solutles

U(a,s+1,$)ms1r(41).+61 [Al(a,n+1, s) In a

+4 ..fr% (iisi4r#(1-1-4-#(1+n+r))]

+ /114 s),4

for n-0, 1, 2, . . where the last function is the
sum to n terms. It Is to be interpreted as zero
when n =O, and #(0)=.1"(a)/r(s)

13.1.7 U(a, s)sms"U(a+n, 1+n, a)

As ifs-.

13.1.3 U(a, b, 11)=411+0(1111-1)1

Auelytie Continuation
13.1.9

Ai b-a 6 10
U(a, et atten-ala e ro+a-

-ediv"-"s"Af(1-a 2-6, s)
r(a) r(2-6)/f

where either upper or lower signs are to be taken
throughout.

13.1.10

U4'6'8.1"mil-e-11.1 1(1 4-1 )
M(a,

6' a)

+s-""U(a, 6, a)

Alternative Notations

$71(a; b; a) or Ca; b; for 111(a, C a)

1'A(a, 1+4-6; ; -1 /s) or f(a; 6; a) for U(4,1, a)

Complete Solution

13.1.11- y=4M(a, 6, a)-1-BU(a, 6, a)

when A and B are arbitrary constants, 6 as -n.

Bien Solution

13.1.12 ys -M(a, 6, a)

13.1.13 gimal-111(1-1-0-6, 2-6, s)

13.1.14 yemesill(6-a, 6, -s)



CON/WM

MUM WIas" Vila-41. -,$)

alai yes i/(a, 6, a)

13447 yeas"U(l+a-b, 2-6, s)

13.1.15 gmisoU(6-6, b, -a)

13.119 wail" VC1(1-/'2-6, -a)
lhosulana

sapsaosomwriso 1PENCITIONS

13.1.34

W,,(a)

Wtstilt.144-1414- Ind
owls (,,$)...1 If 100,

-3 if ASO
ILL*
W(1, 2)-W(3, 4)--W(2, 3)

(1 -Or ass
.13.141

W(i, 3}-W(214}-W(3.6}10,747, 8}-O

13.1.22

11.1.23

13.1.24

13.1.23

13.1.26

13.1.27

13.1.23

s"M(l+a-b, 2 -b, 8)=8"8Ae(1-4, 2-6, -a)

131.29 U(8, 6, 8)wirs"U(1-1-8-76,2.-6, a)

W( 1, 6) gm -r(6)reli(a)

W(1, 7)2T(b)ssoir 019(6-8)

W(2, -r(2-6)rie/T(1 41-6)

W(2, 7)- -r(2-6).-Vir(1-a)

W(3, 7}ass00-42-40;

Kunassne Trantaionuatiose

M(a, 6, 8)=4141(6-8, 6, -a)
0.1

3 LSO O

eU(6-8, 6, - 8)-tisto"ess-IU(1-0, 2-6, -4
Widttalwee Equation

gisia 1
13.141 zig 4

Solutions:

irkittakaft Emotion.

1$.1.32 Atas)vms-Psi441(1+0-s, 1 +211,

13.1.33
W.4s)ffare's1441/(1416-, 1+20, s)

(-04(611 aS., goisie-a aysig4b-0
MIN me a

13.1.35

M. n
r()

apis,iito -r rG+11.11) "POI,

Gomel Caolluont Equation,

se +424+4,0 +b-11-hf w

+014iir)

Solutions:

13.1.36 Z-Aciall(8, 6, A(Z))

13.1.31 2-44-104U(a, 6, A(Z))

13.2. Intiorsa ltopossatations

+ +r84)weiso

3141

r(b-a) r(a)
r() 416"

.111f leur -1(1 -1)1

ab>illa>0

13.2.2

an21-Milf +1 0-18.(1+tr-4-1(1-trldt

13.2.3

21-**18 8-0 osin-1 oot-ft (WO

ULU

13.2.3

r(a)1/(4, 6, L)alif.41"1,1".1(14-1r-"alS

13.2.6

13.2.7
4101*Osinle-b100000-41(100 *

igiranif
A (46128-1)
a00 918>o
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1106

I 13.4.8 r(a) U(a, 6, a)

Oafe-a(t -44)*-1(i+B.)°--idtJ.
(A= 1 -8)

CONIPLIMIT lETIMBROZOINTRIO FUNOPIONS

13.3.7

ji(4,610.0(16a.-ar)f-P
1'(b)

Smiler Integrals for M.,(s) and Wide) can
be deduced with the help of Ala and 13,1.33.

13.2.9
Ihnneeptype Caannor Inagua'

----914301,14 soa, I rt.., -ig +8)
('"'18)414rrs j, r

for erg (-41< r sr 61004 . The
contour must separate the poles of r(-.) from
those of 11(0+4; c is finite.

13.2.10

1*(a)r (1 -1-0-6)01(41, 6, s)

1

2
,--r r(-e)r(a+e)r(1+8-6+e)a-Ve
irs

o

31,for 'erg sKT *00, -1, -2, . . .; 6-a01, 2,
3, . . . . The contour must separate the poles of
14(-s) from those of 1.(a+s) and r(i+a-b+s):

13.3. Connections With Damsel Panetions
(seeichapters 9 and 10)

Bead 'Putnam. se limiting Cam

If band s are fixed,

13.3.1 lt,.ala)11'(6))=0-01*..1(2411)
&fir

111.3.2 lim(111(4,6,-214)11(6)}=20-0.4-1(2ri)

13.3.3

Jim ( 1' (1 +a -6) U (a, 6, s/a) )8= 20-0/4..1(21111)."

111.11:4

lim ( 1(1+4 -6)U (a, 6, -s/a))
M.

m-sie*Isi-PH isi,(24) (.4>0)
13.3.3 g=nrie-*Ne-0/11121(2vra) (./s<O)

Espendono In Swiss
13.3.4

M(a, b, 1)= (b -a-e)(far".
(26-24-1). 6 2a a

ra
(-1)* .....10(18) ...)

4,0410-20-seers-46(1.42gib-4is

where

4011111r 411$1130, Aar Op

(n+1)44.+1=4.1-6-946-1+(26-6)11.-*
_ (a real)

13.3.11

M(a b a)

wham

Cocm 1, C, = -M, 4=-e(2A-1).+00+1)/0,
(n+ 1)044 ems 1(1 -204- biej0.

. +K1 -2100-14/4-1)(6+4-1)10.4.
-A(14-1)00,,..1 (4 real)

413.3.9 M(a, 6, a)= 0ON(a 4(a)

:Awe
G. 1, Ci(a, 6)=12816,

0.4.1(a, 6)=1280*(4 ,-1, 6+1)16-08_1(4,

13.4. Recurrence Relations and Differential
Properties

13.4.1

(6-a)M(a-1, b, s)+(2a-b+s)/11(a,A, a)
-461(o+1, b, 10-0

13.4.2

6(6-1)M(a, 6-1, a)+6(1- 6- a)M(a, b, a)
+a(6- a)M(a, 6+1, 8)=0

13.4.3

(1 -1- a -6)M(a, b, a)-4M(4+1, 6, a)

+ (6 -1)M(4,1 6 -1, 2)=0

13.4.4

6M(a, 6, a)- 6M(a -1, b, a) -aM(4, 6+1, 4=0

602+43101, 6, 10+ s(a-6)M(a, 6+1, a)
-46M(8+ 1, 6, a)g=0

513



13.4.6

0014111TNIN =PIRO

(1 -14Jit(a, 6=-1, s)awa..0
(a-1 + *MO, 6,$)+(b-a)41(0-1, b, s)

13.4.7

b(1-4411(a, 6, 3)+6(6-1)M(a .6 1 a)

-aski(a+,1+1, s).0

!DOMINIC° IIINOTION9

13.4.8 Ms (a, b; M(a+1, 6+1,

13.4.9 (M(a, 6, s))=41:-M(a+s, b+o, s)

13.4.10 aM(a+1, 6, s)=4M(a, 6, tit) + sAP s)

13441 ,

(6-a)M(a-1, 6, s)= (6 -a - 4M(a, 6, s)
+siP(a, 6,

13.4.12

(6-a)M(a, 6+1, s)=6Af(a, 6, s)-blf(a,' 6, a)

13.4.13

(6 - 1)M(a, 6-1, a). (6 -1)M(a; b, s)
+slif (a, 6, a)

13.4.14

(6- 1)M(a-1, s).. (6-1- s)M(a, s)
+sfit(a, 6, a)

13.4.15

U(a-1, 6, s)+(6-2a-s)U(a, 6, a)
44(1 4-a-b)U(a+1, b, s)=0

13.4.16

(6-a- 1) U(a, 6-1, s)+0-6-s)U(a, 6, a)
+01(a, b +1, 0)=0

13.4.17

U(a, b, s) -aU(a+ 1, 6, a)-U(a, 6-1, s)=0

13.4.18

(6-a) U(a, 6, s)+ U(4-1, 6, a)
6+1, souno

13.4.19

(a+s)U(a, 6, s)-sU(a, 6+1, s)
-141(10-a-Ma+1-,

13.4.20

(a+a- 1)U(a, 6, s)-U(a-1, b, s)
1-(1+a-rb)U(a, 6-1, s)-0

13.4.21 6, 0)=1-aU(a+1, 6+1, s)

13.422

p (U(a, 6, s))=(-1)*(a),,U(a+n, b+n, s)

13.4.23

a(11-a-6)U(a+1, 6, a) =aU(a, 6, a)
+sUqa, b, a)

13.4.24

(1 +a-6)0(a, 6-1, s).(1-6)U(a, 6, s) ,

-sUqa, 6, sr

13.4.25 U(a, b+1, 21)=U(a, b, so)-/Na., b,

13.4,26
.4

U(a-1, 6, 4= (a-6+s) U(a, 6, s)-8(P(os, 6, s)

1.1.4.27

U(a-1, 2). (1-b+ a)U(a, 6, a)
-zU'(a, 6, a)

13.4.28 244-kr-a(2)-01111.4($)=2444.-4(8)

1.
(I +20+210M.+1,(4-0 1-20-204-tiks)

3=2(24-014.(x)

13.4.30

V/44 (1)-siWg,+100+(t+o)Wo-LA10,2=0

13.4.31

Nit-OW.,M+1174+1,41)

13.4.33

itirs,s(s)=02-434(a)+(i+o+g)M.049

13.4.33 dr.,60=d21-1014,(1)-W444.00
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408 cowman imanosolarnacriontaions

-s- - ILL Anyinptode Eipsnelorse ands Usnidni
Fenno
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If s= (26-46)(10(6-20)g, so that
alm.26 40

13.11.19

Alta, b, z)=4*(6-2(01-br(6)(Ai(l) cos WO

+Bi(t) sin (as) -1-0(0al-4))
MILO
U(a, b, 4)=41144-41(1)10461

( 1 tr($) (bs-2t0)7itir4 +0(0-81-1)1.

If co400=4(26-44) so that 26-4000,
13.6. Special

OAP,
AI (a, b, z) (b) ezp ( (b 2a) cosi t)

A(1, 2a) cos 411-1(sra ba) sin 2914

010-1-sin ( (16-4)(20Ign 20) +}s}

wen I
+000-41-9i

U(a, b, 2).12 [(b 2a) ow' 01[(b -2a) cos 41-10

:4 Riba) gn2014(ein
/1 ((0 sin 20)+lid-0(I0-0M )
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13.7.- Zeros and Turning Valens

If is the r'th positive zero of .4_1(x), then
a first approximation X. to the r'th positive zero
of M(a, 6, x) is

13.7.1 Xo=g-1.,(1/(26-44+ 0(1/(16-43)}

13.7.2 Jr v'(r+ 0-1)1
26 -4a

A closer approximation is given by

13.7.3 Xe.X.--M(si, 6, X.)0((a,d, Xs)

Pee a'

For the derivative,

13.7.4

Al' (a,b, X,)=

Af.' (6,8,14)(1+ (b Xs)
Ma OX

If 24 is the first approximation to a turning value
of M(a, 6, x), that is, to zero of Ar(o, 6, s) then
a better approximation is
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The self-adjoint equation 13.1.1 can also be
written

13.74 (s's-Zigsgit"*".1.

Th. lionico.rolyo Theme=

The maxims and minima of Int form an in-
creasing or decreasing sequence according as

-aal"e-10

511

is an increasing or decreasing function of z, that is,
they form an increasing sequence for 211(a, b, a)
it a>0, z<6-1 or if a<0, x >6 -1, and a decreas-
ing sequence if a>0 and A>6-11 or if a<0 and
s<6-1.

The turning values of lies near the curves

13.1.1

w..*11(b)f-mew(16x-ax)I-0{ 1-4(26-4a) } '4/4

Numerical Methods
13.8. Use and F.:tension et the Tables

Wooled= at M(O, b, a) .

1Comorm's Trcueloomotim

Example 1.' Compute M(.3, .2, -.1) to 78.
Using 13.1.27. and Tables 4.4 and 13.1 we have
a =.3, 6=2 so that

M(.3, .2, .1) are.1M--.1, .2, .1)
=.85784 90.

Thus 13.1.27 can be used to extend Table 13.1 to
negative values of a. Summer's transformation
should also be used when a and 6 are large hind

nearly equal, for x large or small.
Example IL Compute M(17, 18, 1) to 78.

Here a=17, 6=16, and

M(17, 18,,1).4111(-1, 18, -1)
=2.71828 18X1.08250 00

=2.88817 44.
fiesuemmeo lislatione

Example 3. Compute M(-1.3, 1.2, .1) to 78.
Using 13.4.1 and Table 13.1 we have a= -.3,
6..2 so that

M( 1.3, .2,1).21.7 AI( - .3, .2, .1) - .3 M(.7, .2, .1)1

=.35821 23.

By 13.4.5 when a= -1.3 and 6=2.2,

211(1-1.3, 1.2, .1)=1.28 .11(4-.3, .2, .1)
-.24 Af(-1.3, .2, .1)1/.15

= .89241. 08.

Similarly when a. -.3. and 6=4.2

M(-.3, 1.2, .0...97459 62.

Check, by 13.4.6,

M( --1.3, 1.2, .1).4.2 M( -.3, .2, .1)
1.2 411(-.3, 1.2, .1)1/1.5

=.89241 08.

In this any 13.4.1-13.4.7 can be used together
with 13.1.27 to. extend Table 13.1 to the range

-104510, -100510, -111a510'
This extension of ten Unite in any direction is
possible with the lose of about IS. All the re-
currence relations are stable except i) if a<0, 6.<0
and z>0, or ii) 1/0, b<0, lbal>161,
a<0, when the oscillations may become large,
especially if 111 also is large.

Neither interpolation nor the use of recurrence
relations should be attempted in the , strips

-s± .1 where the function is very large nu-
merically. In particular At(a, 6, a) cannot be
evaluated in the neighborhood of the points

assn, as near these points"
small dianges in a, b or z can produce very large
&angels in the numerical value of MO, b, 4.

Example 4. At the point (-1. -1, a), Af(a, b, a)
is undefined.

When b, a) =1-a for all s.

Hence l64im
1
M(-1, 6,4=21 44. But Af(b,b,z).=es .

for all a, when 0=6. -Hence lim M(6, b, a)=.

In the first case 6- -1 along the line a= -1, and
in the second case 6-'-1 along the line a =6.

Derivatives

Example S. To evaluate M'( -.7, -.8, .5) to
7$. By 13.4.8, when a=te - .7 and 6= -.8, we have

M'( -.7, -.8, .6)....71 A1(.3, .4, .5)

=1.724128.

Asymptotic Formulas

For 10, a and 6 small, MO, 6, a) should be
evaluated by 13.5.1 using converging factors
13.9.3 and 13.5.4 to improve the accuracy if
necessary.
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Example 6. Calculate M(.9, .1, 10) to 7S,
using 13.5.1.

.8) e
.oft- .9 (.9) 1(1 . 8)

trit n1( 10)
11.1) ,1010.$ 1 Is +000-11c) IV# 410*

=-198(.869)+1137253(.99190 285)
+0(1)

=1227235.23-.17+0(1)

=1227235+0(1)

Check, from Table 13.1, M(.9, .1, 10).1227235.
To evaluate M(a, 6, z) with a large, x small and b
small or large 13.5.13-14 should be used.

Esaniple 7. Compute M(-52.6, .1, 1) to 38,
using 18.5.14.

M( -52.5, .1, 1).1'(.1)0(.05 +52.5)°-0'
.5842 cos 1(.2-4(-52.5))-.05r+.25,1

(1+ 0((.05 +52.5)- .')]= -18.34+0(.2)

By direct application of a recurrence relation,
M(-52.5, .1, 1) has been calculated as -18.447.
To evaluate M(a, b, a) with a and/or large,
13.5.17,19 or 21 should be tried.

Example Compute Af(-52.5, .1, 1) using
13.5.31 to 38, cos 0.11IATia.

M(-52.5, .1, 1)
.1.(.1)8101.1.001105.1 cos 01'-'.6841

52.50 sin 2011ein (-52.50
+sin (52.55(20-ein 20)+k)

+ 0( (52.55) -')1. -18.47+ 0(,02)

A full range of asymptotic formulae to cover all
possible cases is not yet known.

Caleulatlee .1 U(a, b, st)

For -10.Cx51,0, -10a5 10, -10:5610
this is possible by 13.1.3, using Table 13.1 and the
recurrence relations 13.4.15-20.

Example 9. Compute U(1.1, .2, 1) to 58.
Using Tables 13.h 4.12 and 6.1 and 13.1.3, we
have

U(.1; .2, 1).

r MO .2 1) Af(.9 1.8 1)
sin (.2t) rctorcp rcor(i.8)

But M(.9, t.8, 1)=.81M(.9, .8, 1)-51(-.1, .8, 1)1
.1.72329, using 13.4.4.

Hence

U(.1, .2, 1).5.344799(.371785-.194488)
=.94752.

Similarly
U(-.9, .2, 1)=,91272.

Hence by 13.4.15

U(1.1, .2, 1)=1U(.1, .2, 1)-U(-.9, .2, 1)1/.09
==.381884. o

Example 10. To compute U'( -.0, -.8, 1) to
58. By 13.4.21

U'( -.9, -.8, 1)=.9U(.1, .2, 1)
=(.0)(.94752)
.1.85278.

Asymptotic Peasuule.

Example 11. To compute U(1, .1, 100) to O.
By 13.5.2

1 1.9 ,1.9 '2.9U(1, .1, 100)roo{1-Tarligi
100

re2.9° ro_31+1(?0..").

- { 1-.019+.000551-.000021
+0(10-1),

.0098153.

Example 12. To evaluate U(.1, .2, Al). For
a small, 13.5.6-12 should be used.

ro -.2)
U(.1, .2, .01)

T(.8)

11.111.1 - .2)+N(.°1)1- *1)

=1.09 to 38, by 13.5.10.

To evaluate U(a, 6, a) with a large, a small and
b small or large 13.5.15 or 16 should be used.

To evaluate U(a, 6, a) with a, a and/or b large
13418, 20 or 22 should be tried. In all these
cases the eke of the remainder term is the guide to
the number of significant figures obtainable.

Celeulstios at the Whittaker Panetions

Example 13." Compute M _41) and WA ...4(1)
to 58. By formulas 13.1.32 and 111.1.33 and
Tables 13.1, 4.4
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Thus the values of Max) can
l'always' be found if the values of M(a, b, z) And
p(ts, b, are known.

13.9. Cale lotion of Zeros and Turning Points

,Sample 14. Compute the smallest positive
of M( -4, .6, a). This is outside the range of

:13.2. Using 13.7.2 we have, as a first
Lion

Xo= 172

Usini 13. we have

X044 X.) /M'( -4, .6, Xs).

But, by 13.4.8,

M'( -4, .8, X0) (.15)-131(-3, 1.8, Xo)

Bence

Xs= X0-1- .151i/( 4, Al, X4/111(-3, 1.8, Xo),

=.174+ (AO (.030004)
=.17880 as a second approximation.

If we repeat this calculation, we find that

XimX1-1-.00002 99=37852 99 to 7S.

Casuistical of illadoss sad Minima

&ample 13: Compute the value of x at which
M( 1.8, .2, at) has a turning value. Using13.4.11
and Table 13.2, we find that M'( -1.8,
=91/(.8, .8, a) =0 when 'a=.94291 59.
Also M "( -1.8, .2, x)=9311(.8, .8, a)=.

9M(.2, 1.8, a) and M(.2, 1.8, .94291 59)>0.
How M( -1.8, .2, x) hp a maximum in x when
a= .94291 59.

Fauumple 16. Compute the smallest positive
value of x for which M( -3, .8, a) has a turning
value, X;. This Is outside the range of Table 13.2.
Using 13.4.11 we have

M'( -3, .6, op= 3M(-2, 1.6, x)/.6.

By 13.7.2 for 211(-2, 1.6, a),

Xes (1.05r)1(11.2) = .9715.

This is a first approximation to Al for M(-3, .6, x).
Using

n
13.7.5 and 13.4.8 we find a second approxi-

matio

M.X;(1 ...11173'41'6%)

=X411 31(-2,1.6, X01.8.51(-3,..8,.1")]

.=.9715X1.0183=.9873 to 4S.

This process can be repeated to giv6 as man
significant figures as are required.

.
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Figure 13.1 shows the curves on which M(a, Ls)
=0 in the a, b plane when x=1. The function is
positive in the unshaded areas, and negative in the
shaded areas.' The number in each square gives ,
the number of Iva' positive zeros of id(o, 6, a) as a
function of a in that square. The vertical
boundaries to ,the left are to be included in each
square.

13.10. Gnashing M(a, b, a)

Example 17. Sketch M(-4.5, 1, x).
from Figure 13.1 we see that the function has
five real positive zeros. from 13.5.1, we, find
that 111- le-4-0 as and that
11 -1- AP-0-1-0 as . By 13.7.2 we
have As irst approximations to the zeros, .3, 1.5,3.7,
6.9,10.8, and by 13.7.2 and 13.4.8 we find as first
approximations to the turning values .9, 2.8, 5.8,
9.9. From 13.7.7, we see that these must lie near
the curves

yezi f eiP(5x)-1(Ix/11)71e-1.,

From these facts we con form a rough graph of
the behbfrefof the function, risme 13.2.. *
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. Table 13.1

CONFLUENT STPIROZOMETRIC FUNCTIONS

CONFLUENT HYPERGEOMETHIC FUNCTION Af(o, 6. a)

a -0.1

a \b 0.1 0.2 0.3

- 1.0 11).00000 00 -1 5.00000 00 6.66666 67 -1
- 0.9 -2 9.58364 34 -1 5.48093 23

-1
6.98827 46 -1

-0.8 -1 1.92586 25 -1 5.96605 00 7.31245 77 -1
- 0.7 .1 2.90253 86 -I 6.45537 25 -1 7.63922 74 -1
- 0.6 '-1 3,88843 71 -1 6.94P1 92 -1 7.96859 49 -1

- 0.5 -1 4.88360 25 -1 7.44670/94 -1 8.30057 19 -1
-0.4 . -1 5.88807 94 -1 7.94876 28 - 8.63516 97 1 -1
- 0.3 -1 6.90191 26 - 8.45509 89 8.97239 98 ! -1
- 0.2 -1 7.92514 70 8.96573 73 -1 9.31227 38 -1
- 0.1 -1 8.95782 77 -1 9.48069 78 -1 9.65480 34- -1
,

0.4 0.3

7.50000 00 -1 8.00000
7.74183.96 SI
7.18547 23 -1 8.38915.99
8.23090 56 4 8.58575 33
8.47814 73 -1 -8.78369 '61

8.72720 49 -1 ..8.98299 40
8.97808 60 -1 9.18365 22
9.23079 84 -1 9.38567 64
9.48534 97 -1 9.58907 21
9.74174 76 -1 9.79384 48

,

' 0.0 ( 0) 1.00000 oo ( 0) 1.00000 00 ( 0) 1.00000 oo . ( 0) 1.00000 oo ( 0) 1.00000 oo

0.1 0 1.10517 09 0 1.05236 64 ' 0 1.03478 75 0 1.02601
99

0 1.02075 43
0.2 0 1.21130 01 0 1.10517 09 0 1.06984 41 0 1.04164 80
0.3 0 1.31839 21 0 1.15841 56 0 1.10517 09 : 0 1.07859 61

0
1.06268 16 /

0.4 0 1.42645 14 0 1.21210 24 0 1.14076 91 0 1.10517 09 1.08385 58 /
0.5 , 0 . - 1.53548 28 0 1.26623 34 0 1.17663 99 0 1.13193 51 0 1.10517 09

0.6 0 1.64549 07 0 1.32081 OS 0 1.21278 44- 0 1.15888 93 0 1.12662 77
0.7 0 1.73647 99 1.37583 59 0 1.24920 38 0 1.18603 45 0 1.14822 66
0.8 .0 1.86845 49 ; 1.43131 14 '0 1.28589 94 0 1.21337 14 0 1.16996 83
0.9 0 1.98142 05 0 1.48723 92 1.32287 23 0 1.24090 08 0 1.19185 , 34
1.0 0 2.09538 12 0 1.54362 12 0 1.36012 38 0 1.26862 36 1.21388 22

a\b 0.8 0.7 0.8 .- 0.9 1.0

- 1.0 8.57142 86 -1 8.75000 00 -1 8.88888 89 -1 9.00000 00
- 0.9

-1 8.33333 33 -1
8.71045 21 -1 8.87183 35 -1 8.99733 47 .1 9.09772 21

'-0.11 -1 8.65820 31 8.85031 91 -1 8.99436 39 -1 9.10636 73 - 9.19594 59
- 0.7 -1 8.82221 06 -1 8.99103 26 -1 9.11759 38 -1 9.21598 87 -1 9.29467 31
-0.6 -1 8.98727 18 -1 9.13259 59 -1 9.24152 56 -1 9.32620 11 9.39390.52

,

-0.S 9.27501 22 .1 9.36616 18 -1 9.43700 64 9.49364 42'
-0.4

-1
1311,1;

10 -1
9.41818 47 -1 9.49150 52 -1 9.54840 68 -1 9.59389 16

- 0.3 -1 9.48881 96 -1 9.56241 64 -1 -9.61755 81 -1 9.66040 42 9.69464 91
- 0.2 -1 9.65813 72 -1 9.70741 08 -1 9.74432 32 -1 9.77300 09 -1 9.79591 86
- 0.1 -1 9.82852 93 -1 9.85327 09 -1 9.87180 29 -1 9.88619 88 -1 9.89770 16

0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00.

0.1 0 1.0:.425 53 1.01476 01 0 1.01289 17 0 1.01144 07 0 1.01028 15
0.2 0 1.02960 78 0 1.02585 56 0 1.02294 21 0 1.02061 50
0.3

0 1.03461
1.04454 34 0 1.03889 21 0 1.03450 45 0 1.03100 04

0.4 0 1.06967 52 1.05956 71 0 1.05200 13 0 1.04612 80 0 1.04143 81
0.5 0 1.08736 79 0 1.07467 94 0 1.06518 35 0 1.05781 30 0 1.05192 82

0.6

000

1.10517 09 0 1.08988 06. 0 1.07843 90 0 1.06955 95 0 1.06247 09
0.7 0 1.10517 09 0 1.09176 81 0 1.08136 79 0 1.07306 64
0.8 0 1.12055 08 0 1.10517 09 0 1.09323 83 0 1.08371 47
0.9 0 1.15924 65 0 1.13602 05 0 1.11864 79 0 1.10517 09 0 1.09441 62
1.0 0 1.17749 53 0 1.15158 03 ( 0 1.13219 91 0 1.11716 60 0 1.10517 09

For 0 5 s 5 I , linear interpolation in a, 6 or a provides 3-48. Lagrange fourpoint interpolation gives 78 Ina b or a over
mist of the table, but the Lagrange six -point formula is needed over the range 11xS10. Any interpolation formula
can be reapplied to give two dimensional interpolates in a and b, a and a or b and r. This tabulation can be checked
by being repeated in a different order.
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gs,

\b

-1.0 0
-0.9 -1
-0.8 -1
-0.7 -1
-0.6 -1

-0.2 -1
-0.1 -1 8.92 7 86 4 9 8452 18 -1 9.46608 S7 9.57473 18

-0.5 -2
-0.4 -1
-0.3 -1

0001IIENT HYPEitasozarnac MONS /
Al(a, b s/ )CONFLUEN IITPERGEOMETR1C F CTION

0.1

z .N0.2

0.2 0.3

-1.00000 00 0.00000 00 -1 3.33333 33
-8.16955 02 -2 . .22415 48 3.95232 64
-6.30239 72 -1 .86164 63 4.58166 34
4.39817' 97 -1 .81785 03 -1 5.22143 72
-2.45653 39 -1 .79118 64 -1 5.87174 1

-1
7. 7 63

4 6.532 92-4.77093 96 -1 ,78181
+1,54050 87 5.78989

3.59664 50 -1 6.8155 07
7.204 59

5.69168 81 7.859 6 39 8. 14 62
7.82601 37 -1

o.o ( o) 1.00000 00 `o) 1. ono 00 ( 0)/t.00000 00

0.1 0
0.2 0
0.3 . 0
0.4 0
0.5 0

0.6 0
0.7 0
-0.8 0
0.9 0
1.0 0

1.22140 28 0 .10977 94 1.07266 78
1.44684 8 0 1.22140 28 0 1.14646 55
1.67637 0 1.33488 69 0 1.22140 28
1.91002 1 1.45024 87 0 1.29748 97
2.1478 49 1.56750 5 0 1.37473 61

2.38 2 79 0 1.68667/37 0 1.45315 23
2.63 6 85 0 1.80744

1 51 0 1.61353 39
12 0 1.53274 81

2.88658 67 0 1.93081
3.14142 25 0 2.01582 28 0 1.69551 97
3.40061 61 0 2718281 20 .0 1.77871 60

a\b 0.8 /
4.0 6.6610 67
-0.9 ill 6.98 0 53
- 0.8 7.29 94 21
-0.7 -1 7.62141 04
-0.6 -1 7.94814 35

-0.5 -1 8.27917 51
- 0.4 -1 6.61453 89
- 0.3 8,95426 91
-0.2 9.29839 97
-0.1 -1 9.64696 51

0.4 ( 0) 1.00000 00

O.1 0 1.03575 39
0.2

Ii

1.07196 17
0.3 1.10862 70
0.4 1.14575 32
0.5 0 1.18334 39

0.6 0 1.22140 28
0.7 0 1.25993 33
0.8 1.29893 91
0.9 0 1.33842 39
1.0 0 1.37839 12

0.7 0.8

- 1 7.14285 71 -1 7.50000 00
- 1 7.41302 26 ....

-1 7.68657 38
7.73716 33
X97712 40

7.96353 68 -1 8.21990 25
-1 8.24393 73 8.46551 94

-1 8.52780 14 8.71399 57
- 1 8.81515 54 -1
- 1 9.10602 57

8.96535 20
9.21960 95

- 1 9.40043 88 9.47678 92
- 1 9.69842 13 -1 9.73691 22

( 0) 1.00000 00 ( 0) 1.00000 00

0 1.03052 02
0

1.02660 74
0 1.06140 54

0
1.05351 56

1.09265 84 1.08072 66
1.12428 18 0 1.10824 29

0 135627 85 0 1.13606 64

0 1.18865 12 0 1.16419 94
0 1.22140 28 0 1.19264 41
0 1.25453 59 0 1.22140 28
0 1.28805 34 0 1.25047 76
0 1.32195 81 0 1.27987 08

57
Table 14.1

0.4

5.00000 00 -1

0.5

16.00000
-1 5.46684 38 -1 6.37527
-1 5.94088 89 -1 6.75592
-1 6.42219 72 -1 7.14199
-1 6.91083 10 -1 7.53352

4 7.40685 28 7.93056
-1 -1

1
8.33316

-1 8.42131 28 8,74136
-1 8.93987 82 9.15520

( o) 1.00000 00 ) 1.00000

0 1.05416 86 1.04310
0 1.10912 09 1.08679
0 1.16486 34 0 1.13106
0 1.22140 28 0 1.17593
0 1.27874 S6 0 1.22140

( 1

1.33689 87 ,0 1.26747
0 1,39586 86 0 1.31414

1.45566 22 0 1.36142
0 1.51628 63 0 1.40933
0 1.57774 76 0 1.45785

1

1

1

0.0 1.0

-1 7.77777 78 -1 8.00000
7.98920 01 1 8.19077
8.20297 76 -1 8.38356

-1 8.41912 68 -1 8.57837
-1 8.63766 45 -1 8.77523

-1 8.85860 76 -1 8.97413
-1 9.08197 30 , -1 9.17511
-1 9.30777 78 -1 9.37817
-1 9.53603 91 -1 9.58333
-1 9.76677 40 . 4 9.79060

( 0) 1.00000 00 0)..1.00000

0
1.02357 34 0 1.02115

0 1.04739 95 0 1.04252
1.07147 98 0 1.06410

0 1.09581 63 0 1.08591
0 1.12041 07 0 1.10793

0
0

1.14526
1.17038

47
02

0

1:112/4840 1.19575 89
0 1.22140 28 0 1.19825-IL
0 1.24731 35 0 1.22140
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Table 13.1

CONFLUENT HYPER0110k1TRIC FUNCTIONS

CONFLUENT HYPERGEOMETRIC FUNCTIONTION if(a, b. x)

a\b

-1.0
-0.9
-0.8
-0.7

0.1

.00
0 -1.73884
0 -1.46940 36
0 - 1.19153 81

-0.6 -1 -9.05127 09

-0.5 -1 -6.10043 44
-0.4 -1 -3.06158 84
-0.3 -3 .6.65629 62
-0.2 -1 3.28532 83
-0.1 -1 6.59602'92

0.0 ( -0) 1.00000 00 (

0.1 0 1.34985 88
0.2 0 1.70931 54
0.) 0 2.07850 71
0.4 0 2.45757 28
0.5 0 2.84665 23

0.6 0 3.24588 71
0.7 0 , 3.65541 99
0.8 0 4.07539 50
0.9 0 4.50595 77
.1.0 0 4.94725 50

a\b OS

- 1.0 5.00000 00
-0.9 Eli 5.45594:63
-0.8 5.92137 29
-0.7 -1 6.39639 42
-0.6 -1 6.88112 54

-0.5

-1

7.37568 28
-0.4 7.88010 36
-0.3 8.39474 59
-0.2 4 8.91948 91
- 0.1 -1 9.45453 34

0.0' ( 0) 1.00000 00

0.1 0 1.05560 11
0.2 1,11226 90
0.3 0 1,17001 62
0.4 0 1.22885 51
0.5 0 1.28879 84

0.6 1.34985 88
0.7 : 1.41204 93
0.8 0 1.47538 27
0.9 0 1.53987 22
1.0 0 1.60553 08

0.2

-1 00-1 :MS I
- 1 -2.31724 76
-2 -9.18332 95
- 2 .5.19671 16

-1
1.99731

11
5.07379 19

-1 1.67375 21
-1 8.31562 17

0) 1.00000 00

0 1.17274 56
1.34985 88

0 1.53139 94
0 1.71742 78;
0 1.90800 49

2.10319 22
1(0i 2.30305 18

2.50764 63
2.71703 89

0 2.93129 36

0.7

I, -1 5.71428 57
(4) 6.10737 55

6.50811 03
-1), 6.91657 86
1 7.33281 00

1-1 79707 44
-1 8928 2

681 8. 958 8
1'9.0 07 88
1 \17.534 19

-....-

( 0) 1.00000 00

041

1.04736 18

0 1.19462 48
0 1.24547.07

OOO 1 :23 490 431 i i 1 i

0 1.45790 88
0 1.51333 2)

z

0.3

0.00000 00
-2 8.90939

11:
-1 2.74324 64
-1 3.70525 58

-1 4.69160 25
-1 5.70261 46
-1 6.73862 42
4 7,79996 60
-1 8.88697 76-

( 0) 1.00000 00

: 1.411F 751,

0
0 1.47191 26
0 1.59674 26

I

0 1.72438 49
0 1.85487 58
0 1.98825 19
0 2.12455 03
0 2.26380 82

:i : ItunI
-1 6,94776 02
-1 7.30618 39
-1 7.67106 45

-1
04211:11

38

-1 8.80516 81
-1 9.19659 93
-1 9.59485 17

(, 0) 1.00000 00

0 1.04121 19

0 1.12575 75
0 1.16910 65
0 1,21318 32

3
1.25799 it:11

0 1.34989 88
0 1.39692 56
0 1.44475 99

525.

,0.4 0.5

-1 2.50000 00 -1 4.00000 00
- 1 3.17420 35 1 -1 4.54351 25
-1 3.86467 39 -1 .5.09916 51
- 1 4.57162 39 -1 5.66711 03
- 1 5.29526 85 -1 6.24750 17

1 1

-1 6.03582 44 -1 6.84049 44
- 1 6.19351 05 -1 7.44624 48
-1 7.56854 74 -1 8.06491 07
- 1 8.36115 78 -1 8.69665 13
-1 9.17156 65 -1 9.34162 71

( 0) 1400000 00 ( 0) 1..00000 00

11

1.108466 87 0 1.06719 33
1.17118 59 , 0 1.13575 92
1.25957 47 0 1.20571 42
1.34985.88 0 1.27707 51

0 1.44206.18 0 '144985. 88
...- ,--

i1.53620 75 .0 1.42408 24
1.63232 or 0 1.49976 30
1.73042 41 0 1.57691 80

0 1.83054 38 0 1.65556 49
0 1.93270 41 0 1.73572:19

0.9

/

-1 6.66666 67
- 1 6.97537 97
- 1 7.20940 91
-1 7.60881 20
- 1 7.93364 63

-1 8.26397 01
8.59984 20
0.94132 11
9.28846 71

-1 9.64133 99

( 0) 1.00000 00

0 1.03645 08
i1.07349 27
1.11113 16
1,14937 '40

0 1.18822 61

01 1.39185 54
1.34985 88

0 1.22769 42
0 1.26178 47
0 1.30850 41

,1.0

1 7.00000 00
4 7027897 71
4 7.56249 82
-1 7.85061 06
-1 8.14336 18

-1
4 9.36172 12
4 9.67839 44

8.44079 99

9.04993 07
8.74297 33

( 0) 1.00000 00

1

1.03265 881 1.06582 10

1,16837 88

1.09949 16
1.13367 58

I

1.20360 57
1.23936 10
1,27965 25
1.31248 30

0 1.34985 88

(31



common IMS163800311111113 Ramon
CONFLUENT IITIPEROEOMETRIC FUNCTION M(., b, a)

alm0.4

a\b 0.1 , 0.2 0.3

0
- 3.00000 1(41 0 00 -1 :MD 1;

-0.8 0 - 2.32590 02 -1 -6.57495 96 -1 - 1.01932 12
-0.7 0 4.96633_24 -1 -4.75937 91 -2 4.01024 24
-0.6 0 4.59134 63- -1 4.87331 90 -1 1.46463 65

-0.5 t -i°111 :1111:11 -1 1.3:1- 04 -1 -k381 - 9.15428 1111
-0.1 -1 -3.70758 28 -1 3.22133 74 -1 5.52305 08
-0.2 -2 .6.90415 20 5.40300 15 -1 6.96775 63
- 0.1 -1 5,25850 66 -1 7.66207 59 -1 8.45979 18

0.0 ( 0)- 1.00000 00 ( 0), 1.00000 00 ( 0) 1.00000 00

0.1 0 1.49182 47 0 1.24182 0
1:10110.2 0 2.00166 43 I 1;2 pi 42:1
0.3 0 2.52986 27 0 1.75015 41 0 1.49182 47
0.4 0 3.07676 82 0 2.01696 26 1.66597 84
0.5 0 3.64273 38 0 2.29240 35 0 1.84538 67

0.6 0 4.22911 68 0 2.57663
0 Mg; 1010.7 0 4.83327 91

0.8 0 5.45838 73 0 3.17208 18 0 2.41605 02
0.9 0 6.10441 27 0 3.48362 30 0 2.61739 39
1.0 0 6,77113 12 0 3.80459 19 0 2.82445 63

5

0.4

0.00000 00
-2 8.63057 ill
.1 3.62847 08
-1 2.67677 48

-1 4.61075 2
-1 6.14925 61
-1 7.74655 09
-1 8.85661 23

( 0) 1.00000 00

0 1.11772 81

0 1.36358 21

0 1.62369 00

0 .1.23890 28

0 1.49182 47

1.75923 82
0 1.89852 99
0 2.04162 67

0 2.33948 51
2.18859 08

(

11 1:18

2 33

0 , 1.491 47

0 02

8 41

1

-1
-1

-1 9.02958 86
-1 9.50948 02

( 0) 1.00000 00

0 1.05012 98
0 1.10135 26
0 1.15368 38
0 1.20713 88
0 1.26173 33

0 1.31748 31
0 1.37440 41
0 1.4)251 25
0 1.49182 4
0 1.55235 0

_ 0.9

5.55555 56
5.95564 45
6.36521 50

-1 6.78440 52
- 1 7.21335 46

- 1 7.65220 44
- 1 8.10109 70
- 1 8.56017 66
- 1 9.02958 86
- 1 9.50948 02

( 0) 1.00000 00

0 1.05012 98
0 1.10135 26
0 1.15368 38
0 1.20713 88
0 1.26173 33

0 1.31748 31
0 1.37440 41
0 1.4)251 25
0 1.49182 4
0 1.55235 0

-2 8.63057 ill
.1 3.62847 08
-1 2.67677 48

-1 4.61075 2
-1 6.14925 61
-1 7.74655 09
-1 8.85661 23

( 0) 1.00000 00

0 1.11772 81

0 1.36358 21

0 1.62369 00

0 .1.23890 28

0 1.49182 47

1.75923 82
0 1.89852 99
0 2.04162 67

0 2.33948 51
2.18859 08

(

11 1:18

2 33

0 , 1.491 47

0 02

8 41

ads

Table

1

-1
-1

0.5

:11 2.00000 00
-1 2.69801 05
-1 3.417611 30
-1 4.15938 56
-1 .92349 10

ads

Table

:11

-1

0) 1. 000 00

71037 59
52042 19

7. 5401 47
8. 1154 464 9 340 66_

0.5

:11 2.00000 00
-1 2.69801 05
-1 3.417611 30
-1 4.15938 56
-1 .92349 10

0) 1. 000 00

71037 59
52042 19

7. 5401 47
8. 1154 464 9 340 66_

1.09 17 29

:11

-1

-1 6.00000 0'

-1 7.11085 1

6.36214 2
-1 6.73238

-1 7.49764 8

-1 7.89289 21 '

-1 8.7
967

-1 9.13f 9 116
-1 9. 72 51

-1 8.2 27
82

( 0) 1. 00E 00

I0 .04484 47
0 .09061 91
0 1.13733 58=

1.18500 76
1.23364 74

0 1.28326 80
0 1.33388 28
0 1.38550 48
0 1.43814 76
0 1.49182 47

?I- -11111131 11
0 1.81925 64
0 1.93404 94.
0 2.05174

1.09 17 29

1.0

?I- -11111131 11
0 1.81925 64
0 1.93404 94.
0 2.05174

-1 6.00000 0'

-1 7.11085 1

6.36214 2
-1 6.73238

-1 7.49764 8

1.0

-1 7.89289 21 '

-1 8.7
967

-1 9.13f 9 116
-1 9. 72 51

-1 8.2 27
82

( 0) 1. 00E 00

I0 .04484 47
0 .09061 91
0 1.13733 58=

1.18500 76
1.23364 74

0 1.28326 80
0 1.33388 28
0 1.38550 48
0 1.43814 76
0 1.49182 47
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Table 13.1

a 0.1

- 0.9
- 4.00000 00

130F6! 131

-1.0

-0.8
-0.7 -0 4.76573 95 -1 -8.71196 18
-0.6 0 -2.30622 47 -1 -6.39608 65.

CONFLUENT HTPEROEOMITRIC FUNCTIONS

.CONF141112141T'HYPERGEONIETRIC FUNCTION M(a, 6, a)

a 400.5

0.2 0.3 0.4 0.5

-1 - 6.66666 67 0 -'1 -2.50000 00 0.00000 00
- 1 -5.31342 47 -1 -1.46751 27 -2 11.11111: :1
-1 -3,89475 90 -2 - 3.89499 09 -1
- 1 -2.40912 78 -2 +7.35066 66 -1 -2.61697-96
-2 - 8.54965 30 -1 1.90722 60 -,,,1 3.55920 78

- 0,5 0 -1.82163 45 -1 -3.96579 38
-0.4 0 -1.31133 45 -1 -1.41832 63 1 .11961194

06
:1

3.12803
11

-1 4.53763
li

. -0.3 -1 -7.74681 00 -1 +1.24911 75 -1 4.23474 05 -1 5.71992 06 -1 6.60617 00
.0.2 -1 -2.11019 41 -1 4.03938 42 -1 6.07918 46 -1 7.09319 04 -1 7.69784 21
-0.1. -1 *3.80315 52.. -1 6.95536 57 -1 8.00036 50 -1 8.51950 36 -1 8.82884 81

0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ('O) 1.00000 00

0.1 0 1.64872 13 0 1.31762 72 0 1.20798 34 0 1.15358 36 0 1.12121 22
13 0 1.42416 39 0 1.31281 87 0 1,24660 50

0.3 0 . 3.03607 92 0 1.99359 02 0 1.64872 13 ' 0 1.47782 42 0 1.37626 32
0.4 0 3.77614 69 0 2.35254 68 0 1.88183 81 0 1.64872 13 0 141027 29
0.5 0 4.54811 35 0 2.72590 86. 0 2.12369 98 0 1.82563 24 0 1.64872 13

0.6 5.35272 38 0 3.11399 83 2.37449 45 -0 2.00868 23 0 1.79169 69
0.7 0 6.19073 40 0 3.51714 35 0 2.63441 32 0 2.19799 70 0 1.93928 94
0.8 0 7.06291 26 0 3.93567 68 0 2.90364 98 0 2.39370.49 0 2.09159 01
0.9' 0 7.97004 04 0 4.36993 59 0 3.18240 09 0. 2.59593 60 0 2.24869 11
1.0 0 8.91291 0) 0 4.82026 39 0 3.47086 63 0 2.80482 2/ 0 2.41068.61

a4 0.0 0.7 0.8 0.9 1.0

-0.6 -1 4.65693 33 -1 5.43849 54 -1 6.02283 14 -1 6.47594 62 -1 6.837)9 50

-OA
-0,7 -1 3.86848 36 .1 4.76023 18 -1 5.42745 70 -1 5.94522 72

-1
2.37390 35 ..1 3.46998 42 -1
3.10765 94 -1 4.10420 52 -1 4.85042 16 -1 5.42992 21

-1 5.44007 21
5.89284 39
6.35854 17

-1.0 1.66666 67 -1 2.85714 29 -1
4.29138

11? -1 4.44444 44 -1 540000 00
- 0.9

-0.5 -1 5.47357 40 -1 6.13943 38 -I 6.63689 23 -1 7.02236 09 -1 7.32963 60

- 0.3 -1 . 7.19372 99 -1 7.61111 66 -1 7.92248 85 -1 8.16342
-0.2 -1 8.09841 67 4 8.38276 72 -1 8.59474 31 -1 8.75865 45

70 -1-0.4 -1 6.31897 89 -1 6.86349 09 -1 7.83550 00
8.35522 55
8.88905 38

-0.1 -1 9.03363 78 -1 9.17890 54 -3, 9.28712 29 -1 9.37074 63 -1 9.43722 94

0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 (I0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00

0.2 0
1.09981 19 0 1.08465 27 0

Iiiii 11-
0 1.06467 21

"."776. 160 1.11703 33
0.3
0.4 $0

1.30921 31 0 Li 4;11 10
1.41892 99 0 51 0 1.30640 94 . 0 1.26947 93 0

0 1.19938. 02 0 1.17784 06
1.24020 96

0.1 0

0.5 0 1.53207 73 0 1. 966 91 0 1.38852 11 0 1.34145 10 0 1.30416 68

0.6 0 1.64872 13 0 1: 777 40 0 1.47291 64 0 1.41532 79 0 1.36973 88
13 0 1.5596) 60 0 1.49114 29 0 1.43695 270.7 1.76892 87 0

0.8
0

1.89276 74 0 1.7 256 32 0 1.64872 13 . :0 1.56892 95 1.50583 59
0.9 2.02030 62 0 1.85935 29 0 1.74021 40 0 1.64872 13 1.57641 61 :.
1.0 0 2.15161 47 0 1.96914 38 0 1.83415 67 0 1.73055 26 0 1.64872 13/
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CONFLUENT smadosarrige man=

CONFLUENT EITPERGEOMETRIC FUNCTION Ma"

0.6
aVA 0.1

-1.0

i iii-OAiiiii- 0.8

00

-0.7 -3.59141 57
-0.6 0 -3.05183 34

0.5
0

N-0.4
- 2.47539

- 0.3 0 -1.20740 73
-0.2 -1 -5.13527 80
-0.1 -1 2.21866 89

0.0 ( 0) 1.00000 00

0.1 0 1.82211 88
10.2 0 2.611949 50

0.3 0 3.60342 49
0.4 0 4.56523 01
0.5 0 5.57625 77

0.6 .0 :
0.8 0 8.91853 48
0.9 1 1.01404 45
1.0 1 1.14187 08

a\b 0.6

-1.0
-0.9 -2
-0.8 -1
-0.7 -1
-0.6 -1

-0.5 -.1
-0.4 -1
-.0.3 -1
-0.2 -1
-0.1 -1

0.00000 00
8.15612 80
1.66954 03
2.56274 99
3.49622 62

0.2

H1111!
00

0 -1.27832 65
0 -1.00575 96

-1 -7.16392 12

- 1 6.19061 29

-1 -4.09732 38
-2 -8.52791 51
-1 .2.57478 49

( 0) 1.00000 00

0 1.40083 55

0 2.26441 16
0 1.82211 88

0 2.72828 58
0 3.21432 4

0 3.72312 11

0 4.81141 85
0 4.25528 05

0 5.39216 24
0 5.99815 10

0.7

-1 1.42857 14
-1 2.13746 25
-1 2.87723 99
-1 3.64865 28
- 1 4.45246 33

4.47097 05 -1 5.28944 63
5.48800 20 -I. 6.16039 00
6.54835 72 7.06609 56
7.65309 05 4 8.00737 79
8.80327 45 4 8.98506 53

0.0 ( 0) 1.00000 00 ( 0) 1.00000 00

1

0.1 0 1.12443 77 0 1.10530 38
0.2 0 1.25375 32 0 1.21450 50
0.3 0 1.38806 15 0 1.32769 20
0.4 0 1.52747 91 0 1.44495 47
0.5 0 1.67212 47 0 1.56638 46

0.6 0 1.82211 88 0 1.69207 45
0.7 0 1.97758 41 0 1.82211 88
0.8 . 0 2.13864 53 0 1.95661 34
0.9 0 2.30542 91' 0 2.09565 57
1.0 '0 2.47806 43 0 2.23934 48

0.3

-1
- 6.82397 i',I

-1 -5.09139 76
- 1 -3.25877 35

-1 -1.32327 404 .7.17978 94
-1 2.86791 75
-1 5.12952 90
-1 7.50585 66

( 0) 1.00000 00

iiiiiiiii
0 2.12187 52
0 2.43505 08

0 iiiii
12

0 3.82895 20.

0 4.21453 44

0.8

0.4

-1

1

- 5.00000 00
-1 -3.81848 10
4 -2.57117 79
-1 -1.25627 00
-.2 *1.28080 81

:1 kit1761110

1

1

-.1 4.71672 67
-1 6.39795 93
-1 8.15836 59

521

Table 13.1

__,--- 0.5

I:1 1116:1 14
- 3 - 2.4660 50
-1 1.03792.44
-1 2.15219 91

-1 3.31950
111

-1 5.81866 96
- 1 7.15333 26
-1 8.54662 21

0) 1.00000 00

6 ' 15149 54
0 ..30929 96

1.64445 34
0 1.47356 68
0
0 1.82211 88

I .41171 11:24
0 2.60385 15
0 2.81789. 78

( 0) 1.00000 00 (

0 1.19249 52

0 1.82211 88
0 2.05010 75

0 2.28753 06

0 3.05874 93
0 3.33627 37

0.9

-1 3.33333 33
-1 3.89744 84
-1 4.48302 85
-1 5.09055 63
-1 5.72052 24

-1 6.37342 52
-1 7.04977 12
-1 7.75007 48
-1 8.47485 874 9.22465 40

( .0) 1.00000 00 (

0 1.08014 45
0
0

1.16295
1.24848

44
64

0 1.33679 79
0 1.42794 70

0 1.52199 31
0 1.61899 63
0 1.71901 75
0 1.82211 88
0 1.92836 31

2.50000'00
3.12786.69
3.78124 01
4.46071 49 ..

- 1 5.16689 67

5.90040 05
6.663,85 18
7.45188 61

-1 8.27114 95
4 9.12029 84

( 0) 1.00000 00

0 1.09109 32
0 1.18537 84
0 1.28292 55
0 1.38380 56
0 1.48809 10

0 1.59585 51
0 1.70717 25
0 1.82211 88
0 1.94077 10,
0, 2.06320 72

52P

1.0

-1 4.00000 00
- 1 4.51255 49
-1 5.04345 12
-1 5.59308 68
-1 6.16186 59

-1 'lig: n
-1 1.9 720 24
- 1 8.63672 99
-1 9.30751'46

0) .1.00000 00

0 1.07146 44
0 1.14519 01
0 1.22122 354
0 1.29961 13
0 1.38040 19

0 1.46364 36
0 1.54938 57
0 1.63767 83
0 1.72857 22
0 1.82211 88



0010117DIT IITPISAIOMSTRIC !UNCTIONS

13.1 CONFLUENT HYPERGEOMETRIC FUNCTION el(a, .

a go0.7 filq

414 0.1 1 0.2 0.8 0.4 0.5

-1,7--- .k44515 47 0 -1.69810 26 -1 -7.85028 60 -1 -3.30020 58 -2 a5.79 90

-0.9 0 -5.52819 79 0 -2.25396 47 0 -1.16362 83 -1
-I.0 00

- 0.8 0 -5.01049 23 0 -1.98691 64' -1 -9.81007 11 -1 -4.79194 87 -1 - 1.788. 77

-0.6 0 -3.83041 49 0 -1.38675 31 .1 -5.75241 82 -1 -1.71267 91 -2 Mg 1 62

0 - 2.50000 00 0 - 1.33333 33 -1 :7610)0009: 00 -1 -4.00000
30 -1 -2.92768 8

-0.5 0 -3.16446 06
-11 :16.1111; ::

4 - 3.51185 70 -3 - 2.63083 59
-1

99 00
- 0.4 0 -2.44543 68 -1 8181 61
-0.3 0 -1.67144 46 -1 -3.09520 29 -1 1.41630 28 -1 3.65553 75 -1 .98858 44
- 0.2 -1 -8,40541 00 -1 +1.00033 57 1 4.1136425 -1 5.65746 78 -1 6.57561 66
-0.1 -2 4.92624 47 -1 5.36246 53 -1 6.97316 13 -1 7.77115 48 -1 8.24528 23

9.0 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.0,000 00 ( 0) 1.00000 00 0) 1.00000 00
. .

0.3

0.1 0 17
0.2

(44 0 5.45463 06 0 3.14874 21 0 2.38873 10 0 2.01375 7 0 1.79195 11

92
0

1.49219 50

0 2.01375, 27
0 1.65767 60

.1.31994 11

0

1.23474 77 1.18422 38
0 1.37745 14
0 1.57993 98

0.5 0 6.74221 79 0 3.76411 90 0 2.78318 26 0 2.2995 36 0 2.01375 27

:0,7
0.8 1 1.10594 50 0 5.81389 76

0
tige211

56
0 5.09565 95
0 4.41274 94 , 3.19769 12 0 1..11 740 58 0 2.24561 74

3.63285 27 0
4.08927 57 0 3 4088 34 0 2.74065 46

0 2.48782 35
0.6

0.9 1 1.26581 24 0 6.56853 43 4.56758 14 0 .58393 85 0 3.00440 00
140 1 1.43407 83 0 7.36066 31 -0 5.06840 38 0 .94232 46 0 3.27935 49

eV 0.8 0.7 0.8 0.9 1.0

-1.0 -1 - 1.66666 67 0.00000 00 -1 1.25000 -1 2.22222 22 -1 3.00000 10
-2 7.95165 75 -1 1.95634 4 -1 2.85846 10 -1 3.57936 92

-0.8 -2 2.09154 67 -1 20 -1 2.697 66 -1 3.52400 18 4.18377 43
-0.7 -1 1.22710 86 -1 2.51322 11 -1 3.47 7 03 -1 4.21962 49 -1 4.81385 81
- 0.6 -1 2.30054 51 -1 '3.43855 96 -1 4.2::19 01 -1 4.94612 53 -1 5,47027 56

,..

4.3 -1 5.8/022 82 -1 g 649502 91 -1 6.96004'90 -1 7.31906 '85
-0.2 -1 7.18224 16 -1 V.61170 97 . 7.93103 40 -1 8.17733 33 -1 8.37280 46

-1 6.15369 36
6.86479 13'

7.60426 03

-0.5 -1 3.43109 52 -1 4.40977 C " -1 3967 66 4 5.70431 32
-0.4 -1 47 -1 02994 98 -1 6.49501 40

-0.1 -1 8.55823 13 -1 8.77956 99 8.94398 42 -1 9.07068 09 -1 9.17114 12

0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00

0.1 0 1.15093 86 0 1.11002 02 0 1.09661 96 0 1,08601 24
0.2 1.30882 66

0 1.12744
I,' 0 1.22457. 33 0 1.19701 89 0 1.17522 70

0.5 0 \ 1.47385 50 0 1.39910 20 0 1.34377 57 0 1.30129 20 0 1.26772 07
0.4 0 '1.64621 90 0 1.54361 /9 0 1.46774 58 0 1.40953 43 0 1.36357 19
0.5 0 142611 74 0 1.69412173 0 1.59660 44 0 1.52184 32 0 1.46286 04

0.8
0.7

(SI 1:204143716 15;0

0

HE f:14
0 1.73047 46 0 1.63831 77 0 1.56566 72
0 1.86948 15 0 1.75905 87 0 1.67207 52
0 2.01375 27 0 1.88416 89 0 1.78216 81

0.6

0.9 0 2.62516 74. 0 2.35926 09 0 2.16341 82 0 2.01375 27 0 1,89603 16
1.0 0 2.84585 75`.. 0 2.54213 50 0 2.31861 02 0 2.14791 66 0 2.01375 27

529



'a \b 0.1 0,2 0.3 0.4 0.5

- 0.8 0 -5.94785 78 0 -2.44921 23 0 -1.28563 99 -1 -7.05401 18 -1 ,3.58242 29

-1.0 0 -7,00000 00 0 -3.00000 00 0 -1.66666 67 0 -1.00000 00 -1 -6.00000 00
- 0.9 0 -6.50401 48 0 - 2.73837 67 0 -1.48461 68 -1 -8.58588 03 -1 -4.83512 37

+0.7 0 4.32888 96 0 .2.1313583 ..... 4,06906_32 . -5,3 +2.23871 07
-0.6 0 -4.64439 77 , 0 - 1.78363 55 -0.34197 OS -1 -3.61905 04 -8.00722 55

-0.5 ' 0 -3.89159 56 0 -1.4048, 36 -1 .80333 58 -1 -1.70668 54 -2 +7.34885 a
-0.4 0 -3.06762 06 -1 -9.93710 17 -1 06747 02 -2 +3.41976 74 -1
-0.3 0 -2.16953 29 -1 -5.48.90 22 -2 -1. 6930 95 -1 2.53186 47 -1 4.11274 30
-0.2 0 -1,19431 35 -2 -6.93656 36

-1
+3. 591 20 4 4.86802 83 -1 .96208 97

- -0.1 , -1 -1.38863 OS -1 +4.46505 60 -1 6. 38 -1 7.35564 06 -1 7 325 45
;

0.0 ( 0) +1.00000.00 ( 0) 1.00000 00 ( 0) 2.000 00 ( 0) 1.00000 00 ( 0) 1,, 00.00

0.2 0
0 2.22554 09 0 1.59252 93 0 1.38374 9 0 1.28065 33

.04 0 2.22554 09 0 1.79197 . 0 1.57807 97 0 lir*.
7278

0.1

0.3 0 4.95014.63 0 2.90051 91 0 2.22554 0 1.89284 81 0 1.69626 83
0.4 0 6.45617 50 .0 3.61898 52 0 2.68533 25 -0 2.22554 09 0 1.95411 70
0.5 0 8.06281 37 0 4.38249 84 0 3.17225 19 0 2.57675 45 0 2,22554 09

0.7 1
0.6 0 ?..131/ 18 0 5.19265 68 0 3.68723 21 0 2.94709 89 0 2.51097 18

0 4.23121 63 0 3.33719 88 / -'0 2.81085 12
0.0 1 1.35239 56 0 6.91;49 89 0 4.80517 86 0 3.74769 30 0 3.12563 06
0.9 1 1.55710 78 0 7.91957 87 0 5.41011 38 0 4.17923 SS 0 3.45577 20
1.0 1 1.77383 16 0 8.93309 73 0 6.04704 06 0 4.63249 51 0 3.90174.73

CORTI, IITFERGROMOTRIC IPUNCTIOIle A

CONFLUENT GEOMETRIC FUNCTION M(a, a) Table 13.1

.28

0 0.111 0.7 0.8 0.0 1.0

-0.9

- 0.6 4 +1.06779 15 4 2.39517 31 -1 3.38544 19 -1 4.15173 34 -1 4.76178 82

-0.8 -1 -1.27465 48
- 0.7 -2 -1,40115 64 4 1,35264 99 -1 2.46770 86 -1 3.33161 66 -1 4.02018 75

-1 - 3.33333 33 14
-2 -5.37356 94
-2 +3.69102 15

-2
'1.751:174 :11

0.00000 00 -1 .. 7..11111 11 -1 2.00000 00
-1 1.81250 42 .1 2.64028 04
-1 2.55227 74 -1 3.31335 07

-1.0

-0.1 -1 8.2 28 -1 8,56152 59 -1 8.75747 79 4 8.90826 31 4 9.02766 05

-0.4

-0.2 -1 6.683 4 10 -1 7.19428 36 -1 7.57323 29 4 7.86314 37 -1 . 8.09652 62
-0.3 4 5.1 99 27 -1 5.89611 50 -1 6.44555 87

-1
en 71:2 :1

3.49860
fr3

-1 4.35327 95 1
6.86926 51 -1 7.20546 73
5.91927 92 -1 6.35337 71

-1 5.53917 14-0.5 5.01386 60

0.0 ( 0) 1.000 00 ( 0) Lona No ( 0) 1.00000 60 ( 0) Loomm 00 ( 0) 1.00000 00

0.3
0.2 0

1.1/76944 813;

0 Bun 12 0 1.13025 42 0 1.11417 60 0 1.10146 98
86 0 1.23349 80 0 1,20729 30

0.1

0.4 0 1.77614 79 g 1:15t1,0 a 0 1.44:4828 C 0 1.48816 89 0 1.43248 29
0 1.35811 24 0 1.31758 99

_0.5 0 1.99547 19 0 1.83397 98. 0 1. 491 10 0 1.62382 02 0 1.55209 71

0.6 0 2.22554 09 0 2.02537 37 0 1.87792 43 1.76522 23 0 1.67656 00

0.9 0 2.98352 90 0 2.65322 74 0 2.41055 26
0.8 0 2.71923 11 0 2.43473 81 0 2.22554 09

(11 1.91253 43 0 1.80600 17
2.06591 86 0 1.94055 51
2.22554 09 0 2.08035 55

0.7 0 2.46668 24 0 2.22554 09 2,04006 69

1.0 0 3.25992 56 0 2.88127 68 0 2.60331 27 0 2.39157 03 0 241554 09

53Q

e
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Table 13.1

a\b

Coinum' imincucoatelaw FUNCTIONS

CONFLUENT HYPERGEOMETRIC FUNCTION el(a, 6, a)

s -0.9

0:1 0.2 'OA 0.4

-1.0 0 - 8.00000 00 0 -3.50000 00 0 -2.00000 00 0 -1.25000 00
-0.9 0 - 7.49259 77 0 -3.22852 60 0 -1.80907 26 s0 -1.10046 05
-0.8 0 6.90878 25 , 0 -2.92208 06 0 -1.59665 35 -9.35972 27

70 -96 0 -2.57899
-0.6 0 -5.49641 35 0 -2.19753 81 -110339 79 -5.59533 56

0.5

- 8.00000 00
- 6.76001 98
5.401155 15

94096 -49
-2.35250 18

-0.5 0 -4.65980 55 0 -1.77594 43 -1 -8.20518 02 -1 - 3.46228 53 -2 -6.38272 88
-04 0 -3.73067 11 0 -1.31238 34 -1 -5.12058 10 -1 -1.15264 70 -1 +1.20674 49
-0.3 0 -2.70466 65 -1 -8.04973 88 -1 -1.76920 97 -1 +1.34083 75 -1 3.18771 -.09

. -0.2 '0 -1.57731 62 -1 -2.51778 79 -1 +1.116021 91 -1 4.02562 81 -1 5.30992 39
-0.1 "-I =3.44010 11 -1 +3.49195 37 -1 5.77931 14 - -1 6.90939 03 -1 7.57882 50

0.0 ( 0)+1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 .( 0) 1.00000 00 ( 0) 1.00000 00

0.1 0 2.45960 31 0
1.741976: R 0

1.45345 52 0 1.33055 47 0 1.25791 83
0.2 0 4.03983 23 0 1.53222 60
0.3 0 5.74586 78 0 3.27280 52 0 2.4 5960 31 0 1.82352 69
0.4 .0 7.58304 06 0 4.14464 74 0 3.01492 28 0 2.45960 31 0 2.13244 07
0.5 0 9.55683 50 0 5.07749 00 0 3.60688 44 0 248466 81 0 2.45960 31

0.6 1 1.16728 93
0

6.07375
69

0 4.23689
0; 0 ttail-r2 0

2.80566 62

0.7 1 1.39370 17 3.17129 Be
0.0 1 1.63551 72 , 0 5.61685 85 0 4.31893 69

0
3.55718 66 ...

0.9 1 1.89334 94 0 9.46839 74 0 6.36981 80 0 4.85329 20
36641.0 1 2.16782 87 1 1.07439 95 0 7.16683 00 0 5.41746 38 0 4.9392

5035 8328

"c 0.0 0.7 0.8 0.9 1.0

.-.- -1.0 -1 -5.00000 00 -1 -2.85714 29 -1 - 1.25000 00 0.00000 00 -1 1.00000 00
- 0.9 -1 -3.93506 44 -1 -1.92058 43 -2
- 0.8 -1 -2.78312 29 -2 -9.13906 92 -2 +4.83592 97

-2 7.59274
VI

-1
12.4693156"9 0002

-0.7 -1 -1.54071 44 -2 +1.65565 38 -1 1.43934 85 -1 2.42566 24 -1 ,3.21136 46
-0.6 -2 -2.04284 74 -1 1.32057 89 -1 2.45729 51 -1 3.33625 68 -1 4.03551 32

-0.5 -1 +1.22981 53 = -2.55395 12 -1 4.90562 01
-0.4 -1 2.76533 21 -1 3.86857 31

-1 3.53966 52
-1

4.30084 39
-1 5.82320 50

-0.3 -1 4.40611 09 -1 5.26740 93 -1 5.9 0688 76 -1 6.39943 44 -1 6.78982 39
-0.2 -1 6.15609 81 -1 6.75350 07 =1 7.19649 04 -1 7.5372E 29 1 7.80706 15

-0.1 -1 8.01934 30 -1 8.32996 53 -1 8.56001 96 -1 8.73679 14 -1 8.87657 20

0.0 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000 00

0 1.11790 610.1 0 1.21023 31 0 1.17668 82
0.2 0 1.43307 07 0 1.36339 .71 0 1:ifitlli;

0 1.13289 93
.1 0 1.24155 02

0.3 0 1.66896 10 0 1.56047 09 0 1.48048 31 0 1.37111 10
0.4 0 1.91836 37 0 1.76826 25 0 1.65771 19 0 1.57322 64 0 1.50677 "14
0.5 0 2.18175 01 0 1.98713 34 0 1.84394 34 0 1.73462 38 0 1.64871 85

0.6 0 2.45960 31 0 2.21745 38 0 1.79714 36
0.7 0 2.75241 80 0 2.45960 31

0 2.03946 90 0 1.90371

E.
0 1.95224 22

0.8 0 3.06070 20 0 2.71396 99 0 2.45960 31 0 2.11421 45
0.9 0 3.38497 53 0 2.98095 21 0 2.68482 96 0 2.45960 31 0 2.28326 51
1.0 0 3.72577 04 0 3.2 095 72 0 2.92058 65 0 2.66193 52 0I

P31



CONFLUENT innsamournic innocnotio

CONFLUENT =PUG EOMETE1C FUNCTION 944), 6

a\b 0.1

-1.0 0 - 9.00000 00
-0.9 0 4.49472 34
.4.8 -0 - 7.89481 34
4.7 0 - 7.19487 27
-0.6 0 4.38931 44

0.2
i

0

- 4.00000 00

0 .3.04197 32
0 4.62968 42

.4.5 0 .5.47235 71. 0 align 2629

.0.4 0 4.43802 02 0
- 0.3 0 .4.28011 86 0 - 1.07887 24
.0.2 0 4.99225 77 -1 - 4.48364 63
- 0.1 -1 - 5.67828 07 4 .2.43610 69

0.0 ( 0)+1.00000 00 ( 0) 1.00000 00
.

0.1 0 2.71828 18 0 1.82184 44
.1.2 0 4.59430 40 0 2.71828 18
0.3 0 6.63559 00 0 3.68634 94
0.4 0 8.84990 62 0 4.73198 60
0.5 1 142452 68 0 5.85803 42

0.6 1 4.38299 44
0.7 1 1.64)124 65
0.8 1 L6 0
0.9 1 2.28065

9601 3
08

1.0 1 2.62364 52

0
70:06821 11

0 9.75588 81
1 1.12409 78
I 1.28255 41

d\O 0.8 . 0.7

-1.0 -1 -6.66666 .67 -1
-0.9 -1 - 5.54597 35 4
- 0.8 -1 .4.31756 71 -1
-0.7 -1 4.97660 48 -1
-0.6 -1 - 1.51809 81 4
-0.5 «3).6.30910 70 -1
444 i 41 1.77225 36 «1
-0.3 4 3.61483 67 -1
.0.2 4 549644 73 4
« 0.1 .1 7.72285 59 4
0.0 ( 0) 1.00000 00 ( 0)

0.1 0 1.24339 88 0
0.2 0 1.50311 03 0
0.3 0 1.77978 05 0
0.4 0 2.07407 40 0
0.5 0 2.38667 38 0

0.6 0 2.71828 18 0
0.7 0 3.06961 97 0
0.8 0 3.44142 89 0
0.9 0 3.83447 12 0
1.0 0 4.24952 09 0

0.3

33
0 443718 91
0 - 1.91443 23
0 4.66369 18
0 4.38355 11

744 -7.29170 374 -3.51861 30
4 +6.09884 13
4 5.11038 28

0.4

00
0 - 1.34483 48
0 - 1.17116 OS4 - 9.78067 35

« 1 - 7.64616,83

46
-1 4.72739 30
.4 .7.71680 36
-1 3.12589 94
- 1 6.42974 92
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0.3

-f:113.11/12:
-1 -7.26851 39
- 1 -5.68924 14
- 1 -3.95877 20

11:2,111111
.1 +2.20976 75
4 4.61604 79
-1 7.21012 79

( 0) 1.00000 90 ( 0) 1.00000 00 ( 0) 1.00000 00

0 1.52963 87
0 2.10177 40
0 2.71828 18
0 3.38109 51
0 4.09220 54

0 05366 43
0 5.66758 48
0 6.53614 27
0 7.46157 79
0 8.44619 60

- 4.28571 43
- 3.29502 50
4021751 45
4.04950 02
.242020 76

1.57371 99
3.03694 92
4.60681 41
6.211763 08
8.08383 81

1.00000 00

1.20408 08
1.42110 86
1.65137 89
1.89600 10
2.13489 81

2.42880 78
2.71828 18
3.02388 72
3.34620 59
9.68583 55

4
-1
-2
-2
-1

-1 3.34239 08
-1 6.79945 04 4 7.19266 55
-1 8.35078 67 -1 8.55560 76

1.1 4.69960 88
5.90827 38

3.56392 OS-1
-1

( 0)

00
0
0

0
0

0
0

0 1.38482 77
0 1.79865 55
0 2.24271 69
0 2.71828 18'

0 3.22665 79

0 3.76919 11
0 4.34726 6S
0 4.96230 95
0 5.61578 62
0' 6.30920 50

0.8 0.9

- 2.50000 00
4.60990 29
.6.48146 54
+3.88236 65
1.50229 88

2.69717 87
3.97610 35

1.00000 00

1.17507 89

1.55723 97
1.36069 55

1.76511 25
1.98472 52

2.21650 01
2.46087 06
2.71828 18

347406 39
2.98919 01

r.

0 1.29938 93
0 1.62002 78
0 1.96278 70
0 2.32856 41
0 2.71828 18

0 3.13288 93
0 3.57336 26
0 4.04070 56
0 4.53595 02
0 5.06015 69

.1.0

4 - 1.11111 11
4 - 3.01549 81
4 +.9.68299 01
-1 1.50043 68
-1 2.49853 18

( 0) 1.00000 00

1.15288 20

0 1.85907 07

1.31451 22
1.48520 44
1.66528 05

0 2.05491 39
d.26515 76
2.48615 84
2.71828 18
2.96190 29

111

;
0

0.00000110
-2 7.43386 23
-1 1.53827 23
-1 2.38663 42
-1 3.29050 15

-1 4.25195 83
-1 5.27314 4
-1 6.35625 7
-1 7.50355 07
-1 8.71704 01

( 0) 1.00000 00

0 1.13539 67
0 1.27817 41
0 1.42858 86
0 1.58690 33
0 1.75338 77

0 1.92831 84
0 2.11197 89
0 2.30465 98
0 2.50665 90
0 2.71828 18

532
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Table $3.1

00701171INT NTPES011061XTBIC /UNCTIONS

CONFLUENT HYPE GEOMETRIC FUNCTION Mia. b, a)

.

a\b 0.1 0.2 0.3 0.4 0.5

00

- 9.00000 00
0 -5.66666 67

0 - 4.00000
110 -5.67351 46

0 -9.05346 68. 0 -5.57239 85 11511114i:PPRIEll
1 -1.92363 39 0 -8,79313 67 0 -5,34952 69 0 -3.64939 40 0 -2.64293 64
1 - 1.83976 09 0 -8.30798 80 0 - 4.9901157 0 -3.35738 15 9 -2.39419 32

-1.0
-0.9
-0.8
- 0.7
-0.6

-0.5
-0.4
-0.3
- 0.2
- 0.1

1 - 1.69974 68 0 -7.57063 96 0 .4.47833 69 0 -1:4419201 91 0 - 2.06875 95
0 -6.55175 56 0 -3.79726 52 0 29 0 -1.65883 14

1 -1.22340 44 0 -5.21994 53 0 -2.92882 34 0 .1.81029 53 0 -1.15610 27
0 -8.71869 85 0 -3.54165 86 0 -1.85372 46 0 -1.03148 90 -1 -5.51740 45
0 -4.33729 58 0 -1.48107 68.. -1 -5.51412 44 - -9,94703 39 .1 +1.63639 81

...

. 0.0 ( 0)+1.00000 00 4' 0)+1.00000 00 ( 0)+1.00000 00 ( 0)'+1.00000 00 ( 0) 1.00000 00

e 0.2
0 .7.38905 61 0

!Egli
0

"82379
0 4.94472 25

2.28204 66 0,1.96790 63
3.76272 10 0 3,07855 710.1

0.3 0 7.38905 61 0 5.45904 52 0 4.34381 17
0.4 1 3.39223 44 1 1,59833 25 1 1.01846 79 0 7,38905 61 6 0 5.77622 05
0.5 1 4.56085 43 1 2.12317 23 1 1.33611 54 / 0 9.57185 22 0 7.38905 64

0.6 1 .1.12g 84 1 1:41,27. 41y 1 1.69497 91 1 1.20276 42 0 9.19634 52
0.7 1 27 1 2.09837,67 1 1.47777 93 1 142129 02
0.8 1 9.10260 50 1 4.14538 60 1 2.5498 '38 1 1.78448 86 1 1,34543 65
0.9 2 1.10109 32 1 4.98933 60 1 3.052 98 1 2.12527 66 1 1.59372 26
1.0 2 1.31432 41 1 5.92946 26 1 3.61 5 $11 1 2.50266 00 1 1.86788 78

/

0 0,6 0.7 0.11 , 0.9 1.0

- 0.9 0 -2.26126 09 0 -1.77944 34 0 -1.41981 77 0 -1.14139'10
0 - 1.00000 00-1.0 0 - 2.33333 33 0 -1.85714 29 -1.50000 00 0 -1.22222 22

48 0 -2.14541 69 0 -1.66645 90 0 - 1.31049 88 0 - 1.03604 27 -1 -8.18288 30
.0.7 0 -1.98102 67 0 -1.51452 14 0 .1.16915 08 -1 .9.03849 17 -1 -6.94107 82
-0.6 0 -1.76300 12 0 -1.31972 79 -1 .9.92701 33 -1 -7.42341 04 -1 -5.45057 11

\

-0.4 0 .1.14402 63 -1 -7.84722 5 4 -5.21259 33 -1 - 3.20761 19-1 4.48881 84
-1

tr3:871 11.-0.5 0 -1.48592 22 0 - 1.07793 -1 -7.77889 97

-0.3 -1 -7.31181 76 -1 - 4.3542 49 -1 -2.19146 36 -2 -5.49879 73 -2 +7.32914 71
- 0.2 -1 - 2.40906`, 72 -2 -2.5096 14 .1 41.32327 01 -1 431516 76 -1 3.44431 99

-0.1 -1 +3.33718 60 -1 +4.515 7 65 -1 5.37263 41 -1 6.02027 13 -1 6.52400 30

0.0 ( 0) 1.00000 do ( 0) i. 00 00 ( 0) 1.00000 .00 ( 0) Loom* oo ( 0) 1.00000 oo

0.1
0.2
0.3
0.4
0.5

0,6
0.7
0.8
0.9
1.0

01

0 5.99361 56
4.74350 99

2.63896 63
1.16568 32

3.62852 02

ill 8.94061 15
1.06596 48

1 1.25581 43

7.38905 61

1 1.46487 09

0 1. 619 96 0 1.52911 88
0 2. 3614 06 0 2.1/745 72
0 3 3698 76 0 2.78211 92
0 .03507 07 0 3,52448 69
0 .03790 12 0 4.35023 19

0 6.15318 83 5.2652 81
0 7.38905 61 (81 6.27606 41
0 8.75406 09 0 7.38905 61
1 1.02572 10 0 8.61126 21

1.19079 79 0 9.94999 33

0 2.51617 15
0 3.14250 04

0 1.44908 29

0 3.83660 34 0 3,44152 39

0
1.82606 83
1.39018 53

0 1.95312 22
2.31092 49
2484820 19

0 4.60320 94 0 4.09470 06
0 5.44729 15, 0 4.81173 45'
0 6.37407 66 0 5.59682 82
0 7.38905 61 0 6.45439 28
0 8.49799 64 0 7.38905 61



, COMPLIANT MYPEROSOMSTRIC FUNCTIONS

CONFLUENT HYPERGEOMETRIC FUNCTION 4/(a.

a\b 0.1

-1.0 1 -2.90000 00
- 0.9 1 - 3.33062 11
-0.8 .'1 -3.67972 78
-0.7 1 -3.92295 55
- 0.6 1 -4.03286 65

-0.5 1 -3.97869 07
-0,4 1 -3.72604 95
-0.3 1 -3.23666 24
- 0.2. . 1 -2.46803 49
- 0.1 1 -1.37312 67

0.0 ( 0) +1.00000 00

0.1 1 2.00855 37
0.2 1 4.41540 99
0.3 1 7.38953 06
0.4 2 1.10064 09
0.5 2 1.53485 39

0.6 2 2.05059 14
0.7 2 2.65765 56
0.8 2 3.36670 66
0.9 2 4.18912 19
1.0 2 5.13805 80

a\b 0.6

-
0.2 0.3 0.4 0.5

/

0 -9.93407 08 04 liFoilil
0 - 5.00000

??
0 -5.58342 63

1 -1.79849 94 1 41.10419 34 0 -7.64967 21 0 45.66362 13
1 -1.82694 57 1 - 1.10881 39 0 -7.59691 35 0 -5.56302 55

0 :16'.11;C: 51 0 - 5.24773
N.

10 - 5.60854 0656 10 -19097078046 41 0 4.74758 43 '0 -1.03141 441

1 -1.65079 47 0 -9.79393 09
1 -1.41549 22 0 -8.27742 10 0 -5.44863 43 0 -3,81941 32
1 -1.05876 41 0 -6.04935 06 0 -3.87082 13 0 -2.61971 67

( 0) +1.00000 00 .0)+1.0000 00 ( '0)4.00000 00 ( 0)+1.00000 00

1 3.31122 04 1 2.00855 37 1 1.38935 23 1 1.03759 15

1 6.77048 23 1 4.03729 70 1 2.74198 55 1 2.00855 37

0 9.47722 60 0 6.07912 A 0 4.0831 69 0 3.53408 59
1 2.00855 37 1 1.23871 81 0 8.72184 59 0 6.63580 90

1 4.88711 46 1 2.93502 26 1 24005 37 1 1.48513 21

1 8.99862 23 1 5.33622 57 1 3.60289 07 1 2.62290 97
2 ; 1.16120 98 1 6.85444 79 1 4.60562 86 1 3.33600 27 .
2 1.46549 60 1 8.61651 37 1 . 5.76574 86 1 4.15843 31
2 1.81749 79 2 1.06490 11 1 7.10006 77 1 5.10165 02
2 2.22239 01 2 1.29806 99. 1 8.62675 30 1 6.17800 67

0.7

-1.0 0 -4.00000 00 0 -3.28571 43
-0.9 0 -4.22698 22 0 - 3.43076,30
- 0.8 0 -4.35776 62 13 -3,49795 59
-0.7 0 -4.37205 21 0 -3.47180 10
-0.6 0 -4.24734 55 0 -3.33517 91

-0.5 0 -3.95879 09
-0.4 0 -3.47899 58
- 0.3 0 - 2.77784 38
- 0.2 0 -1.82229 72
- 0.1 -1 -5.76188 60

0.0 ( 0).1.00000 00

0.1
0.2
0.3
0.4
0.5

0.6
0.7
.8

0.9
1.0

0 2.94937
0 5.31885
0 8.15947
1 1.15266
1 1.54802

1 2.00855
1 2.54126

0 1 5.15373
1 3.85417
1 4.65138

02
34
04
06
96

37
00
75
22
52

. 0.8 0.9 1.0

0 -2.86423 28 i -2.37946 93 0

- 2.00000

99 !?7'

0 -2.75000 00 0 -2.33333 33
0 -2.83937 20 0 -2.38362 40

0 -2.81244 38 II -2.31115 68 0 -1.91873 96
0 -2.67062 69 0 -2.16800 92 0 - 1.77653 50

0 -2.65319 12
0 -2.06432 89 0 -1.55071 23 0 -1.16684 98, -1 -8.71351 71
0 -1.27772 88' -1 4.86954 74 -1 -5.95815 42 -1 -3.72391 35

0 - 2.42407 0
1:961:11

65
'g

-1 -2.66178 30 -2 -4.43495 10 ' -1 +1.20451 21 -1 +2,46564 64

( 0) +1.00000 00 . ( 0)+1.00000 00 ( 0) 1.00000 00 ( 0) 1.00000.00

0 2.55311 64 I 2.27097 84
4.42829 20 ;

0 6.66364 61
0 9.30049 38
1 1.23835 54

1 1.59611 70
1 2.00855 37
1 2.48129 50
1 3.02040 57
1. 3.63241 26

0 5.60309
0 7.72517
1 1.01960

1 1.30526
1 1.63348

/1 2.00855
' 1 2.43509

1 2.91805

84
18
38

48
43
.37
06
85

i riPlel
0 6.56784 SS
0 8.59185 66

0 1.90360 36

0 4.23056 48
0 5.69204 18
0 7.38010 13

0 2.97434 69

LINI: (!la itI N . 1 il
1 1.66355 12 1 1.40421 20

2.00855 37 1 1.68839 431
1 2,39820 88 1 2.00855 37
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Table 13.1

CONFLUENT HTFEROZQUETRIO FUNCTIONS

CONFLUENT HYPERGEOMETRIC FUNCTION M(a,

z.4.0

a \ b 0.1 0.2 0.8 0.4 0.5

1.0
- 0.9

-0.7
--0.6

-0.5
-0.4
-0.3
- 0.2
- 0.1

0.0

0.1
0.2
0.3
0,4
0.5

0.6
0.7
0.8
0.9
1.0

a\b

- 1.0
- 0.9
4.8
-0.7

-0.5
4.4
-0.3
- 0,2
-0.1

0.0

0.1
02
0..3
v.4
0.5

0.6
0.7
0.8
0.9
1.0

1 -3.90000 00 - 1.90000 00 1 -1,23313 33 0 -9.00000 00 0 -7.00000 00
1 -5.28985 40 1 4.48147 20 1 -1."982" 11.1:7911:: 0 -8.40761 69

0 - 9.62460 701 -6.56662 17 1 -3.00867 57 1 -1.05166 07
1 -1.05661 021 -7.65252 34 1 4.44868 41 1 -2.09004 11 1 -1.43486 25
1 - 1.11333 791 4.45540 43 1 4.76267' 54 1 -2.25292 22 1 -1.52885 30

11 - 1.06719 9961

1 -8.86704 80 1 -3.90525 49 1 -2.31462 U

111:301 -8.76134 25 1 -3.82372 OS 1 - 2.24546 12
1 -7.99228 75 1 -3.45726 34 1 -2.01126 30 0 -9.36252 11
1 -6.39183 19 1 -2.73610 .36 1 -1.57295 45 1 -1.02255 01 0 -7.11353 67
1 -3.76752 93 1 -1.58055 26 0 -8.86027 55 0 -5.58125 37 0 -3.73199 87

0) +1.00000 00 0)+1.00000 00 0)+1,00000 00 ( 0)+1.00000 00 0)4.00000 00

1 5.45981 50 1 2.40818 08 1 1.44217 35 0 9.87867 71
2 1.25936 21

(

1 5.45981 50 1 3.20473 65

(

2 2.18189 72 1 9.38520 09 1 5.45981 50 1
2.14598

2 3.34927 25 2 1.43304 83 1 8.28815 42 1 5.45981 50
2 4.80147 67 2 2.04591 31 2 1.17799 11 1 7.72277 23

0 7.32759
1 1.55257
1 2.59017
1 3.87987
1 5.45981

7.37235

2
1 9.66443

1.23879
2 1.56000
2 1.93640

2 6.58320 17 2 '2.79535 32 2 1.60355 04 1
2 8.74427 45 2 3.70166 95 2 2.11665 31

12

1.04714 53

3 1.13401 20 2 4.78740 93 2 2.72967.48
3 1.44322 61 2 6.07756 33 2 3.45631 21 2 2.23672 99
3 1.80888 49 2 7.59977 67 2 4.31169 57 2 2,78343 47.

0.6

0 -5.66666 67
0 -6.66432 27
0 -7.50985 56
0 -8.14117 89
0 -8.48636 64

i 714Hii7:9814.91578
0 -5.16209 26
0 -2.57549 99

( 0) 4.00000 00

i i 2iiiii4
1 2.90181 11
1 4.06117 30

111 i:1141ii .122/
2 1.14406 67
2 1.41640 95

0.7

0 -4.71428 57
0 -5.44175 41
0 -6.04428 51
0 -6.47484 53
0 -6.67916 15

.0 -6.59496 95
0 .6.15120 28
0 - 5.26711 67
0 -3.85134 51
0 -1.80058 43

0) 4.00000 00

79
76
90
21
01

69
50
64
66
72

0 4.68094
0 9.38676
1 1.52787
1 2.25363
1 3.13582

1 4.19644
1 5.45981
1 6.95271
1 8.70463
2 1.07479

0.8

0 -4.00000 00
0 -4.54078 84
0 -4.97675 07
0 - 5.27129 22
0 5.38234 50

0 -5.26181 06
0 -4.85495 90
0 -4.09978 .13
0 -2.92629 19
0 -1.25577 95

0)4.00000 00

87
59
94
87
52

64
62
50
87
83

0 3.93968
0 7.67325
1 1.23229
1 1.80245
1 2.49282

1 3.31999
1 4.30227
1 5.45981
1 6.81475
1 8.39140

535

0.9

44
0 -3.85159 75
0 -4.16932 54
0 -4.36854 34
0 -4.41593 73

I ii7li)ii 1
0 -2.24839 06

-1 -8.57483 35

( 0)4.00000 00

0
'1131:

42i
1 1.01831 42
1 1.47644 52
1 2.02901 97

1 1:21:1731
1 4.38798 40
1 5.45981 50
1 6.70412 50

68
11
89
49
50

87
28
22
85
05

1.0 .

0 -3.00000 00
0 -3.50880 92
0 4.54030 67
0 -3.67096 90
0 -3,67394 51

111

- 3.51873 12

0 -1.73656 51
-1 -5.57651 91

( 0)+1.00000 00

0 2.99716 17
0
0 Id:ill 70!)
1 1,23377 53
1 1.68439 84

1 2.22065

3171

1 4.45924 13
1 5.45981 50
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0.1

CONFLUENT IITIPER011031ETRIC vurranon

CONFLUENT EITPERGEONETRIC FUNCTION 21(1, b, s)

si4.0
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Table 13.1

0.2 0.3 0.4 0.5

- 1.0 1 -4.90000 00 1 -2.40000 00 1 - 1.56668 67 1 -1.15000 00
-0.9 1 -8.48135 46 1 -3.90138 34 1 -2.41382 36 1 -1.69201 76
- 0.8 2 4.20., 33 1 -5.37054 86 1 -3.23511 34 1 -2.21244 58
-0.7 2 -1.52985 9C 1 -6,71922 90 1 -3.98065 33 1 -2.67925 47 ..1 -1.93973 31

il 11207 iiii

00

-0.6 .2 -1.80596 42 1 -7.83737 80 1 4.58862 62 1 -3.05298 12 1 -2.18551 10

-0.5 2 -L99749 08 1 4.58991 93 1 -4.98353 39 1 01.28566 20 1 - 2.33084 N
-0.4 2 -2.06475 40 1 -8.81313 79 1 -5.07426 08 1 -3.31965 25 1
-0.3 2 -1.95997 71 1 -8.31068 13 1 -4.75193 11 1 -3.08632 11 .1 -2.15579 45
-0.2 2 -1.62617 59 1 -6.84913 57 1 -3.88754 12 ( 1 -2.50460 94 1 -1.73399 46
- 0.1 1 -9.95925 89 1 4.15313 99 1 -2.32934 93 ( 1 -1.47944 56 1 -1.00692 28

0.0 ( 0) .1.00000 00 ( 0)+1.00000 00 ( 0) +1.00000 00 ( 0) +1.00000 00 0) +1.00000 00

0.1 2 1.48413 16 1 6.28624 01 1 3 60663 62 1 2 36223 07 1 1 67304 26
2 1.48413 16 1 8.42893 34 1 5.45552 50 1 3.81153 30

0.3 2 6.28371 74 2 2.62678 96 2 1 9.55023 72 1 6.62935 70
0.4 2 9.87643 86 2 4.11434 26 2 2.31584 25 2 1.48413 16 2 1.02565 96
0.5 3 1.44760 74 '2 6.01287 .11 2 3.37396 77 2 2.15510 54 2 1.48413 16

0.6 3 2.02699
910.7

2 8.39773 11
3 1.13545 79

2 4.69942 V21 2 L99320 90 2 2.05515 14
2 4.02706 82 2 2.75772 43

0.8 3 3.63219 45 3 1.49804 92 2 8.34418 40 2 5.28902 72 2 3.61329 22
0.9 3 4.70961 17- 3 1.93851 85 3 1.07753 37 2 6.81553 64 2 4.64598 46
1.0 3 6.01029 56 3 2.46923 43 3 1.36988 66 2 8.64757 36 2 5.88289 14

a\b 0.8 0.7 0.8 0.9 1.0

-1.0 0 -6.14285 71 0 -5.25000 00 0 -4.55555 56 0 -4.00000 00
-0.9

0
4111103232i

33
0 -8.13469 15 0 -6.76712 82 0 -5.73274 31 0 -4.92670 46

-0.8 0 -9.98761 99 0 -8.16187 54 0 -6.80132 29 0 -5.75641 51
-0.7 1 -1.47334 02 1 -1.15801, 94 0 -9.34109 21 0 -7.68780 55 0 -6.43011 23
-0.6 1 -1.64188 17 1 -1.2768F 5'. 1 -1.01924 14 0 -8.30396 66 0 -6.87726 99

-0.5 - 1.73534 1 -1.33749 40 1 -1.05817 04 0 4.54492 28 0 -7.01437 97
-0.4 1 -1.31918 93 1 -1.03502 42 0 -8.28701 58 0 -6.74333 16
- 0.3 1 -1.19740 11 0 -9.31162 41 0 -7.38548 98 0 -5.94963 73
-0.2 1 -1.25808 94 0 -9.43413 73 0 -7.24837 36 0 -5.67194 55 0 -4.50048 61
-0.1 0 -7.15818 24 0 -5.23827 09 0 -3.90821 47 0 -2.95155 22 0 -2.24261 78

0.0 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00

0.1
0.2
0.3
0.4
0.5

0.6
0.7
0.8
0.9
1.0

1 1.25021
1 2.80473
1 4.84355
1 7.45788
2 1.07513

2 1.48413
2 1.98603
2 2.59579
2 3.33018
2 4.20801

43 0 9.72559 33
44 1 2.14485 95
66 1 3.67515 33
26 1 5,62973 09
41 1 0.08378 40

16 2 1.11223 46
96 2 1.48413 16
43 2 1.93485 65
07 2 2.47651 46
74 2 3.12265 96

0 7.81074
1 1.69066
1 2.87239
1 4.37580
1 6.25698

1
8.57928

2 1.48413
2 1.89509
2 2.38432

40 0 6.43982 88 0 5.42870 50
81 1 1.36614 90 1 1.12729 02
67 1 2.29989 34 1 1.87930 66
33 1 3.48308 09 1 2.82840 13

-73 1 4.95851 46 1 4.00784 46

78 1 6.77444 40 1 5.45508 08
1 8.98511 69 1 7.21214 61

16 2 1.16513 78 1 9.32612 06
28 2 1.48413 16 2 1.18496 18
45 2 1.86309 66 2 1.48413 16
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Table 13.1

CONFLUENT HYPERGEOMSTRIC FUNCTIONS

CONFLUENT HYIPERGEOMETRIC FUNCTION Al(a, 6, s)

x0.0

a\b 0.1 0.2

-1.0 1 -5.90000 00 1 -2.90000 00
-0.9 2 -1,44132'1k.. 1 -6.43961 14
- 0.8 2 4.33128 14 2 -1.01116 95
- 0.7 2 -3,20791 31 2 -1.37008 05
- 0.6 2 -4.00174 16 2 4.69209 38

-0.5 2 -4.62243 63 2 -1.94024 69
--0.4 2 -4.95505'80 2 126772? al;
-0.3 2 -4.85379 61 2
-0.2 2 -4.14715 07 2 -1.71394 56
- 0.1 2 -2.61250 17 2 4.07362 31

0.0 ( 0)4.00000 00 ( 0)1.000.00 00

0.1
0.2
0.3
0.4
0.5

0.6
0.7
0.8
0.9
1.0

2 4.03428
2 9.83405
3 1.78513
3 2.86060
3 4.27068

3 8.38957
4 1.12757
4 1.48541
4 1.92506

,

79 2 1.66280 07
67 2 1.3(.031:111 714
43 2
97 3 1.16700 13
45 3 1.73835 48

3 41163144

35
36
14
80 3 6.00176 64
91 3 7.76580 14

03

1 -1.90000 00
1 - 3.88390 81
1 -5.92627 62
1 -7.90656 11
1 4.66592 36

61
2 4.16523 15
2 -1.13027 51
1 -9.56011 20
1 -5.94951 89

0)+1.00000 00

1 9.26969 34
2 2.23669 33
2 4.03428 79
2 6.43121 54
2 9.55746 91

3 1.35639 99
3 1.86253 97
3 2.49428 70
3 3.27475 26
3 4.23039 92

0.4

1 -1.40000 00
1 - 2.66287 93
1 -3.95288 49
1 -5.19335 87
1 -6.28400 93

1 -7.09668 98
1 -7.47062 14
1 - 7.20700 55
1 -6.06296 12
1 -3.74471 97

0)4.00000 00

1 5.89051 37
2 1.41226 82
2 2.53795 01
2 .4.03428 79
2 5.98067 12

2 8.46913 69
3 1.16059 73
3 1.55134 92
3 2.03319 84
3 2.62218 79

0.5

1
- 1.10000 00

1 -2.84081 83
1 -3.67618 94
1 - 4.40252 67

1 1.11019/ ;;
1 -4.94954 27
1 -4.13963 47
1 -2.53449 16

( 0)+1.00000 00

1
4.04184 10

106
2 1.72165 84
2 2.72837 67
2 4.03428 79

2
tr794r3 11

3 1.03990 56
3 1.36045 49
3 1.75159 77

a\b 0.6 0.7 0.8 0.9 1.0

---246 0 -6.50000 00

- 0.6 1 -3.24219 87 1 -2 47582 00 1 -1.94390 70 1 -1.56045 26 1 -1.27553 63
-0.8 1 -2.14539 69
-0.9 1 -1.52103 70

-0.7 1 -2.73534 89 1 -2.11028 68 1 -1.67379 50 1 -1.35713 62 1 -1.12032 42

0

1.11n791178 :48 1 11111318
52

0 - 5.66666
41150 68

1 -1.11025 64

67 0 - 5.00000 00
0 -7.17389 32
0 -9.28639 79

-1.0 0 -9.00000 00

N
)

-C4 1 71:20841i I 1:1181/)
93 1 -1.69364 40 1 -1.37333 18

-0.3

1 - 3.60439

1317; 1 -2.67076 ', 1 -2,05268 12
1 :eat) II 1 4.28887 64

1 -1.38810 25
-0.5

-0.2 1 -2.96819 67 1 -2.20463 65 .1 - 1.68195 09 1 -1.31050 12 1 -1.03853 60
- 0.1 1 -1.79891 61 1 -1.32031 32 '0 -9.93780 50 0 -7.62137 49 0 -5.92948 86

0.0 ( 0)+1.00000 00 ( 0)4.00000 00 ( 0)4.00000 00 ( 0)4.00000 00 ( 0)+1.00000 00

0.2
0.3 2 1.22879 89 1 9.10486 0 1 6.94664 31
0.4 2 1.94097 77 2 1.43316 97 2 1.08938 21 1 8.47842 06 1 6.73053 68

1 2.19683\
1 5.13440 1 3.93817 92

1 1.35491 58
1 2,48291 09

1 1.70335 65 1 1.10148 13

1 4.32726 56

0.1
1 116.7411111

67

0.5 2 2.86223 17 2 2.10737 78 2 1.59705 69 2 1.23903 18 1 9.80333 40

0.7
0.8

2 4.03428 2 2.96297 41 2.23967 22 2 1.73291 89 2 1.36726 52

58 2 5.36065 25 \4.03428 79 2 3.10736 70 2 2.44026 08
3.44245 98 2 33 2 1684838 13

0.6

0.9 2 9.57187 15 2; 6.98699 63 '5.24808 61 2 4.03428 79 2 3.16176 35
1.0 3 1.23026 21 2S 8.96449 42 2 6.72131 30 2 5.15728 26 2 4.03428 79
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a\b

-1.0
-0.9 1

2
-0.7 2
-0.6 2

0.5
3

-0.3 3
-0.2 3
-0.1 2

CONFIAMNT HTFIBROSOMMIO FUNCTIONS

C-ANFLUENT HYPERGEORISTRIC FUNCTION M(.1, 6, i)

0.1

196621 r0
-4.82834 55
-7.06530 95
-9.19980 13

--1,21270 91
-1.21896 61
4.06546 71
4.86139 84

0.2

2 - 1.15002
2 - 2.03315

2 -2.93971
2 -3.79893

2 .4.51426
2 -4.95796
2 -4.96479
2 -4.32480
2 4.77502

0.0 ( 0) 41.00000 00 ( 0) 4.00000

1

0.1 3 1.09663 32
0.2 3 2.72330 73
0.3 , 3 5.02903 83
0.4 3 8.19139 01
0.5 4 1.24220 89

0.6
0.7
0
0..9

8

1.0

4
1,75r3f11 10

4 3.42679 34
4 '4,57689 88
4 6.01161 32

es4 . 0.6

-1.0
1

- 1.06666
-0.9.
- 0.8 1 - 3.88035 SS
-0.7 1 -5.32790 43
-0.6 1 -6.65941 15

" 7:811:11-0.4
-0.3 -8.18647 83
142 , .7.01816 36
.0.1 1 -4.41663 81

0.0 ( 0)+1.00000 00

0.1 1 7.11674
0.2

F1)0.3
0.4 -2 5.09262 36
0.5 2 7.64800 47

0.6 tritg0.7 3
0.8 3 2.05745 48
0.9 ..3 2.72726 12
1.0 3 3.55678 22

2 4.42900
3 1.09663
3 2.02058
3 3.28466
3 4.97211

3 7.18148
4 1.00289
4 1.36506
4 1.82058
4 2.38799

0.7

00
17
00
82
33

47
49
64
32
15

00

71
32
34
83
80

47
02
23
62
82

s1.0

1
2
2
2

2
2
2
2

( 0)1.00000

2
2
3
3
3

3
3
3
3
4

0.3

-6.72111
4.15809
4.65375
4.12025

4.73838
4.7,134
4437063
-1.51499

2:41753
5.96600
1.09663
1.77901
2.68791

3.87554
5.40336
7.34333
9.77948
1.28094

33
28
32
76
19

09
73
11
77
28

00

11
60
32
54
51

96
15
78
66
89

(

0.4

1 -1.65000 tt
1 -741697 S7
2 -1.05973 99
2 4.34754 31

2 - 1.58243
11;

2 -1.71005 66
2 4.47850 91
1 -9.40594 48

0)+1.00000 00

2 1.50292 87

674417 lIl
2 t
3 1.09663 32
3 1.65368 85

3 2.38009 49

3
3.31282

:01
3 5.91748 66
3 7.81838 27

(

0
4-9.00000

00
1 .90770 95
1 -2.96917 41
1 -4.02257 88
1 -4.98346 93

.5.74011 58
1 4.1481$ 51
1 442463 60
1 -5.14074 94
1 -3.21419 13

( 0)4.00000 00.

5.21962 63
2 1.26468 67
2 ;2.29812 96
2 3.69345 22
3 5.53466 48

08
32
73
60
62

2 7.92047
.1 1.09663

3 1.48067
3 1.95979
3 2.55205

0.8

I iiiiii
- 7.75000

1 .3.12617 60
1 -3.83826 01

0.9

78
1 -1.27012 46
1 -1.88526 21
1 -2.48676 78
1 - 3.02562 11

0.5

1

!:llEi
1 -7.32517 82
1 -9.23583 79

2 -1.07780 84

I:111634g
1 -9.93558 67
1 -6.28867 03

0)+1.00000 00

1 r31.00798

2 4.51182 31
2 7.28692 93
3 1.09663 32

; U51 CIk90
3 2.96556 40
3 3.93749 79
3 5.14269 OS

1.0

00
1 -1.06732 11
1 .1.54912 65
1 - 2.01662 21
1 -2.43133 06

1 - 4.39120 14 1 4.43770 69 1 -2.74320 50
8 1 - 3.64095 75 1 -2.88847 09

1 - 4.56087 1 - 3.53208 76 1 4.78716 65
1 4.87234 20 1 4.98287 7_ __-,..4 1 4.34034 55
1 4.40338 13 1 -1.83595 lir 1 - 1.42690.55 .,..,

( 0)4.00000 00 ( '0)4.00000 00 ( .0)+1.00000 00

1 111:791
2 1.72012
2 2.75715
2 4.12222

(546

72
27
44

I

12 5.88720 07
2 tuna 69
3 1.09663 32
3 1.44913 63
3 1.88419 29

1
3.03582 65

2 1.31824 90
2 2.1(1704 18
2 3.14277 19

1

2 4.47895 79
2 6.17102 12
2 8.31248 87
3 1.09663 32
3 1.42364 54
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2 1.03047 87
2 1.64217 15
2 2.44332 54

2
2 341782t1 g
2 6.42409 85
2 8.46076 16
3 1.09663 32



NMI

Table 13.1

a\b 0.1

C0147L0ENT IETPEROBOMETRI C FUNCTIONS

CONFLUENT HYPERGEOMETR1C FUNCTION sga, b, a)

8.0
0.2 0.8 0.4 0.5

-0.7

-1.0
- 0.9
-0,8

-0.6 -2.18025 86 2 4.82153 60 2 -4.82414 97 2 -3.00441 34 2 -2.01811 79

-5.35947 58
-1.05913 37 2 4.34517 66 2 -2.41159 61 2 -1.52562 18
-1.62135 82 2 4.59589 37 2 -3.62791 31 2 -2.27325 01 2 -1.53682 58

/.90000 00 1 - 3.90000 00 1
.'1:21:1r4

67
1

00
1

- 1.50000
1,1

-45 I 11.01/; II ; :ON741 i91 1 7137:611 1 161:S-0.4 9
- 1.07763

08 tn 3624 - 2.70544 S
-0.3 3 -3.09632 67 3 -1.23990 24 2 -6.70780 36 2 -4.13029 89 2 -2.74155 31
- 0.2 3 -2.75810 97 3 - 1.10164 91 2 4.94329 13 2 -3.64902 75 2 -2.41475 59
-0. 3 -1.80829 89 2 4.20419 31 2 --$.87580 16 2 -2.37245 74 2 -1.56480 05

0 N)+1.00000 00 ( 1)4,00000 00 ( 0),1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00

CI:21

3 2.98095 80 3 1.18444 63 2

tii0:11521

11 2
9.73282

25 2 2.56061

iiS.! 4 1.40881 29 3 .5.57611 41
0.4 4 2.32720 88 3 9,19616 72 3 4.90796 5,1,/ 3 2.98095 80 3 1.95153 01
0.5 4 3.57745 28 4 1.41150.69 3 7.52139 OE 3 4.56094 12 3 2.98095 BO

0.76 4 5.24445 76
4 2.06625 00 4 1.09940 42 3 6.65669 18

.1
4.34399

r17.42998 570
0.8 5 1.02553 76 4 4.02964 70 4 2.13822 46 4 1.29105 19 3 8.40117 14
0.9 5 1.38646 40 4 5.44098 22 4 2.88342 27 4 1.73873 91 4 1.12994 43
1.0 5 1.84279 80 4 7.22305 38 4 3.82312 68 4 2.30252 22 4 1.49443 61

a \b 0,6 0.7 0.8 0.9 1.0

- 1.0 1 -1.23333 33 1 -1.04285 71 0 -9,00000 00 0 -7.88888 89 0 -7.00000 00
-0.9 1 -4.19816 11 1 -3.20746 94 1 -2.52522 99 1 -2.03685 45. 1 -1.67621 46
-0.8 1 -7.49216 65 1 -5,59749 62 1 -4.30847 38 1 -3.39751 08 1 -2.73380 70
- 0.7 2 -1.09361 95 1 -8.08183 59 1 -6.15107 90 1 -4.79493 78 1 -3.81325 44
-0,6 2 4.42648 08 2 4.04680 37 : 1 -7.90952 94 1 -6.11965 64 1 -4.82945 42

- 0.4

- 0.2 2 -1.68033 35 2 -1.21307 63 1 -9.01063 22 1 -6.84858 28 1 -5.30551 30
-0.3 2 -1.91386 58

-0.1 2 -1.08493 76 1 -7.80116 43 1 -5.76904 74 1 -4,36332 11 1 -3.36181 13

24
2 -1.89519 44

2

1:11816ii

83 1

1:1314144i

69 1

11E8181

10 1 - 5.66582 71-0.5

0.0 ( 0) 4.00000 00 ( 0) 4.00000 00 ( 0) 4.00000 00 ( 0)4.00000 00 ( 0) 4.00000 00

0.1 2 1.77542°34

0.3 2 8.20490 47 2 5.87308 59

1 9.47420 10 1

i43213011 li. 1

5.57451 38
0.2 2 4.42157 41

2 1.27804 07
2 3.11224 03

0,4 3 1.34359 84 2 9.59878 19 2 7.05759 09 2 5.31172 06 2 4.07661 58
0.5 3 2.04885 12 3 1:46114 70 3 1.07237 41 .2 8.05582 19 2 6.17064 03

0.7 3 4.19313 16 3 2.98095 80
3 1.55511

46.
3 1.16622 16 2 Ella: 620.6 3 2,98095 80 3 2.12243 36

0.8 3 5.74840 89 3 4.08075 63
3 3.#114: in

3
111:12

68 3
1.2696A1 6480.9 3 7.72114 36 3 5.47370 48

1.0 4 1.01986 91 3 7.22067 87 3 5.26034 65 3 3.92186 75 3 2.98095 80
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Table 13.1

-1.0
-0.9
- 0.8
-0.7
-0.6

-0.5
-0.4
-0.3
-0.2
-0.1

0.0

0.1
0.2
0.3
0.4
0.5

0.6
0.7
0.8
0.9
1.0

CONFLURIT EITPLISCROAUTRIC ruNonows

CONFLUENT ITYPEKEOMETRIC FUNCTION M(a, 6, a)

a -10.0

0.1

1 -9.90000 00
3 -2.63572 95
3 -5.74321 45
3 -9.29414 29
4 4.30473 07

4 -1.66086 19
4 - 1,93829 90
4 -2.05153 93
4 -1.88191 87
4 -1.26894 82

0.2

1 - 4,90000
2 11

3 -2.26606 51
3 -3.65315 21
3 - 5.11412 18

3 -6.49508 42
3 -7.56478 22
3 -7.99213 74

73 4.31898 36
3 -4.92715 82

0)+1.00000 00 ( 0) +1.00000 00

4 2.20264 66
4 5.69563 19
5 1.09330 93
5 1.84869 24
5 2.90713 00

5 4.35713 28
5 .6.30765 47
5 8.89199 75
6 1.22723 53
6 1.66450 66

US: :I :
4 4.22272 41
4 7.13160 87
5 1.12016 64

Iiiiiiii!
5 4.70872 70
5 6.38024 53

0.3 0.4 a

1 -3.23333 33
2 -5.63504 48
3 - 1.20865 20
3 4.94041 89
3 4.70839 91

3 .4.43144 26
3 -3.98819 28
3 -4.20553 66
3 -3.84460 18
3 -2.58388 05

0).1.00000- 00

4.46140 89

4 3.71537 68
4 5.82887 58

1 NI 1?M
5 1.77129 13
5 2.43971 24
5 3.30250 83

r.

1 -2.40000 00
2 -3.4553,5 97
2 -7.34339 26
3 -1.17365 02
3 -1.63300 24

3 -2.06370 40
3 -2.39329 23
3 -2.51877 45
3 -2.29844 83
3 -1.54205 59

0) +1.00000 00

3 2.65569 71
3 6.83804 74
4 1.30747 73
4 2.20264 66
4 3.45147 55

4 5.15540 77
4 7.43887 06
5 1.04535 82
5 1.43835 42
5 1.94508 11

1 -1.90000 00
2 42.28812 39
2 -4.81371 33
2 -7.65615 62
3 -1.06170 13

3 -1.33814 35
3 -1.54831 36
3 -1.62617 94
3 -1.48115 57
2 -9.91916 94

0)+1,00000 00

3 1.70399 66
3 4.38084 00
3 8.36496 74
4 1.40739 54
4 2.20264 66

4 3.28620 65
4 4.73642 75
4 6.64873 73
4 9.13874 32
5 1.23458 19

0.8 0.7 0.8 0.9 1.0

-1.0 1 -1.56666 67 1 -1.32857 14 1 -1.15000 00 1 -1.01111 11 0 -9.00000 00
-0.9 2 -1.59656 19 2 - 1.15824.17 1 -8.66482 26 1 -6.64811 79 1 -5.21121 29
- 0.8 2 -3.32180 59 "2 - 2.38103 '41 2 -1.75833 05 2 -1.33052 77 2 -1.02772 90
-0.7 2 -5.25566 60 2 -3.74603 08 2 - 2.74969 50 2 -2.06733 55 2 -1.58596 75
-0.6 2 -7.26224 96 2 -5.15669 48 2 -3.77001 68 2 - 2.82246 37 2 - 2.15560 45

-0.5 2 -9.12749 57 2 -6.46204 50 2 -4.70972 63 2 -3.51454 04' 2 -2.67503 59
-0,4 5 -1.05359 27 2 -7.44065 06 2 -5.40890 80 2 -4.02538 09 2 -3.05522 11
- 0.3 3 -1.10424 16 2 -7.78122 74 2 -5.64358 20 2 -4.19006 43 2 4.17236 75
-0.2 3 -1.00381 19 2 -7.05925 89 2 - 5.10920 02 2 -3.78501 43 2 -2.85915 68
- 0.1 . 2 -6.70959 43 2 -4.70898 38 2 -3.40090 10 2 -241375 92 2 -1.89427 82

0.0 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 0)+1.00000 00 0)4.00000.00

0.1 3 1.14989 01 2 8.05237 11 2 5.80387 50 2 4.28243 19 2 3.22252 43

0.2 3 2.95153 65 3 2.06339 28 3 1.48456,77 3 1.09332 07
0.5 3 5.62785 57 3 3,92867 40 3 2.82236 24 3 2.07532 .55
0.4 3 9.45635 54 3 6.59238 53 3 4.72945 31 3 3.47272 61 3 2.59995 59
0.5 4 1.47012 55 4 1.02914 95 3 7.37367 65 3 5.40715 90 3 4.04275 54.

0.6 4 2.20264 66 4 1.53174 58 4 1.09611 92 3 8.02783 98 3 5.99449 62
0.7 4 3.17106 89 4 2.20264 66 4 1.57436 46 4 1.15166 83 3 8.58922 62
0,8 4 4.44649 42 4 3.08513 39 4 2.20264 66 4 1.60942 26 4 1.19892 63
0.9 4 6,10528 43 4 4.23152 76 4 3.01784 47 4 2.20264 66 4 1.63901 196_...,,,j

1.0 4 8.23940 35 4 5.70477 12 4 4.06428 07 4 2.96327 38 4 140264
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o\O 0.1

-1.0 0.10000 00
-0. 9 .0. 11034 47
41.11 0.16357 83
-0.7 0. 14010 11
-0. 6 0. 16173 42

-0. 5 0.19120 98
-0.4 0.23411 73
-0. 3 0.30182 31
-0. 2 0. 42537 31
-0.1 0. 72703 16

os\b 0.6

-1.0 0460000
-0. 9 0.65203
-0.11 0.71419
-0. 7 0.70906

6 0. 81415

-0. 5 1.00529
0. 4 1.16751
-0. 3 1.39008
-0. 2 1.76875
-0.1 2.45881

oe
19
311
07
45

53
37
59
91
88

Table All give the smallest awes ins of M(o, 5, s), near o .05 so0, that is, the smallest positive roots in
of the equation M(., 6, s) Law Into poi*** shwa 548. Interpolation by the Lagrange six-point

fowls in two dimossiese give 71

00211W1DI9' /1717111101011111111C PONCNION8

Z13108 OF Mow it s)

0.2 0.11 0.4

0. 20000 00 0.1000 00 0.40000 00
0.22012 64 0. 32004 15 0.43713 15
0.24477 52 0. 164 44 O. 461196 35
0. 27567 24 0.40779 72 0.53721 21
0.31555 72 0. 4604 99 0.60707 04

0. 36906 09 O. 0728 03 0.69639 96
0. 44970 78 a 63961 58 0. 82334 00
0. 561119 VI 0. 79200 44 1.0059 69
0. 75993 80 1.04632 32 1.30289 37
1.20342 40 1.56016 OS 1.90320 51

0.7 0.8 0.9

O. 7000.0 so 0.00000 tio 0. 90000 00
O. 7580 50 '0. 86541 05 O. 97164 85
0. 82092 09 0.94291 59 1.05625 10
0.91576 55 1. 0307 62. 1.15706 85
1, 01887 44 1.13158 21 1.28256 70

1.15298'99 1.29771 21 1.43991 63
1.13112 01 1.49044 27 1.64610 10
1.58200 88 1. 75960 56 . 1.93215 19
1.97114 63 2.17271 84 2.36714 89
2.70808 56 2.94434 51 3.17028 02

Table 111.3

0.5

0.50000 00
0.54480 16
0.59836 98
0.66443 91
0.74705 02

0. 85409 26
O. 99868 55
1.20695 84
1.53916 36
2.19238 90

1.0

1. coon' oo
1.07763 19
1.16901 22
1.27036 33
1.41205 79

1. 57995 68
1.79887 13
2.10045 49
2: 55566 24
3.3877!9
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14. Coulomb Wave, Functions

Mathematical Properties

, 14.1. Differential Equation, Series Expansions

Equation

cisw 29 L(Li-of.1)4-11 jw=
P

(p>0, - <+1 <m, L a non-negiative integer)

The Coulomb wave equation has a regular
singularity at p=0 with indices L+1 and -L;
it has an irregular singularity at plis

14.1.1

General Winks

14.1.2
to= Fz(a. + Ciez(9, p) (C1, 4 constant.)

where 111(9, p) is the regular Coulomb wave
function and 4(9, p) is the irregular (logarithmic)
Coulomb wave function.

Regular Coulomb Wave Funnies FA p)

14.1.3

Fa(1, p) ez(1)p"'e-goi f (L +1 -'1w, 2L+2, 2i p)

14.1.4
'=0z60 ti".z6 I 4

14.1.5 Ijoz(e, P) =l- ARO /P-"

14.1.6

444=1 I At+suazi-40

(k+ L)(k L-1)4 2.24.4-1-411-, (k>L+2)

241-7 111141+4)1
14.1.7 Cam /Igo)
(See chapter 6.)

14.1.8 C1(9).2,(04-1)-'

14.1.9 C1(41"tei-1)

14.1.10 CdOotoL) Ca-s(a)

14.1.11 attio.
29 2 +1)

is

4+ '7+ 211,

14.1.12 FL..dip - ' o)=Cdv) 0644(11

14.1.13 0/(9, kAt(1)11-z-I

!angular Coulaeab Wave Funnies 04(1,

14.1.14

2i
EVII 1#46°Zing Fdlir Win 2P+jne(9)1+ 40&611pa

14.1.15 441 4-2A(9) p-scl,

14.1.16 Da(00z(a)En4

14.1.17 litz kiwitz a(w)PP"

14.1.18

4e=1, otpic-to,
(k -L -1) (2k-1),&(,)Al

14.1.19

ipkg.g. AV
Pa(a) t.1 a

+a(M)+27-1-0
(See Table 6.8.)

14.1.10

raw " 116+ 1 of I 1 .1.2 -L)
(2L)1 '2-17-44 2L(11)

r(iv-L)(il-L+1)

L)(is- DO) . . . (iv+ L-1)
(2L)1

14.1.21

Gis41up 41(Faln 20+1- l+vow,
+44,

544



a

00111413 WWI FON0110118 539

44.1.23 resai OA 14 linDs,(00-g-ii(1,14

'14.1.23 #01;#'1AL kai(0),"

N.

,

tO

a
a

a
a

A

.3

.1

Puma 14.1.. AA, At CI, A.
111, r10

Yuman 14.2. Ps. ley, 1, and 01.

. -20

14.2. Recurrence and Wronskian Relations

Recureenott Madam

If os41Fskit.10 or Cy, ai

14.2.1 Atw(1)+011/4.4-14-01sz
"yr

14.2.2 1

0+1)

142.3

Lia+1).-1-

4-0iszm+01+Iiroz+1

,

P

0+1)(D +0'1 -t
Ihrosalldasi Relations

14.2.4 ra--FAIL-1
14.2.5 es,-7.8._,==w1+0-4

14.3. Integral Representations
14.3.1

4-4grs'. f. ese-4(14-244144,F64-(2
e

14.3.2

ffties e.,
OM-e-1)4W J-1

.
641(1-- ir-111(1 tyv+ftig

e-
41) Os,

si ((1 Unde We" tap (gp tanh 1-2901

i(1+11)1. up (pt+21 uotan

14.4. Bend Function Expansions

Itspoodon 4 Tame of Bes.81121fferd Fusetions

14.4.1
(2L+1 AN_ 0.11)

0)11150ON) (201d1 P 44
(t g=124p, >0)

14.4.2

4.4:400)4ap-4 ('1)114,11,404i)et
545



14.4.3

60+1°1'11 60+1241

441(6-4401;3464-4+6+.81°10

001:11610 WAVII 7511171101111

fenaMal

1s°4 (20+8)
(kk2L+2)

k,60 bAs (-0b(l-1)74-2

(See chapter 9.)

E q u e n d e s kb Toes at Spharkel llama Iranaksi

14.4.5

iiide hi= rf
1.3.5 . . (2L+1),Ode) hitt; 44460

14.4.6 2L+3bs,s.11 biriew.rg

61.1(k-1-12)kV(L+1)

(k L(L+1) A_
2k-3

(k) L+1)
14.4.7

PA 4=144 (2L+1)Pede)

(VA tipig-r; tr&-AP)-1-4I++4.

§-; ars+.64+at 14 4, 440

14.4.11 es" 0+3) +1

(6 +) to. 1)

&p ea Is Tame at AI'

.atz° e2V-14/(210818 Pei Ohre p.>0

14.4.9
10-211<2,

P.e(e 0.0 )010 (1441+ J.
' -466P) 9 NW

+ABiP (S) (4+9+ ...nx)
/ 14.4.10

Aga) 0+0 I0 nip 1 1

601, P) 11' Bi(a)

+ 4P+ 41+go,(3,1(146±a.

fy+...1)
110.4** u.

fes (8404-148010+23204

21--0/19n
1Samwo atassy

g0ma--0-00

(See chapter 10.)

14.5. Stspemiens

lispearlos for Low %dame

Fong erfl obi es

Ge14 le--1 sin

n-g* Cal 4+P Ai et,

Misr coo 0&--0 sin 6 VPVial

00.0-9 2/L 1+4

wows r(L+1+40

1,4.5

/ 14"
( (See 4.1.51,

14.5.1 fe+inierFarsten

(See Tables 4.14, 6.1.)
4Lf

14.5.8 Pt's. 0.1 tavr".N. .fit
where

646

fowl, 90.0,/5 °0,

fewsaefsbage

11644'689.+64

1 osonsit-.641--16+ilp

0:+sugladi-ea1t-960/p

iii.L(L+1)7k(b+1)
0+2)P



COULOMB WAV$ 1111107110118-

14.53

f+4,..14.01wiL+i)+01miftL+11c,:i+L+1)09+L+2)21(2or

+091-1)(4L+1)(4i+ii(it*L-1-1)(4-1-Li-P(itt+L+3)+
3R210/

Amass& Zipairise tee lx% ui2q >>0

14.5.10
lif21:3143,111(11r4ii T325 rr: :00k*h-tunk...)

14.5.11

GoloNsj-w2 070-L 1* 8 1 11488 imp) 1,.
r ) aWo reo .. .5

7,1,(29) r(2/3) 1 r0/1)

114243#11(1/3),41.6739 38534 . . . 1(2/3)1.3641 17939

14.832

(I+14(210,,, i . ) 0470633 26373 04959 870166_.00888 88888 89
8,04) '1.22340 4016

.00245 51091 81 .00091 08958

14.5.13

1,;(29),( .40889 57323 .17282 60369 .00031 74603 174

4W 30788 17734}

.00358 12148 50 .00031 17824

TlfTO

..11

hams 14.3. 7(1, p)
rmO 11 6I 10

horns 14.4. Fag, p).

gm% 1. 5,109 r/2

te

061 .00025 34684 115

680 .00090 73966 427

A A P/Aiti

40. VON
Ir.V V TAII4

imam 14.5. p).

v..% 1, 5910

547
Aetna 14.6. 4(9 p).

asO 5.10 ern
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14.6. Spada Values and Airymptotie Behavior

14.6.1 L>0; pi.0

14.6.2

14.6.4

16.3

h=o, Fit=o
0..., a's,=sto

L=0, "280

Fora0, gm' COO

e=1/466, asis 0
re4o

1Pe4:40601411 6'L^Daez

L=O, 1=0

Po=sin FO=C00

GO= 008 P, Q. --sin

tr
er.+UPL^,e1P 4,-1 20--t-fos1

La 0, v=0

Pe= PO J/44(P)

eV= ('-'1)&0V141 4(144)(P)

14.6.1 Lao, 2v>>1

(2L+1)!Ci,
PirsPlumt2(2s011

(4 ft, 2(21e (210Kato(20,411(2Z+1)!CCA)

14.6.8 L.0, 20>p

Fs."' 0"1041/42(21Wi1

r-0-9(2irogo2(2vol1

G. ....2e1 URA:140A

(4- 2 aleKoI2(21Wi1

14.6.9 L =O, 2q>>p

Ar-t- pe; n,.§ rise

6 r.84-4; 0-0-4"
a=247-1V"'Irg

$ .

44,8

14.6.10 L=0, 21>> p

Po 2 or;

Gevik"; aft. (-Irs+--
_ fis

wads (It(1-0P+Arcsin 0-0}

0= (t/(1-0)*

14.6.11 L=B0, p>>211

Forma sin A /47-1104aGa)

Goa cos A 61.--gl(4Fo-Fbee)

}us Ai (art

Peztti+le+La+011/1

(14....40.+L(L± gra.
0s) Pi

14.6.13 v>>0,211"-'0

(21 (21)-
iGotiPoj^.11411(21)ImiBM+iAiWi

[(4441:14# 1011(210"11B1' (x)+1Aii(x))

14.6.14 ti>>0

3
Mk) teiy40{1.4.LA+:11}11.
0.(04/41 211i kai Pi



14.6.111

146.16

21>>0
Fo L'im ago
9,/,,5' 24; k 3

2.412011.
I-4

IOW mweifion

0.60^,Chmekr",
(Equality to 88 for 1)4.)

COULOMB WAVE mono=

14.6.17

tro(11)^-710

24L!
Cam (jz+i) t

., 21LI _

Witin_70L+1)f

14.6.18

Numerical Methods
14.7. Use and Extension of the Tables

In general the tables as presented are not simply
interpolable. However, velum for L>0 may be
obtained with the help of the recurrenee relations.
The values of 4(e, p) may be obtained by
applying the recurrence relations in increasing
order of L. Forward recurrence may be used for
?VI, A as long as the instability does not produce
errors in excess of the accuracy needed. In this

' case the backwards recurrence scheme (see Ex-
ample 1) should be med.

Example 1. Compute FI(T, p) and /1(1, 0) for
1=2, pati, Lm0(1)5. Starting with rAw=1,
rp-o, where ilmtn, we compute from 14.2.3 in
decreasing order of L:

L
11

(1)

0.

(2)
1,,

(2)

10 1.
9 4.49284
8 17.5225
7 61.3803
8 191.238
6 623.472 . 090791 .091 .1043
4 1238.53 . 21481 .215 . 2030
3 2486.72 . 43130 .4313 . 3205
2 4168.46 . 72124 .72125 . 3952
1 6727.97 . 99348 .99347 . 3709
0 8691.81 1. 1433 1. 1433 . 29330

Fel= 1.7344 X 10''=3''.
The velum in the second column are obtained

from those in the first by multiplying by the
normalisetioo constant, 11.111 where Po is the
known value obtained from Table 14.1.

Repetition starting with rfo=1 and Fiss=0
yields the same results.._

In column 3, the results have been given when
14.2.3 is used in increasing order of L.

F,, (column 4) fame from 14.2.2.

Euler's constant)

Example 2. Compute (11,(A, p) and 4,(e, p) for
eg=2, p=5, Lon 1(1)5.

Using 14.2.2 and 4(2, 5)=.79445, 4= -.670.49
from Table 14.1 we find-4(2, 5) =1.0815. Then
by forward recurrence using 14.2.3 we find:

1 1.0815 .69886
2 . 1.4969 .66619
$ 2.0487 .79697
4 & 0941 1.7818
6 & 6298 4.6493

The values of are obtained with 14.2.1.
Example 3. Compute G6(1, p) for s=2, 9=2.5.
From Table 14.1, G.(2, 2)=3.5124, 4(2, 2)

= -2.5554. Successive differentiation of 14.1.1
for L=0 gives

\este Ow di+lw eito
0-47-(211-14 p"-k{a-F.r+1;pT)

Taylor's expansion is li(pi-nP)=01060 -KAP**

With w=Go(s, p) and Apc=.6

we get:

0
1

2
3
4
a

7

etke.

3.5124
-21464

3.5124
- 8.0878

12.138
- 29.840

83. 352
- 288.26

3.5124
- 1.2777

. 43905
-. 12841

. 03180
-. 00789

. 00181
-. 00042

Go(2, 2. 5)=2. 5726

As a check the result is obtained with ti=2, p=3,
Ap= - .5. The derivative 4(1, p) may be ob-
tained using Taylor's formula with w=Gaq, p).

*en sow (1.

549



544 COULOMB WAYS PENCITON11

References
Tests

114.11 11. Abramowfts and N. A. AntoSewks, Coulomb
wave hustles in the transition region. Phys.
Rev. 96, 71-77 (1924).

(14.3) Biedenhern, Oluekstarn, Hull, and Breit, Coulomb
functions for lesgs charges and small velocities.
Phys. Rev. 97, 542 (1M).

(HA L Mesh at al., Coulomb functions for reactions of
Protons and alpha-particle with the lighter
anal. Rev. Mod. Phys. 34 147-192 (1981).

(14.4) Carilitik Press% Numerical trestmont of Coulomb
wave tentless. Rev. hied. Phys. Et, 391411
(1955).

(14.5) I. A. Blow and M. Abromewits, Generation of
Coulomb wave functions from their ',amuses
relations Phys. Rev. 911, 1$51 (1958).

550

Tables

(14.6) M. Abramowlts and P. Rabinowits, Evaluation of
Coulomb wave functions along the transition line.
Phys. Rev. 916 77-79 (1954). Tabulates .Pe,
es. 6: hr sub *00020(2)50, 88.

(14.7) National Bureau of Standards, Tables of
wave functions, vol. I, Applied Mathjelullim
(U.S. Goveknment Printing Moe, Washington,
D.C., 19112).`, Tabulates

CV, p) and

Irms 5(1)5,
(14.11) Numerical Comps

taker functions
Geld) Report

(14.11) A. Tubb, Tables
functions, Los
La-2110, Loa
at 4 le, G6

i;1° P for p=0(.2)5,

0(1)5, 10, 11, 20, 21, 7D.
Bureau, Tables of Whit.

aye functions in a Coulomb
o. 9, Japan (19S).
nowrelativistie Coulomb wave

A1111011 Manta' Laboratory
N. Mrs (1958). Valais

pO(.2)40; 9-0405)13, 51



f
i
l
i
f
i
l
l
i
f
 
M
I
N
I
M
 
M
I
N
I
M
!
 
'
W
M

t
i
=
1
1
;
1
1
1
1

1
6
1
1
4
.
4
4
4
4
4
.
1
4
4
5
4
4
4
4
.
3
4
4
4
.
4
 
4
4
4
4
a
a
a
a
a
4
 
4
4
1
:
4
4
4
4
4
1
A

7
1
1
4
1
.
4
.
4
4
.
4
4
.
4
 
4
4
.
1
4
4
4
4
d
A
 
4
A
4
4
4
.
4
4
1
J
e
t
 
4
4
4
4
4
4
4
.
1
4
4
4

=
=
=
=
.
4
.
4
:
4

v
a
s
u
p
w
a
s
a
=

64.4.m
ove 1

aggaa=
88:7

ost11,112V
1111

44~1
ISIS

$$$$$ /I
11

ftoftw
oom

m
ow

I,
M
O
W

1
1
1
1
4
.
4
.
8
4
4
.
1
.
1
4
.
8
4
1
 
.
1
0
1
4
.
1
.
1
4
4
.
1
.
4

s
l
=
"
4
1
4
1
r

$
$
$
$
$
$
$
$
$
$
$
 
l
o
s
s
* M
O
W

d
a
d
a
d
:
1
4
1
4
4
 
4
.
4
4
.
4
4
4
A
4
A
0

S
I
B
M
W
V
5
.
6
.
4

$
$
$
$
$

A
t

$$ 4411 @
@

@
 114

.....
.M

.m
..W

W
%

1M
m

M
w

fta *A
.M

~
.W

aM
m

ift.

N
O
R
=

l
i
f
i
l
i
l
l
i
f

1
4
1
4
4
4
A
A
4
4
 
4
0
1
,
4
3
4
4
.
4
4
.
4
4

J
a
A
l
s
1
.
4
4
.
4
1
4
A
s
t
 
4
4
:
4
4
.
:
4
4
A
1
0
4

,10.1011.110....M
. ~ Ilunr

M
i
l
a
n
 
1
1
2
1
1
1
1
1
1

1
1
1
1
1
1
0
1
1

1
1
1
1
1
4
1
1
1
6
 
1
1
=
1
1
1

1
4
6
:
4
4
4
4
4
4
.
3
 
A
e
4
1
,
4
1
4
.
4
4
A
A

"
A
A
4
A
A
d
t
A
d
4
 
4
4
0
:
4
4
4
d
4
4
4

.M
4IM

M
i V

'T
"'SZ

eogniC
alB

e
V

O
ft.

@
@

@
@

@
@

@
@

 sees
s.,1 iess

9
4
M
I
M
I

e
a
.
:
4
4
.
8
4
4
.
4
1
.
t
4
 
l
i
d
a
y
:
0
1
4
.
1
4
4

=
R
a
t
:

-
111111,

M
I
N
I
M

0
4
4
4
4
4
e
4
4
4
4
4
 
4
4
4
.
1
.
4
4
4
.
4
4
4

.
7
1
,
7
7
1
7
!
 
!
!
"
:
"
:
1
7
1
4

4
/
4
 
@
@
@
@
@

.
.
.
.
.
.
.
.
.

p
,

4
,
4
4
.
1
.
4
.
1
.
4
{
4
4
+
1
 
4
1
4
4
.
4
:
d
d
e
e
d

!
W
O
R
T
1
1
 
3
3
6
1
:
1
1
E
5
.
1
1
e
:

-

M
U
M

.
1
1
4
0
4
4
0
4
.
3
4
 
4
4
.
3
.
4
4
e
4
4
4
4
 
4
4
e
l
e
t
.
4
4
A
4
A
A
 
4
4
4
4
4
4
4
4
4
1
1
4
4
A

&
1
8
w
W
 
2
2
8
2
=
P
C
 
u
m
m
a
R
a
m
 
2
4
2
a
s
a
p
m
a

6

1
1
1
1
1
1
i
f
i
l
1
1
1
1
1
1
1
1
f
4

A
4
W
w
W
:
4
1
1
0
4
4
1

011
peW

va
A

N

061.1".111V
84.

.101.1.11.10.41M
IN

M
O

M
 row

isSO

1
8
1
1
1
1
1
1
I
1
 
1
1
1
1
1
5
1
1
1
.
1

0
4
4
.
4
.
4
4
1
1
4
A
A

e
4
4
.
.
a
7
1
4
4
4
4

.
.
.
.
._
4
.
4
W

4
4
.
4
4
4
4
A
4
4
d
 
1
0
4
4
1
:
e
i
d
e
l
e
d

M
A
R

4
4
A
A
d
A
A
1
6
.
1
4
 
4
4
4
4
4
4
A
a
w
l
1
 
A
4
A
s
t
e
l
e
,
W
A
S
A
 
4
.
4
4
1
:
4
4
4
A
A
4

0111080808
intIM

W
1
1
7
4
m
.
0
.
0

411..0.11.1.01.011.14.114.1114m
0y

.401.0.40.0010.4.0.1.10M
O

O

M
O
M

!
W
M
 
1
1
5
1
5
1
1
1
1
1

2
4
4
4
4
4
.
4
4
0
:
4
4
 
4
4
,
6
1
4
A
A
0
4
4
4
 
4
4
.
4
4
1
1
1
W
A
A
4
4
 
1
0
4
4
4
4
4
.
4
.
2
.
6
:
4

=
=
=
a
m
m
v
p
s
 
a
s
e
m
e
s
n
s
 
s
a
g
r
e
u
m
 
f
i
C
I
M
S
T
I
n
#

..........0.4. .
1

d
4
4
4
4
A
W
4
4
1
4
 
J
4
4
W
W
d
.
W
.
e
d
 
d
4
4
4
4
.
4
4
4
4
1
4
 
a
4
4
.
4
:
a
a
l
,
:
e
g



0001401B w av inmerzen

COULOMB WAVE rupoloms OF ORDER ZERO
GoN0)

2
O. $
1. ,

4.

9. 0
9.11

0

0
4, $
3.

3.9 4 I. 7
a
7. 0
7.

0
0.
9. 0

3
111%. 0

10.
L

0 10

13.

4.
13. 0

14. 0
1 1

14
1

I 0

30. 0

O.
ILL 9°

19. 9

16. 0

17. 0
s.

17. 9

19.

16. 13

1
19

14. 5

L 7010

tit 1-

1 fl I 11

O. 9 1
I. 0 4. 2696
1. 9 .aa
il -1. p4,

1 4. 310
9. 0

4.
3. 3

4. 91/
-9. 1
.1. 7

So 0 t 0.014. 9

9. 9
10. 0

6. 0

IL 3

6. 9

L 0

9. 0

7. 3

4 -0. 0954

1 4. 2706

9 4.9409
6 -1.orn

ligi4,
.4. 2724

4. 039
4. NO

S. 9

19.5
44. 0
14. 9
13.0

h :11:
16 IIM

1.. MI
71127

4.911 3

10. 9 4.9900
11. 0 469497

1 0

19.0
.

3
.9.
.7.

13. 3
16. 0 1 IN
it: I 1.M1
it s .-siii
uk 0
10. 3
19. 0 2 *9. 9

1 4.
I .4.

19. 9 1 .4. 9299
10.0 1.4111

°en MN 11.

Table 14.1

8 ., 5

:1
- 1 4.9.22

i 1,31ii&

Ik 1 49445

i 31.1
5.4049

k 440

-I Iftk 029
,.4.104 1. 019)

11

4.

2344

I. 0029

6.L.1442097.

L 670

9 9.1
9 O. US

3.

1.

1.

$10092 3 4.
L
t 1 0

31

IS9.

I.
429. U7207

1.1067

11 3, OM

1

L 7 1 ,.

1 I. 7969

11 9. 07
12 $1 0045
12 9.754019 3.0
14 1.
14 L 4544
13 1.1464

11 I.h
I: t "Iill

9. 0299
1. 2976

14 444194
1134 0.1.2%166

0.7161
L440
L
L 0292
7.1771

3.
1.

4.
1.

410

I MI
9

4139

9 U119
I 44.. UM

4. UN
ill*

4 -5.6497 9 4.11422
5 4.7425 4 44029
5 4.50$5 7. rel

-1. 71/21
5 -.V2

4A.4591 4.9295

A 91114

IPS

4. se

1 -2. 71 4. 4
-1. 116

4. $9

_Li.
-949713

1.13
4. 9

ii, 4.1F,
ii ..
9 4.

4.1. OM

4. 9362
4496

4. OP 4.191 3 4. 909

4. 400

I I!
IS 4

19 4.4047
19 -4.9720 -
)4 -1.7719
14 21
15 -1. 2

16 -2. 1

4.E.1. .I. 7591

16 4.
16 -9.
1
10

1 -1. 7
4.0464 i 1 44641
-7. 91/11 -1. 49261

4.770

16 .1. 300
1 2691

13 .14 02
1 3 4. M.9

12 4. 6290
12 4. Pl)
19 -9.0240
14 -1.0999
14 4. $111$

552

. 076

1 4. 100
.. 1 -94 5046
.. 1 4. 1610

. 1 4300
1 4360

0 4. 909
0 -4.16 0111r9

1 4. 6116

1 44441

i4.
4. MB
4. 3977
4. 2044

9 4. 6419

1 IN
4 - 4112
4 -9.6949
3 4. 7997

9 L 1374
6 4. 4111
6 4.2011

1 041776

4040$
44)9N
-LMOtiers

1
11111494.711 41::15:52

ito 4

b .1. ..E

$67



Table 14.1

a. s
1.0

2: 0
1. 3

52.
5. 0

4.
5.

0
4. 5

0

5
6.0
6.5
7. 0
7. 5
S. 0

9. 0
5

9.
10. 0

5

10. 5
11. 0
11.5
12.0
12.5
15.0
15.5
14.0
14.9
1 3. 0 ,

11. 5
16.
16. 5
1 7. 0

140
10.

0
5

19.
19.5
20.0

0.5
1.0
1.5
2.0
2.
3.0
3.5
4.0
4.
S. 0

6.
5.

0
5

0
6. 5
7.
7.5
8.0
8.

0
5

9.
9.5

10.0

10.3
11.0
11.3
12.0
12.5
15.0
15.
14.0
14.
15.0

15.3
16.0
16. ti
17.0
11.
18.0
18.9
19.0

20.
19.

WIXOM WAVE VON

COULOMB WAVE FUNCTIONS OF ORDER
FoN0)

7 86
0 _1.0186

- 1 - 1.6718
1 *1 76111
0 1.2850
o 1.1655

2251
1 3765
t.
21
1.555622

21 7.5314

1
-1
- 1
- 1

- 2 3.3181
- 2 1.5740
- 5 6.7927

5 2.8407
- I 1.71957
- 4 4.5875

4 1.7814
- 5 6.7815
- 5 2.3352
- 6 9.3224

- 6 3.3763
6 1.2050

- 4.2304
1.
5. 09480171
1.7167

9 18966

-10 6.
1. 9579

- 4131
-104.1_,I.--'

-11 1.2461
.12

167.

2:

11 A?:

55

.
1:

5 2.. 2965
-14 7.1900
14 2.2302
-13 6.9296
-15 2.1342

- -1.6439
- 1 -6.981
- 1 -S.911,3

2 .4.4197
1 .2.9104
1 5.6861

- 1 3.0694
- 1 2.0917

1 1. 233/
2 6.1842

] i MR;
7.0349
3.4861

- 5 1.4956
4 6.2296

. 4 1 5276
- 4 1.0010

5 5.8800
- 5 1.4803

': 47 BM
7. 5911
2.6475

- 8 9.5549
- $ 5.2665
- 0 1.1280
- 9 5.11550
- 9 1.3046
.10 4.5745

-10 1.4540
.11 4.7950

1.5677
-12 3.1195
-12 1.6409
-11 3.2115
-11 1.6100
-14 9.2019
-14 1.6399
-15 3.1871

- 7.6744

- 1 *1. 1034

1 IL 6104

1 1.7331

- 1 .9. OM

1 1110

f 1.0148
1. )237
1. 3803

- 2 1 8579 1.911
1 4. 1049* 1. 01

.

.
3
2 9924

- 9366 2
5.

318)
ft 3 3.M 3i 2 3.0678

1277

76 2. 2143
4 1. 71

7

4 1. 0 3.437417
- 5g 106. 1.6046

. 3 6.
1

4260
. 9 519,

.2113 6 9. 7972
& 0697 ' - 6 3. 7319-1 - 6 1.4071

3. 6417
se - p 5.2291

1. 9195
1. 2720
4. 3913

: II, 6. 9669
24 YA6. 9 1. 9022 . 11. 9.15

1
-1. 33

1 4. 765
1 * 340)
0 1181
0 1.3540
0 1.1952

41249
1.1417720

W 41

-1
1

1

.11 1 7147

43 1 2
-11 1. 4913

-10 1. 2965

.12 3. 005,

.12 1. 6672

.10 3. 7787

- 11 4.4135
.11 1. 1124

'.-:1111144322 122.11,10118F12694111617a -1 5 1. 0190
.43 1 3194

2 io(10)
go

.
-8,7151
4 1111

- 1
1

a 3 .1. 2700
1 411130

- 1 1 0193
- 1 2.1173

- 1 5660

1 1.3148

2 7.4742
. 2 3.9680

2 1.9931
- 5 9.3593

3 4.4003
- 5 1.9647
41 4 1 40111
- 4 3.3779151

4 1.4711
- 9 5. 9256

i 1 0992
27.. 2647l

- 5 2.3308
6 9.0675
6 3.4579

- 6 1.2988
7 4.0095

- 7 1.7370
8 6.3458

, 9 2. 7940

-10 9.6701
-10 3.3165

- 5. 4422

-10 1.1277 -10 6.0578
-11 Nano -10 2.5909
- 11 1.2186

i,
.11 0. 2093

.12 4.2267 -11 2.0307
12 1.3939 -12 9.7205
43 4. 9639
.11 1. 40S9 4 1 1

.12 5;2M
-14 4.8031. '' -1 5.1036

. 6217

1 2. 9743

1 .2.6295

1 .4.1714

1 I.055599
1 S. 4667

1 24357

- 1 .6. 7910
1 41. 2026

- 2 .5. 0307

1 1.1640
2 7.9960
2 4. 5052 t
2 2.2790
2 1.1280
3 5.5775
5 2.4727

..; I 1.107
4 4.8216
4 1.0487

8802
.4 341541

.1.10
-4. 9930
*1 1512

1.
1. 1984

5716
.2013

6. 0109. 0014

1 3.6697
- 1 2. 0964

1 1.1325
2 5. 8382
2 2.8870
2 1.3716

- 3 6. 5105
3 2. 8716

. 3 1.
5.

2605 5
406

4 2. 6
5 9. n45
5 3.7910

1.5115
1 9535

6 2.2964
1 7713

- 7 3.3091
1.2340

11 4.5311

t 1.6612
9 6.0045
9 2.1302

-10 7.6316
40 2.6859
41 9.3m

, .11 3.2487
-11 1.1173
- 12 3.8154
.12 1.2942

- 1 *4.1156
- 1 .0.6117

2 - 5.9095
. .1 .7. 7056
- 1 .7. 6083

1 4. 1
2 *5. 4521122

6

1 2.1296
. 1 3.1027

1 2.9346

- 1 2.1409
- 1 1.4058
- 2 0.4608

2 4.7605 .
. 2 2.0468
. 2 1.2999
- 3 6.3815
-.3 3.0279
. 3 1.5940

4 6.2477

10

. 1
.9.3919

- 1 .1001125
0 -1.0616
1 -X 0351
1 406, 6010
0 1.2627
0 3992
0 11.. 2207
1 94794

1 6.2092
1 1.0720
1 PIUS
1 1. 2511
2 6,6007
2 3.3545
2 1.6440
3

3.
. 7.1106
. 3 6091

3 1.6263

4
4 7

L
.162718

4 1.3072
- '5 1 4341

5 2.22206 4
- 6 151452211 .,
- 6 1. 5913
- 1 11114

2.1969

40 1.1470
-11 2.5030
-12 0.0470

9 3. 9479

.10 3.1691

41 6.3470

9 1.4347

1. 0765

0 70 7746
-10 2.9076

.

. 1 4090117
2 .7.3429

1 5. 310)

1 .6.3031
1 449335

. 1 4. NM
1 700100

1 241044

1 *14114

1 2.0982
-.1 2.1305
. 1 1.4416

2 041777
2 3.1260
2 2. MR
2 1.4707

4 3 7.3 / 60941035
- 9 1. 7060

- 5 8.5166 - 4 1 7329 - 4 7.8404.
5 .4707 4 1.1694 4 3.5246)

. 5 1. 3887 5 4.9038 4 1.5479
6 1 4642 . 5 2.0187 .. 5 6. 661 7

- 6 2.1167 - 6 8. 1695 0 2. 81 59
. 7 1 0010 6 5.2541

- 7 1.1524 7 4. 9445 - 6 1. 09

5 82
7 3.0443 - 6 1.2772 - 6 4.

8 4. 1625 . 7 1.8096 . 7 7.6241. 1.5150 :. 8 7.1342 7 2.9063

553

8 2.6629
877)

3. $942
. ill 4.4191
- 1.1555

11, 6715
1. 3011 6.2571

.10 4.6667 9 2.5142

.10 1.6393 .10 1 5155

.11 5. 8500 10 5.0918

.11 2. 0467
-12 7.1053 ..if 40014
-12 2.4408 -11 1.4209

V,.



Iral!! M
E

E
 iggiE

H
E

E
.01381...4ew

ve
1=

SauV
er:

II
...w

.rw
4rw

w

1
1
1
 
i
i
 
;
1
1
1
1
1
1
1
=
1
 
1
1
1
1
1
1
1
1
1
1
1
1
1
1
M
i
l
i

1
1
/
1
4
4
4
1
A
.
1
4
 
4
4
4
.
4
4
4
4
A
A
4
 
A
4
.
1
4
4
.
2
4
4
4
4
A
J
A
A
A
:
4
4
.
4
4

r
a
e
a
g
e
.
.
4
:
1
o
V
e
 
1
6
8
b
.
0
.
0
.
0
.
6
X
u
a
=
7
1
4
7
2
.
7
4
1
2
4
 
1
.
1
.
4
1
1
6
6
1
.
4
&
2
2
.
4

I.
I

.......0./.01.01 ..1.0110.~W
...

i
1
1
1
1
1
1
1
 
M
I
M
S

1
1
;
1
1
;
1
1
4
4
 
4
1
1
4
1
1
4
4
1
4

.
.
.
.
.
.
.
.
.
.
 
=
=
m
=
2
=
m
a

1
1
1
1
3
1
1
1
1
1

1
1
1
1
1
1
1
1
,
1
 
"
4
"
4
4
"
4

.
.
.
.
.
.
.
.
.
.
 
s
a
m
=
=
=
=
=
=
.

M
E
E
!
 
E
M
M
E
N
 
M
U
S
S

M
O
W
 
U
M
W

SA
III

1
1
1
1
1
1
1
:
1
1

I
D
 
4
.
4
.
4
1
4
.
2
4
A
4
4

4$04,
=
=
=
=
5
"
e
l
t

I
III

4
8
.
1
4
4
4
4
4
4
.
4
4
'

f
l
a
i
l

4.401.1.44444611
at1 =

ar414611.

1
1
1
1
1
1
1
1
1
1

.
4
4
4
4
:
4
4
6
1
A
A

=
=
=
=
=
=
=
0
:

W
10.11~

4
4
.
4
0
4
4
A
4
A
A

r
e
4
1
4
:
1
2
P
7
0
2
1
M
P

1
5
1
I
1
1
1
1
1
1

4
4
.
4
4
A
4
d
4
4
4

t
i
1
o
s
v
o
3
4
1
0
4
"

~
M

ia.M
IW

N
O

lm

'
'
.
i
.
:
.
s
i
.
i
r
t
.
i
e
d

1
1
1
1
1
1
1
4
4
4
 
1
1
1
4
1
1
1
1
4
1

m
e
g
s
s
w
a
s

W
eeipa'

ym
egoem

./y...

l
l
o
t
a
,
4
4
.
4
4
a
4
4

raw

.1111111.1100.0.11M
M

IM
IN

II

*!!!!!!!!!! N
E

E
R

V
O
R
T
M
M
P
O
S
I
V
 
V
O
M
2
=
7
5
1
3
5
5

0
 
4
.
4
4
4
4
.
6
4
4
4
4
 
4
4
4
4
4
4
4
4
$
0
:
d
 
4
.
4
.
4
4
4
4
4
4
4
4
4

w
i
4
e
.
:
4
4
4
4
e
4
0
4

t
i

'M
E

M
i
n
V
I
B
P

1
.
4
:
1
;
:
1
4
1
4
1
 
4
4
4
1
1
1
'
f
4
1
;

=
2
4
1
.
7
2
4
2
2
2
6
6
 
8
7
.
7
4
4
7
4
1
R
M
R
1

W
im

I
M
A
M
 
i
l
i
k
i
l
l
i
f
i

1
4
1
1
1
4
1
4
1
4
 
1
4
4
4
1
4
1
1
1
1

=
=
=
=
=
=
M
M
V
P

W
esO

m
M

oR
M

N
O

Y
.M

.M
..1,...

M
E
T
!

1
4
1
1
1
.
:
1
1
4

W
w

../.4... W
V

01

1
1
4
1
4
1
4
4
1
1

a
m
p
w
r
a
z
a
c

41.0.1m
0.'

1
1
1
4
1
1
1
1
4
4

WO
R
M
E

4
/
4
4
4
1
1
1
4
1

11111d....1%
.1eaggra

w
eam

enw
eam

oolow
s

1111-111141

4
1
4
1
1
1
1
1
1
q

41.6.."SV
agate*

IN
sW

...

m
um

1
4
4
1
1
1
1
4
1
1

t
"
P
v
2
r
4
V
S
S
E
I

W
A
R
M

4
1
4
1
1
1
/
1
1
4
 
1
1
/
1
1
1
1
1
1
1

ine11.141o.
=

0"..
ftb......

40101~
4~

O
w

e
.

4
.
;
.
:
4
4
4
4
4
4
.
:
 
A
.
J
.
0
4
.
1
4
4
4
e
1
9
:
4
3
4
*

A
4
4
.
4
 
W
4
4
p
:
4
4
4
4
A
i
g
g



p
r
r
e
e
r
p
r
 
p
p
p
p
r
p
p
r
r
P
 
P
P
P
P
P
:
V
P
P
1
0
 
p
p
P
r
p
r
p
r
r
p

4
1
;
;
;
;
;
;
;
F
R
I
 
1
4
4
4
.
4
4
:
F
F
F
;

o
w
e
w
i
s
w
o
w
c
p
.

...
r
p
r
r
r
r
P
r
P

I
l
l
i
f
i
f
f
i
g

A
M

I

.
%
.
.
.
.
.
.
.
.

r
r
r
r
r
P
r
P
P
r
 
P
r
r
p
r
P
r
r
r
r
 
4
4
4
4
4

1
1
8
1
1
1
1
5
1
 
3
1
1
1
1
1
i
l
t
i
 
I
I
I
I
I
I
I
I
I
I

at
to

tto
tta

tr
ot

la
tta

to
tta

at
ta

ot
t a

ftw
oo

ffs
itt

p
p
r
p
r
p
r
r
p
r

l
i
l
t
i
l
l
t
i
i

...
..t

ot
ts

am
te

tt/
to

S
S
I
S
S
3
3
3
1
=

r
r
P
r
r
r
r
p
r
r

N
M
=

af
tIl

as
~

,M

vo
lo

w
w

w
w

w
or

o.
r

m
o
r
P
r
r
p
r
r
P
 
o
r
r
p
r
e
r
r
r
p
 
4
4
4
4
4
4
4

1
1
1
1
1
1
1
4
0
1
 
R
E
I
M

at
to

ny
ys

na
go

ta
ty

...
.~

A
t.

=
10

.1
1M

af
t.1

M
b.

P
r
r
P
r
p
r
p
r
r

sm
i kf
t

r
p
p
r
r
p
r
p
p
r
 
r
r
p
p
r
p
r
p
r
P

:
4
4
'
4
4
4
P

W
H
I
M
 
M
I
N
I
M
 
I
 
R
I
M

-
-
-
-
-
-
-
-
-
-

r
e
r
r
e
r
r
r
r
r
 
r
p
r
r
p
r
p
r
4
 
:
1
4
4
4
4
4
4
4
4
;

1
1
1
1
1
3
1
1
3
1
 
O
V
U
M
 
I
I
I
I
I
I
I
V
I
1
 
N
U
M

p
p
r
r
e
r
r
p
r
P
 
p
p
p
p
r
r
p
r
p
r

N
U
M
 
M
O
M

Z
=

Z
Z

Z
Z

=
Z

=
 W

W
W

Y
W

W
W

W
W

.S
.

p
r
r
p
r
p
r
P
4
 
;
4
4
4
4
4

M
i
t
=
 
1
1
1
1
1
1
1
1
1
1

F
P
:
e
r
r
s
:
4
P
P
?
 
?
T
r
r
p
r
r
r
r
r

k
i
i
l
i
s
e
s
s
a
s
s
e
a
s
s
m
e
t
w
a
t

P
r
r
P
r
P
r
p
r
r
 
P
r
r
r
r
e
r
P
P
r

1

=
16

.1
0.

.ii
ss

ea
ta

zu
m

r
r
r
P
r
r
e
r
P
r

r
r
p
r
r
r
e
i
s
r
P

1
.
1
1
1
1
1
1
1
1
1

*
O
S

I
I

P
P
r
r
r
r
P
r
P
 
r
r
r
1
1
4
4
4
4
P
P

1
1
6
1
1
1
1
1
1
,
L
0
1
1
1
1
1
1
1

04
.4

 A
M

O
IN

O
M

O
O
f
t
 
S
O
S
O

n
a
s
t
=
=
=
=
=
=
=
=
=
=
=

r
e
r
p
r
r
r
r
r
r
 
r
r
P
r
r
r
p
r
P
r
 
r
r
r
t
4
4
4
4
1
4
+
 
t
:

in
n=

 w
ar

d 
su

m
o

r
r
p
r
r
p
r
p
p
r
 
p
p
r
r
p
p
r
o
r
r

1
1
1
1
1
1
1
1
1
i
 
1
1
1
1
1
1
1
1
1
i

at
st

w
to

tto
tto

tto

ta
os

tW
O

of
tla

W
ge

lta
S
O
O

I
t

S

r
a
4
4
4
4
1
4
4
1
4
1
1
+
c

S
O

O
S

f
e
l

e
c
a
s
 
e
a
s
s
a
m
s
n
e
f
t

s
.
a
s
e
s
s

P
r
r
e
r
P
r
r
p
r
 
p
r
w
r
p
r
r
r
r
 
r
o
v
r
e
r
P
r
r
r

:
4
4
4
.
4
4
4
.
4
 
s
:

1
2
1
1
1
1
1
3
8

i
X
1
1
1
"
 
1
1
,
1
1
1

a
s
s
a
s
s
z
e
M
M

r
p
r
p
p
r
r
s
r
p

11
11

11
11

11
1

W
I
S
O
M
P
A
W
.
5

P
P
P
I
F
I
P
P
P
r
P
P

1
1
1
1
2
1
1
1
1
1

V
V
V
Y
.
.
Y

r
r
r
P
e
p
r
r
r
r

e
s =
=
=
=
=
=
=

1
6
4
/
1
1
.
4
4
.
4
1
.
1
4

o
r
,

B
M
W

4 e
n



1
:
4
1
4
4
1
1
1
1
4
4

A
A
A
A

A
A

s M
IR

O
141"6"44
..."=

"91;816111W
I S
W

I
l
i
f
i
l
i
k
i
l

4
4
4
4
.
8
4
1
4
.
4
4
4

.
1
.
2
.
4
.
2
R
I
P
A
5
1
#
1
1
1
1
1
1
1

5
4
4
J
 
.
4
4
4
.
0
1

4
7
8
V
W
1
4
,
4
,
4
1
.

1
1
1
=
4
1
1
1
1
1

I
l
l
;
:
:
:
:
1
4
 
4
1
/
4
1
4
1
4
4
/

=
=
=
=
=
=
=
=

101/00

1
 
U
M
W
 
M
I
M
I

I
i
r
a
g
l
i
B
E

M
O
M
 
1
1
3
1
1
§
1
1
*
1

=
 
1
4
4
1
1
1
4
1
1
1
 
4
4
5
4
4
4
4
4
4
4
4
4
4
4
1
4
4
4
 
4
4
4
4
4
"

1
1
1
4
4
4
1
4
4
 
4
4
4
1
4
4
4
f
f

s
l
r
4
r
=
r
4

C
P

:
S
T
S
V
I
M
S
C
e
r
l

=
6
.
M
.
r
.
%
.
"
.
%
$
%
I
r
 
S
I
t
S
l
r
g
=
a

i
s
o
s
y
s
p
s
o
s
w
e
'
r
s
.
s
o
e
i
r
 
.
S
o
l
v
S
0
0
$

$
4
0
$

S
S

S
O

r
o
w
.
r
=
.
.
~
.
.

.
.

1
5

i
i
i
i
f
i
l
r
e
l
 
1
1
1
1
1
1
2
1
I
i
l
i
i
i
i
i
 
1
1
1
1
1
1
1
1
1
1

I
I
I
I
I
I
I
I
I
I
 
i
l
l
i
i
i
i
i
5
1

m
.
4
4
/
1
4
1
4
4
1
 
1
3
.
8
4
4
A
4
0
4
4

4
0
.
1
.
6
4
4
.
1
2
.
1
4
 
4
0
4
4
.
1
A
d
4
4
.
4
A

o
i
l
l
l
i
t
I
l
l
 
/
1
4
4
/
1
4
1
4

1
1

:
t
e
s
e
s
2
,
=
=
a
r
.
 
s
v
r
a
w
a
v
e
s
 
,
,

.
.
.
A

C
:
.
.
.
 
=
V
O
W
=

_
_
_

0
.
.
.
.
.

S
O

1
'
I

0

w
 
r
~

.
.
 
_

I
.
.

r
w
r
f
t
w
o
f
t
s
w
.
.
.
.
;
 
.
.
/
.
~
.
.
.
.
m
m
.
,
.
 
i
r ~
.
 
w
v
w
~

4
/

a
C

.

M
O
I
R
 
R
I
M

f
i
l
l
i
l
i
g
l
e
'
s
1
1
1
1
1
1
1
1
1
1
 
W
H
I
M

4
.411.11.144.8 .s.46444e.s.44

424444.44.1.4 1:.:4.a.tal:
vliffliff iftippilnum

1111
five%

 S
ofteei

W
I
F
S
S
I
E
S
=
 
G
S
M
 
4
P
R
I
V
2
 
2
2
3
:
C
F
M
O
W
,
=

a
s
s

S
O

*
S
S

.
 
.
 
.
 
1
 
.
 
1
 
.
 
t
 
.
 
.

m
aiW

y.W
.P.IN

W
W

w
ft..s.apR

oW

1
1
1
1
1
1
1
1
1
1
 
l
t
t
i
l
l

1414111-114 114-1141114
1
7
4
:
=
R
N
R

.
V
,
V
a
r
g
r
a
2
P
R

1
1
1
1
1
1
1
1
1
1
 
:
M
O
P

114444-1444
4+

.11÷
11-11.4

.
1
7
2
.
1
4
7
2
R
I
M
M
M
V
 
w
w
o
m
m
a
.
d
a
v
i
t
=
W

..W
H
I
M
 
l
i
f
l
a
i
l
i
l
l

1
1
4
1
1
1
1
1
4
1
 
4
4
4
1
4
1
1
4
1

=
=
=
=
=
M
P
V
 
l
o
m
a
d
o
d
g
b
A
I
D
4

l
i
f
i
l
l
i
t
i
l
 
l
i
t
e
r

/
4
;
1
1
1
1
4
4
4
 
1
1
4
4
4
1
4
1
1
1

=
a
r
e
c
a
m
e
v
m
a
 
a
s
s
a
m
m
o
v
e
r

1
1
1
1
1
1
1
3
1
1

1
1
1
1
1
1
1
1
1
/

1
1
1
1
1
1
4
1
1
 
i
t
1
1
1
1
1
1
1
1
 
I
M
A
M

=
1
1
4
1
1
4
1
1
1
A

J
4
4
4
4
4
4
4
'
4
 
a
4
1
4
4
"
4
4
4
 
.
4
4
4
4
4
4
4
4
4
4

4
1
1
4
1
1
;
1
/
4
 
4
1
4
1
1
4
1
1
4
1
 
4
4
4
4
1
4
1
1
1
4
 
4
1
4
1
1
4
4
4
1
1

e
s
s
e
e
A
A
A

=
R
W
R
I
V
O
V
V
V
W
 
2
2
2
P
P
O
S
O
W
P
"
'
"
"

O
A
A
A
 
Q
M
P
W
W
W
W
O
R
 
4
,
4
4
.
0
.
4
.
S
.
4
4
.
2

.
.
.
.
.
.
.
.
.

a
*
m
a

w
e

d
'
4
4
.
1
4
4
4
A
4
4
1
4
 
d
4
4
4
.
4
1
4
0
0
g
 
d
d
d
d
d
d
d
i
d
d
 
4
4
4
4
4
4
4
4
0
1

N
4
.
4
4
4
4
A
A
4
4
d
 
4
4
4
4
4
4
4
4
4
4
0
1
 
4
0
1
4
4
4
4
.
1
4
4
2
4
 
1
4
4
4
0
:
4
4
d
t
a



Table 14.1

ti*N
9

10.. 0
1.3
2.0

t. 03
L 3
40.
4. 3
5.0

COULOMB WAVE MOTIONS

COULOMB WAVE runcnoNs OF ORDER ZERO
Fo(

18 17
94)

18 19

1 1.

4.007

I. 005

*LNG
k1100
-L 108

1 150S

1 4.

1 44 0TI

1 44
1 L

.136!

0 4.10117

I 0 .1. 020
9.61114

0. IVO

4.

.2.1816
40917

02911
1 4.6190 1 44396

-1:BX

3' 01 I -L Ha
6. 3
6. 0 0. 75 1 1.7066

1. 1 46.
7. 0 1. 4801 I. 5072 14796

L
7. 3

1 9. vse7
1. EP 1.= $176

9 0
9. 3

1 4.
1674
03114

1 9. 0947
1
1

11.. 0159
L 5 1 L

MS

1 7. 4157
10. 0 1 L 11199 . 1 5.1334 1 0.0960

10.5
11. 0
11. I
11. 0

19. 0
11. 3

19.3
14.0

11

5
54.. 0

15.3
16.0
16.

0
5

17.
11.
1L

. 3
0

111
19.0
19. 5
10. 0 .

0.3
1. 0

1. 0
1. 3

2. 3
5. 0
9. 3
4. 0
4.
L 0

5

5.3
6. 0
6. 510.
1. 5
0. 0
8. 3
9. 0
9.

10. 0
3

10.3
11.0
11.3
12.0
12.
12.0
17.3
14.0

19. 0
14. 3

15. S
16.
16. 3

0

1 7. 0
0.S
18. 0
1L

0
3

19.

20.
19.

0

-1

4
3
9

- 9

-1I1-1-1
- 1..
- 1

6. 270
: 1 V176

i 6. IM1
4.

i, 5.
& 4. 066

i L I

LL LIR - 3 5.4124 : 1 te
5.4010 3' EMI 6.

1. 506 4. 6.8497
; i L 1586

L 5760

L 199 - 4 I: ing9 4 7. 7149
3. SW 4 X 7177
L 57,1 ..: 914

1. 040 9. 007
4 1. 1590
9 L 1016

IL 099 1. 1469 5 9.7465
L 9439 i. 0345 9 1.
L 1424 6 1.5014 6 7.6224013

X 4521 6 1.1105
6
6 3. 9654

L 54 47112 L 79
9. 96450 L 9859 6.54605

IF00:0
.1.0714
.9.2791

4. 711
2.1194
$4.
.2. 69
4. 9491
4. 4641

. 1 -7.0977
1 - 4.7524
1 .1. 1219

1 1. OM . 1

1

I
1

1
- 2

1

. 1 .1.947
- 1 2.6733
- 1 7.0140

1 1.171
1 2.1140

- 1 1.3190

. 2 6. 061
2 4. 1667

-- 2 1.4310
2 1. 574/
9 7. 3018

4 L 402
5

- 5
5
5

- 2
- 9 5. 9046
- 3 24390

2 1. 0596
4 3.1320

( 4

3. 4992

- 6 L 470
- 6 2.2100
-
-
- 1 1. 7319
- 4 1.7919

9. 660
4. 1409

2. 3253
1. 1401

- 7

- s
- 6
-

il 1. 170

1

1 -7. On
1 .7.7910
1 .11. 5192

1 41. OM
4 I .914r:

1 *7. 1

- 1 41. 360
1 .4. 709
1
1

-2-
2
1

.4340
glei.4. 0

-9.4252
.1.4020

2.
2. 6574

9796
2.1090
2.17)0
1. 508

1.412

2.

7. 00
4.3620

UM

6. 1964
4. 055
2. 2191
1.1961
9. 9443

1.9194
1.4071
6.6671
5.1049
1.4140
2.0110
2. 87111
1. 1656

2.
3.4953

9609

557

20
1 4. 3714
I 4.9819 - 1 l'hil

4....re, 'I :UN
.1 Aton . 1 4.1464

- 1 4.4813
0 .1. 0264 . 1 4. MO
1 Is.1 - 1 47. 6776

4.12401

. 1 4.3935

1 7. 530

1.13
L 1,0
L 111195

L 3157 1 L 9446

0 -1

- 0. 4545

L nu)
1.7070

° IN
- I ?Iv,

3.

lig
3.
1. 47
L 9170
L 00

lino
i illit

. 3 & 5805

: I i.: 1401

1 L111111

2 2.6346
2 4. n75

- 1 I. 4504

L 78
1 149158

L 510I 7. 74M

2 1.4.4440"111

2 1. 3185
- 3 6. 041

3 7. 740

1 i Fhb
4 2. 092

: 1 t. 96g
9 2. 0

- 6 9.
1 6 4. 3152

L 9078-
l'

-tee.

1* .. Is%
1 '49.

4. 768

2 2. Mt
- 1...9926660

11 :14. 0996

4.

1 4. 98
1 .4.

1 .3.11640

.. i 47.: 1 1

1..5.3700

IM
- 1

-1 -5. 67
I ...r.I ...n«

1 III:: . 1 4. 3
- 1 -6.170)

1 447211 . -- 19.44970494

2 .1.4497 2 4.2964
1 1. 6401 0 1 41. 4919

I. 9470 1 2.620
1 2.610119 1 L4144
1 L1719 1 L660

-1 1.6071 1 2. 1696

: 1 P.M : I 1.111
2 4. I 7.
1 2.ms -2 4. 29$
2 1 2 2.9750

- 5 4.BE 2 L WA
5 9.

.. 5 L 3005 5 S. 1978
8 1.9405 3 2.0541

1 1. 9033
4 7. MI
4 1.9041

.. 3 ;9706 . 4 1. 9156

. 5 L 740 9 9. 042
5 1.79?4 9 4. 5199

: I ii. lig
. 6 1. 5

- 6 tss1. 9 2. 1119

9)69
7.11176 6 2. 0951

:1 iill
4 5.14a.

. 4 L 1961
--55.92L a- 9 L

5. 4529

1 I.. CH

1
1 0. 111

49.

- 1 6.5111
1 .4.4494

: I 1 De
1 .0.20660

!ei
1
1

1
4.

-1 4..4. 0113
2613

2 A. 9614
1 *1. 310
1

L
L 6076

1 PP
/ 1 2. 6515
- 1

L
L

61U3020

: 2 k

D)

2
2 1.

911111

-
-2

1.
- 7 S.

: I PAW
4 4.4568

. 4 2.204
4 1. 111111
9 L 3499

.. 9 2. 037
9
6

1
5. 405079

5



U
M
W

4
1
4
4
1
1
1
1
4

v
o
l
w
o
o
s
 
.
.
.
.
.
.
.

III
SI

IS

I
t
i
l
i
f
i
l
i
l
l
f

1
/
1
1
1
1
/
4
1
1

4
i
l
 
4
1
6

1
1

j
i

I
V

M
I
M
I
!

;
l
z
 
1
1
1
1
1
-
m
i
l

.....
$

s

O

1
1
1
1
1
f
i
l
i
f

4
A
.
4
.
4
.
4
J
1
.
4
6
1

=
=
=
=
=
q
p

I
I
I
I
I
I
I
I
i
i

1
1
1
1
4
1
"
4

i
l
l
i
i
i
E
l
l
i

.
4
.
4
.
&
4
4
.
4
4
.
4
e
4 M
a
i
n

.
4
4
4
C
4
4
4
0
4
4
e

e
l
p
f
i
g
l
E
1

A
4
4
4
.
4
4
4
.
4
4
4

V
.
V
.
S
M
=
R
=
V
8
6
 
s
o
c
a
=
=
=
=
=
a

.
I

I I
......M

.Y
. /~W

i
n

f
i
g

t
1
1
1
1
1
.
1
:
1
1

1
1
7
4
:
4
.
4
4
4
4

....18.6.."'""A
SSe011)

$

4141
O

SSISS

1
1
1
1
1
1
4
1
1
1

4
1
I
-
1
1
1
-
4
1
4
-
1

11."...arM
I

M
lieS

III
S

t
II

M
O

M
44141.1.44.14
W

:=
4,661B

13S
.

M
O
M

0
4
.
1
4
.
.
.
4
.
1
0
4
.
4
.
4
4
A

ae.

M
O
M

M
IIIyM

os
~4.0

i
i
i
1
1
1
1
1
6

1
1
1
4
1
1
1
1
4
1
 
1
1
1
1
1
1
1
4
4
1

I ........ lilts .....
..1
4
1
1
1
1
/
1
1
1
 
1
1
1
1
1
4
4
1
1
;

..
vevevIeM

e4ftvilvisetpl
vilt0.110141000vO

w
e M
A
I
M

4
.
7
.
4
4
4
.
1
e
4
.
4
1

M
I M

I

$

f
i
l
l
i
f
f
i
l
l

-
1
1
1
1
-
1
1
1
4
1
/

'
1
1
1
1
1
1
1
4
1

4
s
e
s
s
=
=
=

owV
i
a
g
n
e
g
f

"
:
1
6
1
7
1
M
r
:
e
i

I
T
1
:
7
7
 
I
t
.

=
=
a
=
=
=
=
=
=
=

411.
IsIlt.

./esarPe.W

1
1
1
1
1
1
1
1
1
1

1
1
1
1
1
4
1
1
4
1
 
1
1
1
4
;
1
1
1
1
1

W
ao...M

.,..

M
U
M
 
M
I
M
I
 
I
R
M
A
I
M
M
O

"
"
A
"
4
"

4
4
1
4
1
/
1
1
1
1
 
1
4
4
4
4
1
1
1
1
1

$
4
4
4
4
.
4
4
5
4
4
4

10,00101014401

el!!!!!! !!!!!!!!!
e
=
m
=
g
o
m
m
w
e
e
 
8
=
=
=
2
R
O
M
M
V

I
w

/' food%
A

m
T

oT
ighilotoilstioet

$
4
4
4
,
4
4
:
a
t
i
o
t
e
e
d
 
4
.
4
4
4
4
.
4
A
4
4
.
4

l
i
l
l
i
k
k
i
l
l

4
4
0
4
4
.
4
4
6
1
4
4
4

1
4
4
4
4
$
4
4
4
4
g
e
d

M
w

ev$1040.0v$044411,40
S1SSIISISS .Seill$601
.......
I
W
O

.
4
4
1
4
/
4
1
1
1
1

=
=
=
=
=
=
=
=
=

.
.
.
.
.
.
.
.

1
1
4
1
1
1
4
;
1
1

8
8
6
7
=
=
=
=
M
a
r
:

`.1.11.11......M
O

l
i
t
i
l
g
i
i
l
l
 
1
1
1
1
/
1
1
1
1
1

1
4
4
4
1
1
1
1
1
1
.
1
1
1
1
1
1
1
1
4
1

1
1
1
1
1
1
1
8
1

1
1
q
1
1
=
4
A
-
1
4

gm
ysm

y10.1.
....M

.
W
H
I
M

-

1
1
;
4
1
4
4
1
1
1

.....P."

M
U
M

1
1
1
1
1
1
1
1
1
4

7
7
4
1
=
4
4
V
2
2
3
V

...0.0..

IM
Ploa011001111/..11...V

aR
IM

IN
N

Iftn
IM

.P.M
.

4
4
.
4
4
4
W
A
4
4
1
4
 
.
4
4
4
4
.
:
a
s
e
e
a

4
4
4
4
4
4
1
4
4
4
4
4

s10410
4
4
4
.
4
:
a
d
e
e
g



554 bOULONtIl WAfl !UNCTIONS

. Qv)e-ft Ir(l+geNTable 14..2

Co(1,)Co(9)

2.00 -3 6.61992
2.05. -3 5. 72791

-2 8.30211 2.10 -3 4. 95461
-2 7.25378 2.15 -3 4.28450
-2 6.332051 2.20 -3 3.70402

v Co()v

0.00 1. 000000 -1. 00
0.05 0.922568 1.05
0.10 0.847659 1.10
0.15 0.775700 1.15
0.20 0.707063 1.20

0.25 0.642052 1.25
0.30 0. 580895 1.30
0.35 0.523742 1.35
0.40 0.470665 1.40
0.45 0.421667 1.45

0.50
0.55

0.376686
0.335605 11. 5550

0.60 0.298267 1.60
0.65 0.264478 1.65
0.70 0.234025 1.70

0.75 0.206680 1.75
0.80 0.182206 1.80
0.85 0.160370 1.85
0.90 0.140940 1.90
0.95 0.123694 1.95

1.00 0.108423 2.00

L
r(-

5
4)51

For In r(1 +iy), see Table 6.7.

-2
54. M7290

2.25 -3 1... gat
2.30

-2 4.19173 2.35 -3 2. 38968
-2 3.64804. 2.40 -3 2.06392
-2 3.17287 2.45 ..3 1. 78218

2.50 -3 1.53858
1 I MN 2.55 -3 1.32801
-2 2.08045- 2. 60 -3 1.14604
-2 1.80558 2.65 -4 9.88816
-2 1.56632 , 2.70 -4 8.53013

-2 1.35817
.2. 75 24 6

-4
7. MR-2 1.17720 2.80 -4

-2 1.01996 2.85 -4 5.47066
-3 8.83391 2.90 , -4 4.71626
-3 7.64847 2.95 -4 4.06528

( -3) 6.61992 3.00 ( -4)3. 50366
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15. Hypergeometric Functions
Mathematical Properties

.13.1. Gauss Series, Special Elementary Cases,
Special Values of the Argument

Gauss Series

The circle of convergence of the Gauss hyper-
geometric series

F(ae;a; 8)=.1Ps(a10;

" (a)*(b). e

r(e) r(a+s)r(64-11).
r (a) r(b)

qv,
T(c+s)

is the unit circle 121=1. The behavior of this
series on its circle of convergence isi

(a) Divergence when 91 (eab) S 1.
(b) Absolute convergence when gt (e ab)> O.
(c) Conditional convergence when 1<g0 (e a

b) SO; the point 2=1 is excluded. The Gauss
series reduces to a polynomial of degree n in
when a or b is equal to (4.0. 1, 2, . . . ).
(For these cases see also 13.4.) The aeries 15.1.1
is not defined when c is equal to ft, (n).0, 1,
2, . . .), provided a or b is not a negative integer
s with s<m. For c. m

13.1.2

lien
1

F(6, b; e;

(44+1(b)rn+1 da+ F (6+91+1, b+m+1; m+2; a)

Special Elemeutary Came of Gauss Series

(For cases involving higher functions see 15.4.)

13.1.3 F(1, 1; 2; z).z-: In (1s)
o

18.1.4 1; .; a')'="ea."'In (1,4-218)

13.1.5 F(1, 1; 1; 0)..s-larotan s

15.1.6

Fa, Li; =q1 111)4F(1 1; i; s ') =a -' math a
.5.. ONO U.

656 561

15.1.7

i; f; 0)=(+10)1,(1, 1; f;
i=s-4 to is+(1 +81)

15.1.8 F(a, b; b; s).= (1 a)-a

15.1.9 F(6, 1+6; 1; s'?=.1[(1+s)01+(ls)-01

13.1.10

F(a, 1; 21)==

1x-1(1-2a)*41(1 +x)'-'11(1-2)'-'1

15.1.11

F( a 4= 110 +23)14.8r+10 +21Pgre)
13.1.

1a; i; 81)=
40 +4-I +0+81"-1+1(1+21°.811")

1.13

F(a, 4+4;1+24; 10-2111 01-'
m(1 s)iF(1+6, 1+6; 1+26; a)

15.1.14

F(a, 1+6; 2a; s)=2*-'(1s)11+(1-4111-$

15.1.15 F (6,1-4; 4; sin' 4.11121.1.(rill
(26-1 OM

(24-2
15.1.16 F(a, 2 a; I; sin' so"

sin
4-1) sm (2a)

15.1.17 F(a, a; 1; sin' s)=cos (26s)

15.1.18 F(6, 1-6; 1; sin' ts).C°4 1(26-1)21
cosa

15.1.19 F(a, 4 +a; 4; tan' s)=ccea' a cos %lass)

Special Values of the Argument

15.1.20
1' e)11(eabF(a,

6; 441) r(o a)r
(arlo, 1, 2, . . 01(e ab)>0)



r.

133.21

F(a, b; a-b+1;

wirnaasougnao mans=

_ r(l+a-5)
-4)°112-ul" r(1+14-6)111-1-14

(1+a -b atO, -1, -2, . .)

F(a, 6; a -b+ 2; -1) =2-001(4-1)-11`,(8-44-2)

[r(1a)r(I+1a-b) r(1+10)r(1-lia-b)]
1 1

(4-142p10, -1, -2, .

13.1.23 F(1, a; a+1;

15.1.24

F Oa, b; 11"1;11;0=ilre r(ratat7V6+6

(0+04400, -1, -2, .

15.1.53
F(a b; ia+0+1, f)=20(a-b)-11s(1+10+16)

1[11(1a)r(1+16)1-1-11(1+14)r(16)]-1)
(f(a+b)+1 00, -1, -2, . . .

13.2. Differentiation Formulas and Gann'
Relations far Contiguous Functions

Dliterentistion Formulas

ab15.2.1 ,F(a, a; a)-7 F(a +1, 6+1; 0+1, a)

15.2.2

p F(a, b; o; 11).101)1 F(a+n, b +a; e-1-*; a)

15.2.3

+e-1wisp(' F(a, b; a; s)]..(a),,a4-41a+n, b; a; a)

rs; [a'-'F(a, 6; a; 41=(0-48a-"-liXa 6; a

15.2.5

Un (6 se
15.1.26.
F(a, 1-4, b; 41)=

2"krir(b)ir(ja+14) r
000,71, -2, ...

15.1.27
Pa, 1; 0+1; maa[#(i+M-*(ia)1

(art-1, -2, -3, .

15.1.25

P(a, a; a +1; =t2'-klii(i-Fia)-4(i4)1
(ors -1, -2, -3, . . .

15.1.29
r(1)r(11-2a)

F (a, 1-1-6; I-24;-0 raw r(1)111-20)
4-2400, -1, -21.

15.1.30

F (a, e+a; f+a; 0=0)41111e-Frrrtia)

(i-FiatdO -1, -2,

15.1.31

F (a, ia+i;110+4; *I'm)

t.,214+1w63-11(1+1)esvais
r( )

r( +1 r(
(i ay. -i-ist-'It,

airs

b; a; a))

10_406-s-a

(I S)' " "F(a, b;e+a, a)

-0)+-F(a, 6, a; a)1-

6
INN

n; a)

a-s, b; e; a)

15.2.7

ail -sr+"1,01, b; 0)]

.(-1)*(t)e(076)* - b# 04fi,

pdr*
(e-10-461-+*F(a, 6; a; a))

(0Le)se-1-1(1- 6;0 -n;

1;114,,

-e)" F(a, 6, a; is)]

Gauss' tistations for Contiguous Funetloar

Tilaaia function' F(a±1, 6; a; a), P(a, 6±1; a; a)
F(a, 6; o *1; a) are called contiguous
F(a, b; a; a). Relations between F(a, 6; a; a)

56.2
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any two contiguous functions have been oven-1/y 15.2.21

(lane. By repeated application of these rely fa-1- (e-b- 1) se(a, 6; c; a)
dons the function F(o+st, b+n; c +1; s) with
integral s, 1(e+100, -1; . . .) can be + (e - a) P(a - 1, b; c; a)

expressed as a linear combination of F(a, c; s) - (e-1)(1- s)F(a, 6; e-1; s) ==0
aitd one of its contiguous functions with coefficients
"flick are rational functions of a, 6, e, a.

15.2.10

(0-a)Fte-1, Er; a; 2)-F(28 - c - 68)7(0,6; c; a)

4-a(s-1)F(a+1, 6; c; s).0
15.2.11

(e -6)F(a, 6-1; c; s)+ (26 - e-bs+as)F(a, 6; c; a)
+b(a- i)F(a, 6+1; c; 4=0

15.2.13

e(e-1)(s-1)F(a, 6; e-1; a)
+ 4e-1- (2e -a-b -1) sjna, 6; c; a)

+ (e -a) (e-b)sF(a, 6; e+1; s).0
15.2.13

(10-11)81F(4 b; a; a)

+a(1- s)F(a +1, b; e; s)
- (c- a)F(a -i, b; a; s) =0

15.3.14

(b- a)F(a, 6; c; s) +aF(a+1, 6; c; a)
-6F(a, 6+1; e; s)=0

Mall
(e -a -6)P(a, 6; c; s) +a(i -s)F(a-1-1, 6; c; a)

-(0-6)F(a, 6-1; c; s).0
15.2.16

Cla- (e -6)4F(a, 6; c; s)-ae(1- s)F(a +1, 6; c; s)
+ (e -a) (e-6)0F(a, 6; e+1; 8)=0

15.2.17

(e-a-1)F(a, 6; c; 8)+0(6+1, 6; c; a)
-(e-1)F(a, 6; e-1; s)

15.2.15

(e -a -6)F(a, 6; c; s) (e -a)P(a -1, 6; e; s)
+6(1 - s)F(a, 6+1; c; s)=0

15.2.19

(6-0(1 - s) no, 6; c; s)- (e - a) F(a- 1, 6; c; a)
+(e-6)F(a, 6-1; c;

MUD
e(1- s)F(a, 6; c; s)-eF(0-1, 6; c; a)

+(c- 6)aF(a, 6; e+1; a)=0

563

15.2.22

(c-210-1- (6-481/16, 6; c;

+6(1- s)F(a, 6+1; c; a)
-(e-b)P(a, 6-1; c; s)=0

15.2.23

-(e -a)s)F(a, 6; e; 8)-641 7s)F(a, b +1.; e; s)

+(e-ra)(e-b)sF(a,6; e+1; a) =0

15.2.24

(e-6-1)7(a, 6; c; s)+6F(a, 6+1; a; s)
- (c- i)F(a, 6; e-1; s)

15.2.25

c(1-s)F(a, 6; c; a) -cF(a, 6-1; c; a)
+ (e - a)sP(a, 6; e+1; 8)=0

15.2.26

(6-1-(e-a-1)4F(a, c; a)

+(e-b)P(a, 6-1; c; a)
-(e-1)(1-s)F(a, 6; e-1; s) =0

(26-a -6-1) 4F(a, 6; c; a)
+(e-a)(e-b)sF(a, b; e+1; s)

-e(e-1)(1- s)F(a, b; 0-1; 0).0

15.3. Integral Representations and Transfer.
=mien Formulas

Intepal Representations

15.3.1

F(a, b; e; s)=1

(ilio>rib>0)

The integral represents a one valued analytic func-
tion in the a-plane cut along the real axle from 1 to

and hence 15.3.1 gives the analytic continua-
tion of 11.1.1, F(a, b; c; a). Another integral
representation is in the form of a Malin-Barnes
in1131111



F(a, b; e; s)

HTPUOLOSUCTRIC FUNCTIONS

r(e r(a+41)r(6 +Or(-40 ( aye
2irsr a r J .-t. r(e+a)

1014J":. PILT;(4-44 eigrixioses

559

Here v<arg(.s)<, and the path of integration is chosen such that the pales of r(a+e) and

11(6-1-8) i.e. the point. a = a n and s. 6 m(n, ta=0, 1, 2, . . .) respectively, are at its left
side and the poke of cso(vs) or r( a) i.e. s=0, 1, 2, are at its right side. The cams in which a, b
or e are non-negative integers or ab. equal to an integer are excluded.

Linear Trandaenzaties Formulas

From 15.3.1 and 15.3.3 a number of teansformation formulas for F(a, b; e; a) can be derived.

15.3.3 F(a, 6; e; s). (1 s)....-41P(ea, eb; e; a)

.1(1-11)-41P(a, e b; e;

15.3.5 .(1s)-P(b, e a; e;

15.3.6
r(e)r(eab) ,
r(e--lor(0....b) %at U c-1-1; 1s)

15.3.7

15.3.8

e)11(a+be) F (aa, b; cab+1; 1s)'
r(a) r

(lug (1-41)
/

'r(b)11(ea) ( a) ?V' 1a-fa; 1 6 +a; i
1\
)

1+r(a)r(eb) ( s)-°,11 ' (b , 1-40+6; 1a+b;)s
=(1 a)-1

r)r(ba) P(a b"ct ab+1'
1 sI-)

r(b )r (ea)

± (1 ....a)-
a

r (a) r(ob)
1 MO F(6, s a; 6-4+1; 1=s)1 (lug (1,s)Kr)..

(lam (-8)1<v)

r(e)r(eab F(a, a e+1; abe+1; 1-1)13.3.9 'r(ea)r e
+ r (e) r(a+ e) (1 a) °- 'a''1 F (ea, 1a;e\-ab-F1;1.1

r(a)r(6)
)

(lug 81<v, lag (1-410)

Each term of 15.3.6 has a pole when e=a+b±m, (m=0, 1, 2, . . .); this case is covered by

15.3.10 F(a, a+6; "ir01(1)-1-r(blo)) if4, ,

(a
(

)

;4V112#(114.1)#41411)#(1491)-111 (1-41(1-4°(lug (1-41<v, 11-81<1)

Furthermore for m=1, 2, 3, . . .

15.3.11 F(a, b; a+ 6+ at; .001' Os-1- b *1) (aL(0)
r(a+m)ele+m) 1767.1.7-5,1 ;

r(tai-b4-31 Iriti a+ftmen+m

--#(1+111+1)+Ca+n+ in) +4411+14+ In))

564

ariln 0-41+1)
(lug (1-41011-11<l)
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13.3.13 F(a, b; a+bm; oiler (m)r (;1+6")
rol a)-*Vil4 4-11171.09:;,' (1 a)*

±Ifev--luibs m4;
a) b) (1sfla (1s)#(n-1-1)

--#(0-1-m+1)+0(a 1-0)-40+101
(1$)1<vilol<l):."1

Similarly each term of 13.3.7 has a pole when b=a±st or bawn** and the case is covered by

roo 0041-0+416 estin(,44.24,0,41)-110+n)#(0-4--s)]15.3.13 F(a,o; 0; 8. rooro_o if4
(146 (-001 10011 (0a) 00, f1;±2,...)

The case (seal, 2, 3, . . .) is covered by

111.3.14 F(a, a+ 91; o; 1)=1P(a+es a; 0; a)

00+(1c+0+e rthi (_,)+40+m+,0+#0+s)-"Nv4+noea) si(o+s)1 r%#(e+to+o)#(0otoo)1+(-4*" r(a+(c) r
0-4...% I

asit(-1010,
The case ca.0, 1, 2, . . . becomes elementary, 13.3.3, and the case ca=1, 2, 3, . . . can be
obtained from 13.3.14, by a limiting process (see 1153D.

Quayside Tireastonnation Ponsules

If, and only if the numbers f (1-4, ±(ab), f (0-1-be) are such, that two of them are equal
or one of them is equal to ft, then there exists a quadratic transformation. The basic formulas
are due to Bummer (15.7j and a complete list is due to Cloursat (15.3). See also (15.21.

13.3.15 F(a,b; 26; 9)=2(ia)-0F bea; b+j; 41°14)

15.3.16 (1-0)-17(10,i+kb-Fe;91(2-16-1)

13.3.17

15.3.18

..(11+14I:74-11P[o,ab+116-111' 11-41::111Ti-all
= (1 s)-07 (a, 26 a; b+11;

--4---78)15.3.19 cif.cte;st)=(11+;11140-610 (2a, 24-0+1;0;

13.3.20 =(1 ± irsi)-17 (24,eft; 24-1; ±1±48)

13.3.21 20 -24-1; a; ;..7.8.1)

15.3.= F(a,b; a +6+11; a). F(2a, 26; 0-1-6+11; 11-11,11=i)

13.3.23 (e+ 14:7-.)-18 11. (24, a-10+1; a+6+11;11-1-8-1\

565
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15.3.34 F(a, 6; a+bi; a)iF(24-1,26 ;6+644 ;ie4)

15.3.26 vms (1 41 (i+6 IA:74

15.326 F(a, 6; a 6+1; s)=(1+8)-4F (ia, ia+i;

15.3.27

15.3.29

15.330

15.341

15.3.33

FUNCTIONS

11/ F(24-1, 4-5-4; a-I-6-1;
1-4-17-7-ai+1

1

--
6+1; 46(1 +s)-*)

=I (1 ±A/Ti)-bF(a, a-6-4;26-26+1; ±4,,ri(1,,tiO -I)

.(1a)'res, jab+i; 4-6-1-1; 4s(1 s) -2)

F (a, 6; ja-146-1-}; 8)=0-210-aqiat is-i\}; ia+46-1-11;
r4r-2,1s)

=1706, eb; ia-l-te+i; 1-44

F(a, 1a; c; a).= (1 s)-iF(joja, le+ ja ; c; 411-40)

.(1-41-1(1-24°-°F (4ja,44is-1-f; a; (4as 4s)(1-211)-1)

Cubic transformations are listed in (15.2] and (15.31.

561

In the formulas above, the square roots are defined so that their valuef'is real and positive when

0 S s<1. All formulas are valid in the neighborhood of s=0.

15.4. Special Cases of F(a, b; a; a)

Parboaslals

When a or 6 is equal to a negative integer, then

15.4.1 F(m, 6; a; st).P` (")"(6)* a'
t4 171

This formula is also valid when c= 1=0, 1, 2, .

15.4.2 b; m -1; a)...i''.(--n91161) 18.rI4 (mOn al
Some particular cases are

15.4.3 FCn, a; i; s).T.(1-2x)

15.4.4 F(n, n+1; 1; s)=Ps(1-22)

15.4.5 F(n, 4-2e; 01+1; s)=4--10. cp (1-2a)

ni
15.4.6 F( n, a+ 1 +3-1-n; 0-1; 4=241.4-7)-4 r. w(i 2s)

Here T., P., , P, .n denote Chebyshev, Legendre's, Gegenbauer's and Jacobi's polynomials re-

spectively (see chapter 22).
Legesdre Functions

Legendre functions are connected with those special cases of the hypergeometric function for which

a quadratic transformation nista (see 15.3).

15.4.7 Pys, 6;26; s)542*-111(f+b)ai-' (1 sr'44113-IR1 I) (1are]
3+4 is- ip(11-04040-0 Q$ :f --I)15.4.5

15.4.9 F(a,6;26;-1)=2*Ire 5-6(1+1)10708-#06-0 Q = =t (i4.) (Ierg al <v, larg (1 ±41<v).

egg* PP It 566
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15.4.10 F(a, a +4; e; 2)=29-11(e)sf-v(1s)'-4-1/1,7!.((1 s)-11
(larg sKir, iarg (1s)Kr, s not between 0 and )

15.4.11 F(a, a+ 4; e; x)=2* -Ir(e)(-41-v(1-2010-I-4PW,1(1a)-11

13.4.13 F(a, 6; a+ to+ i; s).26+-ir(f+a+b)( s)01-4-'11.1.7.11(1 s)i)
(lug ( a)Kr, a not between 0 and 1)

<X<O)

15.41.13 F(a, b; a+ b+ f;x),=gt"-.1(1-1-a+b)a44"4-$114.741(1x)11 (0<x<1)

\8.4.14 F(a, b; a 6+1; st)= r(ab+1)0-11(1 st)-Tt? 0±9
(lug (1 2)1<t, a not between 0 and 0)

15.4.13 F(a, b; a b +1; 4. r(a-64-1)(1 x) -0(-40-0Pt.; (1=.t. ( <a<0)
\s.

15.4.16 F(a, 1a; e; rot)(-401-60 10-1P-7(1-2s)
(lary,(72)Kr, larg (1 s)Kr, s not between 0 and 1)

15.4.17 F(a, 1a; e;x),.. r(e)a4-0(1x)v-iPt7(1-2x) (0<aK1)

13.4.13 i(a, ia+ ft Cm) --r(f+ ea+ 1011gs 1}}"""*Pia l:11(1 2s)
(Peg s Kr, larg (s-1)Kw, a not between 0 and 1)

13.4.19 F 'a, 6; fa+ f b+1; x)=, fa+ fb)(2-0)1("-eltrpt (1-24 (0<x<1)

13.4.20 F(a, to; a+ bf; s).2"-4r(a+ b f)( ar--* (1 s)-1/4:111(1 s)11 ;'
(I arg (-8)10, I erg (1-8)10, 9t1(1-2)1)>O, a not between 0 and 1)

15.4.31 F(a, b; a+ 6-4; t)a."2+-sr (a+ b 4)01--)(1 a)-littl[(1s)11 (0<x<1)

15.4.22 na 6; i; a)=T-or"-ir(f+a)r(f+e) (a PI. /431(0)+Prl 0)]
(larg 81<r," arg(s-1) s not between 0 and 1)

13.4.23 F(a, to; f; x).ir-ir+b-ir(i+a)r(f+OXL.-01-6-01P1-634494-Pi:11:1(aqj (0<s<1)

15.444 F(a, 6; 4; s)=7-12"- rat +8)1'(1 4Xs+1)-0-40.161 (1-.) (//;10110(1 +s)-11
+P:3-11-04(1+s)-11}

(±n000nling as isre0, s not between 0 and )

15.4.25 F(a, 6; 4; 2).1.-120-6-1r(4+0r(1 b) (1 (P:3-40(1 +a) -114-P:3-11-014 I +41)
(0 <s<'')

15.4.26 F(a,b;.;z). r-irf-ir(a-0r(b-1) a-1(1-2)14.-s-s (Pr4:1419-143:1(-0)} (0<x<1)

15.5. The Hypergeometrie Differential Equation

The hypergeomeirie differential equation

taw15.5.1 01 a) a 4-1e(d4-64-1)sj ai-datimo 5 6 7

71.;" ; T:

<NM



HYPEROMOZOTRIC irmecrunts

hr three (regular) singular points s.0, 1, . The pairs of exponent. at these points are

15.5.3 pi1,1=0, 0-4-7 o, pf",?.a,b

respectively. The general theory of differential equations of the Fuchsian type distinguishes between
the following came. .

A. None of the numbers e, e-a-b; a-b is equal to an integer. Then two linearly independent solutions
of 15.5.1 in the neighborhood of the singular points 0, 1, co are respectively

15.5.3 tem =Ra, b; c; =(1 - a)"'" eil(0 e-b; e; a)

utiov = s'"F(a-e+1, 6-644; 2 -c; s).s'-(1-s)--F(1 -a, 1-6; 2 -c; a)

15.5.5 uhm.F(a, b; a +6+1 -c; 1 - 4.3"F(1-1-6 e, 1 +a -c; a +6+1 -c; 1 -a)

15.5.6 to10). (1 - et)*-4-1'(e -6, e- a ; e-a-b+1;1-14.0"(1-2) "1-1(1 -a, 1 -6;e-a-b+1; 1-s)

15.5.7 golf.). srF(a, -e+ 1; a-b+1; s'-').0"(3-1)""F(1-b, c -b; a-b+1;

15.5.8 tom.). c°10(b, b-e+ 1i b -a+ 1; st-1.04-ka-1)"4"F(1 -a, c - -a; b-a-1-1; gr')

The second set of the above expressions is obtained by. applying 15.3.3 to the first set.
Another set of representations is obtained by applying 15.3.4 to j5.5.3 through 15.5.11. This

.gives 15.5.945.5.14.

15.5.9 WI 40) =3 -41F c -b; c; j--11---j=(1-410-qP(b, e-a; 1:74)

15.5.10 lam. s'-8(1- s)""-IF(a-e+1, 1 -11; 2 -c; -11). al-11 s)--'F(b , 1-a; 2-e; 01-1-0

15.5.11 tom 3-4F(a, a-e+1; 6+6-e 4-1; 1- es) tarF(b, b -c +1; a+b -c +1; 1 -

15.332

tom) 4. s-(1 s) °-"F(e -4, 1-a; e-a-6+1; 1-C1) MO et."(1-14--Re-b, 1-6; e-a-b+1; 1-0-9

15.5.13 to, (s-1)-111(a, e-b; 41-141; 1-1 s
>Is (s-1)-410(6, c -a; b-a+1;

15414
s'"(s-1)""/, (a-e+1, 1-b; a-b+1; )....0-°(s-1)""F (b-e+1, 1-a; b-a+1;1-s 1-s

15.5.3 to 15.5.14 constitute Kummer's 24 solutions of the hypergeometaio equation. The analytic eon
tin uation of w, 40)(s) can then be obtained by means of 15.3.3 to 15.3.9.

A. One of the numbers a, b, e -a, e-b is an integer. Then one of the hypergeometric series f
instance tot As), 153.3, 15.5.4 terminates and the correspm ling solution isof the form

15.5.15 to=r(1-s)sp(a)

where Ms) is a polynomial in s of degree n. This case is referred to as the degenerate case of the
hypergeometric differential equation and its solutions are listed and discussed in great detail in (15.2j.

C. The number e -a -b i on integer, e nonintegral. Then 15.3.10 to 15.3.12 give the analytic continu-
ation of tes ,into the neighborhood of s.1. Similarly 15.3.13 and 15.3.14 give the analytic continu-
ation of IA Ato, into the neighborhood of a= fe in case a-b is an integer but not 8, subject of
course to the further restrictions c-a =0, ± 1, *2 . . . (For a detailed discussion of all possible
cases, see (15.20.

D. The number e=1. Then 15.5.3, 15.5.4 are replaced by

15.5.16 leio) P (a, b; 1 ; s) 56
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15.5.17 w2,0,= P(a,b;1; a)lit itjA((-1)''1frP zWa+n)-10(a)+Ab+s)-4(b)-20(n+1)+2#(1))
VI .1

F. T h e number e=o1-1-1, m =l, 2, 3, ... . A fundamental system is

15.5.13 slim= F(a, 6; m +1; a)

15.5.19 loom =F(1, b; n4+1; a) ln (n*witti" elE44 4/0-00 4-0(b+n)-0(b)-0(m+i-Fn)

+0(m+1)-4(n +1)+10(1)i ri:tisalf42): (IaI< 1 and a, 600, 1, 2, ... (m-1))

F. The number 0.1.m, m.1, 2, 3, . A fundamental system is

15.5.20 tom.= ena+1n, b+"; 1+91; a)

(1s1<1)

15.5.21
(a+m).(b+m)wpm. b+m; 1+m; a) In a-F.0Na* (0(a+nt+s)-0(a+m)-4(b+m+a)

" (n.1)!(m)
0(b+m)-4,(m+14-n)+011-1-1)04+1)+#0)17N 0a.:_00.0-6-Ino. sal"

15.6: Riemann's Differential Equation

The hypergeometric differential equation 15.5.1
with the (regular) singular points 0, 1, co is a
special case of Riemann's differentia' equation
with three (regular) singular points a, b, o

15.6.1

dow ,r1a--a' , 1 7-71
dirr I_ a a "" LCa lira

raqa--6)(a--c)
. ao
(6-4)(6.1.4)

4- aa +

+-ry'(ca)(eb)
111

]
ac (aa)(ab)(8-4)="

.The pairs of the exponents with respect to. the
singular points a; 6; c are a, a'; 0, 0'; -67' respec-
tively subject to the condition

15.6.2 cr-i-cg# +0-1-tr-1-7-1-V=1

The complete set of solutions of 15.6.1 is denoted
by the symbol

15.6.3 a

{
b e

w== l' a 0 ay it

a as,
P "1 # f

569

(12K1 and a, b 010, 1, 2, . . (m-1))

Special Cow of Rienann's P Function

(a) The generalized hypergeometric function

15.6.4
0 vo 1

W=P ta 7 2

a $' 7'

(b) The hypergeometric function F(a, b; c; a)

15.6.5

{
0 a 1

w=P 0 a 0 a

1e 6 cab
(c) The Legendre functions P, (a), ego

15.6.6

{ 40 bi 0 (1-4 -'

i-l-iv IP i
(d) The confluent hypergeometric function

15.6.7

0

C

tvP {,i+u c . ck
c

iku 0 k

provided lim c'..



15.6.5

HYPEROZOMICI'llIC FUNCTIONS

Tatadoematiese Foracalss for Bleaseum's P

tsay istc \sp la
11174,/

a b a a

0 '1 a ...12 a+k

ap ir 7' a' +k

0

0' 7'

$1 . 7 SsP la 0

a' 0' 7'

a c es b1 ci

7{a15.64 P a
a'a

where

Asi+B Ach+B Abi+B Aci+11
15." ssmNi7.7Y1- aalltit;T-D1 elmaTIY1- en=-CVM

and A, 8, C, 11 are arbitrary constants such that ADBC00.
Riemaim's P function reduced to the hypergeometric function is

a

15.6.11 P aI
a'

.6

0

AP

7

.7'
tr

0

a). (NY P {0
a a

1

al

0
a tc=i31

The P function on the right hand side is Gauss' hypergeometric function (see 15.6.5). If it is replaced
by Kummer's 24 solutions 15.5.3 to 15.5.14 the complete set of 24 solutions for Riemann's differential
equation 15.6.1 is obtained. The first of these solutions is for instance by 15.5.3 and 15.6.5

15.6.12 m=(---aaLY (,18ey ip[a+0+7,2+0, +7; 1+aa''8, ) (ea)]

Asymptotic Expansions

('he behavior of F(a, 6; c; a) for large INI ie
described by-the transformation formulas of 13.3.

For fixed a, b, s and large icl one has (15.81

15.7.1

F(a, 6;s; 4 (a .(b).

For fixed a, c, a, (c00, 1, 2, . . 0<let<1)
and large Ibl one has [16.2)

15.7.2

lla,b;c;s0=e-411(c)11(ca))(ba)11-1-0(ibal'"))
-fir(c)/r(a)leKesr-11+0(1621-3))

(.4 arg (140< r)
15.7.3
F(a, b; c; a)=.0"14/r(ca)] (62)-11+0(lbal-91.

-1-Er(o) /r0010Nesr11+0(lbs1-5))
(es) <ilv)

For the case when more than one of the param-
eters and large consult (15.21.
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16. Jacobian Elliptic Functions and Theta Functions

Mathematical Properties

Jacobian Elliptic Functions

16.1. Introduction

A doubly periodic nuaomorpeic function is

called an elliptic function.
Let m, IN be numbers such that

et-i-ing=1.

We call in the parameter, tat the complemintary
parameter.

In what follows we shall assume that the param-
eter in 'is a real number. Without loss of gen-
erality we can then suppose that (see

16.10, 16.11).
We define quartet periods K and iK' by

16.1.1
,,,s

K(m) =K=
o (1 m ems O)','

VII de
iK' (m)=ile (i mr Bina 0)14

so that K and K' are real numbers. K is algid

the real, the imaginary quarter-period:
We note that

16.1.2 K(n). IC' (1m).

We also note that if any one of the numbers n,
nh, K(m), K' (m), K' (m)IK(m) is given, all the
rest are determined. Thus K and K' can nqt
both be chosen arbitrarily.

In the Argand diagram denote the points 0, K,
K+iK', iK' by s, c, d, n respectively. These
points are at the vertices of a rectangle. The
translations of this rectangle by X/C, air, where
X, Ai are given all integral values positive or nega-
tive, will lead to the lattice

.8 .0 .8 .o

.n .d .13 .d
.8 .0 .0 .41

.n .d .11 .d

the pattern being repeated indefinitely on all
sides.

Let p, q be any two of the letters s, c, d, n.
Then p, q determine in the lattice a minimum
rectangle whose sides are of length K and K' and
whose vertices s, c, d, n are in counterclockwise
order.

Definition

The Jacobian elliptic function pq u is defined by
the following three properties.

(i) pq u has a simple zero at p and a _simple
pole at q:

(ii), The step from p to q is a half-period of pq u.
Those of the numbers , K-1-ir which differ
from this step are only quarter-periods.

(iii) The coefficient , of the leading term in the
expansion of pq u in ascending powers of u about
u=0 is unity. With regard to (iii) the leading
term is u, 1/u, 1 according as u=0 is a zero, a
pole, or an ordinary point.

Thus the functions with a pole or zero at the
origin (i.e., the functions in which one letter is s)
are odd, and the otheis are even.

Should we wish to call explicit attention to the
value of the parameter, we write pq (vim) instead
of pq u.

The Jacobian elliptic functions can also be
defined with respect to certain integrals. Thus if

16.1.3 (1 m sin" 0) 'iv

the angle is called the amplitude

16.1.4 go= am s

and we define

16.1.5

sn u.sin 0, en u=cos
do ii= (1 m sin' fp)'0=A(0).

Similarly all the functions pq u can be expressed
in terms of f. This second set of definitions,
although seemingly different, is mathematically
equivalent to the definition previously given in
terms of a lattice. For further explanation of
notations, including the interpretation, of such
expressions assn (0\a), en (vim), do (u, k), see 17.2.
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16.2. Classification of the Twelve JaeobianuElliptio Functions
Mama* to Pole. and 11.1161Perieds

a

.)

Pole
ilfs

Pole
K-Fir

Pole
,K

Pole
o

.

.

Half period iK' en a ed a as a Periods 24K' , 4K+4iV, 4K

Half period Ki-ilts on a ed ii. ne den Periods UK', 2K-1-2iKe , 41[

Hag period K , don
.

ad sr as a Periods UK', 4K-1-4iK's 2K
/

The three functions in a vertical column are
(*Polar.

The four functions in a horizontal line are
eoperiodie. Of the periods quoted in the lest line-
d each row only two are independent. ,

to

Yuman 16.1. Jacobite* elliptic

en le, cm do

1.am§

The curve for en (al f) is the boundary between those
which have an inflexion and those which have not

MII ;Rev
80 ,

er

10
My

0
-3

40
43
.1O

IIN

Flamm 16.2. Joeelrian elliptic Junctions

ne it, no void provided t when two letters ant the same, e.g.,
1

2

Fianna 16.3.. JCsobia* .

- solos eh ad *, de
1

as.m-

16.11. Relation of the Jacobi= Functions to the
Copan. Trio tin oo o, 61

cd tiow 14: do usesdn * nsone

16.11.2 ens ell
en V

1
16.3.3 80 86gra.--.

an*
0116

0110
al Simian*

And eranylf-p, r are any three of the letters
s, c, d, n

16.3.4 I pq smivii

pp *, the con*sponding function is put equal to
unity.

575
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4.

anainx zu.ivric vulgarian AND

16.4. Calculation of the Jacobian Functions by
Use oof the AritluneiieGebmetrier Mean!
(A.G.M.)

For the A.G.M. scale see 17.6.
To calculate sn (ulo), Cu' (On), and do (ulei)

form the sale starting with
of

16.4.1 ao=1, bo=iervii/co=1-n, ,

terminating at the step N When ex is negligible to
the accuracy required. Riad ef in degrees where

16.4.2 cm= ram
18CPs

4

THETA FUNCTIONS

and then compute successively oN_I,
vs, vs from the recurrence relation

16.4.3 Bin (200.-ao*)= a -7-4". sin mo

Then

16.4.4

*1711

571

.

an (tit) mein vo, en (elm) =cos 0.

cos podo In) weco",,,,

Prom these an the/other functions can be deter-
inbred.

. ,16.8. 9peelal Argirmente,,/,:,

SO*

16.5.1

16.5.4

16.5.5

16.5.6

16.5.1

16.5.1

16.5.9

(K+i11C1
2 .

ic+2(ile),

it',

2K + {K'

1C+i1C#

cD

2- (1 +slis)0
+i(1-901)1111

(1 *WM-0

-i(+ntIn)"

1

=silt

(1+ inui)ts

(6211)1141(1+ Warn\ 4 /

(1 101)01

es

0
441

16.6. Jaeobian Functions when m.0 or 1

,
.: st=0 ism 1

16.6.1
16.6.1
16.6.3

16.6.4
164.5
16.64

16.6.1
16.6.0
16.6.9

16.6.10
16.6.11
16.6.13

16.6.13

en
(urn)en (u on)

do (u on)

ed
'ad (u is)
nd (u )

de (uhi)
ne (*la)
se (urn)

ns
dip (u ss)
50 (is on)

am (urn)

sin u
cos tt
1 .

cos u
sin u
1

See u
see is
ten u

we is
ese u
cot is

u

tank u
inch u
sect u

1
sinh u
cosh u

1 ,

cosh u
sinh u

soft u
est* u
cent u

gd u
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511

.41 16.7,. Principal Terms

When the elliptic function pq u is expanded i ending powers of (t' K,), where K, ia:e of
0, K, ile, K-1-ife the first term of the expansion called the princi$1 term and has one of the
forms A, BX(uk,), C-+.(uK,) according . as is an ordinary point, a sere, or a pole of pq u.
The following, list gives these forms, where ,,X means that the factor (u-40 has to be ,supplied
and 'Is- means that the divisor (u-14) has to be supplied.

K,No 0 K IV K +iK'

16.7.0 en 14 1 X 1 orl A+ pr.14

\16.7.2 on 14 1 ''',NIIIIX -illrin+ 1--i Cm' , 1m
/PI

16.7.3 dn 14 1 milif - I-1- jell° X
16.7.4 od u 1 -1X . wria -mi-on....

1
16.7.5 ed u 1X . m,-'m ius-ui

-i(outt-0714.
16.7.6 nd is 1 Arm .. i X - hot -1/111-

16.7.7 do u 1 -44. mail '- 1111/1 X

16.7.8 no u 1 -ml u'+ intiAX i Cli )111/MI
16;7.9 so u 1X -msli $ iont-1/1
16.7.10 ne u 1-1- 1 'ml,mX 011M

16.7.11 de u 14 min inY1 Ausffst)In X
16.7.12 es u 1-1- -lowinX -i .---. , -intut

..,

.

.

16.8. Change of Argument

P

r

is ' -u u+K u- K K-u u+2K u-OK 2K-u u+iK' u+2iK u+K+iK' u+2K
..- +21r

. ,
. .....__.

.

16.8.1 en en is - on u ed is - ed u ed u -en 14 -en u an u oft-inne 14 en u wrindo u -en is
16.8.2 on on 14 on u -mimed u mimed u mimed u -on u -en u -an is -im-lode u -on is -intuits-us=u en 14

16.8.8 dn dn u dn u 01011111d 14 i mond 14 soluind u da u dn u *-. dn u -ice u -dn u intiusso u --dn 14
i 4

16.8.4 ed id u tod u -en u ,en u en u -od u II- ed u -od u, on-uide u ed u -wrinne u -ed u
16.8.8 ad ed u -ed is mi-inon is - mi-usen u mi-Inen u -ed u -ed u ad u ion-inne u -ed u -ilow-intorl!sdeu ed is

16.8.6 nd nd 14 nd is . 0.r-uldn,u m, -uldn w m1-usdn is nd u nd u nd u leo u -nd u rimy 1110. u -nd to

16.8.7 do do u do t$ -no is sky no 14 * -do is . -de u -do u mimed u do u -omen w -do is
16.8.8 ne no so no u -milts& u Wands u ont-inde u -no u -no u -ono u imuled u -ono u i0.,-u!stueen to no is

16.8.9, , .rea ,, se 'u se is *iron u ..sruks u nl-lisci u so 14 SO U -*SO u ind u -BO 14 11/1111.4ffla 14 ""00 14
.4.

*
4

.

16.8.10 .ne ne u -ne u do to -Ito u do u --ne to US U US u moon t' OS U Mina U "*L11/ 14

16.8.11 de de to -de w MIAMI 14 /1111/1110 V /110/1110 14 -de ts -de u de w -ignition u -de t$ iebuissined 14 de is

164.12 es es 14 -es as -shoes !16 noon is noose is as u OS U -woe U -Ida 14 --we is -4w1wind u 1111 le 57.8
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16.9. Relations Between the Squares of the..
Functions

16.9.1 -dnats-f-tal=--:fa n014=0 sn'ti-m

16.9.2 -tnInd*u-Fral=-mmiediu=m cdau-ns

16.9.3 mole% = mine% m

16.9.4 es% 4- = deur= nesp- m

In using the above results remember that
m +m1 =1.

If pq u, rt u are any two of the twelve functions,
one entry expresses tqiu in terms of reu and
another expresses qt.% in terms of ?Ps. Sinee

qtou=1, we can obtain froin the table the
bilinear relation between pq'u and res. Thus
for/the functions od ts, su u we have .

16.9.3 ndlumml- dusu.1-m

And therefore

16.9.6 (1-m 0(14(1 -ft sn'u).mi.

16.10. Mange of Parameter
Negative Parameter

If 01 is a positive number, let

16.10.1
1 (0<<l)$4.,Rtn, g=1r.r we v.. $4

16.10.2

16.10.3

16.10.4

an NI -1,1)=014 (VIP)

on NI -m) an2ed (v10

do (uI -m)=nd (OA.

1631. Reeipropal Parameter (Jaeobi's Real
Transformation)

16.11.1

16.11.2

16.11.3

16.11.4

/11=7111%-'11 0=w41/,111

en (vim).0'11en (Op)

en (uInt)==dn (rigA)

du (vitn).--cn (Op)

Here if ra>1 then ta-g=p<1.
Thus elliptic functions whose parameter is real

can be mate to depend on elliptic functions whose
parameter lies between 0 and 1.

16.12. Descending Linden Transformation
(Gause"fransformation)

To decressa the parameter, let

I

16.12.1

then

16.12.2

16.12.3

16.12.4

"11(111111/1Ili.ta° 1+$4

1
en (al m)

+pm) an

cn
en (e dn (v

(ul rn)

chi°0118)- 1 -µu.)
.41n (vim)=41 +$41A)-dAvi

lens (v

ag)

573

Note that successive applications can be made
conveniently to find sn (ulm) in terms of en ()
and dn (vim) in terms of dn (Op), but that the
calculation of on (vim) requires all three functions.

16.13. Approximation in Terms of Circular
Functions

When the parameter in is so small that we may
neglect on" and higher rvers, we have the
approximations

16.13.1
1

en (vim) Rosin 4
ta(u-sin u cos u) CCM u

16.1.2
1

on (ulta) moos u+-4
m(u-sin u cos s) sin u

16.13.3
1 .

dn NINO Ps 1 -§ em u ,

1
16.13.4 am (vim) «+u -ii m(u -sin u cos u).

One way of calculating the Jacobian functions
is to use Landen's descending transformation to
reduce the pirameter sufficiently for the above
formulae to become applicable. See also 16.14.

16.14. Ascending Linden Transformation

To increase the parameter, let

16.14.1 0=0+
mi/V $41''1+PA:1=11-717141

4mus /1 - m

16.14.2 sn +mays) an v$_SaVrE)

16.14.3 on (ul tn).1-1-6151° $(-91'0-14°1
dn

16.14.4 dn (ni ..1:_-el2th_Tyr
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Note that, when st, .1ssive applications are to
be made, it is simplest to calculate dn (ufm) since
this is ,exressed always in terms of the same func-
tion. Th calculation of en (vim) leads to that of

do 010.
The calculation of en (ufm) necessitates the

evaluation of ail three functions.

16.15. Approximation in Terms of Hyperbolic
Functions

When the parameter m is so close to.unity that
and higher powers of m, can be neglected. we

hive the approximations

16.15.1
1

en tulm) tanh +4 (sinh u cosh uu) sech* u
u

16.15.2

on (vim) Pinch u

1
nh (sirh u cosh wu) tanh u each is

16.15.3

dn (vim) tt, seek u

1+4 m, (ainh u cosh u+u) tanh u see.h

16.15.4

am (ulm) fzgd ml (sinh 14 cosh u--u) each u.

Another way of calculating the Jacobian func-
tions is to use Landen's ascending transformation
to increase the parameter sufficiently for the above
formulae to become applicable. See also 16.13.

16.16. Derivatives

Mine -
Lion

Derivative

16.16.1 811 U en dn u
16.16.2 on u en u dn u Pole n
16.16.3 dn ffiellUCOU

16.16.4 od u mtedundu
16.16.8 Rd u cd u nd u Pole it
16.164 nd u tosduodU

16.16.7 de u 1111 1141 U 1W ts

16.16.3 ne se u dc Pole e
16.16.9 SC U de u ne u

16.16.10 tie -deticeu
16.16.11 its 14 es urns u Pole
16.16.12 ca u ns do u

Note that the derivative ie proportional to the
product of the two copolar functions.

16.17. Addition Theorems

16.17.1 sn(u+v)

_en wen vdn v+sn ven udn u
1m entusniv

16.17.2 en (u+v)
en u en vsn u dn u sn v dn v

1--m SOU 'SRN)

dnudnv menu. cuts anv env .
16.17.3 dn(u+v)=. 1 mantis. snot).

Addition theorems are derivable one from
another and are expressible in a great variety , of
forms. Thus na(u+ v) comes from 1 /an (u v) in the
form (1 melt salt)) / (iants en v dn vi-an venudnu)
from 16.17.1.

Alternatively ne(u v)' =m'i'en u)v)
which again from16.17.1 yields the form (ns u es v dais
naves u ds v)/(nsiu nes v)

The -function pq(u+v) is a rational function of
the four functions pq u, pq v, pq'u, pq'v.

16.18. Double Arguments

16.18.1 an 2u
26n u en u dn u Zan u en u ,dn u

1 msn'u eniu-l-ansu dn'u

16.18.2 on 2u
entssnsu dn'u entusnlu dn'u

1-mew 1133cniti 4-antu dn'u

16.18.3 dn 2u
dn'u men'u ens u. dnou en% (des 1)

1- trienSt sadn'ueA(dniu-1)

16.1$.4

16.18.5

16.19.1

16.19.2

16.19.3

1en 2u en% diets
1 +en 2ug=I

1 dn 2u menu ensu
1 4" -c'"1n dn'u

16.19. Half Arguments

1en
81211A

Is

1.-1

cnIu.dn u+en u

u+
del} it= l+dn u

on

16.20. Jacobl's Imagine' ry Transformation

16.20,1 en(itsim).ise(ulm,)

16.20.2 on (i141m) no(ui nts)

16.20.3 dn(iul =de (14 sh)
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16.21. Complex Arguments

With the abbreviations

16.21.1
s=sn (xi m), ei=en(rita), d=idn(xt semsn(y101),

cismen(Vinh), ds=431(Itioss)

.6. +ic d si ei
ci-1-11181.

I

c=43 &13 d 112 di
el+ OW

d eh di-ims c es
16.21.4 dn(2-1-ifilm)° ci+ as'

16.22. Leadiirg Terms of the Series in Amending
Powers of u

16.31.2

16.21.3

16.22.1
16$ 411

MINI 110 =9* (1+ On) ar+ 0 +14 m+ IN5

- (1+135m-1-135,04-10) + .

16.22.2
te*

en(ulm)=i-§1--+(1+41n),if

- (1+44m4-16m')

16.22.3

dn(uln)=1-ta fi-tn(4-1-0)

4

'
-0(16-1-44n+te) 8

No formWae are known fog the general coe01-
ciente in these series.

16.23. Series Expansions in Terms of the Nome
q=e-leig and the Argument si.rts/(21C)

21. nottis
16.23.1 an (ulta)mn-707G117--Tim em (24-1-1)e

16.23.2 on (ul m)=. coo (2a+1)e

do nt)N0-irr4 cos 2fts16.23.3

16.22.4
2s

n1).25-irprgiN

16.23.3

+us
cos (2a+1)1,

ev+us
04,19 ,l sin (2tt+1)10

16.23.6

OM

w r moos
nd (nlyn'

2
1.4"

16.23.7

de (tsint)=4 sec v

2wNois i-ft-" 2+r, c co, ( +1+1)

i'V.6.23.8

no (1414)1.321-7-4Kilrn

2w
* I cos 2a 1790---RN (-1) 14c1ft+ ( )

16.23.9

so (uint)0.217,--4ET, tan s

2w

+niir ( -1)" 486. 2,1!""
16.23.10

ns (allOvvir. Geo 1_15n" sin (2tt+1)!

, 16.23.11
w 2w ft.'"

de (ttjta)nBr 4.1e.+i sin (2a+1)c

16.23.12

es (ultn)ir out to-r t 4 sin 2tn

1644. Integrals of the Twelve Jambian EUiptla
Functions

16.26.1 fen u dumwim In (dn u-rainen it)

16.24.2 fon u (tumor" armee (dn u)

16.24.3 /du u du=ormin (en u)

1624.4 fad u devattrim (nd u+atuisd 14)

16.24.3 fed it du= (attai)-m &resin (-mimed it)

16.24.6 fad 16 du=stni-'m mews (ad u)

16.24.7 /do u dumln (no u+se u)

16.24.8 /no is da=taila In (do u+mimso

16.24.9 /so u def=inti-min (do u+seno is)

16.24.10 ins u domain (de u-es

16.24.11 ids u du=ln (as u -cs it)

16.24.12 fm u damln (ns is-do u)

In numerical user of the abovg table certain re.
striations must be put on u in order to keep the
arguments of the logarithms positive and to avoid
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576 JACOSIAN IMO= !UNCTIONS AND TFINTA FUNCTIONS

trouble with many-valued inverse circular func-
tions.

1645. Notation for the Integrals of the Squares

of the Twelve Jacobian Elliptic Functions

16.25.1 Pq u=f wed dt when q

16.23.2' Ps u=f (pq't dt

Examples

Cd u:r..-f
* edit dt, Na u=i*( 1net--)dt--u

1

0 . 0 is
_

16.26. Integrals in Terms of the Elliptic lute
gral of the Second Kind (see 17.4)

16.26.1 nr,Sn u= E(u) +u

16.26.2 men a s= E(u) -- m,

16.26.3 Dn u=E(u)

1616.4 mud u= E(u)+u+man u cd u

16.26.3

mirtAd u=E(u)morman u cd u

- 16.26.6 m1Nd u=E(u)men u cd

-16.26.7 De u.= E(u)+u+sn.,u do is

16.26.8

nr:Nc u=E(u)+miu+sn u do is

16.26.9 NS° u= E(u)+sn u do is

16.26.10 Ns u= E(u) +ucn u ds

16.26.11

Ds u= E(u) + miucn u ds u

16.26.12 CO uz= E(10cn u cis u

MI the above may be expiessed in terms
Jacobi's seta function (see 17.4.27).

2(u)=E(u);u, where E==E(K)

16.27. Theta Functions; Expansions in Terms
of the Nome q

Pole n

Pole d

Pole c

Pole a

of

16.27.1

61(s, q)=61(2) 24"'N(-1)",/"*". sin 06+02

16.27.2

01(z, q)= Mc) ---'2q1" coo (2n +1)2

16.27.3 64(s, g)=64(2)=1 +2 g's' cos 2ns

16.27.4

04(z, 0=64(2)=1+2 (-1)*? cos 2liz

Theta functions are important because every
one of the Jacobian elliptic functions can be ex-
pressed as the ratio of two theta functions.
See 16.36.

The notation shows these functions as depend
ing on the variable s and the nome q, Igi<1.
In this case, here and elsewhere, the convergence
is not dependent on the trigonometrical terms.
In their relation to the Jacobian elliptic functions,
we note that the nome q is given by

q=2""qx, \
where, K and iK' are the quarter periods. Since
q=q(m) is determined when the parameter m is
given, we can also regard the theta, functions as
dependent upon tn and then we write

4(2, 4) **40.(2191). 6=1) 2, 3, 4

but when no ambiguity is to be feared, we write
Mei simply.

The above notations are those given in Modern
Analysis [16.6].

There is a bewildering variety of notations, for
example the function 64(5) above is sometimes
denoted by AAA) or d(s); see the table given in
Modern Analysis [16.6]. Further the argument
u=2Ksis is frequently used so that in consulting
books caution should be exercised.

16.28. Relations Between the Squares of the
Theta Functions

16.28.1 61(44(0) = 01(2)61(0) 4(44(0)

16.28.2 61(s) OHO) = ORO4(0) 4(2)4(0)

16.28.3 Cs) 6:(0) =4(001(0)61(44(0)

16.28.4 4(4OHO =.11(2)(01(0) COM

16.28.5 OHO +6:(0) =A(0)

Note also the important relation

16.28.6 da0)=0,(0)0$(0)04(0) or dit=dt6a04

16.29. Logarithmic Derivatives of 'the Theta
Functions

16.29.1 gauLoot tr+4
1

is sin gnu
g

582 10,
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16.29.2 16.31. Jacobi's Notation. for Theta Functions

6

. 00...tan u+4 0. 4_ sin gnu
004) sue

16.29.3 a-3 .4A 4 sin 2m$

16.2901 TI446 .4A 141 sin gnu

16.30. Logarithms of Theta Functions of Sum
and Difference

16.30.1

l(a+ P) sin (a+0)
In c-reriln

1 Om+4 - sin 2naain 214gs, 1-- g°'
16.30.2

In
da(a+P) .1n no 41410
.14(a go cos (a-s)

4 sin 2na sin 2s0
17.1 1- e

16.30.3

In sh(a+P)=4 A ( 2,)" .-c. sin 2 na sin aafi08(a-0) n i-e
16.30.4

(a+0) 1 g .In
0- =.4 inn 2na sin 2u404(a- , 4a 1-9-

The corresponding expressions when 4 =i7 are
easily deduced by use of the formulae 4.3.55 and
4.3.36.

1.31.1

16.31.2

16.31.3

16.31.4

ru
m) = 004=10) v=2K

eh(vitn)=0,00=th(v)=9(n-f4)
4(41/n).il(v).th (e)

(tsi m) =111(14) =th(v) =11(u+K),

1
/

16.32. Celculation of Jacobi's Theta Function
0(04) by Use of the Arithnietic-Geometric
Mean

!korm the A.G.M. scale starting with

16.32.1 00.1 , 60= , 0027. AG

terminating with the Nth step when elf is negligible
to the arouracy required. Fine of in degrees,
wilere

0°
16.32.2 qw.r 18aos

ir

and then compute successively 1os...1, . .

ft, fo from the recurrence relation

16.32.3 sin (2p. _ -v) gut sin ps.

Then

16.32.4

In e(u1n) =814 In 2°17* +1' In c°50(0-

1 1+- NC (2000-100+
8-

In sec (201-340+ .4
1

+igi in sac (24ox-s-ow)

16.33. Addition of Quarter-Periods to Jacobi's Eta and Theta Functions

ir u is+ K u+2K u+iK' u-f-2i1il u+K-iK' u+2K-F2iK'

16.33.1
11(u)

16.33.2
111(u)

1633.306.
es(u)

16.33.4
9(u)

11(u)

01(u).

Os(u)

e(u)

BI(u)

II(u)

e(u)

e1(u)

11(u)

1110.12

es(u)

em

iM(u)e(u)

mooe,(u)

M(u)H1(u)

im(011(u)

;-:N(u)H(u)

sooft,(u)

_Mu) ei(u)

N(1)0(u)

M(u)ei(u)

-imwecuk

iM(u)11(u)

M(u)111(u)

N(u)H(u)

-N(u)111(u)

N(u)es(u)

N(u)e(u)

where

ligis)402P

N(u) giezP (4)]

Wu) and 111(u) have the period 4K. e(u) and
9,(u) have the, period 2K.

2iK is a qbaei-period for all four functions,
that is to say, increase of the argument by 2UC'
multiplies to function by a factor,

5 8?
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16.34. Relation of Jacobrtgata Function to the
Theta Functions

49013 IAN ILLIPTI 0 FUNCTIONS AND TESTA !UNCTIONS

Z(u)= In 9(u)au

16.34.1 Z(s).

16.34.2

, , 16.34.3

16.34.4

(114), onudnu
077107. en s

16.35. Calculation of Jacobi's Zeta Function
Z(sint) hy_Uno of the Arithmetic-Geometric
Mean

Form the J'.G.M. scale 17.6 starting with

16.33.1 (10=1 60= Ifirist so= 47n

terminating at the Nth step when ex is negligible
to the accuracy required. Find *eom in degrees
where

16.35.2 nits amu
1130°

and then compute successively off.-1, .

el, et, from the recurrence relation

16.35.3 sin sin op

Then

16.35.4

AvIns)=01 sin fOi +es sin so+ . . . +so sin ow.

1646.. Neville% Notation for Theta Functions

These functions are defined in terms of Jacobi's
theta functions of 16.31 by

)
16.36.1 4,(s).P. 11,(10).1113

5 8 4

16.36.2 4,(s) 4.(s)=-.0 +
0)

If ), µ are any integers positive, negative, or
zero the points so-i-2)&4-20i1C' are said to be
cowment to so.

!Ms) has zeros at the points congruent to 0
Ms) has zeros at the points congruent to K
MO has soros at the point; congruent to ir
44(s) has zeros at the points congruent to

K+iK'
Thus the suffix secures, that the function .,(s)

has zeros. at the points Marked p in the intro-
ductory diagram in 16.1.2, and the constant by
which Jacobi's function is divided secures that the
leading coefficient of 4,(s) at the origin is unity.
Therefore the functions have the fundamentally
important property that if p, q are any two of the
letters s, o, n, d, the Jacobian elliptic function
pq s is given by 'N

(s)
16.36.3 pq IP= -4-rdtts)

These functions also have the property

16.36.4 faru44,(1C--s)=0,(14)

16.36.5 st;1/44,(1Cs)=4,,(s),

for complementary arguments u and K u.
In terms of the theta functions defined in 16.37,

let v=irs/(21C), then

2101(v) _
16.364 o1k

16.36.7 04004, .04

Pumas 16.4. Neville's theta function'
COAL Mu), 0.00, 0.(u)

msi
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16.38. Expression as Infinite Series

Let v=iru/(2.K)

16.38.1

lis(4)=[nt?fill4,1KTil (-1)4""" sin (2n+1)v

16.38.2 dd(u)itcra i0(.+1) OR 4- lig

-1.

Flouts

\ ,

\ileVe)

164.- Logarithmic derivatives of data
functions

71i In s(n) I &In Mu)

et= -

1¢.37. Expression as Infinit Products

f= &IL ormris/(2K)
16.37.1

Nis4.(u).(so sin
s

(1 -2q'" cos 2v+ el

16.37.2

Cti) 4--xf-- D coy i (1+2ei cos 2c+e)
...1

16.37.3
in (1+221"' cos 20+2."1

Mii)emTtig
J1647.4

(

I in VI" (1 -2qta-' cos 2v+q4")
°A* gmkr6(-714)

us

16.38.3 0.(u)=D] {1+2 N. coo 2no}

16.38.4

100429x] ( 1 +2 (-1)"? cos 2nv)

16.38.3 )(21C/001 =1 +22+2e +2q . . . =0,(0,,g)

16.3816

(21C br)"=1+20+20+21+ =A(0, ft)

16.38.7

(2nOIChr)14=2gto(1+e+gs+go+qe+ . . .)

=1,1(0,

16.38.8

(2m101C/v)14= 1 -22+2e -2g + . . =MO, q)

Numerical Methods
16.39. Use and Ettension of theTables

Example 1. Calculate no (1.998501.84) to 48.
From Table 17.1,1.99850=K +.001. From the

table of principal terms
no u= -n104/(u-K)+

no (IC+ .0011.64)=--qr+
10000

= -1887+ ...

and since the next term is of order .001 this value
-1887 is correct to at least 48.

Example 2. Use the descending Landon trans-
formation to calculate dn (.201.19) to 8D.

Here m=.19, mr=.9 and so from 16.12.1
1 3 US 2°1+0 vow v=1.19.

Also

011.(19Y=10-6X7.87

which is negligible.
1erom 16.12.4

dn(.201.19)
dn' [.1

(1+4)-41 (iii)
Now from 16.13.3

dn
[191 (19)1,.999961

19

whence dn (.201.19)=.998263.
Example 3. Use the ascending Leaden trans-

formation to calculate dn (.201.81) to SD.

From 16.14.1
4(.9) 300 1 V

µ"' 1.9)' =361'
20 19v`-X.20 =.19,

20x.20=339,
19

is negligible to 4D. Thus
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dn'(.19 I 3-1-19-)+1
19

do
19 361

(301'81) =20X
du(19131°30) .

qFrom 16.15.3

do (.19 I 360 1 1sech (.19) /X3-6T. tank .19 sech .19

(Binh .19 cosh .19+:191

..982218,-14X1 (.187746) (.982218)

(.191145) (1.01810) +.191

1 1
(.184408)1.3846051

..982218 -I- .000049= .982267.

Thus du (.20.81)=.98406.

Example 4. Use the ascending Landon trans-
formation to calculate on (.201.81) to 6D.

Using 16.14.4, we calculate do -(.201.81), and
deduce on (.201.81) from 16.14.3 settling the sign
from Figure 16.1.

As in the preceding example, we reduce the
360calenlation of dn (.201.81) to that of an (.19 ) 361>

when

do (.19I-)..982267
361
369

do (.201.81)=.984056

en (.2001)=.980278.

Example 5. Use the A.G.M. scale to compute dc (.6721.36) to 4D. . 1

3 1-m1(1721.36)% We now calculate sn(.6721.36) by theFrom 16.9.6 'we have dc3(.6721.36)=. 64-

method given in 16.4. Form the A.G.M. scale :

.,

n a. b. 4 3
an

4 ..

,

sin ays sin (21p.-1-o.) 2..-t-sa.

0
1
2
3

1

.9
. 89721
. 89721

.8

.89443

.89721

. 89721

. 6

. 1

.00279
0

, a
. 11111
.0031100311

0

. 85546
1.2069
2. 4117
4.8234

.60952

.93452

.88679
-. 99384

. 10383

.00207
0

. 10402

.00207
0

p.=.2,40.0 1,1=.2$(.80 1)(.672)no4.8234

continuing until c,,=0 to 5D.
Then complete as indicated in 16.4 to find q, and so an u and hence dc u,

*= .65546 , en u=,60952 do u=1.1740.

Example 6. Use the A.G.M. scale to compute e(.61.36) to 5D.
We use the method explained in '16.32 with a0.1, ,60..8, c0=.6.
Computing the &(3.M. as explained in 17.6, we find

(For values of as, b, see Example 5.)-
4 asi. sin as, sin (2.-i-ava) 40-4- on see (2ose-1-0) 1

in

mm

(200-s- va)--
211+1

.

0 . 58803 . 65472
1 4. 0780 .88101 . 09789 .09805 1. 0048 . 00120
2 2.1533 .83809 .00280 .00280 1. 0

..-
3 4.3086 -.91879 0 0 L 0. .

and then complete the calculation outlined in 16.32 to give

In fi(ulm). -.057344-.029354-.00120
= -.02679

0(ulm)=.97357.

The series expansion for e is preferable. 5 8 6
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Example 7. Use the testis; to compute
ce (.53001 821.09).

Here we use the eerie16.28.12 Kg. 1.10804 882,

g=2.00589 414, v=2radians or 30°.

Since .g is negligible to 8D, we have to ?D
Cs (.53801 821.09),

25.17cot'30°'-fir{:3- sin 80°}
2 1+ go

=2 (.97883 3852) (1.73205 081)

-3.90733 5411(00003 4740)(88802 5404)]

=1.80180 83. .

Example 8. Use theta functions to compute
sn"(.8111021.5) to 5D.

Here K(0=1.85407

1802
7

.81.8M407).4911)=3°.

sins'a=21/2, 45°.

an (.818021.5)

Thus

1.
from Table 16.1.

Example 9. Use theta f
--,10,1.018021.8) t.4_673

As in the preceding example
=300, a=411\t

so that
'45

(118021.5)=0,0

We use Table 16.1 to give

440°\45°)=2.59128
A (see 45°)4.(30°45°)=21.02798.

Therefore

581

se (.818021.5)=.59128 (sea 45°)§

.88402.

Example 10. Find in (.753421.7) by inverse
interpolation in Table 17.5.

This method is explained in chapter 17, Example
7.

Example 11. And u, given that ca (41.5)=.75.
From 16.9.4 we have

1

se 11-os as;

snit (u1.5)=.84

en 041 ) =2.8.

We have therefore replaced the problem by
= that of finding u given en (elm), where is is known.

If 9vg=11111

11111.0=1111 4 and SO

Thus

and

- .

. y=1272952 radians or 53.13010°.

From Table 17.5,

u= i1(53.13010°\45°) 02 .9939 1 .

Alternatifrely, starting with the above value of
we Seu the A.O.M. scale to calculate F(skts)

as explained in 17.6. This method is to be pre-
ferred if mini figures are required, or if a differs
from a tabrlar value its Table 17.11.
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Talk 16.1 ' THETA FuNCIThis

0\01 6"

o 0.00000 0000 0.60000 0600
5 0.08715 3743 0.08732 1966

10 0.17__,364 8178 0.17397 9362
15 0.2S001 9043 0.25931 2677
20 0.342'0143 0.34267 2476

25 0.42261 8262
30 0.50000 0000
35 0.37357 6436
40 0.64278 7610
45 0.70710 6781

50 0.76604 4443
ss 1 0.81915 2044
60 0.86602 5404
65 0.90630 7787
70 0.93969 2621

73 0.96592 5826
80 0.98480 7753
85 0.99619 4698
90 1.00000 0000

0.42342 4343
0.50095 3708
0.57467 0526
0.64401 3768
0.70845 5680

0.76750 5843
0.82071 4821
0.86767 7668
0.90803 6964
0.94148 p46

0.96776 8848
0.986611 6836
0.99809 5528
1.00190 8098

I \a 30' 36°
o o.00000 0000 0.00000 0000
5 0.09)53 4894 0.09606 0073

10 0.18636 3367 0.19139 9811
15 0.27778 4006 0.28530 3629
20 006710 5393 0.37706 5435

25 0.45365 1078 0.46599 3521
30 0.53676 4494 0.55141 5176
35 0.61581 3814 63268 ins
40 0.69019 6708 I:70917'3264
45 0.73934 4980 .78030 3503

SO
SS
60
.65
70

is
80

90
85

0.82272'4031
0.87986 tin
0.93030 4365
0.97)664431
1.00961 2870

1.03786 5044
1.05820 3585
1.07047 0366
.1.07456 9932

0.84532
0:90433
0.93626
1.00092
1.03795

1.06706
1.08801 -9556
1.10066
1.10488

4503
1298
6326
3589

2101,

1179

1511
6686

t \a 60° 65°

0° 0.00000 0000 0.00000 0000
5 0.11968 1770 0.12814 8474

10 0.23861 4577 0.25558 9564
15 0.35604 4691 0.38160 3032
20 0.47120 6153 0.50544 4270

75 0.58332 3727 0.62633 5361
30 0.1.9160 6043 0.74345 9784
35 0.79525 0355 0.85596 1570
40 0.89144 6594 0.96294 9380
45 0.98538 4972 1.06330 5669

30 1.07026 6403 3.15670 0687
Ss 1.14731 5349 1.24161 0747
60 1.21579 4546 1.31733 9855
65 1.27502 0900 1.38304 3549
70 1.32438 1718 1.43795 3601

75 1.36335 0417 1.48140 2159
80 1.39150 0813 1.51284 3076
85 1.40851 9209 1.53187 4716
90 1.41421 3562 1.53824 6269

0, (1\a)
-

10° 16' 20° '25 aif
0.00000 0000 0.00000 0000 0.00000 0000 0.00.100 0000 90
0.08782 4152 0.08867 3070 0.08988 7414 0.04149 5034 85
0.17497 9967' 0.17667 1584 0.17909 1708 0.18229 6223 80
0.26080 4191 0.26392 6099 046693 4 0.27171 4833 75
0.34464 3695 0.34797 7161' 0.327 . 0.35907 2325 70

'0.42586444_ 04998 1306 0.4 216 0.44370 5382 65
0.50)81 .6358 150871 3952 0. 70.14 0.52497 0857 60
0.57797 7994 58357 6134 9159 9 3 0.60225 0597 55
0.64772 1085 0.0/99 8067 0.66299 450.66299 0.61495 6130 SO .

0.7125) 4820 0.71944 3681 0.729)5 6053 0.74253 3161 43

0.77192 5893 0.77941 4712 0,7901.6 4790 0.80446 5863. 40'
0.02544 2256 .0.83345 4505 0.84496 1783 0.86028 089.9 32
0.87267 6562 0.88115 1505 0,89332 9083 MOM 1166 -59
0.91326 9273 0.92214 2410 0.93489 7610 0.95189 9199 25
0.94691 1395 0.95611 4956 0.96935 0025 0.9700 0216 20

0.97334 6839 0.98281 0)11 0.99642 3213 1.01458 4761 15
0.99237 4367 1.00202 50611 1.01591 0350 1.03444 0908 , 10
1.00384 9133 1.01361 2807 1.02766 2527 1.04641 6011 5
1.00768 3786 1.01748 5224 1.0)158 9925 1.05041 7974 0

45° . 50°
. a ie

o.o o 0000 0.00000 0000 0.00000 0000 0.00000 0000 90'
0.4991 2353 0.10287 9131 0.107405019 0.11291 2907 85
0.19754 1 0.20501 0420 0,21405 3194 0.22506 4618 80
0.29449 211 0.30564 8349 0.31918 5434 (1).33569 3043 ' I 75
.0.38924 7478\ 0.40405 4995 0.42204 9614 0.44403 4769 70

0.48110 6437 0.49950 2749 0.52189 9092 0.54932 5515 65
0.5693797735 4.59127 8602 0.61/99 6720 0.65080 1843 60
0.65339 2178 0.67868 8658 . 0.70961 8904 0.74770 4387 55
0.73250 7761 0.76106 3101 0.79606 0581 0.83928 2749 50
0.80611 4729 0.83776 1697 0.87664 1114 0.92480 1089 45

0.87364 0739 ) 0.99817 9128 0.95071 1025 1.00355 1297 40
0.93455 6042 0.97175 1955 1.01765 9399 1.07485 2509 3:
0.98837 8598 1.02796 3895 1.07692 1759 1.13807 1621 I 3
1.03467 8996 / 1.07635 2410 1.12798 8100 1.19262 9342 25
1.07108 5074 1.11651.1503 1.17041 .0791, 1:23801 2299 20

1.10328 1.14811 2152 1.20381 2008 1.27378 1626 15:100
1.12503 391 1.17087 7087 1.22789 0346 1.29959 2513 10
1.13815 8265 1.18461 4727 1.24242 6337 1.31518 2322 5
1.14254 4218 1.18920 7115 1.24728 6586 1.32039 6454 0

70' . 76° 80' 868 a/ 01
0.00000 0000 0.00000 0000 0.00000 0000 0.00000 0000 90 0
0.13904 1489 0.15372 0475 0.17522 3596 0.21321 7690 85
0.27747 6571 0.30706 5715 0.35063 9262 0.421144 1440 80
0.41467 2740 0.48960 9511 0.52633 5260 0.64743 4941 75
0.54994 7578 0.61082 7702 0.70219 9693 0.07146 4767 70

0.68254 9331 0.76005.8920 0.87783 8622 1.10111 6239 65
0.81164'3704 0.90647 6281 1.05251 4770 1.33612 3616 .60
0.93630 0263 1.04907 2506 1.22511 1680 1.57.516 8297 SS
1.05553 5305 ' 1.10666 0037 1.39412 6403 1.01633 9939 50
1.16824 3166 1.31788 6740 1.55769 2114 2.03616 71113 45

1.27329 7730 1.44126 6644 1.71163 1283 1.29072 $417 40
1.36953 6895 1.35522 4173 1.85953 2258 2.51529 0358 35
1.45580 7011 1.65014 9352 1.99285 2358 2.72469 4161 30
1.53099 8883 ,, 1.74846 0610 \ 2.11103 3523 2.91357 4159 25
1.59408 7380 \ 1.02467 1332 N 2.21162 7605 3.07668 6743 20

1.64417 0149 1.88345 5864 2.89242 2067 3.20921 2227 13
1.68050 3336 .92171 0721 2.35155 6149 3.30701, 7313 10
1.70253 2036 I 9%60 6998 2.38762 2438 3.36705 9918 5
1.70991 3565 1. 3 0511 2.39974 1817' 3.38720 7004 0

p fern 4 0000 \I

C. ;,' W ei -St C a- attain liti 0, (1, i 04- 1), ie %al/

In calculating elliptic functions from theta functions, when the modular angle exceeds about iliF, we

the descending Landes transksmation 16,12 to induce dependence on a smaller modular angle.

Compiled from E. P. Adams and R. L. HippWer, Smithsonian mathematical formulae and tables of

elliptic functions, 3d reprint (The Smithsonian Institution, Washington, D.C., WWI (with Permission.
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4101

o
s

10

20

25
30

"35
40
45

'30
55
60
65
70

75
80
85
90 .

01
0°
5

10'
150
25
30
35

. 40
45

-30
55
60
65
70

75
80
OS
90

i 0
0°
5

10
15
20

25
30
35
40
45

50
35
60
65
70

75
80
85
90

17

1
1.
1

I .

1
1
I ,-
I
1

1
1
1
1
1

1
1 /
1-- -:.---
1

ar
1.00000 00000
1.00056 64294
1.00224 85079
1.00499 51300
1.00872 28461

1.01331 113970
1.01864 215113
1. 02453 23743
1.03081 00797
1.03728 45330

1.04375 90125
1.05003 67930
1.05592 71242
1.06125 10260

- 1.06564 67280

1.06957 45083
1.07232 11216
1.0740044764
1.07456 99318

Oft
1.00000 00000
1.00313 85295
1.01245 94672
1.02768 16504
1.04834 57003

1.07382 76019
1.10335 71989
1.12604 11010
1.17081 93642
1.20684 51910

1.24281 6793/
1.27771 04815
1.31046 39783
1.24007 09457
1.36565 16965

1.30640 11169
1.40169 88947
1.41105 92370
1.41421 25624

5"

1.00000 00000
1.00001 44942
1.00009 72262
1.00012 MN
1.00022-22051.

1.00034 07982
1.00047 70286

-1.00068_77451
1.00078 MOI
1.00095 40492

1.00111 97101
1.00128 03522
1.00143 10738
1.00156 73002
1.00168 40932

1.00178 oasoo
1.00185 115621
1.00189 36042
-1.00190 80480

36
1.00000 woo
1.00079 66833.
1.00316 25208
1.00702 56701
1.01226 87413

1.01873 24599
1.02622 04548
1.03450 52308
1.04333 50707
1.05244 17208

.1.06154 84606:
1.07037 05902
1.07866 37978
1.00415 25221
1.09261 66042

1.09786 02047
1.10172 37756
1.10408 99040
1.10488 66059,

66° ,

1.00000 00000
1.00406 92257
1.01615 50083
1.03589 51569
1.06269 79025

1.09575 7359$
1.13408 00433
1.17651 06705
1.22176 77148
1.26840 10936

1.31523 31927.

1. 17261
1.40220

39080
31647

1.44173 53793
1.47501 81348

1.50203 00916
I.52/94 10514
1.53413 42252
1.53824-63487

THETA ruNenoris
4*(00

10' 15

1.00000 00000 1.00000 00000
1.00005 83670 1.00013 28199.
1.00023.16945 1.00052 72438
1.00051 47160 1.00117 12875
3.80089 86222 1400204 53020

1.00137 23717 1,00212 29684
140192 09464 1.00437 13049
1.00252 70810 1.00575 24612
1.00517 op 1.00722 44718
1.005114 IMO 1.00874 26104

1.00450 90305 1.01026 07491
1.00515 58975 1.01173 27599
1.00576 28392 1.01311 39167
.1.00631 14139 1.01436 22526
1.00678 49535 1.01543 98405

tone 90696 1.01631 39354
1.00743 20912 1.01695 79795
1.00762 54187 I.01735 24037
1.00768 37857 1.01748 52237

4CP 45'
1.00000 00000 moon moo
1.00108 26253 1.00143 67802
1.0042., 76203 1.00570 35065
1.00954 73402 1.01267 06562
1.01667'13379 1.02212 67193

1.11248.1(112 1.03370 46028
I. 91 1.04729 03271
1.04689 09786 1.06223 37524
1.02889 07481 1.07816 10137
1.07126 60617 1.09458 82886

i

1.08364 32917 1.11101 64844
1.09564 29724 1.12694 63970
1.10690 422r 1.14189 'It%
1.11708 Ma'N, 1.15540 45920i
1.12586 75438 1.16706 7778,

143299 42539 1.17652 88244
1.13824 53698 1.18350 \0036300263
1.14146 12760 1.1877b 94140
1.14254 42177 1.111920 71150

wr 7V ,

1.00000 00000 1.00000 soco
1.00534 44028 1.00720 $8997
1.02121 95717 1.02862 71274
1.114715 56657 1.06363 90673
1.08238 28086 1.11122 86903

1.12585 713$8 1.17001 24000
1.17627 97795 1.23826 962U
1.23214 31946 1.313911 80140
1.29176 91161 1.39491 71251
1.35335 85717 1.47863 07744

1.41504 43413 1.56259 67789
1.47494 7002 1.64425 25175
1.53123 64694.' 1.72108 41609
1.58218 06891 1.79070 70015
1.62620 90720 1.85094 39670

1.66 195 87940 149909 92030
132 00831 1.93602 35909
1.70447 27784 1.95816 92561
1.70991 35651 , 1.96563 05108

Table 16.1

20° 26° alb

588

1.00021 _LOOM 70.2_ 85
1.00000 00000 1.000001000 '90

2 3 1.00152 79 .700..---- '-
1.00211 61200 1.00327 73404 fp
1.00369 531)1 1.00389 77638 70

1400564 21475 1.00900 49074 65
1.00789 74700 1.01260 44231 60
1.01039 27539 1.01658 69227 55
1.01309 21815 1.02083 14013 SO

1.01539 49474 1.02320 88930 45

1.01853 4
1.02119 71771

3
444

1.02369 24323
1.02594 77596
1.02789 45992

1.02947 37972
1.03063 73701
1.03134 99632
1.03150 99246

1.02998 63905 40
1.03383 08852 35
1.03781 34098 30
1.04141 29961 25
1.04452 01522 20

04704 05862 19
76746 10

1.05003 49895 5
1.05041 79735 0 '

6011 66°
alit

1.00000 00000' 1.00000 00000 90°
1.00187 71775 1.00243 05914 85
1.00745 17850 1.00964 80003 80
1.01651 47635 1.021061311 75
1.02091 00179 1.03743 56974 70

1.04414 27466 1.05716°29130 65
1.06179 07561 1.08002 00283 60
1.08131 84270 1.10531 40947 55
1.10213 29153 1.13227 78297 50,,.....,...
1.12360 21058 1.16009 27802 4

) 2
1.14507 37802 1.18791 40899 40
1.16589 54205 1.21489 61356 35
1.18543 40490 1.24021 82552 30
1.20309 54999 1.26310 97835 25
1.21834 25328 1.28287 36204 20

1.23071 12287 1.29890 75994 15
1.23982 51648 1.31072 29038 10
1.24540 69243 1.31795 95033 5
1.24728 .65857 1.320)9 64540 0

80' 85' a,41,

1.00000 00000 1.00000 00000 90°
1.01026 06485 1.0166) 08242 -.89
1.04076 43440 1.06618 38299 00
.1.09060 07598 1:14751.59063 75
145864 11101 1.25875 62174 70. , .

1.24276 19421 1.39725 25218
1.24066 05139 1.55957 26706
L44960'33094 1.74191 57980 55
1.56626 90138 1.93819 19599 .50
1.68752 66770 2.14389 95792 45

1.80942 88492 .2.35264 71220 40
1.92833 02823 2.55792 12198 35
2.04054 54606 2.75309 84351 30
2.14249 29245 2.93165 25995 25
2.23090 12139 3.08742 47870 20

2.30289 04563 3.21489 91220 13
2. 12550 3.30946 52989 10

2. 73 86793 3.36764 82512 5
2. 4 28370 3.38728 70037 0

N. thret10,01*)
e.ltar 4:itkr-e a4usin fatips).41014

In calculating eMptie functions from theta function, when the modular angleneeds about Oft, use the

damendhe London humdennetion 16.12 to induce dependenve on a smoke modular angle.
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LOGARITHMIC DEMIVATIVES OF THETA FUNCTIONS

0.0)-1(F#4

eta
.00 .

s moos 11.41829
10 5.67128 5.66049
15 3.73205 3.72495
20 . L74748 2.74223

25 2:14431
30 1.73203
35 1.42813
40 1.19173
45 1.00000

50 3.83910
35 0.70021
60 0.5773
65 0.4 1
70 397

75 ,/ 0.26793
801 0.17633

90 0.00000
0.08749

2.1404 3
1.7287S
1.42543
1.10949
0.99810

, 0.83730
-" 0 .69888

0.37623
0.46542
0.36328

0,267
0.1759449
018732
0.00000

s \a W 86*
0 0
5 10.69083 '10.3nis

10 3.28496 3.14643
15 3.47816 3j8730
20 2.54090 2.49430

24 1.99919 1.94749
30 -1.61498 1.57348
35 1.33189 1.29791
40 1.11167 1.08332
45 0.93301 0.90958

10' 15" zr aft,

115.5450s

3.,U01270363
2.72658

V.23449
9.57421
3.6682

051
3

2.70

11. 08275
3.49902
3.61870
2.66414

10.88811
3.40233
3.33336
2161756

2.12820 2.10787 2.07952 2.04323
1.71888 1.70248 1.67962 1.63041
1.41729 1.40378 1.38497 1.36096
1.18270
0.99240

11.714)
969820.

1.13577
0.96985

1.1$81
0.95)15

0.832769483

90. 0.
0.82

68830
481 0,01303

0.67913
0.79987
0.66754

0.37297 016754 0.36001 0.35047
0.46277 0.4309 0.43232 . 0.44464
0.36121 0.35779 -0.35406 0.34708

016592 0.26340 0.25992 0.25353
0.17499 0.17334 0.17105 0.16816
0.08683 0.08600 0.N487 0.08344
0.00000 0.00000 0.00000 0.00000

10.04914 9, 77
4.98711 4.80696
3.28290 3364302
2.41789 2.3311 9

1.888284.--a.8111n
1.52607 L4rgoo
1.23919 1.21391
1.05154 1.01392
0.88302 0.85353

50 0.78307 0.76333 0.74131
05 0.63339 0.63743 0.61923
60 0.31002 0.52379 0.5109)
65 0.41543 7- -4.42482_
70 0.33002 0.33169 0.32248

75 0.!5028'
80 0.16471
85 0.08173
90 0.00000

As 617
00
5 8.32941

10 4.13843
13 2.72933
20 2.01330

23 1.37876
30 1.21804
33 16066

7

40 0.8894
4S 0.75000

0

so 0.63242
SS 0.33023
60 0.43911
65 0.33603
70 0.27885

73 0.20384
80 0.13572
Ss 0.06742
90 . 0.00000

0.24424 013731
0.16076 0.15634
0.07977 0.07739
0.00000 0.00000

0.71714
0.39918
0.49462
0_39991
0.31242

0.23017
0.15135
0.0722
0.003000

85. 70' 7r
7.78200 7.17654
3.86930 3.37238 tlint
2.33490 2.36323 2.13026
1.88950 1.75208 1.60037

1.48300 1.37931 1.26603
1.20552 1.12492 1.03795
1.00096 0.9)737 0.86969
0.84142 019006 0.73784

9
0.71131 0.67101 0.62941

0.60123 0.96918 0.33662
0.30526 0.47987 0.43454
0.41932 0.3994) 0.37992
0.34063 0.32332 0.31054
0.26719 013574 0.24484

0.19749 0.18935 0.18170
0.11034 0.12512 0,12026
0.06478 0.06224 0.039811
0.00000/ 0.00000 0,00000

IntIoN)--.0110

50'

9.27764
4.60585
3.03)63
2.23603

1.74793
1.4419
1.116828

0.82139
0.97687

0.69066
0.31 /49
017703
0.30.91_
0.30168

0.22233
0.14643
0.07270
0.00000

4a*

80
85

7S
70

65
60
SS

45
30

40
35 ,

30
25
20

15
10

0

55° a /s1

8.82657
4.38332
2.88839
2.13062

5466695 '65
.33001 60

1.11647 ss
0.93462 50
0.78679 45

0.66232 40
0.55441 3s
0.43846

5 230.1712
0.29042 20

90 °
IS
80

70
73

0.21419 15
0.14114 10
0.07009 3
0.00000 0

80'

25..8571790041

1.90678
1.42943

1.13996
0.94288

0.°4327611

°69040.429a
0.36140
019684
013497

0.17490
0.11601
0.03784
0.00000

86'

4.71263
2.37760
1,60603
1.22261

0.99169

0.
0.8)43

71737
3

0.62344
014338

0.47247
0.690
0.34488

40

0.20513
042685

0.16949
0.11272
0.05628
0.00000

a/o,
90°
89
80
73
70

65
60
53
50
45

40

3330
25
20

15
10

9
0

In calculating elliptic functions from theta function., when the modular angle exceeds about
GO', use thedesexmding Linden transformation 10.12 to induce dependence on a smaller mod-
ular angle.
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JACOIIAN ELLIPTIC !UNCTIONS AND MIA FUNCTIONS

LOGARITHMIC DERIVATIVES OF THETA FUNCTIONS Table 16.2

1114M-004

op 0° 6° 10° 15 20° 25° cyai

0 0 0.000000 0.000000 0.000000 0.000000 0.000000 000

5 \ 0 0.000331 0.001)24 0.002984 0.005318 0.008337 ; 85

10 , 0 0.000651 0.002607 0.005075 0.010466 0.016401 80

15 0 0.000958 4 0.003811 0.008583 0.015283 0.023933 75

20
1

0 0.001224 0.0041197 0.011024 0.019616 0.030690 70

0 0.001450 0.001833 0.013124 0.021332 0.036462 6525
1

30 0 / ' 0.001649 0.006591 0.014819 0.026318 0.041075 60

35 0 0.001788 027714:76 0416057 0.028487 0.044394 55

a 0
.l

Q.84424 0 0.016804' 0.029776 0446332 50

4S 0 0.001903 0.007596 '''' 0.017037 0.030154 0.046846 45

so
0 0.01875 0.007476 0.016753 CO016 M05958 40

55 0 0.001787 0.007129 0.015962 0.028185 0.043654 35

60 0 0.001647. 0.006566... 0.014691 0.025912 0.040077 30

ea 0 0.001457 0405805 0.012979 0.022871 0435328 25

70 0 0.001222 0.004860 . 0410879 0.019154 0.039556 20

75 0
0

0.064A. 0.008455 Men 0.022935 15
000650 0.0025wrr'. 0.005780 0.010165 0.015661 10

85 0 0. OW 0.001314' 0.002933 0.005157 0.007942 5

90 0 0.00=0 (4000000 0.000000 0.000000 0.000000 0

sif
0°
5

10
15

25
35 0

)
40
45

50

60
55

65.
70

75
80

90

50 '86° 40° ' 45° 50° 56° . 0/41

0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 90°
0.012059 . 0.016511 0.021734 0.027787 0.034760 0.042791 85

0.023711 0.092444 0.042671 0454490 0.068087 0.083685 10
umma toms' 0.062057 0.079124 .0.000850 0.120939 75.

0,044277 0.00427 Loan WM_ 0425508 0.153055 70

0.052528 0.071558 0.093415 0.118750 0.147169 0.179081 65

0.059074 0.080308 0.104784 0.132533 1.163627 0.198206 60
0.063730 ,0.086402 0.112477 0.141791 0.114358 0.210180 95
0.066384 0.089827 0.116544 0.146411 0.1.79298 0.2150U ----NI
0.066987 0.090424 0.116978 0.146447 _.--0.1/11606 0.213212 45.

0.065561 0.088257 0313888 -0.142097 0.172615 0.20519; 40
0.062113 ._. -0.083549 '0.107483 0433618 0.181784 0.1914 35
0.056989 0.076408 0.098051 0.121592 0.146658 0.172831 30
0.050157 0.067122 .0.085943 0.106302 0.1278)5 0.1501/6 25
0.041905 0.055989 0.071553 0.088310 0.105932 0.124058. 20

0.032483 0443544 0.055309 0.068143 0.081570 0.095321 15
0.022163 0.029545 0.037660 0.046339 0.055395 0.064622 10

0.011235 0.014968 0.019067 0.023443 0.028000 0.032631 5

0.000000 0400000 0.000000 0.000000 0.000000 0.000000 0

e\ct 110° 66 70° 75° it $6 clA
0 0.000000 0.000000 0.000100 0.000001 0.000000

0.153481
90°

5 0.052098 046)034 . 0.076222 0.092860 0.115687 6.153481 85
10 0.101680 0.122704 0.147856 0.179233 0.221544 tbergi ill
15 0446471 0.176024 0.210938 -0.253725 0
20 118405 0.220691 0.262588 0.312762 0.376)71 0.467893 70

23

t112830
0.255225 0.301193 0.354775 0.420046 0.507818 65
0.278976 0.326329 0.379918 0.442452 0.520777 60

35 0.249349 0.292010 0.338517 0.389553 0.446532 0.512966 55
40 0.253651 0.294931 0.338908 0.385698 0.435687 0.490013 '50
45 0.250000 .0.280691 0.328990 0.370590 0.413176 ' 0.456422 45

50 0.151711 0.274426 0.310353 0.346389 0.381811 0.415539 40
55 04220115 0.253326 0.284538 0.315020 0.343874 0.169741 35
60 0.199639 06226549 0.292950 0.278119 0.320668 30
65 0.172751 0.195171 0.216120 0.237026 tnuu 0.269431 25

70 0442285 0.160167 0.177204 0.192823 0.206331 0.216780 20

75 0.109049 0.122403 0.134996 0.146375 0.156015 0.16)217 15
80 0.073794 0.002664 0490960 0.098382 0.104574 0.109083 10
.05 0.037222 0.041645 0.045763 0.049423 0.052449 0454610 5
90 0.000000 0.000000 0.000000 0.090000 0.000000 0.001000 0

A In 0/4(10). -1('1\01)
,

In calculating elliptic funedons from dill functions, when the modular &wide exceeds about
Wore thedmending Landon isimIermation 11111 to induce dependence on a smaller mod

ular angle.
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1588 ELLIPTIC INTEGRALS
t I

Page
Table 17.7. JacObian Zeta Function Z(v\a) 618

Valli* of K(a)2(Aa)

a=0°(2°)90°, 5°001850, fp=0°45°)90°,

Table 17.8. Heuman's Lambda Function Ao(eke)

6D

a=0°(2°)90°, 60(100)85°, 00=0°(5°)90°

n Told. 17.9. Elliptic Integral of the Third Kind 11(n; .P\a)

ax=0*(15°)90°, .3D .

The author aelutowledgee with thanks the ardetaaee of Ruth Ember
Eon of the samples, Ruth E. Comm for Table 174, David
and Aadreekliebopf for Table 114.
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.17: Elliptic Integrals
Mathematical Properties

17J. Definition of 1511iptie Integrals

If R(x, y) is a rational' 'function of a and y,
where V is equal to a cubic or quartic polynomial
in a, the integral

fR(oy)da

is called an dliptic *demi.
The elliptic integral just defined can not, in

general, be expressed in terms of elementary
functions.

Exceptions to this are "'
(i) when R(a, y) contains no odd powers of y.

(ii) when the polynomial y' has repeated far.
We therefore exclude these cases.
By substituting for y' and denoting by ?'.(3,)

polynomial in awe get

(a + r (a) /
4(a, ti)

Ps +YP.
jp1(24171(z)11 ,e)-1411/4001Y

(Ws) P AMON 9/
+ ' /St

ypr

functions of a.
sum of a poly-

where R1(x) and 144) are
Hence, by expressing Rs(a) as
nomial and perils' fractions

fR(2,1)ansf RaWdz+241 Or*
+211.f Uronlrldx

lieduedo'n ,Peciseles
Let

17.1.2

ii=014+4414-e0+441+04 (Idol + 00)
604-44+61(x-0)1+614-41+6.(x -4)+6,

(164+ IN PIM

17.1.3 I. f Jimf iy(xe)l-tdx

By integrating /the derivatives of yea' and
zt get Ow reduction formulae

173.4

(s 2)ecippre- 3)14,44+al(e+1)1,4,1

+eat(24+1)4+1644-1..ali (a =0, 1, 2. .)

'Bee (OM WI.

(21444.8+,441(3-24.4.6+14(1-444
+i ha 244-8601.0=Y(s)-4-

(s .1, 2, 3, .)

By means of these reduction formulae and cer-
tain transformations (see Examples 1 and 2)
every elliptic integral can be brought to depend
on the integral of a rational function and on three
canonical forms for elliptic integrals.

17.2. Canonical Forms

17.3.11

tagoins a; es is the parameter,
a I the modular angle

17,2,1,2 :swain 0=in

17.2.3 cos ro=an u

17.2.4

(1m sin' Onsdn u= &(p), the delta amplitude

17.2.5 maragn (en u)onsm u, the amplitude

IllEpthe Inteind of the Pint Kind

17.2.6 IP (0\a)is2r(plet)nef°(1 sin'a sin' 8) -1d0

17.2.7 mf1(1-0)(1nsiV idt

Delhdtions

;

r dw=u
Jo

Elliptie Inteend of the Second Kind

17.2.8 MAOt=tiAtelte)effifo (1 is)-1(1 Ne)l*

17.2.9 =of .(1 sinsa sin' op do
0

17.2.10 w duo

17.2.11 so rest+term'w dw

591



90 ELLIPTIC

17.2.12 E(fp\a)..u mf sn' es the

17.3.13 nw .i:Ors/21
E(m)u

r(7441#210
(:'or theta functiolrue, see chapter 16.)

FM Intel'sl of the Third Mod
17.2.14

(s; co \a) =I re gin' 0)-4 (1 sin' a sin' 41

If x=sn' (uine),

17.2.15

HON r 1 -10-11(1 e)(xnit)i-inde

17.2.16 =fr (1nsee (telnip-ida)

The AmplitOde

17.2.17 c=am u.arcsin (en s).arcsin x

can be calculated from Tables 17.5 and 4.14.

The Parameter es

Dependence on the parameter m is denoted by a
vertical stroke preceding the parameter, e.g.,.
P( ,j1).

Together with he parameter 'we define the
complementary meter tn, by

17.2.18 in+Ini=1

When the eter is real, it can always be
arranged, see .4, that 0 teV I.

The Modular Ausld

Dependence on the modular angle a, defined in
terms' of the parameter by 17.2.1, is denoted by a
backward stroke \ preceding the modular angle,
thus E(0\a). The complementary modular angle
is v/2 a or 90° a according to the unit
thus eni=ssize (90°a).coes a.

INTEGRALS

The Modulus Is

In terms of Jacobian elliptic functions (chapter
16), the modulus k and the complementary
modulus are defined by

17.2.19 kees (K +iJC'), K.

They are related to the parameter by ks=ne,
k"ce

Dependence on the modulus is denoted by a
comma preceding it, thus II(s; u, k).

In computation the modulus is of minimal im-
portance, since it is the parameter and its comple-
ment which arise naturally. The parameter and
the modular angle will be employed in this chapter
to'the f9cclusion of the modulus.

The characteristic *

'The elliptic integral of the third-kind depends
An three variables namely (i) the parameter,
i) the amplitude, (iii) the characteristic n.

When real, the characteristic mey be any number
in the interval (-0 , The properties of the
integral depend upon the location of the charac-
teristic in this interval, see 17:7.

17.3. Complete Elliptie 'Integrals of the First
and Second Kinds.

Referred to the canonical of 17.2, the ellip-
tic integrals are said to be plate when the
amplitude is i and so z =1. ese complete in-
tegrals are designated as follows

17.3.1

[K(m)1.1C...f (1 Mg net))1-andt
o

=fo (i tai sins 0) -Inds

17.3.2

17.3.3

EVC(01)1=Eimif 1(1M-ufa stern&

(1--,* sin' erode

K=?( erItn)=4P(ir\a)

17.3.4 R=E[K(m))=;(m)=E(ier\a)

We also define

17.3.5 .

K' =2K(Ini)=K(1m).4.171(1 sinc0)- and°

17.3.6 K'.F(faltl).P(iv\
17.3.7

E'...2(tnI)=E(1rn)14:ii(1nes sin' OW.

17.3.8 E'clE(K(tni))=.E(01)=E(fr\ is a)

K and iK' are the "real" and "imaginary"
quarter-period. of the. corresponding Jacobian
ellipflie feMcctions (see chapter 16).
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IDLIPTIO

Limbs to she IllilPsnleinstiiie
(NO slue* le

17.3.9 1Cmi vni, 1; 1; et)

17410 Ee FF (-4, i; 1; m)
r birdie Soda

114.11

r fi.A
mnOmive+v) noN174/

s
s

+Val
17.3.12

E(91141 [I-0Y ni(HY -f

(2:1Yelr (191K0

(110<l)

Legeadreee Relation

17.3.13 EIC =

Ausillary Ituaetioa

17.3.14 L(m).,.141.° In 14:-K(8)

17.8.15 a= 1 18 up. I fr(K(as)-1-L(m))1W(m)]

4I 17.04..16 m=18 exp (rail(m)+L(tai))//0101

The function L(m) is tabulated in Table 17.4.

t-Reries

The Nome- q' and the Complementary Nome qs

17.3.17 qmsem),:sexp *K' /19

17.3.18 =eft) =MeV

1 1.
174 V.19 In - In ow°

17.3.20

1

1

log
1- logo

9as
(w logic sr= 1.88182 28349 to 10D

17.3.21

paw trK'/K)71+2 0-01-1-84 (ay

+902 (70).+1. (inki<l)

;

591

17.3.22 ir+2v

I7.3.2

esE 1s (i +no + WM*[1/12-2 14 0-(1,111-8] .

a' sin 2e;17.3.24 am s=v+ where vmsis/(21C)8(l +e)
Nelda" Valero

17.345 lim r (ER)=10

17.3.26
w+1

(1C-4 In (18/8,)3 =0)=0

17.3.27 lim as73(KE)=Iim tir'(EnhIC)=114

17.3.28

040 - 10441

lim 4/m= lim q,/m,==1/16
o-K1 1111-01

Aheraative Fivabiatioes of K and R (see "oleo 17.5)

17.3.29

K(01)=12(1 stil4a(1 mr)/(1 + it'll.
17430

BOO= (1+Inin)E(1(1-0412)/(1+minV)
2thin(1 + min) -vcacimivi+mry,

17.3.81 1C(a)=Insittan Ow" 4\0
17.3.32 (a).2E(aretan (m'° a)\ a) 1 +Goa a

PolynomIal Approximations (0 as<l)

17.343

IgnOlno+attal+aintn+140-1-bitai
+basil In (Ihni)+0(tn)

km) i S3 X 10-4

4)=1.38629 44 4=4
aim .11197 23 41=1.12134 78
a,= .07252 98 b, =.02887 29

173.34

K(n)ibido+niini+ +40111+ilis+bints+ .

-1-6401 in (1 /IN) -1-0(21)

00=1.38829, 438112

141(00 2X 10-1

b,=.5
as= .09688 344259 61= .12498 893597
as= .03590 092383 4, = .08880 248578
as= .037 583713 b,=.03328 385348
a.= .0145 198212 6400.00441 787012

The dons 17.3417.8.811 are from 0. Iles.
tin., Jr., pp knations for IOW Computers, Pointe.
ton Univ. Mouton, N. J. (with permission).

00. par a
500
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/

Puma 17.2. Complete elliptic integral 4 tAe
mooed hied

DMIGRALII

17.3.35

E(4)=11+Ginh-l-osmil-He1n1+14,41)

+0(14)

lo(os)1<4X104

02..46301 51 51,7.24527 27.
I0ed;10778-32--- 6.04124 96

17.3.36

Ans)=311-1-0".+ +thelfi-Hettarl-
-1-64m21 ln (1/m1)+(*)

1011).K2X1074

.44825 141463 km 44998 368310
. os=.06280 601220 b.=.09200 180037
/41..04757 383548 'hus.04089 697528 ,

oes.01736 506451 640.00526 449839

17.4.', Incomplete Elliptic Isteprole Of the. Pint
and Second Kind.

Entensien of the Tables
Negative Amplitude

17.4.1 14elet)=F(cles)
17.4.2 EX olm) Agin)

Amplitude et Aay Magnitude

11.4.3 "tr± plat) 1=22eK±ntylin)

17.4.4 if(o+2/1)=E(o)+2E
17.4.6 E(u+210)=E(0)+2i(rr)
17.4.6

le(o+20X+2MIC)=E004-2teE+214(1CE1) .

17.4.7 AKu)00/1E(e)-1-onen tied ti

Imapinmr Amplitude

If tan deasinh

17.4.6 1r(ie\a)minaVe. a)
17.4.9

Mie\a)= ilt(\ira)441P(Ner a)
+i tin 0(1 --Mai a glis

lacebre Imaginary Transformation

17.430

E(i1$101)=411-14101110110(ti1nt1)

Complex Amplitude

17.4.11 F(01-1-4im)=/?(No)+01(i4141)

597



aLurno

where cot' X is the positive root of the equation
z'(cot' ,+m sinle# emevIndsrat col'amix0

and on tans jal= tansy cotk41.

17.4.12

E(stik\a)=E(X\a)ile(100*-60
:61

where

60.0sini a sin A cos X sin' .(1 sin' a sin' ))*

600(1sin° a sin' AM-0W a sin' a)* sin a cos a

ba.00s" a+sins a sins A sin°

Amplitude Near to .12 (Nei also ma)

If cos a tan tan 0=1

17.4.13 F(Aa)-}: F(Aa)=,7(42\a) =K

17.4.14

E(0\a)-i- E(1\a) E(v/2\a)-1- sit& sin" si$

Values when pie near to v/2 and m is near to unity.
can be calculated by these formulae.

**Et

si

Fromm 17.3. Incomplete elliptic integral the

first hind
P(o\o), mustead

IWI'MORALS

Parameter Greater Than Unity

17.4.15 F(010)=4*-IF(Olnri), sin 8.1a* sin a

17.4.16 E(ulm).m*E(umelva-1)(ta-1)u

by which a parameter greater than unity can be,
replaced by a parameter lees than unity.

Negative Parameter

893

17.4.17

./P(aftn).1(1-1-0)-1100(1-Fss)-1)

17.4.18

**) =I. (1 -1-14)tlEN(1 +141110)14- WI)

rs(l+m)-10n(u(l+m)l(ss(1+9)-1)

cd(u(1-1-tn)ilm(l+m)-1)

whereby computations can be made for negati
parameters, and therefore for pure unagina

modulus.

/

1010 IV NA 400 $0' f00 Se

Proms 17.4. Incomplete elliptic integral of the
Ares kind

a madam

598

141,,



ILLIPTIO IMMORAL.

id ad ad 4o* ad se so° so* A

tiovaz 17.8. -90° a coatitos.

(tos)

a

oo lir IV I0 IVace 4. "a
halms 17.8. Incomplete iptie integral of the

second kind
R(A.), constant

Spada Came

17.4.19 ir(9A0).

17.4.20 F(4\0)i
99

EIVAcli

V IV to 3V4O. 50° s0' se He

Ftouar 17 .7 . Incompkite elliptic integral of the
second kind.

constant

sco.tmegLe

a 'VIIWU4V IV IV W

Fzouna 17.8. 90° EV°0,
17.4.21

/10\90°)=1n (sea 04-tan .0; min tan (14.40

17.4.22 F(i0\90°)=0i &ratan (GM 0)

17.4.2$ E(0\0)=.

17.4.24 /1(i0\0)2=i0

17.4.28 E(ç\90°)I!Psinp

17.4.26 E(i\90°)sii Binh

a Constant.



ELLIPTIC_ INTEGRALS

Jaeobise Zeta Function

17.4.27 Z(0\a).. E(0\0)-- E(a)10(0\011C(a)

17.4.28 E(10ILE(m)1K(m)

17.4.29 7-2(u)

17.4.30 +3K) = Z(u)

17.4.31 Z(Ku) = --1Z(K fu)

17.4.32 Z(u) =2(uK)--iman(uK)cd(uK)

Special Values

17.4.33 7.(140) =0

17.4.34 Z(u11)=tunh u

Addition Theorem

17.4.35
Z(u Z(u) Z(e) man u env sn(u-i-v)

jacobes batwings?, Transformation

17.4.36

iZ(iul on) Z(ul mg) dn(ul ms)tic(ul tnt)
41

Relation to Jacobra Theta Function

17.4.37 Z(u) 0' (u)/0(u).1In 0(u)

tpfieries

17.4.38 Z(u) .tsK q'(1 q'1) -1 Ain 4111110

tent'

// Co.

so

es* o'i" so, to' $0'

Fiouns 17.9. Jacobian r,e0 function K(a)Z(0\a).

Pesoo.

Heuman's Lambda Function
17.4.39

nalAo(p\st)=

. 17.4.40

a) +4 Ic(a) \90° a)
(a) 1,FI

==,- ( K(a) EF943°."-t)

--11{ (a) E(a)InvAgte a)

4

.5

J

a to
0' 106 20' SO* 10' SW

F Leung 17.10. !human's lambda Auction IVA a).

Numerical Evaluation, Of Incomplete Inteprab of the
First and Second Kinds

For the numerical evaluation, of an elliptic
integral the quartic (or cubic') under the radical
should first be expressed in terms of is, see

Examples 1 and 2.- In the resulting quartic there
are only six possible sign patterns or combinations
of the factors namely

(f 0(0+6% (a' t') (t' b'),
(alM(bO-0), (9 (0+ al)(0-6'),

The list which follows is then exhaustive for

integrals which reduce to F(0\a) or E(c\a).
The value of the elliptic integral of the first

kind is also expressed as an inverse Jacobian
elliptic function. Here, for example, the notatiou

means that z.Sti u.
The column headed "t substitution" gives the

Jacobiaii elliptic function substitution which is
appropriate to reduce every elliptic integral which
cooteins the given quartie.

For an alternste treatment of cublee see 17.4.61 and

. 17.4.70.

BEDS .



CO1

cal aclibin
a>b
IN. ios

sin a ubia

gala'Ple

eat a
=6

csosal/(04-61)

son angi

0141/(e+b,

../

, 171.4s117.4.

41 a1
lusl+. (P1) oor. L

(4:- tol + or -a brAul.

17.4.43

alea100---41(.1001"
17.4.46

I.' at«001) vs PRis
17.4.45

41.(41-61(b1-0)1113
17.4.46

afse((ePr oP)Pill
17.4.47

ea

*J. to-ow-aoh
17.4.;48

all «.-69(PV)P1'
7 .4.49

7.4.60

(04.61)1. (01+41gxig-010
1... a

(a.+"111:10+01)411PM)1171

i.quivalent Inverse

Fu
Jacoblaii Elliptic

nction

tan co=b

tan 4""ii
a
Z.

0(0-69
sins 0=50(.1_10)

aS-21
V'=

sin
X
b

6.AX2)
rdM rm bo(dp_lig)

al a'
sins "Peso_ to

di
(014.01/11:10+&AMMr'
17 .4.53

+V)

a
4E1 v's

b
000 r=ix

X
Co. o =b

Substitution[Wiwi .

1=4 se v

t=ta es v

g.k v

do

104 en v

i=b ad v

ic.a do

iena net

1=4 no v

(00-1-Pridev

g ab-
='(as""L;.ta

4-4 en v

di
a(a° 614.6(40-1 to) (010-11)00-89P"

41;41 f:(111140)

41,C1;b1) UP-41110-610/1

by fo 0+as is
toirThriCI 96 to+ 09 (0b1)1"1

di
(V+"1".1. (04-61) 1(P+0)41-4,i1/1

\

r 1 di
a1(61+69"1.10 (ta so) I(P -1-10)(P-191111

1 re_10±Gtog-_-



InAG) NI

1714.22a s i
J. i1T751 aTi
17.4114j. arrld.1

1 --08

11.4.8111 f di
NI or=-1To

11.4.116
1 fl dl
NJ. a171

mum= vorinaga
some Important flpeelakaeee

ifilip(v\a)
00S

711°

Reduction of fdthIP where P=P(t) is a cubic
polynomial with three real factors PUB

(1..".01) (1.01)(1.."0) where Si>111>lis. Writ*

17.4.61

1 s=sin
/a

Xstml s
2 thPs°

sh=0061 OtOs
Oa Os

11.4.62

11.443

J.
11.414

1p

17.4.65

J.
17.4.16

it

.41
J.

rim

17.4.0

010° ems 5-7-6.

IP(\a) eou

dal omax-Z-1910h

Reduction of lied2/45 when P=P(1)41+osii
4-at+a, is a au polynomial with only one real
roottize0. We form the first and second derive.
tivce (0, P "(t) with respect to t and then write

17.4.70 )41.1/0(0)114, inmeins04-4 MTh

17.4.71
rim

?)1

17.4.72

11.4.75r.
A=PY

11.4.74

hfs P)

17.5. Louden's Ti andermatIon

Deeeeadlas Leader.) Tometeemadim

Let a a*? be two modular angles such that

17.5.1 (1 I-sin a$44)(1 +ON crj=2 (oh,s4<oe)

and let p 0,,,44 be two corresponding amplitudes
such that:"

1r.s.2 tan (0,44...)=0* as tan sal (toot>es)
The emphisle here Is on the module: angle this tfits

I. an argument of the 'Mee. MI formulae emmerales
Laaden'e itaisformatioa say oleo be espresred In tmr

of the modulus hmelsesla es aad oomplemeat rum!
agOOS

603

.
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Thus the step from a to a+ 1 decreases the modular
angle but increfiges the amplitude. By iterating
the process we can descend from a given modular
angle to one whose magnitude is negligible, when

------ .11.4.19 becomes applicabl,e._
With ao=a we have

174.3

iP(A a). (1+ efts a)-T(01\al)

.1(1 +sin al)F01,1\
qi

,
17.5.4, F(tAa)=2" n (1 +sin a.)P(.. \a.)

..,

17.5.5 F(0\a)=. II (14-sift 9,,)
(0.1

17.5.6 .1im it!;;F(e.\a.).1hn
11-011 s4al

14 467 K= F(fr\a)=4, .1:11 (1 +sin a.)

17.5.8

17.5.9

E(Aa)=F(0\a) [1;- oleo (1 .1 sin

+2, sin al sin .A+sin a (sin a 11),,in1

1
Olin as Bin al)" sin 02+ .]

F(Aa)

17.5.10

E.IC [1-4 sin' a (1+-; sin a1+;1 sin alein ay

sin al Bin al sin ca-f-

Aseendiag Landes Trandensatioa

Let a. 4,,,4.1 be two modular angles such that

17.5.11 (1 + sin a.) (l+coe 4444 c22 (a..4>aga)

and let 0., 0.+1 be two corresponding amplitudes
such that

17.5.12 sin (2oso 08) =ale as Ida (0,44<00

Thus the step from a to a+1 increases the
modular angle but decreases the amplitude. By
iterating the process we can ascend from a given
modular angle to one whose difference from aright
angle is so small that 17.4.21 becomes applicable.

With aro.a we have

17.5.13 P(0\a)=2 (1+sin a) F(01\01)

.,
17.5.14 F(0\ a) =2"

C

11 (14-sift a.)-',110A a.)

17.5.15 RAO= II (1 +nos ai) F(aAas)

17.5.16 F(( \a)=Rac a III sin ail, In tan (1 ir-ff

17.5.17 00=liin q1/4

Neighborhood of a Right Angie (we alSO 17.4.13)

When both m and at are near to a right angle,
interpolation in the table 1P(Aa) is difficult.
Either Landon% transformation can then be used
with advantage to increase the modular angle and
decrease the amplitude or vice-versa.

17.6. The Process of the Arlthanetie.Geometrle
Mean

Starting with a given number triple (as, bft Op)
we proceed to determine number triples
(as, th, as,), (as, es, as), (amp by, coN) according to
the following scheme of arithmetic and geometric
MOMS

al=m1(aa-1-14a-1) N=qatt-skt-t)i

ce=i011ea

cm= I (am- ON- t).

We stop at the Nth step when airseby, i.e., when
em.0 to the degree of accuracy to which the num-
bers are required.

To determine the 0mplete elliptic integrals
IC(a), E(a) we start with

17.6.2 bencos a, ...sin a

whence

17.6.3 K(a)
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17.6.
ja) E(a)

l(a). 1.12 14+24+2'd+ . . . +20elj

T determine le(a), r (a) we start with

ak*11_4==ain ta, 4=c130 *

*deft*

17.6.6 (*)112-;

DTTEGRAL8

17.7.4

in "4.0=2 ± 8-yo sin Zen sin 240
040M -i

17.6.1

no.)-0,4 r(a).2
°

v+20+22,48+ +24'411le
To calculate P(Aa), E(io\a) start from 17.5.2
which corresponds to the descending Landon
Wansformation and determine os, . . . , v
successively from the relation

17.6.8 tan (A0.1-0)-mfb.jo.) tan p,, co=4P

Then to the prescribed accuracy

17.6.9 F(Aa)meN/(2"atO *

17.6.10

Z(Aa)=E(Aa) (E/K)F(Aa)
=c1 sin 01+4 sin soa+ . . . +cm sin em

17.7. Elliptic Integrals of the Third Kind

17.7.1

11(n; Aa).. .f . (1 es sin' 0-0 sin* a sin' Old.
o

17.7.2 11(n; iv\a)=11(n\a)

Cue (I) *parboils Come 0<a< sin. t .

=aresin (n /sin' Oeffr
0.1110(e\a)1K(a)

4 ='4(a)

v v F(Aa)/K(a),

in(1 tas) -1P

17.7.3

a(n;Aa).4 (-4 in (04(v+0)04(v-0)1

*Ike pep tr.

+040/.1041

17.7.5 . . ,
creot 0+4 e(1-2qh cos 20+e) sm 20

In the above we can also use Neville's theta
functions 16.36.

'17.7.6 11(n\a)=K(a)+SIK(a)Z(Aa)

Case (II) Hyperbolic Care a>1

The case n>1 can be reduced to the case
O<N<sini a by .

17.7.7 N= n-'sin' a, pi=lin--.1)(1n-' sie a)P

17.7.8

n(n; Aa)= 11(N; Aa)+F(Aa)

+2 11114(W +A tan 449 GIGO A tan 40-9

where ti(p) is the delta amplitude, 17.2.4.

17.7.9 u(st\ a) .1f(a) 11(17\ a)

Case (in) Circular Case sin' a <aC I
a II

e=aresin 1(1 n)/cos* ail 0 S. S iv

f= taF(00° a) /K(a)

4=2(0
17.7.10

r. ;AO\ aVIC(a), So [n(1n)-1(nsins a)-91

17.7.11 11(n; Aa)=19(0 -40)

17.7.12

A=aretan (tanh $ tan v)

+2 a:;(-1)"4-11*(1-q28)-' sin 2ev sink 2s#

17.7.13

p=[A. sinh 2s#][1+2A: ea cosh 2s#11

17.7.14 11(n\a) C23 K(a) 04(1 Ao(Aa)j.

where Ate is Heuman's Lambda function, 17.4.39.

60
5

1.
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.9

is r sr 4V co'-'7, M so° "
Float 17.11. Elliptic intcral of the third kind

1101; AW.

Case Ov) arealor Caw s<0

The case n<0 can be reduced to the cam
sins a<N<1 by writing

) 174'15

N= (sin' lan)(17-0)-'

Ps=i-110-90-qain' ann1
17.7.16

[(1 n) (1 re'''sin' a)1111(n; pia)

=fit(1 N)0 N-1 sin' WPWit'; oP\W
+pis sins aF(0\ a) + &ratan (eps sin 2p/A(v) )

17.7.17

11(n\a) (n cos' a) (1 n)-'(sin' a --*)"' 11(Ar\a)
+ oing a(sin° a-- n)-11C(a)

17.7.18

17.7.19

Simatol Coss.

n =0

11(0; Aa).F(9Aa)

p=0, a=0,
.

11(0; AO) =

17.7.20 a=0

11(n; AO) i= (1 n)-* aretan

= (n-1)-1 arotaub

=tan 0. n=1

17.7.21 amv/2
11(n; Av/2).(1n)-1(ln (tan r+sec

s. In 0+0 sin WO sin 44-'1

17.7.22 n =±sin
(1 Fein a) (211( lain a; fp \ a) F(Aa) )

=aretan [(1Tain tail. .401(,)
Ike

17.7.23 na=1±cos a

2 cos all(l±cos a; y\a)=,±4 In1(1+tan,
A(ti))fil tan oP11(Wri-fi in [(A(W
+we*. t(anitiGiCri COO a tan

. (1 Tees a)F(0.

17.7.24 n=1110 a

*sins a; a\a)=seclaE(Aa)(tans a 61120/(2 v))

n=1

ta 741 tan "lb *
n<1

((n-1)* tan al,
n>1

(4.;,\40)=111(0\0)seciatE(Aa)+oeola tan GO

Numerical Methods

17.84 Use and Extension of Use Tables

Example 1. ItedUee to canonical form fr'ds,
where

pe= 30+ 340 1190+ 172s 90

By inspection or by solving an equation of the
fourth degree we find that

1l'g2Q1Q. where Qirmall-102+9, Qt= 01+0*-10

Pint Mettiad

Q1 ha C2(3+ h)so (10+ 8k)s+9+ 10h is a per.
fact square if the discriminant

%NIma a

(10+8W-4(3 0) (91-10)41.0; i.e., if m

=4 then

Q'=4 (x-1)1, QI; Q021 (.-7.

Solving for Qs and Qi we get

Qs.(s-1)1+2(x -2)', Qs=2(s-1)1-3(al -2)1

The gabetitution I= (z7.1)/(2-2) then gives

fIrsdase±f((ts+2)(212-3)j-Idt

sob
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If the quartic y1=0 has four real roots in
(or in the case of a cubic all three roots are real),
we must so combine the factors that no root of
Q0=0 lies between the roots of lis=0 and no root
of Q8=0 lies between the roots of Q1=0. Provided
this condition is observed the method just de-
scribed will always lead to real values of X. These
values may, however, be irrational.

theouri Method

Writs

and let the discriminant of (40Q, be

4 74= (SO+ 10)'-4 ($1+3)(100+9)

m4(30+2)(20-1)
Then

fli-Ya=±f r-kit= If ((30+2)(20-1)j-kil

This method will-succaed if, as here, r as a
function of t' bas real factors. If the coefficients
of the given quartic are rational numbers, the
factors of T' will likewise be rational.

Write
Thitd Method

30-10x+9
wTO; x14-8x-10

and let the discriminint of (4.Q, be

4 Wt= 4 (310-1- 2) (2w 1) =4 (Awl+ BID+ 0

Then if
0= Why and 21= (BO)'-4A0. (0-1)'+48

J y-adx.±.1 Z-2cla

However, in this case the factor!~ of Z are complex
and the method fails.

Of the second and third methods one will always
succeed where the other fails, and if the coefficients
of the given quartic are rational numbers, the
factors of 71 or D, as the case may be, will be
rational.

Example 2. Reduce to canonical form f y-kir
where V=x(x-1)(0-,2).

We use the third method of Example 1 taking
(11=(z -1), Qi.x(a-2) and writing

Qi

801

The ,discriminant of googi =x'w (tw+ 1)x+ 1

is
4W=(21v+,1)'-4w=410+1

ho that

W=Atoi-I-Bw+C where A=1, B=O, C=1

and if we write fil= Why and

21=(B-0)8-4AC.1(23)8-1.= (20 1) (0+ 1),

fr =ffRe 1) (0 + 1)J-u2 di

a The first method of Example 1 fails with the
above values of Q, and Q, since the root of Q1=0
lies between the roots of Qa =O, and we get
imaginary values of )4. The method succeeds,
however, if we take Q, =x, Qa=(x -1)(x-2), for
then the roots of Q, =0 do not lie between those
of Q, =0.

Example 3. Find K(80/81).

That Method

Use 17.3.29 with mr.--80/81, mi=1/81, mr=1/9.
Since R1 min) (1 + m10)-92= .64, K(80/81) =
1.8 K(.64) =3.59154 500 tc) 8D, takingK(.64) from
Table 17.1.

&mond Method

Table 17.4 giving L(m) is useful for computing
K(m) when m is near unity or Kam) when m is
near ZOO.

K(80/81)=1!r, le(80/81) In (16x81) L(80/81).

By interpolation in Tables 11.1 and 17.4, since
-10/81..98765 43210,

le(80/81)=1.57567 8423

L(80/81) =.00311 16543
K(80/81) =T-4(1.57567 8423) (7.16703 7877)

.00311 16543

=3.59154 5000 to 9D.

Third Method

The polynomial approximation 17.3.34 gives to
8D

K(80/81)-73.59154 501

Fourth Method, Aritlinsetie.Geometrie Mean

Here sin' a=80/81 and we start with

40=1, co=1/810-11=.99380 79900

'1'6°67



a. 6. C.

0 1.00000 00000 .11111 11111 .99380 79900
1 .85558 55555 .38833 38338 .44444 44444
2 .44444 44444 .43033 14629 . 11111 11111
8. .43738 79686 .43733 10380 .00706 64808
4 ,43736 95008 .43736 94999 .00002 84828
'5 .43738 95008 .43738 95003 0 /

Thus k(80/131)4 fa:1=49154 500i..

Example 4. Find E(80/81).

Ffret meshed

Use 17.3.30 which. gives, with la=30/81

1
E(80/81)

10 E(.64), K(.64)
=1.01910 6047

taking E(.64). and K(.64) from Table 17.1.

&mead Sloshed

Polynomial . approximation, 17.3.36 gives
E(80/81) =1.01910 6060. The last two figures
must be dropped to -68p within the limit of
accuracy of the method.

Third Method

Arithmetic-geometric mean, 17.6. The numbers
were calculated in Example 3, fourth method, and
we have

K(30/311- E(80/81) 1
160/81) g22 l4+24+214+ +2'4

a21

(1.43249 71293)

=11624 85649.

Using the value of K(80/81) found in Example 3,
fourth method, we have

E(80/81) =1.01910 6048 to 9D.

Example S. Find q when m=0,9995.
Here e=.0005 and so from Table 11.4

Q(m) .2.06251 563013
qt =ma(m) =.00003 12578 15.

From 17.3.19

In () afre/h1 (-9.10/10.37324 1132

I= 95144 34701

q =.38618128.

608

The computation could also be made using
common logarithms with the aid of 17.3.20. The
point of this procedure is that it enables us to
calculate 2t without the lees of significant figures
which would result from direct interpolation in
Table 17.1. By this maw in (1/q1) can be found
without loss of accuracy.

Example 6. Find et to 10D when K'/K=.26
and when VIK=3.5.

From 17.3.15 with ICIK=.25 we can write the
iteration formula

00**"=-1-160-4' exP 1-*L(*(b))/le(tx(*))1.

Then by iteration using Tables 17.1 and 17.4

0 1.
1 .99994 42025
2 .99994 42041
8 .99994 42041

Thus m=.99994 42041.
From 17.3.16 with K'llCh.3.5 we can write the

iteration formula,

sica+n=164 4.ar exp

0
1
2
8

0

2.1"8. 8 26837 65

Thus m=.00026 83765.
The above methods in conjunction with the

auxiliary Table 17.4 of L(m) enable us to extend
Table 17.3 for K' /K>3, and for K' /K<.3.

Example 7. Calculate to. 8D the, 'Jac obian
elliptic function mi (.763421.7) using Table 17.5.

Here

ro=sin' a=.7, a=36.789089°.

Thus, im (.753421.7)=sin where cv is determined
from

F(0\ 59.789089°)= .75362. -

Inepection of Table 17.5 shows that a lies
between 40° and 45°. We have from the table
of F(0\ a)



own° anzasiss

I

58° / 131 .

40Me1 .
. WKS

73914
.
.

413948
7418$

.

.
411° . MOO ,84788 . BM
AV . 95479 .91974 . NM

.

From this we form the table of P(A68.789089°)

p a lie d.

VP . 0159
110144

40° .74003 437
10511 73

45° . NM 509
11010

. 91074

A rough estimate now shows that o lies between
40° and 41°. We therefore form the following
table of RA68.799039°) by direct interpolation
in the foregoing table

40.0° .74003
40.6° .76040
41.0° .78082

whence by linear Inverse interpolation

v=40.50-1-.60 [75'342'1
/8092.755°04041"14°'6442.

and so sin fa..85137=en (.763447).
This meted of bivariate interpolation I. given

merely as an illustration. Other more direct
methods such as that of the arithmetiogeometric
mean described in 17.6 and illustrated for the
Jacobian functions in chapter 16 are less laborious.

Estaimple 8. Evaluate

fa.4(210-1-1)(11-2))-u.dt.

Fins Method, Blvarlate Interpolation

From 17.4.50 we have

.1(3- f 1(20+1)(e-2)1""d1=0/Aor\a)P(ns \up
1

where
1 16! 16!sins am-0 , cos , cos fair

3

Thus e.126.68505 12°, 01=81.87449 43°, osazt46°,
P(0Aa)geli1.116921 and P(0\4)=.800380 and
therefore the integral is equal to .141114.

Soloed Method, Nussaviall Quadrates*

limpson's formula with 11 ordinates and interval
.1 glycol .141117.

Example 9. Evaluate

."4 [(P-2)(11-40dt.

riget-3114040 Rdustka-16-14101
Hwa alas latarpoistion .

Here 'we can use 17.4.48 noting that -4,,
mink and that

.11,4
1(1s-2)(0-4)1"Wgq.--

(pump) -norn.4
11.854076-.635112fre.859228

where

Thus

2 2 2
"in "r "is 81""7,

0=46% pens90°,0=30°.

Iletead Method, Plimmeloal taceseettos

If we wish to use nwneriedieitegration we must
observe that, the intisgrand has a singularity at
1=2 where it behaves like (8(1-2)1-k

We remove the singulaity at .1=2, by writing

.f: HP2)(11-4)14dOnli(t)dt+f4(8(1-2)YAit
s

where

,A0=1012)(8s-01-17180-2)rt
If we define f(2) .50,

can be calculated by numerical quadrature, Also

r2)1"idteii
and thus we calculate the integral as

1

+ef4

f (t)dt=21 .3407737 .869227.

Example 10. Evaluate

woof(25-78+8)-eds.

0-73)-1-8=(x-1)(x-2)(24-3) and we use 17.4411
wh6 0022, 01=4 Ali= 3.
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171=8/111 4=4/5, X.6/2, cos' 0.3/4.

Thus 4=63.434949°, 0=30° and

4=2(5)1F(304)83:434949°)
=2(5)1(.0)=.4882 4 from Table 17.S.

The above integral is of the tress type and
in fact 17= ga(iliP28, -24) (see plat 18).

Example 11. *ate

Els (24-121+20-L0)-us di.

We have

24-121+21'--t'=-(t-2)(i'+12)=-P(t).

There is only one real zero and we therefore
use 17.4.74 with P(0.4*-20-1-121 -24, p.2 so
that P(2).16, P" (2) = 8, X=2 and therefore

m=sin* a=149 308.

the integral=F(90°\30°)Ei (1.071797)(1.001292)

=1.68575 to 5D.

Stem' Method, Amway TseagennatIon

We use 17.5.11 to give

14-oos as+1=2/(1+6in a')

Therefore the given integmt is

Jo
1:=1 (F(4A60°)-P(spA60°)]

where

cos gh sh=1, 70.52877 93°

cos ithems-2 1 0=60°

and the integral= f(1.510344-1.212597]= 348874.
Example 12. Use Landen's transformation to

evaluate

J 4
1-- sin' 0 dB to BD.

Mot Method, Deseendlog TrondonnatIge

We use 17.5.1 to give

1
2.--sin 41.21T-3+oos 30 15.1471797

cos a1 .R1-ein a1)(1-Fein 41)101=.997419

14-sin 42= 2
1 +coo al

=1.001292; cos 49=3.999999

2
1 +sin 48=1 -0874 =1.000000

Thus from 17.5.7,

61

00111 aa go e

1 .38883 338 .94890 904
3 .02943 725 .96966 663
8 .00021 073 .99999 998

sin (201- 90°) . sin, 30°,

sin (2oi- zis)=91a at sin 01,
sin (2101:-.3)=ein as sin pa,

sin (20,-,)=sin as sin ft,

From 17.5.1§

va=00°
1;1=57.387805°

ps.57.348428°
0047.348425°=4'.

.

At.

an% 2 2 2
111"' m1.5 1.94280 904 1.99956 683

1

1.99999 998 in tan (45°43

=1.31.188 050 in tan 73.674213°

.:1.37288 050(1.22789 30)

F(90°40°)=1.88575 to 5D.
Example 13. Find the value of F(89.5°\89.5°).

Ent Method

This is a case where interpolation in Table 17.5
is not possible. We use 17.4.13 which gives

F(89.5°\89.5°).F(90°\89.5°)-P(449.5°)

where
cot #=sin (.5°) cot (.5 °) =cos (.5°)

#=45.00109 084°

and P(A895°)=.881390 from Table 17.5.

F( °\89.5°)=, Ain" 89.8°)=K(.99992 38476)

=8.12777 88

This F(89.5°\89.5°)=5.246389.

Second Method

L4n en's ascending transformation, 17.5.11,
give



cos alcx (1sin 89.8°)/(1 +sin 89.5°)

sin aigni(1cos al)(1+cos 00..99999 90997
co v4=0
sin as=1.

17.5.12 then gives.

sin 5201-89.5°).ain 89.5° sin 89.5°

=.99992 35478

2a1-89,5°.89.2629049°, ait=89.39845 245°

sin (20, os)==sin as sin al, vs=2119.39848 802°

sin (2.1*)main *, yeschca.
Thus 17.5.16 gives

F(89"119.5°)no

( 1.9999619031+
In (tan 89,89622 801°)=5.24840.

!sample 14. Evaluate

[(9-0)(11+11)94di tea.

From 17.4.51 the given integral

o 80

I

where

sin a=l, 0.38.88990°

sin shim.* lig, ye: 48.18968°

sin eson3) 0,==23.8428e.

By bivariate interpolation in Table 17.6 we
find that the given integral

41(.80904 .41192)=.00498.

Simpson's rule. with 3 ordinatas gives

11.00504+.01975+.0051=3.00498.

&ample 15. Evaluate

Il(a;48°\30°)No

(1"4 gni 0).../(11"'i ADS 0)-ede to OD.

INTIKULtte 605

This is case (1) of integrals of the /third kind,
00<sini a, 3,7.7.3

nswif pi=45°, a=30°,

emarceia (n/sin' a).=30°,
p=frF(110°\30°)/K(30°)=.49332 80
v.10(45°\30°)/K(30°)=.74951 51,
8 =(16/45)I

_and so kola-17.7.3

11 (A;45° \30°).

(18/45)1{ -;1 In 1012,60 .}
,,. 0.04

po.01797 24.

Using the teeries, 16.27, for the if functions we get

II 0; 456\30!) (18/43)1{ .02995 69

+(1.86098 21)(.74931 50)=.813646..

Table 17.9 gives .81368 with 4 point Lagranglan.
interpolation.

Example U. &AIWA(' the complete elliptic
integral

(116\30°) to 8D.

From 17.7.6 we have '

II (4,\30°)geK(30°)+(18/45)0ilf(a)Z(A30°)

where emarcein(s/sinia)1.30°. Thus using
Table 17.7

II (if\ 30°).1.743055.

Table 17.9 give. 1.74302 with 8 point Iagran.
gian interpolation.

Example 17. Evaluate

II (+;4156\30°)
v/4 gni ..1

to OD. .

This is case (iii) of integrals of the third kind,
a<n<lt

1 .I sins 0)-I/id0

11=1, rime°, a-30°



e=aresin -n)/cos' 0.45°
0.1,F145e\60oplc(30 sto .79317 74

th=inF(45°\30°)/K(30°)=2.74951 51

51=2(40/9)t

q =.01797 24

and so from 17.7.11

II (1; 45°1311')==(40/e)n(X-40
=2.10818 51(.55248 32-4(.03854 28)

(.74951 51)1 =2.921129.

;,---Table 17.9 gives .92113 with 4 point Lagranglan
iterpolation.

Einunple N. Evaluate the complete elliptic
integral

(I \30°) to bEi.

From 17.7.14 we have

U (! \30°) =K(30°) +al ( - A ( A 3 0 ) I

where =arcsin -n)/cosiallm=45°. Thus; using
Table 17.8

U ($\3011222.80099.

Table 17.9 gives 2.80126 by 8 point Lagrangian
interpolation. The discrepsncy results from in.
terpolation with respect ton for ==90° in Table
17.9.

sample 19. Evaluate,

n 41"30°)

to 5D.

ior/4

(I sin' 0-1(1-i sin' 9)-1/11,

116743BALI6 /I

Hers 0101194 p=
istic is greater

a =30° and since the character-

unity we use 17.7.7

N sin' 020.2, pi=2(1/5),
II (f;45°\30°) -II( 2; 415°\30°)+F(4"30°)

+(h/g) In )a+

,.-.83612+.80437
ri

fi+hrs-
/ 41-14

=1.13214.

to

ea quadniture gives the same result.
ple 29: Evaluate

40\30°)

sFs

firs

I-I sins 6)-1(1 -f sin' 0)-*/*

Hedge the characteristic is negative and we there-

use 4
1

use 17.7.18 with It=
4-

a=-

'/

/and therefore

IV= (I -40 -1(eini a -n)=.4, p,= .1

(5/2)1 II (-*; 46°\30°)=49/41:011 (1; 45°\30°)

+.1(5/2)°,(45°\30°)-Fercten (35)-1

Using Tables 4.14,17.8, and 1/.9 we get

U 451\30°)=.76987
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COMPLETE ELLIPTIC INTEGRALS OF THE FIRST. AND SECOND KINDS Table 17.1
AND THE NOME q WITH ARGUMENT THE mum=

mos)..1*(1- ale 0) ti1 ----

BOO.. f: (14-0; sh 0)4 d

9.00m'eXII- *I-1064
ets qt( ,g(m)

0.00 1.00000 00000 00000 1.97079 6327.
0.01 0.26219 62679 17709 1456686 1142 1. 1549 35 6
0.02 0. 22799 45740 67492 1. 56291 2945 59 452
0. 03 0.20687 98108 47842 1.65894 1244 . 4 6061
0.04 0.19149 63082 09940 L $54% 8546 1. 050 2227 \

ti

Int
1.00
O. 99
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0.10
0 11
O.
.

12
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0.24 0.08827 12359 87062 x.41181 7514 1.20471 1641 0.76

1. 49746 2209 1. 71105 60280. 25 :401579 57317 02195 0.75
O. 26 0.08341 935910 83117

0. 28 0. 07890 11281 26084
0. 27 0. 0631 74173 41165

1. 5873 1,
1. 45 8155

21732 0955 0.
1.22951 1839

74
0. 73

1.4 26 8698 1.22963 1828 0.72
0.29 0.07676 08740 08317 1.44982 7128 1.23568 3836 0.71

. 0.30 0.07468 99455 37179 .) 1, 44316 3064 1.24167 0567 0. 70
0.31 0.01268 44965 37110 1.44081 6115 1.24759 45)8 0.69
0. 32 0, 07074 05053 81311 1.43636 5871 1.25345 8093' 0.68
0.33 0.06885 43052 47167
O. 94 O. 06702 25515 69108

1,43183 1419 1.29926 3421 0.67
L 427271821 1.26501 2576

0.35 0. 06524 21836 78738 1.42269 1133 1.27070 7480
C, 36 0.06351 03914 00745 1.41808 3)94 1.27634 9943
0, 37 O. kW 459/4 15898 1,41345 0127 1.28194 1668
0.16 0.06010' 24161 799)8 1.40879 0839 1.28748 4262
0.39 0, 05898 16483 56198 1.40410 5019 1.29297 9239

0.40 0.03702 ,01570 14610 1.39939 2139 1.29842 8034 0.60
.0.41 04.03549 63333 09081 1.39469 1652 1.30383 2008 0.59
0.42 0.05400 01850 43499 1.38988 2992
0.47 0.05255 4112) 4263) 1.385Q8 5368

1. /0919 2448 0. 58
1.31451 0576 0.57

0. 44 0. 05113 26121 21764 1.38025 0774
.

1.31970 7557 0.56

0.45 0.04974 22621 64574 1.37540 1972 1.32502 4498
0.46 0.04038 17284 53289 1.37051 4505 1.33022 2453
0.47 0.04704 976)4 16424 1.56559 5691
0.48 0.04574 51959 80149

1.33538 2430
1. 36064 4814 1.34050 5388

0. 49 0.04446 69259 25028. 1.35566 1135 1.14559 2245

0.30 0.04321 39102 6)772 1.35064 3881 1.15064 3881
asi ti(m) r(n) E()

r(--
6
toi

L i

89
o.
0.87'
0.86

0.85
84

0O., 83
0.
0. 8821

-0.65
0. 64
0. 63
0. 62
0.61

615

0.55
O. 54
O. 53

520.
0. 51

0.50'



Table 17.2 EQMPLETE ELLIPTIC INTEGRALS OF THE FIRST AND SECOND KINDS
..-1: AND THE NOME q WITH ARGUMENT THE MODULAR ANGLE a

tr I ,
* -oIC (a). f: (1-8in2 * sin- 9) de IC (a). K (eV -a)

* 1

EH. Jr: (1-40 a ide 0)ildi B' (a)....E (90 -a)

9(a)-Om) E ..K"(41144.1 _qi (a) . 9(9 0-a) __

° K(a) K' (a) ,,

1.57079 63267 94897
. a :

1.57091 59581 27243 5. 4)490 .98296. 25564

6105 14009 4. 33865 39759 99725
1.57127 49)23 72225 .

4. 74271 72652 78886

3 1.57187' 3
4 1.57271 24349 95227 4.05275 81695 49437

5 1.57379 21309 24768
. 6 1.57511 36077 77251

7 . 1. 57667 79815 92838
8 0 `1.57848 65776 88648
9 1.58054 09338 95721

10 - , 4. 58204 28043 38351
11 1.58539 41637 75538
12 1. 58819 72125 27520
13 ' 1.59125 43820 13687
14 1.59456 83409 31825

15 1.)59814 20021 12540 2.76806 31453 68768

16 - 1. 60197 85300 86952' '2.70806 76145 90486

17 1.60608 13494 10364 2. 65213 80046 30204'

: 18 1. 61045 -41537. 89663 2.59981 97300 61099

19 1.61510 09160 67722 2.55073 14496 27254

20 1.62002 58991 24204 2. 50455 00790 01634

21 ' 1.62523 36677 58843 2. 46099 94583 04126

22 1.63072 91016 30788 2.41984 16537'39137

23 1. 63651 74093 35819 2. 38087 01906 04429.

24 1.64260'41437 12491 2. 34390 47244 46913

3.83174 19997 84146
3.65185 59694 78752
3.50042 24991 71838
3.36986'80266- 68445
3.25530.29421 43655

3.15338 52518 87839
3.06172 86120 38789
2.97856 89511 81384
2.90256 49406' 70027
2.83267 25829 18100

25
26
27
28-
29

30
31
32
33
34

1.64899 52184 78530
1.65569 69263 10344
1.66271 59584 91370
1. 67005 94262 69580
1. 67773 48840 80745

1.68575 03548 12596
1.69411 43573 05914
1, 70283 59363 12341
1. 71192 46951 55678
1. 72139 08313 74249

35 1. 73124 51756 57.058
36 1. 74149 92344 26774
37 1.75216 52364 68845
38 1. 76325 61840 59342
39 1.77478 59091 05608

40 1.78676 91348 85021
41 1.79922 15440 49811
42 1.81215 98536 62126
43 1.82560 18981 35889
44 1.83 @56 67210 93652

45 1.85401 46113 01372
9o- ,.

i r(a)

L. 11

1r(-5)7
J

2:30878 67981 67196
2. 27537 64296 11676
2.24354 93416 98626
2. 21319 46949 79374
2. 18421 32169 49248

2. 15651 56474 99643
2. 13002 14383 99325
2.10465 76584 91159
2. 08035 80666 91578
2.05706 23227 97365

2. 03471 53121 85791
2. 01326 65652 05468
1. 99266 97557 34209
1.97288 22662 74650
1. 95386 48092 51663

1.93558 10960 04722
1. 91799 75464 36423
1.90108 30334 63664
1. 88480. 86573 00404
1.86914 75460 26462

1. 85407 46773 01372

q(a) K 0 °0

0; 00000 00000 00000 90°
0.00001 90395 85387 89

- 0.04007 61698 24680 180

0. 00017 14256 42257 87
. 0.00030 48651 48814 86

. 0.00453 3420 09983 75
0.00493 8413 64213 74,
0. 00558 4597 58517 73
0.00627 2394 95994 72
0.00700 22602, 97383 71

. 0.00777 46804 16442 . 70
0. 00859 01752 53626 69
0.00944 92999 75082 68 ,

0. 01035 23461 44729 67
0. 01130 08432 78049 66

.

0.01229 45605 '27181 65
0. 01333 45085 07947 64
0. 01442 14412 80638 63
0.01555 61584 97708 62
0.01673 95077 33023 ' 61

0,01797 23870 08967
0.01925 57475 39635
0. 02059 05967 10437
0.02197 80013 16901
0.02341 90910 88188

0.02491 50625 23,981
0.02646 71830 76961
042807 67957 17219
0. 02974 53239 19583
0.03147 42771 20286

0.03.326 52566 95577
0. 03511 99§25 22096
0.03704 02001 87133
0.03902 78889 26607
0. 04100 50703 79885

60
59
58

56

55
.54
5
52
51

50
49
48
41
46r

0.04321 39182 63772 45

0.00047 6569 16867, 85
0.00068 6645 27305 84
0.00093 5219 97816 83
0.00122 2447 64294 82
0.00154 8504 16579 ,' . 81

,

0.00191 3594 90170 . 80
79_0,00231 7945 15821
780.-00276 1809 29252

0.00324 5467 43525 77 ..
760.00576 922 86978

Ala)

r
91(04

-6)91616 L
(

9

a ,

Compiled from G. W. and R. 144 Spenteley; Smithsonian elliptic function tables, Smithsonian

Miscellan+us Collection, vol. 109, Washington, 1047 (with permission).
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COMPLETE ELLIPTIC INTEGRALS OF THE FOIST AND SECOND RINDS Table 17.2
AM) THE NOME WITH ARGUMENT THE MODULAR ANGLE .

.4

/1(.)..se (i-60 eth2 0) Ids

0.4112 a She

q (a) .1, ap [ w C (a) 1X (a)n

a (a) E (a)

r (0) K (901-1)

Wm' (90I

91 (a) s 9 (90

0. 1.00000 00000 00000 1.57079 63267 94897 1.00000
1 0.40330 93063 38378 1.57067 67091 27960 1.00075
2 0.35316 56482 96037 1.57031 79198 97448 1.00258
3 0.32040 03371 34866 1.56972 01504 23979 1.00525
4 0.29548 83855 58691 1.56888 37196 07763 1.00864

5 0.27517 98048 73563 1,56780 90739 77622 1.01266
6 0.25794 01957 66337 1.96649 67877 60132 1.01723
7 0.24291 29743 06665 1.56494 75629 69419 1.02231
8 0.22956 71598 81194 1.56316 22295 18261 1.02784
9 0.21754 89496 99726 1.36114 17453 51334 1.03378

10 0.20660 97552 00965 1.55888 71966 01596 1.04011
11 '0.1965$ 76611 43642 1.55639 97977 70947 1.04678
12 0,18720 51836 10217 1.55368 08919 36509 1.05377
13 0.17865 56628 04653 1.55073 19509 84013 1.06105
14 .0.17059 45383 49477 1.54755 45758 69993 1.06860

IS. 0.16305 35348 21581 1.54415 04969 14673 1.07640
16 0.45591 66592 65792 1. 54052 15741 27631 1.08442
17 0.14919 75690'67429 1.53666 97975 68556 1.09265
18 0.14283 65198 36280 1. 53259 72877 45636 1.10106
19 0.13680 08474 28619 1.52830 62960 54359 1.10964

20 0.1310644 99858 1.52374 92052 59774 1.11837
21 0.12559 47852 09819 1.51907 85300 25531 1.12724
22 0.12037.82455 07894 1.51414 69174 9)342 1.13624
23 0.11539 33684 49987 1.50900 71479 16775 1,14534
24 0.11062 35386 78854 1.50366 21353 53715 1.15454

25
26

0..10605 40201
0.10167 16783

89996
93444

1.49811
1,49236

49284
07111

22116
24151

1.16382
1.17317

27 0.09746 47524 70352 1.48642 68037 44253 1.18258
28 0.09342 26672 88483 1.48029 26638 27039 1.19204
29 0.0895) 58769 52553 1.47396 98872 41625 1.20153

30 0.08579 57337 02195 1.46746 22093 39427 1.21105
11 1408219 43773 66408. 1.46077 35062 13127 1,22058
32 0.07872 41392073 1.45390 77960 65210 1.23012
33 9 973 5880

98737
1.44686 92406 95183 1.23966

0.07215 436688 1.43966 21471 15459 1.24918

35 0.06904 22996 09032 1.43229 09693 06756 1.5867
36 0.06603 86859 10861 1.42476 03101 24890 1.26814
37
38

0.06313 88302
0.06033 83890

96461
33716

1.41707
1.40923

49233
97160

71952
46096

1.27757
1.28695

39 0.05763 33361 79494 1.40125.97507 85523 1.29627

40 0.05501 99336 98829 1.39314 02485 23812 1.30553
41 0,05249 47051 04844 1.38488 65913 75413 1.31472
42 0.05005 44121'29953 1.37650 43257 72082 1.32384
43 0.04769 60340 1/056 1. 36799 91658 73159 1.33286
44 0.04541 67490 83529 1.30937 69972 75008 1.34180

45 0.04321 39182 63772 1.35064 38810 47676 1.35064

90. -. q(a)

617

I '(°) 90°-
00000 00000 90°
15777 01834
40855 27552 88
85872
79569

09152
07096 86

87

35062 34396 as
69183 41019 84
25881 67584 83
36197 40833 82
94623 90754 81

43957 06010 so
64993 44049 79
69204 07046
93337 53857 77
95329 78401 76

51130 76403 75
52193
03455 3772543715

74
73

21687 5941
34135 427761 71

77379 69864 " 70
96377
43646 8425770239 6698
78566 80849 67
66775 24465 66

79644 93139
93826 83722 64
90849 45384
56769 79886 6632
81841 13662 61

60275 68459 60
89957 54247 59
72241
11752

85949
88672

58

16206 07472 56

96247 7999/ 55
65310 65206 54
39482
37387 8503

91 53001

52
3

80079 94134 51

90942 97794 SO
95602 64623 49
21844 81263 48
99541
60581

17179
29911 46

47

38810 47676 45
a

611



Table 17.3

X'
K In K

PARAMETER n WM" ARGUMENT IT(o)/1444)
A"

0.30 0.99994 69976 1.20
0.32 0.99,912 83258 1.22
0.34 0.99844 79307 1.24
0.36 O. 99740 80762 1.26
0. 38 0. 99590 01061 1.28

0. 40 0.99310 79974 1.30
0.42 0.99101 23921 1.32
0. 44 0. 98739 58502 34
0.46 ,0. 98284 72386 1.1.36
0.48 0. 97726 54940 1.38

0. 50 O. 97056 27483 1.40
O. 52 0. 96266 75125 1.42
0.34 0. 95352 60602 1.44
0. 56 0. 94310 38029 .1.46
O. SI 0. 93138 57063 1.48

0.60 0.91837 61134 1.90
0. 62 0. 90409 10105 1.32
0.64 O. 88859 18214 1.54
0.66 0.117191 38294 1.56
0.68 ie. 85419 42916 1.98

0.70 0.83533 54217 1.60
0.72 0.81360 91841 1.62
0.74 0. 79505 91193 1.64
0.76 O. 77377 811114 1.66
0.78 0.75100 Gm, 1.68

0.80 0.77949 03078 1.70
0. 02 O. 70669 04707 1. 72
0. 84 0. 68161 861311 1. 74
0. 86 0. 66035 50204 1.76
0.88 0. 63700 74395 1.78

0.90 0. 61367 03730 1.80
0.92 0. 59043 22404 1.82
O. 94 0.56737 48621 1.84
0.96 0.54497 30994 1.86
0.98 0. 52209 46531 1.88

1.00 O. 50000 00000 1.90
1 02 0. 47834 24497 1.92
1.04 0. 45716 83054 1.94
1.06 0.45631 71048 1.96
1.08 0. 41642 19278 1.98

1.10 0. 59690 97552 2.00
1.12 0.37800 18621 2.02
1.14 0.15971 42366 2.04
1. 16 3420 80100 2. 06
1. 10

,11.
0. 32503 911n9 "-- 2. 011

1.20 0. 30866 25998 2.10
n -4)21
L 9 J

K' K'
For K >3.0' K <0.8' see Eseeeple 6.

a
0.10866 29998
0. 29292 52811
0.27702 39170
0. 26335 17107
O. 24949 94512

0.21625 58558
O. 22360 78874
0. 21154 10467
0.20001 96393
0.18908 70181

O. 17866 58032
0. 16075 00773
0.13934 5554)
0.15040 97635
0.14193 21249

0.13309 41273
0. 12627 7/987
0. 11906 'NM
0.13 u, 54993
0.10577 50300

049966 53447
0. 0934111 911538
0. 0843

7243830. 008327 3739
0. 07841 .01486

0. 07381 56747
0. 00948 01950

06539 NO54
O. 06153 11333
0. 05789 64327

0. 05446 $3767
0. 03123 77481
0. 04819 38272

0.04532 63995
114262 57408

0.04000 26022
O. 03768 81947
0. 03543 41720
0. 03331 26147
0. 03131 60134

0. 0294 72545
O. 02766

3
95892

0.02600 66464
0.02444 23873
O. 02297 11018

0. 02198 74007

[()81

K
2.10
2.12

16I. 14
.

2.18

202.
a. 22
2.24
2. 26
2, 28

2.
2. 10

32
2.
2. 3346
2. NI

42
2. 40
2.
2. 44
2. 46
2.48

2.30
2.
2. 5524
2.56
2.38

2. 60
262.
2. 64
2.
2. 6668

2.70

2.
2. 72

74) 2016
2, 78

2.82$2
60

2.
2. 8846
2.88

2
2.92
2. 94
2496
2. 98

3.00

a
0.02158 74007
0. 02028 61803
0.01906 26278
0. 01791 21974
0. 01681 05990

0.01381 37843
0. 01485 79356
0.01393 94517
0. 01,11

32
49385

0. 2 11967

0.0 157 52117
0. 0 0117 41433
0. 01 1 53165
0. 621
0. 091 44574

10

78199

0. 0
0 5 41974
07 7 16117

0.
0. 007 02011

22140

0.00619 20026
00583 60167

0. 00546 27984
0. 00513 09763
0. 00481 92610

0. 00452 64398
0.00425 13725
0. 00399 2947)
0. 00375 02764
0.00352 22924

0.00330 81448
0. 00391 10 69966
0. 002 $0610
0. 00274 05908
0.00257 39151

0. 00241 73568
0.00227 03103
0. 00213 21990
0. 00200 24811
0. 00188 06475

O. 00176 62198
0. 00163 87487
0. 00155 70119
0. 00146 30127
O. 00137 19705

}6910/591
r(-5)11
L

Table 17.4

AUXILIARY FUNCTIONS TOR COMPUTA N OF 11111 NOME 9 AND TIM PARAMETER a

VOII)-.91(14) L00-'4:00+5111 In 44si
9(a)

0.00 0.06230 00000 00000
0. 01 0.06201 43660 38302
0.02 0.06113 33261 60188
0.03 0.06345 61756 34180
0.04 0. 06370 30128 42217
0.05 0.06411 57394 11714
0.06 0.06443 22603 66828
0.07 0.06479 34842 37396

[(1)11
See Examples 3, 8 sad 6.

0010000
0.00231
O.
0.
0.I 01027
0,01292
0.01561
0.01034

L(sN) 481

00000 0.08
63276 0.09

506 66040 0.10
765 09070 0.11

04393 0.12
38301 0.11
79144 0.14
76360 0. 15

r
6

(061
L

8.06513
0. 06549
0. 063114
0.06620
0.06467
0.06694
0.06732
O. 06770

[(-71

95233
04937
65155
77131
42154
61556
36721
69082

8

36060
14101
28984
77434
13123
39704
61983
47689

0.02111
0.02392
0.02677
0.02966
0.03239
0.03336
0.3858
0. oples

Z(*)
58281
34343
1. 110
07472
24678
76342
73466
27452

r(-01
L j

61g.



a\
no

0°

0
2 0
4 0
6 0
8 0

10 0
12 0
14 0
16 0
le 0

20 0
22, 0
24 0
26 0
28 0

30 0
32. 0
54 0
36 0
58 0

40 0
42 0
44 0
46 0
48 0

50 0
52 0
54 0
56 0
58 0

60 0
62 0
64 0
66 0
68 0

70 0
72 0
74 0
76 0
76 0

80 0
02 0
84 0
86 0
88 0

90 0

3 0
15 0
23 0
33 0
45 0
SS 0
65 0
75 0
85 0

SLUPTIC INTZGRAU1

ELLIPTIC' INTEGRAL OF THE FIRST KIND F(o\a)

F(0\0)...fo° (1 -gins * also e).-Iik

6° 10° 16°

0.08726 646 0.17493 293 0. 26179 939
0.08726 660 0.17453 400 0. 26180 298
0.08726 700 0.17453 721 0. 26181 374
0. 08726 767 0.17494 255 0. 26183 163
O. 08726 860 .0.17454 999 0. 36105 656

0. 08726 480 0.17455 949 0. 26108 842
0.00777 124 0.17457 102 0.26192 707
0. 0727 294 0.17458 431 0.26197 234
0.0872.7 487 /0.17459 991 0.26202 402
0.087V703' 0.17461 714 0. 26208 189

0. 08727 940 0.17463 611 0. 26214 568
0.08728 199 0.17465 675 0. 26221 511
0.08728 477 0.17467 895 0. 26228 985
0.08728 773. 0.17470 261 0. 26256 958
0. 08729 086 0.17472 762 0. 2624. 392

0.08729 413 0.17475 30 0. 26254 249
0.08729 755 0.17478 119 0. 26263 487
0.08730 108 0.17480 950 0. 26273 064
6.08730 472 0.17483 864 0.26282 934
0. MO 844 047466 848 0. 26293 052

0.08731 222 0.17489 887 0.26303 369
0. 08731 606 0.17492 967 O. 26)13 836
0. own 992 0.17496 075 0. 26324 404
0. 08732 379 0.17499 189 0. 26335 019
O. 08732 765 0.17502 300 0. 2045 633

0. 08733 149 0.17505 392 0. 2056. 191
0. 08733 528 0.17508 448 0.26366 643
0.08733 901 0.17511 455 0. 26376 936
O. 08734 265 0.17514 397 0. 2007 020
0. 08734 620 417517 260 O. 26396 842

0. 08734 962 0.17520 029 0. 26406 355
0. 08735 291 0.17522 690 0. 26415 509
0.08735 605 0.17525 232 0. 26424 258
0. 08735 902 0.17527 640 0. 26432 556
O. NM 182 0.17529 903 O. 26440 362

0. 08736 442 0.17532 010 0.26447 634
0. 08736 681 0.170) 949 0. 26454 334
0.08736 898 0. 17535 712 0.26460 011
0. 08797 092 0.17537 219 0. 26465 883
0.1111737 262 037538 672 0. 26470 671

0. 00737 408. 0.17539 894 O. 26474 766
0408737 528 0.17540 830 0426478 147
0.08737 622 0.17541 594 0. 26480 795
0.08737 689 0.17542 145 0. 26482 697
0.08737 730 0.17542 473 0.6489 842

O. 08797 744 0.17942 583 0. 26484 225

20°
0.34906 585
0. 0907 428
0. 34909 952
0. 34914 148
O. 34919 998

0.34927 479
0. 34936 558
0.34947 200
0. 34959 358
0. 34972 983

0. 34988 016
O. 35004 395
0. 35022-048
0.35040 901
0. 35060 870

0. 35081 868
0. 35103 103
0. 35126 '576
0. 35150 083
0. 35174 218

O. 354.18 869
0. 3503 920
0. 35249 254
0. 35274 748
0. 35500 280

0. 35325 724
0. 35350 955
0.35375 845
0.35400 269
0. 35424 101

0. 35447 217
0. 35469 497
0. 35490 823
0. 35511 081
0. 35550 160

0. 35547 959
0. 35564 377
0.35579 326
0. 35592 721
0. 35604 488

0. 35614 560
0.35622 Ha
0.35629 402
0. 35634 086
04 35636 908

04 35697 851

Table 17.5

26°

0.43633
0.43634
0.43639
0. 43647
0.43659

0. 43673
0. 43691
0.43711
0.,43735
0. 43761

0.43790
0. 43822
0. 43856
0.'43893

231
855
719
806
086

518
046
606
119
496

635
422
733
430

Sr
0.52359
0. 52362
0. 52370
0.52384
O. 52403

0.'52428
0. 52438
0.52493
0. 52533
0. 52578

0.52628
O. 52682
O. 52741
0.52804

878
636
903
653
839

402
259
314
449
529

399
887
799
924

0. 4390 365 0. 52872 029

0. 43973 )77 0. 52942 863
0.44016 296 0. 53017 153
O. 44060 939 0. 53094 608
0.44107 115 0.53174 916
0. 44154 622 0. 53257 745

0. 44203 247 0.53342 745
0. 44252 769 0. 53429 546
O. 44302 960 O. 53517 761
0. 44353 584 O. 53606 986
O. 44404 397 0. 53696 498

0.44455 151 O. 53786 765
0.44505 593 O. 53876 438
0. 44555 469 0.53965 358
0. 44604 519 C 54053 059
0. 44652 487 O. 54139 069

0. 44699 117 0. 54232 911
0. 44744 153 0. 54304 111
0. 44787 348 0. 5082 197
0. 44828 459 0. 54456 704
0. 44067 252 0. 54527 182

0. 44903 502 0.54593 192
0.44936 997 0. 54654 316

' O. 44967 538 0. 54710 162
O. 44994 944 0. 54760 364
0. 45019 046 0. 54804 587

0. 45039 699 0.54842 535
0.45056 775 0. 54873 947
0.45070 168 0.54898 608
0.45079 795 0. 54916 348
04 45085 596 04 54927 042

0. 45087 533 O. 54930 614

[(1)19 [(IA] [11] [(1)2] {(11 [(11
0.08726 730
0.08727 987
0.08728
0.08730
0. Cern US
0. 00154 084
0.08735 756
04870 998
0. 0807 659

7
0. 59
0.174#9
0.17402
037497
0.17512
0.17526
0.17536
047341

962
198
061
391
00
90
454
525
895

0.26182
0426199
0426292
0. 26277
0. 26329
0. 2082
0. 26428
0. 26463
0. 26481

180
739
912
965
709
007
40
238
840

0. 94911
0. 34953
O. 35031
0. 35138
0. 35261
0. 351188
0.33901
IL 35586
0.35631

842 0.43643 361 0.52377 095
092 0. 43722 998 0.52512 754
330 0. 43874 792 0. 52772 849
244 00 44083 848 0.53134 425
9119 IL 40328 23$ 0. 53562 273
123 it 44580 113 0. 54009 391
092 0.44808 179 0. 54419 926
223 0. 44981 645 0.54735 991
976 0.45075 -457 0. 54908 352

The table can also be need inversely to find -am s where tr(k) and so the Jacobite elliptic
functions, for example en s-idn e, en to-cos , do (1 -wine tint .)02. Bee Essispki 7 -11.
Compiled from K. Pearson, Tables of the complete and incomplete viliptie integrate, Cambridge
Univ. Prow, Cambridge, England, 1934 (with perndiebn). Known arson have been wrested.
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Table 17.5

0\0 $5.
0* 0.61086 524
2 0.61090 819
4 0.61105 691
6 0.61125 '108

0.6145 010
10
12
14

18
16

0.6119$ 318
0.61239 927

797
613610.29457 104

0.61428 140

40°
0.69113 170
0. 9 416

0.
69838

04
no

0. 161

0.69069 159
O. 70037 330

70117 608
70289 7,9
70311 911

!lama or TAB mart
a ant4-fdo

411°

048539 816 LOW* 46 0./01/0 109 1.94
0.78540 909 047278 0.940% 037 1.94
0.'71574 574 0.07312 0.96052 821 1.
0678617 974 0.87370 9 0.96127 450 1.
0.70678 644 0.874 591 0.96231 911 1.

9 755
465
603

78
194

9 2

0.78756 494 0.0 9 345 0.96366 180 1. 87 911
0.7801 499 0. 412 0.96530 124 1. 394 160
0.78963 221 92 076 0.9672$ 900 /.0 XI 099
0.79091 768 81004.389 0.96947 438 1. 919 413
0.79236 UT 0.88199 174 0.97200 462 1. 39 304

20 0.61506 406 41.70428 706 0.70)98 1 0.88416 214 0.97482 960 1.0 891
22 0.61592 071 f 70555 037 0 79575 0.88659 294 IL-97794 790 1. 4051
24 0.61684 871/ 0.70691 185 0.797 4 0.88919 992 0.90155 7/3 1. 425 976
26 0.61784 fl 0.70839 7811 0.7997 461 0.8919$ 071 0.98505 681 1. 7897 628
28 0.61890 0.70997 491 0. 389 0.89301 076 0.90904 227 1. 7 947

90 LUSO U8 -0. nu4 720 O. 96 610 0.00024 524 0.99$31 059 1. 067
32 0.621 138 0.71341 124 80687 958 0.90167 892 0 99785 743 1. S40 656
34 O. 622 0.71326 090 00951 599 0.90530 415 1.00267 749 1. 0163 899
36 0. 72 019 0.71719 1132 1.41228 024 0.90911 465 1.00776 438 .10024 474
38 O. SOS 840 0.71919 3 0.01516 039 0.91310 148 1.01311 019 1.11321 932

.40 .62642 563 0.M26 _10 041814 765 041725 487 1.01870 633 1 12255 667,
42 62782 630 0.72$ 912 0.02123 227 0.92196 370 1.02434 127 1 12024 880
44 0.61925 446 0.72 141 0.02440 346 0.92601 935 1.03860 230 13828 546
46 0.63070 385 0.72 8 613 0.02764 941 0.93059 358 1.03687 427 14665 369
48 0.63216 78.3 0. 3 640' 0.83095 712 0.93528 $35 1.04333 948 15533 731

S4 0.63657 639 / MO7 028 0.84110 344 0.94983 177 1.06367 248 18305 8.33

SO 0.61363 947 72230 789 043431 247 0.94807 968 1.04997 735 16431 637
32 0.63511 150 7$4_58 970 0.83770- 010 0.94493 756 1.05676 412 .17 692

S6 0.62802 636 0.73913 751 0.84450 460 0.95479 381 1.07067 128 .19275 650
58 0.63945 243 0.74137 WO O. UM 489 0.9597$ 602 1.07772 516 20261 907

62 0; 0 613 0.74571 998 0.03430 014 0.96930 647 1.09183 436 22263 139
60 0.11.1r 944 0.74558 071 0.85122 375 0.96465 156 1.06479 434 21259 661

64 0. 51 521 0.74781 266 0.85769 220 0.97426 773 149079 9u . ;13265 660
66 0.64476 139 0.74911 471 0.06077 677 0.97889 946 140362 535 24299 976
60 0.64595 751 0.73172 208 .0.86373 057 0.98236 406 1.11226 392 .29236 238

70 0.64707 438 0.75352 070 0.01652 9% 0.98762 253 1.111164 920 1.26185 908
72 0.64811 189 0.75519 716 awls 199 0.99163 1.12471 999 .!7999 210
74 0.64906 209 0.75673 800 0.07157 129 0.99536 1 L. 491 1 482
76 0.64991 029 0.75813 076 047076 DO 0.99876 28 1.13361 610 11.28763 6%
70 0.69067 415 0.79916 976 0.87572,037 1.00180 067 1.14031 304 i1.29492 436

00 0.65192 394 0.76042 640 0.87740 833 1.00443 OM 1.14441 892 ;1.30135 321
82 0.63186 270 0.76130 911 O. Will 481 1400664,678 1.14787 162 1.30680 495
84 0.65228 622 0.76200 457 0. 87992 495 1,00839 470 1.15062 010 11.31117 166
86 0.69259 116 0.76250 382 0.88072 675 1.00966 028 1.13261 652 1.31436 170
88 0.65277 UO 0.76288 866 0.08121 141 1.01042 658 1.15382 OU 11.31630 510

90 0.69283 658 0.76290 963 0.88137 359 1.01068 319 1.19423 435 1.31695 790

[(121 [(11 [(11 [(11 [(1"] [(121
3 0.61113 339 0.69052 295 0.78394 111 0.117338 828 0./6086 405 1.04836 713

25 0.61733 097 0.70764 702 0.79070 314 O. 3$8 0,98317 128 07657 04215 0.61325 114 0.70162 190 0.7%03 416 0.r: 412 0.9902 014 229

33 0.62108 au 0.71621 61/ 0.81088 11/ 9.__/19 679 10..00514 SOS .104S 345
45 0.62997 691 0.72667 3aa 0012601 7P 0. nay 036 1.02371 2% 906
SS 0.63720 374 0.71800 614 $4280 B4111 0.95232 094 1.06_716 268 18788 407
69 0.64414 930 0.74882 464 0.03934 936 0.97660 110 1.10U3 077 2376/ 210
75 0.64930 233 0.75745 364. O. 07169 924 0.99710 535 1.13306 645 1.28270 993
OS 0.69243 360 0,76221 978 0.88026 302 1.00900 899 1.15171 457 1? )1291 870
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Table 17.6

a\e 0°

o° 0
2 0
4 0

8
6

0

10 0
12 0
14 0
16 0

018

20 0
22 0
24 0
26 0
28 0

10 0

34
32 0

0
36
38

0
0

40 0
42

044
46 0
48 0

50 0
52 0
54 0
56 0
58 0-

60 0
62 0
64

066
68 0

70 0
72 0
74 0

/e
16

0

80
82 -/8
84 0
86

088

90 0

ELLIPTIC INTEGRALS

ELLIPTIC INTEGRAL OF THE SECOND KIND E(e\e)

E(Ao).1:(1-1$12 a .)1(19

5° 10°
0.08726 646 0.17451 293
0.08726 633 0.17453 185
0.08726 992 0. 17452. 864
0.08726 525 0.'17452 330
0.08726 432 .0.17451 587

0.08726 313 0.17430 636
0.09726 168 0.17449 405
0.08725 999 0.17448 137
0.08725 806 0.17446 599
0.08725 590 0.17441.871

0.08725 352 0.17442 985
0.08725 094 0.17440 926
0.08724 816 0.17438 712
0.08724 321 '0.17436 3_31

0.08724 208 0.17433 862

0.08723 881 0.17431 250
0.08723 540 0.17420'529
0. 03723
0.08722

107
824

0.17425
0.17422

714
917

0.08722 453 0.17419 852

0.08722 073 0.17416 835
0.08721 '692 0.17413 779
0.08721 307 0.17410 700
0.08720 920 0.17407 613
0.08720 533' 0.17404 531

0.03720 132 0.17401 472
0. 08719 774 0.17398 449
0.08719 402 0.17595 477
0.08719 039 0.17302 97/
0. 08710 686 0.17389 745

0.08718 343 0.17387 013
0.08718 017 0.17584 386
0.08717 704 0. 17381 8113

0.08717 408 0.17379 511
0.03717 130 0.17377 283

0.08716 871 0.17375 210
0.08716 633 0.17573 302
0. 08716 416 0.17571 368
0.08716 223 0.17370 018
0.08716 053 0.17368 659

0.08715 909 0.17367 498
0. 08715 789 0.17366 539
0.08715 695 0.17165 789
0. 08713 628
0.08715 see

0.17365
0.17364

250
926

0.08715 374 0.17364 818

5 0 0.08726 562
IS 0 0.08725 905

35
23 0

0
0.08724 671
0.08723 006

43 0 0.08721 113
45 0 0.08719 220
64 0 0.08717 334

85
73 0

0
0.08716 317
0.09715 659

156 200 25° 80°
0.26179 939 0.34906 585 0.43633 231 0.52359 878
0.26179 579 0.34905 742 0.43631 608 0.52357 119
0.26178 503 0.34903 218 0.43626 745 0.52348 856
0.26176 715 0.34899 025 0.43618 665 0.52335 123
0.26174 224 0.34893 181 0.43607 403 0.52315 981

0.26171. 041 0.34885 714 0.43393 011 0.52291 511
0.26167 182 0.14876 657 0.43375 552 0.52261 821
0. 26162 464 0.34866 055 0. 43555 106' 0.52227 039
0.26157 510 0.34853 954 0.43531 765 0.52187 517
0.26151 743 0.34840 412 0.43505 633 0.52142 828

0.26145 391 0.14825 492 1 43476 831 0.52093 770
0.26138 483 0. 34809 262 0. 4/445 488 0. 52040 357
0.26131 056 V.34791 800 0.43411 749' 0.51902 827
0.26123 141 0.34773 187 0.43375 767 0.51921 436
0.26114 778 0.34753 510 0.43337 709 0.51856 461

0.26106 005 0.34732 863 0.43297 749 0.51788 193
0.24116 867 0.34711 342 0.43256 075 0.51716 944
0.26087 405 0.34689 050 0.43212 880 0.51643 040
0.26077 666 0.34666.093 0.43168 368 0.91566 820
0.26067 697 0.34642 580 0.43122 748 0.51488 638

0.26057 545 0.34618 625 0.43076 236 0.51408 862
0.26047 261 '0.34311 943 0.4/029 055 0.51327 866
.126016:893 0.34569 .30 0.42981 411 0.51246 037
0.26026 492 0.34945 266 0.42933 394 0.51163 767
0.26016.110 0. 34520 710 0.42885 776 .0.51081 494

- 0.26005 795 0.34496 302 0.42838 212 0.50999 501
O. 25993 600 0. 34472 162.. 0.42791 134 0. 50910 510
0.25985 574 0.14448 409 0.42744 775 4.50838 287
0.25975 763

,

0.34425 159 0.42699 368 0.90739 831
0.25966 224 0.34402 929 0.42655 138 0.50683 341

0.25956 996 0.34380 631 0.42612 308 0.50609 207
0.25948 126 0.34359 575 0.42571 097 0.50537 811
0.23939 660 0.54339 465 O. 42531 712 O. 50469 529
0.25931 640 0.34320 404 0.42494 338 0.50404 700
0.25924 104 0./4302 487 0.42459 224 0.50345 686

0.25911 090 0.34285 805 0.42426 495 0.50286 804
0.25910 634 0.34270 443 0.42396 339 0.50234 359
0.25904 767 0.14256 478 0.42368 913 0.54186 633
0.25899 519 0.34243 984 0.42344 363 0.50145 NO

A45894.917 0.34233 1122 0.42)12 817 0.30106 351

0.25890 983 0.34223 650 0.42304 389 0.30074 232
0.25887 737 0,'34215 915 0.42289 175 0.50047 707
0.25885 195 0.34209 857 0.42277 258 0.30026 923
0. 23883 370 0.34205 507 0.42268 700 0.50011 993
125882 271 0.34202 889 0.42263 547 0.50003 003

0.25881 905 0.34202 014 0.42261 826 0.50000 000

[(TS] [(-1 V-6)2] [(-41 [(-694 6 6 6

0.17452 624 0.26177 698 0.34901 329 0.43623 105 0.52342 670
0.17447 391 0.26160 165 0.34860 188 0.43543 791 0.52207 785
0.17437 530 126127 157 0.34782 632 0.43394 028 0.51932 597
0.17424 275 0.26082 567 0.34677 648 0.43190 776 0.51605 197
0.17409 197 0626031 693 0.34557 362 0.42957 923 1.31204 932
0.17394 019 0.25980 639 0.34436 714 0.42721 938 0. 50798 818
0.17380 680 0.25933 592 0. 34329 797 0.42512 769 0.50436 696
0.17370 770 0.25902 064 0.34250 043 1423% 271 0.50164 622
0.17365 493 0.258114 192 0.34207 467 0.42272 556 0.50018 720

See &ample 14.
Compiled from K. Pearson,Tables of the complete and incomplete elliptic Integrals,CambridpUniv.
Press, Cambridge, 'England, 1984 (with permission). Known ems have been corrected.
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IMMO DITSORALS 1

MIMIC INTEGIIAL OF THE SECOND KIND E(4)

I SOW`"fo_ -idn2 a ale oi
550 40° 450 550

t

Table 17.6

SIX

0 0.61086 524 0.69813 '170 0.78359 816 0.87266 463 0.95993 109 1.04719 755
2 0..1082 230 0. 69806 905 0. 78531 125 0.87254 883 0. 95978 184 1.00701 051
4 0.61069 365 0.69788 136 0.78505 085 0.87220 183 0.95933 459 1. 0964P 996
6 0.61047 983 0. 69756 955 0. 78461 792 0. 87162 487 0.95859 083 1.045511 764

0. 61018 171 0. 69715 427 0. 78401 409 0. 87081 998 0. 95735 301 1.04421 .646

10 0. 60980 055 0.69657, '784 0. 78324 162 036979 001 0.95622 460 1.04255 047

14 0. 79 577 0. 69511 023 0. 78120 . 308 0. O.707 051 0. 95271 478 1. 03814' 615
12 0. 793 0. 09590 226 0. 78230 143 0. 86853 865 0. 95461 005 1. 04052 491

16 0. 7 636 O. 69420 492 0. 77994 473 0. 86559 034 8. 95054 522 1. 01542 177
18 0. 60748 229 O. 69318- 999 O. 77853 323 0. 86550 481 0.94810 878 1.03236 049

20 0, 60671 652 0. 69206- 954 0.77697 402 0. 86142 L62 0. 94541 386 1.02897 221
22 0. 60588 229 '0. 69084 814 0..77527 316 O. 89914 545 0.94246 984 1.02526 804
24.. 040498 319 O. 68953 083 0. 77343 735 0, 85668 781 0. 93928 709 1.02126 023

0.26 60402 308 0.68812 308 OF 77147' 387 O. 85405 693 0. 93587 699 1.01696 224
20 0. 60300 616 0.68663 077 0.76939 059 0.85126 295 0.93225 186 1.01238 873

30 0.60193 687 0.68506 023 0.76719 S99 0.84831.663 0.92842 504 1.00755 556
32 0.60081 994 0.68141 817 0.76489 908 0.84522 958 0.92441 083 1.00247 977
34 0. 59966.015 0.68171 170 0.76250 .947 0.84201.414 0.92022 452 0.99717 966
36 0.39846 332 0.67994 830 0.76003 726 0.83868 340 -0.91588 234 0.99167 469
38 0.59723 431 0.678/3 978 .0.75749 309 0.83525 115 0.91140 150 0.98598 560

40 0.59597 897 0. 67628 229 0.75488 809 0. 83173 189 0.90680 017 O. 98013 430
42 0.59470 312 0.67439 630 0.79223 383 080 0.90209 742 0.97414 397
44. 0.59341 278 0.67248 651 004954 234 O. 449 369 0.89731 325 0.96803 899
46 0,59211 406 0.67056 191 0.74682 605 0. 080 700 0489246 858 0.96184 497
48 .0.59011 ps 0.66863 167 0.74409 773 0.81709 775 0.88758 513 0.95558 873

50 O. 58951. 664 0.66670 515 0. 74137 047 0.81338 346 0.88268 551 0.94929 830
52 0.58823 065 0.66479 183 0.73865 766 0.80968 217 0,87779 305 0.94300 285
54 0. 58696 171 0. 66290 150 O. 73597 286 0.80601 230 0.87293 184 0.93673 272
96 0. 58571 622 0.66104 317 0.73332 979 0.802)9 262 0.86812 660 0.93051 9)1
58 0. SOSO 056 0.65922 707 0.73074 229 0.79884 217 0.86340 261 0.92439 505

60 0.50332 103 0.65746 255 0. 72822 '416 O. 79538 015 0.85878 561 0.91039 329
62 0.58218 382. 0. 65575 905 0.7257 915 0.79202 582 0. 85430 169 0.91254 821
64 0.58109 497 O. 65412 585 0. 72/45 085 0.78879 839 ,044997 709 0.90669 460
66 0. 58006 012 0.65257 197 0.72122 260 0. 78571 685 84503 811 0.90146 778
68 0.57908 549 0.65110 612 0.71011 737 '0.78279 907 0.84191 082 0.89630 323

70 0.57817 584 0.64973 667 0.71714 767 0.78006 562 0.83822 090 0.89143 642
72 0.57733 641 0.64847 154 0.71532 545 0.77753 157 043479 335 0.88690 237
74 0.57657 189 0.64751 812

0147,11161:
196 0.77521 434 0.83165 223 0.88273 530

76 0.57588 663 0. 64628 528 .71216 766 0.77312 952. 0.82882 031 ..0.87896 810
78 0.57528 450 0.64537 522 ;0.71086 210 0477129 143 0.82631 879 0.87563 185

80 0.57476 89_7 0.64459 54.7' 0.70972 101 0.76971 2_90 0. 82416 694 047275 520
82 0. 57434 302 O. 64394 879 0. 70879 019 0. 76840 544 0.82238 177 0.87036 301
84 0.57400 912 0. 64344 316 0.70805 745 0.16737 830 0,82097 770 0.8684 970
86 0.57376 921 0.64307 073 0.70755 050 0.76663 912 0.81996 631 0.86712 068
88 0.57362 470 0. 64286:075 O. 70721 289 0. 76619'339 0.81935 604 0.86629 990

90.. O. 37)57 644 0. 64278 761 0. 70710 678 O. 76604 444 0. 81915 204 0. 86602 540
[(11] v-5)21 r(-081 r(-5)41 [(Ts] [(17]

F( 6 L 8 j L j

5 0.61059 734
15 0.,60451 557
25 0,60451 051
35 0.59906 618
45 0.59276 408.:
55 0.58635 563
63 0.58057
75 0.57621 0
85 0.57387.732

0.69774 083 0.78485' 586 O. 87194 199 Of 95899 964 1.04603 012
O. 69467 152 0. 78059 337 . 0. 86625 642 0. 95166 385 1. 03682 604
O. 68885 790 0.77247 109 0.65539 342 0.9)760 971 1.01914 6U,'

/0. 68081 664 0.76128 304 -O. 84036 234 0.91807 186 0.99445 11,2/
0.67152 549 0. 74818 650 0.82265 424 0.89489.714 0.96495 1_6
0.66196 758 0.73464 525 0.80419 500 047052 066 0.93361 692
O. 63333 844 0.72232 215 0.78723 820 0,84188 276 0.90415 063
0. 64678 548 0. 71289'-304 0, 77414 195 0.83019 625 0.88079 972
0.64)24 351 0.70776 799 0.76697 232 0.82042 232 0.86773 361

623
,s;



I

\go

0° 1.13446 401,, 1.22173 040
2 1.13423 517 \1.22145 620
4 1.13354 929 -1.22063
6 1.13240 07 1.21926/ 7
8 1.1)081 573 1.21730

70°.

iETEGiALI5

RAL OF THE SECOND KIND E(0\a)-.)

'8(0\0).f04 (1.11a2 a sin2 I)esis

78° ' 80° 86°
1.3_009 694 1.39626 $40 14052 986
1.3M7 442 1.39589 024 1,48310 448.
1.30770_ 767 1.39477.165 1$118182.929
1.30evo 916, 1.3%91 no. 1.47970'717
1.3085.297 1.39031 063 1.47674 288

1. 11 274 1.70097 484, 1.31697 886 1.47294412.
1. 195 740 1.297#7 21$ 1.38292 302 1.4601 652

7/.2040 tr5 Lign 1.3720 017
1.0115 292

1445662 6 3
1.4620

1.19992 262 1.28331 541 1.36651 823 1.44959 015

1.19492 542 1.27742 153 1.35968 M 1.44178179
1.18945 465 1.270% 1.35218 961 1.43321 013
1.18350,118 1.2096 1.34405 903 4.42392 023
1.17711 70 1.25643 57 1.33531 146 1.41391 049
1.17036 745 1.24840326 1.325% 967 1.40321 335

1.16517 616 1.;3988.851 1.31605 841 1.39185 02
145560 7% 1.33091 635 1.30560 436 1.37916 503
1.14_70,40 1.22151 05 1.29463 629 1.56727 328
1.13944 273 1.21170 701 1.0018 '499 1.35411 306
1.13087 946 1.20152 070 1.27128.343 1.34041 965

1.12000 408 1.19101 036 1.25096 675 1.32623 066
1.112% 70 1.11018 640 1.24627 240 1.31158 614
1.10371 291 1.16909 366 1.23324 019 1.29652 865

Ural484 1.15777 077 1.21991 241 1.28110 340
023 1.14625 899 1.20633 398 1.26535-07

1.13460 200 1.19255 255 1.24934 449
1.12284 604 1.17861 03 1.23311 580
1.11104 010 1.16458 6631 1.21672 971
1.09923 604 1.15051 210 1.20024 724
1.08740 883 143645 710 1.18373 339

1.02663 60. 1.07585 669 1.12248 590 1.16725 747
1.01731 023 1.06440 112 .1.10866 752 1.15089 364
1.00832 192 1.05318 014 1.01)07 580 1.13472 145
-0.99942 966 1.04228 653 1.0078 986 1.11802 653
0.99099 359 1.03176 998 1.06889 476 1.40330 172.

0.98297 50 1.02171 634 1.05648 221 1.00024 773
0.97544.068 1.01220 781 1.04465 133 1.07377 05
0.96145 360 1.0033 091 1.0050 951 1.06000 556
0.96208 074 0.99517 606 1.02317 331 1.04707 904
0.95638 776 0.98783 670 1.01376 904 1.03513 640

0.95143 047 0.98140 701 1.00543 295 1.02436 30
0.94729 297 0.97598 331 0.99831 000 1.01495 896
0.94400 544 0.97165 220 0.99255 019. 1.00715 650
0.94162 171 0.96849 392 0.9800 025 1.00123 026
0.94017.677 0.96657 142 0.98568 05 0.99748 392

10 1.12877 60211260 522
14

2
1
1..12338

066
1.12004 099
1.11628 624

1.11212
1.30757
1.10265
1. 6970/40
1.09173 220

990
1.E

942
404

1.
14. 961
1.06614
1.0597280 660
1.05183 3241
1.04438 435
1.0407 075
1.01.

02122 04
617

2122

20
22

26
24

28

SO 1.0103 30 _14.07499 796
52 1.%342 010 1.06525 908
54 0.99751 835 1.05550 602.
56 0.98966 652 1.04570 671

0.Se 0.98190 415 1.03614 663

60 0.97427 354
62 0.0601 7
64 0.95958 15008
66 0.95261 084
68 0.94595.256

70 0.93965 447
72 0.93376 46)
74 0.92833 IN
76 0.92340 024
78 0.91901 DU

00 0.91522 691
82 0.91206 588
84 0.90956 905
86 0.90776 445
00 0.90667 303

90 0.90630 779
[(11

15
25

45

63

85
75

1.13303 553
1.12176 337
1.10003 236
1.069'58 479
1.03292 660
0.99350 365
0.95606 011
0.92579 978
0.90857 873

0.93969 262 0.96592 583 '0.98480 775 0.99619 470

L
r(-7

J
)1

L r(-7 )21j L
r(-9

J
4)21 .

L
r(-4)81

9 J

1.22001 078
1.20649 962
1.10039 569
1.14359 813
1.09900 029'
1.0500 981
1.00378 308
0.96518 626
0.914269 813

1.30698 342
1.2910f 728
1.2602 405
1.21665 853
1.16345.846
1.10511 448
1.04769 389
0.99913 744
0.96992 212

1.39393 358
1.37530 358
1.33976 099
1.28896 903
1.22661 050
1.15755 065
1.08830 943
1.02823 /OS
0.99022 779

00°
79 633

5701 792
1.56888 372
1.56649 679
1.56316 223'

1.55188 720
1.55368 080
1.54755 458
1.54052 157
1.53259 729

1.52379 921
1.51414 692
1.50366 214

1.
1.4 9236 Ali

48029 a'.

1.46746 22..
1.45390 780
1.43966 215
1.42476.031
1.4013,972

1.39314 025
1.37650 400 33
1.35937 7
1.34110 606
1.32384 218

1.30553109
1.28695 374
1.26814 653
1.24910 162
1.23012 722

1.21105 603
1.19204 568
1.17317 938

1.15454 668
143624 437

1.11837 774
1.101% 217
1.08441 122
1.06860 953
1.0377 692'

1.04011 440
1.02784 362
1.01723 692
1.00864 796
1.00258 409

1.0((0000 000
r()41
L 10 J

1.48087 304 1.56780 907
1.0984 990 1.54415 030
1.41900 206 1.49811 493
1.36076 208 1.43229 097
1.2%85 906 1.35064 318
1.20849 656 1425067 963
1.12673 373 146382 796
1.05342 632 1.07640 511
1.00394 027. 1.01266 351



a\u 0°e 0
2 . 0
4 0

8
6 0

0

10 0
12 0
14 0
16 0
18 0

20 0
22' 0
24 0
26 0
28 0'

30
32
34
36
Se

0
0
0
o
0

40 0
42 0
44 0
46 0
48 0

50 0
52 0
54 0

3056 0
0

60 0
62 0
64 0
66 0
68 0

70 0
72 0

76
0

76 0
78 0

00 0
82 0

40 0
86 0
88 0

90

5 0
13 0

33
25 , 0

45
55 0
69 0
75 0
85 0

lawny imam;
JACOBIAN ZETA rumenom zoovo

K (a)1 K (a) (v\a)- (Am)

IC (WV (AO. K (90,11(a11). (901 tub v. foi 611 u

0. 000000
0. 000083
0. 000332
0, 000700113148

0. 0000
0000164

0

0. 000655
0. 001474

15°
0. 000000
0. 000239
0.000957
0.002155

0. 0.002621 0.003833

0.002080 0. 004098 O. 0059920. 07 0. 005905 0. 008615
0. 0029904082 0. 008043 0. 011765
0 . 005 337 0.010516 0.015384
0. 006761 0.013324 O. 019496

0.008357 ' 0. 016470" 0.024105
0.010125 0.019958 0. 029216
0.012067 0.023791. 0. 034834
0.01 4186 0. 027972 0. 040968
0. 016483 0. 02500 0. 047624

0.018962 O. 037403 0. 054811
0. 021625 . a 041664 062540

-0. 024476 0. 048298 0. 070823
0, 027520 0. 054315 0. 079674
O. 030761 0. 060725 0. 089108

0. 03342
0. 0786050

0. 067540
1 074774

0. 099145
O. 109007

0. 041734
0. 045835 0.

082444
090569

0. 121118
0. 133109

0. 050177 0. 099171 0. 145813

0. 054771 0.108280 0. 159273
0. 059634 0. 117925 0. 173536

' 0. 064786 0.128146 0. 188661 \
0. 070249
0. 076052

0. 309
O.

1
150510

89 0.204716
0.221785

0. 082227 0. 162776 0. 239971
0. 088818 O. 175872 0. 239398
0. 093876 0.189901 0. 280221
0. 103468 0. 204994 0.-302637
0. 111676 O. 221320 0.326895

0. 120612
0.138420

O. 23909
0. 258615

7 0. 353,22
3823510.

0. 141301 0. 280272 0. 414575
0. 153537 00461. 3 0. 450832
0.167542 0. 3323139 0. 492356

18396
3902

7
00.. 20

0. 3652
404937

30
0.

0.541075
O. 600229

O. 229402 0.453734 O. 673918
0. 263091 0.526833 0. 781873
0.325753 0. 647691 0. 962000

0.000519 0. 001023 0. 001496
0.004608 0.009238 O. 011513
0. 013105 0. 025838 0. 037836

- 0. 025973 0. 051298 0. 075176
0. 043759 0. 086448 I 0. 127026
0. 067477 0.133407 O. 196567
0.099601 0.197309 O. 291216
0.147228 0.292070 0.432134
0.245478 0. 487761 0. 723644

860 bum* 16.

25°
O. 000000 0.000000
0. 000308' 0.000367
0. 001231 0. 001467
0.002770 O. 003302

-1-004928-0.005875
0. 007706
0. 011107
0.015136
0. 019796
0. 025094

0.031035
0. 037627
0.044878
0. 052799
0. 061401

0.070696
0. 080700
0. 091430
0. 102905
0. 115148

0. 128185
0.142046
0. 156765
0. 172383
0. 188947

O. 206513
0.225145
0. 244921

O.
0. 26393

288294
3

0. 312138

0.
0. 33763

364981
2

0.394446
0. 426356

0.461143
0.499384

0.
5_W41837
5673
644462

0. 708771
0. 786884
O. 086859
1.026844
1.264856

0.001923
0.017387

10487097013
34

O. 164459
0. 255266

0.
0. 3794

5630131
0

0. 949910

0. 009188
0. 013246

018055
0. 02362
0. 029951

1

1 037055
0. 4942
0. 00453626
0.063119
0. 073438

ak 084599
0. 096624
0. 109534
0. 123356
0. 138120

O. 153860
0. 170614
0. 188428
O. 207353
0. 227450

. 0.248789
, 0. 271432

O. 295538
0. 321161

348462

0.377610
0. 408811

, 0. 442321
0.470462
0. 517644

0. 960402
0. 607444

659739
-O0.. 718657
0. 786214

0. 865556
0. 961976
1.086434
1.258352
1.552420

0. 002292
.0.020743
0. 058271
0.116329
0.197748
0.308149
0. 460039
0. 688264
1.163313

Table 17.7

Sr
0.000000
0. 000414
0.001658
0.003734
1 006644

0.010393
0.014987
0.020433
0.026740
0. 031919

0.041981
0.050941
0.060814
0. 071617
0. 083371

0.096103
0.109834
0.124596
0.140421
0.157347

0.175418
0.194683
0. 215197
0.237025
O. 260240

0. 284929
0. 311193
0.339150
0. 368940
0.400731

0.434726
0. 471170
0.510371
0.552710
0.598675

O. 64S
0, 70422,
0.765797
0.'835238
0.914934

-1. 008608
1.122523
1..260462
1.472953
1.820811

0.002592
0.

00294790.
0. 066098
. 233

02259742
0.353807
0.531121
0.799407
1.360551

Compiled from P. F. Byrd and M.D. Friedman, Handbook of elliptic integrals for engineers
and *deists, SpringerAraisg, Berlin, Germiny, 195i (with pennirdon).

625
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Table 17.7

e
2
4 .

6
8

10
12
14
16
18

20
22
24
26
28

30
32
34
36
38

40
42
44
46
48

50
52
54
56
58

60
62
64
66
68

70
72
14
76
78

80
82
84
86
88

90

5
15
25
35
45
55
65
75
85

SLLUTICI INTEORALB

COBIAN ZETA nricnom sopvs)

(0s6Agio. K (0\a)- B (0)F (,'\a)

85°

K (90)4A. K (90)Z 04). K (901 18nh u
40° 45° 50°

for all u

55° 60°
0.000000 0.000000 000000. 0. 000000 0.000000 0.000000
0.000450 0.000471 0. 000479 0. 000471 0.000450 0.000415
IL 001800 0. 001886 . O. 01916 0.001887. 0. 001800 0.001659
0. 004052 I. 004248 0. 314 0.004250 0.0040566 0. 003739
0. 007212 0. 007561 0.00 681 0. 007567 O. 007224 0. 006660

0.011284 0.011833 0.012 0. 011849 0.011313 0.010433
O. 016276 0.017073 0. 01735 0. 017106 0.016337 0.015070
0.022197 0.023293 0. 023681 0. 023354 0. 022312 020588
0.029060 0.030505 0.031029 0.030610 0. 029257 0. 027006
O. 036876 0. 038728 0, 039411 0. 038897 0. 037194 0. 347

0.045662 O. 047979 0. 048890 0.048238 0. 046150 0. 39
0. 055435 0.058279 O. 059372 058663 O. 056156 0. 05"1912
0.066216 0.069655 0. 071005 070203 O. 067246 0.0622
O. 078026 0.082132 O. 083783 '0. 895 O. 079461 0. 07355
0. 090893 0.095744 0. 097742 0. 6782 O. 092844 O. 086003

0.104844 1. 110525 0.112924 '0.1 909 , 0.1 07447 0.099613
0.119914 0.126515 0. 129375 0, 12 330 0.123327 0.114438
0.136138 0.143758 0.147147 0.146103 0.140549 0.130548
0.153557 0.162305 0.166300 0.165296 0.159186 0.148018
0.172220 0.182211 0.186898.,, 04185983 0.179319. 0.166934

0.192178 0.203541 0. 209016 0. 208248 0.201042 0.187395
0.213492 0. 226365 0. 232738 0.232187 0. 224459 O. 209312
0, 236228 O. 250764 O. 258158 O. 257907 0. 249691 0.233413
0.260466 0.276831 0. 285383 0.285531 10. 276871 O. 259243
0.286295 0.304671 O. 314535 O. 315196 O. 306156 0. 287169

0.31381.6 O. 334405 0.345755' O. 347064 O. 337723 0. 317383
0. 343151 0.366173 O. 379203 O. 381317 IL 371776 0.350108
0. 3744)8 O. 400138 0. 415067 0.418166 0. 408552 0.385601
0.407844 0.436490 0. 453565 O. 457861 O. 448328 0.424167
0.443565 0.475457 0. 494956 O. 500691 0. 491428 0. 466161

0, 481836 0.517310 O. 539547 0. 547003 O. sseass 0.512007
0.522947 0. 562378 0.587709 0.597211 O. 589220 0.562214
0. 67251 O. 611064 0. 639896 0.651822 0.644933 0. 617399
0. 15191 0.663870 O. 696670 0.711460 O. 706068 O. 678320
0. 7330 0.721434 0. 758741 O. 776910 0. 773487 O. 745922

0. 7 4397 0.784577 0. 827024 0. 849178 0.848294 0.821411
0.7 7359 0.854390 0. 902728 0.929590 0.931931 0.906356
0.9 7536 0.932355 0.987491 1.019938 1.026343 1.002860
0. 6789 1.020563 1.083621 1.122735 1.134246 1.113848
. 27859 1.122089 1.194508 1.241670 1.259612 1.243568

1. 135017 1.241721 1.325428 1.382470 1.408589 1.398577
1.265447 1.387516 1.485245 1.554749 1.591484 1.589820
1.432669 1. 574623 1.690632 1.776579 1.827639 I-11837791
1.667113 1.837147 1.979107 2.088611 2.160541 2.188502
2.066078 2.284127 2.470622 2.620801 2.729164 2.788909

0.002813
0.025510
0. 0/1991
0. 144695
0. 248154
0. 390865
0.590735
0.895883
1.538274

0.002948
0.026774
0. 075754
0. 152869
O. 263583
0.418002
0. 636916
O. 975016
1.692810

0.002994
0.027228
0. 077249
0. 156547
0. 271518
0.433972
0. 667669
1.033955
1.820471

is

0.002949
0.026855
O. 076403
g: INDI
0
0. 437641
0.680968
1.069585
1.916972

0.002815
0.025662
O. 073210
S. inm
0.428046
0.674774
1.078397
1.977341

62 6

0.002594
0. 023683
O. 067742 I

0.
Ian

0. 404419
0.647089
1.056317
1.995386



ELL0P17.0 1211111438ALS .

JACOMAN ZETA FUNCTION Z(iNs)

(a)2 ( \) K (a)B (As) -k(oFfr\a)
C (901Z OW gi 190.Mull) X (8r) tellh u - for aU u

eV.
75° 80° 85° 00°e . 0.000000 0.000000 0. 000000 0. 000000 0. 000000 0

Table 17.7

2 0.000367
4 0. 001468
6 0. 003300
8 0. 005893

0.000308
0, 001232
O. 002776
0. 084946

0. 000239
0. 000950

. O. 002160
O. 003849

0. 000164
0.000656
0. 001477
O. 002633

0.000083
0. 000333
0. 000750
0. 001337

110 0.009233' 0. 007751 0.006032 0. 004127
1

O. 002096
12 O. 013341 0. 011202 \;;0.008718 0.005966 0. 003030
14 0.018231 0.015312 '41. 011920 0. 008158 0.004143
16 0. 023922 0. 020090 0.015649 O. 010713 O. 005442
18 0. 030438 0. 025581 0. 019924 0. 013642 0. 006930

20 0.037803 O. 031783 0. 024763 0. 016959 0.008617
22 0. 046047 0. 058732 0.030188 0. 020680 O. 010509
24 0.055206 O. 046459 .0. 036225 0. 024823 0.012617
26 0. 069319 O. 055000 O. 042905 0. 029411 0. 014952
28 0. 076431 06097 0. 050260 0. 0,4466 0. 017526

30 0.088594 0. 074696 O. 058332 0. 040018 0. 020354
32 0.101867 0. 085951 0.067164 0. 046099 0. 023454
34 0, 116315 0.098224 0. 0761110 0.052747 0, 026845
36 "0. 132015 0.111585 0. 087324 0. 060004 0. 030550
38 0.149053 0.126114 O. 098779 0. 067920 0. 034595

40 0.167527 0.141905 0.111254 0. 076554 9.039011
42 0.187551 0.159064 0.124839 O. 005973 O. 043833
44 0.209254 0.177713 0.139641 0. 096255 0.049104
46 0.252785 0.197996 0.155784 0.107493 0. 054874 .

48 O. 258315 0. 220070 0.173414
dr

0.119798 O. 061201

90 0.286045 0. 244154 0.192704 0.133299 0. 068157
52 0.316206 0.270454 O. 213858 0.148154 O. 075826
54 0.349070 0.299246 O. 237121 0.164550 .0. 084312
56 0.384960 0.350854 O. 262789 0.182720 0. 093745
58 0.424255 0. 965664 0. 291220 0. 202947 0.104281

60 0.467411 0.404143 0. 322854 O. 225584 0.116121
62 0.514976 0.446860 0. 3,8236 0. 251076 0.129521
64 0.567621 0. 494511 0.398048 0.279993 0.144812
66 0.626169 O. 547987 0. 443155 0. 313069 0.162430
68 0. 691653 O. 668372 0. 494668 0. 351277 0.182965

70 0.765385 O. 67/086 '0. 554058 O. 395917 0. 207230
72 0.849072 0. 755975 0. 623195 O. 448779 O. 236382
74 0.944993 0. 847108 0.704762 0. 512376 0.272114
76 1.056298 0. 955095 0. 802400 0.590350 0. 317015
78 1.187335 1.083634 0. 921408 O. 688163 0. 375226

80 1.345674 1.240571 1.069839 0. 814374 0.453784
82 1.542281 1.438150 1.260828 0. 983236 0.565578
84 1.798909 1.69898 1.518315 1.220780 0.736604
86 2.163806 2.073357 14 894760 1.583040 1.028059
88 2.790834. , 2.721008 2.555104 2.241393 1.628299

90

5
15
25
35
45
55
65
75
85

0.002295
0.020975
0.060141.
0..124005
0.220781
0.366619
0.596098
0.998480
1.962673

0. 001926
0.017619
0. 050625
0.104764
0.187640

-0.314676
0. 5204j3
04899033
by 11666241

0.001498
O. 013718
0. 039483
0. 081953

, O. 147536
0. 249634
O. 419877
0. 751288
1.686113 ,..,.

0.001025
0.8390
0. 027060
0.096296
0.101748
0.173397
O. 295957
0. 549278
1.380465

O. 000520
0.004769
0.013755
O. 020657
0.051923
0.088901
0. 155297
0. 293208
0. 860811

,

627

0
0
0
0

0
0
0
0

.0
0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0
0
0
0
0
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TAU 17.8 ligUMAN'S LAMBDA FUNCTION An(A(4)

AO6Aa) --grinP\ W -9°4! K (o)116A9(r' - 4 I Ca) E (410° es) -E - EmnAw;-0)1

e
r
0 0. 0871 56

2 0 0. 087129
4 0 0.097050
6
8

0
0

0.086917
0.086732

10 0 0.086495
12 0 0.086206
14 0 0.083866
16 0 0.085476
18 0 0.085037

20 0 0.084549
22 0 0.084013
24 0 0.083432
26 0 0. 082806
28 0 O. 082136

30 0 0. 001425
32 0 O. 080674
34 0 0.079864
36 0 0. 079058
38 0. 078198

40 0 1 017307
42 0 0.076383
44 0 0.073436
46 0 1 074463
48 0 O. 073469

50 0 0. 072455
52 0 O. 071426
34 0 O. 070385
56 0 069336
Se 0 0. 068281

60 0 0.067226
62 0 0. 066175
64 0 0. 065131
66 0 O. 064100
68 0 O. 063088

70 0 0.062100
72 0 0. 061143
74 0 0.060223
76 0 O. 059348
78 0 0. 038528

0 1 037773
82 0 0.057093
84 O. 056508
86 '0 0. 056034
88 0 04 053698

90 -0 0.055556
1( -5)21''
L 5 J

s 0 0: 086990
15 0 0.085677
23 0 Q. 083124
39 0 0.079476
43 0 0.074953
SS 0 0.069861
63 0 0. 064614
75 0 0.059779
83 0 0.036$56

15* 200

1'173648 0.258819 0. 342020
0.173593 1 258740 0. 341916
0.173437 0.239504 0,341604
0. 1,731 73 0.238111 O. 341084
0.172$040,2S7%2 0. 340359

0.172332 0. 236838 0. 339430
0.171757 O. 256001 O. 338299
0.171080 0. 294994 0. 336969
0.170303 0. 253838 0.335445
0.169429 8.252536 .0. 333729

0.1684:1 0. 251092 0. 331827
0.167393 0. 249509 0. 329743
0.166736 0. 247790... 0. 327483
0.164991 1 245941 O. 325052
0.163661 1243966 0. 322458

0.162247 0. 241870 0. 319707
0.160755 . 0. 239637 0. 316806
0.159187 0.237335 0. 313764
0. 117348 0. 234908 O. 310387
0. 159842 232313 O. 307286

0.134073 1 229767 0. 303869
0.152246 0.227068 O. 300346
0.150367 0. 224292 0. 296727
0.148439 0.221447 O. 291022
0.146470 0. 211543 0. 2800242

0.144464 0. 215587 O. 285399
0. 142428 O. 212589 281905
0.140370,. 1 209558 277573
0. 138291%, 0. 206306 O. 273616
0.136211 Os 203443 0..269648

0.134126 0.200380 O. 263684
0./132049 0.197331 O. 261739
1129989 0.194307 0. 257e32
0.127955 0.191324 O. 259979
0.125998 00188396 0. 250200

0.124009 0.185540 0.246517
1 122121 0.182774 0. 242952
0.120307 0.180119 0. 239531
0.118583 O. 1775% O. 236282
0.116967 0. 175231 0. 233238

0.114143 O. 71099 O. 227922
0.115479 O. O. 230436

0.112988 O. 69410 1 223750
a 112053 0468043 a 223992
O. 111 392 00167078 O. 222731

O. 111111 O. 166667 00.222222
[(1)51 r(-5)71 r()n

L J L 8 J
0.173318 0.250327 0. 341370
0.170704 O. 254434 O. 336231
0.165625 O. 246882 0. 326288
0.158377 0. 236134 0. 312192
0.149400 0.222078 0. 294884

. 0. 1134 0.208034 0. 275597
1 128968 0.192809 0. 255897
0.119433 0.170839 0. 237883
0.112490 0.168682 0. 224814

Compiled from C, Hamm, Tables of complete elliptic intents, J. Math. Pbys. fa, 13/-208,
1941 (with pennimion).

0.422618
1
0.422104
O.
O.

0.419419
0.418024
0.416V5

.. 0.414990066
0.

0.
O.
0.404717
O.
0.

O.
O.
0.307930
O.
O.

0.
0.
0.367209
O.
O.

O.
O.
O.
0..339290
0.

0.
0.
O.
0.
0.311185

O.

O.

O.
O.
O.
O.
O.

25*

422490

421462
420566

412394

410054
407492

401736
398558

395191
391645

304057
380037

373880
371608

362720
358145

353500
348799
344057

334516

329731
325015
320328
315710

0. 306778
%MI

0. 29M27
294547
290914

287371
284573
281983
279887
27840e

0. 277778
r( -4)11
L 6 J

80'
0.500000
0. 499848
0. 499391
0.498633
O. 497574

0. 496219
O. 494572
1 492638
0.490424.
0. 487937

148514
0. 482176
0.478920
O. 475428
0. 471710

1 467777
'0. 463642
O. 459316
0,454813
1 450147

0. 445330
0.440378
0. 435306
0. 430127
0..424860

0. 419519
414121

O. 408683
0. 403228
0. 397769

O. 392328
O. 386926
O. 381586
0.376331
0. 371186

0. 366180
0. 361342
O. 356706
O. 352309
O. 348194

0. 344410
O. 341017
O. 338088
a 335718
0. 334046

0. 333333
r(-4)Il
L 8 J

4

0.421915
0.415475
0.403252
0. 386013
0. 364976
0. 341676
O. 318009
O. 296439

- 0. 280867

O. 499050
0. 491565
0. 477203
0. 457086
O. 432729
O. 405958
0.378946
0. 334475
O. 336826
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111:112110 DITEGRALI

NEUMAN'S LAMBDA- FUNCTION ao(4) Table 1 .8

*OW Elrirec +2, X (042600<4:! liCHE(8190° -a) EMF(Afir a)i 40! 46
00 0. 573576 0. 642788 0. 707107
2 0.573402 11, 642592 0. 706891
4 0. 572878 0. 642006 0.706247
6 O. 572009 0. 641030 0.703177
8 0. 570793 O. 639674 0. 103687

10. 0.569244 _ 0. 637940°
12 O. 567360 0. 635836
14 0. 565150 0. 633373
16 0. 562623 0. 630561
18 0. 559789 0. 627412

20
22
24

28
26

30

34
36
38

0.556657
0.553238
0.549546
0.545591
0.541389

0536913.
0. 5)2297
0. 527437 -

0. 522588
O. 51716$

0. 701786
0. 699484

0.
0. 6

679493%739
0. 690306

Of 623939 0. 686540
0.620.157 O. 682450
0. 616M 0. 678054
k 611725 . 0. 673372
0. 607107 O. 668412

00602244 0. 663225
0. 597153 O. 697801
0. 591851 0. 652170
0.516356 0. 646351
0. 580687 0. 640365

40 0.511786 0. 574862 0. 634231
42 0. 506266 0. 56090 . 0. 627970
44 0.500622 0. 562015 0. 621600t
46 0.494173 0. 556652 O. 615142
48 0.-W,--.4111130.0.-61111613 -:.:
50 0. 483125 0. 944038 0. 602038
52 0. 477164 0.537668 0. 595432
54 0. 471170 0. 531275- 0. 588817
56 0. 465163 0. 3241179 O. 502212
58 O. 459163 0. 518502 0.575640

60 0.453192 O. 511167 O. 569122
62 O. 447272 O. 505895 O. 562680
64 O. 441428 0.499711 0.'556339
66 O. 435683 O. 493642 0. 550124
60 0. 430065 0. 487715 O. 544062

70 0.424604 0. 40959 0. 531183
72 \ O. 419332 0. 476408 O. 532519
74 \ 0. 414284 0. 471098 0.527106
76 0.409500 0.466070 0.521984
78 0. 405026 . 0.0461371 0:517202

80 0.400915 0. 457055 0. 51281 3
82 0. 397229 0.453189 0. 508183
84 0.394049 - 0.449853 0. 505494
86 0. 391477 0.447157 O. 502754
8$ "e. 189662 0.445255: O. 500023

90 0. 388889
r( -4)11
L 6 J

15
25
35
45

65
55

75
85

0. 572487
0. 563926
0.547
O. 524933
O. 497760
0. 460167
0. 4%541
0.411157
k )92679

0. 444444 O. 580000

C(

-4) n r(-4)11
a L 6 J

0. 641567
O. 61%320a 10636

589127
0. 559733

O.
0. 521076

496661
0. 468546
0. 448417

0. 705765
0.695307
O. 675748
11. 649383
04051t113111
0, 5
O. 553214

O.
O. 52490 6

50400

500

0.766044
0.765811
0. 76511 3
0.763956.
0. 792347

0. 760298
0. 757022.
0. 754937
0.751660
0, 748011

O. 744012
0.739683
0. 735049
0.730130
0. 724951

O. 719533
0.71!900
0.708073
O. 702074
0. 695923

689642
O0.. 683251
0.676769

0.
0.

6670217061)
O. 656976
0. 658326
0. 643682
0. 637064
0.630491'

S. 623985
50.66117567
0. 611258
0. 605085
0. 599072

0.593247
O. Of/641
05R290.

577231
O0. 5. 72511

0.568181
0.564307
0. 560967
O. 5182
O. 59636686

0. 555556
[(101

0.764592
0.753346

0.
0. 7326

705094
23

0. 67$01
0. 640369

60815
O0.. 579721

3

0. 559529

629

0.819152 0. 025
0. 818903 0 865762
0.818157 864975

0. 815210
-

86187

0.813034 0. 859

0. 816922

O. 810416 -0316877
0.807375 O. 1153731
O. 803935 0, 850194
0.800123 O. 846297

0. 795963 O. 842073
0. 791483 0. 837553
0. 7116709 0. 832766
0.781667 0. 827743
0. 776384 0.822510Y,

0.817093
0. 81

801517O. 5804
0, 6
O. 794052

79997

0.788051
0. 781992
1.775891
0. 769764
O. 763627

0. 757496
O. 751 385
11. 745310
0. 739286
0. 7)3329

0. 727455
0. 721680

4 0.716024
O. 710504
0. 705142

O. 699961
k 694985
O. 690244
0.685770
0. 681601

0. 677782
0. 674368
O. 671427
0.669053
O. 667)79

'0.666667
F-6 4)11
L j

0. 770883
0. 765190
0. 719326
0.753314
0. 747177

0.740932
0. 734602
0. 720203
0. 721756
0. 715277

0. 70878$
0.702291
O. 695832
0. 689405
0. 68307

0.676745
O. 670549
O. 664469
O. 658528
O. 652749

0. 647159
O. 64 1784
0. 616659
0.631818
0: 627303

0. 623166
k 619464
0. 616276
0. 136700
0. 6111184

0. 611111

L 6 .1

0.817600
O. 805701
0. 784220
0.756337
0.724985
0.692612
O. 661480
0.634200
0. 614903

0.864388
0. 852010
0.030282
0.802903
0.772830
0. 742291
0.713246

0.
0. 687972

670162



Table 17.8

1ILLIPT10 INTEGRALS

NEUMAN'S LAMBDA FUNCTION ao(0\0)

64"1a)"
F(.4)°°-01 2 IC (a)Z (A90° -a)

(o) +v

i809-8(. A9r-0)-11401 (r00a 6)1

.\ or 70°
0. 0. 906308 0 0.939693
2 0.906032 0. 939407
4 0.905210 0.938559
6 0.903857 0.937172
8 0. 901997 0.935282

10 O. 899660 0.932934
12 0.896881 0.930177
14 0, 893699 0.927061
16 0.890152 0.923634
18 0. 886280 O. 919940

20 0. 882119 0.916018
22 0.877704 0. 911904
24 0.873068 0.907630
26 0. 868240 0.903221
28 0. 863249 O. 898703

30 0.858117 0. 894095
32 0. 852869 0. 889416
34 0. 847523 0.884681
36 O. 842100 0. 079904
38 0.836615 0.875099

40 0.831085 0..870277
42 0.825524 0. 865449
44 0. 819946 0.860623
46 0.814365 0. 835814
48 -0. 808792 0. 851026

SO 0.803241 0.846269
52 0. 797724 0.841553
54 0.792252 0, 836887
56 0. 786839 0. 832288
58 0.781496 0.827742

60 0. 776237 0.823283
62 0.771077 0.818913
64 0. 766029 .. O. 014645
66 0.761110 0.810490
68 . O. 756338 O. 806464

70 0.751731 0.802581
-72 0.747312 0. 798860
74 0.743104 0.795319
76 0.739137 0.791983
78 0. 735442 0. 708877

80 0.73209 '0. 706036
82 0.729036 0. 783497
84 0.726434 0.781312
86 C. 724333 0. 779349
88 O. 722852 0. 778307

90 0.722222 0. 777778
[(11] [1911

5 0.904599 O. 937930
15 Q.891969 O. 925384
25 0.870676 0.905441
35 0.844820 .0.882297
45 0.817155 0.858217
55 0. 789537 0.834576
63 0.763552 0.812552
75 0.741089 0.793624
85 0. 725315 0.780373

76*

0.965926
0.965633
0.964769
0.963376
0. 961512

0. 939244
0. 956630

80°
0.984808
0.984511
0.983652.
0.982315
0.980599

0.978597
0.976384

86°
0.996195
0.995903
0. 995130
0. 994063
0.9928)3

0.991511
0.990335

90°
1
1
1
1
1

1
1

0.953755 0. 974016 0. 988727 1
0.950646 00 971534 0. 987299 1
0. 947355 O. 968969 0.985858 1

0.943918 0. 966343 0.984410 1
0.940364 O. 963671 0.982958 1
.0.936718 0.960968 0. 981506
0. 933000 0.958241 0.980054
0. 929226 0. 955500 O. 978604 1

" O. 923409 0.952751 0. 977159 1
__

0. 921563 0. 949998 0.975719 1
O. 917695 0.947247 0.974286- 1
0.913817 0.944502 0.972861 1
0. 909935 0. 941766 0.971445 1

0. 906056 0.939042 0.970039 1
O. 902188 0. 936335 0. 968644 1

' 0. 8983)/ 0.933647 0.967262 1
0. 894500 0.930981 0.965894 1
0.890708 0. 928341 0. 964540- 1

0. 886942 0.925731 O. 963204 1
0. 083216 O. 923152 O. 961885. 1
0. 879537 0.920610 O. 960586 1
0.873911 0. 118108 0.959309 1
0. 878345 0.W15649 O. 958055 1

0. 868846 0. 913240 0. 956826 0 1
0.865421 0. 910884 0.955626 1
0.882080 0.908588 0.954457 1.

O. 858831. 0.906357 0. 953321 1
0.85'5685 0. 904198 0. 952223 1

O. 852694 '0.902119 0. 951166 1

0.849751 0. 900129 0. 950154 1
0. 846990 0.898237 0.949193 1
0. 844390 0.896456 0.948288 1
0. 841972 O. 894800 O. 947446 1

0.839759 -. 0.893286 0.946677 1
0.837783 O. 891933 O. 945990 1
O. 836083 0.890770 O. 945400 1
0.834711 0.889831. 0.944923 1
O. 833745 0.889170 O. 944687 1

0.833'13 O. 888889 0. 944444 1

[(19 [11 [( -P21

0. 964135 0.983037 0.994624 1
O. 952226 0. 972787 0. 988019 1
0.934867 O. 939607 0.980779 1

0.915757 0.945873 0. 973573 1

; 0. 896419 0.992311 O. 966576 1
0.877717 0.919353 0.959944 1

O. 060443 0.907464 0.953885 1

0.845669 0.897332 0.948733 1

0. 833352 0.890270 0.945145 1



ICLUPTIC INTICORALS

ELLIPTIC INTEGRAL OF THE THIRD KIND (ft; Am) Table 17.9

521

Ills; AO.. fee (1-a sins 9)11 -sins a sins elide
64, 16°

0. 0 0° 0 0. 26180
0.0 15 0 0.26200
0.0 30 0 0.26254
0.0 45 0 0. 26330
0.0 60 0 0.26406
0. 0 75 0 0.26463
0.0 90 .0 0.26484

0.1 0 0 0. 26239
0.1 15 0 0.26259
0.1 30 0 0. 26314
0.1 45 0 0. 26390
0.1
0.1

60
75

0
0

0.26467- 0.)
0. 26524

0.1 90 0 0. 26545

0.2 0 0 0. 26299
0. 2 15 0 0.26319
0.2 30 0 0.26374
0. 2 45 0 0. 26450
0.2 60 0 0.26527
0. 2 75 0 0. 26585
0.2 90 0 0. 26606

0.3 0 0 0. 26359
0.3 15 0 0.26379
0. 3 30 0 0.26434
0. 3 45 0 0.26511
0.3 60 0 0.26588
0.3 75 0 0.26646
0. 3 90 0 0.26667

0. 4 :) 0 0. 26420
0.4 15 0 0.26440
0. 4 30 0 0.26495
0. 4 45 0 0.26572
0.4 60 0 0.26650
0. 4 75 0 0. 26708
0. 4 90 0 0. 26729

0. 5 0 0 Q. 26481
0. 5 15 0 0.26501.
0.5 30 0 0.26557
0. 5 45 0 0. 26634
0 5 60 0 0.26712
0. 5 75 0 0.26770
0. 5 90 0 0.26792

0. 6 0 0 0.26543
0.6 15 0 0.26563
0. 6 30 0 0.26619
0. 6 45 0 0.26696
0. 6 60 0 0. 26775
0. 6 75 0 0. 26833
0. 6 90 0 0.26855

5)81r(...
4 JL

See Examples 15-I0.

30°
0. 52360
0.52513
0. 52943
0.53562
0.54223
0. 54736
0.54931

0. 52820
0.52975

'0.53412
0. 54041
0.54712
0.55234
0. 55431

0. 53294
0. 53452
0.53896
0. 54535
0.55217
0. 55747
0. 55948

0. 53784
0.53945
0. 54396
0.35046
0. 55739
0. 56278
0. 56483

46° 60°
0. 78540 1. 04720
0.79025 1. 05774
0.80437 1. 08955
0.82602 1.14243
0.85122 1.21260
0.87270 1. 28371
0.88137 1. 31696

0.80013 1. 07949
0.80514 1. 09058
0.81972 1. 12405
0. 84210 1. 17980
0.86817 1.25393
0.89040 1. 32926
0. 89939 1.36454

0. 81586 1. 11534
0.82104 1.12705
0.83612 1.16241
0.85928 1.22139
0.88629 1.30003
0.90934 1.38016
0.91867 1.41777

0. 83271 1.15551
0.83808 1.16791
0.85370 . 1. 20543
0. 87771 1.26812
0.90574 1. 35193
"0.92969 1.43759
0.93938 1.47789

0. 54291 0. 85084 1. 20098
0. 54454 0. 85641 1. 21419
0. 54912 0. 87262 1.25419
0. 55573 0. 89756 1.,32117
0. 56278 0.92670 1.41098
0. 56827 0. 95162 1. 50309
3. 57035 0. 96171 1.54653

0. 54814 0. 87042 1.25310
0. 54980 0. 87621 1. 26726
0.55447 0.89307 1.31017
0. 56119 0.91902 1. 38218
0. 56837 0.94939 1.47906
0. 57394 0. 97538 1.57881
0. 57606 0.98591 1.62599

0. 55357 0. 89167 1.31379
0.55525 0.89770 1.32907
0. 56000 0. 91527 1. 37544
0. 56684 0. 94235 1.45347
0. 57414 0.97406 1.55884
1. 57982 1. 00123 1. 66780
O. 58198 1. 01225 1.7191

L
r(-

6
)41 r(_

7 J
3)21 [(7)1

L

631

75° 90°
1.3090C 1. 57080
1.32733 1. 59814
1. 38457 1.68575
1.48788 1.85407
1.64918 2.15651
1.87145 2.76806
2. Q2759

1. 36560

oe

1. 65576
1.38520 1.68536
1.44649 1. 78030
1. 55739 1.96326
1.73121, 2. 29355
1.97204 2. 96601
2. 14201 3 co

1. 43078 1. 75620
1.45187 1.78850
1.51792 1.89229
1. 63775 2. 09296
1.82643 2.45715
2. 08942 3. 20448
2.27604

1. 50701 1. 87746
1.52988 1.91309
1. 60161 2. 02779
1. 73217 2. 25038
1.93879 2. 65684
2.22876
2.43581 ao

1. 59794 2. 02789
1. 62298 2. 06774
1. 70165 2.19629
1. 84537 2. 44683
2.07413 2.90761
2. 39775 3. 87214
2. 63052 co

1. 70919 2. 22144
1. 73695 2. 26685
1.82433 2.41367
1. 98464 2.70129
2.24155 3.23477
2. 60846 4. 36620
2.87468

1.85002 2.48365
1.88131 2.53677
1.98005 2.70905
2. 16210 3. 04862
2.45623 3. 68509
2. 88113 5. 05734
3.19278 ao
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Table 17.9

a A,
0.7 0°
0.7 15
0.7 30 '
0.7. 45
0.7 60
0.7 75
0.7 90

0.8 0
0.8 15
0.8 30
0.8 45
0.8 60
0.8 75
0.8 90

0. 9 00.9 15
0.9 30
0.9 45
0.9 60
0.9 75
0.9 90

1.0 0
1.0 15
1.0 30
1.0 45
1. 0 60
1 . 0 75
1. 0 90

0
6
0
0
0
0
0

0
0
0
0
0
0
0

0
0
0
0
0
0
0

0
0
0
0
0
0
0

ELLIPTIC INTEGRAL

Inn; fp\i4=v--fe.

IF
0. 26605
0.26625
0. 26681
Or 26759
0. 26838
0.26897
0.26918

0.26668
0.26688
0.26745
0.26823
0.26902
0.26961
0.26982

0.26.731
0.26752
0.26808
0.26887
0.26966
0.27025
0.27047

0.26795
0.26816
0.26872
0.26951
0. 27031
0.27090
0.27112
[( 1)9

SLLIPTIC INTSORALS

OF THE

(1 -a e)

80°

0. 55918
0.56090
0. 56573
0.57270
0.58014
0.58592
0.58812

0.56501
0.56676
0.57168
0.57877
0.58635
0. 59225
0.59449

0.57106
0. 57284
0.57785
0. 58508
0.59281.
0. 59882
0. 60110

0..57735
0.57916
0.58428
0. 59165
0.59953
0.60566
0.60799

( SIL 6 J

THIRD

-111--eina a sine

45*

0. 91487
0.92116
0. 93952
0.96784
1.00104
1.02954
1.04110

0.94034
0.94694
0.96618
0.99588
1.03076
1.06073
1.07290

0.96853
0.97547
0.99569
1. 02695
1.06372
1.09535
1.10821

1.00000
1.00731
1.02866
1.06170
1. 10060
1.13414
1.14779
r(-3)21L 7 j

KIND 711(na stV2)

01-4de

60° 750
1.38587 2. 03720
1. 40251 2.07333
1.45309 2.18765
1.53846 2.39973
1.65425 2.74586
1.77459 3.25315
1. 83192 3. 63042

1.47370 2. 30538
1.49205 2.34868
1.54790 2.48618
1.64250 2.74328
1. 77145 3.16844
1. 90629 3.80370
1.97080 4.28518

1.58459 2.74439
1. 60515 2. 79990
1.66788 2,97710
1. 77453 3. 31210
1.92081 3.87661
2.07487 4.74432
2. 14899 5. 42125

1, 73205 3.73205
1.75565 3.81655
1.82781 4.08864
1.95114 4.61280
2.12160 5.52554
2.30276 7. 00372
2.390533 8.22356
r( 2)11
L J

90°

2. 86787
2. 93263
3. 14339
3. 562W
4.3571
6.11030

ao

3. 51240
3. 59733
3.87507 ',,

4.43274
5.51206
7.96669 :

oo

4.96729
5. 09958
5.53551
6.42557
8.20086 '

12. 46407
0
go

00

co
00

C.
co

a

632
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628 . WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS

Table 18ag.1. Table for Obtaining Periods for Invariants gi and ifs Par
lagt14-14) 673

Non-Negative D i s c r i r a i n a n t (3 $1 Scs )

tools, 4-+11 1142-3); 1=3(.05)3.4, 7D

wry ", o'gr/i; 1=3.4(.1)5(.2)10, 7D

coOrli"r w'011141;1171=.1(.01)0. 7D

Non-Positive Discriminant (-0 5113)
ostillitr"r w's17111.1"4/i; 21;'1=0(.01).2, 7D
1401". witgili; ?film .2(05)-1. ID

wife, 0+3-/65- 111(3-14);1= 71(.2)3, 7D

Table 18.2. Table for Obtaining ,9, ,of' and r on Os and Oy (Unit
Real Half-PeriodPeriod Ratio a) 674

Positive Discriminant (0 Sx S 1, 0 Sy a)
a' P(s), a' fjP(s), st(s), a=1, 1.05,-1.1, 1.2, 1.4, 2, 4

x=20(.05)1, y=0(.05) 1.1, 1.2 (.2) a, 8-8D

Negative Discriminant (0SzS it 0y a/2)
gs (so, Owls), sroo, a.1, 1.05, 1.15, 1.3, 1.5, 2, 4
x=0(.08)1, y=0(.05)1 (.1)6(6 a/2), 7D

Table 18.3. Invariants and Val= at Half-Periods (1 Sa c) (Unit
Real

1(.02)1.6(.05)2.3(.1) 4, 0, 6-8D
Non-Negative Discriminant

Op par 4= R.,(1) . 0.1, it= t(1), v(1), v(01/4 .004

Non-Positive Discriminant

Oft fie, el, gas= 1). viii=21(64)/i, v(1). v(4)/iro(w')

The author gratefully acknowledges the atelstanee and encouragement of the personnel
of Numerical Analysis Research, UCLA (especially Dr. C. B. Tompkins for generating the
author's interest la the project, and Mrs: R. 0. Roney for programming and computing,
hand calculation and formula checking) and the propane! of the Computation Laboratory
(especially R. Capario, E. Oodefroy, D. Liepman, B. Walter and Rauch/sr for the prepara-
tion and eheeking of the tables and maps).
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18. Weierstrase Elliptic and Related

Mathematical Properties

18.1. Defi +Mons, Symbolism, Restrictions and
Cemventions

An elliptic function is a single-valued doubly
periodic function of a single complex variable
which is analytic except at poles and whose only
singularities in the finite plane are poles. If w and
w are a pair of (primitive) half-periods of such a
function f(s), then f(s+2Afte+2Ndol.f(0), 111
and N' being integers. Thus the study of any
such function can be reduced to consideration of
its behavior in a fundamental period parallelo-
gram (FPP). An elliptic function has a finite
number of poles (and the same number of zeros)
in a FPP; the number of such pole* (zeros) (an
irreducible set) is the order of the function (poles
and term are counted according to their multi-
plicity), All other poles (zeros) are called con-
gruent to the irreducible set. The simplest (non-
trivial) elliptic functions are of order two. One
may choose as the standard function of order two
either a function with two simple poles (Jacobi's
choice) or one double pole (Weierstrass' choice)
in a FPP.

Weieretrase go-Fanetion. Let w, w' denote a
pair of complex numbers with .."(w' /6))>0. Then
mio=tp(ake w') is an elliptic function of order
two with periods 2w, 2w' and having a double pole
at sou°, whose principal part is r'; (4re is
analytic in a neighborhood of the origin and van-
ishes at 2=0.

Weierebsee r-Pesedioa r(s)i.r(s10, ce') satisfies
the condition r(s)=. 49 (a) ; further, r(a) has a
simple pole at s=0 whose principal part is 10;
r($0-8-1 vanishes at s=0 and is analytic in a
neighborhood 1of the origin. r(s) is NOT an
elliptic function, since it is not periodic. Hoy ver,
it is quasi-periodic (see "period" relations), so
reduction to FPP is possible.

Weierelrase' o-Fusetion v(s)='(alw, 0') satisfies
the condition r'(s)/o(s)an r(s); further, r(s) is an
entire function which vanishes at the origin.
Like r, it is NOT an elliptic function, since it is
not periodic. Hoirever it is quasi-periodic (see
"period" relations), so ;eduction to FPP is pos-
sible.

629

Functions

Invariants y, and es
Let W =2Mw+2Nw', M and N being integers.

Then

18.1.1. ge=608'W- and 9,8=1408'W-4

are the INVARIANTS, summation being over all
pairs M, N except M=N=.0.

Alternate Symbolism Emphasising Invariants

18.1.2
18.1.8
J8.1.4
18.1.8

(10 = 0(s; 5s 9$)
P1(10)=491(z; Set 9$)

1110=1(a; gs, gs)
0(8)=e(a; get Oa)

Fundamental Differential Equation, Discriminant and
Related Quantities

18.1.6 IP "(8)=4 Ps(s)gs
18.1.7

=4( (a) e,)( 0 OD-4)((P (a) es)
18.1.8

41-64-214=16(4-4)*(4-411)1(4-4)1
18.1.9

9s= 4 (eiss+ eler+elsrs) = 2 (ei +el -I- (Ps)

18.1.10 58=418:81=9(4-1-4+4)
+81+4=0

4 +44.4=4/8
40,--thedps=0(i=1, 2, 3)

Agreement about Values of Invariants (and Diserinc.
loans)

We shall consider, in this chapter, only real g,
and gs (this seems to cover most applications).
hence a is real. We shall dichotomize most of
what follows (either A)* or ti<0). Homoge-
neity relations 18.2.1-18.2.15 enable a further
restriction to non-negative gs (except for one case
when ii=0).

Note on Symbolism for Roots of Complex Numbers and
for Conjugate Complex Numbers

In this chapter, 01 (n a positive integer) is used
to denote the principal nth root of a, as in chapter
3; Ts is used to denote the complex conjugate of a.
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RPM Symbol. for Petted% ste.

RECTANGLIS

or REAL

of PURE IMAG.
loll k e, since es k0

holntit 18.1

asola

ainote+te 4-to' de
gust"

RHOMBUS

os BEAL

PURE IMAG.

141 a ws since

Paedeasesed Reeteashe

Study of all four functions (g),tr, r, s) can be reduced to consideration of their value* in a Funds.
mental Rectangle including the origin (see MS on homogeneity relations, reduction formulas and
processes).

ego ado

Fundamental Rectangle is FPP, which has we- Fundamental Rectangle has vertices 0, ws, writ
time 0, oh or, and

2 I

y

FUNDAMENTAL
RECTANGLE

(s+ FPP)

We

as

hem 18.2
There is a point on the sit boundary of Punt/le:44 Rectangle where riss0. Denote it by 4.

43 6.
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WEIERSTRASS ELLIPTIC

18.2. Homogeneity Relations, Reduction
Formulas and Processes

Homogeneity Relations (Suppose 10 0)

Note that Period Ratio is preserved.

18.2.1 .91.18110,14012.1-89"(3164 (I)

18.2.2 9)(t*o, lo?).0 g) 44, (.1

18.2.3 r(taltsa, tots)=r't(ske, (1)

18.2.4 e(taIN,10)1).47(816),

18.2.5 t(1)=0*(6), w')

184.6 93(14e 10') rga(w,

18.2.7 84(10, to') =r1e,(6), i=1, 2, 3

18.2.8 0(10,10').0140, w')

18.2.9 11,(ito, to")=1-11H,(co, cl), ti.1, 2, 3
(See 18.3)

18.2.10 q(tw, tut') =q(co, co') (See 18.10)

18.2.11 nt(tw, t41)=sm(co, (V) (See 18.9)

18.2.12 (1z; ofh, Ogs)=00121; bh, (h)

18.2.13 .9 02; t-46, g-40.1-2 .9(21; gs)

18.2.14 00; r421, Os) =r1(21; 91)

18.2.15 eye; 1-401, regs) =Io(a; g,, A)

AND RELATED FUNCTIONS

18.2.22

18.2.23

18.2.24

A>0

631

The Case gi<0

Put t=i and obtain, e.g.,

18.2.16 .9(z; go, 903; gs, g,)

Thus the case °KO can be reduced to one where
10'0.

"Period" Relations' and Reduetion to the FPP (1111,N
integers)

18.2.17 .9 # (z+211ite+2M1)= ,9# (a)

18.2.18' g(21+2Mw+2M4')= goo

18.2.19

r(z+2Mw+2N,1)=1(a)-f-2M1+2Nt?

18.2.20

e(z+221le+2N61)

=(-1)1+g+mge(z) exp [(z -11efie+No")(2Mq
+2Ne))

18.2.21 where x=r(0), ,' =r(d)
"Conjugate" Values

J4(8), where f is any one of the functions.
IP, .9', tr e

Reduction tot /` FPP (See Figure 18.1)

("8 denotes conjugate of e)

Point ad in R.

(Pa) =
IP(214)=P 26A114)

oz4).-112-4-7-Z+2(q+e)

tv(24)7; 26). exP )2(0-1,1)(x4-03))
Point as in Rs

IP = #12402 ga)
g (a= P Oft as)

112ws +2N+ey
tioa-0(2(4za exP )2(v+e)(133-02))

# (24)= (2,4-24)

POW =) (20-04)

0114)=-1(20=14)-1-2,

18.2.25 e(s4)=-47--74) (up [217(74(41

18.2.26

18.2.27

18.2.23

491:1)=2-9)1264-28)

Pcss)=.9(2ftas)
r(4)=-02%--10+2(,+e)

18.2.29 v(zs) v(2(4 es) sap P(q + vi) (4W1

A0

18.2.30 .9'04=7' er7-2:01
18.2.31 g (4) =71) 4-r-240')

111.2.32 aft) '.:77 a12) -1-2e

18243 Ir(4)=*1-;(2.=4 ) exP 12e(83-01)

Point sa in Rs

.9 = as)

0)(4) ..Dra)

t(4)=EZ
f(20461)
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24.0

2

18.2.38

18.2.39

18.2.40

18.2.41

18.2.42

18.2.43

18.2.44

18.2.48

Reduction from $4 FPP to Fundemental Rectangle In
Case <0

We need only be concerned with the case Whoa
a is in triangle 0s (therefore 2w' a is in triangle
At)

18.2.36 ,g) (s)not (26?-2)

18,2.35 ('(a)= ,0'(2w' a)
18.2.36 r(s) 2,1'r(20/so
18.2.37 0( s) =1v(20' s) exp me(8-0/1

Vlotnisf 18.8

Reduction to .Cese where Reel RelfPerlod is Unity

(preserving period ratio)

'KO

Ovac=0-1-101

9)12161,0)1-04 .9° 9P(alia,d)=0;s0,(11411-:;(4)

0)(81(0,01)=w-a 95 (210-111, -"E) ,O, (3w, =1440) (swirilway

r(elw 4e)test (earl , 62) Oslo), (swilwap :10

e(21w, 0)=2 we (sw-111 42:0 ) 01=0,t0(Wit, (.0
WS WS

gf(Wt 0"):=W-IS (10 Oat 01=1111 )ca'
ws cos

.01(6), 60' w"01(1 (t2;:) 01(0 be)e8wilfs Ciat

A>0

01(6),40)=6)-1.. -fa)
81(w,

ca')=.0ileg (P (1-
04 eft)

(s =1,2,3) (i=1, 2, 3)

coleT.tonit (1, `1:7:) (w, co) = toi-1%
tas
° (1)

ces

638

NOTE: New real half-period is
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18.3. Special Values and Relations

Values as Periods

,p, fp/ , and t are infinite, e is zero at e=a2coui=1,2, 3 and at 204(2<0,).

a<o

18.3.1

18.3.2

18.3.3

18.3.4

18.3.5

.4>0

Halt-Periods

Plie) =so Ole 1 s 2, 3)

/Pias)=.0(i.1,2;3)

ye= 064(i =1, 2, 3)

?it fr=t14/sr Vs=9'

lif.24+ (ti, j, b== 1, 2;3; iedj,iedk,j.edk)

18.3.6 (ees)(eses)0.24+.3.1-1

28.3.7

18.3.8

18.3.9 s>0

es real

>0 ge>es
(equality when ps=0)

18.3.10 eqi0 if

18.3.11 10/41.91014 030 (approx.)

18.3.12 10,0, lis>0

18.3.13 tiosivcal
18.3.14 e(os)e=svoisanie

18.3.18 e(1)==isto mar

18.3.16 es(401)=.001/(-41)

.,
18.3.17 arg (e(tes)jailf-ii

18.3.18 (012)== el + 111> el

114319 ' WM= 210141-3ei

18.3.20 1(42).46+4047---1.3ej

\

es real and nonn4ative

(4=0 when ps.50)

ei= seal)
where

(equality when pent))

ir;=. t(o4)=. a

c1>0

100 if (41/043.81915 447 (approx.)

14>0

01<arif.Vis) 542 (equality if p, 0); lip=27$

0160=1$100111/1411

4,000:=isq111/41

484,16201.°.°/(-41$)

alter6011111110+i'iarigell+HI'ei)

Quirts" Periods

.60 ( 42) " es -fie >es

' 442) ism 21411-01-77--361

t042)4.11illn+071;WII
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18.3.21

WEIERSTRASS warm
4).0

001
'(42)=2u41414014+3eirs

184.22 49 (6112) =es Ha<es<0

18.3.23 go(6,/2)3= 2H,W077-3es

18.3.24 1(02)=Nillei4214-34331

v(6//2)=0 ifttdis241114(2H$1.-3ea)is
18.3.23

18.3.26

18.3.27

18.3.28

18.3.29

(6142)=.4h-11s

9)1(4/2) 2/14(214-34)i

r(64/2) = iivs-1(211s 34)r

elftied..4/

"W71.1 REK2113-3eta)lu

equivalently:

18.3.30

18.3.31

18.3.32

18.3.33

18.3.34

18.3.35

18.3.36

18.3.37

18.3.38

18.3.39

AND RELATED !UNCTIONS

4 <0

0'0
e(42).204lingh+3eiris

(64/2) =is Hi= IP (ft+ 4/2) <ei<0

'(4/2).= 2HailtHs 34=P'(444/2)
t(4/2) ibiii/2112-3e2)--r(ft+42)+211°

02. fil

47(44/42)=3 Se.
"

2uar(2/4-36)ve
= 47(02-1- 42) exP I ewsl

9) (WM = eslis

tp0(02)== 2i1M214-34)e

i(d/2)=4Wi(2111-300)
evisehrs

141112H1-3esMus

One:Third Period Relations

At 21=2243(i =1,?, 3) or 243,,9"*=12,9)(poe;

48.94-2491M-4893P 64=0
A>0

ot(240/3)=V+P-34 t(2wit3).11410)(23(431

(f2B311r(2073).4°4 r(20/3).10-4/31
0260),J1+[19)(2343) 0201/3)44.[O.1/37

e(243).7"P 12,w/91

°(240/3)

u(2003)111( tip,72t0(,3'; °Pt

e(2612/3) 1=1( .9)-(1:016yisejus

v61'e61 =iri/2

{also valid for 0 <0)

e(26413)=;e1P(2404191

e(204/3)=1 exP 1244/9j
itP #(243))1/84,0403

ePiera) exP [2te (1191
( g) 0 owl 13)11 /VW

Legendrell Relation

t1skti-140k=iri

Relations Anson. the H4

Ri+il1÷111=301/4

Rial+Hini+144=0
640



18.3.40

18841

NUM= -1418

1 ein-12011-1-Am0(+ 4.1, 2, 3)

18.4. Addition and Multiplication Fonulas
Addition Forosaukee (erodes)

18.4.1 (411+118)milStig:L8/1 (4)

184.2 (pp 4.4 to. IP (si+ BAP TO IP 1$01+ (ai eqs.)- to Poo .0) (a,)

18.4.3 ft)

18.4.4 001+840118sQm 0(81)0(4)IP ( (P (22)1

DuPUeedoe sad Toisditation ir also

[Note thstP":=890(c)-1, p#1(00.49)1(8)-01P(s)g, and 9)"111)=12,9(40)

18.4.5 J 0(28)=-204)+1.22;VA'

+12
4

18.4.7 r (28) = 200 + 9)"(a)/20;00

18.4.8 e(2a) gl,(106(a)

18.4.9 1(311)=3M0+ (8),(p9CZ'.-12 "('-)

18.4.10 e(32)=3 fiD IsootrectoIP ts)1

18.3. Series Expansions

Lonna Berko

18.5.1 41)(8)=.-s+ g.

4=302, 4=028

18.4.6 tpl2a)ge

18.3.2 where

and

18.3.3

18.3.4

185.5

18.3.6

3 ./-
472k+i)(k4y a glisei-m, ka 4

'Wm 20 +8(2k-2)4,04-1

tes-11(2k-1)
snow

dokOgir(20" (40 +84+0

Yormulmtor r sad we on trail alsokonit additioa komulas. ,
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18.5.7

18.5.8 . s

WEIERE/TRA8t3 ELLIPTIC AND RELATED FUNITPIONS

where (1/40=1 and

1
a,..=3(m +1)a,+1,

16 In+1)4,3,34.1-5 (2m +3a-1)(4s1+6n-1)a..-1..

it be' ni understood that (6,3=0 if either eubsciipt is negative..4 , 3 and is equal(The radius of convergence of the above series for g -z , g +22- an rs is eq to the
smallest of 120, 1240'1 and 120±2011; series for e converges for all

18.5.9

18.5.10

18.5.11

18.5.12

18.5.13

18.5.14

18.5.15

18.5.16

18.5.17

18.5.18

18.5.19

18.5.20

18.5.21

18.5.22

18.5.23

18.5.24

C' S=
1541470.

Yokes of Coefficients' sa, in Teems of co and ci
.

4=4/3
Ski

essorassca/11

4=124+341/33

4=244/33

'4=54(114+364/7293

49=44(204+114)/2717

40=(2424+145504/240669

eit=14408(3894+3694)/3187041.

en= (1149804+108000044+1666174)/891678645

cts=104c3(2974+5304)/11688817

emmes24(5287704+716407141+29896074)
(306735)(215441)

44(629218154+17986545044+140513674)
045®

(179685)(38920531)

+108651123 -}- 8753418364)
cu

=4(589578884
(5909761 (5132585)

cie5(301719554+12613807544+281517394)eir=
(820205)(6678671)

9490034+ 30458088737 .115544+122378650673.378 '44+2348703.8877774
(1342211013)(4898108713)

+429852433 .4544+85277434774)
e19

.244(33855442154
(91100295)(113537407)

NOTES:
1. c,-c, were computed and checked independently

by D. H. Lehmer; t were double-checked by
substituting gen 20 es, e 28 c, In values given in
118.101.

2. elres, were deri d from values in 118.101 by
the same substitutio These were checked (numer-
ically} for particular ues of et, 0.

642

.3. co is given incorrectly in (18.121 I factor 13 is
missing in denomina-or of third term of bracket);
this value was computed Independently.

4. No factors of any of the above integers with more
than ten digits are known to the author. This is not
necessarily true of smaller integers, which have, in
many instances been arranged for convenient use
with a desk calculator.
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Value et Coefficients a..

I P

-114
a
SO

I31IIM71

fit- 291
7

.9661100

e ill-SU
4014N8

II
6114

1 11$

III'
4

944

.81

13I4I
4 8

-84
2

-8
1

1

111
-24 WM

flee75s
/0

-94441
17
41168

II
-244471

41188

If
241411

)

9 1I 1

611 4 1

-24

-1

1

III
-66 AT
4814118

41111

SIN
-911.

88170111

III-SW
111641

11'6/7

01

9.8631

849

9

III
-34 84
14817

VOW
Il

.44 14
4140
mapI
1884411

421A

9.64
mu

9.861x7

.1. 7

94 4 1

UN

8

Il
-24 84

881
amen

IS-seem*
4184111117

681101

81917

-844 7
4081

840107

8.107

.

11-se 6341

4114011118

-4I8 1

811111MII

-9i4f4 111 i

18

-94'11

4311

174117

a

II
-1148.7411

4712818141877

11444 11.91

41401141111

-24
1011801018

-817

17017

831140

-244 7411

1483211011

-94f6 1748

98741118

-64748
142687

-34.7

41607$

7

-9.16717

4040061001

-3t
1188211408

81147

407181

a

24f6 1

40160117881001

-24 4 1193

1016974973

-87.3134$7

40708

0

37

48118101111101

-871

47N08/40080

m

-87.11.91f

48848.48519

ft

67I9 1/81

91019780111

le

vow a se.
usimama

IMP 01 40400404 aft m MAC 73 of ila= beredatenlla113.1a, Vol.., p.18 tot torlds+ISSO. Additional voles woo conputod od ebooliod aq
dirk aWmoom gotatoilly of Iwo MON eolab111 the 010 AO 1N Wears AutomMa Maputo*

643 644



638 wusamatokas ELLIPTIC AND RELATED FUNCTIO 8

Reversed Series. for !Loge I (PI

18.5.25

21.4 [2u 4-osiii-l-ose+1 10+1-1-74

+11-3 (344-54016"-F4ate+-541 (124+74)107

5428 11 119+ (a1+7a2)14 + (34+104)01

35asas (94+44)1e

+200 334--( +18044+1040

Mal (114+104)te

+29
3a2 ( 434+115544-1-2104) us
49

+;(173 (1434+22044+64)u3'

(8.54+728044+28044)08

33aias
(1954+45641+424)16"

11
+ 2-4-31 ( 11054+ 163111044+1092044

3ceeas+18santin+3 (854+28044--564)us
2°

+29. 41 234+ 812044+ 830044+33801)1441
41

143a3
+ 5643 (16154+714044+252041+244)e

0(u")],

18.5.26 where c9 =g2/8

18.5.27

18.3.28

ati=gdu

U

In this and other series a choice of the value of the
root has been made so that s will be in the Fundamental
Rectangle (Figure 18.2)4 whenever the value of the given
function is appropriate.

18.5.29

18.5.30

18.5.31

18.542

18.5.33

18.5.34

18.5.35

18.5.36

18.5.37

18.5.38

18.5.39

18.5.40

18.5.41

18.5.42

18.5.43

18.5.44

18.5.45

18.5.46

18.5.47

5.48

18.5.49

18.5.50

18.5.51

645

Reversed for Large I 0) 'I

a=thu441014 +1107+Ael0+ . .

where u,=( on/T.140a

ALVA

Ae402.1 Af

Aog=0

A11==84014/11

10A1
(424-64)

46=-984as/175

(4A'Aiv=.5-1 1
51

(4+124)

where 49=08, v=08
Reversed Series for Large irl

a=u+AO-FAvte+A169+.
where u = r1

A4=-49/6

AT= 8s/7

Ae=4/7

An=3481/11

Au.-414W91

913-(134961-411811)

234i (1154314-225884)

where 63=--tga/12

4sus/20

ter
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Other Series Involving p

Series near eo 1,0(4)150)

18462

=, Au[1-30,u4.44,e+V is+are

+7(121;41n V441. [-ks-14AI]+

+541441-33eses10+- 161-1883;

+54(55474323104)1+

18.5.53

where u"(8--ae) 94 tiP(Qu'ilit-h-
10.1.154

u=Pav-Favii-2004641+5(1*-4 (3,04

+150sPOs+70(001-1-2(0(20p+70,9) +210o

+(aff-e+ {91+2049 PP+15400,,xs+13240)

+1131 (6-c2-+ {V+64$} 0P+1-3ZA

+1444) Pe+150P4

+ {1540+33A} PP+2°C.23-2-56-01-1-5720)

+1 (3 {281' +133} PO+11008es+011P?

+wow {V e+si gp
+16016 asgsg) 11-1- 19448 0) . .

18.5.55 where v= I(,y) and a=g1/4

Series mar to,

18.5.56

COD 41)=. (34-54)u+ (1040,-1-210.)e+ (744

+ 2144+ 5aDus+ (1844+30*,

+ 33414)0 +(2244+ 92eseset+1054

--14-14)10+02r8444+2+046.+84411,

+1.17-1144)us+03044+$117414

+31454101+447644100t0+...,

18.5.37 where u= (s w,)'

Other Series Involving cps

Series war so

18448
(60opo=[-104u-560043+ 3001100-02644410

84003 -72)004 545244
3 11

\ +704(554-23104) ni
143

10410 2840+ 3(14e+ 114440

+7(124-54)0-21114, 1414]+'.

ILLS

18.5.60

(a4)=4,-6A1-3-1P 44-1-3(4-f-bs)A3

+1014 W-3(364-3,9 ,H-4e1x

! 30 ;C: 4+21 o*)Ai+ Om%

1 +1004-2791P ?6-1-1320A9-1- . . .

where u= (a 4)

18.5.61

Series near WE

' 13.5.63

where A= (0) 0/(-1000

and = 4092

.2(3e 54).+ 4(1040E+214)as+ 0744
1-216,01-50Des+24(60101+44°'

1144)a9 +10 (2244+92446E+1054

....144)
(

_4314_ eicse4+40

+4246,4 oh) an+70 (113

+11-1 t 401+1N etee+74+0 es4+ ft 4) a°

+ ..

111.5.64

646
where a= (a at) .
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Other Serie. Involving r

Series near zo (go)t = 01

18.5.65

1.....1.0=

(54-1241)+
US Cie
2

26

4100 I 9eacitill

2 2 3

61(1401

22

rgeous

_i_74141/...5444'_11elesej_ (104-844)
2 7 3 33 vis

j_1363des uis.Les(231561-5501)
24429 ' 429 -I-

18.5.66 where a= (3-4),

18.5.67 . to 0:4
Series near

18.5.68

(rm). eta (3e1-54) (104ei-1-2108)ae
3 5

.....(744-1721esei-1-54a1
7

(6esel+ 1044+1 leacjar
3

( (2244+ 920rese ri- tofici_132 el) au

11

07 4444+T 4erl-424ei

607 AL \ 18 1 /127 _,, 8,_171
-r-iT I'm)* VI-S."44'1T di

at 9150 6

18.5.69

18.5.70

10

+Tif *seri-Tfi 44+ii 4 a

where a= (z )

Illeremed Series for Small 1(4

4 0

z=e-1-71 e?-1-.3-11 e9
5 7 14

19wys 3842AI-8611ieit+ ' -t-
M 6006

18.5.71

18.5.72

where N 048

0120

For revermion of Maclaurin series, see 3.6.25 and
[18.181.

6 4 7

18.6. Derivatives and Differential Equations
Ordinary (4=020, 4=028)

18.6.1 0 (4
18.6.2. Q1(4/0(4=114
18.6.3

g*(4= .9(2)th (4 98= 445-54.9-74)
18.6.4 0 "(s)=601(s) fga=6,9'-10e.2
18.6.5 g)"'(s) = 12 gip,
18.6.6

IP (4)(2)=12( g).9 " + MVP)

=51[90-3egg -1
5
-1 41

18.6.7

.9(6)(2)=12(9).9"'+2,91.9"+.9".91
=3519:10acal

18.6.8
0(0(4=12(30(0+39y rpm +349,1 g,

+gm gt)

18.6.9 z":711.9-4e2,92-44g +54/71
18.6.10 0(7) (2) =4.710)upa 2e, ,rp c,)
18.6.11

IP (1)(3)-91C0 5023" 2

18.6.12
(1048) + 1 leflea)/83

[P m (a) 5.91.91 04-3es0 24.9 +24/31
18.6.13

0 (")(8)=1111,91-64.94-64.9'+701.9'
(3420240 +844-104)/331

18.6.14

0""(0=6.1110 qt/0-449'kag'
+ (774.9 +57401)/331

18.6.15

0 (11)(0.131L97-74 ge-7Cs,94+3501.91/3
+210Clesg 2/11+ (Ma 354)1P /13-1363sks/4293
18.6.16

(")(2)=7. 1310 'I 0 ° 54.94-4e$M8
+54,02+800240 /11+ 024-5401

18.6.17
g (IOW =15, WDS,...8020)6_sestp1+62419)4/3

-1-32844 0'/ (4444-3284gs/39
48840,9) /33 +4(854 - 23164)/4291

18.6.18

oto (2) .8.180 Pt go 6Cagbficegtf-264g$13
+123eies 'ill+ (1114-824) ,(P / 39 6144 / 331
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Partial Derivatives with Respect to Invariant,

18.6.19

A til= (39sr:68)+6gsg1-96.9gi

18.6.20

4 tfit-)szeg'( gsr+12)-99s1P141

18.6.21

A ii-08=3rOh fh)
tor

2(910) -1401)A ge

AND RELATED FUNCTION

= Its 0) (4 +NY
2.28

For. other re specialized) equations (of
orders 1-3) olving (a), see (18.8j, noe.
1.49, 2.28, 2.7 3, 2.439-440, 3.9 -12,

For the of-9)-(2) in solving differential equa-
tions of 'form y'N+A(z,y)=0, where A(a,y) is
a polyno ial in y of degree 2m, with coeInciegta
which analytic functions of a, see (18,j,
p. 3120.

641

4's 'equation)see (18.8],

18.6.22

A -V-==.1 (9gAti) +; 1/0

ytz .9)+1 ga #

- 3 9 1 9 ,18.6.23 A the '1-- goi-- We" 83sufbg, 2 2 8

18.6.24

oo 9 1 3 1
A -4-2=1i glo"--4; gins'

Equation

1/"=!//(1/a)'

18.6.26

(here' denotes -5i2.)

Differential Equation.

Solutiony.-0a 27 (s
2
+

18 2" J729)

2
Vs= (1/1-3aY14-31/)a 11 ell a-3 (a;

0,
OP

18.6.27

1/"=-
28

(y+a)'(y+b).

4 -3a'
ga = 27

y °80'(2; g,, 0)b,

3
2 (ab)

18.7. Integrals

fg11( zNiz.211. (2)+12 g12

18.7.2 193(r)dr.:1. ?":3440 faia:+1. ii$2

as fir higher powers may be derived by
integration of formulas for ( (1"(z))

For f 11)*(a)ds, n any positive integer, see
(18.151 vol. 4, pp. 108-9.

If g) '(a) od0

18.7.8

fda
g (.)g (a)

=120(a)+in o(za)In o(s+a)

'44'or jdz1( (a) (a)1", ( '(a),10) n any posi-
tive integer, see (18.15j, vol. 4, pp. 109-110.

&Anita

18.7.4

18.7.5

18.7.6

18.7.7

A>0 A 0

dt
w= al°

118(t)

648

rft (It

418(t)1

where t is real and

8(t).---g4tsfht
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18.8 Conformal Mapping
its=u+iv

ut----ffi(z) maps the Fundamental Rectangle
onto the half-plane v <0; if 14/1=6)(g3.0), the
isosceles triangle Ous is mapped onto u>0, v <O.

w= f1 maps the Fundamental Rectangle
ontthe w-plane less quadrant III; if tial=a, the
triangle Owor, is mapped onto v>0, v

(a= period

w----r(z) maps the Fundamental Rectangle onto
the half-plan u>0. If a <1.9 (approx.), v 0;
otherwise the image extends into quadrant I.

For very large a, the image has a large area in
quadrant I.

w =-a(z) maps the Fundamental Rectangle onto
quadrant. if a <1.9 (approx.), onto quadrants
.1 and II if 1.9 <a<3.8 (approx.). For large

a, m141(7(001
12

consequently the image winds

around the origin for large a.

Other snaps are described in [18.231 arts. 13.7
(square on circle), 13.11 (ring on plane with 2
slits in line) and in [18.241, p. 35 (double half
equilateral triangle on half-plane).

Fundamental Rectangle
A > 0

FUNDAMENTAL RECTANGLE

WI I

10

4

A

( 4, .4)

0 .4

w=g)(s) maps the Fundamental Rectangle
onto the half-plane v 0; if 1(41=w3(9).0), the
isosceles triangle 06)3401 is mapped onto u O,

v

wetjP (2) maps the Fundamental Rectangle
onto most of the iv-plane less quadrant III; if
1041.ess, the triangle Owaol is mapped onto v
v U.

ratio)
w=t(z) inaps the Fundamental Rectangle onto

the half-plane u>0. The image is mostly in
quadrant IV for small a, entirely so for ( approx.)
1.3 <a S3.8. For very large a, the image has a
large area in quadrant I.

tv.o(z) maps the Fundamental Rectangle onto
quadrant I if a<3.8 (approx.), onto quadrants I
and II if 3.8 7.6 (approx.). For large

a, arg [a (w1-1-124)].,V1; consequently the image

winds around the origin for large a.

Other maps are described in [18.231 arts. 13.8
(equilateral triangle on half-plane) and 13.9
(isosceles triangle on half-plane).

Obtaining 11:), from 0) "

Fundamental Rectangle
A < 0

FUNDAMENTAL RECTANGLE

/2s
i 0/2

Flays?: 18.4

In region A

(1) If a >1.05, use criterion for region A for
>O.
(2) If 1 to(g),)>0 if 'y >,4 and

< .4, r/4<arg (g)')< 3v/4 if .4< y 45 and
.4<x <.5. J(9),)> 0 elsewhere

in region A

4'(!Q') i f y . 1 ! .4 and x C.5; , f ( ' ) >0 elsewhere.

649



In region B

wsininsAss ELLIPTIC AND RELATED FUNCTIONS

In region B

The sign (indeed, perhaps one or more significant
digits) of (P' is obtainable from the first term,
2 /a', of the Laurent series for OP.

(Precisely similar criteria apply when the real half-period 01)

Use the criterion for region B for \A>0.

A>0 w=s1

Map: g(z)=164-is

Near zero: go(z)=-1 -}4,

0) (a) =444-40+

d =1.4i

(o'

643

IA

MN= ..=. 11.11I.
o.

41 a I.
4.6.0 ram...,

wi 0.
MEM, .0

Mabel

rerprA
arr.. oe.

lo

was ..1.411.
mow. a.4.1

oroarrilr..
or. orrerra
r aol

Flaunt 18.5

650
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0,101

Mgr 49(8)4s+6
1Neer sera: 000-7+.,

P(41-3+000+

Prows 18.6

651
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WEIERSTRASS ELLIPTIC AND BELATED FUNCTIONS

A>0 w=1

Map: Na)=.14-i-ie

Near zero:

1 ewe
ha)mpi---r-ko

Ls 3.5 to

hang .18.7
652

1 411 1 . 0 1

.004

1441 . 0 0 01



muumuu twiny AND MATED moms
wv=1

Map: t(s)s+a

.1

-4

14

-13

4.0

-u

Naar saw: t(8)=-1+.1

IA IA U 1.11

4.0

-LS

Roves 18.8

653
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ev;u31.8i

4(0 u ®1

SUP: 4704"0-14

.51

S

.a .9 1
.6

/.2 .3 546

.4

.2

.41

....
1 M101

O .2 .41

.1 .2 .3 A .

.11 IA

.51

.41

O .2
MOW

.6 .8 1.0

Floras 18.10

.5[141-tatx

.75

.5

M OD M46 1
el I1 =DIMa

MP

ml

11111,
.5 1.0

.5 1.0 X
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18.9. Relations with Complete Elliptic Integrals K and K' and Their Parameter in

and with Jacobi'. Elliptic Function. (see chapter 16)

(Hers K(m) and If' (n1).21C(1 is) are complete elliptic integrals of the 1st kind; see chapter 17.)

A>0 A<0

18.9:1 elm
2--ss to elm(20-1)-1-8i/intmiAl(ra)

344

18.9.2

18.9.3

pes-1),Vitlis
"221 3s?

es=2(1-2m)V(m)
34

(14+1)/0(91) (2es-1)-8i ti,.1)11
3w'

es= Mtn)

18.9.4
91

rn

4(msm+1(m)e 0.4(1610-18m-1-1)K4(m)
344

4(m-2)(20.1)(01-1-1)Mm)
18.9.3 pa= 27s"

8(2m-1)(32/0-32m-1)K5(m)
9s= 274

18.9.6
11.1801(es-1)3K4(m)

A .-258(nsms)K9(m)
nu is

Ids
O

im)
18.9.7 0

,
ai wsz°41--C-1-Q---11)64

r(os) w
.,- K(m)

18.9.8 w.git(tn)/(6,es)am csizolC(*)/Hin

1 3e,
10.9.9 Is= (ises)/(t11ss) tanur.
18.9.10 10<niSt aloe 1Q01

'lm)
18.9.11 p(8)=0,4-(01sonNeins) 0)(0)=4

1-f-on(e+Es fira)

18.9.12

IP la)--4(01-49,)". egelykkhgelmVenNit elm) pol.lizes-4Himen(s'Ins)dn(seint)
"1 ns A'

where where
[1 on(sti

ae te=2210cii(61a' =228;0
18.9.13 q=t(w)ISSF-4)340 (3E(m)+(ns-2)K(m)] sis.N.Q.,S-Q-0[6E(n)+(4ni-5)K(m))

30s

18.9.14 111.1.(wINimlitir_ki
Sk=st(1010m=11114iri' 0 ., os

(E(m) is a complete elliptic integral of the 6ci kind (tee chapter 17).]
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18.10. Relations with Theta Functions (charts! 16)
II

1

The formal definitions of the four 0 functions are given by the series 16.27.1-16.27.4 which cony
bran complex a and all q defined below. (Some authors users, instead of a, as the independent varia le.)

These functions depend on a and on a parameter q, which is usually suppressed. Note that

0:(0) =01(0)4(0)04(0), where 040)=101(0, q).

EKO

18.10.1 r= Who

18.10.2

18.10.3

q is real and since giO(froilte), 0<qe-

=mg eter=1,011°/K

18.10.4 (v.ra124),'

18.10.3 g (2)=6.)+-11:11[011,+,(01g((ail

j=1,2,3

0$03004(00NO)18.10.6 'kei=2 0,(003(0)04(0)0M

18.10.7 114°: +a)
18.10.8 e(a)=-: oxP (v27,0 iyiy).4°)

12sse,..010;(0) +01(0)1

1240.1=110:(0)#:(0)1

12082 TIPP) +01(0)]

18.10.9

18.10.10

18.10.11

18.10.12 (el COI= (es el)+ =01(0)

18.10.13 (e, eji= ti(e2-81)1=2/16101(0)

18.10.14 (e 1 es)1 = +(es et)c= 21.1w01(0)

18.10.15 ih.3 (51--r j[01(0) -1-14(0) 0:(0)1

18.10.16 ga =--4eiese,

18.10.17 t.-e- elm
46,3 I

TIC"
18.10.18 fp r(w)

(0)

18.10.19 'I'm/10=10/-1TM
0.0

65

q=iiii==ishis=tiee1;inao,

q is pure imaginary and since gri0(14410,),
0<1210-10

(a= vs wa)

60(2
r° pi(0)0011

==es
L0 Or#100J

ta 0,003004(0 0)0?(0)
k

40:90,0:)04(.,a(v)

0.).,1112+ xv)iro,(

t'(2)=2*fi exP PA'
12t4e1=---0[4(0) (0)]

1241=n0101(0) MO))

124,=-0101(0) -1- di (0)1

(es 044= i(e2 =21-f. 1(0)

(eses)+ i(ese1)4=2-77)42

(es *I) + = i(et es)4=21(:!:(0)

02=1 (2-1:-)4[4(0) +OEM +0:(0)1

gsr-,--4eteses

( A)!im=11:1C20) e -It/4

irsor (0)
%Mr moo= 12.odoy

,/ #. 1100;Iri
Vies' lie2/g°

ws



18.10.20

18.16.21

111.10.22

18.10.23

W11111101111A88 ELLIPTIC AND RELATED svaranoNs

Series

tmo),=,o

0(o=2/it1 +11.1+04+4s.4+

th(0)=4+2(q+24t+, . +go+ ...)

#4X0)=1+21q+0t+ . +(-1)*ro+ .

Attainable Accuracy
A>o A<0

Note: 4(0)>O, j=2, 3,4

/1/(!):
j=2, 3, 4

2 terms give at least 58

3 tonne give at least 11S

4 terms give at least 218

Note: 4(0)=Askm,IA>b;

at ils(0) >0 ; 04(0) = IT,Tg

2 terms give at least a

3 terms give at least 58

4 terms lye at least 10S

18.11 Espressiz4 any Elliptic Function id Terms of

If f(2) is any elliptic function and P (z) has same periods, write

18.11.1 AO =i1A8)+A-101+11{.0fi (P`40)-9.9'Ca
Since both brackets represent even elliptic tune we a4 bow to express

Lion g(z) (of order 2k) in terms of ,g) (z). of the elennese, an irreducil
denoted bra, 0=1, 2; . . . , k) and the pt( p6ints congruent to'-ra, .(i1=1, 2,
ingly in connection with the poles we consider the points ±6,, i=1, 2, . . . , k.

18.11.2 g(t)=A I)}ai

a constant. If any a, or 6, is congruent to the origin, the corresponding
product. Factors corresponding to multiple poles (zeros) are repeated

where A is

18.12. Case A=0(o>0)

Subcase I

18.12.1 h>0, th<0: (e1 =e1=e, e, =-2e)

18.12.21 1/1=1/1=0, Hs=3c

18.12.3

0)(z; 120,-80)=0+3c{ sinhj(34121)

18.12.4

r(z; 120, 80)= es+ (3c)i cloth [(3e)12)

18.12.5

s(z; 120,-86= (34-I sinh [(3412111-4111

18.12.6

18.12.7

18.13.8

cs. oe, (41= (12c)-iiri

qurif(i0)=2

el= Ow) g=
ti

18.12.9

18.12.10

18.12.11

18.12.12

18.12.13

18.12.14

18.12.15

18.12.16

18.12.17

18.12.18

18.12.19

6.5 g

).
an even elliptic f c-
e set of zeros

!ft.); COMS

en

tar is omitted from the
to the multiplicity.

q =1, svir= 1

e(0)=0

2wiser(w)=

0140=0

(42)=0

910/2)=0
r(w/2)=g co I

o(42)=0

..9(012):=tge

0)16)72)=7;0The

1(0072)= 014' +rid)
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18.12.46 P'(01/2)=0

18.12.47 003/2).7-f1.
18.12.48 e(ws/2) =0

Subosse III

18.12.49 ga=0, ga=0(el=--es=e3=0)

ftkes42
18.12.20 o(w72) =w

e

(642)=0

(0212)=0.

18.12.23 l(b/2)=1

18.12.24 v(0s/2)=0

18.12.21

18.12.22

%Wass II

!8.12.25

g,>0, g, >0. (ei =2e, ea=e3= c)

18.12.26 14.3e, lia=1/8=0

18.12.27 ((z; 12c', 8c') =c-I-3cfsin [(341211-2

18.12.28

r(z; 120 , 8e') = cz-i- (3c)1 cot RUN]

18.12.29

e(z; 12e', 8e') = (3e) -I sin [(3c)NeAs

18.12.30

18.12.31

18.12.32

18.12.33

18.12.34

18.12.35

18.12.36

18.12.37

18.12.38

18.12.39

18.12.40

18.12.11

18.12.42

18.12.43

18.12.44

18.12.45

co= (12c)-isr, tes=i01

'1 =t(w) =cw

tii=f W)=ic°

q =0, m=0

2400,Am
c(w)=1

e(w1)=0

o(wa)=0

g) (co/2) =5c

g), (ce12)=i1;

t(ce12)=4(ew The)

_15

o(1012)=. 41-"'

(602),=-. 0

g),

!'(w'/2) = -Ho

e(c112) =0

,9(tdst2) c

659

18.12.50

10.12.51

18.12.52

18.12.53

9) (z; 0, 0)=r1

Ns; 0, 0).s-1

o(s; 0, 0)=It

(0) CD

18.13. Equianharmonic Case (g,=0, g, =1)

If g, =0 and g, >0, homogeneity relations allow
us to reduce our considerations of g) tog)(s; 0, 1)
(g),, r and o are handled similarly). Thus
,9) (c0, gs)=glog (et/10;0, 1). The case gv=0
gs=31 is called the EQUIANHARMONIC case.

FPP; Reduction to Fundamental Triangle-,

6418410000 is the Fundamental Triangle

Let a denote 116 throughout 18.13.

wes1.5299 54037 05719 28749 13194 17231'

eigwmowiak

The value was computed had checked by multiple
precision on a desk calculator and b believed cornet to
308.
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Reduction .for 21 in As: 21=e11 is in Al.

18.13.1 .9(2,0-4g(A)

18.13.2 .9'(4)=FP(A)

18.13.3 r(A)=c11(ss)

18.13.4 (1(4)=1;(20

Reduction for Zs in 44: C' (2w' 4) is in 4,

18.13.5 .9(23)=C1.9(A)
18.13.6 g'(z1)=0)'(2i)
18.13.7 r(4)=i(Z) = e_1 } (z1)+21J', ip'=r(ke)

18.13.8 r(4)=.o(ri) exp 1(4(i)(2,')]

AND RELATED FUNCTIONS

Special Values ar' Formulas
18.13.9

4= 27, Hi= 44-"):,
Hs= 44'14)1

18.13.10 m=14112 .150==215-
4

82(0)=419.0)

di (0) =I Ai1" 4

IMO) =A0-4,124

18.13.11

18.13.12

18.13.13

18.13.14

653

Hs= 4.8*(4 -")0

q.is "4111

were A= 041/01V031/1 =1.0088. 67

K(m)2m3 ra(1/3)
18.13.15 all=

Values at Half-periods

.0P r

18.13.16

wo cot ev=.4-lik* 0 e=ier/2611,5 elv(oot)

18.13.17

os et= 41's 0 co= e+es =,c/24oslia
eivi(20)

70----
18.13.18

ot al co et= 4-1/8.-* 0 V' r'21-'1424445 ar(wo)

18.13.19

wo' et= 4-"8 0 /Pe 121 ''' Vi/204 = V' li
gie4121/97---- .

Values' along 0, 01)

r

18.13.20

201/9

18.13.21

ort/3

18.13.22

400t/9

18.13.23

til/2

18.13.24

201/3

18.13.25

90.1/9

40007r60 + oor-rs W.]

et+ 4(2" + 2 + rm)

Vaal se
r-12 4/ooa 404coN

11(21m-- 1)

1Voosr0° atria&

.13(2"-1- 1)/(2'" -1)

43t4/e0-7-0+4r-008--ei

e.neei a1
F7r pa+

sonr/l(2tns)

A'fros 406

co-srair

et+ fit

1

4ri-0:172-0"

covi-20* 4443-8-w

(or/4014) + (31/q2+

INI)+8-1/1

43/20)
3111r271-tri

eh fir N

43( "ee 461 eor751so J

/eVeriliC4- yeas if 0 41V+

Values at 2ot/9, 4ot/9 and 800t/9 from (18.14 660
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Values along (0, iro)

Ip t a

MASA
isi2

Mal= ,

acd41

MILES
A

21'Y

0(sio Hs)

0

Ili [-I. +2-1/1] ram
lia .

ens Irish os

scm
deem 41 ions en[zoo +3s/af. /

i(Esn) 2.474. i

i ..,21011 rie/II

lai

su4V2,
oclillon

Duplication Formulas

18.13.29 g(2.)..,(48ACe)if

18.13.30 OP(211)**-24).(81-ii3(2)-1

18.13.31 r(22)=21(a)+30

18.13.32 e(24)= 9)°(s)a4(s)

Triseetion Formals. (a ,sal)

inap=acos
3

18.13.33 (Ogi8v
T oft --T

18.13.34

Eauianhannonie Cue

Map: fle)..is+ir

(a)

Near taro: tfr(s).4+411

, 84goop.?+5_+ii,

where tan ..49'(s), Kx<2*1 and we must
choose in intervals

(410 (21' Girl tr) t° get

18.13.35

18.13.36

18.13.37

18.13.38

0+2its> 0+4-11), respectively.

Compka Multiplication

ag) (W01= CV 00

=selt(3)

a(es) =a(a)

In the above, ',denotes (as it does throughout
section 18.13), owl. The above equations are useful
as follows, e.g.:

If a is real, as is on 'OW (Figure 18.11); if is
were purely imaginary, a would be on 0a (Figure
18.11).

Conformal Maps
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'(s)

Near zero:p(3).-1+.,

114

Near zero: r(e)go-1+Is

1 sa

I.

6

48) .4

.2

V

I.0i.

Floras 18.12
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Coefficients for Laurent Series for .9, 9)' and r
(4080 for mpg 3k)

EXACT cm

1 1/28
2 1/ 13.28)mill/10192
3 1/
4 3/ 8.1p.19. vs 2343'78/(7709611 X 10.)
5 4/ 5.139.19E1. 78125/(16729 85187X 101)
6 7. 43)/0 P. 19141.37.M
7 6.431)/(5.13..19231.87.43M)
8 3.7.318) 8.18'.19'.31.37.43.28')
9 41201)/(59.184.191.31.87.43.281)

10 21.3.411823)/(5.131.1P31.47.411.61.289)
11 3.79.738)/(8.1P.191.819.37.43.81.67.289)

12
3.1158.13963.29059
56.130.194119.371.4341.67.73.289

18
2104.114647111
118.134.19,411.3741.6773.79.2114

APPROXIMATE cu

8.5714 28571 42887 X10-1
9. 8116 16984 47409 73312 40188X10-'
1. 8442 88901 21693 55885 78988X 10-1
a 0400 36650 38788 61380 20301) 00-9
t 6697 95161 88961 00384 38843X10-9
6. 8882 18878 79393 88788 98X 10-9
9.7990 81742 57961 41889 66X 10-9
1.8685 06574 79360 13026 87X 10-9
1. 8800 72610 01829 79236 40X 10-9
2. 5497 86946 68202 63683X 10-9
8.4222 48599 81463 05316X 10-9
4.8541 38864 99184 3039000-u

6. 0171 15776 98241 99591 X 10-9

First 8 approximate valises determined from exact values of cm; subsequent values determined by using exact ratios
ea/cm-a, using at least double precision arithmetic with a task calculator. All approximate es were checked with the
use of the recursion relation; esOit are believed correct to 14 least 2113; out --'149 are believed correct to 208.

2, 3, 4, . . .c 4ab ni
136-1 210-11

k

Other Series Involving .9

sedge for Wee. I .91

18.13.39

g=((p-i)iii+11442+811$ 7us 63ua

381- 40 248

10 429us.+23ier+w+0(0)],

18.13. where u. 9 -s/8 and a is in the Funda-
ment Triangle (Figure 18.11) if g has an appro-
pria value.

Series near so

18.13.41

= tits
7

[i 3+ u4[e+-1+ON's)364 8
14'

18.13.42 ".
u.igfi +T +1°+2 y+7293---)2 +ootal

18.13.43 where u.=,(zz0)

Series near cot
18.13.44

(9) N)-3du [I -4-.z-i-za+?

+W))5 4 28501 ie O

18.13.45 where u-----(zwg)',

663

18.13.46

w'+

116:

18.13.47 where to 4)/3e9

Other Series Involving

Reversed *ries for Large 1 gel
18.13.48

22111(9"1°)-10120
2

(491)-121

"1--477 +0(gt'4)1

being in the Fundamental Triangle (Figure 18.11)
if 9)' has an appropriate value.

Series near so
18.13.49

(9), 0=2[ 2ix+ x' + 0(x1)]

18.18.50 where (zzo)1

. 3tiaa
18.13.51 r=201[1-1a--9 1

as+ --+O(a9],
7

18.13.52 where a--,( OA 4)



\ 18.13.53

O' =04(6 -tet) [11-2,43v91-2:74 vl

WEIERSTRASS ELLIPTIC

Serie. near as

25 24 2&5+ TO+ v'+ Tor 0+O(v'))

18.13.54 where v=es(z-is)

. 18.13.55

(a-404= ( 0)76344) [1-21v-F-9074to

+330w4-n...6+240,68 .,.+60,/j

18.13.56 where 111=0 "19

Other Series Involving r

Reversed Series for Large WI
18.13.57

z=r-'[1-71+11441t9Z+°64)1

18.13.58 7= re/20

18.13.59

a -10)=i [-144-152-;--::--T;0411-1---- -.]+0(e),

18.13.60 where u= (2-4)

Series near as

Series near as
18.13.61

(r--trs)=---es(2-00 [I+v-fl v'+ 0-410

+n 03+57 v1+0(01)91 637
16 12

18.13.62

18.13.63

18.13.64

o=es(z(0,)'

(r-tm) , 12t0 2670_1_1390
5

18.13.65

2.3
1= 7-r 2 -

301920 1634208 to_i_0001,
7a5 + 3575

w=

Series 11110010111$

26.38 to ..2'.3'.23
z

6.23 is

131

AND RELATED FUNCTIONS 657

24%541 26.36.5.9103 1+.________ ss+ s_

25! 31!

2" 04.2294683 in
37!

2".3*.5.23.257.18049 so
431

266.3'6.5.59.107895773 2.4.0(01)
49!

18.13.66

ar 41." .1. 13.3370
z=e 28.3.5.7-r274175q17157-24.34.56.11.17.19

31.1010
WHTITTli -rF" 1

Economised Polynomials (0 VA)

18.13.67 asg(x)=V a,0444(x)

I e(x)I<2X10-7

a0= (-1)9.99999 96 as = -t- 9)2.20892 47

al= (-2)3.57143 20 a, =(- 10)1.74915 35

as= (-5)9.80689 93 as= - (-1214.46863 93

a, =(-- 7)2.00835 02

18.13.68 '(x)7V ad's+ s(x)

I e(x)f <4X10-'

a0= -2.00000 00 as= (-9)2.12719 68

(-1)1.42857 22 as= (-10)6.53854 67

a, =(- 4)9.81018 03 as= - (-11)1.7051 78

as= ( -6)3.00511 93

18.13.69 7.114=c 41411+.(2)

14414(3 X10-6

a6 =(- 1)9.99999 98 ass= (-10)6.12486 14

al= - (-3)7.14285 88 as= (-11)4.68919 85

as= -(-6)8.91165 65 as= (-12)1.25014 65

as= - (-8)1.44381 84
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18.14. Lemaiscatic Case

(612=1,1/8v:0)

If gi>0 and ih=0, homogeneity relations allow
. us to reduce our consideration of j to (p (a; 1, 0)

(9),, r and v are handled similarly) . Thus 9 (a;
0)=0 9 qzgli ; 1, 0). The case ga=1, gs=0

is called the LEMNISCATIC case.

y

toi 1=1°31: iw

18.14.11

w/4

aso

At

A,

ara 2 20

(= wi)
4111D X

0
FIGURE 18.13

*PPP; Reduction to Fundamental Triangle
Airs Mows is the Fundamental Triangle
to iv 1.8540 74677 30137 1923

Reduction.\for z, in As: Zi= fis is in A,

111.14.1 .9 (4) = 7(zi)
18.14.2.

18.14.3

18.14.4

18.14.5

A.1, Hi.H3 .2-1,
to=sins 45°4, q=e"

18.14.6 v9,(0)=64(0)=00A101; Cos(0)=(20)/10

r(1) .18.14.7 w=K(sins 450)=.i0=-4.--i where

13002.62205 75542 92119 81046 48395 89891 11941
36827 54951 43162 is the Lemuiscate constant
118.91

This values was computed and checked by double
precision methods on a desk calculator and is believed
correct to 188.

go/(2.3)=i43/(zi)

t(4)=-4121)
0.(2)=17(21)

Special Value. and Formulas

Values at Halfveriods

cr

18.14.8
web* et :t.} 0 v2.44,4 nou4)

18.14.9

wisilso hing10 0 4-He evi4(4004./.

18.14.10

oi .,,, los IN 4 0 e 1"' ri/40 isosoti9

0. 1+ 1r2'



7" '

Ip

13.14.16
80/4

18.14.1
i/2

18.14.17

2443 2

14.14.18

34/4 2s (a tria)

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS

Values along (0, zo)

,, 659

a( tra+ 112)0"

C44.74+§je*

[ (24/31/8
3 +

a--,-- 1+42

Duplication Formulas

18.1449 g (20
1 92(z)-1- fi(z)14,9*(2)-1l)

18.14.20

,9' (22)=.(8+ I )(62-60+1)/[32,9"(z)1, 0=4,91(z)

18.14.21 r(2z)=.2r(z)+6,1 0(z)

18.14.22 #(22)=-- g'cze4(z)

Bisection Formulas (0<x<20)
18.14.23

, (;)
--trPi(x) f,9(z)-+ it41191(x)±

[Use + on 0<x on w5x<2ut]

Lemniscatie Case

Map: f (:) II- fir

g(z)
I

Near zero: g(z)-------1 4-01

4.26-1-#2, 121<i

(zz2
Near zq: +ea,

lzzoleoA

4 + -8-0-1- +**

18.14.24

429(x)-411/0)(x)+1
2,93/s(z) (See (18.13].)

(Use on 0<z<b), + on w<x<26.4

Complex Multirfteation

18.14.25 .90.4= .9(4
18.14.26 g'0,0=igi(g)
18.14.27 i(iz)=-4(2)
18.14.28 o(iz)--=ia(z)

The above equations could be used as follows,
e.g.: If z were real, is would be purely imaginary.

Conformal Maps
0 .2

IE,Is.ob
kg I 5 .0009
1E315.. I

1411.ot



660 mammas ELLIPTIC AND RELATED FUNCTIONS

I

-a

Near zero: 0),(4=-2,*-?-4-41

2 z
g'(:)=73-fro+41

Os)

Near zero: r(z)=iei
1 zs

r(2)=-8-6-04-zz, IZK <1

z
Near ro: C(z)=10+

(z
12 )a+ea,

lzzol<j2

113)=r0+(zzja
(zzo),

+1412 560

2.0

Near ao: tps(11).(5--z'') +Is

.9(z),=,(z-10)
+

3(zzo).
+442 40

VIII I.01
1111 2.0001 I

IV 12 .02

14411.002

5

Fjouaz 18.14

667
1.0 1.5 2.0 2.5
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Coeffieients for lea ant Series for .9, 9)',and r

(01.0 for in odd)

681

EXACT So APPROXIMATE CO

1

2
3
4
8
8
7
8
9

1/20
1/1200

2/ 8.13.201)1.'1/158000
6/ 3.13.17409 -1 /21218000
2/ 3' .13.17.204)11, 1/(31824X 10')
10/(3'i at 17.2091101/(4964844x

14/(3.1314772940n 1/(7998482x1
2486/(34.11.161.171.29.299 a=9382081 /(1282002599X 1011)
2.64.611(31.131.179.29.37.201)- 8M 8075/(18394648943X 1011)

elbSi-pr 9..11, 2, . . .

.05

.8838 .

.641025

.47184

.81422

.20142

.12502

.75927

.45888

. x10-s
641025__._._.

23881 07088
82584 04725
88088 49183
45048 02941
19109 78488
43588 93481

X10-1
98944X 10-'
99290X 10-1
32882X 10-11
37051 X 10-11
89917 X 10-11
08092X 10-11

Other Series Involving ,9

Reversed Series for Urge I PI
18.14.29

r=(g)-9"1[141+e+61:6+78-4

310 231w' 429v, 195w'++++8 400 484 128

+12155u,
to"

4736 + 104818906 +0(e1)3

18.14.30 tv.i. 9)-18, and s is in the Fundamental
Triangle (Figure 18.13) if 9) has an appropriate
value.

18.14.31

18.14.32 x=(2-20)'/2

to' ' 1

1-6its'18.14.33 x=[w+ T+TCIto' + 1--+°(°')]
w=21P

Series near es

29=x+A-'s2s. +e +0(0),5yT315

Series near a
18.14.34

34 320 220
(g)el)ml+vi+T+T+Tif+-fic+Iiii+°)'
18.14.35

18.14.36

P= (a w)'/2

Sti 1720
5 5 75

320 10840
-1-5-+-iirs-4-°(1/7))

18.14.37 1/269-0.)

Other Series Involving P
Reversed Series for Lame 19)'I

18.14.38

st.Au[l v ifivs 7v4--5- 5f--87+00°)], u=(.9'113)-1e*mt

18.14.39 A.2" v=Att/8, and 8 is in the
Fundamental Triangle (Figure 18.13) if 9)' has
an appropriate value.

Series near ft

18.14.40'

(3-80) [-1 +310-102+348+19(09],

18.14.41 w =0 so)'/20

18.14.42

(ago)=2P1[1+7+13-13448-14-0(144) ,

18.14.43 og649),4

Series near a
18.14.44

=a [i+ x'+6 X444 0+11 0+4x0+0(x")],

18.14.45 (tw)
18.14.46

18.14.47

18.14.48

120" 15 "
5 2

on Ilite otelpfil
+°%--1L; ..71111---" +0( g

Other Series Involving r
Reversed Series for Liege IH

2 lezri [1 --1-4-)1304+14114+00114

Vey r-4/12
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Series war se
18.14.49

(r-6)-1(8`20)$B.4412trt+00144

18.14.50 r=1(s-4)4/20

Series new a

18.14.51
z apt

26
ae(ro= z --2 6 20 70 240

a" lla" a" , ne_i
823 iiiagriso-rt" 1'

18.14.52 x= (a w)

18.14.53
wi_j_70 1319.1.929e 194w" 942883w"

xw 3 30 63 '4536 891 + 3891888

+0(w ")

18.14.54 w= 2( r 10
Series Involving

18.14.55
3's° a.

13.23e"

3.1070V.7.23.370
0=2 2.51FiVr" 26.131'Kfir +

a.
26.21I

+3'.313.50306
344.685073s°

26.251 26.201+°(*")

18.14.56.
17.1130

a=e-T-21.3.5 26.3.7-1-§11734.717113

1220510 5.130
26.36.7 .11.17

Eeemosuised Pelynontials (0 Ss SL116)

18.14.57 asg(44asa"-f-e(x)

144 I.< 2 X 10'4

ao=1(-1)9.99999 98

ai=(-2)4.99999 82
a, =(- 4)8.33352' 77

as=(-6)6.40412 86

a4= (-8)4.81438 20

as.(-10)2.29729 21
46.(-12)4.94511 45

18.14.58 0,9,(2).*eux.*+s(a)

1.(x)1<4X10-7

44=-2.00000 00 a4=01 (-7)6.58947 52

at=(L-1)1.00000 02 a, =(- 9)5.59262' 49

os=(-3)4.99995 38 as=(-11)5.54177 89

a, =(- 5)6.41145 59

18.14.59 414 4.tase+ e(r)

le(x)K3x10-1

ae=(-1)9.99999 99

ch (-2)1.66866 74

as=(-4)1.19036 70
as= (-7)5.86451 83

04= (-9)2.57492 62

a, = (- 11)5.87008 00
of,=(-13)9.70015 80

18.15. Pseudo-Lemalseatle Case

(irs=-11 6=0)
If gg<0 and g, =0, homogeneity relations allow

As to reduce our consideration of tp to tp (a; 1,
`6). Thus

18.15.1 g (21 g,, 0) .1g,1111,9 (810,1114;-1, 0)

r and s are handled similarly]. Because of
its similarity to the lemniscatic case, we refer to
the case gs 1, g, =0 as the pseudo-lemniscatic
case. It plays the same role (period ratio unity)
for A< 0 as does the lemniscatio case for A>0.

sta.- IA X (real half-period for lemniscatic case)
=01 (the Lemniscate Constan --see 18.14.7)

663
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Special Values and Relations

663

---1, ga F 1,

f, H3= ihrt

03 ;,0

m = q=ie-.in

18.15.4

i2(0) = R2114e', 03(0) = Ret'm, 04(0). Re-tirm,

18.15.5 where

Values at Half-Periods

IP .9' t a

18.15.6 10 IN an

18.15.7 4.4

18.15.8 fai --.. Ars

18.15.9 64'

i/2
0

-i/2
0

0
0
0

. 0

RV' ft')
sh.---.T/20.1
i cvs Hie)
vs =-, iss

e-ivI4etill(2114)
ets.1/5
editNerl8(21/4)

is (ay)

Relations with LeinnIscatle Values

18.15.10 9)(z; 1, (zek14; 1, 0)

1

18.15.12, r(z; 1, 0) =e14r(ze604; 1, 0)

18.15.11 gP(z; 1, 0).e41'4,9'(ze4./4; 1, 0) 18.15.13 a( z; 1, 0) =e-1040.(zeho; 1, 0)

Numerical Methods

18.16. Use and Extension of the Tables

Example 1. Lemniscatic Case
(a) Given z=z-l-iy in the Fundamental Triangle, find g (11P,r,e) ,more accurately than can be

done with the maps.
0,Use Maclaurin series throughout the Fundamental Triangle. Five terms give at least six

significant figures, six terms at least ten. 9), r--Use Laurent's series. directly "near" 0, (if 121< 1, four

terms give at least eight significant figures for g), nine for r; five terms at least ten significant figures for

9), eleven for r). Use Taylor's series directly "near" 20. Elsewhere (unless approximately seven or
eight significant figures are insufficient) use economized polynomials to obtain .9(z), (x) and/or r(x)

as appropriate. To get (iy), 9)'(iy) and/or my), use Laurent's series for "small" y, otherwise use
economized polynomials to compute g(y), ,IP'(y) and/or r(y), then use complex multiplication to
obtain .9 (iy), .9'00 and/or (iy). Finally, use appropriate addition formula to get 9(z) and/or too.

Laurent's series directly "near" 0 (if Izl< 1, four termsgiv0 at least Aix significant figures,

five terms at least eight significant figures). Elsewhere, either use economized polynomials and addition

formula as for 9) and r, or get ,9*,-= 4 go 9) and extract appropriate square root (Sj9 0).

(b) Given 9)(9),, r, v) corresponding to a point in the Fundamental Triangle, compute z more
accurately than can be done with the maps. Only a few significant figures are obtainable from the use

of any of the given (truncated) reversed series, except in a small neighborhood of the center of the series.

For greater accuracy, use inverse interpolation procedures.

Example 2. Equianhannonic Case
(a) Given z=z-f-iy in the Fundamental Triangle, find g )(9), , r, more accurately than can be

done with the maps,
Use Maclaurin series throughout the Fundamental Triangle. Four terms give at least eleven

significant figures, five terms at least twenty one.
9),r Use lAiurent's series directly "near" 0 (if Izl< 1, four terms give at least 10S for 9, 11S for r;

five terms at least 13S for 9) , 148 for r). Elsewhere (unless approximately seven or eight significant

figures are insufficient) use economized polynomials to obtain 9(4, 9)'(z) and/or r(x), as appropriate.

To get 9)(4), OP (iv) and/or r(iy), use Laurent's series. Then UO3 appropriate addition formula to get

.9(e) and/or r(z),

670
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g'-Use Laurent's series directly "near" 0 (if 121 1, four terms give at least 8S, five terms at least
11S). Elsewhere, either proceed as for [P and r, or get g12=4,93-1 and extract appropriate square
root (gg ' g0).

(b) Given g((Ps,r,e) corresponding to a point in the Fundamental Triangle, compute z more
accurately than can be done with the maps. Only a few significant figures are obtainable fTom the use
of any of the given (truncated) reversed series, except in a small neighborhood of the center of the series.
For greater accuracy, use inverse interpolat

Example 3. Given period ratio a, fin parameters m (of elliptic integrals and Jacobi's functions
lc; n procedures.

of chapter 16) and q (of 0 functions). 1 .

m''-In both the cases A>0 and a<o, t e period ratio is equal to lei(m)/K(m) (see 18.9). Knowing
K' /K, if 1< 1C/Kg 3, use Table 11.3 to find ; if K'/K>3, use the indhod of Example 6 in chapter 17.
An alternative method is to use Table 18.3 obtain the necessary entries, thence use

ni.(es-e)1(ei-e3) in case A>0,

m= i -34(41-is in 'ease 0 <0.

q-In both the cases 0 >0 and 4K0, the eriod ratio determines the exponent for q[q.c" if A>0,
q= ie-",2 if s <01. Hence enter Table 4.16 [ ", z='0(.01)11 and multiply the results as appropriate
[e.g., e-41k= (e-")4(e- 11') I.

Deterntinaiion of Values at Half-Periods, Invariants and Related Quantities from Given Periods (Table 18.3)

A>0

Given w and w', form w' /iw and enter Table 18.
Multiply the results obtained by the appropriat
power of w (see footnotes of Table 18.3) to obtain
value desired.

Example 4.

Given w=10, w' = 11i, find et, go and A.

Here ws/iw=1.1, so that direct reading of Table
18.3 gives

e1(1)=1.6843 041

6M= --.2166 258 (=-el-e3)
es(1)- -1.4676 783
g2(1)=10.0757 7364

g3(1) =2.1420 1000.

Multiplying by appropriate powers of w 10 we
obtain

whence

el=.01684 3041

e3,.00216 6258
e3 -.01467 6783
03- 1.0075 77364 x 10-3

g3=-:2.1420 1000 x 10-4

A=8.9902 3191 x 10-1°

671

4<0

Given W2 and oh', form w2'./iw9 and enter Table
18.3. Multiply ts results obtained by the appro-
priate power of w, (see footnotes of Table 18.3)
to obtain value desired.

'Example 4.

Given w3 =10, 01.11i, find et, g1i and A.

Here aatiwa.1.1, so that direct reading of Table
18.3 gives

e1(1)= -.2166 2576 -4- 3.0842 589i

ei(1)=.4332 5152= -2.4(e1)

g,(1) =- 37.4874 912

g5(1) =16.5668 099.

Multiplying by appropriate powe' w2=10
le obtain.

e1= -.00216 62576+.03084 2589i

e2=.00433 25152

es="el

g3=-3.7487 4912.x 10-4
(13=1.6566 8099 x 10'

4=-6.0092 019 x 10-4
whence
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Example 5. (A>0)
Given 0)=10, (1=55i, find Os, s', e(w), r(6/)

and v(01).'
Forming 00/4)=5.5 and entering Table 18.3 we

obtain s=.82246704, e(w)= .96045 40. Using
Legendre's relation we find 11=s017,-Ti/22=2.9527
723i." Since inttirpolation for o(d) and oCce+ co')
is difficult, use is made of 18.3.15482.17 together
with 18.3.4 and 18.3.6. Values of gs, g, and e1 can
be read directly to eight significant figures and ei
to about five significant figures giving N=8.1174
243, g, =4.4508 759, 41=1.6449 341, and es
=2.82247, Use of 18.3.6 yields (111=.00174 89
and 111=.00174 69i. Application of 18.3.15--
18.3.17 yields s(0i)/i=.0071177 '-' and 0.(0.4)

=.002016--.01055i. Multiplying results
obtained by the appropriate powers of w we ob-
tain s=.08U4 6704, s'=.29527 723i, v(74)=9.6045
40, r(0,211= .071177i and o(04)= .02016Q- .1055i.

Example 5. (A<O)
Given 04=1000, 0.41=1004i, 'find, ,, a(u,t) ,

o(wi') and a(6.17.
With 0,,',/i0.4=1.004, lour point interpolation in

Teble 18.3 gives ss=1.5626 756, s; = 1.5726 664i,
0(04)=1.1805 028, a(04)=21.1901 52i and a ( )

= .475084 + .476717i.
Multiplying the results obtained by the appro-

priate powers of co, gives 112..00156 26756, s;
= .00157 26664i, a(w1) =1180.5028, a7(04)

=1190.152i and 040 =475.084 +476.717i.
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Deterrainatkan of Periods froin C

A>0
Given A . .1 gs>0 such that 0 =g1-27g1>Qw

Sif gs=0 ,. a; sos lemniscatic case) comp
gs=g2g1". Table 18.1, determine
and calgs"°, thence w and w'.

Example 6.
Given 9s=10, gs=2, find 0.1 and w'. ,4ith 12=

g1g1-211=6.2996 05249, from Table .1 0.1811°.=

1.1267 806 and 01N"°=1.2324 29 whence w=
1.003847 and 01=1.097970i.

Example 7.
Given ss=8, gs=4, find f0,1 and w'. With

ga= gsgs-I 3.1748 02104, from Table 18.1 431"°=
.1.2718 310 and W0'1=1.8702 425i
whence (0=1.009453 and w' =1.484413i.

Invariants (Table 18.1.)

a<o
Given*Vs and gs>0 such that A=g1-27gKO (if

ih= 0, 10.4'1=0.21,- see pseudo-lemniscatic case), com-
pute-12=91(6'2'3' From Table 18.1, determine
wigs" and WW1°, thence 04 and we'.

Example 6.
Given2N= 10, gs='2, find 04 and 04. With

if=g293- 1* 10/1.5874 0105= 6.2996 053, from
Table 18.1 0.24411e=1.5741 349 and 0i,g31/=1.7124
396i whence 04=1.40239 48 and 04=1.52561 02i.

Example 7. .

Given gs=7, g8 =6, find 04 and (4.
With 13 =gags-21= 7/3.3019 2725=2.119974, from
Table 18.1 0)20'1=1.3423 442 and 0.13'gs1 le = 3.1441
141i whence0.4=.99579 976 and 04=2.33241 83i.

Computation of,9,9),, or r for Given s and Arbitrary 0, g,

(or arbitrary periods from which g, and N can be computed
in any case, periods must be known, at least approximately)

First reduce the problem (if necessary) to Coinputation for a point z in the Fundamental Rectangle
by use of appropriate results from 18.2.

I

FIGTTRE 18.16

2

we
Ow X
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Method 1 (as accurate as desired)
If both z and y are "small," (point inadouble-cross hatched region) use Laurent's series in z directly.

If either x or y is "large,". use Laurent's. series on Oz, then on Oy and finally use an additiomformula.
(For g' an alternative is to get (P, then compute the appropriatel,root of g "=4,98-g2g -412; see 18.8.)

A >0 A<0

Method 2 (for g or (/ , only)
Compute e3(i=1,2,3) (if only' g2, g, are given

use Table 18.1 to get the periods, then get e , in
Table 18.3; if periods are also given, use Table 18.3
directly). Iry any case, obtain tn(=lerre311
(e1 -e31),, thence Jacobi's functions sn(zlm),

,cn(lm), dn(zIm), from 16A and 16.21 and
g or g, Prow 18.9211-1849.12.

.
Method 3 (accuracy limited by Table 4.16 of

14e"" and by the method f getting periods).
Obtain periods, their r tio a, then q=e;" from

Table 4.16. Hence get 640), i=2,374 from
truncated series 18.10.21-.23. Compute appro-
priate 6 functions for z =x and for z=iy, whence

,gets g) (z), 9 ' (x) and/or r(z), g(iy), g),(iy)
and/oil' ;14); then use an addition formula (if
either x or y is "small", At is' probably easier to
use Laurent's series).

Example .8. Given z=.07+.1i, g2=10, g3=2,
find ,().

Using Laurent's series directly with
c2=.5
e3=.07142 85714
e4=.08333 33333
es=.00974 02597

es= -22.97193 820-63.06022 25i
+002= -. .00255 000+ .00700 00i
+esz4= - .00001 214- .00001 02i
+e,za.= + .00000 024- .000Q0 Oli

0

9)(0.-22.97450 010-63.05323 28i.

Example 9. Given 2= 15+73i, g2=8, g3=4,
find g. From Example 7, w= 1.009453, w'=
1.484413i. From Table 18.3, e1 = 1.61803 37,
e3=.-.99999 96, whence m=.14589 79. From
18.2.18 , with M=7 and N=24, g)(867658
1.748176i) ,----- g)(15 +73i). .z lies in R2, by
18.2.31 0)(13 73 0 = M-( .867658 +1.22065i).
From 16.4 with z - 1.40390 +1.97505i, sn (2 *I ni)
,--2.4655h + 1.96527i.. Using 18.9.11, g (15 +73i)

-.57746 4-.067797i.-

Methoil 21 (for tJ or .9' only).
Comptite 12 and H2 (if only g2,g3 are given, use

Table 18.1 to get the periods, then get el in
Table 18.3; if pfriods are also given use Table 18.3
directly). In !my case,' obtain m(=)4-3e2/41/2)
thence Jacobi's functions sn(elm), en(zilm),
dn(z'Im), from 16.4 and .16.21 and ) or ), from
18.9.11-18.9.12.

Method 3 (accuracy limited as in the ease p>0).
Obtain periods, their ratio a, thenee4k=e-00

from Table 4.16. Then proceed as in the.case
using corresponding formulas.

Example 8. Given z= .1+.031, (13=-10, g3.1--%
find g), ,

Using Laurent's series directly with
4 = -.5_
c3= .07142 '85714
c4=.803Q3 33333

12=7,76.59287 938-50.50079 960i
e2z= - .00455 000- .00300 000i
030= +.00000 334+ .00000 780i

, 4 -ie - .00000 002+ .00000 0111

(z)=76.58833 270-50.50379 169i.

Example 9. Given:x=1.75+3.6i, g2=7, 92=6,
find g. From Example 7, (02..99579 98, (4=
2.33241 83i. Using 18.2.18 *ith M=1, N=1,
11)(1175+3.60= g(-.24159 96-1.0640361)=
t (24159 96+1.0648 36i). With a< 0 from Table

018.3, e1 -.81674 362 +.50120 90i, 83=1.63348 724,
e3= -A1674 362-.50120 90i whence m= .01014
3566, M=1.58144 50, so that z'..--.2zin=.76415
29+3.367959i. From 16.4, en(z1m)=4.00543 66
-12.32465 69i. Applying 18.9.11, g (1.75 +3.6i).

.960894 .383068i.
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8>0
Example 10. Given 6,1=10, at'A20i, find

r(9-1-19i) by use of theta functions, 18.10 and
addition formulas.

For the period ratio a=co'hoi=2 with the aid of
Table 4.16, =.00186 74427.

Using the tiuneated approximations 18.10.21-

18.10.23 we 'compute the theta functions for
argument zero. Using 16.27.1-16.27.4 7 corn-

. puts the ,theta functions for arguments yi where
2=Z and z=iy. Then, with 18.10.548.10.7.
togethe4 with 18.10.9 and 18.10.18 we obtain
f(9) =.09889 5484, ;1190= .--.00120 0155.1,

g)(9) = .01706 y47, (91(9) .-.00125 8460,
.0) (190= -.00861 2615, 0:e (190 = -.00003 757i.
Using the addition formula 18.4.3, we obtain
r (6 1.190 -..07439 49-.00046 88i.

AND RELATED FUNCTIONS

ti<0
Example S10. Given 413=5, 41=7i find

(3-1-20 by use of theta functions, 18.10 and
addition formulas.

With the use of Table 4.16 and 18.10.2, g=1.4-1
=11090 12784i.

The theta functions are computed for argument
zero using 18.10.21-18.10.23 and the theta
functions for arguments v1 and ea corresponding
to = zi+ ea using 16.27.1-16.27.4. Using 18.10.5-
18.10.6 together with 181.10.10, we find .9 (3)=
.10576 946, , (20= -.24497 773, gY (3)
-.07474140, g)'(0.-.25576007i. The addi-
tion formula 18.4.1 yields g) (3+20=.01763 2
-.07769 187i, and 18.4.2 yields go'43-1-2i)
-.00069 182 1-.04771 305i.

667

Uar of Table 18.2 In Computing g , r for Sp vial Period Ration

If tire problem-is reduced to computing r in the Fundamental Rectangle for the case when the

real half-period is unity mid pure imaginary half-period is ia, for certitin,,values of a Table 18.2 may be

used. Consider go as an exaMple,, If 4z1 is "small", .then use Laurent's series directly for g) (a) [invar -'

iants for use in the series are given in Table 18.31.
if x is "large" and y "small" use Table 18.2 to obtain z2,9 (4 and 49 '(x), thence 9) (x) and g'(z);

use Laurent's series to obtain go (iy) and (p'(iy); finally, use addition formula 18.4.1: '
For x "small" and y "latge", reverse the proceddre. For both z and y "large," use Table' 18.2 to

obtain' rp (.r), ,(P'(4, [p (iy) and 9)'(iy), thence use addition formula 18.4.1.
procedurgi apply to g: or r. For g)P, one can also first obtain g), then compute 9P2

a.4 ,93 --m) -y3 and extract the appropriate square'root (sk 18.8 re choice of sign for

>0 a 4<0

yExample 11. Coin pute gt:(.8 i) when a. 1 .2.
('sing Table 18.2 or Laurent's seribs 18.5.1-4 with
y2=9.157$2 851 and
th.3:23761 717 from Table 18.3,
(/) (.S) .,1.92442 11,
(p'(.8) '2.7652205,
ifi (0-, -.1.40258 '06 and

--1.19575 581. tising the addition for-
mula 18.4.1
[p(.8* 4 1) .:1814:33 .1493611.

Example 12. Compute r(.02+:30 for a.4.
("sing Table 18.2 or Laurent's series 18.5.1-5 with

112= 8 .117 42 426
g3,-4.45087 587

from Table 18.3,
(.02) -49.99999 89,

trfi (.02), 2:;00.00016,
g)'(.02), 249999.98376,

- .89635 173i,
fi)(30,.-.82326 511,

(3 i) .00249 829i.
Applying the addition formula 18.4.3,

r (.(12 :+ 3i) .016465+.89635ti.

Example 11. Compute ig) (.9 + .ii) for a=1.05.
Using Table 18.2 or Laurent's series 18.5.1-4 with
y3= -42.41653 54 and
A=9.927166 62 from Table 18.3',
g) (.9)=.34080 33,

(.9) = -2.164801,
g) (.10 -99.97876,

(Jo = .-2000.4255ti. With the addition for-
mula 18.4.1

(.9-{-.1i) = .231859- .215149i.

Example 12. Compute ,q) +.9i) for a=2.,
Using Table 18.2 or Laurent's series 18.5.1-4,

with
fh=4.511009 85,
g,= 8.38537 94

from Table 18.3, /
(.1 (.4) --At:29407 07,

(.4)=F -30.99041,
9(.9i)=--- -1.225548, ,

91 -3.19127j 03i.
lifting the iddition ormulas 18.041-2,

(p' (.4 + .9i) = .10519 76-.56480-00i.

674
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Computation of o for given a and Arbitrary its and ea

o .

(or. periods from which th 'mu th can be computed-in any case, periods must be known, at least
If approximately) '

First reduce the problem (if necessary) to computation for a point s in the Fundamental Rectangte
(see 18.2). After final reduction let z denote the point 'obtained.

/a>0 - . 4 a< o
If fflz>ai./2 or . ,

1
.1z>44/4, use duplication formula as in case

^>0. Otherwise, use Maclaurin for e.

If gz>40/2 or,

./z>402, use duplication formula

..;

e(g) 49 '(Zr2)0(2/2);

obtaining o(42) by use of Maclaurin Iserini for a.
akd g'(z12) by method explained abode. Other..
wise, simply use Maeiamin series for v directly.

directly.

An alternate etllod is to use theta functions 18.10 first computing q and Oi(0), i=2,

AY°

Example 13. Compute 0(.4+1.30 for go=8,
ga=4. From Example 7, m=1.009453 and w'
=1.484413i. Since .lz>4//2, the Maclaurin se-'
rise 18:5.6 is used to obtain ( z /2 ) = cr(. 2 +.65i)
=39543 86+ .64947 28i, the Laurent series 18.5.4
to obtain f1, (.2 + .65i) =5.02253 80-3.56066 93i..
The duplication formula 18.4.8 gives 44+1.30
=.2780g0+1.272785i.

4 ,̂
0-

Example 13.' Compute x(.8+.40 fore gar7,
-gs=6. From Example 7, wa=.99579 976, ay
=2.33241 830 Since gt z>02/2, the. Maclaurin
series 18.5.6 is used to obtain er(z/2)=11(.4+.20
=.40038 019+.19962 017i, the Laurent series
18.5.4 to obtain (.4+:20= -3.70986 70
+22.18544i. The duplication, formula 18.4.8
gives a(.8+.4i)=.81465 765+ .38819 473i.

Given , corresponding to a point in the Fundamental Rectangle, as well as gs and h or
the equivalent, find z.

Only a few significant figures are obtainable from the use of any of the given (truncated) .reversed
series, 'except in a small neighborhood of the center, of the series. For greater accuracy, use inverse
interpolation procedUres.

If the given function does not correspond 'to a value of a in the Fundamental Rectsngle (See Con-
formal Maps) the problem can always be reduced to this case by the use of appropriate reduction for-
mulas in 18.2. This process is relatively simple fo(z), more difficult for the other functions (e.g. if

>0"and rfi lb, where b>0, simply consider and find zi in R1 [Figure 18.11;. then com-
pute z2,--i14 2a/. the point in /12 corresponding to the given us).

th>0

Example 14. Given 11).1-i, go=10, gr-A
finder. tieing the first three terms of the reversed,
series 18.5.25 at c4.1-27+ .4231. The Laurent series
18.5.1 dives

9) (.727+ .4230 .825-.895i ,

9) ( 697+ ,393i)=.938 -1.038i.

Inverse interpolation gives
.707-i .380i. Repeated applications of the

above procedure yield z=4.706231 +.379$93i.

and

I
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^<0
Example 14. Given g) .i+i,. ih. -I% gs=2,

find a. Fro Example 6, 441=1.40239 48 and
44 =1.52581 i. Since 6).0, a exists in Its and a
is computed h ik. Using 18.5.25 with as= -
1.25, as= .25, u= t(g)-iiim and the coefficients c,,
from Example 8

2u=1.55377 3973+.64359 42493i

clue= .08044 9281-..19422 17466i

4O= -.01961 9359+ .00812 66047i 0 .
..,

ale'
4

-=-1.10115 7160-.04190 06673i
3
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A>0

Eximple 15, Given r=10-151, g, =8, g3=4,
find z. Using the reversed series 18.5.40 with

A6= '-' .13333 333,

A7= .02857 14286,

u=' .03076 923076 +.04615 384615i

A6Ua .00000 001402 + .00000 0068604

.A7u7. .00000 000004 -- .00000 0000031

'z= .03076 921870 +.04615 391,4.724.

AND RICI.ATED FUNLITIONS

< 0

e t3

669

Stopping %tith the term in te, z1 .81+ .23i.
Assuming ilz= .9.01i, using 18.5.1, g (.81+
.23i)= .9.1410 95.86824 37i, g) (.78+ .2N) =
1.03191.60- .91795 22i; with inverse interpolation
thr)=. 7725+.24041. Repeated applications of
inverse interpolation yield z=. 772247.239258i.

Example 15. Given e = .4 + .1i, gr.?, 'g3=6,
find z. tieing the reversed series 18.5.70 with
1'r..14583, 73=.05

1 ' = .00000 013 -f .00000 0061

z =.40011469+.10034 2604

e= +.40000 000+.10000 0001

783-F.00032 6961
5

'1417=--:.00000 2081-.400001 4321

= .0000 093+.000001261

Methods of Computation of (P ( (P', r or e) for Given
and Given pa, rta (or the equivalent), with the Aire

of Automatic Digital Computing Machinery

(a) Integration of Differential Equation
to and gi may be 'generated for any z close

enough to' .a "kpown point" z*(g (0) and (91(0)
being given) by integrating gi" gor-9,12.
A program to do this on SWAG, via modifida-

, Lion of the Hammer-Hollingsworth method
(MTAC, July 1955, pp. 92-p6) tine to Dr. F.
Henrici, exists at Numerical Analysis Research,
UCLA (code number 00600, written by W. L.
Wilson, Jr.). The program -has, been tested
numerically in the equianharrnonic case, using
integratiOn steps of various sizes. For example,
if one starts with 211=0,9, using an "integration
step" (AA, where le and k are respectively the
horizontal and vertical components of a step,
with (4,k) having one of the six valuei (±2h0,0),

he. ± ko), ho=tos/2/J00, ko=141/2000, one tan
expect almost 85 MO and 7S in (P' after 1000
steps, unless 2 is too near a pole.

(b) Ilse of Series
. The process of reducing the computation prob-
lem to one in which is in the Fundamental
Rectangle ,can obviously be mechanized. inside
the Fundamental Rectangle the direct use of
Laurent's series is appropriate when the period

I.

ratioa ianot too large. However, if a g(A>o)
or tog 2.0(1K0), tite series will diverge at the
far corner of the Fundamental Rectangle, so that
use may be made of an appropriate duplication
formula. Alternatively,' one may compute the
functions, on Ox and Oy, then use an addition
formula. Even so, the series 'will diverge at
z=ia if a g2(A>0) and at- z=14/2 if a 4(A(0).

For great accuracy, multiple precision operatione
might be necessary. Double. precision
Point mode has been used in a program, written
fOr 5*AG, to compute R, g), and r.

For computation of e, use of the Maclaurin
series throughout the Fundamental Rectangle is
probably simplest (setiek,csmverges for all z).

Mention. shotild be ntade*of the possible use, of
the series defining the 0 functions. These series
converge for all complex v, and the computation
of g , r and e by W.10.5-1840.8 could easily
be mechanized. The ,aeries invOlved have the
advantage of converging very fast, evert in case
A <0, where 1qt S e-a(q$eyed A>0).

Use of Maps
If the problem (of comeuting r or o for

given z) is redticed to the case where the real half-
period is unity, and imaginary half -period ie one
of those used in the,maps'in 18.8,inspection'of the

6 76
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apprdpt to figurt will give the value of g (z)
[r(z) or OM to 2 -3S. If wanted instead,
get gorse 18.6.3 to obtain ,9)" and select sign (8)
of gP appropriately. (See Conformal Mapping
(18.8) for choice of sign of square root of g").

Computation of Zl

I

Given ga; g, (or equiValent)

Since 4 (,) 4) = 0, the Isalirent's series gives

c2u2 +cite+ c4u44- . . .

where u= zg. We may solve this equatfpu (by
Graeffe's (root-squaring) process or. otherwise)
for its absolutely smallest root (having-found an

Texts and Articles

4t

approximation to 141 by Graeffe's process, we
may use the fact that ze=w-Figo(A>0), zo=o),
+40(4<0) to obtain an approxinugion to 24.

It is noted that yoho is ft monotonic decreasing
function of (p9riod ratio) agl for 0 >0 and

(1 k yaw>: arccosh 43( cs.7297)).

yo/w2 is a monotonic increasing function, of a for
a<0 and

.. [OS yo/(02<i-r. arccosh :/3)

Further
rdata

is available from Table 18.2 or from
Conformal Maps defined by .9 (a). .
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Table 111.1

TABLE }'OR OBTAINING PERIODS MR INVARIANTS g2 AND .2
(R2 g2gi

Non-Positive Discriminant

R2-1 02itti2i*
.

Non-Negative Discriminant

R2

i
bi-z3

i !!-t gAi2 filn (R -3)
2

3.00
3.05
3.10
3.15
3.20

3.25
3.30
3.35
3.40

1. 28254
1.27944
1.27637
1.27333
1.27031

1.26732
1.26436
1.26143
1.25853

98
73
43
03
49

80
90
77
)6

1.52168 83 A 0 i
451892 22
1.51685 48
1.51505 45
1.51342 84

1.51193 18
1.51053 84
1.5092) 08
1.50799 6 e

#2 tog t og / ti
3.4 1.25853 38 1.69503 33
3.5 1.25280 64 1.64719 87
3.6 1.24718 42 1,607039 93
3.7 1.24166 45 1.57451 65
3.8 1. 2)624 47 1. 54548 31

O

3.9 1, 23092 23 1. 51978 54 .

4.0 1.22569 47 - 11672 94
4.1 1.22055 95 1.4 581 86
4, 2 1.21551 44 1.45668 57
4.3 1.21055 69 1.43905 10
4.4 1.20268 50 1.42269 6)

4.3 1.20089 62 1.40744 84
4.6 1.19618 86 1.39316 72
4. 7 W819156 00 1.37973 79
4.8 It 18700 83 1. 36706 51
4, 9 1. 1826) 18 1. 36506 88

5.0 1.17812 83 1. 10

I
5.2

"3.4
1. 16953
1- .16120

35
96

1.3 50 70
1.316 60

5.6 1.15314 34 1.28537 08
5.8 1.14532 23 0 1.26889 69

6.0 1.13773 46 1.25356 57
6.2 1.11036 91 1.23923 29
6.4, 1.12321 55 1.22577 99
6. 6 1.11626 38 1. 21310 78
6.8 1. 10950 49 -,'4 20113 41

7.0 1.10293 00 1.18978 83
7, 2 .1. 09653 11 1.17901 03
7.4 1. 09030 03 1.16974 82
7.6 1. 08423 04 1.15895 67
7.8 1.078)1 46 1.14959 65

8, 0 1. 07254 63 1.14063 29
8.2 1. 06691 95 1. 13203 51
8.4 1. 06142 83 1.12377 59
8.6 I. 05606 74 1.11583 09

e
8.8 1,05083 15 1.10817 84

9,0 1.04571 58 \ 1.10079 87
9, 2 1.04071 56 1, 09367 40
9.4 1.03582 65 1.08678 83
9.6 1, 03104 44 '1.08012169
9, 8 1.02636 52 1.07367 66

10.0 1.02178 54 1.06742 51

g2- I cog141 g I gtli -82-
0.10 1.81701 99 1.89818 01 10
0, 09 1.82207 90 1, 89119 06 11
0.09 1 82696 90 1.88476\56 13
0.07 1, 83165 87 1, 87888 68 14
0.06 1.83611 17 1.87354 40 17

0.05 1.84028 47 1.86873 93 20
0.04 1 84412 44 1.86447 02 25
0.03 I. 847564118 1.86071 37 33
0.02 1 85050 78 1 1.85769 72 50
0.01 1. 85280 73 1.85534 90 100
0.00 85407 47 1 135407 471.

lo r()

11 roll,
L in j io j

12
-1/FIkA1124 829. /i0.20412 4145 -0

.0.00 2.62205 76 2.62205 76
-0.01 2.62025 54 2.62)84 98 -100
-0.02 2.61693 53 2, 62710 11 - 50
-0.03 2.61258 87 2. 63126 10' - 33
-0.04. 2.60737 4) 2.63611 20 - 25

-0. 05 2.60137 48 2.64151 )4 - 20
-0.06 2.59464 00 2.64735 75 - 17
-0.07. 2.58720 37 2.65355 47 - 14
-0.08 2.57909 OS 2.66002 SS - 13
-0.09 2.57032 09 2.66669 74 - 11

-0.10 2.56091 33 2.67350 25 - 10
-0.11 2.55088 61 2. 68037 66 - 9
-0.12 2.54025 86 2.68725 138 8
-0.13 2.52905 2) 2.69409 09 - 8
-0.14 2.51729 09 2.70081 77 - 7

-0.15 2.50500 11 2.70738 70 - 7
.4.16 2.49221 2) 2.71375 03 - 6
-0.17 2.47895 70 2.71986 26 - 6
-0.18 2, 46527 01 2. 72568 31 - 6
-0.19 2, 45118 90 2. 73117 52 - 5
-0.20 2.43675 29 2. 73630 70 - 5

g2 -1 (4251 big I ii ,.. g->

-0.20 1.62955 49 1:82987 88 - 5

-O. 25 1. 66926 74 1. 94863 OS - 4
-O. 30 1.68880 94 2.04569 84 - 3
-0.35 1. 69574 71 2.12452 94 - 3
-O. 40 1, 69529 14 2.18836 87 - 1

. .

-0.45 1.69080 53 -2.2402 ' 3 31 - 2
-0.50 1.68433 20 2.28267 03 - 2
-0.35 1.67705 44 2.31773 31 - 2
.-0. 60 1.66962 98 2.34701 74 - 2

-0.65 1.66240 65 .2.37174 42 - 2

-0.70 1.65555 57 2.39284 34 - 1
-0.75 1.64914 98 2.41102 56 - 1
-0.80 1.64320 64 2.42683 68 - 1
-0. 85 . 1. 63771 44 2.44070 OS - 1
-0.90 1. 63264 84 2.45294 88 - 1

-0. 95 I. 62797 70 2.46)84 40 - 1
-1.00 1. 62366 67 2.47359 62 - 1

11

4

air

gq
-1.0
-0. 8
-0. 6
le 4

i
to 2g 1

1.62366 67
1.60646 93
1.58820 63
1.36918 06

be ,f
In 3/4 I ( go

3.03954 85
3.05518 40
3.06892 24
3.08070 SO

-0.2 1.54967 81 3.09053 50

O. 0 1. 52995 40 3. 09846 47
0.2 1.51022 67 3,10458 18
0.4 1. 49067 44 3.10899 55
O. 6 1.47143 75 3.11182 48
0.8 1.45262 13 3.11)18 95

.1.0 1.43430 15 3.11320 22
1, 2 1. 41652 98 3.11196 36
1.4 1. 39933 41 3,10955 78
1.6 1.38273 24 3.10604 84
1.8 1.36672 71 3.10147 38

2.0 1.35131 24 3.09584 00
2.2 1.33647.63 3.08910 74
2, 4 1. 32220 24 3. 08116 35
2.6 1. 30847 11 3.07175 37
2, 8 1. 29526 10 3. 06025 10
3. 0 1. 28254 98

N-3)31
i 'to i

3. 04)37 67
r(-3,3]
L ii

A 0

679
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Table I /3.2
s

a -
TABLE cp/R OBTAINING .7), 0' AND 't ON Ost AND Oy

TOsitive*Discriminant-Unit Real Half-Period)
w 09(z) g

'2 r. q 1.00 1.06 .1.1 1.2

0.00 1.00000 00 1.00000 00 1.00000 00' 1.00000 00
0.05 1.00000 37 1.00000 34 1.00000 32 1.00000 29
0.10 1.00005 91 1.00005 41 1,00005 05 1.00004 59
0.15 1.00029 91 1, 00027 41 1.00025 59 1.00023 31

11.20 1./0094- 51 1.00086 77 1.00081 12 1.00074 02
a

0,25 1.00230 911 1.00812 32 1.00198 79 1.00181 79
--0.30 1.00479 35 1,00441 61 1. 00414 21 1.00379 79

0, 35 1. 00889 27 1. 00821 33 1. 00772 00 1.00709 99
0.40 1.01520 23 1.01408 14 1.01326 70 1.01224 31
0.45 1.02442 50 1.02269 65 1.02144 00 1.01985 94

0.50 1.03738 54. 1,03486 08 1.03302 47 1.03071 36
4 0,55 1,05504 92 1,05152 36 1.04895 81 1104572 73

0.6 6Q 1,07855 25 1.07381 21 1.0p36 11 1.06681 29
0.65 1.10923 99 1.10307 22 1,0 857 95 1.09291,64
0.70 1.14872 15 1.14092 35 1.4524 09 4.128Q7 45

0 75 1,19894 38 .1.18933 40 1,10232 81 1.1.7348 94
0. 1.26229 01 1.25071 86 1.24227 98 1.3162 95
0, 5 1, 34171 37 1.32807 28 1.31812 18 1.30556 03
0,9 1,44091 81 1.42515 17 1.41364 80' 1.39912 31
0.9 1.56460 22 1.54671 40 1, 53366 04 1.51717 .65
1, 00 1.71879 62 1.69885 59 1:68430 41 1.66592 77

r( 3,41 r(- 341
t s j i 8 J

q II 1.00 1.05
0, 60 I. 0000 00 1. 00000.00
0.05- 1. 0000 37 1.00000 34
.0,10 1 0 91 1.00005 4

: 0, 15 1,
,

0 2 91 1.00027
0.20 1.00 94 7 , 1, 00086 0

. 0, 25 1.00230 9 1.0021 .14
0, 30 1.00479 35 1, 0043 08
0.35 1,.00889 27 , 008 86
0c-40 -1,01520 21 : 01-3 1 17
0,45 1.02442 50 1 4 93

.. :

0.50 .. 03738 54.. - I, 0 5 04
. 0.55 1.05504 92 / 1,0 90 44

0.60 , 1.07855 23 1. 955 7
0,65 1.10923 99 I. 9614
0.70 1.14872 15. 1. 3001 W9

0, /5 1.19894 38 1 7264 63
0,80 1.26229 01 1 22578 70
0.85 1. 341 71 37 1.29157 86
0,90 1.44091 81 1,37264 39
0,85 1,56460 22 1,47224 79

1, 00 1.71879 62 1.59449 89

-341 r(-3p0
i .8 j L 8 J

I

1.1 1.2
, 000 00 1, 00000 .00

1.00000 31 1.00000 29
1.00005 03 1,00004 57
1.00025 42 1.00023 05
1, 00080 14 1.00072 54

1.00195 05 1.00176 15
1.00403 04 1.00362 91
1.00743 81 1.00667 40

-1.'01269 81 1.41129. 28
* 1. 02016 25 1.017.92 92

1.03061 34 1.02707 18
1.04466 92 1.03925 21
1: 06309 37 1.05504 64
1.08675 16 1.07507 92
1,11663 04 1410003 09.

1.. 387 03 1.13065 03
1.19980 68 1.16777 18
1.25603 53 1, 21233 97
1;32443 92 1.26544 15
1.40736 61 1.32835 02

1,50769 66 1.40258 06
1:6 2 39

:41

L .

30

1.10 r .

,4] r,
83,1

1,

L
(

0

I
f(73)11

..
^ ll II 1.00 1.05 1.1 1.2

1. 0 1,118 /9 62 1, 59449 89 1.56769 66 la 40258 06
1. 7 1, 85616 29
1.4 .
1.9

2.0
2, 2

1.05 1, 74462 36

I

1.4 .._

V
2.0 4.0

1.00000 00 1.00000 00 1.00000 00
1.00000 26 1.000Q0 25 1.00000 25
1.00004 22 1.00004 08 1.00004.07
1.00021 46 1.00020 75 1.00020 73
1.00068 25 1.00066 02 1.00065 97

1.00167 98 1.00162 64 1.0016 51
1.00351 80 1.00340 97 1, 00340 71
1. 00659 56 1. 00640 03 1.00639 57
1.01140 98 1.01108 69 1.01107 93
1.01857 24 1.01807 36 1. 01806 19

11.02883 08 1.02810 10 1.02808 38
1.04309 40 1.04207 28 1.04204 87
1,06246 70 1.06109 15 1. 06105 91
1.08829 58 1.08650 29 1.08646 07
3.12222 46 1.11995,41 1.11990 05

1.16627 18 1.16346 98 1.16340 37
1.22292 96 1.21955 14 1.21947 17
1.29529.60 1.29130 97 1.29121 57
1.38725 23 1.38264 14 1.38253 27
1.50370 31 1.49846 94 1.49834 59
1. WV 68
r(14]

.

L.

1, 64507 17
[(-3)41

t8 J

1, 64493 41
P-341
L 8 J

1.4 2.0 '!-. 4.11...
1, 00000 00 1.00000 00 1.00000 00
1.00000.26 1.00000 25 '1.00000 25
1.00004 19 1.00004 05 * 1.00004 04
1.00021 13 1.00020 39 ,1, 00020 37
1. 00066 38. 1.00043 99 1.00063 94

1. 00160 81 1.00154 88 1.00154 75
1.00330 38 1, 00317 81 1.00317 52
1.00605 50 1.00581 59 1.00581 03

-1..01020 38 -- 1. 00978 33-400977-34
1.01612 33 1.01542 64 1.01540. 99

1.02421 09 1.02310 77 1.02308 17
1, 03488 20 .1.03119 83 1.03315 85
1.04856 45 1.4606 96 1.04601 09
1.06569 47 1.06208 70 1.06200 18
408671 44 1.08160 18 1.08148 16

1.11207 03 1,10494 84 1. 10478 09
1. 14221 52,.. 1.13243 76 1.13220 79
1,17761 lll 1.16435 46 1.16404 34
1.21873 89 1,2009,5 66 1.20053 95
1.26610 10 1.24247 14 1.24191 74

.
1.32024 17 1.28909 73 1,28836 81

N -'
r

8i r (-6 )61
r( -4)L 6 J

.1.4 2.0 4.0
1, 3i024 17 1.28909 73 1.288368
1, 61789 95 1. 52970. 17 1.527649
2, 09401 44 1.86127 05 1.855916

*
2, 28676 23 2.273495
2, 80921 52 2.777516

3, 43759 29 3. )63868
. 4, 28426

2.4 4.767658
?.6 If the real halfperiist ,1, see 1H.2 Homogeneity Relations. Interpolationvith 5.578809
2, 8 respect to .a will, in general,lw (IONIA because of the non-uniform subintervals 6, 459856

3,0 involved. Aitken's interpolation may be used in this case. As few as 3S may 7.409386

i.?
3. 4

be obtained. For the computation of !P, !P" or, t at : a ia,, anaddition formula 9, 510400
4,6 r, ell (fa:land Eflamples 1 11-121. 10. 660867

ria he w 11, 877621
). 8
4.11

IN 160574

e
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TABLE FOR OBTAINING 0, 01 AND t ON Os AND 0y
(Positive Diserintinantr-Unit Real Halt-Period)

1.05 1.1 '

- 0000 1 - 2.00000 00 -2. 00000 00
9 26

/,
0.05 -1.

2.
99990

0
- 1.99999 32 99999 37

0.10 - 1.99988 18 - 1.99989 17 - 1.99989 89
0.15 -1. 99940 16 - 1.99945.07 - 1.99948 63
0. 20 4.99810 73 1.99825 79 .1.99836 70

4
0.29 - 1.99537 33 - 1.99572 57 - 1.99598 17
0.30 - 1.99038 23 -1. 99107 69 - 1.99158 17
0.35 - 1.98210 95 - 1.98332 00 -1. 98420 07
0.40 - 1.96928 90 - 1.97121 06 - 1.97260 99
0.45 4. 95036 13 4.9531 16 -1.95525 47

0.50 -1. 92339 01 - 1.92730 50 -1. 93016 21
0.55 - 1.88593 -83 89106 43 - 1.89480 97
0.60 -1. 83488 99 - 1.84127 27 .1.84594 09
0.65 1.76619 53 - 1.77376 97 - 1.77931 45
0.70 4.67451 43 - 1.68307 45 - 1.68434 72

0.75 - 1.55271 74 -1. 56189 13 - 1.56861 96
0.80 - 1.39118 65 -1.40041 70 -1.40719 15
0.85 4. 17611I 20 -1.18536 53- -1.19163 25
0.90 -IX, 89169 81 ,19858 18 -0. 90364 00
0.95 - 0.51095 87 -0. 51505 33 - 0,51806 28
1.00 0.00000 00

4)1
0. 00000 00 0.00000

r()21
00

r()21
L J L . 9 J

/I ?Au 1. 1.05 1.1

0.00 - 2.00060 00 -2. 00000 00 -2. 00000 00
0. 05 -1:99999 23. -1.99999 32 - 1.99999 37
0.10 =1.99988 18 -1.99989 21 - 1.99989 95
0.15 - 1.9994016 - 1.99945 48 - 1.99949 33
0. 20 4. 49810 75 - 1.99828 08 - 1.99840 62

0.25 - 1.99537 33 -1, 99581 31 -1. 99613 14
0.30 -1.99038 23 -1.99133 82 -1.99202 89
0.35 -1. 98210 95 ,1.98398 06 -1. 98533 03
0.40 - 1.96928- 90-4497268-64---497513 -44
O. 45 -1. 95036 13 - 1.95619 80 -1. 96039 48

0.50 - 1.92339 01 - 1.93299 84 -1. 93989 10
0.55 - 1.88593 83 - 1.90123 75 -1. 91218 25
0.60 - 1.83488 99 - 1.85861 50 -1. 87553 39
0.65 - 1.76619 53 - 1.80221 44 -1. 82780 48
0.70 -1.67451 43 - 1.72827 05 - 1.76629 64

0.75 - 1.55271 74 - 1.63184 71 -1. 68753 62
0.80 - 1.39118 65 - 1.50639 22 - 1.58698 80
0. 85 4. 17683 20 - 1.34312 50 -1. 45865 26
0.90 -0039169 81 -1.13018 63 -1.29452 95
0.95 - 0.51095 87 -0.851451 23 - 1.08387 84

1. 00 0.00000 00 - 0.48485 79 - 0.81220 52
1.05 0. 00000 00 - 0.45984 5,
1.10

r ( -2)21
L 9 J

0.
r(-2)11
L 9

00000 00
-2)11
9

: y 1.00 1.05 1.1

1, 0 . 0.00000 00 - 0.48485 79 - 0.81220' 52
1.2
1.4
1.6
1.8

2.0
2.2
2.4
2.6
2.8

1, 0
1.2
3.4
3.6
3.8
4.0

P4
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;301(2)

° 1.2 1.4 2.0 4.0
- 2.00000 00 .2.00000 00 .2.00000 00 - 2.00000 00
-1. 99999 43 -1.99999 47 - 1.99999 49 -1. 99999 49
-1.99990 80 1.99991 53 - 1.99991 81 - 1.99991 82
- 1.99953 10 4.99956 73 -1.99958 14 -1. 99958 17
-1.94850 41 - 1.99861 55 - 1.99865 86 .1. 99865 97

-1. 99630 33 - 1.99656.50 -1. 99666 63 .1.99666 88
- 1.99221 67 - 1.99273 le - 1.99293 42 - 1.99293 89

-1. 98530 95 - 1.98621 31 - 1.98656%35 -1. 98657 17
- 1.97437 35 -1. 97581 22 -1. 97637 02 - 1.97638 34
- 1.95785 77 -1. 95994 33 . 1.96080 82 - 1.96082 78

-1.933177 03 - 1.93671 95 - 1.93786 53 -1. 93789 23
4,19954 33 - 1.90341 73 -1.90492 32 - 1.90495 86

85184 82 - 1.85668 71 - 1.85856 93 - 1.85861 37
.1.78633 89 -1, 79209 80 - 1.79433 95 -1.79439 25
- 1.69729 96 - 1.70382 60 - 1.70636 76 -1.70642 75

- 1.57715 61 - 1.58416 75 - 1.50689 93 -1.58696 39
4,41579 29 .4. 42286 23 1.42561 79 .4. 42568 30
1.19959 24 - 1.20613 88 -1. 20869 13 - 1.20875 17

4.91006 69 - 0.91535 50 0.91741 70 - 0.91746 57
- 0.52188 70 -0.52503 45 - 0.52626 26 -0.52629 14
'0, 00000 00 0.00000 00 0.00000 00 0.00000 00

1.2
- 2.00000 00
- 1.99999 43
.1.99990 89

1.99954 15
-1. 99856 3

- 1.99652 94
-1.99289 25
-1. 98701 63

-4;97818 '68
-L 96561 82

-1.94845 17
-1. 92574 23
.1. 89643 16
-1. 85930 08
4. 81290 09

4. 75545 41
- 1.68471 79
4. 59780 32
- 1.49093 18
-1. 35912 08

4. 19575 58.

1( -3)41
9 J

1.2
-1.19575 58
0.00000 00

( 2)21
9 J

1.4
- 2.00000 00
4. 99999 48
-1. 99991 65
- 1.99958 07
-1. 99869 07

((-2)21 r(-2,21
L 9 J L 9 J

2.0
-2. 00000 00
- 1.99999 49
- 1.99991 94
-1. 99959 59
-1. 99873 99

1.99685 19 -1. 99697 66
-1.99359 12 -1.99386 12
- 1.98837 91 1.98890 48
- 1.98065 Dl -4. 98159 94
- 1.96982 60 -1. 97149 57

-1. 95533 26
- 1.93661 23
- 1.91313 16
- 1.88437 77
- 1.84984 78

-1. 80902 61
- 1.76134 96
- 1.70615 96
4264263 75
1.56972 28

-1. 95797 74
-1.94078 35
- 1.91952 74
- 1.89395 96
-1.86392 68

- 1.82937 52
- 1.790348989
-1. 74698 46
-1. 69950 14
-1. 64818 82

-1.48600 58 - 1.59338 85

[( -1)11 t( -614J
L

1 r(-4
6

,61

J J

1.4 2.0
-1.4 58 .1.59338 85
1.0. 99449 51 -1. 34717 40
O. 00000 00 -1. 07521 03

- 0.78786 76
-0. 46104 27

0. 00000 -00

4.0
- 2.00000 00
- 1.99999 49
-1. 99991 95
-1. 99959 62
- 1.99874 U

- 1.99697 9,6 I
- 1.99386 76

4819104.
988 71

'18
-1.97 38

-1.91803 95
- 1.94088 17
- 1.91967 77
- 1.89418 46
- 1.86425 71

- 1.'82985 21
-1. 79102 80
-1. 74793 96
-1. 70082 94
- 1.65001 75

- 1.59588 68

681

4.0
- 1.59588 68
4. 35527 93
- 1.09935 83
-0.855$0 88
-0.64191 20

-0.46669 27
-0.33022 92
-0.22828 89
-0.15467 43
- 0.10290.79

-0. 06745 48
- 0.04346 22
-0. 02734 75
-0.01629 07
- 0.00795 66
0.00000 00
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Table 18.2

WEIERSTRA88 ELLIPTIC AND RELATED FUNCTIONS

TAIIIi FOR OBTAINING 0. .0% AND I. (Ml Os AND Oy

(Positive Discringbant -Unit Real HalfPeriod)

r\ a
0.00

1.00
1.00000 000

1.05
1. (loom 000

1.1
1.00000 000

1.2
1,011000 000

1.4
1, 00000 000

0. OS 0.99999 876 O. 99999 887 O. 99999 895 0.99999 905 O. 99999 912
0.10 0.99998 031 0.99998 198 0. 99998 319' '0. 99998 471- 0. 99998 595
0.15 0. 99990 029 0. 90990 871 0. 9994.i 481 0.99992. 246 0.99992 868
'3. 20 0. 99968 483 O. 99971 119 0. 99973 030 O. 99975 429 O. 99977 377

0. 25 0..99923 041 O. 99929 399 0, 99934 010 0.99939 799 0,99944' 501
000 0. 99840 360 O. 99853 355 O. 99862 782 0:99874 617 0.99884 235
0.35 O. 99704 076 0.99727 741 0.99744 912 -O. 99766 478 0.99784 008
0.40 O. 99494 715 0.9P53. 298 0. 99563 028 0. 99599 122 ' 0,99628 469
0,45 O. 99189 577 O. 99251 583 O. 99296 602 0.99353 179 O. 99399 196

0. 50 0..98762 541 0.98854 726 0, 98921 683 0,990054655 0. 99074 340
0.55 0. 98183 783, 0.98315 105 O. 98410 521 O. 98530 511 0.98628 174
0.60 0.97419 386 O. 97599 894 O. 97731 096 0.97896 146 0.98030 S31
0.65 0. 96430 782 0.96671 478 0, 96846 489 0.97066 726 0.97246 106
0.70 . 0. 95174 028 0, 95486 674 005.714 079 0.96000 343 0.96233 582

0. 75 0. 93598-819 0,9305 720 O. 94284 503 0.94648 146 0, 94944 525
0.80 0, 91641 208 0.92140 960 0. 92500 321 0.92952 973 0.93322 007
0.85 0. 89251 910 0,89855 136 0.90294 299 0.90847 617 -0. 91298 648
0.90 0. 86334 108 --0. 87059 177 0.87587 1/7 0.88252, 588 - 0.88795 164
.0.95 0. 82800 562 0.83659 307 O. 84284 790 0.85073 222 0.85716 486
1.99 0. 78539 822 0. 79543 267 O. 80274 263 0.81195 906 O. 81947 977(,91 (4)91

L J 1,8 J
z/ ?An 1.00
0.00 1.00000
0.05 0. 99999
0.10 0.99998
0.15 0,99990
0. 20 0.99968

0. 25
0,30
0.35
0.40
0.45

0.50
0.55
0.60
0.65
0.70

0.75
0,80
0.95
0.90
0,95

1.00
1,05
1,10

0. 99923
0.99840
0. 99704
0.99494
0. 99181

0.98762
0.98183
0.97419
0. 96430
0. 95174

oolste
0. 91647
0.89251
0. 86334
0. 82800

0. 78539

[ ( -401

r( -4)91
L 8 J

1.05 1,1
000 1.00000 000 1.00000 800
876. .0. 99999 887 O. 99999 895
031
029

0. 99998
0.99990

200
891

0. 99998
0. 99991

322
516

483 0.99971 234 O. 99973 226

041 0.99929 8)6 0.99934 758
360 0. 99854 660 0.99865 014
076. 0.99731 093 0.99750 544
715 0. 99541 639 0. 99575 586
577 0. 99266 485 0. 99322

,

092

541 0.98882 817 0. 98969 725
783 0.98364 988 0.98495 820
386 0.97684 238 0.97875 291
782
028

0. 96808
0. 95701

373
320

0.
0.

/780
960080

464
81

0.94322 518 O. 94842 600
208 0.92626 i02 0.93378 385
910 0,90559 833 0.91496 293
408 0. 88063 688 O. 89299 175
562 0. 85068 069 0. 86683 386

822 0.81491 420 0, 83587 315
0.77237 164 0.79939 419

0. 75655 714

r()91 .r()91
L 8 J. L 8 J

2.0
1. 00000 000
O. 99999 915
0. 99998 643
0.99993 109
0. 99978 130

0.99946 )21
0.99887 957
0.99790 793
0, 99639 831
O. 99417 016

. 0.99100 867
0.98666 012
0.98082 605
0.97315 633
0,96324 002

0.95059 446
0. 93465 128
0.91473 876
0. 89005 936
0. 85966 76
0,82239 820

rL
(-

8
0-14

1.2 1.4 2.0 9
1.000,00 000 1.00000 000 1.00000 000 .
0. 99999 905 O. 99999 912 0.99999 915
0. 99998 476 0.99998 601 0,99998 649
0.99992 299 0.99992 935 0.99993 181
0. 99975 725 0.9977 752. 0.99978 537

0.99940 928 0. 49945 935 0.99947 871
0. 99877 991 0.99888 517 0,99892 586
O. 99774 989 0.99794 811 0.99802 472
0. 99618 100 0. 99652 557 0,99665 .871
0. 99391 695 0. 99448 077' 0,99469 ASS

O. 99078 438 0.99200 425
0.98659 357 0.98842 700

0. 99166 445
0. 98791 646
0. 98306 740
0.97694 003
0. 96935 061

O. 96010 986
0. 94902 381
0. 93509 412
0. 9205i 215
0.90268 849

0.88219 209

0.98113 896 0.98381 123"
0.97419 926 6 0.97799 651
0. 96953 710 0. 97081 949

O. 95489 807 0,96211 557
0, 94200 908 ' 0.95172 061
0. 426f.1 57a 0.93947 230
0.90827 878 0.92521 144
0. 88676 908 0.90816 307

0486166 128 IL 89003 731

r(-4,81 r(-4,81 [(lig r(-4)si.
i 8 J 1 7 J i 6 JJ .

4.0
1.00000 000
0. 99999 915
0.99998 644
0. 99993 115
O. 99978 148

0.99946 364
0.99838.045
0. 99720 954
0, 99680 099
0. 99417 438

0. 99101 490
0.98666 904
0. 98083 833
0.97317 272
0.96326 132

0.95062 155
0.93468 503
.0.$1478 003
0:89010 902
0. 85971 964
0. 82246 703r()91

L 8 J

4.0
1.00000 000.
0. 99999 916

t 0. 99998 650
0.99993 187,
0. 99978 155

0.99947 917
, 0. 99892 682

0.99802 653
0.99666 184
IL 99470 368

0.99201 225
0. 98843 903
0, 98382 874 .
0.97802 138
0.97085 406

0. 96216 276
0. 95178 405
0.'93955 644
0.92532 176
0. 90892 628

0.89022 154

re] r(-4)31
L 6 J

i y\ a 1.00
1.0 0.78939
1. 2
1.4
1.6
1.8

2. 0
2. 2
2.4
2. 6
2.8

822
1.06

0.81491
i

420
1.1

0.83587 315
1.2

0.86166
0. 11573

128
454

1.4
0. 86219
0. 76897
0.59293'

209
769
450

0.
0.
0,
0.

.0.

-0.

2.0
89003
78909
64073
43846
17708

14800

731
505
496
099
802

012

4.0
0. 89022 15
0.78956 60
0. 64184 73
0.44095 77

18250 43

13652 01
-0. 51809 61
- 0.96348 97
- 1.47349 03
- 2.0485816

3. 0
3. 2
3, 4
3.6
3.
4. 0

{(-31

-2.
-3.39508
-4.16677
-5.
- 5.90734
-6.

68905 52
38
17

00417 86
21

87630. 32
r(-8)81
L 10

682
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WRIEBSTRASS ELLIPTIC AND RELATED FUNCTIONS

TABLE FOR OBTAINIM:!0. f1Y AND i ON Os AND Oy
(Negative Discriminant-Unit Real Half-Period)

LOU

:2(P(:)
. 1.05 1.16 1.8

0.00 1.00000 00 1.00000 00 1.00000 00 Loodoo 00
0.05 0. 99998 52 0.99998 68 0. 99998 .90 0.99999 38
0.10 0.99976 37 0.99978 83 ' O. 99903 74 0. 99990 10

15 0. 99880 40 0.99893 08 0.99918 15 0.99950 43
0.20 0. 99622 93 0. 99663 32 0. 99743 SS 0.99845 77

0.25 0.99079 63 8.991112 47 0.99381 16 0.90631 17
0.30 0.98097 82 98317 671 0.98736 11 0.99755 0611.

I

0.35 ' 0. 9649541 0.96915 65 0.97703 14 0.98664 20
_0.40 '0.94010 57 0.94811 25. 0.96174 61 9,97810 01
0.49 O. 90617 03 O. 91839 70 O. 94051 05 0. 96656 45

0. 50
'0. 5
0.60

650.
0. 70

0. 75
0. 80
0.85
0.90
0.95
1.00

939
00..79882759

81
882 11

0.72356 52
0. 63382

69
70

0. 53123

0. 41930 23
0. 30366 33
0:19233 10
0, 09574 08
0. 02666 27
0.000440 00

I
r( -3

8
)61

1. a 1.00

0.00 1.00000 00 1.00000 00 I. 0000
0. OS . 0. 99998 52 .0.99998 67 0. 98
0.10 0. 99976 37 0. 99978 76 0. 9983
0.15 0.99880 40 0. 99892 27 0. 9916
0.20 O. 99622 33 0. 99658 78 0. 734

0.25 0. 99079' 61 0. 91165 20 0. 345
0.30 0.98097, 82 0.98266 21 O. 28
0.35 0.96495 11 0.96786 42 0, 433
0.40- 1Z, 9407017- 0.94529-04- -O.
0.45 0:90617 03 0.91264 96 0.92

0.50 0:85939 83
0.55
0.60

65
00.. 70

0.75
0.80
0.85
0.90
0.95
1.00

0. 87853 56 O. 91254 SS
0.82744 45 11. 87144 80
0. 76469 39 0.83537 63
0. 69080.48 0.78725 OS
0.60756 14 O. 73495 90

0. SHOO 84 0.68153 SO
O. 42820 16 0.63143 16
0. 34438 12 0;,59046.32
0.27605 07 . 0.56611 51
0.23446 42 0.56753 12
0. 23206 11 0, 60563 48

r(-8)51 r()51
s L 8 J

1.05 1 1.15

1. 1
1.2
1. 3
1. 4 11 the real half-ppiod .11, see 18.2 Homogeneity
1. 5 respect, to a will, in general, be difficult because of the
1.6 involved, Aitken's interpolation may be used in this
1.1 be obtained. For the computation of 'Pi 9. or r at r
1.911 may be used (18.4 and Esampleo.11-12). .

2.0

00
98'
59
47
10

0. 95189 16
0. 99426 12
0.91429 23
0. 89316 80
0. 87276 )8

1.6 2.0
1.00000 00 1.00000 00
0.99999 75 1.00000 14
0,99996 06 1.00002 30
0.99980 51 1.00011 83
0.99940 30 1. 00038 24

0.99860 26 1.00096 01
0.99725 31 1. 00205 83
0. 99525 02 1.00396 14
0.99255 94 1.00705 13
0.98928 71 1. 01183 11

0.'18573 01 1. 01895 42
0.98244 30 1. 02925 89
0.98031 24 1.04381 01
0.98063 64 1.06395 OS
0.98521 20 1.09136. 32

O. 99643 13 1.12815 OS
1.01739 07 1.17693 44
1.05101 81 1.24098 76
1.10523 21 1.32.440 72
1.18314 77 1.43234 ILS
1.29335 96' 1. 57134 70

L
r(-8

J
3)41 r(8

J
-8)41

0.85577 68 ,
0.84585 35
0.84771 96
0.86731 78
0. 91197 25
0.99060 83

r(
8

)4j

1.8
1.00000
0.99999
0.99989
0. 99948
0.99834

37
oo

93

96
51

16 0. 4'9589 95
83 0.99132 10
43 0.98354 71
47

6 67 0.9 7

0.86784 46 0, 891109
0. 80881 13 0.83647

O. 77 4

57 0.92592 17
66 . 0.88861 10
24 0.83812 71

0.77163 28

1,5
1.00000 00
0. 99999 75
0.99995 93

99931 78 96
00. 999. 61

0.99827 12
0.99626 60
0.99275 81
0.-90701 -30
0.97806 19

0. 96465 71
0.94522 eS
0.91184 SO
0.88019 00
0.82955 45

0.76286 31

2.0
1. 00000
L 00000
1. 00002
1.00011
1.00094

1.00081
1.00162
1.00285

-1,00459
1.00684t
I. 00955
1.01258
1.01563.95
1. 01827
1.01983

1.01942
1.01585
1. 00758
0. 99269

00
14
24
15
41

39
14
94
41
49

92
51
95
41
61

23
61

)9
28

03311

r 11 [11 [1)2". [11. [(1)2] [T]

.Table 18.2 .

-

1.00162 38
1. 00340 46
1.00639 11
1.01107 17
1.01805 02

1.02806 66
1.04202 47
I. 06102 47.

4.0'
1. 00000 00
1.00000 25
1.00004 07
1.00020 71
1. 00065 92

677

S.

1.0864183
1.11984 70

1.16333 76
1.21939 20
1. 29112 16
1.38242 38
1.49822 24
1.64479 64

r(-
8
z)o

4.0.
1.00000 00
1. 00000 32
1.00004 04,
1.00020 ,35r
1, 0p063 88 .

1.00154 61
1. 00317 22.
1.00580 47

-1,--0097645---

29.
29

1.01539 36

1.02305 58
. I. 03311 ,90
' ,1.04595 22

I, 06191 71 . ,
1.08136 14

1.10461 36
1,13197 83
1.16373 23
1.'20012 24
1. 24136 39
1.28763 91

r(-4),11/
L 6, j

Relations.. Interpolation with
nonuniform subintervals

case, As few as 3$.may
r4 im, an addition formula

4.0
1.39585 80
1. 52559 80
1.67719 97
1.85056 87
2. 04521 26

2. 26025 62
2. 49441 9

.2.74594 50
3.01245 16
3.29069 52

\- 683.

r(-3)81
7
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Table 18.2

r\ro 1.00
0.00 - 2.00000 00
o,05'4.00002 95
0.10 -2. 00047 2k
0. II - 2.00239 01
0.7.0 - 2.0075) 43

C. 25
100.

40
0. 35
O.
0.45

0. 50
0. 55

60
0.65
0.70

, 0. 75
0. 80
0. 84
0.90

. 0.95
1.00

- 2.01829 41
- 2.03754 78
- 2.06843 88
- 2.11379 74
- 2,17550 19

0_

.

WEIERSTRAB8 ELLIPTIC. AND RELATED FUNCTIONS

TABLE FOB OBTAININC, fit. 9' AND r ON Os AND Oy
(Negative Discriminant' Real Halt-Period)

:191;)
I.*

- 2.00000
- 2. 00002
- 2.00042
- 2.00212
-2. 00667

- 2.01608
- 2.03274
- 2.05907
- 2.09713

14781

1.16 ,

00 -2. 00000 00.
65 2.00002 04 /- 2.0000100001 24 2.00000 SO - 1.99999 71
27 :4, 00032 )7 - 2.00019 6) - 2.00007 74 .4.99995 34
89 - 2.00161 92 - 2.00097 17 - 2.00037 44 -1. 99975 65
30 - 2.00502 56 -2;00297 '12 -2. 00110. 66 - 1.99919 66

73i -2.01196 38 .4.00:4, 49 -2.00246 05 -1.99793 23 -1.99667 11
SS .-2.02397 99 -2.00188 73 - 2.00448 84 - 1.99544 16 -1.179294 26
94 -2.04247 95 2:02314 71 4-00696 99095 74 ,1.98657 99
03 - 2.06833 37 2.03614 78 .2.00922 15 -1. 98338 63 - 1.97639 6S
87 ,10148 48 - 2.05106 10 - 2.00992 37 - 1.97120 64 - 1.96084 72

2.1013 46 2.06592 49 '- 2.00685 64 -I. 95234 05 - 1.93791 93
-2.18023 97 - 2.07692 41 - 1.99665 49 I - 1.92)49 70 -1, 90199 42
- 2.21466 43 -2. 07815 03 - 1.97452 31 - 1.88246 83 - 1.85865 81
-2.23248 50 -2. 06116 03 - 1.93392 21 - 1.82286 83 - 1.79444 54
-2. 21839 99 - 2.01460 73 - 1.86620 81 - 1.73878.53 - 1.70648 76

-2.15233 79s -1, 92)78 08 -1. 76023 25 4. 62181 13 -1. 58702 84
-2. 009)3 39 -1. 77031 11 -1. 60178 75 -1. 46089 21 -1. 42574 81
- 1.75959 77 - 1.53168 32 - 1.37288 17 1.24241 08 1.20981 20
1..36864` 92 - 1.18057 SO - 1.05066 42 - 0.94387 76 -O. 91751 44

- 0.79716 03 -0. 68574 )9 -0. 60580 78 - 0.54202 52 -0. 52632 04
0. 00000 .00 0. 00000 09 O. 00000 00 0. 00000 00 O. 00000 00

1.

92)1 [ ("1 [ ( -21 [111
9' 9

1.8 _ 1.5 2,0 _ 4.0
4. 00000 00 --2. 00000 00 -2.00000 00 = 2.00000 00

-1,99999 49
- 1.99991 83
-1.99958 21
-1. 99866 07

-2. 25339 16 -2.21047 72
2 .34395 53 -2.28098 85

4.
I

- 43881 27 -2. 15140 73
.4. 52318 49 -2. 40840 49
- 2.37463 110 4.4)241 27

- 2.56240 86 -2.19712 18
- 2.44770 16 -2. 26959 .69
-2. 18496 84 - 2.01105 SO
- 1.72414 78 - 1.57813 99
11, 01321 01 -O. 92423 16
14. 00000 00 00000-00

r(-241
L io)sj L

-2J

1.00 1.05
0. 00 , -2. 00000 00 -2. 00000 00
0.01 -2. 00002 95 .4. 00002 65
0.1 - 2.00047 25 . - 2.00042 55
0.1 - 2.00239 01 .- 2.00216 12
0.20 00738 43 - 2.00685 42

b. 65 ,-2. 01829 41 4. 018/7 67
0.70' - 2.03755 78 -2. 01479 40
0. 33 2.06843 88 - 2.06420 40
0.40 -2.11371 74 _-.L 10941 -06
0. 45 - 2.17550 18 -2:17036 66

0.50 - 2.25339 16
0. 55
O. 60
0. 65
0. 70

0.75
0.80.
0. 83
0. 90
0.95
1.00

riiy\lo
1.1
1.2
1.3

. 1.4
1.5

1.6
1 7
1.0
1.9
2.0

1.15 . 1.8 . 1.6 2.0 4.0_ -
-2.00000 00 2.00000 00 4.00000 00 - 2.00000 00 - 2,00000 00
2.00002 OS -L 00001 25 - 2.00090 50 - 1.99999 72 - 1.99999 49
2.00032 97 2.00020 30 - 2.00008 28 - 1.99495 58 - 1.99991 95

-2. 00168 65 - 2.00104 87 00043 42 - 1.99978 38 - 1.99959 66
00140 )2 - 2.00340 55 42.00145 41 - 1.99935 op - 1.99074 22

-2; 01)40 12
- 2.02825 59
-2. 05319 39

09200.85
-2. 1487, 02

-2.25173 01 -2,22747 67
-2. 35170 )69 -2.33108 42

:' -2.46061 76

-2, 00859 22 -2. 00378 54
- 2. 01849 50 - 2.00844 10
4..03567 60 - 2.01691 87
4 .06346 12 _ 4.03114 -S1
4.10597 23 - 2.0546 .43

- 1.99851 75
- 1.99718 99
1 .99336 27

,99321 08
-1. 99120 21

-2.1805 61 - 2.09054 56 - 1.99006 63
-2.21504 79 -2.14403 61 -1. 99107 16
- 2.37230 )9 22009 - 1.99605 96
- 2.52442 19 4. 32798 29 - 2.00760 83

4.47283 02, -2,02919 12.

- 2.66)08 69 - 2.065)4 90
d . -2.12187 04

- 2.20596 83
-2. 3264) 60
4. 49375 12
- 2.7':008 4)

re-r)
L L

- 1.99698 24
- 1.99387 40
- 1.98892 95
1.98164 41
- 1.97152 19

-1. 95810 18
. 1.94097 97
- 1.91982 80
- 1.89440 95
- 1.86458 7)

- 1.83032 90
- 1.79170 68
- 1.74889 39
- 1.70215 68
- 1.65184 57
- 1.59838 35

rc-syn. r(-061
1, 8 j L 6 J

4.0
- 1.48398 95
- 1.363)7 47
- 1.24144 17
- 1.12345 13 .

-1. 01509 7S

0.92186 21
.0.85472 55
-0. 021)4 27

\ 0. 83783 S4
4.42645 86

[(1)1
.

0
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WEIEBSTRABB ELLIPTIC AND RELATED !UNCTIONS 679

TABLE FOR OBTAINING A), go AND r ON Ox AND Oy Table 18.2
(Negative Dieerimiaaakr-Unit Real Half-Period)

st(:)
I.

.7.: \n 1.00 l 1.06 1.15 , 1.8 1.6 2.0 4.0

0.00 1.00000 00 1.00000 00 1.00000 00 1.00000 00 1.00000 00 1.00000 00 1.00000 00

0.05 1.00000 41 1.00000 44 1,00000 34 1.00000 21 1.00000 08 0.99999 95 0.99999 92
0.10 1.00007 88 L00007 06 1. 5 43 1.00003 31 1.00001 32 0.99999 24 0.99998 65
0.15 1.00095 88 1.0005 70 1. 740 1.00016 65 1.00006 60 0.99996 10 0.99993 12

040 1,00125 98 1.00112 60 1.0 16 1.00052 15 1.00020 48 0.99987 51 0.99978 17

0.25 1.00307 33 1.4274 09 1.00208 91 1.00125 79 1.00048 81 0.99968 98 0.99946 41
0.58 1.00836 31 1.00566 06 -L 0042944- 44025641 1.00098 15 -4_99934 32 0.99888.13

0.35 1.01176 23 1.01043 07 1.00707.52 1.00467 27 1.00175 16 0.99875 38 0.99791 11
0.40 1.01999 45 1.01767 00 1.01335 74 1.00779 77 1.00285 61' 0.99781 57 0.99640 17
0.45 1,03186 10 ;.02805 07 1.02090 50 1.01217 02 1.0043,1 47 0.99639 49 0.99417 86

0.50 1,04821 35 1.0422) 15 1:03127 19 1.01799 52 1.00619 68 0.99432 31 0.99102.12
0.55 1.06990 711 1.06102 21 1.044711 39 1.02543 63 1.00840 79 0.99139 16 0.98667 99

,0.60 1.09776 14 1.084% 91 1.06150 26 1.03459.22 1.01087 54 0.987,4 37 1298085 06

9.65 1.13248 70 1.11454 88 1.08250 64 1.04547 13 1.01343 17 0.98186 55 0.97318 91
0. 90 1.19462.06 1.15021 50 1.10724 76 1,,, 45 1.01581 69 0.97457 57 0.96328 27/ r

0.75 1.22444 09-419206 06 1.13570 79 1.07181 59 1,01765 94 0.96501 30 0.95064 97
14 80 1.28185 76 1.23993 78 1.16765 45 1.08659 33 1.01845 50 0.95262 09 0.93471 88
0.05 1.34648 26 1.29529 24 1.20248 62 L10165 80 1.01754 41 0,93672 94 0.91482.13
0.90 1.41740 20 L35110 37 1.23929 32 1.1161) 35 1.01400 58 0.9165) 13 0.89015 86
0.95 1.49277 42 1.41220 03 1.27679 52 1.12887 16 1.00702 73 0.09105 46 0.115977 85 .
1.00 1.570r 1,47443 48 L31332 66 1.13842 0.99506 76 0.15712 29 0.82253 59

[(112 V-p] r(-) 51 r(-4)15
L 8 j L 6 [(11 [(-64)81 [(1)91

.111-An 1.00 1.06 1.16 12 1.5 2.0 4.0
0.00 Loom 00 tom000 00 1.00000 00 1.00000 00 L00000 00 Loot* 00 1.00000 00

0.05 1.00000 49 1.00000 44 1.00000 54 100000 21 1.00000 08 0.99999 95 0.99999 92

0.10 1.00007 88 1.00007 08 1.00005 46 1.00013 M 1.00001 35 0.99999 25 0.99998 65

0.15 1.00039 88 1.00035 96 1.00027 73 L 00017 04 1.00006 91 0.99996.24 0.99993 19

0.20 L00123 98 1.00113 51 1.00088 05- 1.00054 31 1. 0002222 0.99188128 0.99978 57
1

1

0.25 1.00307 33 1.00277 55' 1.00216 14 1.00134 04 1.00055 43 0.9997190 0.99947 96

0.30 1.00636 38 1.005766 Se 1.00451 03 1.00281 53 1.00117 94 0.94143 06 0.99892 78

0.35 1.01176 23 1.01 1 02 1.00841 42 1.00529 28 1.00225 OS 099 41 0.99802 03

0.40 1.01999 45 1.01824 62 1.01_445 97 L00917 72 1.003% 67 O. 0 68 0.99666 50

0.45 1.05186 18 1.02921 31 1.02333 52 L01496 03 ' 1.00658 42. O. 9 10 0.99470 98

0.50 1.04821 35 L04444 39 ionstcrs 1,02322 04 1.01042 41 0. 89 0.99202 03

0.55 L06483 58 1.05277 97 1.03466 71 1.01580 39 . O. n so 0.98845 10

0.60 1.07515 67 1.05006 rs 1.02344 73 0.99295 77 0.98384 63
' 0.65 1.07029 91 1.0)369 45 0.99095 58 0.97804 63

0.70 . 1.04730 93 ',0. 9847,11 64 0.97088 86
..

0.75 1.06508 51 0.98656 79 0.96221 Of
0.80 O. 90447 25 0.95184.75

0.85 0,98273 54 0.93964 06
0.90 . 0.90166 56 0.92543 21

0.95 0.9M65 63 0.90906 94

1.00 0.9%19 64 0.89040 57

[(1)6} VII [(11 [(1)61 [(11 [(-4)2] .. [( 5. 4)816

t i 20tAa

1.1
1,2
1.3
1.4
1.5

1.6

1.8
1.7

1.9
2.0

6./

4.0
0.8456
0.79001

941

3 67
0.72274 )6
O. 64295 89
0.55003 38

0.44345 14
0,3282 70
0.1872 9290

40.03050 90
-0.12508 40

r(-8)21
1,
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Inbar 18.3 INVARIANTS AND VALVES AT HALEPERIODS
(Non-Negative Discriminant-Unit Real Half-Period)

tea
rt./P(1) 4.31P(v') 4.r(1)

1.00 11.81704 500 0.00000'000
1.02 11.37372 384 0. 55318 992
1. 04 10.98419 107 1.03485 699
1. 06 10, 64177 347 1.45484 521
1.08 10.34065 794 1.82151 890

1.10 10. 07577 364 2.14201 000
'\

1.12 9.84269 185 2.42241 937
1.14' 9.63754 049 2,66798 153
1.16 9.45693 072 2.88320 000
1.18 9.29789 413 3. 07195 918

1. 20 9.15702 851 3. 23761 717
1.22 9.03445 117 3.38308 3_1/
1.24 8.92575 843 3.51088,223
1. 26 8.82999 055 3.62320 977
1.28 8.74540 138 3.73197 756

1.3 8.67123 169 /3.80885 265
8.6 8 64' 3.80529 056

1 8. 91 IT, 3.93256 351
69 /1390 4.01178 462

52 746 4.06392 070

252 263 4,10985 014
17763 305 4.15029 819'

4 34687 283 4.18593 045
1.46 8,31975 228 4.21732 438
1.48 8.29583 997 4.24498 728

1.50
1.52.
1.54
1.56
1.58

8.27475 580 4.26936 502
8.25616 484 4.29084 965
8.23977 191 4,30978 602
8.22531 684 9;52647 752
8.21257 036 4.34119 120

1.6Q 8.20133 033 4.35416 210
1.65 8.17870 308 4. 38026 291
1.70 8.16217 907 4.39931 441
1.75 8.15011.147 4.41322 294
1.80 8,14129 812 4.42337 818

1,05 0.13486 127 4.43079 368
1.90 8.13016 001 4. 896
1.95 8.12672 634 I 4, 6 375
2.00 8.12421 844 4. /OS 205
2.05 8.12238 671 4.44516 152

2.10 8,12104 883 4.44670 219
'2.15 8.12007 164 4.44782 746
2.20 8.11935 791 4.44864 934
2.25 8.11883 660 4.44924 963
2.30 8.11845 583 4.44968 808

2.4 8.11797 459 4.45024 222
2.5 8.11771 785 4.45033 785
2.6 8.11758 087 4.45069 555
2.7 8.11750 782 '4.45077 969
2.8 0.11746 884 4.45082 457

2.9 8.11744 804 4.45084 852
3.0 8.11743 694 4.45086 130
3. 1 8.11743 103 4.45086 811
3. 2 8.11742 707 4.45087 174
3.3 8,11742 619 4.45087 368

3.4 8,11742 529 4.45087 472
3.5 8,11742 481 4.45087 528
3.6 411742 453 4,45087 556
3.7 8.11742 441 4.45087 572
3.9 8.11742 434 4.45087 581

3.9 8.11742 430 4.45087 585
4. 0 8.11742"426 4.15087 587

t 8.11742 426 90
r(-43)71 (-8)1
L s j

11.71879 64
1. 71005 .96
1.70235 77
1.69556 79
1.68958 18

1.68430 41
1.67965 011

.i.71879 64
24. 66138 15

.1.60783 69
-1. 55787 59
-1.51123 63.

-1. 46767 13
-1.42698 19

7554.80 - 1.38894 48
1. TIM 04 .1.35338 12
1.66874 05 -1. 32011 96

, 1.66592 77 -1428900 20
1.66344 74 - 1.25988 23
1.66126 03 -1.23262 55
1.65933 17 -1. 20710 65
1.65763 09 -1.18320 95

1.65613,11 -1.16082 70
1.63480 86 -1.13985 91
1.65364 22 4,12021 33
1.65261 37 - 1.10180 31
1.65170 67 -1.08454 85

1.65090 68 '4.06837 47
1.63020 13 - 1.05321 20

.1.64937 92 - 1.03899 58
1.64903 06 -1.02566 55
1.64854 68 /4.01316 45

1.64812 02 - 1.00144 04
1.64774 39 .0. 99044 37
1.64741 20 -0.98012 84
1.64711 94 -0.97045 19
1.64686 13 - 0,96137 37

1.64663 30 4.95205 64
1.64617 54 -0. 93379 17
1.64584 08 -0.91752 88
1.64559 63 .0. 90365 le
1.64'541 78 .0. 8918008

1.64528 73 4.88169 76
1.64519 21 -O. 87306 52
1. 64512 25 - 0.86569 37
1.64507 17 4.85939 82
1.6453 45 .0. 85402 10

1.64500 74 -0. 84942 78
1.64498 76 -0.84530 41
1.64497 32 .0.84215 20
1.64496 26 .0.83928 00
1.64495 49 -0.83684 11

1.64494 51 - 0.03296 37
1.64494 00 -0. 83013 28
1.64493 71 -0.82806 54
1.64493 57 -0.82655 SO
1.64493 49 4.82545 SI

1.64493 45 -0. 82464 81
1.64493 43 -0.82406 01
1.64493 42' -0.82363 06
1.64493 41 -0.82331 68
1.64493 41 .0.02308 78

1.64493 41 -0.82292 04
1.64493 41 .0.82279 82
1.64493 41 r - 0.82270 89
1.64493 41 -0.82264 37
1.64493 41 .0.82259 61

1.64493 4 .0.82256 13
1. 64493 -0.82253 59

1.64493 1
r( -4)1
L 5

.0.02246 70
r(-)51
L 6 j

0.78519 816 *0.78539 82
0. 78979 718 -0.76520 32
0.79367 192 -0.74537 75
0.79708 535 -0.72588 58
0.10009 279 4.70669 61.

0. 80274 283 - 0.687/7 92
0.80507 817 -0.66910 88
0. 80713 637 .4.65066 09
0.80895 045 -0.63241 38
O. 01054 949 - 0.61434 79

0.81195 906 - 0.59644 54
0. 81320 168 -0.57869 03
0.81429 717 -0.56106 78
0.81526 299 - 0.54356 50
0.81611 453 -0.52616 97

0,81686 533 -0.50887.14
0.81752 732 -0.49166 03
0.81811 103 -0.47452 75
0.81862 572 -0,45746 53
0.81907 958 -0.44046 65

4.81947 977 -0.42352 46
0.81903 269 - 0.40663 39
0.82014 389 4.38978 91
0.82041 831 -0.37298 56
0.82066 031 -0.35621 91

0.82007 370 0.33948 58
O. 82106 191 - 0832278 22
0. 82122 787 -0.30610 54
0,82137 423 4;28945 25
0.82150 329 4.27282 11

0.02161 711 -0.25620 90
0. 82184 628 0,21475 00
0.82201 364 -0.17337 32
0.82213 589 .0.13205 85
O. 82222 516 - 0.09079 10

0.82229 030 .0.04955 91
0.82233 800 -O. 00835 41
0.82237 281 +0.03283 07
0482239 820 0.07400 01
0.82241 676 0.11515 80

0. 82243 032 0.15630 73
0.82244 022. 0.19745 01
0.02244 745 0423858 81
0.82245 274 0.27972 23

1.
0.82245 659 0.32085 38

0.82246 146 0.40311 12
0.82246 406 0. 48536 38
0.82246 546 O. 56761 39
0.82246 619 0.64986 24
0.82246 659 003211 01

0.82246 680 0.81435 /4
0. 82246 691 0.89660 44
0.82246 698 0.97885 13
0.82246 701 1.06109 81
0.82246 702 1.14334 48

0.82246 703 1.22559 16
0.82246 703 1.30783 83
0.82246 703 1.39008 50
0.82246 704 1.47233 17
0.82246 704 1.55457 84

0.82246 704 1.63682 51
0.82246 704 1.71907 18

0.82246 704
[(-ei .re!.5)6.1

5 j
For n 1: yew., ffeal), et 02/2. foe 9 .104, feat+ -104.
For es,: g2-4r4/12, siaTA/216, 010/8, e:la -Ire12. 4.4032,
(6...1.85407 4877 4s the real halt-period in the ILemniaestie ease 18.14.)

For 4..rte to obtain use Legendre's relation 9' -illy' -wi /2.
To obtain the corresponding values of tabulated quantities when the real haltperiod 0401,
multiply q2 by to-4, !hi by 0-0, 9; by .,-s and ft by mal.
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INVARIANTS ANIS VALVES AT NALIWERIORS

(Non Negative Dhaka Inant-Unit Real Half-Peried)
(1) 01.0 010140

1. 00 0. 94989 88 0. 949899 1.102951
1, 02 0, 99114 80 ,t 0. 967481 1.170397
1.04 0,95224 92 0.984814 L157316
1. 06 I 0. 93321 98 1. 002097 1.143695
1.08 O. 95407 54 1. 019107 1.129522

1. 10 0.95482 97 1.035904 1. 114702
1, 12 0.95349 4 1. 052476 1. 099457
1,14 0.95608 1 1.068811 1.083431
1, 16 0.95659 7 1.084899 1.066989
.1. 18 0.95705 3 1.100727 1.049814 .

1, 20 0j5749 55 1.116285 1.031991
,

1.22 0:99780 98 1.131562 1.013507
1.24 O. 99812 22 1.146546 0.994349
1.26 0.99839 77 1.161227 0.974506
1.28 O. 99864 07 1.175594 0. 953970

1. SO 0.95885 49 1.189636 0. 932733
1. 32 O. 95904 38 1.203344 0.910790,
1.34 0.95921 04 \ 1.216707 0. 888138
1.36 O. 95939 73 o 1. 229716 0.864776
1.38 O. 99948 68 1.242361' 0. 840704

1.40 0.95960 10 1.254633 0.815927
1.42 ! 0, 99970 10 1.266522 0.790449
1. 44 0. 95979 06 1.278021 0. 764278
lo 46 990. 986 80 9 1.289120 0.737425
1.48 0. 95993 8 1.299811 O. 709900

1. SO O. 99999 90 1.310087 0.681719
I 1. 92 0. 96009 27 1.319941 0.652896

I. 54 O. 96010 01 1.329364 0.623452
L 56 0.96014 19 1.338351 0. 593404
1.58 0.96017 87 1.346895 0. 562777

1, 60 0.96021 13 1.354990 0. 531599
le 69 0..96027 67 1. 373224 . 0.451372
1.70 I 0.96032 45 1, 388539 0. 368286

'1.79 0. 96019 94 1.400869 0. 28284 0
1.80 0. 96038 49 1.410170' 0. 195588

1.85 0.96040 35 1. 416408 , 0.107125
1.90 0.96041 71 1.419573 .0.018074
1.95 0. 96042. 70 1.419669 070918
2. 00 O. NO* 43 1. 416707 -0.159199
2. 05 9604516 1.410733 246114

2.10 0.960441r 1. 401800 - 0.331019
2.19 O. 96044 63 1.389977 .4.413290
2, 20 84 1.375349 - 0.492330
2. 29 O. 96044 99 1.358018 - 0.567579
2, 30 O. 96049 10 1. 338098 4. 638522

2. 4 0. 96045 24 1.291016 4/69682
24 5 0.96045 31 1.235264 870782
2. 6 O. 96045 35 1.172151 951807
2.1 0.96045 37 1.103091 -1.007808
2.8 0. 96045 36 1.029337 4, 038896

2.9 O. 94045 39 0.953025 -1. 046157
3.
3, 1

146 _049, 40
O

0.874937
0.796655

1,031530
-0.997636

3. 2
1.

96045
00.. 045

0.719428
0.644360

947584. 884775

3, 4
3, 5
3. 6
3. 7
3. 8

Jo 9
4. 0

0.96045
40

0010 40
0, 9404545 40
0. 96045 9

440
0

O. 9604

0.96045 40
O. 94545 40

0. 572395
0.904299
0.440663
0.381903
O. 328268

0.279851
0. 236623

8127
73468720

-0.654024
573398

- 0.495196

4.
-0, 4

32129199074

0. 96045 40
00.000000

0. 000000
r()21L 4 i r(-5 i)91 (

L
r -)1

6 i
1+.', elm. (1 44). -(4+403), v3-4(1 +e)...e+9'.
For 4 1: *(1)100/112114/r, 0(0)404(1), .00tigri4ossi..
For : e(1).7 i$ #001-.0. 0(004.
(+-1.05407 4077 Is the real halt period In the lasnedsratie C1180 18.14.)
To obtain the corresponding values of tabulated quad*s when the real half-period
11, multiply by y.

6400

Table 18.3

9.(.n)
1.182951
1.218650
1.253864
1.288619
1.322935

1.356827
1.390301
1.423362
1.456007
1.488231

1.520022520022
1551369
1.582254
1.612657
1.642557

1, 671930
1. 700750
1.728989
1.756618
1.783607

1.809925
1.835542
1.860425
1.884541
1.907860

1.930348
1.951974
1.972707
1.992515
2.011370

2.029242
2.069439
2.102914
2.129313
2.148344

2.159783
2.163478
2.199333
2.147412
2.127732

2.100473
2.065864
2.024211
1.976882
1. 921308

1.793415
1.650936
1.492779
1.326086
1.155967

0. 987255
O. 024296
O. 670787
0. 529666
O. 405050

0.292246
0.197780
0.119493
0. 056049

*0, 008033

- 0.027857
052740

r.
000000

8)21
L 6

687

.?

481
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Table 18.3 INVARIANTS AND VALVES AT RALFPERIODe 'N't,
INonPositive*Discriminant-Unit Real HalfPeviod)

a.4' 92

Mei.. g e g

. 03.. agin-1 gP(112p ,-01) ,,,_,,..,. . 2 ,
1.00 - 47.26818 00 0.00000 00 0. 00000 000 3.43759 29 1.57079 63 - 1,57079.63.

1. 02 - 45.35272 19 4.41906 00 -0, 04867 810 3.36827 69 1.53091 63 - 1.58005 81
1.04 -41.40071 30 8, 23156 Se -0.09452 083 3.29802 68 1.49282 30 - 1.58905 67
1.06 - 41.42954 04 11. 49257 28 -0.13769 202 3.22711 39 1.45647 87 - 1.59772 52
1.08 - 39.45420 51 14. 25440 26 .0.17834 347 3.15578 40 1.42184 01 4, 60600 53

t ,

- 1. 12 -35. 54027 17 18, 47603 -011 -0. 25266 894 3. 01273 84 1. 35740 74 . -1. 62120 60
1.10 .37. 48749 12 A6.1668049 _.....0.21662 .576 3. 08425 99 1. 38885 99 ...X. 81384 88

1.14 43. 62168 02 20. 02550 1/7 .0. 28660 315 2.94140 17 I. 32766 96 -1. 62804 93
1.16 -31, 73930 41' 21.25943.42 - 0.31854 915 2.87040 90 1.29935 18 -1. 63434 46
1.18 - 29.89938 64 22, 20295 45 - 0.14862 086 '2. 79990 29 1.27247 81 -1, 64006 85

C"--
1.20 - 28.10693 45 22. 90208 34 AL 37692 971 2.73000 96 1.24699 24 -1. 64520 18
1.22 - 26.36591 62 23. 38397 82 -0. 40356 512 2.66084 07 1. 22203 82 1.644973 00
1, 24 -2437936 58 23. 67693 85 -0.42863:481 2. 59249 39 1.19995 9S -1.42364 28
1.26 - 23.04950 8) . 23. 80660 45 -0. 45222 513 2.52505 44 1.17830 01 - 1.65693 36
1, 28 - 21.47786 60 23.79610 09 -0. 47442 139 2.45859 58. 1,15780 77 - 1.65959 88

1.30 - 19.96535 52 23. 66620 08 -0.49530 414 2. 391111 1414 1.13842 65 - 1.66163 82
1;32 - 10.51237 16 23. 43548 95 - 0.51494 941 2.32886 49 1.12010 52 - 1.66305 38
1.34 - 17.11886 71 23.12052 98 -0,53.142 897 2,26569 11 1.10279 .31 - 1.66384 99
1.36 -13. 78441 82 22. 73602 29 ,.0.55081 058 2. 20369 72 1.00644 09 -1, 66403 31 . it
L 18 - 14.50828 67 22. 29496 60 /4, 56715 817 2.14291 32 1.07100 10 - 1.66)61 13

1.40 -13. h947 '07 21.80880 22 -0.58253 209 2. 08336 24 1.05642 75 1.66259 42
1.42 .12.12676 19 21. 28756 31 -IL 59698 926 2. 02506 27 1. 04267 61 - 1.66099 26
1.44 -11. 01876 70 20. 74000 36 - 0.61058 339 1: 96802 64 1.02970 43 - 1.65081 85
1,46 - 9.96196 40 20.17372 81 - 0.62336 513 1.91226 1) 1.01747 14 - 1.65608 44
1.48 - 8.960072 32 19. 59530 70 - 0.63538 226 1.85777 09 .1. 00593 83 - 1.65280 40

1.30 - 0.00739 71 19. 01038 VI -0.04667 980 1.80455 50 0. 99506 761- -,L 64899 13
1.52 - 7.10204 36 18, 42378 52 - 0.65730 023 1.79261 00 0.98482 36 . -L 64466 08

i
.

1. S4 - 6.24304 63 17. 03959 12 -0. 66728 357 1. 0192 94 0.97317 21' - 1.63982 76
1.56 . 5.285:1 20 17. 26123 98 -0. 67666 751 .1. 5250 41 0.96608 09 -1, 63450 65
1.38 - 4.69668 53 16. 69159 27 -0;68540 761 1. 432 26 0, 95751 90 -1. 62871 26

- 3.9257 12 16.13300 57 - 0.69)77 734 1.4737 1t, 0.94945 69 - 1.6221{6 17
1.65 - 2.2633 64 14. /9653 2) .0. 71238 375 1.44527 36 0.93130 88 4. 60493 31
1. 70 - 0. 82241 58 13.54033 .77 - 0.72831 198 1.34049 21 0.91571 53 -1. 58487 67
1.75 + 0. 42844 8 1 43388 94 -0.74194 441 1.24211 21 IL 90232 74 -1.56251 97
1.80 1.510(5 gis14 111.41927 28 -0. 79360 961 1.15159 40 0. 89084 07 - 1.53607 94

14.51370 92 - 0.76358 973 1.06678 48 0.88099 10 - 1.51175 93
. 9. 71118 21 -O. 77212 691 0.98792 73 0.87254 91 - 1.48374 94

9, 00473. 94 -0. 77942 883 0.91466 65 0. 86531 67 -1. 5422 51
8.385)7.94 - 0.78567 351 0.84665 46 IL 85912 29 -1. 334 69
7. 0070 '38 - 0.79101 353 0.78355 46 0,85382 00 - 9126 17

7.37428 09 - 0.79557 957 0.12904 25 0,84928 11 -1,15810 23 . .
6. 46611 .56 -0. 79948 352 0. 67080 91 0. 84539 69 - 1.32398 93
.6.61270 90 -0.80282 119 0.62056 06 0.84207 37 - 1.28903 OS
' 6.30752 86 0.805.1 458 0. 57401 9S 0. 83923 09 - 1.25332 31
6.04422 78 - 0.80811 383 0.53092 40 0. 83679 93 4. 21693 41

-..
5.62231 14 - 0.81198 137 0.45410 32 0.83294 16 -1. 14253 28
5.31058 54 - 0.81480 718. 0.38831 56 0.83012 09 -1. 06629 03

. 5. 08099 SA - 0.8'4687 167 0.33200 75 0. 82805 92 - 0.98063' 87
4.91228 49 -0. 81817 985 0.20383 23 0.82635 25 -0. 90990 09

. 4.78851 39 - 0.81948 158 0.24262 75 0.02545 16 -0. 8303 82

4.4.9782 05 -0. 82028 636 IL 20739 21 0.82464 72 -0. 75011 58
4.63142 26 -O. 82007 422 0.17726 58 0.82405 96 -0.66941 39
4.58284 25 -0. 821)0 361 0.15151 09 0.82363 03 - 0.58833' 87
4, 54731 53 - 0.82161 725 IL 12949 90 0, 02331 67 - 0.50691 92
4.52134 25 -0. 321134 634 0.11067 62 0.82308 77 -0. 42340 32

3 4.30234 93 -0.8(201 368 0.09459 10 0. 82292 04 -6.343664 33
4.40848 72 A 82213 590 0.08084 29 IL 82279 82 -0, 26179 91
4.47835 14 -0. 82222 517 0.06909 25 0.82270 89 -O. 17984 06

4.46553 65 - 0.82233 800 0. 5046 65 0.82259 61 - 0.01572.75 , I
4. 47094 62 -O. 82229 038 05904 97 O. 82264 37 4. 09781 10

4.46158 47 -IL 82237 279 IL 043 08 0.82256 13 4. 06639 64
N.

1.60

1. OS 2. 44471 18
/ . 90 3, 25015111
1.95 3. 94)tt 23
2.00 4.54009 135-

2.05 5.05259 79

( 2.10 5.49261 57
.. 2.13 5.87014 76

2.20 6.19380 05
2.2S 6. 47134 49
2.30 6, 70905 42

2.4 7.08692 59
2.5 7.36377 30
2.6 7.56643 61
2. 7 1. 71410 39
2.8 7.82312 83

I. 9 7.90239 07
3.0 7.96032 11
3.1 8.00264 32
3.2 0, 03358 32
3.) :0.0561.8 01

.4 8.07268 80
3. S O. 08474 69
3.6 6.09355 57

3.8 8.10469 00
3, 7 8, 09999 01

3.9 8,10812 30

n 4. 0 8.11061 OS 4.43869 80 4. 02239 820 0.036 13 10. 02253 59 .0.14955 08

a . 4
8.11742 43 4.45087 39 -1). 82246 04700811910, 0. p/2446)874) /

C(
li [( 11 r -1)4 I 6 j 1 6 i [71)11 i

'Fr --.:''' Fors . : 920112, q .310/218, Mei -42/12, Y -0, gese112, iti!i ...,
m, . TWA .. 1: 02 "rn 4,04, N:1°O gfrim0, ge1402,;NWI2, q/o. - t 2.

(w -1. 6407 48111a the real half-period in the Letinistatie case 10.14.)

For 4-. .- . to obtain gi use Legend'''. relation t9.v.ii-fri I

To ob n the corresponding values of tabulated quantities when the real half-period vivid.,

multiply its by wi4 23 by vi°. ei by iii and 0 by di I.
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WEIERSTRARS ELLIPTIC AND RELATED FUNCTIONS

wi l
1.00
1.02
1.04 ..
1.06
1.08

1.10
1.12
1.14
1.16
1.18

LAP
I. 72
1.24
1.26
1.28

I. 30
1.32
1.34
1.36
1.38

1.40
1.42
1.44
1.46
1.48

1:50
1.5
1.54
1.56
1.58

11.60
1.65
1.70
1.75
1.80

1.85
1.90
1.95
2.00
2.05

INVARIANTS AND VALVES AT HAI:IFERIODS.

(Non-Positive Discriminant-Unit Real Half-Per)

ea) v(4) I Me(o.)

1.18295 13
1.17091 79
1.15940 62
1,14841 45
1.13793 68

1.12796
1.11848
1.10948
1.10094
1.09285

1.08519
1.07794
1.07109
1.06461
1. 05850

39
38
26
49
44

40
61
31
72
11

1.05272 75
I. 04727, 97

:)7

,1. 04214 12
R. 03729 63
1.03272 96

2.10
2.15
2.20
2. 25
2.30

2.4
2.5
2.6
2.7
2.8

2.9
3.0
3.1
3.2
3. 3

3.
3.5
3.6
3.7
3.8

3.9
4.0

1.02842
1.02437
1:02055

ighp1696
1V01357

1 01039
1100739
1.00457
1.00191
0.99942

0.99707
0.99179
0.98727
0.98340
0.98008

0.97724
0.97481
0.97273
0; 97095
0.96943

0.96812
0.96701
0696606
0.96524
0.96455

0.96344
0.96264
0.96205
0.96162
0.96130

0. 96107
0.96090
0. 96078
0.96069
0..96063

0. 96058
0.96054
0.96052
0.96050
6.96049

0.96048
0.96047

64
26
48
00
57

1.182951
1.219157
1.255842
1.292964
1.330480

1.368342
1.406502
1.444910
1.483513
1.522257

1.561089
1.599952
1.638790
1.677548
1. 716167

1.754591
1.792765
1.830630
1.868133
1.905218

1. 941832
1.97/922
2.013437
2.048327
2.082544

0

0 2116040
28
5

2.
.

148111
23 2.180693
88 2. 211766 . r
27 2. 2419505t''

51 2, 27108
98 2.3400271
79 2.402437
36 % 2 457895
56 2.

.
506120

49 2.5468866
36 2. 576091

30 2. 51475
2

31 2. 622973
05 2.632902

82 2. 635245
46 2.630169
21 4.-617892
80 2.598678
19 2.572828

79
11
18

65
12

2.502604
2.410244
2.299090
2.172666
2.034544

67 1. 888235
89 1. 737097
62 - 1.584242
67 1.432486
12 . 1.284291

34 1.141740
86 I I. 02
31 . O. 870996524

0

44 0.762869
08, 0. 655914

09 0.559298
37 0.472982

0.474949
0.475654
0.476433
0.4/7275
0. 478169

0.479107
0.480078
0.481074
0.482085
0.483104

0.484122
0.485132
0,486126
0.487098
0.488041

1).488949
0.489817
0.490639
0.491410
0.492126

0.'492783
0.493376
0.493902
0.494357
0.494739

0.495045 /
0.495272
0.495418
0. 495480
0. 495458

0. 495348
0.494687
0.497456
0.491645
0.489246

0.486255
0.482673 '
0.478503
0.473748
0.468417

0,462516
0.456054

--k44964I
0.441488
0.433405

0.415693
0.395997
0.374417
0. 351055
0.326022

0.299435
0.271420
0. 242114
0.211664
0.180224

0.147962
0.115052
0.081678
0.048028.

*0.014297

-0.019318
-0. (152618

0 0.96045 40 0.000000 0.000000
A so r(-6gri r( 8)81 r(-021

6 .1 L 6 J L 4 J

4 2. ' 3' 2
' 1 w:a 9(1 41 .1; e Y(1)-22.1,

I!
. -1041, (II 41)2 2 9

Fora -1: #(1).0114101, 1(4).4(1), *(0.).,orsoonsigirt,.

For el ' ' : 41) -40114r14114 6( 4) 4, qu') -O.
(..-..1.86407 4677 is the real half-period in the Lemnisca 4,tcase 18.14
To obtain the corresponding values of tabulated quan ties when the real half-period
.jilt, multiply . by es. / .4

Table 18.3

kw.")
0.474949
0.483826
0. 492792
0. 501851
0. 511006

0.520259
0.529611
0.539064
0.548616
0.558268

IL 568019
0.577866
0. 587809
0.597843
0,607968

0.618179
0. 628474
0.638850
0. 649302
0.659828

670422
0.681082
0. 6918
0.
O. 7 3414

0.724295
0.735221
0. 746189
0.157192
0. 768229

0.779295
0.807059
0.834917
0.862812
0.890687

0.918490
0.946170
0.973680
1.000975
1.028011

1.0547h
1.081151
1.1O7179-
1.132799
1.157978

1.206881
1.253647
1.298044
1.339858
1.3788!4

1.414929
1.447872
1.477367
1.503441
1.625899

1.544621
559512

1.570495
1.577518
1.980552

1.579595
1.574671

0.000000
r(
L 6 J
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19. Parabolic Cylinder Functions

I Mathematical Properties

19.2.119.1. The Parabolic Cylinder Functions

Introducto
These are solution, of the

dsy+(axi+bx+c)

erential equation

with two real and disdnetstan forms

19.1.2

19.1.3'

The functions

(30-1-02/3=

-1-(1.0a)y=0

19.1.4 ..'

y(a, x)

(

4

w. A' ;
;-.41,

ii(-\ a, Irk y( a, ix)
are all solutions either of 19.1.2 or of 19.1.3 if any
one is such a. solutidn.

Replacement of a by ia and x 1 y xelirtoonverte
19.1.2 into 19.1.3. If y(a, x) is a sghution of 19.1.2,
then 19.1.3 has solutions:

19.1.5

y("jarelil

Both variable x and the parameter a may take
on general. complex. viAues in this sectio and in
many subsequent sections. Practical applications
appear to be confined to real solutions of real equa-
tions; therefore attention is confined to such solu-
tions, and, in general, formulas are gitfen for the
two squad us 19.1.2-and 10.3 independently.
The princip computational consequence of the
remar abo is that reflection in the y-axis
produces ependent solution in almost all
cases (He functions provide an exception),
so that tables may be confined either to positive
x or to a single_solution of 19.1.2 or 194.3.

. The Equation 21cf+0) Vols0

19.2. Power Series in x

Even and Odd solutions of 19.1.2 are given by

yi=e-W.Al(ia+11

=re-W{1+01+0 ri-I-(4-1-1) (a +4) 41+

=is "I'AIFI (1141-1; *0)

19.2.2 \
==els'Af( *, fie)
.eis' 1 +(a *) &it (a-11)(4-0.1-14%

19.2.3

llsg=x4rIa'ACIO+V. 4.0) '1/4

. =e-1ts{x-i-41+0 it-Na+E(a+i) 17+'
es

19.2.4

=zels'ACiakft ire)
eiss {x-i- (a-0 3 + (aVa fri-

these series being convergent for all values of x
_bes_chapterlilor_if(at a, 2)).

Alternstivi.ely,

19.2.5

"1 +4 ff+ a -F.21"( Y+(as+12 6
io

-1-(0-1-11(0-1-Dr14-&-i-23a04-2-141

19:2.6

ylse=x+a (a' 1-0 (r) ;I;

-1-(0-1474 +.6-Dri+(e+350+5-114; IS+

in which non -zero Ooefliciente o of slot are
connected by

104 444ama a
1

-1.-
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PARABOLIC CYLINDER TUITIONS

19.3. Standard Solutions ..

These have been bhosen to have gip asymptotic
behavior exhibited in 19.8. The first is Whit-
taker's function [19.8, 19.9) in ainore symmetrical

19 1

U(a,x).D..._1(x).cosr(++40Y,4

19.3.2

V(a, =L517-45 {din Ir(t+i4)174
+rit(i-Fia).Y9)

cI

in which r .

119.3.3 Y1.3
s.

r

n 1 r ifs) i/44a) .
.3.4 Ya", Ve=ii 20-'(ii-ia) 7

19.1.5
t.

U(a, 0) 20+hr (2 +

19.3.6

Ty/ as% 142" sin w(f fa)
yr 01,4,1=.

trosm--20-irci+m

i9C1-1
2" sing

141111r- 11(/

In terms of the more ganiliar D.(x) of Whit-
taker,

'19.3.7 U(a,

, w

1 r(*+a) fain waD,_1(x)--D.,..1(x)

19.4. Wronskian and Other Relations

.4.1

4.2

19.

ro+ gna, a) ir ( V(01 -a)

sin waV(a, a) )

W(U,V).4iliTcr

V(a, i) r +0 (sin waU(a, x)+U(a, a) )

19.4.4

.087

r(1"ia) COS r(k i-ia)
14204 lh =2 siN(I-Fia).17,

.U(a,#+11(4,x)

19.4.5

_r (f la) sin itif y2-=-2 cos 7,(1+0).Y3

=U(a,z)il(a, x)
19.4.6

AirU(a, f i4r)Tr.

r(i+a)(6-0(0-PU(a,lx)-1-0*(0-PU(a, Tx))

19.4.7

.07rU(a, ±x)=

r(f a) { e-'*(0+1)U(a, f ix)i-e4,(0+1.4a, d ix))

19.5. Integral Representations

A full treatment is liven in [19.11) section 4.
kepresentstions are given here for U(a, as only;
otherspay biderives1 by use of the relationigiven in
19.4. .

4
194.1 U(a;s)=r(21wi frosi. s-Isisa-ids

19.5.2 °r(Z oaf 0.10(3-f-tr-4dt
,-W-6 0

where a and Il are the contours shown in Figures
19.1 and 19.2.

When d-1 is a positive integer these integrals
become indeterminate; in this case

19.5.1 U(a, c) r(i+a)

a

$ PLANE A PLANE.

Floras 19.1 Flow= 19.2

-1<aristo Ir<en ('+0>'
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a

PARABOLIC

19.5.4 U(a,
1

e1s*f irwl1seeid8
112rti

19.5.5
ec-ip it=3

CYLINDER FUNCTIONS

43- pril
19.5.6 glat

eisif 6,4+108 ""a

where ., is and e4 are shown in Figures 19.3 an
.19.4.

$ PLANS

19.5.7

Guns 19.3
1/Kant

.11

is
Of
4

//
$ PLANS /

4

Sloes 19,4
On.es 1 Re Kir
On et 11i<att

/

, (I- ia)i .02,/, Afa,-1/1-0-14tdi.U(a,z)==-2-0-74.-1 %.

s_10-14-idrr ze+0(izs0
Jri

i

.19.5.9

U(a, i)
11- r
21° +1ir os) .

19.5.10
jp(i -ia) (' +to- -e)id`sde

'7 2M-T+TT j,i

The contour. ti is such that (10+v) goes from
or, e,'' to we" while v=1? is not encircled;
(fel-11).14-1 has its principal value except pos-

. sibly in the immediate neighborhood of the
branch-Oint when encirclement is being avoided.
Likewise th is such that ( }z' -.-v) goes from me*
to .cos-* while encirclement of r=- iz2 is simi-
larly avoided. The contours (c,) and (1h) may be !,

obtained from ri and th by, use of the'substitution
v=124.

The expressions 19.5.7 and 19.5.8 become inde-
terminate when a=1, Jet, . .; for these values

19.5.11,;

;;A:

U(a, z)= (1+1 ze-ioce-8071(z2+20-441-kk 11

Again 19.5.9 and 19.5.10 become indeterminate
when a=it, , }, . .; for these values

19.5.12
1

U(a, elace-ssia-i(0-1-20-0-ids

BannerTipe Integrals

tit +e r(8)r(i+a-2s)t
19.5.13 U (a, 2) =c-:- Z-4-* f (112z)"de2ri T(f+a)

where the contour separates the aerosol r(8) from those of T(a+f -28).

19.5.14 V(a, z)=Vg 24
21rs

f " T(s)T(r(
-a)

f -a-2e) 644" cos

194. Recurrence Relations
19.6.1 U' (a, z) +izU(a, z)-I- (a+ e)U(a+1, 2)=0

19.6.2 U' (a, z) a) +Ma -1 0

19.6.3 2111 (a, x) (a -1, z) -1-(a 1-1)U (4+1 , z)=0

19.6.4 zU(a, z) -U (a -1 , z) + (a+ i)U (a+1, r)

These are also satisfied by r(4- a)V(a, z).

19.6.5 V '(a, x) 4217(a, a) - (a - )V(a -1, x) =0

19.6.6 V' (a, z) -1- ixV(a, x)- V(a + 1, 4=0
I

a :

Similarly

de.

(iarg 21<}r) °

(larg 21<10

19.6.7

2V'(a, a)- V (a + 1 , x)-(a- i)V(a -1, x)=0

19.6.8

xV(a,x)- Via +1, z)-1- (a- e) V(a -1, z)=0

Theseare also satisfied by U(a, x)Ir -a)

19.6.9 y;(a, - HI:111(a , a). (a + Oya(a -14 ,

19.6.10 yaa,z)-isyl(a,x).(a-f)y,(4-1, z)
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.PARABOLIC CYLINDER FUNCTIONS

19.6.11 y;(a, = m(a +1, x)

19.6.12 y; (a, x) irys(a, .e) yi (a 1, z)

Asymptotic Expansions

19.7. Expressions in Terms of Airy Functions

When , a is large and . negative, write, for
O<Z<IP

19.7.1

v= (ROI

z=2VraTE t---A41aDJI

I

1,9.7.2

* ='0$02)1

arccos E}E''

arcrosh E

1)-

(k?..1)03=if ,..
Then for z >_0, as-

19.7.3

U(a, (Eil-01Ai(t)

19.7.4

r V(a, V -or

Table 19.3 gives T as a function of E. 4\
See [19.5) for further developments.

19.8. Expansions for x Large and a Moderate

. When x>> la

19.8.1

U(a, o-o-i{1 (a +4)(a+$)'
. 2z2

19.8.2

V(a,

+ (a +4)(a +3)(a+11)(a+4).., .1
2 . 4:4

(x-0-1- co)

nreflara-i {1+ 11 V(-#)
+(ai)(a--001-11)(a-1)--2.40

These expansions form the basle for the choice of
standard solutions in 19.3. The former is valid
for complex x, with Iarg xI <4w, in the complete

689
r

sense of Watson !19.67, although valid for a wider
range of larg xi in Poincare's sense; the second
series is 'completely valid only for x real and posi-
tive.

19.9. Expansions for a Large With x Moderate

1(i) 4 positive

When a>>x2, with then

19.9.1 U(a, 21s+1 r(i+ia) exp (-1=1-124)

19.9.2 U (a,x) .20+ir (I+
exp (Px-Fee)

where

19.9.3 3(143 (ix)'mix-3(4x)6
2p (2p) (2p)8

4,20444, (ixeizr.t(ix.)7+
' (2p)'" (2p) :

(a-*-1- co)

The upper sign gives the first function, and the
lower sign the second function.

(ii) a negative

When a>>x9, with a, then

19.9.4
U(a,x)+ir (4a) V(a, x)

eiwcf+o)r(iia)
20+1,,/r edPsexP (v, -Fivt)

where

19.9.5

(Ws 2*Y 9(0)7-4(14°

"+i(121:: 0+1(ixr lelthr-40.z
(2P)s (2p)4 (2P)°.

es". + +
2p (2p)6

Further expansions of a
foutid in [19.11].

19.10. Darwin's Expansions

(i) a positive, z2+4a large. Write

19.10.1 X= ri77i-4a

(2p)e
so)

similar type will he t

0.4401(x12,13)=1f Xdx=.1xXta In
0

aresinh 27es
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. (see Table 19.3 for 01), then

PARABOLIC CYLINDER FUNCTIONS

19.10.11

V(a, x)=
(21) 114 exp 1-0 fr(s, 2)/19.10.2 U(a, x)=v7-31

I 19.10.3 1/(a, exp 0+ v(a, -x)}v(+)11-(+a)
where

19.10.4 ,

v(a, In X+ (-1)ades/X11

(a>0, co)

..and dg, is given by 19.10.13.
(ii) d negative, 1.2-4-4a large and positive. Write

19.10.5 X7.--1,41.1-41al

0=41a10§(z/4[111)=ifs4 Xdx= '4xX +a In -X-24

arccosh %O

(see Table 19.3 for 625, then

19.10.6 .na, exp { -0+v(a, x) }

19.10.7

V (a, x).= exp (0-1-v(a, -x) }.
(2r) 4 v r (I-a)

where again

19.10.8

x).,. -11n X+ (-1)Ves/Xs:

(a<0, 0-1-44-4-1- co)

and de, is given by 19.10.13.
(iii) a large and negativiand x moderate. Write

19.10.9

0.4104,(zr2,/lat)

Ydx.ixi+.1al 4csin
0

(see Table 19.3 for 04=ir -de), then

19.10.10

11(a, z)=---2(2,-61
4 i1r(i-/0 tA * cos {0406+8+4

69j

2
. e, sin fir+fra+0-I-vd

(2r)isir(i-a)

where
de di2

19.10.12. I!! Y-yo+ +Y 9

d3 do (x2+4a--)- co).

In each case the coefficients d3, are given by

19.10.13

4=1 (4-14 ax)

de =} 01\2a
a

d9=IX- 29-510,e:4;5 026

a1/44-19a4x)

di2=1-3 x4-100ax2+80a2 .

\

See [19.111 for 'd16, . . ., deo and 119.51 for an
alternative -form. \

19.11. Modulus and Phase -

When a is negative and Izi <2.1,/raT, tibe func-
tions U and Vare. °seal tery and it is sometimes
convenient to write

19.11.1 Ma, 4+it(f74a)V(a, x)=F(a, X)?'"°.*'

19.11.2 U' (a , x):1-ir (i-a) V' (a, x)=-4(a, x)e6")

Then, when'a<0 and lal>>e,

19.11.3

Fr( ,i*-6a) e't x.(lia++),r+px+rt01+V

'where vr, SI are given by 19.9.5 and p=jrii.
Alternatively, with p=1/51, and again -a>>2:',

j(1-1a) {14.. x' le
-§V+r (4p), (4p)4

'12a0-1440+
(4p
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f px{opr.
opr

r(1-141{1
;Tip (4i))4

he-1760
(4p)T7

19.11.7 0---(04-1)w±pxt1- -x1
(114pr. (p)'

(4p).

Again, when x2-1-4a is large and negative, with

Y=y141a1---xi, then

19.4.8 20a)1(fr- e
-(201 .

where 9, v, and v.. are given by 19.10.9 and
19.10.12..

Another form is

19.11.9

jo.....21/rti-a) 0_1_3 ..1_5a .1_ 621 j_
(2.0yr -1-4Y4mr-1-32Ye'

x=114-fora-F0+v,

sirAlr( -a
) 1- 5 7a 835 \(

(27)1 4Y4 32r. 7
(xl-f-4a-- goy

while # and x are connected by

19.11.11

11.-X'''-117-1114(1-4+2;ri 104+ ")
4a 14483

(xi col

Connections With Other Functions /
19.12.,. Connection With Confluent Hyperget

metric Fun ttions (see chapter 13)

19.12.1
9

111711-a-T -14 "14-1

19.12.2 U(a, x) = PIZ; _ (ix')

19.12.3 '

U(atax) . Maati, ley+la) _

1:
wl-0;1e -IA M(14+'1 Lie)

19.12.4

691

U(a, z) tle WU* }, f, f21)
=2-1-laze-VV(Ia+1, I,

Expressions for V(a, x)Imay be obtained from
these by use of 19.4.2.

19.13. Connection With Hermite Polynomials.
. and Functions

When n is a non-negative integer

19.13.1

1./(-n-- x)=6-WHen(z)=2,I"e-P1-4,(x/Ari)

19.13.2

V( n++? 2)=.427/7euliet(x)=2-i*eiglit(x/-N)

in which 14,(x) and He.(x) are HerMite poly-
nomials, (see chapter 22) while

,

19.13.3metm e
a d* = (-0" I e.(ix)

. .

19.13.4 H»(x) =e -"' ;4, es= (-011( z)

This gives one elementary solbtiim to 19.1.2 when-
ever 2a is a% odd integer, positive or bcgative.

/

9.14. Connection With Probability Integrals .
and Dawson's Iategral (see chapter 7)

If, as in [19.10]

19.14.1

19.14.2

H4.4_1(t)dt = (1 In!)fr (t Pldt

.(ng> 0)

then

19.14.3 U (n I, 2) efl'liko (2) (A > -1)

6 9'
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19.14.4 V(1,4=1/2-hrels7 .
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19.15.14' V(--1, x)= (ix)1(.1ri + ft) r
19.15.15 V(-2, z)= f(x)1(2A+3.A-.9.1)

19.15.16

17-3, 4 =1 1(141(5.11+9A-5.,Y- J1'

19.15.17 U( -, z)= Ar2/r(ix)Kt

19.15.18 d(-I, 4 7-= 4;4 ixr2lci

and

19.14.5

V (- n- I, z) it'{i e-i 'sV (--r.n-t- 4, 1)de
0

sin taw f vfr

Here . 'z) is closely related to Dawson's
integral

f 6 S2dt

°
These relations give a. second solution of 19.1.2

whenever 2a is an odd integer, and a second solu-
tion is unobtainable from f/(0, z) by reflection in
the y-axis. .

1:9.15. Explicit Formula In Terms of Bessel
Functloru When 2a Is an Integer

Write :

19.15.1 (2/7) sin ar K*

.454- _
where the argument of all modified Bessel func-
tiolis is Then;

L- 2v-i(iz)1(-Ki-f-Ks)

19.15.4 02, fir-i(ix)1(21Ci-3Ki+Ks)

19.15.5

r(3, . gr-i(i.r);(-5Ki+9Ki-5K1-1-Ai)

19.15.6 V(I, x)=101x)5(-A)

19.15.7 'V(2, x)=-=4(ix),(2.42.3.A+A)

19.151 V(3, z) i(0)1(54--.9.15 +5.A-JA)

19.15.9 f.1(0, x)=T-4(ix)W5

19.15.10 ft(--i,

, 19.15:11

2, z):-,-.n. ( (21 +

19:15.12

f'( x),----r-i(ix);(5Ki+91C1"-5Ki-Ki)

19.15.13 V(0, z)=11(0).i

19.15.19 U(:-8, =
19.15.20 V(i, z)= (0) (4+ /..1)

19.15.21 V(}, z)(iz)a(24+2/.../).

19.15.22 V(*) z)=(0)3(54+51.474-/_1)

The Equation ;2421 / +(-1z1 -a) y=0

19.16. Power Series in z

Even and odd solutions are given by 19.2.1 to
19.2.4 with -fti written for a and xeihr for z;
the series involves complex quantities in which the
imaginary part of the sum vanishes identical?.

Alternatively,

19.16,1
ze

41 61

4-(0-1149+Iii) (a3 -2543+414) .

19.16.2

1/1=2+a !II+ (a-1) 5-iza+ (aa -luta) zit

.-1-(0-174240?) 91 -f(a5-35a3÷11-ka)

in which non-zero coefficients a. of z*Inl are
connected by

19.16.3 a.2=a

19.17. Standard. Solutions (see 119.41)

19.17.1 W(a, z) c''at(-21----"IP2srie (Gays F Mays)

19.17.2 =2

where

_414 r(i ViG8
.0$MT

TOT
/is

19.17.3 6' I-Ir(i+iia)1 es=ir(1-1-ii<01

697
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19.20.1

Tr= 01)/
At z=0,

\19.17.4 W(a, 0541144+-M11448
-19,174

(aM--Mle=4
I

Complex Solutions

19.17.6 E(a, a) =k-i W(a, **IV (a, x)

19.17.7 Eva(a:z) = W(a, x) W(a, x)

where

Os

a

19,118k=1,1-1-e'"evi 11k=1/1-1--Fe"

sin termsolr(a, x) of 19.3,

19.17.9- E(a,X)=12e1"*.641% U (ia, afro')

with

19.17.10 02=ar8

where the branch is defined by 4=0 when ci=0
and by continuity elsewhere.

Also

19.17.11

2TrU (4i.a){01"-i4U (ia; zei'.)

19.18. Wronskian and Other Relations

19.18.1 fv{ W.(4, x), W(47x)] =1

19.184 Wf E(a, x), (a, x)) = 2i

19.18.3

19.18.4 E'(a, x)= f-'41+10 E( a, ix)

19.18.5

N't(1-17-ia)e(a, x) = .1110--74)E(a, ix)

19.19. Integral Representations

These are covered for 19.1.3 as well as for
19.1.2 in 19.5 (general 'complex argument).

Asymptotic Expansions
19.20. Expressions in Terms of Airy Functions

When a is large and pdsitive, write, for 08x<

x=244 6 t= (4a)ir

111- lilE(a, =-- eiraE*(a,

A

1 P1
if $1.1 Jo 1-- de==} arecos4-1- t17- s

e

19.20.2

02=4 Ale ida.01?-7i arccoah t 1)

Then for x>0, a--0-1- ss

W(a, x)..14(4")-ic4"

19.20.4

=2)^.2.11-r(44)-44" A1( t)

Table 19.3 gives r as a function of E. See

[19.5] for'further developments.

19.21. Expansions for x Large and a Moderate

When x>>1af,

19.21.114\
A

'E(a, x)=. exp (i(ix2a In X+4C-Fit)18(a,

19.214

W(a, x)=1,12k/x{si(a, z) cos (}x'a in z+ 4402)

8.2(a, x) sin ( }x' a In x+ it+

19.21.3

W(a,x)= Wires (si(a, x) sin (Ix'a In x+ir+isioa)

+Ma, 2) cos ( }x' a In x+iir+i4t)

where 4 is defined by 19.17.10' and

19.21.4 s(a, x)=81(a, x: i89(a, x)

19.21.5
t1/21 th re .1. Ili

8144 ilj?.'"2122X4512-7;097

.1.

19.21.6
Ua V4 Ue a_ tie

8363/ xl

a_

51037-4I24zi

with

698
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19.21.7 u,-1-

Or

19.21.8 a(a,
11(1-1-ia) r le

19.22. Expansions for a Large With z Moderate

When a>>e, with p v`d, then

19.22.1 x)=W(a, 0) exp (pz+vi)

19.22.2 W(4,z)= Ma, 0) exp (px +v3)

where-411(a, 0) is given by 19.17.4, and

19.22.3

r
(1

1'`I,) itz+it (i_FT
-1. 03- (20 (2p)3

2 (1z)..illf (0)1+4(0Y+
(2p)4 (2p)"

+ .. .

11(2r-1-41-ia) 1

(47)-1- co)

The upper sign gives the first function, and the
lowfr sign the second function.

(ii) a negative

Whorl a >e, with p=4a, then

19.22.4

W (a, x) +7W (a, z)
=4W (a, 0) exp fv,-1-i(irx+/1

where W(a, 0) is given by 19.17.4, and

19.22.5

(fir+2(4z)4 9441+11 (0)+
' (2p)1 (2p)' (2p)6

ex+fl(fi)° +ii(iir++(ixr
(2p)° (20

(a.-1. op)

Further expansions of a similar type will be found
in (19.3J.

19.23. Darwin's Expansions
(i) a positive, z' -4a >>0

Write

19.23.1

X Z11-4a 0-..--4ads(2/24)=1f
14:

Xdz

=0Xa In

xj1-7--raa arcoosh

t99

(see Table 19.3 for 02), then

19.23.2 W(a, :4.4as*, oft alr+0+VE)

19.23.3 W(a, x)=,47ker sin (11.-1-01-v,)

where

19.23.4 f In . . .

d, do dui ,

(0-4a-ote)
and d3, is given by 19.23.12.

(ii) a positive, 4a--e>>0
Write

19.23.5 ,

Y= 0=4(104(x/21G)

=if Ydz=s+zY--a *train 214-12
0

(see Table 19.34g 04=10-03), then

19.23.6 W(a, x)=exp{-04-v(a, x)}

19.23.7 W(a, x) =exp { x) }

where

19.23.8

v(a, In Y-1-Pl-A-46+
(x4-4a 0)

and da, is again given by 19.23.12.

(iii) a negative, 0-4a>>0
Write

19.23.9

X=-41-1-41a1 0=41001(024F11)=4 fog Xdx

a In
- 2 vial

=IzAfx.-1-41ala areeinh 27-xrcit

(see Table 19.3 for AI) then

19.23.10 W(a, x)=IliEe, cos (iw+0+v,)

19.23.11 W(a, x) =1/2 /lie sin (fv+0-1-v,)

where v, and v, are again given by 19.23.4. In
each cat) the coefficients 4 are given by



19.23.12

.ds=3-1 eax

demix'+24
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1 / 7 7 40 31
8V-7ro x9-32- 6axi+320

a2x5+
12

&xi 4- 19a4z
)'

v du=
113 e+186ax2+80a1,
8 . 0

See (19.11) for . . ., d24, and (19.5) for an al-
ternative form.

19.24. Modulus and Phase

When a is positive, the function W(a, x) is

oscillatory when g<-2,,rei and when x>2rii;
when a is negative, the function is oscillatory for

aU x. In such cases it is sometimes convenient

to write

19.24.1

k-i1V(a, ikeW(a,-x). E(a, x). Fell (z>0)

19.24.2

g dW(a, x) I-r J./wA r(itZ)=Et (a, x)=_Ger#

Then, when x'>>la!,

19.24.3

C/ a 10a3-3 30a3-47a \
+X2+ 424

(x>0)

19.24.4

410-3 4a8-19a
le -a In x+444+ ft+ + 8,4 .4'

19.24.5

lir(2 Za 4X4

a

19.24.6
4485 44329a

0--Iza-a In z+64 9-11r+ z,8 . . .

where 02 is defined by 19.17.10.

When a<0, lal>ja?

19.24.7 W(a, Oke,

where v, is given by 19.22.5 with Also

19.24.8

695

it _104+8 lote+152x9 ..)
kl oper (4A4 (4p)5

19.24.9

teX.11r-f-PX(- . WI-14

19.24.10_

*x4+ 16_,_
(4p)4

ig4+84y+168x2
61"-vi (17(40 (4p)4 (41)6

.)

19.4.11

1
ON' -17+1,x{1 (4p) (4p)4

10_,_}x6
(40

xs_

Again, when a<0, x3-4a3.0, with X=Afx2.+41a I,

then

19.24.12 F--yrie, x=1T+0+vg,

where 0, n, and vi are given by 19.23.4 and 19.23.9.
Another form also when a>0, x2-4a-+02 is

19.24.13

F41 (1- 4:31T4-14+aff04143;74-...)
19.24.14

. 5 _1_7a 835 1729aa_

"'"N r4x4mr.-32x8 4x1 ")
while and x are connected by

19.24.15

, 1 , x /, 47 _214a , 14483

v`x o 3X67. 40X8-r

19.25. Connections With Other Functions

Connection With Confluent Hypergeoinetric and Hesse!
Functions

19.25.1

W(a, ± If ( -ft ix2)

I2G 0,112)1

where

19.25.2
H(m, n, 4=e-"IFI(m+1-tin; 2m+2; 2ix)

19.25.3 = bill 1 (nt + 1 -in, 2m +2, 2ix)

19.25.4

W(0, ±x)=2-11/Frx{J-1(i4±A(124)} (xk0)

0o0
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W(0, ±x)=-2-1/Frx{.11(01)±41-1(#41

19.25.3 r

Ed
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19.26,Zeros
Zeros, of solutions U(a, a), V(a, x) of 19.1.2 occur

only for Isl<2,/---1 when a is negative. A single
exceptional zero is, possible, for any a, in the gen-

-ershiohltion",-neither trIa-,-4--noriNczYtiunmeir
a zero for x>0.

Approximations may be obtained by reverting
the series for IP (or x for zeros of derivatives) in
19.11, giving # .(or x) values that are multiples of
air, odd multiples for U(a, a), even multiples for
V(a, a). Writing

a= (P -
as an approximation to a zero of the function, or

13= (ir i)v

as an approximation to a zero of the derivative,
we obtain for the corresponding zero c or c', with
-a =p' the expressions

a 2a3-3a 52a8-240a3+315a_l_
p-4- 7680? -1-

(a a0)

19.26.1

19.26.2 c' IVJ -+2-30
'

52*+28010-2854,_2
P 7680e

1'

These expansionst, however, are of lima valre
in the neighborhood of the turning point z=21/-7-7a.
Here first approximations may be tained by
use of the formulas of 19.7. If a (n ative) is a
zero of Ai(t), the corresponding zero f U(a, x)
is obtained approximately by solving

19.26.3

63= { arccos
61a1

(a <<0)

This may be done by inverse use of Table 19.3.
For a zero of V(a, x), a. must be replaced by b.,
a zero of Bi(t). For further developments see
(10.51.

, Zeros of solutions W(a, a), W(a,-x) of 19.1.3
occur for !al >2,14 when a is positive; the general
solution may, however, have a single zero between
-20 and +M. If a is negative, zeros are
unrestricted in range.

Approximations may be obtained by reverting
the series for (or x) in 19.24. With -a =p',
01=(i*-1)t, P=(ir+i)r, r?..0 being an odd

integer for W(a, a) or its derivative, or an even
integer for W(a,-x) or its derivative, the zeros
±0, ±0' have expansions

a 2a1-3a_1_52a6-240ae+315e,L19.26.4 ca-r 7-r 7680e

5206+ 280- 285,3_L
19126.5 c' ost-2154+ 0

p 48p5 7680p° '
When a is large and a moderate, we may solve

inversely the series 19.24.4 or 19.24.6 with
a= -.2), 0=f (rir+fr r odd or even

above; the presence of the logarithm makes
inconvenient to revert formally. .

The expansions 19.26.4 and 19.26.5 fail when
is in the neighborhood of 2144 When a is
positive, a zero c of W(a,-x) is obtained appro*i-
mately by solving

19.26.6

62=1 tt Vit- 1 - arccosh E -6a;)

c=24 (a)>0)

with the aid of Table 19.3. For a zero of W(a, a)
we replace a. by b.. When a is negative we solvie,
again with the aid of Table 19.3,

19.26.7

61=1 {642-}-1-rarcsinh E .(n-1)r
410

c=2t (-a)>0)

where. n=1, 2, . . . for an approximate zero
of W(a, -x), and 1, #, . . . for an approxi-
mate zero of W(a, z). Further'developmente are
given in [19.51.

Any of the approximations to zeros obtained
above may readily be improved as follows,"

Let c be a zero of y, and c' a zero of y', where y
is a solution of

19.26 y"-1y=0

Here /--'-'4±10, Pt= ± ix, the method is
general and the following formulae may be used
whenever /1".0. Theti if 7, are approxima-
tions to the zeros c, c* and,

19.26.9 u=1/(7)///'('r) v--'-ie(71)//1/(7')

with Inel(y) or 11/0") respective) en

I
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19.26.10

ty...7uilte+ist1'u
Ual" . . .

19.26.11

y' (o),-y' (7) 111*/us-f-ef'us
(IV" +1P)164-hio//'ulLf- .

19.26.12

+(hIsI' I" 111"-10014110-1- . . .

19.26.13

V(0')"1/(71)(1-1tP0-11PPO
(413I"a1/4141" -1-.4P)0+ .}

The process can be repeated, if necessary, using
as many terms at any stage as seems convenient.

dote the relations, holding at zeros;

19.26,14 U' (a , Nriri IV (a, e)

19.21.15 V' (a, c')=1,1§TrIU(a,

19.26.16 W ' (a, 0= 1/W (a, c)

19.26.17
4

W(a, c')=1/ W(a, x) .0-1/Wa, c')

. 19.27. Hensel Functions of Order ± 1, ±i as
Parabolic Cylinder Functions

Most applications of these functions refer to
cases where parabolic cylinder functions would be
more appropriate. We have

697

19.27.1 Iddiza).=virs ( (0, 0;) W (0, } .

, 2o ,
19.27.2 44iti&-)maya. t ±W (0, a)) 4.

Functions of other orders may be obtained by
use of the recurrence relation 10.1.22, which here
becorbes

19.27.3 tx44+1(+4 21414 +ix"4-1(1z2)=0

Again

19.27.4 /.-i (+4 + 4(14 =-1. V (0, a)

19.27.3

-1-1- Kai') =1-i(tx3) (le) =.0--2T-;x- U(0, x)

19.27.6 .1...,(44+ (*xi) z"--,ri. V(0, z)

19.27.7

2L-2 (129) = /-t (it') --/taza)
6 4 d

. U(0, x)
x '

As before, Boise) fulictions of other orders may be
obtained by use of the recurrence relation 10.2.23,
which here becomes /
19.27.8 \i14/,.1.1(14-1-2s/.(14-1z44,-1(ixt)=4

19.27.9 teK,.1.1(fx, c-2v1Cp(ix2) t (le) = 0,

\lethacle .

reverse dilection, from arbitrary starting values
(often 1 and 0) for two values of a somewhat
beyond the last value desired. This is because the
recurrence relation is a second order homogeneous
linear. difference equation, and has two inde-
pendent solutions. Loss of accuracy by cancella-
tion occurs when the solution desired is diminishing

reversing the direction of pro
varies, while the companion solution is in

By
in a, the roles of the two solutions are in
changed, and the contribution of the desired sol -
tion now increases, while the unwanted soluti
diminishes to the point of negligibility. By sta
ing sufficiently beyond the last value of a for whi h
the function is desired, we can ensure that
unwanted sotution is negligible but, because
starting values were arbitrary, we have an

Numerical

19.28. Use and Extension of &he Tables

, For U(a, V(a, a) and W(a, a), interpolation
x-wise may be carried out to 6-figure accuracy
almost everywhere by using 5-point or 6-point
Lagrangian interpolation.. For la I 1, compa-
rable accuracy a-wise may be obtained with 5- or
6-point interpolption.

For (a (>1, U'(a, x) and V(a, a) may e obtained
by use of. recurrence relations from two values,
possibly obtained by interpolation, with (a (s 1;
such a procedure is not available W(a,. a),
141> 1.

In cases where straightforward of the a-wise
recurrence relation results in loss of accuracy by
cancellation of leading digits, it may be worth
while to remark that greater uracy is usually
attainable by use of the me ce relation in the

4 4

7
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known multiple of the solution desired. The coml..
putation is 'hen carried back until a value of a
with la! <1 is reached, when the precise multiple
that we have of the desired solution may be deter-
mined and hence removed throughout. 'Compare
also 19.12, Example 1.

. Example' 1. Evaluate U(a, 5) for a=5, 6, 7,
. . ., using 19.6.4.

-1-4)U(a+ 1, x)-14U(a, s)- U(a -1, x) rx0

Forward
Recurrence

Backward
Recurrence

Final Values

3
4

( -6) 8.2847*
( -7) 9.1x2

(12) 1. 59035
(11) 2. 76028

( -6) 8.2847 **
( -7) 9. 1724

5 ( -7) 1.8827 ((0) 4.87131 ( -7) 1.88227
6 ( -8) 2. 5609 (9) 7.72041 ( -8) 2.8888
7 ( -9) 4. 1885 (9) 1.24788 (-9) 4. 1466
8 ( -10) 8.2220 (8) 1.97488 ( -10) 6. 5825
9

10
( -10)+1. 2676
(+-11 - 0.1221

(7) 3.06389
(8) 4.66382

( -10) 1.01808
( -II) 1.8497

11 ( -11) + 1.2684 0) 697082 ( -12 2.3164
/12 ( -12)-8. 6079 102444 -13) a 404,

13 ( 42) 4.3:.2556 14789 -14 4.91
14 2111 -15 7.01
18 292 (-16 9.7
16 42
17 5
18 1+
19 0+

.-----10From tables. +Starting values.
**'Fhis value was used to obtain the constant multiplier

d =(-6)5.2847 18)3.328 r. onytin the(1.)1.89038 k
,

pre-
vkms column into this one.

0-4

The second column shows forwaid recurrence
starting with values at a =3, 4 from Table 19.1.
Backward recurrence starts with values 0 and 1
at a.19 and 18, containing a multiple kU(a, 5)
and a subsequently negligible multiple of the other
Solution r(e -a) V(a, 5). Rounding errors con-
vert kU(a, x) into kU(a, s) ejecting the
values in the last column. The slue of 1/k* is
identified from the known value U(3, 5), and
used to obtain the final column by multiplying
throughout bt 1/. The improvement in U(5, 6)
is evident by comparison with Table 19.1.

Derivatives. These are ot tabulated here.
Since the functions U(a, s V(a, x) and W(a, x)
satisfy differential equation values of derivatives
are often required.

For all these functions the equation is 'second
order with first derivative absent, so that second
derivatives may be readily obtained from function
values by use of the differential equation,

First derivatives can be obtained for U(a, s) and
V(a,$) by applying the appropriate recurrence

FUNCTIONS

\relations 19.6.1-2. If less accuracy is needed they
can be found by use of mean central differences of
U(a, a), V(a,x) and also`of W(a,$) with the formula

(hiAt =h -d-r=a6u--fotau-1 -1061/4-

using k=v1; this usually gins a 3- or 4-figure

If greater accuracy is' needed for dW(a, x)/df it
may be obtained by evaluating. &W/de with the
help of the differential equation satisfied by W
and integral* this second derivative numerically.
This requires one accurate value of AVMs' to
start off the integration; we describe two methods
for obtaining this, both making use of the differ-.
ence between two, fairly widely separated values
of W, for example, separated by 5 or 10 tabular
intervals.

(i) Write f y',' for W(a, s0-1-4) and its
first two derivatives, then fo may be found from

1 jai s-i
(m--*)(r -1'4)

Tit-Alf 62+1111.66 14 .} V::

.1fr
(ii) Consider a solution y of the differentia14--

equation for W(0, x), namely y".(-is2A-a)y.
If we are given values y and y' at a particular
x.xo and write Tn=Hisei'lnli'T-1. T-1=0, then
we may compute T,, Ts, 7'4, . . , in succession by
use of the recurrence relation obtained from the
differential equation,

T"'=(Thi-1)(s+2) [(-1 4+0Te-trhoro-i

These are computed, to a fixed number of decimals
until they become negligible, thus giving

Y(xo±H)=Z4.±.T4+ T4± Ts+ . .

This may be applied, with H.rh, A being the
tabular interval, and r s small integer,oy r=6,
to the solutions y.y y.ya having

VI (so) = W(a, xo) //i(xo)= W*qat xo)

OW =0 WA) =I

in which W'(a, xo) is an approximation to
W'(a, x0), not necessarily a good one; it may be
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obtained from differences, for example. We thus
obtain y1(x0±H) and Ms,* H).

Now suppose

W101, ao)=.7;r(e,

then, for

Me, a) =Iii (z) -1-4,(3)
and in particidar

4±11)==fhfrein)+Alls(34±11)
The values of W(o,,z0±H) may be read from the
tales and two independent estimates of X ob-
tained, whence

W'(a, so)-F44

to a suitable accuracy.

Ft/NOTION8 . 899

Thus W'( -3, 1)=2-.74453. This might have an
error up to about 14 units in the last figure but is,
in fact, correct to A decimals.

(ii) Using the second method, witlg

yi(1)=W(-3, 1) = -.61113 to 6 decimals
WO= -.745 to about 3 decimals

the following values result, with Il=2.5,

To

Ti
Ts

Example 2. Evaluate W'( -3, ,1) using 1=5.
From Table 19.2

W(-3, .5) = -.05857 W( - 3, 1)e -.81113
W(-3, 1;%)gza -.89502

(i) Using the first method

4.

x W(-3, 2) w( -b, s) a P P

0.4 :I- 0. 07298 -0. 22186
0. 6 . -. 05857 +.17937 . +131
0.6 -. 18832 .58191
O. 7 -. 31226 .97503 .

MI -. 42846 1.34761.,,.

34081
0. 9 -. 82722 1.68842

1.0 -. 61113 1.98617
29775 - 1095

24374 -102
1. 1 - :67622 2.22991

17941
i.2 - .71706 2.40932
1.3 - .73488 2. 51513
1. 4 -.72761 2. 53936
1.5 - .69507 2. 47601 -9129
1.6 -. 83774 2. 32137

The fifth decimal in W"( -3, x) is only a guard
figure which is haply needed. Only the differ-
ences needed have been computed.

Then

AW' (-3, 1)
- .69502+ .05867) - 1-16-6.(10.38874)

- Iwo { (2.29664)-m ( -.09280) }1 1

--foo 21 (.54149)-11 ( -.02127) }1 { 1 11

- .0836450- .0103887- .0001918- .0002272

.0744527

Vs

=VW

.+

.61113
.37250

.24827 2
5880 9
1407.4

-
Ti +

Tt + 5
Ts +
y(1.5) -.895223
y(.5) -.058363

279 3
13 4

4

.0000
14000

.0000
- 677

28

+ 24
+ 2

+.4323
--.4371

W( -3, x)evg+Avo
At x2=1.5
x-.695223+.43283

=2-.69602
X=.000203/.4323

=.000470
So W'(-3, 1)
--4=-74454-X

At x=.6
--.058363-.43711
=-- .08857
=.000207/.4371
=.000474.

So W'f -3, 1)
= -.745 +X
= -.744526

Thus W'( -3, 1)=-.74453 which is .correct to
5 decimals.

&amply 3. Evaluate the positive zero of
U(-3, a).

We use 19.7.3 to obtain a first approximation,
see 19.26.3. The appropriate zero of Ai(t) is at

$=(4101)4=2-2.338

r - (2.338) X (12)-'1== -.4461

Hence, from Table 19.3, ..3990 and the approxi-
mate zero is x=2414=1.382.

We improve this by using 19.26.10, but take, for
'convenience x=1.4 as an approximation, so that.
the value of U can be read directly from the tables.
U' can be obtained as in the section following

whence

Example 1.

We find

17(-3, 1.4) =.02627 U'( -3, 1.4) =2.0637 .

Then 19.26,9 gives

it= = .012730

and

1.-2.61
i'=.7

A

I " =5

i.
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e=1.4.012730+.000002..1.38727 y' (c) 2.0637 (1 + .000203) =2.0641

which is correct to 6 decitushi, while 19.2411 gives 4 compared with the correct value 2.06416.
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Table 19.1

PARABOLIC CYLINDER FUNCTIONS

I f ( 46.0, I) lf ( - 4.5, I ) II( 4.0, ,f ) If( -3.5, r) u(-3.0, 7) U(- 2.5. a) 17(-2.0, z) il(-4.6, z) .

0.0
0.1
0.2
00.
0.4 Q) ( `O)sO 1.9846 -1 -0.3 0 -1.0915 0)- 1.2322

0.5 0 4.0918 0 1.4678 -1 -4:6224 -1.2917 0 ..1..2113
0.6 0 3.6836 -1 8.8615 -1 -8.7118 0 .4477 0

0,9 0 1.5042 -1 -9.8321 0 -1.8397 0 -1,6097 -1 -9.0285
0.7 0 3.0953 -1 2.6550 0 -1.2462 0 -L5544 0 -1.1336
0.8 0 2.3566 -1 -3.6676 0 -1.5731 0 -1.6088 0 -1.0329

1.0 0 04799 0 -1.5576 0 -2.0368 0 -1.5576

1.2 0 -1.3064 0 -2.4882 0 -2.1992 0 -1.3061 -1 -3.80761.1 0 -0.3719 0 -2.0661 0 -2.1578 0 - 1,4550

1.3 0 -2.1806 0 -2.8077 0 -2.1608 0 -1.1162 -1 -1.7956

-f
:1:114

1.4 0 -2.9554 0 -3.0131
40

-2.0454 -1 -8.9198, -1 +0.2627

1.6 0 -4.0808 0 -3.0617. 0 -1.6076 -1 -3.7121
1.5 0 -3.5976 0 -3.0982 0 -1.8583 -1 -6.4101

-1
2.3147

1.9 0 -4.4368 0 -2.2824 .1 -5.7791 -1 4.7004 -1 9.5394

1.7 0 -4.3868' 0 -2.9013 0 -1.3029 -1 -0,9080 -1 6.2053
1.8 0 -4,5059 0 -2.6435 -1 =9.5564 . -1 1,9218 -1 7.9592

t
2.0 0 -4.1866 0 -1.8394 -1 -1.8226 7.3576 0 1.0920
2.1 0 - 3.7694 0 - 1.3321' -1 +2.1890 -
2.2 0 -3.2057 -1 -7.7961 -1 6.1381

9.8317
0

l

1.2071
1.2083

2.4 0 -1.7434 -1 3.8325 0 1.3432 0 1.5694 0 1.4191
2.3 0 - 2.5208 -1 -2.0142 -1 9.9170 1.4035

11..33071197

' 2.6 0 -0.0332 0 1.5015 1.9373 0 1.8039
1.44432.5 0 -0.9039 -1 9.5635 1.6604 0 1.7031

2.7 0 0.8387 0 2.0048 0 2.1696 0 1.8721 ?0) 1.4341

2.9 0 2,4789 0 2.8422 0 2.4921 , 0 1.9164 0 1.3567
1.40272.8 0 1.6842 0 2.4545 2.3548 0 1,9089

1.1 0 3.8377 0 3.4108 0 2.6273
3.2 0 4,3739 0 3.588) 0 2.6304
3.3 0 4,8038 0 3.6963

2.5823 1.8972 0 1.2985

2.5957 - 1.7109 0 1..0749

1.8543 0 1.2306
1.7910 0 .1.1553

,3.4 0 5.1246 0 3.7388 0 1.1279 0 1.6175 -1 9.9150

3,0 0 3.2021. 0 3.1620

3.5 0 5.3376 0 3.7212 0 2.4320 0 1.5142 -1 9.0701
3.6 0 5,4473 0 3.6501 2.3134 1.4043 -1 'Y.2306
3.7 0 5,4614 0 3.5331 2.1771 1.2906 -1 0/.4107
3.8 0 5.3895 0 3.3781 0 2.0282 0 1.1760 -1 6.6219

. 3.9 0 5.2427 0 3.1929 0 1.8114 0 1,0626 -1 5.8733

0 5.0332 0 2.9854 0 1.7108 9.5241 -1 5.1716

'4.3 0 4,1508 0 2.2992

4.1 0 4.7733 0 2.7630
4.2 0 4.4753 0 2.5323

4,4 0 3.8106 0 2.0689 0 1.0967 -1 5.6918 -1 2.8991
' 1.2408 -1 6.5463 -1 35849

1.5502

1

1.3927
8.4694 -1 4.5215
7.4740 -1 3.9256

4.0

4.5 0 3.4641 0 1.8455 -1 9.6165 4.9134 -1 .2.4665

4.6 0 3.1197 0 1.6324 -1 8.3683. -1 4.2117 -1 2.0848
4.1 0 2.7843 0 1.4322 -1 7.2277 3.5852 -1 1.7507
4.8 0 2.4632 0 1.2466 -1 6.1969 -1 3.0311 -1 1.4608
4.9 0 2.1608 0 1.0766 -1 V '50 -1 2.5455 -1 1.2112

5.0 ( 0) 1.8800 (-1) 9.2276 (-1) 4.4586 (-1) 2.1235 (-2) 9.9802

For interpolation, see 19.28.

706

0 3.6547 0 2.9328 0 1.1869 1 -2.9825 0 -1.0103
0 4,0753 0 2,7341 -1 8.060 1 -5.8611 0 4.1183 -1 -9.5045 -1 -4,1190 -1 1.9801.
0 4.2934 0 2.4132 -1 +3.93 -1 -8.5358 0 -1.1930 -1 -8,8975 -1 -3.0046 -1 2.9333

0 3,0522 0 3.0'000 0 1.5204 0.0000 0 -0.8721 0 -1.0000 4 -6.0814 0.0000
-1 -9.8753 -1 -5.1516 -1 0.9975

-1 -8.0706 . -1 -1.8308. -1 3.8432

-1 - 7.0456 -1 -0.6213 -1 4.6971..

-1 -1.5517 -1 4.1087 -1 7.3502

- 5.8492 -1 +0.6004 -1 5.4836
-1 -4.5120 -1 1.81
-1 -3.0677 -1 2.9 1 -1 6.6'81917229

14

' -1

3.0698 -1 6.969/ -1 8.372 \.
-1 4.5223 -1 7.7095, -1 8.5203

1 1.5518 :1
5.1.567 -1

101:1

-1 5.8812 -1 8.3285 -1 8.5768
1

, -1 7.1223 -1 4tflit 4.-1, 481..5416677

0 1.2585 -1 9.5616 -1 7.7055

-1 9.1766 -1 9.4313 -1 8.2541
-1 9.9648 4 9.5532 -1 8.1074

0 1.1036 -1 9.4652 -1 7.3576
0 1.1323 -1 9.2742 -1 6.9728

0 1.1278 -1 8.2510 -1 5.6863

00 11..11443511 --11 89..60504091 --11 6.5603

0 1.1005 -1 7.8009 -1 5.2403

0 1.0166 -1 6.8091 -1 4.3638

1 5.7 7 -1 3.5424-1 9.0514 -
-1 9.6347 -1 -1 3.9440

-1 8.4319 -1 5.2527 -1 3.1620

-1 6.4987 -1 3.8056 -1 2.1684

-1 7.7913 -1 4.7497 .1 2.8052
-1 7.1430 -1 4.2658 -1 2.4738

-1 5.8688 -1 3,3729 4 1.8896

-1 5.2617 -1 2.9700 -1 1.6370
-1 4,6840 -1 2.5987 . 4 1.4099
-1 4.1408 -1 2.2595 -1 1.2073
-1 3.6358 -1 1.9525 -1 1.0280
-1 3.1709 -1 1.4768 -2 8.7028

-1 2.7473 -1' 1.4313 -2 7.3263

-1 1.4517 -2 7.1578 4 3.4791
-1 1.7190 -2) 8.5874 -2 4.2261

-1 2.3449 -1 1.2144 -2 6.1328
-1 2.0226 -1 1.0242 -2 5.1052

-1 1.2185 -2 9314 -2 2.8484
-1 1.0164 -2 4. 867 -2 2.3192
-2 8:4272 -2 4.0029 -2 1.8780
-2 6.9451 -2 3t2603 -2 1.5125
-2 5.6894 -2 2.6403 -2 1.2116

(-2) 4.6331 (-2) 2.1262 (-3) 9.6523 *

0
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Table 19.1

z V( -.5.0, z) V(-1.5,z) V(-4.0,4) V(-1154 V(-11.0,z) V( -2.5,x) V( -2.0,4 ir(--1.5,$)

0.0 -2 .5.8411 .0.0000 1 1.3071 1 2.6596 -1 111:2
0.1 -2 - 4.3898 2.6397 1.5417 1 2.6132 -1

0.0000
-1 - 0.7946

-1 - 4.5748 -1
:7711:f

0.2 -2 - 2.7299 5.1612 1.7149 .1 2.4757 -1 1.5714 -1 - 5.6877 -1 - 7.7409

.8199 - 2-2520 -2 9.6646 -1 - 2.3051 -1 -6.0796 -1 - 7.4476

0.4 -2 +0.9074 ( -2) 9.4102 1.8527 .1 1.9503 -2 +3.3275 -1 .2.9840 .1 -6.3515 -1 - 7.0444

0 0.5 -2 2.7045 -1 1.0950 1 1.8125 1 1.5812 -2 - 3.1080 -1 - 3.5896 -1 lz:99i -1 .6.MS
0.6 -2
0.7 -2 5.8194 -1

4.3687 -1 1.2007 1 1.7011
1.2536 -1 .1.5234 2 6.9534 -1 - 1.5523 -1 - 4.5275 -1 - 6.4186 -1 - 5.2553

1.1580 -2 - 6.5210 -1 .5.9387

0.8 -2 6.9875 1.2518 -1 1.2869 2 +2.0926 -1 - 2.1149 =1 - 4.8397 -1 .441959 -1 - 4,4995

0.9 -2 7.8188 -1 1.1958 -1 1.0010 2 -2.8383 -1 - 2.6176 -1 - 5.0388 .1 - 5.8594 -1 - 3.6835

1

.

1.0 -2 8.2767 -1 1.0887 -2 6.7728 -2 - 7.6762 -1 .41225 -1 - 5.4177 -1 - 2.8197

1.1 -2 -2 9.3549 -2 +3.2819 -1 .1.2266
-1

:!.2:731 -1 - 5.0912 .1 - 4.8813 -1 - 1.9206

1.2 -2 8.0189 -2 7.4311 2 .0.3903 -1 - 1.6465 -1 - 3.6481 1 - 4.9482 -1 - 4.2621 -1 -0,9984
13 -2 7.3241 5.2005 -2 - 3.9309 -1 - 2.0148 -1 - 3.8069 -1 - 4.6995 -1 - 3.5731 -1 - 0.0648

144 -2 6,2954 2 2.7584 -2 - 7.3916 -1 - 2.3214 -1 - 3.8677 -1 - 4.3533 -1 .2.8278 -1 +0.8696

1.7 -2 1.7690 -2 - 4.8261 -1 4.5824 -1 -2.8047 -1 3.4861 -1 - 2.8375 -1 - 0.3880 -1 3.5902

1.8 -2 +0.0110 -2 .7.1155 -1 4.7697 1 -2.8113 -1 -3.1904 -1 - 2.2142 -1 +0.4512.. -1 4.4484

1.9 -2 - 1.7477 -2 .9.1435 -1 4.9008 1 - 2.7426 -1 - 2.8250 -1 - 1.5535 -1 1.2852, -1 5.2761:

- 3.4103 -3 -1.2222 -1 2.70431.6 -2 3.4514 -2 - 2.3553 -1 - 1.3434 -1 - 2.7203

-1
:3:1475

-1 - 3.9197 -1 - 2.0397 -1 1.79531.5 -2 4.9836 ..2 +0.2057 -1 .4.0594 -1 - 2.5583

2.0
2.1

-2 :3411561 -1 - 1.0844 -1 - 1.9731 -1 - 2.6027 -1 - 2.4003 -1 - 0.8679, -1 2.1053 -1 6.0723

- 1.2166 1 - 1.9864 -1 - 2.3979 -1 - 0.1692 -1 2.9044 -1 6.8384

2.2 -2 - 6.3439 -1 - 1.3076 -1 -1.9423. -1 2:1357 -1 - 1.4184 -1 +0.5320 -1 3.6777 -1 7.5775

2.3 -2 - 7.4620 .1 - 1.3558 -1 - 1.8442 -1 - 1.8247 -2 - 8.8371 -1 1.2264 -1 4.4221 -1 8.2948

2.4 -2 - 8.3067 -1 - 1.3610 -1. - 1.6967 -1 -1.4739 -2 -3.3411 -1 1.9066 -1 5.1367 -1 8.9975

2.7 -2 - 9.0496 -1 - 1.1392

2.5 -2
111111

-1
=1:1244 1 gli

-1 - 1.0927 -2 +2.2080 -1
i.1870 45.8221 I

9.6950

-2 - 2.7540 -1 1.3145 -1 3.8134 -1 7.1242
-1 6.4834 1.0399

2.8 -2 - 8.7090 -2 - 9.9858 -2 4.4214 -2 +1.4424 1 -1.8411 -1 4.3982 -1 7.7525
1.1122

2.9 -2 461043 -2 - 8.3257 -2 4.4770 -2 5.6116 -1 2.3486
1.1882

-1 4.9594 -1 8.3779 0 1.2697

3.0. -2 - 7.2651 -2 444659 2.8352 -1 5.5010 , -1 9.0120

3.2 -2 - 5.0260 .2 - 2.3612 -2 4,6402 -1 1.7522

3.4 -2 - 2.2954 -2 +1.9344 -1 1.0474 -1 2.4688 -1 4.5942 -1 7.6202 0 1.1954 0
1.70013.3 -2 - 3.7030 -2 -0.2157 -2 7.6054 -1 2.1187 -1 4.1761 -1 7.0778 0 1.1119

:i 2.:gg
-2 9.7155

-1 3.3007
3.7466 -1 6.5514 0 1.0365

-1 6.0291. -1 .9.6689 .1i 1.4582
1.3588

1.5708
3.1. .2-6.2264 -2 .4,4605

3.5 -2 .0.9391 -2 4.0539 4 1.3228 -1 2.8040 -1 5.0074 -1 8.1924 0 1.2896 0 2.0262

3.6 -2 +0.6339 -2 6.1158 -1 3.1270 -1. 5.4239 -1 8.8110 0 1.3975 0 '2.2339

3.7 -2 2.0962 -2 8.1014 -1 1.8370 -1 3.4421 -1 5.8535 1 9.4951 0 1.5228 0 2.484

3.8 .2 3.5259 *1 1.0000 -1 2.0775 -1 3.7545 -1 6.3080 0 1.0267 0 1.6699 0 2.7751

3.9 -2 4.9072 -1 1.1811 -1 2.3101 -1 4.0712 -1 6.8012 0 1.1153 0 1.8439 0 3.1285

4.1 -2 7.4913 -1

4.2 -2 8.6933
4.3 -2 9.8444 .1 1.8422 -1 3.2465 -1 5.5683 -1 9.5300 0 1.6575 0 2.9616

4.4 -1 1.0959 1 2.0048 -1 3.5131 -1 6.0629 0 1.0526 0 1.8657 0 3.4019 0 6.3903

-1 1.3540
1.5202
1.6819 -1 3.0002 -1 5.1365

-1
Mg!

-1 4.4004 -1 7.3492 0 1.2186 0 62.0513

-1 4.7517
8.6890 0 1.4846 ,0 2.5993
7.9710 0 1.3401 0 2.2999

0
:141:11

4.6942
5.4567

4.0

4.5 ' .1 1.2056 4 2.1743 -1 3.8093 -1 6.6389 0 1.1717

4.7 -1 1.4305 .1 2.5567 -1 4.5368 -1 8a309 0 1.4885 0 2.7989 0 5.4083

0
klig S :::;;1

0
8.95634.6 1 1.3161 -1 2.3561 -1 4.1462 -1 7.3192 0 1.3150

7.538A

1 1

1.0715

4.8 -1 1.5525 4 2.7834 -1 4.9967 -1 9,1078 0 1.6998 0 3.2584 0 6.4102 1 1.2908

4.9 -1 1.6863 1 3.0454 -1 5.5449 0 1.0291 0 1.9582 0 3.8246 0 7.6545 1 1.5653

5.0 (.1) 1.8370 (4) 3.3533 ( -1) 6.2047 ( 0) 1.1734 ( 0) 2.2757 ( 0) 4.5254 0) 9.2067 ( 1) 1.9107

707
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Table 19.1

\t.
z -1.0,x) I(-0.94)

0.0
0.1 -1 6.3918 -1 7.2692

.1 6.9062- 4. 1.66.71
3.3 -1 7.3523 -1 7.9973
0.4 -1 7.7267 -1 8.2572

0.5
0.6
0.7
0.8
0.9

A1.5
1.6
1.7
1.80
1.9

2.0
2.1
2.2
2.3
2.4

2.5
2.6
2.7
2.8
2.9

3.0
3.1
3.2
3.3
3.4,

3.5
3.6
3.7

.3.8
3.9

4.0
4.1
4.2
4.3
4.4

4.5
4.6
4.7
4.8
4.9

5.0

- 1 8.2522
- 1 8,4023
-1 8.4788
- 3. 8.4842

- 1 8.2967
-1 9.1136
- 1 7.8786
-.1 7.5982

- 1 6.9279
- 1 6.5519
- 1 6.1577
- 1 5.7517

-1 4.9285
- 1 4.5219
- 1 4.1247
- 1 3.7407

1-1

3.3732
-1 3.0246
- 1 2.6968
- 1 2.3911
- 1 ?.1084

- 1 1.6124
-1 1.3985
- 1 1.2064
- 1 1.0351

-2 8.8335
.. -2 7.4981
. -2 6.3306

- 2 5.3165
-2 4.4411

-2 3.0502
- 2 2.5079
- 2 2.0512
- 2 1.6688

- 2 1.0875
- 3 8.7099
-3 6.9398
-3 5.5007

( -3) 4.3375

U( U(-0.7,z)
.

1 7.7241
1 8.0677

47
8.5606
8.7077

- 1 8.5646
- 1 8.6136
- 1 8.5958
-1 8.5144

- 1 8.1787
- 1 7.9348
-1 796480
- 1 7.3248

--1 66:17911
-1 6.2008
- 1 5.7958
-1 5.385,

i 44.:770f
- 1 4.1741
- 1 3.7910
- L 3.4238

-1
1 .774561/

4 2.4399
-1 2.1556
- 1 1.8942

-1 1.6555
- 1 1.4391

, -1 1.2443
- 1 1.0701
- 2 9.1545

1

-2
7- 6.7599033

-2 5.5521
- 2 4.6503
- 2 3.8747

- 2 2.6480
et 2.1720
-2 1.7723
-2 1.4386

-3 90333
7.4594

-3. 5.9310
- 3 4.6914

( -3) 3.6919

-1
ti.7.80169

- 1 8.7586
- 1 8.6531
- 1 8.4923

-1 8.2808

- 1 7.7269
-1 7.3960
-1 7.0373

-1 6.2600
-1 5.8535
-I 5.4424
-1 5.0319

-1 4.2301,
-1 3.8466
-.1 3.4788
-1 3.1292

-1 2.4912
-1 2.2049
-1 1.9412
-1 1.7000

-1 1.2832
-1 1.1061
.2 9.4842
-2 8.0899

-2 5.7946
-2 4.8660
-2 4.0651
-2 3.3784

-2 2.2975
-2 1.8800
-2 1.5305
-2 1.2396'

-3
9 8.90121

-3 6.3856
-3 5.0667
-3 3.9996.

( -3) 3.1412

708

8.5642
8.7853
8 453
9.0436,
9.0807

U( - 0.6,z)

- 1 9.3233
- 1 9.4211
- 1 9 4626

9.4483
9.3796

cI(-0.5,x)

/0 1.0000
4 9.9750

9 9005
9.7775
9.6079

-1
9 8.93106 --1 99;08144 ii: :1 194.19313

- 1 8.8425 -1 8:8702 '! -1 8.8471
- 1 8.6563
- 1 8.4235

-1
16.1147!

- 1 7.4949
- 1 7.1269
- 1 6.7392.

:1 t.93766
- 1 5.5123
-'1 5.0993
-1 4.6918

:1 trail
4 3.5391
-1 3.1876
- 1 2.8559

:11.3:56!
- 1 1.9903
- 1 1.7462
-1 1.5241

-1 8.6107 if -1 8.5214
- 1 8.31331 i -1 8.1669

- 1 7.91? :1 NIX76
4 7.24 -1 6.9768
- 1 6.841 -1 6.5541
- 1 6.4 #5 -1 6.1263

-1
'4*. 668

- 1 5 7.91
- 1 676
-1 1,3662

-1) .9779
- 1 3.6054
-1)3.2511

2.9165
2.6029

4
1

2.3112
4 2.0418
-1 1.7945
- 1 1.5691

''', -1 -1.3651

-2 7.1436 -2 6.3032

-1
-1 1.1816

3 -1 1.0175
-2 9.824 -2 8.7182
-2 8.3989 -2 7.4318

-2 6.0447 -2 5.3190

- 2 2.9439 -2 2.5638 -2 2.2315

-2 4.6771
- 7 3.9164

- 2 4.2619 -2 3.7304 -2 3.2631
-2 3.5512 -2 3.1004 - -2 2.7052.

1 1

-2 2.4280 -2 2.1094
- 2 1.9923 -2 1.7268
-2 1.6265 - 21.4064
-2 1.3211 -2 1.1397
-2 1.0676 -3 9.1898

"
:33 68.683685317

-3 7.3725 -3
t.1417111

--33 54:4326461 1.3 473
3.6931

-3-33 33:19591518

-3 3.4085 -3 2.9036 -3 2.4726

(- 3)2.6716 (-3)2.2714 (-3)1.9305

U(-0:4,x)

1.0594
1.0448
1.0261
1.0035
9.7698

- 1 5.2729
- 1 4.8554.
- 1 4.4486
4 4.0555

-1
NIS:

- 1 2.9820
- 1 2.6647
-1 2.3693

-1 2.0961
- 1 1.8452
- 1 1.6162
- 1 1.4086
-1 1.2215

-1
9 63.00411

- 2 7.7305
-2 6.5710
- 2 5..."6

-1 9.4700
. -1 9.1382

- 1 8.7781
-1 8.3937
-1 7.9892

-1 6.2573

-1 7.1372
-1 6.6986

- 1 5.8173

- 1 4.9566
- 1 4.5424

(-1 4.1429
(-1 3.7603

-1 kati
- 1 2.7312
- 1 2.4313
- 1 2.1538

:1 1196:77
- 1 1.4541
-1 1.2632
4 1.0920

-2
98.094g8

- 2 6.8492
- 2 5.8055
- 2 4.8967

-2
NU:

- 2 2.8525
- 2 2.3589
-2 1.9411

- 2 1.4958 -2 1.2951
-2 1.2155 -2 1.0500
- 3 9.8282%.; -3 8.4709
-3 7.9071 -3 6.8002

(.

- 3 4.3177
-3 3.4150
- 3 2.6876
-3 2.1047

( -3) 1.6401



V( -1.0,x)

0.0 -1 -6.5600
0.1 -1 -5.8422
0.2 75,0662 _..
0.3 -1 -4.2400
0.4 -1 -3.3725.

0.5
0.6
0.7
0.8
0.9

-1-2.4725
-1 -1.5494
-1 -0.6122

(-1 +0.3305
(-1 1.2704

1.5
1.6
1.7
1.8
1.9

2.0
2.1
2.2
2.3
2.4

2.5
2.6
2.7.
2,8
2.9

3.0
3.1

'3.2
3.3
3.4

3.5
3.6
3.7
3.8.
3.9

:4.0
4.1
4.2

4.3
4:4

4,5
4.6
4.7
4.8
4.9

2.2004
3.1139
4.0057
4.8721
5.7105

6.5198
7.3008
8.0557
8.7883
9.5044

0 1.0211
0 1.0918
0 1.1637
0 1.2380
0 1.3163

1.4005
0 1.4925
0 1.5949
0) 1.7104
0) 1.8424

0 1.9948
0 2.1722
0 2.3801
0 2.6253
0 2.9159

01 -;..26g1
0
0 4.7686
0 5.4910

0 6.3680
0 764368
0 8.7448
1 1.0352
1 1.2337

1 1.4797

1 2.1698
1 1.7862

1 2.6520
1 3.2611

5.0 ( 1) .4.0344'

V(.- 0.9,x)

-1 -4:7818
4 tt3.9_4771
-1
- 1 -2.182

-1 - 0.3418
- 1 +0.5867
- 1 1.5106
-1 2.4234

-1
-1

0
0
0

3.3194
4.1939
5.0435
5.8660
6.6605

7.4279
8.1704
8:8917
9.5974
1.0295

1.0992
1.1701
1.2434'
1.3205
1.4032

0 1.4936
0 1.5939
0 1.7068
0 1.8355
0 1,9837

0 2,1558
0 2.3571
0 2.5940
0 2.8740
0 3.2066

0 3.6032
0 4.0781
0 4.6487
0 5.3371
0 6.1706

1 1

0 1.1841
0 8.4212
0 9.9377
1 1.1405

rl 1.41'13

Ij

PARABOLIC CYLINDER ruNcTioN4

V(-0.8,x)

_-1 -2.683-4---
-1 -1,7980
-1 -0,8980

-1 -4.3852
-1 -3.5487

-1 0.9156
-1 1.8159

(-1 2.7040
(-1 3.5749

-1 4.4245
-1 5.2498
-1 6.0492.
-1 6.8220
-1 7.5693

-1 8.2931
-1 8.9974
-1 9.6875

0 1.0370
0 1.1054

10 1.274:8
0 1.3225
0 1.4037
0 1.4922

0 1.5902
0 1.7005
0 1.8259
0 1.9700
0 2.1371

0'2.3321
0 2.5609
0 2.8310
0 3.1511
0 3.5319

0 3.9868
0 4.5323
0 5.1887
0 5.9818
0 ' 6.9437

1 1.6981
1 2.0559
1 2.5044
1 3.0694.
1 3.7844

( 1) 4.6937 (

0 8.1149
0 9.5470
1 1.1305
1 1.3474
1 1.6160

1 1.9502
1 2.3680
1 2.8928
1 3.5549
1 . 4.3944

1) 5.4639

V(-0.7,z)

-1 -4.3109
-1 -2.1784

-1 -0.4343
-1 +0.4451

-1 1.3217 t
- 1 2.1900
-1 3.0449'
-1 3.8823
- 1 4.6988

1

5.4920
-1 6.2606
-1 7.0044
-1 7.7246
-1 8.4234

-1 9.1046
-1 9.7734

0 1.0437
0 1.1102
0 1..1180

0 1.2482
0 1.3222
0 1.4015
0 1.4879
0 1.5837

0 1.6912
0 1.8134
0 1.9535
0 2.1157
0 2.3045

0 2.5258
0 2.7864
0 3.0945
0 3.4604
0 3.8966

0 4.4183
0 5.0449
0 5.8001
0 6.7138
0 7,8238

0 9.1775
1 1.0835
1 1.2875
1 1.5494
1 1.8520

1 2.2417
1 2.7297
1 3.3437
1 4.1199
1 5.1058

( 1) 6.3641

V(-0.6,z) .:

-1
1:3lg

-1 -4;1294-
- 1 0.9716
-1 1.8082

-1 2.6347
-1 3.4471
- 1 4.2420
- 1 5,0167
-1 5.7694

-1 6.4993
-1 7.2065
-1 743924
-1 -1 8.5594
-1 4.2113

-1 9.8533
0 1,0492
0 1.1134
0 1.1791
0 1.2472

0
o

1'

0
0

0

0
0

0
0
0
0

V(-0.5,1)

0.0000

1

-1 Nra
- 1 2.3760
- 1 3.1502

-2-1 :.961r296
-1 5.3763
- 1 6.0797.
-1 6.7626

- 1 8.0697
-1 8.6982
-1 9.3147
-1 9.9240

( 0 1.0532
0 1.1148
0 1.1778
0 1.2436
0 .3132

1.3191 0 1,3881
1.3964 0 1.4699
1.4806. 0 1.5607
1.5740 . 0 1.6625
1,6787 0 1.7781

1.7975
1.9338
2.0911
2.2741
2,4881

;7396
3.0365
3.3882
3.8066
4.3061

0 4.9045
0 5.6242
0 6.4930
0 7.5458
0 8.8266

1 1.0391
1 1.2311
1 1.4676
1 1.7604
1 2.1243

1 3174N
1
1 4.7777

, 1 5.9359

( 1) 7.4168

709

0 1.9104
0 2.0631
0 2.2404
0 2.4474
0 2.6902

0 2.9763
0 3.3147
0 3.7163
0 4.1947
0 4.7667

0 5.4531
0 6.279"/
0 7.2790
0 8.4920
0 9.9703

1 1.1779
1 1,4002
1 1.6747
1 2.0149
1 2.4386

1 2.9687
1 3.6350
1 4.4765
1 5.5441
I 6.9051

1) 8.6484

705

Table 19.1

V( -0.4,x)

-1 1.5701
- 1 2;3012
-1 3.0232
- 1 3.7334
-1 4.4296

-1 5,1099
- 1 5.7729
-1 6.4182
-1 7,0457
'-1 7.6563

,48.2519
-1 8.8353
-1 9,4101
-1 9.9812.
0 1.0555

0 30 1.174)
0 1.2369
0 1.3038
0 1.3762

Q 1.4554

il.::g
(1 1.8830

10 NU
0 2,4032
0 '2.6378
'0 2,9136

0
.2 t..214;

0 4,0834
0 4.6305
0 5.2855

0 7.0220
0 8.1716
0 94693
1 1.1276

1 1.5942
1 1.9127
1 2.3082
1 2.8017

1 3.4202
1 4.1991

-1 5.1846
b 1 6.4372

1 8.0370

( 2)1.0090,

001
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Table 19.1

, .r M-0.3,29

1:113i(4)5
1.0843
1.0548
1.0223
9.8697

0.0 0
01 0
0,2 0
0.3 0
0.4 -1

0.5
--10.6

0.7 -1
0.8 -1
0.9 -1

1.0
1.1

-1
-1

1.2 -1

11(-0.2,4 li(-0.1,x)

0 1.1535 0 1.1887
.0 1.1161 0 1.1406
0 1.0764 0 1.0914
0 1,0347 0 1.0412

-1 9.9120 .-1 9.9016

U(0,x) U(0.1,x) U(0.2,z) U(0.8,x)

0 1.2163 0 1,2366 0 1.2500 0 ,12570
.0 1..1581 0 1.1691 0 1.1740 0 1.1732
0 1.1000 0 1.1029 0 1,1004 0 1,0930
0 1.0421 0 1.0379 0 1.0291 0 1.0161

-1 9.8431 -1 9.7411. -1 9.6004 -1 9.4255

8.6684 -1 8.5228 -1 8.3458 -1 8.1419' -1 7.9* -1 7.6699 -1 7.4093--
8.2324 -1 8.0421 -1 7.8273 -1 7.5.920 - 7.340 -1 7.0750 -1 6.8000 -

-1 8.9968 -1 8.8661 -1 8.7018 -1 8.5
-r 9.3856' -1 9.2695 -1 9.1173

--1
8.9333

-1 8.0498
99.4098U

7.7849. -1 7.5583 -1 7.313, -1 7.0542 -1 6.7838 -1 6.5055 -1 6.2220

6.4124 -1 6.1212 -1 5.8278 -1 5.5346 -1 5.2436 -1 4.9566 -1 4.6753
7.3298 -1 7.0747 -1 6.8072
6.8710 ..1 6.5946 -1 6.3111 7-1.

6.5307, -1 6.2482 -1 5.9622
-1 5.7343 -1 5.4457 -1 5.1597

-1.3 -1 5.9576 -1 5.6576 -1 5.3596 -1 5.0655 -1 4.7769 -1 4.4953 -1 4,2217
1.4 -1 5.5101 .1 3.2066 -1 4.9087 -1 4.6178 -1 4.3352 -1 4.0619 -1 3.7986

1.5 -1 5.0730 -1 4.7706 -1 4.4769 -1 4.1927 -1 3.9191 -1 3.6565 -1 3.4055
-1'1.6 -1 4.6492 -1 4.3519 -1 4.0657. 1 2 -1 3.5288 -1 3.2790 -1 3.0417

1.7 -1 4.2412' -1 3.9524 -1 3.6765 -1 3.4139 -1 3.1647 -1 2.9290. -1 2.7065
1.8 -1 3.8510 -1 3.5734 -1 3.3102 -1 3.0613 -1 2.8266 -1 2.6060 -1 2.3990
1.9 -1 3.4805 -1 3.2162 -1 2.9673 -1 2.7334. -1 2.5142 -1 2.3093 . - 2.1181

2.0 -1 2.4302
2.1 :1

3.1309 -1 2.8816 -1 2.6482
-1 2.1513

-1 2.2270
-1

2.0381 _ L.68361257

2.2 -1 2.4980 -1 2.2816 -1 2.0812 -1 1.8960 -1 1.7252 -1 1.5678 -1 1.4232
2.3 -1 2.2155 -1 2.0162 -1 1.8326 -1 1.6637 -1 1.5086 -1 1.3665 -1 1.2363
2.4 -1 1.9556 -1 1.7734 -1. 1.6064 -1 1.4534 -1 1.3136 -1 1.1859 -1 1.0695.

22.65 -1
1.7179

--1
1.5526 -1 1.1174 :UV:

-1
9.8278 -".0248 -2 9.2134-2 8.8173 . -2 7.9031

2.7 -1 1.3069 -1 1.1734 -1 1.0525 -2 9.4322 -2 8.4445 -2 7.5534 -2 6.7502

2.8 -1 1.1317 -1 1.0129 -2 9.0579 -2 8.0925 -2 7.2235 -2 6.4422 -2 5.7406
2.9 -2 9.7528 -2 8.7027 -2 7.7589 -2 6.9114 -2 6.1513 -2 5.4703 -2 4.8608

.3.0 11,11.363g -2 76..43W -2 6.6151 -2 i
3.1 - i 6.3330 -2 5.6137 -2 4.9721

-2 elta -2 4.6244
-2 3.4393
-2 4.6978

3.2 -216.0636 -2 5.3640 -2 4.7415 -2 4.1881 -2 3.6967 ;.2 3.2606 -2 2.8739

3.3 -2)5.1253. -2 4.5215 -2 3.9860 -2 3.5114 -2 3.0912 -2 2.7194 -2 .3907

3.4 -2)4.3112 -2 3.7932 -2 3.3351 -2 2.9303 -2 2.5730 -2 2.2577 4 1.9799

3.5 -2) 3,6089 -2 2.4340 -2 2.1318
. --2

1.8659
.--2 1.3;926

3.6 -2 3.0063 :2
3.1669 -2 2.7772

-2 2.0122 -2 1.7580

3.9 -2 1.6876 -2 .1.4664 -2 1.2735 -2 1.1053 -3 9.5887 -3 8.3139 -3 7.2048
3.7 -2 2.4921 -2 2.1759 -2 1.8986 -2 1.6558 -2 1.4431 -2 1.2571 -2 1.0944
38 -2 .2.0558 -2 1.7906 -2 1.5587 -2 1.3560 -2 1.1791 -2 1.0247 -3 8.9001

, .

i4.0 -2 1.1g6 -2 1.1951 -2 1.0355 -3 8.9669 -3) 7.7613 -3 6.7143

4.2 -3 9.0656 -3 7.8234 -3 6.7481 -3 5.8179 -3 5.0135 -3 4.3184 -3 3.71794.1 -2 1.1207 -3 9.6928 -3 7.2400 -3 6.2526 -3 5.3973
-3 MN

4,3 -3 7.2976 -3 6.2839 -3 5,4085 -3 4.6529 -3 4.0011 -3 3.4390 -3 2.9546

4.4 -3 5.8457 ,-3 5.0228 -3 4.3139 -3 3.7034 -3 3.1779 -3 2.7259 -3 2.3371

4.5 -1)4.6596 -3 3.9954 -3 3.4243 -3 2.9336 -3 2.5122 -3 2.1504 -3 1444?0,

4.9 -3 1./9)9 -3 1.5233 -3 1.2152- ---3, JON

4.6 -3 3.6961 -3 3.1626 -3 2.7050 -3 2.3127 -3 1.9765 -3 1.6885
k) -3 2.9173 -3 2,4912 -3 2.1265 -3,1.8145 -3 1.5477 -3 1.3195 -3 1.1246

.4.8 -3 2.2914 -3 1.9528 -3 1.6637 -3 1.41,68 --3 1.2061 -3 1.0263 -4 8.7305
.3540-- -4 .4449 -4 6.7457

5.0 (- 3)1.3929 (-3)1.1825 (- 3)1.0035 (-4) 8.5136 ( -4) 7.2201 ( T4)6.1210 ( -4) 5.1875



x V(-0.8,z)

0.0 -1 3.0993
0.1 -1 3.7442
0.2 -1 4.3780
0.3 4.9991
0.4 -1 5.6064

0.5 -1 6.1992
0.6 -1 6.7773
0.7 -1 7.3412
0.8 -1 7.8922
0.9 -1 8.4321
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Table 19.1

Vi -,- 0.2, z) V( .. 0.1, x) V(0, x) V(0.1, z) V(0.2, x) V(0.8, x)
%

-1 4.5280 -1 50394 -1 6.8621 -1 7.6731 -1 8.2008 -1 8;4269
-1 5.0724 -1 6.2358 -1 7.1901 -1 7.9000 8.3406 -1 8.5002
- 5:6069 -1 6.66 -1 7.5184- -1 . .4974 -1 8.5993
-1 6.1307 -1 7.0905 -1 7.8474 -1 8.3788 8.6720 -1 8.7250
-1 6.6436 -1 7.5093 -1 8.1.782 -1 8.6331 -1 8.8660 -1 8.8790

- 1 7.6386

- 1 8.6009 -1 9.1588 -1 9.5583 -1 9.7982 -1 9.8840 -1 9.8273-1 8.1229 -1 8.7460 -1 9.1994. -1 9.4787 -1 9.5867 ' -1 9.5336

7.1 7.9238 -1 1133.111 -1 8.8994 -1 9.0813 -1 9.0632
9.1803 .-1 9.3205 -1 9.2803

-1 9.0756 -1 9.5771 -1 9.9325 0 1.0143 0 1.0217 0 1.0166

1.0 -1 8.9640
-1

1...730
0

110441.1 -1 9.4914
1.2 0 1.0019 0 1.0521 0 1.0913
1.3 0 1.0553 0 1.1028 0 1.1406
1.4 0.1.1100 0 1.1559 0 1.1936

1.5 g 1.121
0

1.iM
0 1.25131.M

1,7
1,8
1.9

2.0
2,1
2.2
2.3
2.4

2,5
2.6
2,7
2.8
2.0

3.0
3.1
3.2 .
3.3
3.4

3.5
3.6
3.7
3.8
3.9

4.0
4.1
4.2
4.3
4.4

4,5
4.6
4,7
4.8
4.9

0 1.2908 0 1.3400
0 1.3603 0 1.4136
0 1.4368 0 1.4958

0 1.5220 01.5886
0 1.6178 1.6941
0 1.7267 0 1.8149
0 1.8513 0 1.9541
0 1.9950 0 2.1153

0 2.1614 0 2.3028
0 2.3551 0 2.5218
0 2.5818 0 2.7785 ..
0 2.8478 0 3.0803
0 3.1612 0 3.4366

0 3.5318 0 3i8584
0 3.9715 , 0 4.3596
0 4.49.00 0 4.9572
0 5.1205 0 5.6722
0 5,8704 0 6.5308

0 6.7730 0 7.5658
0 7.8635 0 8.8182
0 9.1860 1 1.0340
1 1.0797 1 1.2196
1 1.2766 1 1.4470

1 1.7268
1 1.8169 1 2.0725
1 2.1864 1 2.5016
1 2.6464 1 3.0366
1 3.2213 1 3.7065

1 3,94 42 1 4.5494
1 4.8541 1 5.6148
1 6.0085 1 6.9677
1 7.4787 1 8.6937
1 9.3598 2 1.0906

5

0 1.3853
0 1.4645
0 1.5542

0 1.Z31
0
0 1.9083
0 2.0645
0 2.2459

0.2.4576
0
0 2.9961
0 3.3387
0 3.7435

0 :IR:
0
0 5.4768
0 6.2941
0 7.2770

0 !NM
0
1 1.1653
1 1.3793
1 1.6419

1 10654
1
1 2.8646
1 3.4870
1 4.2680

1 5:4245g
1

1 8.0849
2 1.0112
2 1.2715

.0 ( 2)1.1778 ( 2)1.3756 ( 2)1.6073

0 1.0327 0 1.0519 0 1.0591 ' 0 1.0556
0 1.0747 0 2 0 1.1013 0 1.1005
0 1.1200 0 1.1 389 0 1.1490 01.1520
0 1,1693 0 1.1898 0 1.2032 0 1.2110
0 1.2236 0 1.2470 0 1.2649 0 1.2789'

839
0 ,1.3515 0 1.3848
0 1.4277 0 1.4683
0 1.5142 0 1.5639
0 1.6130 0 1.6738

0 1.7265
0 1.8572
0 2.0085
0 2.1841
0 2.3887

0 2,6278
0 2.9 080
0 3.2376
0 3.6263
0 4.0864

0 4.6326
0 5.2835
0 640617
.0 6.9957
0 8.1210.

0 9.4818
1 1.1134
1 1.3149
1 1.5616
1 1.8649

1 2.2395
1 2.7041
1 3.2829
1 4.0073
1 4.9179

1 6.0680
1 7.5270
1 9.3866
2 1.1 768
2 1.4831

2)1.8791

0 1.10(1
0 2.1171
0 2.3149
0 2.5457

0 ;113390
0 3.5064
,0 3.9474
0 4.4700

0 Zill
0 6.7208
0 7.7882
0 9.0763

1 112?1
1 1.4854
1 1.7699
1 2,1203

1 '3509197
1 3.7653
1 4.6086
1 5.6708

1
7.0147

2 1.0904
2 1.3703
2 1.7309

( 2) 2.1979

711

0 1.4160
0 1.5085
0 1.6150
0 1.7379

0 1.8799
0 2.0446
0 2.2360
a 2.4589
0 2.7195

0 3.0247
0 3.3834
0 3.8063
0 4.3064
0 4,8998

0 5.6065
0. 6.4510
0 7.4640
0 8.6838
1 1.0158

1 1.1948
1 1.4130.

1 1.6799
1 2,0080
1 2.4130

1 2.9150
1 3.5401
1 4.3219
1 5.3040
1 6.5433

1 8.1143
2 1.0115
2 1.2674
2 1.5964
2 2.0211

2) 2,5720

0
0 1:4296
0 1,5499
0 1.6692'
0 1.8070

1,96650
1:1

0 2.1672
0 2.6185
0 2.9124

'0
kir215

0
0 4.7084
0 5.3820

0 6.1855
0
0 70.1:72;
0 9.6969
1 1.1385

1 1.3438

1 194.99
1 2.2804
1 2.7486

1.

3.3300

1 4.9644
1 6.1085
1 7.5550

12 1..Til
2 1.4740
2 1.8608
2 2.3611

( 2) 3.0112
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PARABOLIC CYLINDER FUNCTIONS

r V(0.4,:o . V(0.5,z) V(0.6,z) V(0.7,x) V(0.8,x)

0.2 -1 8.4468 -1 8.0590 -1 7.4675 -1 6.7147 -1 5.85260.1 -1 8.3808, -1 7.9988 -1 7.3851
-1 6.4988 -1 5.49120.0' -1 8.3485

0.3 -1 8.5475 -1 8.1604 -1 7.5954 -1 6.8936 -1 6.1035
0.4 -1 8.6844 -1 8.3045 -1 7.7707 -1 7.1224 -1 6.4046

0.5 -1 8.8595 -1 8.4934 -1 7.9958 -1 7.4039 (-1 6.7596
0.6 -1 9.0757 -1 8.7302 -1 8.2739 -1 7.7419 -1 7.1730
0,7 -1 9.3364 -1 9.0186 -1 8.6092 -1 8.1412 -1 7.6504
0.8 - 19.6460 -1 9.3633 -1 9.0068 -1 8.6076 -1 8.1984
0.9 0 1.0010 -1 9.7698 -1)9.4730 -1 9.1481 -1 8.8253

1.0 0 1.0434 0 1.0245 0 1.0015 . -1 9.7713 -1 9.5408
1.1

1.4

0 1.0926 0 1.0797 0 1.0643 0 1.0488 0 1.0357
0 1.1495
0 1.2151

0 1.1436 0 1.1367 01.1309 0 1.1287
1.3
1.2

0 1.2174 0 1.2200 01.2251 0 1.2348
0 1.2908 0 1.3024 0 1.3158 1.3330 0 1.3561

1.5 0 1.3779 0 1.4003 0 1.4260 0 1.4569 0 1.4949
116 0 1.4784 0 1.5132 0 1.5528 0 1.5992 0 1.6542
1.7 01.5943 0 1.6433 0 1.6989 0 1.7629 0 1.8373
.1.8 0 1.7281 0 1.7936 0 1.8675 0 1.9518 0 2.0484
1.9 0 1.8829 0 1.9674 0 2.0625 0 2.1703 0 2.2926

lil

0 2.2705
2.2 0 2.5130
2.3 0 2.7961
2.4 0 3.1275

2.5 0 3.5166
2.6 0 3.9749
2.7 0 4.5165
2.8 0 5.1589
2.9 0 5.9235

3.0 0 6.8368
3.1 0 7.9320
3.2 0 9.2504
3.3 1 1.0844
3.4 1 1.2777

3.5 1.5132
3.6 1.8014
3.7 1
3.8 1 2.5923
3.9 1 3.1336

4.0 1 3.8072
4.1 1 4.6493
4.2 1 5.7065
4.3 1 7.0397
4.4 1 8.7286

4.5 2 1.0878
4.6 2 1.3624
4.7 2 1.7151
4,8 2 2.1701
4.9 2 2.7596

5.0 ( 2) 3.5270 (

0 2.6757 0 2.8378 0 3.0620 0 3.2911

0 3.3676 0 3.6363 0 3.9371 0 4.2741
0 2.9943 0 3.2160 0 3.4644 0 3.7428

0 2,1689 0 2.2886 0 2.4236 0 2.5760
0 2.4030 0 2.5514 0 2.7182 0 2.9058

0 6.5320 0 7.2162 0 7.9862 0 8.8529

0 4.9368 0 5.4079 0 5.9365 0 6.5297
0 5.6644 0 6.2320 0 6.8696 0 7.5862

0 3.8065 0 4.1310 0 4.4944 10 4.9015
0 4.3241 0 4.7153 0 5.1536 0 5.6451

0 7.5701 0 It315
1 1.0945 1 1.2220
0 9.3274 1 1.0378

0 8.8172 0
1 1.0321 1 1.1533 1 1.2903 . 1 1,4455
1 1.2142 1 1.3615 1 1.5284 1 1.7178
1 1.4357 1 1.6151 1 1.8190 1 2.0509

. .

1 1.7060 3. . 253 1 2.1752 1 2.4601
1 2,3064 1 2.6137 1 2.9646

1 2.4452 1 2.7765 1 3.1556 1 3.5896
1 2.9495 1 3.3588 1 3.8282 1 4.3669
1 3.5756 1 4.0833 1 4.6667 1 5.3377

I

!

1 4.3563
1 5.3341
1 6.5642
1 8.1183
2 1.0091

21.2605
2 1.5826
2 1.9968
2 2.5321
2 3.2270

2) 4.1331

. 2 1.1673

1 6.1242
1 7.5559
1 9.3682

2 11.8392
2 2.3259
2 2.9559
2 3.7752

( 2) 4.8456

1 5.7165
1 7.0364
1 8.7031
2 1.0817
2 1.3511

2 1.6957
2 2.1387
2 2.7106
2 3.4524
2 444187

2) 5.6833
, .

2 1.2498
2 1.5647

1 8.0899
2 1.0031

2 3.1606
2 4.0341
2 5.1742

2 2.4882

( 2)6.6688

713

V(0.9,a)
,

-I 1,369413
-1 4.9394
-1 5.2785
-1 5.6664

-1
I.1 68;1

- 1 7.1733
- 1 7.8124
-1 8.5344

-0 NB;
0 1.1323
0 1.2514
0 1.3870

0 1.5420
0 1.7196
0 1.9238
0 2.1592
0 2.4317

0 2.7481
0 3.1149
03.5483
0 4.0548
0 4.6517

0 5.3578
0 6.1963
0 7.1959
0 8.3921
0 9.8292

1 1.1563
1 1.3662
1 1.6214
1 1.9329
1 2.3148

1 3.3658
1 4.0868
1 4.9853
1 6.1098

1 7.5232
1 9.3073
2 1.1569
2 1.4449
2 1.8131

2 2.2861
2 2.8963
2 3.6870
2 4.7161
2 6.0616

2) 7.8285

709

Table 19.1

V(1.0, a)

-1 3.2800

-1 4.0368
-1 4.4742
-1 4.9575

--1
1 56.081:

- 1 6.7457
- 1 7.4814
- 1 8.3040

-0 'NM
0 1.1437
0 1.2765
0 1.4276

0 1.5999
0 1.7973
0 2.0243
0 2.2862
0 2.5896

0 2.9424
0 3.3542
0 3.8368
0 4.4044
0 5.0747

0 5.8692
0 6.8146
0 7.9440
0 9.2985
1 1.0929

1 1.2900
1 1.5293
1 1.8207
1 2.1773
1 2.6153

1 3.1555
1 3.8246
1 4.6566
1 5.6956
1 6.9986

1 8.6395
2 1.0715
2 1.3351
2 1.6714
2 2.1022

2 2.6566
2 3.3731
2 4.3032
2 5.5160
2 7.1043

2) 9.1938

41'
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Table 19.1
. .

.

r U(1.5. s) U(2.0, x)

0.0
0.1

0 1.0000 -1
IAN

0.2 -1 7.7700 -1 6.0787
0.3 -1 6.8389 -1 5.2566
0.4 -1 6.0120 -1 4.5410

0.5
-1 5.2778 -1 3.9182

0.6
0.7 -1 4.0482 -1 2.9051
0.8 -1 3.5360 -1 2.4957
0.9 -1 3.0825 -1 2.1403

1.0 -1 2.6816
-"."21. -1 1.5651

. 1.2 -1 2.0157 -1 1.3343
-11.3 1.7412 -1 1.1350

1.4 -1 1.5003 -2 9.6317

PARABOLIC CYLINDER FUNCTIONS

U(2.5, x)

-1 6.2666

6

U(3.0, x)

-1 4.6509

-1 465492 -1 3.2786
-1 3.8719 -1 2.7501
-1 3.2925 -1 2.3050

-1 2.7969 -1 1.9302

-1 2.0109 -1 1.3490
-1 1.7015 -1 1.1256
-1 1.4375 -2 9.3785

-1 1.2124 -2 7.8022

-2 8.5773 -2 5.3727
-2 7.1928 -2 4.4461
-2 6.0190 -2 3.6721

U(3.5, x)

-1 3.3333

U(4.0,x)

-1 2.3167

-1 2.2867 -1 1.5494
-1 1.8924 -1 1.2662
-1 1.5650- -1 1.0340

-1 1.2931
:1 21;i:

- 2.8.8019 -2 5.6025
-2 7.2491 -2 4.5579
-2 5.9624 - 3.7035

U(4.5, x) 06.0.4
i -1 1.5666

-2 8.2588
-1 1.0335

-1 1.0230 -2 6,5971
-2 8,2604 -2 5,2673
-2 6.6663 -2 4.2032

-2
tEi

-2
11;i;

-2 3.4869 -2 2.1262
-2 2.8040 -2 1.6910
-2 2.2523 -2 1.3434

. .

-2
tral'

(-2 3.0053 -2 1.8068
1 112t:

-2 3.2880 1.9701 -2 1.1579 -3 6.6856
-2 2.6872 ;

(

-2 1,5913 -3 9,2486 -3 5.2831
-2 2.1922 -2 1.2831 -3 7.3749 -3 4.1683

1.6 :1 1.110194; :/ 8.1541
-2 MU :HIS:3.0265 -2 167849 -2 1.0327 -3 5.8705 -3 3.2833

-2 1.4503 -3 4.6645 -3 2.5816
1,5.

14:7 5.7994 -2 3.4786 -2 1.1759 -3 6.6500 -3 3.6991 -3 2.0262
8 -2 8.0438 -2 4.8712 -2 2.8833 -2 1.6718 -3 9.5127 -3 5.3198 -3 2.9276 -3 1.5873

1.9 -2 6,8324 -2 4.0801 -2 2.3837 -2 1.3652 -3 7.6780 -3 4.2463 -3 2.3122 -3 1.2409

2.0 -2 5.7853 f -2 3.4076 -2 1.9653
:i

1.1120

-3
6.1823 -3 3.3818 -3 1.8222

-4 7.5364
-4 9.6810

2.1 -2 4.8830 -2 2.8375 -3 4.9656
2.2 -2 4.1080 -2 2.3556 -2 1.3248 -3 7.3193 -3 3.9782 -3 2.1296 -3 1.1240 -4 5.8538
2.3 -2 3.4444 -2 1.9495 -2 1.0829 -3 5.9138 -3 3.1787 -3 1.6837 -4 8.7960 -4 4.5364
2.4 -2 2.8782 -2 1.6082 - 38.8260 -3 4.7646 -3 2.5331 -3 1.3277 -4 6.8665 -4 3.5071

2.5 -2 2.3966 -2 1.3223 -3 1:17.1? -3 3.8275 -3 2.0129 -3 1.0442 -4 5.3467 -4 2.7047
2.6 -2 3.0655 -3 1.5951 -4 8.1895 -4 4.1523 -4

IAD2.7 -2 1.6441 -3 8.8509 -3 4.6891 -3 2.4478 -3 1.2603 -4 6.4052 -4 3.2161
2.8 -2 1.3544 -3 7.2040 -3 3.7734 -3 1.9484 -4 9.9277 -4 4.9954 -4 2.4841 -4 1.2216
2.9 -2 1.1116 -3 5.8431 -3 3.0264 -3 1.5460 -4 7.7967 -4 3.8845 -4 1.9134 -5 9.3228

3.0 -3
9.0885 -3

iNtii:
-3 2.4191 -3 1.2228

-4 46.476°4421 -4 2.32793.1 -3 :44 11..41269553

-5
755°98454

3.2 -3 6,0067 -3 3.0513 -3 1.5296 -4 7.5735 -4 3.7062 -4 1.7938 -5 8.5914 -5 4.0742
3.3 -3 4.8549 -3 2.4392 -3 1.2099 -4 5.9301 -4 2.8738 -4 1.3778 -5 6.5394 -5 3.0738
3.4 -3 3.9086 3 1.9426 -4 9.5361 -4 4.6274 -4 2.2210 -4 1.0550 -5 4.9621 -5 2.3121

3.5 -3 3.1342 -3 1.5412 -4 7.4887 -4 3.5982 -4 1.7107 -5 8.0514 -5 3.7534 -5 1.1g11
3.6 -3 5.8592 -4 2.7880 -4 1.3131 -5 6.1244 -5 2.8300 -5
3.7 -3 1.9912 -4 9.5895 -.4 4.5672 -4 2.1526 -4 1,0045 -5 4,6430 -5 2.1269 -6 9.6590
3.8 -3 1.5775 -4 7.5202 -4 3.5468 -4 1.6559 , -5 7.6567 -5 3.5080 -5 1.5932 -6 7.1749
3.9 -3 1.2446 -4 5.8741 -4 2.7439 -4 1.2692 -5 5.8157 -5 2.6413 -5 1.1894 -6 5.3123

4.0
-4 9.7788 -4 4.5702 -4

tall
-5
MI; -5

4.4015 -5 1.9818 -6
1121; -6 114;4.1

4,2 -4 5,9616 -4 2.7331 -4 1.2413 -5 5.5875 -5 2.4937 -5 1.1039 -6 4.8485 -6 2.1136
4.3 -4 4.6255 -4 2.1007 -5 9.4547 -5 4.2185 -5 1.8667 -6 8.1946 -6 3.5701 -6 1.5440
4.4 -4 3.5736 -4 1.6081 -5 7.1727 -5 3.1726 -5 1.3920 -6 6.0609 -6 2,6194 -6 1.1240

4.5 -4 2,7491 -4 1.2259 -5 5.4198 -5 2.3767 -5 1.0342 / -6 4.46.3 -6 1.9150 -7 11:18M
4.6 -4 1.7736 -6 7.6538 -6 3.2790 -6 1.3949 -7
4.1 -4 1.6061 -5 7.0352 -5 3.0571 -5 1,3183 ° -6 5.6428 -6 2,3983 -6 1,0124 -7 4,2455
4.8 -4 1.2197 -5 5.2961 -5 2.2819 -6 9.7593 -6 4,1440 -6 1.7475 -7 7,3205 -7 34469
4.9 -5 9.2216 -5 3.9701 -5 1.6964 -6 7.1961 -6 3.0315 -6 1.2685 -7 5.2737 -7 2.1788

5.0 ( -5) 6.9418 ( -5) 2.9634 ( -5) 1.2558 ( -6) 5.2847 ( -6) 2.2089 ( -7) 9.1724 ( -7) 3.7849 ( -7)1,5523
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x Val, X) ; V(2.0 a)

0.0 0.0000. -1 3.4311

04 -1 0.7999 -1 3.9591
0.2 -1 1.6118 4 4,5665
0,3 -1 2.4481 -1 5.2660
0,4 4 3.3218 -1 6.0721

0.5 -1 4.2467 -1 7.9024

0.6 -1 5.2381 4 74
17 4 6,3130 4 9.3217
0,8 4 7,4906 0 1.0764
19 4 8.7928 0 1.2440

1.0 0 1.0245 0 1.4390

1.1 0 1.1877 0
1,2 0 1.3724 0 1.9325
1.3 0 1.5826 0 2,2442
1.4 0 1.8234 0 2.6104

PARABOLIC (MINOR FUNCTIONS

Mk X) MO, 2)

4 19788 -1 4.92004 10788 -1 5.85614 8,3814 -1 6.9684
... 8948 -1 8.29114 .6332 -1 9.8651

0 1.0617 0 1.1740

0 1.1873 0 1.3975
0 1.3438 / 0 1.6644
0 15356 0 1.9833
0 1.7683 0 13652

0 2.0490 0 2.8230

0 2.7905 0 4.0146
0 3.2748 0 4.8322
0 3.8551 0 5.7959

V(8.1 4 . F(4.0, a)

0.0000 0 0.8578
-1 114731 0 1.0483

0 1.2810
-1 765647 0 1.5652
0 1.0497 0 1.9126

0 BM 0 2.3376
0
0 12033 0 14955
0 17266 0 4.2777
0 3,3501 0 5.2386

0 21::: 0 twri
0 6.0933 0 9.6727
0 7.4224 1 1.1892
0 9.0439 1 1.4640

1.5 31:1111
0 3.0418 I O 6.9626 11:1 1.8048

4 A M 1211
1.7 0 2.7936 0 4.1551
1.8 0 3.2284 0 4.8722
1.9 0 3.7380 0 5.7267

2.0 0 4.3378 0 6.7480
2.1 0 5.0463 0 7.9725

12 0 5,8865 0 9.4452
2.3 0 6.8869 1 1.1222
2.4 0 10823 1 1.3374

2.5
1

19..15214623 1 1.5987
2.6

111.17612.7 1 1.3329
2.8 1 1.5860 1 2.7849
2.9 1 1.8943 1 3.3738

3.0 1 12710 1 11 018
3.1 1 2.7333 1 5.0049
3.2 1 3.3028 1 6.1295
3.3 1 4.0070 1 7.5350
14 i 1 4.8812 1 9.2982

3.5 1 5.9708 2 1.1519
3.6 1 7.3343 2 1.4325
3.7 1 9,0472 2 1.7887
3.8 2 1.1208 2 2.2424
3.9 2 1.3945 2 2.8227

4.0 2) was 2 3.5678 .

4.1 2111870 2 4.5283
4.2 2' ..7569 2 5,7716
4.3 2114909 ' 2 13873
4,4 2 14399 2 9.4956

4,5 2 5.6724 3 1.2258
4.6 2 7.2797 3 1.5893
17 2 9.3849 3 2.0695
4.8 3 1.2154 3 17065
4.9 3 1.5812 3 3.5553

5.0 ( 3) 10666 ( 3) 4.6909

0 6.3925 1 1.0100 1 1.6454
0 7.6047 1 1.2199 1 2.0145
0 9.0697 1 1.4765 1 2.4708

1 1.0844 1 1.7910 1 3.0364
1 1,3000 1 2.1774 1 3.7393

1 1.5626 1 2.6535 1 4.6150

1 1.8834 1 3.2418 1 17092
1 2.2765 1 3.9709 1 7.0801

1 2.7597 i 4.8771 1 8.8025 2
1 3.3555 1 6,0069 2 1.0973
1 4.0926 '1 7.4199 2 1.3716
1 5.0074 1 9.1925 2 1.7193
1 6,1446. 2 1.1423 2 2.1614

1 7.5701 2 1.4240 2 2.7252
1 9.3551 2 1,7809 2 3.4467
2 1.1601 2 2.2345 2 4.3729
2 1.4437 2 2.8131 2 5.5657

2 1.8032 2 15537 2 7.1071

2 2.2604 2 4.5048 2 9.1055

2 2.8441 2 173118 3 1.1705

2 15920 2 13166 3 1.5100
2 4.5540 2 9.3755 3 1.9547
2 17960 3 1.2058 3 15393

2 7.4057 3 1.5567 3 3.3108
2 9.5001 3 2.0173 3 13324
3 1.2236 3 2.6243 3 5.6903
3 1.5823 3 3.4272 3 15019
3 2.0545 3 4.49)4 3 19277

; 2.6786 3 5.9146 4 1.3188

3 4,6106 4 1,0372 4 2.3547

3 6.0871 4 1.3819 4 3.1649
3 10706 4 1.8487 4 4.2708

4)1.070 4) 2.4833 4) 5.7864

1 2.7558
1 3.4139
1 4.2370

1 5.2689
1 6.5656
1 8.1989
2 1.0262
2 1.2873

1.6189
2 2.0411.
2 2.5801
2 3.2701
2 4.1562

2 12976
2 6.7721
2 8.6829
3 1.1167
3 1.4407

3 1.8646
3 2.4212
3 3.1543
3 4.1233
3 14084

3 7,1188
3 9.4032
4 1.2465
4 1.6584
4 12145

4 utea
4 5.3922
4 13096
4 9.9472

5)1.3589

715

711

Table 19.1

v(4.6.4 mom

31..i1'M
0 1.7220

0 2.6124 0 2.6952
0 2.8954 0 13715
0 3.3098 0 4.2178

0 3.8751 0 5.2778
0 4.6180
0 5.5736 0 8.2721
0 6.7880 1 1.0364
0 8.3200 1 1.2993

1 1.0245 1 1 .6033
1 1.2 659 1
1 1.5603 1 2.5728
1 1.9473 1 3.2373
1 2.4227 1 4.0782

1 3.0195
1 !.4.111111 17699

1 /7150 1 8.219$
1 .9076 2 1.0415
1 7.4155 2 1.3218

1 9.3262 2 1.6806
2 1.1753 21.3121
2 1.4841 2
2 1.8781 2 3.4948
2 2.3822. 2 4.4794

2 3.0285 2 5.7544
2 3.8596 2 7.4093
2 4.9310 2
2 6.3162 3 1.2374
2 8.1119 3 1,6051

3 1.0447 3 2.0877

3 1.3491 3 2.7227

3 1.7474 3 3.5606
3 2.2698 3 4.6697
3 2.9574 3 6.1422

3 18650 3 8.1029
3 5.0672 4 1.0722
3 6.6645 4 1.4232
3 8.7939 4 1.8950
4 1.1642 4 2.5313

4 1.5465 4 3.3924
4 2.0613 4 4.5614
4 2.7570 4 6.1538
4 MOOS 4 8.3396
4 4.9845 5 1.1316

4 6.7384 5 1.5426
4 9,1425 5 2.1103
S 1.2450 5 2.8973
5 1.7018 5 3.9923
5 2.3348 5 5.5212

5) 12156 ( 5) 7.6639
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Table 19.3

W( - 5.0, z)

0.0 0.47348
0.1 0.35697
0.2 0.22267
0.3 +0.07727
0.4 -0.07'00

0.5 -0.21764
0.6 - 0.35231
0.7 -0.46911
0.8 -0.56198
0.9 -0.62597

1.0 -0.65752
1.1 -0.65470
1.2 -0.61732
1.3 -0.54700
1.4 -0.44716

1.5 -0.32290
1.6 -0.18077
1.7 -0.02851
1.8 +0.12535
1.9 0.27194

2.0 0.402 53
2.1 0.50907
2.2 0.58468
2.3 0.62416
2.4 0.62438

2.5 0.58460
2.6 0.50668
2.7 0.39507
2.8 0.25669
2.9 +0.10057

3.0 -0.06260
3.1 -0.22123
3.2 -0.36354
3.3 -0.47850
3,4 -0.55672

3.5 -0.59128
3.6 -0.57849
3.7 -0.51836
3.8 - 0.41490
3.9 -0.27601

4.0 - 0.11306
4.1 +0.05995
4.2 0.22741
4.3 0.37359
4.4 0.48406

4.5 0.54726
4.6 0.55583
4.7 0.50770
4.8 0.40664
4,9 0.26226

5.0 0.08936
r(-3)n
L 8 J

r.)
PARABOLIC CYLINDER FUNCTIONS

W( 4,0,x) W( 3.0,x)

AV. 50102 045393)
b'40.391100 0.43901

0.26715 0.32555
+0.13172 0.20231
-0.00899 +0.07298

- 0.14933 -0.05857
-0.28362 -0.18832
-0.40634 -0.31226
.51236 -0.42646
-0.59713 -0.52722

-0.65688 -0.61113
-0.68881 - 0.6752,i
-0.61.121 -0.71706
-0.66 -0.7 88
-O. .-0, 761

- 0.52270 .69502
-0.4495 ,.0.63774
-0,28803 ' 4.55733
-0.14758 i - 0.45625
-0.00009 z -0.33785

+034754 -0.20633
0.28751 -0.06661
0.41299 +0.07581
0.51702 0.21503
0.59364 0.34495

0.63810 0.45960
0.64722 0.55333
0.61968 0.62119._
0.55625 0.65920
0.45985 0.66463

0:33555 0.63631
0.19042 0.57472

+0.03320 0.48225
-0.12614 0.36312
-0.27701 0.22133

-0.40086 *0.07050
-0.51196 -0.08654
-0.57820 -0.23816
-0.60177 -0.37452
- 0.57982 -0.48622

-0.51295 .56500
-0.40534 -0.60443
-0.26474 -0.60059
-0.10210 -0.55252
+0.0692 3 -0.46263

0.23443 -0.33674
0.37847 . -0.18393
0.48758 -0.01604
0.55059 +0.15314

.0.56028 0.30893

0.51440r() n
L J

0.43707

C(8)8
)81

L

W( - 2.0,4

0.60027
0.51126
0.41203
0.30453
0.19088

W( -r) W(
0.47348 0.50102
0.56641 0.5907
0.63113 0.65576
0.66435 0.6951

.6643.4 0.706
A

W

0.53933
0.62350
0.68900
0.73381
0.75649

W(

0.60027
0.6773
0.7407
0.7893
0.8220

+0.07334
-0.04569

.63099
0.56583

0. 972
0 4485

0.75622
0.73285 00.88337696i

-0.16377, 0.47199 '.57370 0.68690 0.8175
-0.278381
-0.38697

0.35408
0.21799 / 0.47898

0.36441
0.61955
0.53268

0.781 3
.728 50

-0.48704 +047061 / 0.23458 0.42880 0.659 5
- 0.57617 4.08044 +0.09483 0.31103 0.57594
-0.65204 -0.227 4 - 0.04897 0.18303 0.47890
-0.71255 -0.3 89 -0.19063 +0.04890 0.37 59
-0.75583 -0. 700 -0.32388 -0.08688 0.25 33

4.78031 .4.56602 -0.44262 -0.21962 0.12 78
-0.78484 /-0.62369 -0.54122 - 0.34454 +0.00 94
-0.76869 -0.64634 - 0.61480 -0.45694 -0.12 97
-0.73166 , -0.63218 -0.65945 -0.55237 -0.24 49
-0.6741 -0.581 47 -0.67250 -0.62680 4.3 05
-0.59707 -0.49661 -0.65271 -0.67684 -0.4 00
-0.50217 -0.38212 -0.60042 -0.69989 -0.5 198
-0,39174 -0.24445 -0.51764 -0.69432 -0.6 649
4.26879 -0.09171 -0.40802 -0.65962 -0.6 061
.4.13696 +0.06678 -0.27680 4.59652 -0.7 184

-0.00046 0.22095 , -0.1306; -0.50704 412830
+0.13603 0.36067 +0.02276 -0.39454 4. 0889

- 0.26749 0.47637 0.17482 -0.26363 4. 6340
0.38872
0.49459

0.55973
0.60434

0.31672
0.43980

-0. 2008
+ 2936

4.59Z65
4.119853

0.58021
0.64123

0.60627
0.56451

0.53615
0.59915

0 17727
0 31.588

-0. 8404
-0. 5332

0.67411 0.48124 0.62397 0 43747 -0. 1153
0.67637 0.36184 0.60808 0 53481 +0. 3530
0.64681 0.21471 0.55155 0 60167 0. 8042 qa

0.58576 +0.05079 0.45725 0 63325 .4301672
0.49519 0.11714 0.33088 0 62663 0.43701
0.37883 -0.27544 0.18074 0 58111 0.53447
0.24205 .41066 +0.01731 49849 0.60305

+0.09180 -0.51073 - 0.14737 38313 0.63793

-0.06370 -0.56615 -0.30058 24189 0.63597
-0.21535 -0.57098 - 0.42985 + .08387 0.59605
-0.35365 -0.52367 -0.52406 - .08010 0.51937
-0.46937 - 0.42750 -0.57448 - .23812 0.40960
- 0.55413 -0.29056 4.57571 - .37804 0.27290

- 0.60118 -0.12531 -0.52643 -10.48847 +0.11769
-0.60601 +0.052 37 -0.42982 0.55975 - 0.04573
- 0.56693 0.22465 -0.29363 0.58492 -0.20576
-0.48549 0.37342 -0.12977 0.56059 - 0.35036
-0.36666 0.48233 +0.04660 - 0.48753 - 0.46788

-0.21874

L e

0.53861
n -ton

0.21827

C8
1)6-1

L j
-0.37095
F-361
L

) j
- 0.54818

C( 8
1051

L j
Values of W( 8,x) for integral values of a are from National Physical Laboratory. Tables of giber parabolic cylinder func-
tions. Computed. by Scientific Computing Service Ltd. Mathematical Introduction by . C. P. Miller. Her Majesty's

Stationery Office, London, England, 1066 (with permission).
a
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z W(2.0,x)

0.0
0.1
0.2
0.3
0.4

0.5
0.6
0.7
0.8
0.9

1.0
1.1
1.2
1.3
1.4

1.5
1.6
1.7
1.8
1.9

-1 6.0027
-1 5.2271
- 1 4.5561
-1 3.9758
-1 3.4744

- 1 3.0411
-1 2,6668
-1 2.3436
-1 2.0644
-1 1.823Y

-1
-1
-1
-1

-2
-2
-2
-2
-2

1,6151
1.4351
1.2795
1.1450
1.0286

9.2770
8,4018
7,6411
6.9782
6.3984

PARABOLIC CYLINDER FUNCTIONS

W(8.0,4 W(4.0,4

1 1

-1 5.3933 -1 5.0102
4.5427 -1 4.1061

- 1 3.8285 -1 3.3667
- 1 3.2292 -1 2.7621
-1 2.7262 -1 2.2677

:1 f..;04
-1 1.8634
-1 1.5327

-1 1.6525 -1 1.2621
-1 1.4028 -1 1.0407
-1 1.1931 -2 8.5930

'7.1 1.0168 -2 7.1069
8.6859 -2 5.8882

-2 7.4385 -2 4.8880
-2 6.3880 -2 4.0663
-2 5.5025) 3.3906

-2 4.7556 -2 2.8343
-2 4.1248 -2 2.3757
-2 3.5917 -2 1.9973

3.1406 -2 1.6845
-2 2.7584 -2 1.4256

2.0 2 5.8890 -2 2.4342 -2 1.2111

2.3 -2 4.6755 -2 1.1247 -3 7.6160

2.1 r2 5,4386
2.2 -2 5.0372 -2 1.9245 -3 8.8491

2.4 -2 4.3456 -2 1.5540 -1 6.5875

2.6 -
2.5 -2 4.0402 -2 1.4075 3 5.7281

3,7524 -2
2.7, 3.4763 -2 1.1719 -3 4.4055
2.8 -2 3.2064
2.9 -2 2.9379

3.0
3.1
3.2
3.3
3.4

3.5
3.6
3.1
3.8
3.9

-2 2.6664
-2 2.3883
-2 2.1007
-2 1,8013
-2 1.4891

-2 1.1637
-3 8.2597
-3 4.7816
-3 1.2365
-3 -2.3273

-2 1.0764 -3 3.8984
-3 9.9205 , -3 3.4711

-3
98.142t1 -3 ;1393.2

- 3 7.8473 2.5414
-3 7,2477 2.3163
-3 6.6685 ?.1209

-3 6,0967 :; P.91951

111-3 4.9326 -3 1. 58
-3 4.3233 -3 11.52
-3 3.6879 -3 '1.401

4.0 -3 -5.8480 -3 MI li
4.1 -3 -9.2508 -3
4.2 -2 - 1.2449 -3 1.6058
4,3 -2 -1,5347 -3 0,8 9
4.4 -2 - 1.7842 -3 +040

4.5 -2 -1.9831 -3 -OA 9
4.6 -2 -2. 213 -3 - 1.4043
4,7 -2 -2 898 -3 -2,1182
4.8 -2 - 815 -3 -2,7786
4.9 -2 -2, 914 -3 -3.3622

5.0 (-2 -1.9179 (-3) -3.8449

For interpolation. see 19.28.

-3 1.2800
-3 14586
-3 1.0349
-4 9.0706
-4 7.7/57

-4 6.3364
-4 4.8704
-4 3.3422
-4 1.7637
-4 404548

(-4) -1.4564

W(53z)

-1 ik.77:::
-1 3.0330
-1 2.4291
-1 1.9466

:1 lit;11
-1 1.0067
-2 8.0964
-2 6.5197

-2
45.15475g1

-2 3.4340
4 '2.7825
-2 2.2590

-2
11.311

-2 1.2246
-2 1.0035
-3 8.2455

-3 5.6183
-3 4.6610
-3 3.8810
-3 3.2443

-3 2.2968
- 3 1.9464
-3 1.6580
-3 1.4202

-3 1.0610
-4 9.2596
-4 8.1356
-4 7.1975

-4 6.4117
-4 5.7506
-4 5.1910
-4 4.7135
-4 4.30171-

-4 3.6211
-4 3.3295
-4 3.0577
- 4 2.7975

-4 2.5418
-4 2.2847
-4 2.0210
-4 1.7468
-4 1.4595

W(2.0,-4)

-1 6.0027
6,8986

-1
791N1

0 1.0497

0 1.2075
0 1.3888

0
1.596

0 2.1061

COI0

2.4156
2.767.4
3.18.2
3.6169

0 4.1247

0 4.6948
0 5.3324
0 6.0424
0 6.8296
0 7.6980

0
0
1

1
1

11
1

8.8507
9.6899
1.0816
1.2027
1.3319'

1.4686
1.6117
1.7597
1.9108

1 2.0626

ji
2.2123
2.3564
2.4910
2.6116

1 2.7232'.

1.
1
1

1
1

2.7908
2,8386
2.8513
2.8234
2.7502

2.6275
2.4523
2.2234.
1.9410

1 1.6079

1 1.2294
0 84345
0 4,7101
0 -0.8430
0 - 5.3626

(-4)1.1577 ( 0)-9.6664

717

W(8.0, -x)

-1
5,3933

-1 7,6114
-1 94448
0 1.0748

0 lira
0 1,8008
0 2,1368
0 2.5335

0 3.0013
0 3,5517
0 4.1980
0 4.9554
0 5.8406

0 6.8726
0 8.0723
0 9.4626
1 1.1069
1 1.2917

1 1,5037
'1 1.7457
1 2.0209
1 2.3322
1 2.6827

1 3.0749
1 3.5113
1 3.9937
1 4.5230
1 5.0992

1 5,7210
1 6.3856
1 7.0882
1 7,8218
1 8.5768

1 9.3410
2 1.0099
2 1.0833
2 1,1520
2 1.2137

2 1.2657
2 1.3050
2 1.3286
2 1.3334
2 1.3167

2 1.2758
2 1.2086
2 1.1138
1 9.9105
1 8.4104

I) 6.6590

Table 19.2

W(4.0,-x) W(5.0, --g)

-1
73112i

-1 7,4658
-1 9.1150
0 1.1128

0
litl:

0 2.0215
0 2.4643
0 3.0019

0 6.5479
0 7.9336

0 4.4431
0 5.'4970

p 9.5984
1 1.1594
1 1.3979
1 1.6824
1 2.0206

1 2.4216
1 2.8952
1 3.4529
1 4.1069
1 4.8711

1 5.7600

1 1.74Z:
1 9.3355
2 1.0886

1

2
2 1.2:Vg
2
2 1.9284
2 2.1983

TIT
2 3.1488
2 3.5057.
2 3.8760

114.6R1r1
2 4.9999
2 5.3475
2 5.6617

2 6.1317
2 6.2561

2 6.2040
2 6.2853

( 2) 5.9981

713

-1 5.9185
-1 7.3991
-1 9.2505 ,

0 1.1564

0 1.4454
0 1.8059
0 2.2555
0 2,8155
0 3.5123

0 4.3782
0 5.4528
0 6,7844
0 8.4318
1 1.0466

1 1.2975
1 1.6060
1 1.9848
1 2.4487
1 3.0155

1 3.7062
1 4.5455
1 5.5623
1 6.7904
1 8.2686

2 1.0042
2 1.2161
2 1.4683
2 1.7672
2 2.1198

2 2.5340
2 3.0174
2 3.5801
2 4.2298
2 4.9757

2 5.8266
2 6.7902
2 7.8732
2 9.0802
3 1.0413

3 1.1870
3 1.3446
3 1.5128
3 1.6899
3 1.8733

3 2.0596
3 2,2445
3 2.4229
3 2.5885
3 2.7344

3)2,8528
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L

Table 19.2

PARABOLIC CYLINDER 'UNCTIONS,

W(-1.0,z) W( -0.8a) W( 0.8, z)

0.0 0.73148 0.75416 0.77982
0.1 0.65958 0.68457 0.71267
0.2 0.38108 0.60881 0.63980
0.3 0.49671 0,52750 0,5617
0.4 0.40726 0.44133 0.479 13

0.5 0.31359 0.35102 0.39240
0.6 0.21659 0.25734 0.30233
0.7 0.11723 0.16111 0.20958
0.8 +0.01657 +0.06324 0.11490
0.9 -0.08429 -0.03529 +0.01912

1.0
1.1

-0.18412
-0.28164

-0.13342
-0.23002

.i11.07684
-0.17198

1.2 -0.37549 -0.32384 10.26523
1.3 -0.46422 - 0.41357 .0.35538
1.4 -0.54635 -0.49783 -0.44119

1

1.5 -0.62034 -0.57517 ,-0,52130
1.6 -0.68464 -0.64409 4.59431
1.7 -0.73771 -0.70310 L0.65875
1.8 -0.77808 - 0.75070 - 0.71317
1.9 -0.80439 -0.78547 -0.75611

2.0 -0.81541 -0.80610 - 0.78618
2.1 -0.81014 0.81144 -0.80212
2.2 -0.78787 -0.80054 -0.80282
2.3 - 0.74822 4.77279 -.0.78741
2.4 -0.69124 - 0.72790' -0.75531

2.5 -0.61743 .0.66601 -0.70633
2.6 -0.52785 .0.58777 -0.64071
2,7 -0.42412 . .4.49436 -0.55918
2.8 -0.30847 - 0.38753 -0.46303
2.9 -0.18374 - 0.26968 -0.35416

3.0 -0.05335 -0.14378 -0.23506
3.1 +0.07873 - 0.01339 -0.10884
3.2 0.20811 +0.11741 +0.02083
3.3 0.33006 0.24412 0.14977
3.4 0.43974 0.36198 0.27340

3.5 0.53233 0.46613 0.38695
3.6 0.60334 0,55184 0.48557
3.7 0.64885 0.61476 0.56460
3,8 0.66575 0.65118 0.61986
19 0.65207 0.65834 0.64786

4.0 0.60721 0.63466 0.64616
4.1 "0.53214 0.58002 0.61356
4.2 0.42952 0.49593 0.55042
4.3 0.30382 0.38565 0.45874
4.4 0.16115 0.25422 0.34234

4.5 +0.00918 +0.10831 0.20677
4.6 -0.14329 -0,04397 +0.05918
4.7 -0.28674 -0.19348 -0.09193
4.8 -0.41153 -0.33057 -0.23720
4.9 - 0.50861 -0.44572 -0.36694

5.0 - 0.57025 -0.53023 -0.47182
r( - 3)41

6 J C(

- 8)416 j r( --)n
6 J

W(- 0.7,z) W( 0.13, W(- 0.5,z) W(-0.4,z),

0.80879 0.84130 0.87718 0.91553
0.74421 0.77940 0.81803 0,85912
0.67441 0.71281 0.75477 0.79925
0.59981 0.64187 0.68766 0.73610
0.52089 0.56693 - 0.61696. 0.66984

0.43811 0.48837 0.54293 0.60064
0.35200 0.40658 0.46584 0.52866
0.26311 0.32198 0.38601 0.45409
0.17206 0,23506 0.30379 0.37715

+0.07954 0.14637 0.21956. 0.29811
. ,

-0.01369 +0.05650 0.13380 0.21727
-0.10679 -0.03384 +0.04704 0.13503
- 0.19880 -0.12386 -0.04009 +0.05185
0.28870 - 0.21269 - 0.12687 -0.03172
-9.37536 - 0.2993.3 -0.21246 -0.11502

- 0.45753 -0.38270 .29594 -0.19728
-0.53393 ,-0.46162 4.37627 - 0.27764
0.60317 -0.53480 4..0.45231 -0.35510
-0.66382 - 0.60091 -0.52280 -0.42857
-0.71446 -0.65854 -0.58645.. -0.49684

- 0.75365 -0.70628 - 0.64186 -0.55864
-0,78003 - 0.74273 .. -0.68765 -0.61261
-0.79238 -0.76654 -0.72243 -0.65738
- 0.78960 -0.77649 - 0.74486 -0.69156
-0.77089 -0.77153 -0.75373 -0.71385

-0.73570 -0.75086 -0.74799 -0.72301
-0.68391 -0.71398 -0.72686 -0.71801
- 0.61582 -0.66079 -0.68984 -0.69802
-0.53224 -0;69164 - 0.63684 -0.66256

,- 0.43455 -0.50739 -0.56821 -0.61149

-0.12474- -140948 -0.48485 -0,54517
- 0.20540 -0.29995 -0.38820 -0.46444
-0.07973 -0.18146 - 0.28034 -0.37075
+0.04150 -0.05729 -0.16395 -0.26614
0.17504 +0.06875 -0,04232 -0.15327

0.29527 0.19236 +0.08071 .-0,03541
0.40440 0.30891 0.20083 +0.08365

, 0.49761 0.41360 0.31342 0.19963
0.57035 0.50168 0.41373 0.30797
0.61858 0.56868 0.49706 0.40397

0.63904 0.61072 0.55906 0.48303
0.62958 0.62476 0.59598 0.54088

'0.58939 0.60092 0.60496 0.57391'
0.51423 0.56270 0,58431 0.57944
0.42158 0.48725 0.53398 0.55599

0.30072 0,38544 0.45522 0.50355
0.16266 0.26194 0.35129 0.42375

+0.01497 +0.12315 0.22716 0.31998
-0.13360 -0.02310 0.08947 0.19740
-0.27352 -0.16782 -0.05374 +0.06277

-0.39516 - 0.30146 -0.19341 -0.07580
I( - 3)41

C(
-3)41

L 6 j L 6 j C(L 6 )4]
r( -8)41
L 6 j

.

71d,



c

x

/ 0.0
0.1 .
0.2
0.3
0,4

0.5
0.6
0.7
0.8
0.9

1,0
1.1
1.2
1.3
1.4

1.5
1.6
1.7
1.8
1.9

2.0
2.1
2.2
2.3
2.4

2.5
2.6
2.7
2.8
2.9

3.0
3.1
3.2
3,3
3.4

3.5
3.6
3.7
3.8.
3.9

4.0
4.1
4,2
4.3
4.4

4.5
4.6
4.7
4.8
4.9

5.0

W( - 1.0, -x)

0.73148
0.79607
0.85267
0.90067
0.93946

0.96849
0.98722
0.99521
0.99202
0.97734

0.95092
0.91262
0.86244
0.80055
0.72729

0.64322
0.54911
0.44603
0.33528
0.21849

+0.09757
- 0.02528
-0.14758
-0.26660
-0.37941

-0.48297
-0.57415
-0.64990
-0.70733
-0.74387

- 0.75737
-0.74633
-0.70996
-0.64841
-0.56281

-0.45542
-0.32961
-0t18992
-0.04191
+0.10799

0.25266
0.38471
0.49679
0.58208
0.63477

0.65055
0.62708
0.56440
0.46513
0.33464

0.18091

I" ( - 3)61
L 6 i

PARABOLIC CYLINDER FUNCTIONS

W( -OA -4) W( - 0.8, -4) W( - 0.7, -2) W( - 0.6, -x)

0.751116 0.77982 0.80879 0.84130
0.81697 - 0.84073 0.86771 0.89814

, 0.87241 0.89490 0.92053 0.94958
0.91990 0.94182 .0.96682 0.99522
0.95892 0,98099 1.00612 1.03467

0.98892 1.01192 1.067491.03797-
1.061911.00940 1.03413 1.09323

1.01990 1.04713 1.111431.07745
1.01997 1.05048 1.121601.08414
1.00923 1.04374 1.123251.08161

.1.069120.98738 1.02655 1.11589
0.95418 0.99859 1.099041.04657
0.90952 4.95962 1.072281.01355
0.85341 0.90954 1.035230.96978
0.78603 0.84835 0.987600.91515

0.70774 0.77623 0.9292311.84963
0.61912 0.69355 0.860060.77341

0.686840.52099 0.60091 0.78025
0.41443 0.49914 0.690140.59053
0.30081 0.38936 0.590320.48532

0.18179 0.27298 0.481660.37236
+0.05934 0.15171 0.365310.25309
-0.06427 +0.02758 0.242780.12930
-0.18651 -0.09709 +0.11588+0.00305
-0.30459 -0.21967 -0.01322-0.12323

-0.41552 -0.33731 -0.14203-0.24685
-0.51623 -0.44698 -0.26774.4.36487
-0.60356 - 0.54551. -0.38730-0.47416
-0.67449 -0.62975 -0.49748-0.57149
-0.72615 - 0.69663 -0.59492-0.65363

-0.75605 -0.74331 -0.67629-0.71748
-0.76219 -0;76738 -0.73841-0.76019

-0.77937- 0.74323' -0.76692 -0.77841
-0.69863 -0.74077 -0.79386-0.77320
-0.62881 -0.68862 -0.78300-0.74065

-0.53525 -0.61114 -0.74490-0.68160
-0.42059 -041016 -0.67961- 0.59701

-0.48899-0.28860 -0.38867 -0.58833
-0.14423 -0.25086 -0.473494.36092

-0.21739+0.00657 -0.10208 -0.33883

0.15702 +0.05134 -0.18934- 0.06416
0.29976 0.20225 -0.03124+0.09203

0.243660.42722 0.34301 +0.12831
0.53205 0.46597 0.281400.38285

0.501710.60759 0.56312 0.41981

0.64841 0.62979 0.535430.59285
0.649970.65075 0.65910 0.62083

0.61301 0.64846 0.669820.66833
0.53614 0.59705 0.678000.64531
0.42379 0.50672 0.643280.58085

0.477710.28240 0.38215 0.56635

r(-8)151 r( -3)61 r(-3)61[( -60)1i 6 i L 6 j L 6 j

,

719

W( - OA - x)

Table 19.8

W( -0.4, «x)

0.87718 0.91553
0.93193 0,96827
0.98201 1.01711

,1.02707 1.06178
1.06677 1.10197

1.10070 1.13729
1.12843 1.16736
1.14951 1.19170
1,16343 1.20981
1.16966 1.22114

1.16769 1.22511
1.15695 1.22112
1.13693 1.20855
1.10714 1.r8680
1.06714 1.15529

1.01659 1.11351
0.95525 1.06102
0.88304 0.99750
0.80004 0.92281
0.70659 0.83697

0.60326 0.74025
0.49090 0.63319
0.37070 0.51665
0.24419 0.39182

+0.11327 0.26028

-0.01983 +0.12398
-0.15248 -0.01472
-0.28178 -0.15309
-0.40451 -0.28802
-0.51729 -0.41615

-0.61660 ,- 0.53384
-0.69897 -0.63739,
- 0.76108 -0.72310
-0.79994 4.78743
- 0.81309 0.82721

-0.79874 .83985
-0.75603 4.82349
-0.68515 -0.77725
-048750 «0.70141
-0.46582 - 0,59756

- 0.32421 -0.46872
4.16811 -0.31 938
-0.00420 -0.15545
+0.15987 +0.01587
0.31572 0.18634

0.45473 0.34702
0.56851 0,48877
0.64950 0.60280
0.69154 0.68125
0.69050 0.71794

0.64481 0.70889

[( 3)61 [( 8)615 5

715



716 PARABOLIC CYLINDER FUNCTIONS

- Table 19.2
I

x W( - 0.3, x) W( - 0.2, 2) W( - 0.1,x) W(0, x)

,0.0 0.95411 0.98880 1.01364 1,02277
0.1 0.90030 0.93725 0.96381 0.97388
0.2 0,84377 0.88381 0.91299 0.92496
0.3 0.78461 0.82851 0.86116 0.87595
0.4 0.72293 0,77137 0.80828 0,82673

0.5 0.65878 0.71237 4 0.75416 0.77719
0.6 0.59225 0.65150 0.69902 0.72716
0.7 0.52341 0.58875 0.64245 0.67647
0.8 0.45236 0.52410 0.58445 0.62496
0.9 0.37924 0.45756 0.52493 0.57244

1.0 0.30421 0.38918 0.463E3 0.51877
1.1 0,22741 0.31906 0.40111 0.46381
1.2 0.14946 0.24734 0.33677 0.40744
1.3 +0.07042 0.17425 0.27090 0.34961
1,4 -0.00912 0.10007 0.20361 0.29032

1.5 - 0.08857 +0.02522 0.13514 0.22960
1.6 -0.16725 -0.04982 +0.06577 0.16760
1.7 -0.24435 -0.12443 1 -0.00407 0.10454
4.8 -0.31894 -0.19788 , -0.0738, +0.04073
1.9 -0.38999 -0.26933 -0.14299 -0.02340

-
2.0 -0,45633 -0.33779 -0.21066 -0.08731
2.1 -0.51674 -0.40219 - 0.27600. -0.15034
2.2 -0.56989 -0.46135 -0.33802 -0.21170
2.3 -0.61444 -0.51400 -0.59560 -0.27048
2.4 - 0.64903. -0.55882 -0.44755 '0.32569

.

2,5 - ').67233 -0.59448 -0.49261 -0.37619
2.6 -0.68311 -0.61966 -0.52947 -0.42082
2.7 -0.68033 - 0.63315 -0.55686 -0.45833
2,8 -0.66313 -0.63385 -0.57356 -0.48749
2.9 -0:63097 -0.62088 -0.57846 -0.50710

1 0 -0.58369 -0.59365 -0.57063 -0.51607
3.1 -0,52157 -0.55190 .54943 -0.51344
3.2 -0.44541 -0.49584 -0.51451 -0.49851
3.3 -0.35655 -0.42613 -0.46594 -0.47084
3.4 -0.25697 -0.34402

I
-0.40427 -0.43039

3.5 -0,14924 -0.25134 -0.33055 -0.37754
3.6 -0.03654 -0.15050 -0.24643 -0.31318
'i.1 +0.07742 -0.04453 - 0.15413 -023871
3.8" 0.18846 +0.06302 -0.05645 -0.15612
3.9 0.29213 0.16814 +0.04330 -0.06794

4.0 0.38382 0.26651 0.14132 +0.02278
4.1 0.45904 0.35370 0.23354 0.11257
4.2 0.51364 0.42535 0.31572 0.19762

, 4.3 0.54413 0.47744 0.38368 0.27395 ,
4.4 0.54) 93 0.50658 .0.43357 0.33764

4.5 0.52370 0.51029 0.46212 0.38503
4.6 0.47151 0.48726 0.46690 0.41300
4.7 0.39312 0.43762 0.44663 0.41921
4.8 0.29197 0.36308 0.40138 0.40237

..
4.9 0.17321 0.26703 0.33274 0.36248

5.0 0.04376 0.15455 0.24393 0.30095

3)41 r( r( -am n -am
L. L L 5 J

4

72

W(0.1, x)

1.01364
0.96480
0.91691
0.86984
0.82344

0.77753
0.73192
0.68637
0.64067
0.59459

- 0.54790
0.50038
0.45186
0.40217
0.35118

0.29883
0.24510
0.19006
0.13384
0.07667"

+0.01891
-0.03902
-0.09655
-0.15300
-0.20756.
-0.25934
-0,30731
-0.35040
-0.38745
-0.41729

-0.43878
;0.45085
-0.45256
-0.44315
-0.42215

-0.38941
-0.34517
-0.29013
-0.22549
-0.15299

,-0.07486
+0.00615
0.08689
0.16386
0.23342

0.29194
0.33601
'0.36270
0.36981
0.35608

0.32145

W(0,2, x) W(0.8, x)

0.98880 0.95411
0.93920 0.9011
0.89145 0.8548
0.84540 0.80896
0.80084 0.76536

0.75757 0.72375
, 0.71533 0.68386

0.67388 0.64540
0.63296 0.60809
0.59228 0.57163

0.55160 0.53573
0.51063 0.! " "t0'
0.46915 0.4%, .
0.42691 0.4204
0.38374 0.39209

0.33945 0.35491
0.29393 0.31674
0.24713 0.27761

/0.19904 0.23725
0.14975 0.19569

0.09941 0.15296
+0.04828 0.10917
-0.00327 0.06450
-0.05478 +0.01926
.4.10567 , - 0.02617

-0.15523 - 0.07129
-0.20267
-0.24709

.4.1121
-10

-0.28749 -0.19829
-0.32283 -0.23518

,. -0.35203 -0.26783
-0.37401 .29526
-0.38777
-0.39239

.-0.31648
-0.33055

-0.38713 -0.33663

-0.37148 -0.33401
.34523 -0.32218
-0.30852 -0.30091
-0.26190 -0.27027
-0.20639 - 0.23072

41.14349 -0.18313
-0.07518 -0.12880
-0.00389 -0.06948
+0.06754 -0.00733

0.13597 +0.05511

0.19809 0.11504
0.25059 0.16948
0.29037 0.21549
0.31476 0.25027
0.32171 0.27144

0.31009 0.27719
[(12] [(



1

PARABOLIC CYLINDER FUNCTIONS

X I( - 0,8, -x) W( W( OA, ..X) W(0, ..4)

0.0 0.95411 0.98880 1.01364 1.02277
0.1 1.00506 1.03835 1.06245 1.07165
0.2 1.05296 1.08581 1.11816 1.12050
0.3 1.09759 1.13097 1.15665 1.16924
0.4 1.13868 1.17362 1.2172 1.21771

0.5 1.17589 1.21344 11:1610 1.26568
0.6 1.20884 1.25007 1.28645 1.31285
0.7 1.23706 1.28307 1.32534 1.35884
0.8 1.26006 1.31193 1.36129 1.40315
0.9 1.27725 1.33606 1039368 1.44521

1.0 1.28802 1.35480 1.42185 1,48433
1.1 1.29171 1.36744 1.44504 1.51974
1.2 1.28761 1.37321 1.46241 1.55054
1.3 1.27501 1.37129 1.47304 1.57575
1.4 1.25320 .1.36083 1.47598 1.59429

1.5 1.22150 1.34098 1.47020 ! 1.60502
1.6 1.17926 1.31091 1.45469 1.60672
1.7 1.12596 1.26983 1.42841 1.59813
1.8 1.06115 1.21705 1.39039 1.57800
1.9 0.98458 1.15200 1.33973 1.54509

2.0 0.89620 1.07426 1.27565 .49825
2.1 0.79618 0.98365 1.19757 43644
2.2 0.68503 0.88026 1.10510 - 1.5882
2.3 0.56357 '0.76448 0.99819 1. 78
2.4 0.43300 0.63710 0.87711 :1.1 405

2.5 0.29492 0.49932 0.74256 1.02673 '
2.6 0.15140 0.35277 0.59571 0.88342
2.7 +0.00489 0.19959 0.43825 0.72523
2.8 - 0.14168 +0.04242 0.2 7241 0.55388
2.9 - 0.28503 - 0.11563 +0.10100 0.37173

3.0 - 0.42150 - 0.27098 4.07258 +0.18182
3.1 - 0.54722 - 0.41967 .,24442 - 0.01213
3.2 - 0.65815 - 0.55742 - 0.41011 - 0.20574
3.3 - 0.75027 - 0.67978 - 0.56487 - 0.39404
.3.4 - 0.81974 - 0.78229 4.70368 - 0.57158

3.5 .4.86311 - 0.86067 - 0.82147 - 0.73259
3.6 - 0.87754 - 0.91101 - 0.91331 e -0.87118
3.7 - 0.86098 - 0.93010 - 0.97470 - 0.98158
18 -0.81248 - 0.91559 - 1.00185 .4.05844
3.9 - 0.73233 - 0.86631 - 0.99193 - 1.09719

4.0 -0.62227 - 0.78249 - 0.94343 - 1.09434
4.1 4.48559 - 0.66595 - 0.85640 - 1.04786
4.2 - 0.32717 - 0.52024 - 0.73270 - 0.95753
4.3 4.15346 - 0.35070 - 0.57611, - 0.82515
4.4 +0.02771 - 0.16437 .4.39249 - 0.65483

4.5 0.20739 +043014 - 0.18962 - 0.45301
4.6 0.37594 042299 +0.02291 - 0.22843
4.7 0.52351 0.40359 0.23414 +0.00810
4.8 0.64069 0.56113 0.43218 0.24408
4.9 0.71919 0.68534 0.60494 0.46598

S.0 0,75259 0.76721 0.74090 0.65996

L
r( Ann r

L
( r

5 j 5
T1 -ton
L 6 j

W(0.1, -z) W(0.2, -z).

1.01364 0.98880
1.06348 1.04037"
1.11435 1.09399
1.16622 1.14968
1,21899 1.20741

1.27248 1.26706
1.32644 1.32845
1.38053 1.39129
1.43429 1.45520
1.48719 1.51968

1.53855 1.58412
1.58760 - 144775
1.63341 1.70967
1.67498 1.76885
1.71113 1.82408

1.74059 1.87401
1.76801 1.91 713
1.77390 1.9518
1.77474 1.976
1.76299 1.988

1.73709 1.98714
1.69557 1.96968
1.63706 1.93448
1.56041 1.87972
1.46471 1.80390

1.34942 1.70575
1.21444 1.58440
1.06021 1.43949
0.88776 1.27129
0.69887 1.08078

0.49606 0.86979
0.28264 0.64105

+0.06279 0.39827
-0.15855 +0.14618
-0.37567 -0.10952

-0.58228 -0.36221
-0.77162 -0.60449
-0.93674 -0.82836
-1.07077 -1.02554
-1.16728 -1.18779

-1.22069 -1.30732
-1.22662 -1.37730
-1.18240 -1.39231
-1.08743 -1.34891
-0.94350 -1.24610

-0.75508 .1.08573
-0.52942 -0.87285
-0.27649 -0.61582
-0.00874 -0.32626
+0.25940 -0.01876

0.51219

[119 NI
+0.28970

721

Table 19.2

W(0.8, -z)

0.95411
1.00797
1.06483.
1.12477
1.18782

1.25396
1.32307
1.39494
1.46928
1.54567

1.62356
1.70224
1.78087
1.85841
1.93366

2.00522
2.07150
2.13072
2.18093
2.22000

2,24569
2,25565
2.24752
2.21894
2.16770

2.0917/
1.98946
1.85956
1.70140
1.51507

1.30151
1.06267
0.80159
0.52249

+0.23083

-0.06670
-0.36232
-0.64721
-0.91187
-1.14634

-1.34070
-1.48554
-1.57256
-1.59514
-1.54901

-1.43285
-1.24877
-1.00271
-0.70462
-0.36835

-0.01132

Lr( 5
8)91j

717
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Table 19.2

W(0.4,x) W(0.5,x) W(0.6,x) W(6,7,x)

3.0 0.91553 0.87718 0.84130 0.80879
0.1 0.86271 0.82232 0.78433 0.74973
0.2 0.81331 0.77155 0:73205 0.69590
0.3 0,76709 0.72456 0.68408 0.64687
0.4 0.72376 * 0.68104 0.64007 0.60222

0.5 0.68304 0.64064 0.59964 . 0.56155
0.6 0.64462 0.60305 0.56244 0.52446
1.7 0.60820 0.56793 0.52810 0,49058 v
0.8 0.57347 0.53495 0.49629 0.45952
0.9 0.54011 0.50380 0.46666 0.43095

1.0 0.50782 0.47414 0.43889 0.40452
1.1 0.47630. 0.44567 0.41266 0.37942
1.2 0.44523 0.41808 0.38765 0.35566882
1.3 0.41435 0.39108 0.36358 0.33494
1.4 0.38338 0.36438 0.34015 0.31399

1.5 0,35206 0.33771 0.31709 0.29370
1.6 0.32018 0,31084. 0.29416 0.27382
1.7 0.28752 0.28)54 0.27111 0.25410
1.8 0.25395 0.25561 0.24773 0.23433
1.9 0.219.34 0.22689 0.22384 0.21430

2.0 0.18363 0.19726 0.19927 0.19384
2.1 0.14682 0.16665 0.17390 0.17280
2.2 0.10899 0.13504 0.14767 0.15107
2.3 0.0702% 0.10248 0.12054 0.12857
2.4 +0.0309C *0.06908 0.09255 0.10528

2.5, -0.00872 0.03504 0.06378 0,08121
2,6 -0.04827 +0.00063 0.03440 0.05645
2.7 -0.08719 -0.03378 +0.00466 0.03113
2.8 -0.12486 -0.06773 -0.02513 +0.00547
2.9 -0.16058 -0.10069 -0.05457 -0.02025

3.0 -0.19356 -0.13202 - 0.08319 -0.04569
3.1 -0.22295 -0.16105 - 0.11043 -0.07041
3.2 -0.24788 -0.18700 -0.13568 -0.09392
3.3 -0.26746 -0.20910 -0.15826 -0.11569
3.4 -0.28083 -0.22656 -4.17749 -0.13511

1

3.5 -0.28722 -0.23261 -0. 9265 -0.15158
3.6 -0.28598 -0.24455 -0. 0307 -0.16446
3.7 -0.27664 -0.24381 -0. 0814 -0.17317
1.8 -0.25895 -0.23596 -0. 0735 -0.17718
3.9 -023299 -0.22079 -0. 0033 - 0.17604

4.0 -0.19913 -0.19835 -048692 - 0.16946
4,1 -0.15813 * -0.16901 - 0.1671.7 -0.15730
4.2 -0,11115 -0.13343 -0.14143 -0.13965
4.3 - 0.05975 -0.09266 -0.11032 - 0.11684
4,4 -0.00585 -0.04811 -0.07481 -0.08947

4.5 +0.04828 -0.00149 -0.03614 -0.05843
4.6 0.1001,6 +0.04518 +0.00411 -0.02485
4,7 0.14714 0.08968 0.04416 +0.00985
4.8 0.18659 0.12967 0.08203 0.04406
4.9 0.21607 0.16286 0.11567 0.07604

5,0 0,23350 0.18712 0.14307 0.10399
r(-3,21
1 5 J

r(-8)11 r( 4)81
L s j L 6 j r(-071

L 4 J

-.,
7°2

W(0.8,x) W(0.9,x) W(1.0,x)

77982 0.75416 0.73148
0. 1874 0.69116 0.66667
0.6 339 0.63436 0.60852
0.61 28 0.58321 0,55639
0.567 4 0.53718 0.50970

0.52692 0.49578 0.46791
0.48979 0.45853 0.43051
0.45614 0.42499 0.39703
0.42558 0.39476 0.36704
0.39774 x.36745 0.34013

i
0.37228 0. 4271 0.31594
0.34888 0. 020 0.29412
0.32720 0.2 60 0.27435
0.30697 0.28'3 0.25634
0.28790 0.262 9

.
0.23981

0.26973 0.24643 0.22451
.0.25219 0.23071 0.21019
0.23506 0.21559 0.19662
0.21812 0.20085 0.18361
0.20115 ' 0.18629 0.17094

0.18398 0.17173 0,15845
0.16644 0.15700, 0.14595
0.14841 0.14195 0.13331
0.12976 0.12647 0.12038
0.11045 0.11045 0.10/07

0.09043 0.09385 0.09330
0.06972 0.07662 0.07900
0.04840 0.05879 0.06416
0.02659 0.04042 0.04879

+0.00447 0.02163 0.03296

-0.01769 +0.00259 0.01677
-0.03960 -0,01649 +0.00038
-0.06087 -0.03531 -0.01602
-0.08106 -0.05355 -0.03216
-0.099690 -0.07080 - 0.04774

- 0.11623 -0.08664 -0.06242
0.13014 -0.10061 - 0.07581
0,14088 -0.11222 -0.08750i-0.14793 -0.12101 - 0.09707

-0.15084 -0.12652 -0.10411

-0.14922 -0.12836 -0.10824
-0.14284 -0.12624 -0.10912!
- 0.13162 -0.11996 -0.10653
-0.11566 -0.10948 -0.10030
-0.09531 -0.09494 -0.09046

-0.07112 - 0.07669 - 0.07716
-0,04392 -0.05525 -0,06075
-0.014771 - 0.03141 - 0.04174
+0.0150 -0.00614 -0,02086

0.04414 +0.01943 +0.00100

0.07092
r(-4)n
L 4 J

0.04399
r(-4)81
L 4- j

0.02281
rc-osi
L 4 J



0

x W(0.4, -4)

0.0
0.1
0.2
0.3
0.4

0.5
0.6
0.7
0.8
0.9

1.5
1.6
1.7
1.8
1.9

2.0
2.1
2.2
2.3
2.4

0.91553
0.97201
1.03235
1.09671
1.16520

1.23789
1.31475
1.39567
1.48046
1.56879

1.6602
1.7541
1.8497
1.9460
2.0418

2.1358
2.2263
2.3115
2.3891*
2.4570

2.5125
2.5529
2.5754
2.5770
2.5548

2.5 2.5061
2.6 2.4283
2.7 2.3192
2.8 2.1772
2.9 2.0013

3.0 1.7914
3.1 1.5484
3.2 1.2746
3.3 0.9733
3.4 0.6496

3.5 +0.3098
3.6 - 0.0381
3.7 - 0.3848
3.8 - 0.7198
3.9 - 1.0317

4.0 - 1.3084
4.1 - 1.5382
4,2 4.7095
4.3 - 1.8124
4.4 - 1.8391

4.5 - 1.7844
4.6 - 1.6469
4.7 *1.4292
4.8 - 1.1387
4.9 - 0.7876

5.0 - 0.3927

C(-
2 01

J5

PARABOLIC CYLINDER FUNCTIONS

W(0.5, Z) W(0.8, -Z)

0.87718 0.84130
0.93642 0.90331
1.00031 0.97072
1.06911 1.04386
1.14300 142302-

W(0.7, ..4)

0.80879
0.87352
0.94433
1.02166

±1.10.59.1-

W(0.8, -4)

0.77982
0.84714
0.92222
1.00258
1409173

ve(0.9,-z)

0.75416
0.82396
0.90115
0.98636
1.08022

1.22215 1.20846 1.19746 1.18917 1.18338
1.30664 1.30040 1.29663 1.29538 1.29644

1.39648 1.39896 1.40371 1.41079 1.42000

1.49158 1.50419 1.51888 1.53574 1.55459 .

1.59174 1.61602 1.64225 1.67051 1:70068

1.6966 17343 1.7738 1.8153 1.8586
1.8057 1.8586 1.9131 1.9700 2.0286
1.9184 1.9884 2.0603 2.1345 2.2107
2.0337 2.1230 2.2144 2.3083 2.4048
2.1506 2.2613 2.3746 2.4909 2.6102

2.2677 2.4020 2.5397 2.6811 2.8264
2.3833 2.5437 2.7083 2.8777 3.0520
2.4956 2.6843 2.8785 3.0788 3.2856
2.6023 2.8216 3.0480 3.2823 3.5249
2.7009 2.9529 .3.2141 .3.4854 3.7674

2.7886 3.0752 3.3737 3.6849 4.0097

2.8623 11853 3.5231 3.8770 , 4.2479
2.9188 12793 3.6583 4.0573 4.4775

;9546 3.3532 3.7748 4.2209 4.6931

2.9660 3.4030 3.8678 4.3624 4.8889

2.9496 3.4241 3.9321 4.4760 5.0582
2.9018 3.4124 3.9626 4.5555 5.1940

2.8196 3.3634 3.9538 4.5944 5.2887

2.7001 3.2734 3.9007 4.5863 5.3346
2.5413 3,1389 3.7984 4.5251 5.3240

2.3419 2.9573 3.6430 4.4050 5.2495

2.1015 2.7270 3.4312 4.2211 5.1041

1.8213 . 2.4478 3.1612 3.9697 4.8822

1.5038 2.1206 2.8324 3.6486 4.5794

1.1529 1.7487 2.4466 3.2576 4.1934

0.7746 1.3369 2.0074 2.7987 3.7241

+0.3767 0.8923 1.5210 2.2767 3.1746'

- 0.0314 +0.4244 0.9962 1.6994 2.5511 'N
0.4385 -0.0553 +0.4445 1.0779 1.8636 ,

.8319 -0.5332 -0.1199 +0.4263 1.1259

1.1977 -0.9940 -0.6804 - 0.2378 +0.3558

4.5216 -1.4209 -1.2184 - 0.8941 -0.4249
- 1.7893 -1.7966 4.7136 -1.5199 -1.1915

1.9871 - 2.1039 - 2.1453 -2.0907 -1.9160
- 2.1032 - 2.3268 - 2.4930 -2.5817 -2.5692

- 2.1283 - 2.4513 4.7376 -2.9685 -3.1213
- 2.0567 r2.4668 - 2.8632 -3.2291 -3.5417
- 1.8870 .3670 -2.8579 -3.3452 -3.8110
- 1.6231 III .1513 - 2.7153 -3.3040 -3.9027
- 1.2742 .8252 - 2.4359 - 3.0995 -3.8054

- 0.8557
n '4
L 6

0 - 1.4010
r(-2)11

5 J

2.0281
r(--2)21L 5

-2.7346
r(-2)21

J

-3.5149
-2)21L 5 j

723

Table 19.2

ve(1.0,-z)

0.73148
0.80361
0.88375
0.97265
1.07106

1.17975
1.29949
1.43106
1.57519
1.73254

1.9037
2.0891
2.2891
2.5037
2.7327

2.9756
3.2316
3.4991
3.7762
4.0605

4.3487
4.6368
4.9201
5.1930
5.4490

5.6811
5.8811
6.0405
6.1502
6.2008

6.1.832
6.0883
5.9081
5.6359
5.2659

4.7985
4.2315
3.5700
2.8225
2.0016

1.1251
+0.2152
-0.7013
-165936
- 2.4280

-3.1692
-3.7818
-4,2326
-4.4924
-4.5392

-4.3599

CL̀ 5 j



720
a

Task 19.3

\ PARABOLIC CYLINDER IIINCTIONB

AUXILIARY FUNCTIONS

The functions fp es, e9 of '19.10 and 19.23 are needed in Darn's expansion and also

the function t of 19.1 and \19.20.
di 03

0.0 0.00000 0, 39270 - 0.70270
0.1 0.05008. 0.34278 - 0.64181
0.2 0.10066 0. 29331 - 0.57855
0.3 -0,,.5222 0.24498 - 0.51304
0. 4 0.20521 0.19817. - 0.44540

0.5
0. 6
0.7
0.8
0. 9

0. 26006
0, 31713
0. 37678
0.43929
0.50492

1.0
1.1
1.2
1. 3

01

. 0.57390
0.64640
0. 72261
0. 80265

1.4 0.88666

1.5 0.97473
1.6 1.06696
1.7 1.16344
1.8 1.26422
1.9 1.36937

2.0 1.47894
2.1 1.59299
2.2 1.71155
2. 3 , I. 83466
2.4 1 1.96236

2. 5 , .09467
2. 6 2. 23163
2.7 I 2.37325

2. 9 2. 67058
2. 8 2. 51956

3.0 2. 82632
3.1 2.98681
3.2 , 3.15205
3.3 3. 32207
3.4 3.49688

3. 5 3. 67648
3.6 3. 86089
3.7 4.05011
3.81 4.24416
3. 4.44305

0.19355
0.11182
0. 07387
0. 04088
0. 01468

0. 00000
0.01513
0.04341
0. 08086
0.12617

0.17866
0.23786
0.30347
0. 37527
0.45309

0.53679
A. 62626
0. 72142
0.82220
0.92853

1.04036
1.15764
1.28034
1. 40843
1.54187

1.68063
1.82470
1. 97406
2. 12867
2. 28853

2. 45363
2. 62394
2. 79946
2.98017'
3.16606

0 4.64678 3.35712
:1 4.85537 3.55335
.2 5. 0688 3. 75474

/4.3 5.2871 3.96127
8, 4 5.510 , 4. 17295

4, 5 1 5. 7)133 4.38976 3.51308)
,, 4.6 5. 9 126 4. 61169 3.63051
1 4. 7 6. 0908 4.83875 3. 74872

4.8 , 45178 5. 07093 3.86770
4.91 69938 5. 30822 3.98743

S. 0 6.95188 5.55062
r( -40n r( 4)21L4 J LeJ

When interpolating for 63 and
use , 2

di- 210312 Or ri 01111 (

- 0.37574
- 0.30415
-0. 23071
-0.15549
- 0.07857

0.00000
0.08015
0.16185
0. 24502
0.32'964

0. $1566
0. 50304
0.59175
0.68175
0.77300

0.86549
0.95917
1. 05403
1.15004
1.24716

1.34539
1. 44470
1. 54506
1.64646
1.74888

1.85229
1. 95669
2.06206
2.16837
2. 27562

2. 38378
2.49285
2.60281
2.71365
2.82536

2. 93791
3.05131
3.16554
3.28058
3. 39643

I el
5.0
5. 1
5,2
5.3
5.4

5.5
5.6
5. 7
5.8
5.9

6. 9519
7.2093
7.4716
7. 7388
8. 0109

8. 2880
8. 5700
8. 8569
9. 1487
9.4454

02

5. 5506
5:7981
6.0507
6. 3084
6.5712

6. 8391
7.1120
7. 3901
7. 6732
7. 9614

41 02

6.0 9. 7471 8.2546
6.1 10. 0537 8.5530
6.2 10, 3652 8.8564
6.3 10. 6817 9.1649
6.4 11. 0031 9.4784

6.5 11. 3295 9. 7970
6. 6 11. 6608 10. 1207
6.7 11. 9970 10.4494
6.8 12. 3382 10.7832
6.9 12, 6843 11. 1220

7.0
7.1
7.2
7.3
7.4

7.5
7.6
7. 7
7.8
7.9

8.0
8.1
8.2
8. 3
8. 4

8.5
8.6
8.7
8.8
8.9

9.1
9, 0

9.2
9. 3
9. 4

9.5
9.6
9.7
9.8
9. 9

4.1079& 10.0
r( -4)31

3 J

(13 fort near unity, it is

724

13.0354
13.3914
13. 7524
14. 1183
14.4892

14. 8651
15. 2459
15. 6316
16. 0223
16. 4180

16.8186
17. 2242
17. 6348
18.0503
18. 4708

18. 8962
19. 3266
19.7620
20. 2024
20.6477

21. 0980
21. 5532
22. 0135
22. 4787
22. 9488

23.4240
23. 9041
24. 3892
24. 8792
25. 3742

11.4659
11.8148
12. 1688
12. 5278
12. 8919

13. 2610
13.6352
14. 0144
14. 3987
14. 7880

15.1823
15. 5817
15. 9861
16.3956
16.8101

17. 2296
17. 6542
18.0838
18.5184
18.9581

19.4028
19. 8525
20. 3073
20.7671
21.1319

21.7017
22. 1766
22. 6565
23.1414
23. 6314

25. 8742 24.1264
71

a 3
better to interpolate for e

f)312.

4. 1079
4.2291
4.3511
4. 4738
4. 5972

4. 7213
4. 8461
4. 9716
5.0977
5.2246

5. 3521
5. 4803
5.6092
5. 7387
5.8688

5.9996
6.1310
6. 2631
6. 3958
6.5290

6. 6629
6. 7974
6. 9325
7.0682
7. 2045

7. 3414
7. 4789
7. 6169
7.7595
7. 8947

8.0344
8. 1747
8. 3155
8. 4569
8.5989

8.7413
8.8844
9. 0279
9. 1720
9. 3166

9.4617
9.6074
9. 7535
9. 9002

10. 0474

10. 1951
10. 3433
10. 4920
10. 6411
10. 7908

10. 9410
r(-011

8 J
and then
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20, Mathieu Functions
Mathematical Properties

20.1. Mathima's Equation ,

Canonical Form of the Differential Equation

20.1.1 el/+(a-2q cos 2v)y:-.-0

Matitieu's Modified Differential Equation

20.1.2 2, (a-2q cosh 2u)f=0 (v=iu, y=f)

Relation Between Mathieu's Equation and the Wave
Equation for the Elliptic Cylinder

The wave equation in Cartesian coordinates is

OW W
--62W20.1.3

. a w-x,+Obo+k'W---0

A solution W is obtainable by separation of vari-
ables in elliptical coordinates. Thus, let '

x-.-- a cosh u cos v; y= a sinh u sin v; z= z;

p a positive constant; 20.1.3 becomes

20.1.4
0211- 2 tow a2wN

Ozi p4 (cosh 2u cos le) \ du + oe )+Ijw---=1)
---+

Assuming a solution of the form

W= v(a)fiu)g(a)

and substituting the above into 20.1.4 one obtains,
after dividing through by W,

1 d'op1-1-1-0.0
91 or

whorl
2 d2f 1 a..(12g

a (coml. 2u 2v) leo frdv2 g f

Since a, u, v are independent variables, it follows
that

20.1.3 al+ op= 0

where e is a constant.

Again, from the fact that G =c and that u, v.
are independent variables, one sets

20.1.6
fiy 1 (k4--0 2 "

p CIP411 Au
f 2

4

722

d2g (le e)a. -tiv2 p COs 2v

is_a-constantThe-above-areequivalent
to 20.1.1 and 20.1.2. The constants e and a are
often referred to as *partition constants, due to the
'role they play in 20.1.5 and 20.1.6.

For some physically important solutions, the
function g must, be periodic, of period t or 2s.
It can be shown that there exists a countably
infinite set of diaraderietie values a,(9) which yield
even periodic solutions of 20.1.1; there is another
countably infinite sequence of characteristic values
64) whicl yield odd periodic solutions of 20.1.1.

It is known that there exist`' periodic solutions of
period-kw, where k is any positive *slier. In
what follows, however, the term characteristic
value will be reserved for a value associated w4h
solutions of period r or 2w only. These character-
istic valunkare of basic importance to the general
theory of the differential equation for arbitrary
parameters a and q.

An Algebraic Form of Mathieu's Equation

20.1.7

(1t') 4(8-1-2*-4qt2)y=0 (cos v =t)
dt dt

--

Relation to Spheroidal Wave Equation
o

20.1.8 (1 ,1,2-2(b+1)t 2-1-(a-4qtly=0

Thus. Mathieu's equation is a special case of
20.1.8, with b c.a+2g.
20.2. Determination of Characteristic Values

A solution of 20.1.1 with v replaced by a, having
period w or 2w is of the form

20.24 1/10 (4, cos VIS Be sin ma)

where Bo can be taken as zero. If the above is
substituted into 20.1.1 one obtains

20.2.2

1(a=011)41 011.4-s+ An+9)1 am ma

+0ts RamIglin 04-s+ B.,0)1 sin tne.0
m)0

72 tr"Pm"
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Equation 20.2.2 can he reduced to one of four
simpler types, given in 20.2.3 and 20.2.4 below

20.2.3 yo=t0 A214+, cos (2m+p)z, p=0 or 1

20.2.4 yi=t Ban+, sin (2m+p)z, p=0 or 1

If p.0, the solution is of period w; if p-1, the
solution is of period 2,.

Recurrence Relations Among the Coefficients

Even solutions of period ti

20.2.5 a/10-9/13=0

20.2.6 (a 4) A3 q(244o-1-. A4)=0

20.2.7 (a m2)44.q(44,3+ A.4.3)=0 (m >_3)

ri

Even solutions of period 2w:

20.2.8 (a-1)A-0AI+ A3). 0,

along with 20.2.7 for m >3.

Odd solutions of period v:

20.2.9 (a q/34=0

* 20.2.10 (a (m >3)

Odd solutions of period 2w:

20.2.11 (at)fil+ q(B1 Bs) .0,

along with 20.2.10 for m >3.

Let

20.2.12 Ge..A.IA._2, Go.=11,113..4;

or Go. when the same operations apply
to t h, and no ambiguity is likely to arise.
Further let

20.2.13' V.= (a m2)/q.

Equations 20.2.5-20.2.7 are equivalent to

2
20.2.14 Gea= Vo ; a

T7
2--Ge

st

20.2.15 0,,,=11(1'.-4.4.1) (m >_3),

for even solutions of period v.
Similarly

20.2.16 V--1- Ge3; for even solutions of period
2w, along with 20.2.15

70.2.17 V, -4.1 Gos, for odd solutions of period
2r, along with 20.2.15

'flea Rep a.

723

20.2.18 V9 = 0o4, for odd solutions of period v,
along with 20.2.15

These three-term recurrence relations among the
coefficients indicate that every G. can be developed
into two types of continued fractions. Thus
20.2.13 is equivalent to

20.2.19

1

"I'm Vas s+3=a

20.2.20

Go+1=17 is11 Gal

8_
where

1 1 1

Via+a-

1 yon

. . . (tn>3)

Void-Hpi (ni> 3)

ith=d=0; 00=2, if Gam.2=4144/A4,_2

iold=o0=0, if 61.1.2.82,//32,_2

1; ioo=d=1, if G.44=A203141,_,

o't=d=4=1, if 610+2=221+1111h-.1

The four choices of. the parameters A, too, d
correspond to the four types of solutions 20.2.3. -
20.2.4. Hereafter, it will be convenient to sep-
arate the characteristic values a into two major
subsets:

a= a associated with even periodic solutions

a= 6 associated with odd periodic solutions

If 20.2.19 is suitably combined with 20.2.13-20.2.18
there result four types of continued fractions, the
roots of which yield the required characteristic
values

2
20.2.21 Vov-:--11-.7;z v1 . . . =0 Roots: a2,

20.2.22
1 1

1 v7: v-- 1= . . . =0 Roots: 42,4.1

1
20.2.23

1 1
. . . =0 Roots: 69,

20.2.24
1 1 1

v-87: Roots: 62,44

If a is a root of 20.2.21-20.2.24, then the corre-
sponding solution exists and is an entire function
of 2, for general complex values of q.

If is real, then the Sturmian theory of second

order linear differential equations yields the

727'
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following:
(a) For a fixed real q, characteristic values a, and

6, are real and distinct, if qs110; a0<62<at
<b, <as< q>0 and (4(0, ap-
proach r2 as q approates zero.

(b) A solution of 20.1.1 associated with a, or 6,
has r zeros in the interval 0<z<v, (q real).
The form of 20.2.21 and 20.2.23 shows that if
alp, is a root of 20.2.21 and q is different from
zero, then a2, cannot be a loot of 20.2.23;
similarly, no root of 20.2.22 can be a root of
20.2.24 if qpi 0. It may be shown from other
considerations that for a given point (a, q)
there can be at most one periodic solution of
period w or 2w if qp40. This no longer holds
for solutions of period sr, s>3; for these all
solutions are periodic, if one is.

MATHIEU

(c)

Dr

Ftfo RN 20.1. Characteristic Values a, 6, ,.0,1(1)8

72
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Power Series for Characteristic Values

20.2.25
a0(A._e_i_m_29e1 68687e.a.

1/ 2 "128 230418874368' :

qs q$ _11q4 49q°

6t(q) -1 q 8 "64 1536 36864"589824
61(q)

83,8
9437184 35389440

50 289e
'I/ 12'13824 79626240

21391e a.
"458647142400'

a_5 7630 _L1002401
12 13824' 79626240

_1669068401ea_
458647142400'

as(-0=29+1-16 64 20480 16384
bs(0

1961e 609e
23592960'104857600

q' 317q' 10049e
64(q)=16+56-884000 +2721600000+

.

(14(0=16+30
q3+ 433e

864000

04(-0=25+48 '
11.A. 11q4

774144

5701q°
2721600000+ *-

147456

.1:

37e j_
1%91813888'

0 187e 5861634.
6 e(q)=36+0 +43904000 92935987200000"

4(q) -"""0+43
189074e

00 0'9296375493861270e00 00"

For rZ7, and (qi not too large, a, is approxi.
mately equal to b and the following approxima.
tion may be used

20.2.26 \
(50+7)e

b, '2(r2-1)-1-32(0-1)3(0-4)
(90+580+29)g°

+64(0-1)2(r2-4)(r2-9)"
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The above expansion is not limited to integral
values of r, and it is a very good approximation
for r of the form n+f where n is an integer. In
case of integral valise of ?mats,. e series holds
only up to terms not involving -n'-ns in the
denominator. Subsequent terms ust be derived
specially (as shown by Mathieu). Mulholland
and Goldstein 120.381 have computed character.
istic values for purely imaginary q and found that
ao and al have a common real value for jqi in the
neighborhood of 1.468; Bouwkamp (20.5) has
computed this number as go= ±i 1.48876852 to 8
decimals. For values of -ig>-igo, ao and al
are conjugate complex numbers. From equation
20.2.25 it follows that the radius of convergence
for the series 'defining ao is no greater than lgol
It is shown in (20.36), section 2.211 that the radius
of convergence for as (q), Is 2 is greater than 3.
Furthermore

Power Series in titer the Periodic Filmdom (for
scalcicatlY Bala 191)

20.2.27

A cos 42 11
ce.(z, q).2`1 [1-1 cos 22+v- (9T-To)

...AI (cos 62_11 cos 22a....
\ 1152 128 fr

cel(s, q)...cos 2-2 cos 32
8

a_ A rcis 52 cos 30 cos a
L 192 6 128

cos 72 cos as cos 3s cos Sly
L 9216 1152 3072

_L

512 j-r-1.

/1(11(z, g)=Bin 2- sin 32
8

_L A Pin 52ALsin 32 sin
-F1 L 192 84 128 j

rein 7a sin 52 sin 32 sin 21
L 9216 1152 3072 512 fr

725

"As' O'llin24-qIiI1P+41(814-1140+

20.2.28

meal (ra-P(r/2))-q { 4
cos

ortAss,

cos I(r-2)8-F(1/2)1}
4(r-1)

(r+2)s-p -
r+1

32

2)14 we
2fr(r--4.1)

--P(22)1

cos Erts-P(v42)1r2fril 4.
32 L04-1YJJ

with p=0 for cogs, q), p.1 for se*, q), ra3./

W 40° W

Ces \ \/
/1(1 t

0740.

hosts 20.2. Even Periodic Mathieu Fusetione, Orders 0-
V=1.

cos 42 1\ /cos 6s 19 cos 22\
ces(z, (1)= we 2s-

q (-Tr k 384 -218 Tr

729"
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5

Flouaa 20.3. Odd Periodic Mathieu Puriclione, Otero 14
4°1.

novas 20.4. Sven Periodic Mathias !Nathan., Orders 0-8
g"10.

1A

?mu 20.5. Odd Periodic Mathieu Pulliam, Ord.* 14
fon 10.

For coefficients associated with above functions

204.29

/13(0)=2-i; (0) =B; (0) 1, r>0
AL=.1( -1)y I el at 2h-114+ . . ado

44*.((-1)r1 ft/4(r+s)1 . .

ra)0, CI=AT, or B;

O.- a -1)1 ttoor B;..20.--io=or

Asymptotic &pension for Charaeteristie Values, 924

Let w=2r+1, que2u4, ',real. Then

20.2.30 , 3 \
tai+i kw'rtai-2q+2usti- 8 --Wo

di de ds (14

72-WriV71-219-0971-1
where

34 9
(11=6-ivrfzt

33 410 403
disseirt+-ar+7



63 1269 2943 486

dasmsiiii+

527 15617 69001 41607
ti)6 +-0+ to°

20.2.31 bp+, a,-.24'.+6427;e+le ,

(given in 120.36] without proof.)

20.3. Floquet's Theorem and Its Consequence*

. Since the coefficients of Mathieu'* equation

20.3.1 y" -f- (4-2q cos 2z)y=0

are periodic functions of z, it follows from the
known theory relating to such equations that
there exists a solution of the forM

20.3.2 r,(19=e4P(2),

where v depends on a and q, and P(z) is a periodic
function, of the same period as that of the
coefficients in 20.3.1, namely r. (Floquet's
theorem; see (20.161 or (20.221 for its more general

form.) The constant v is called the characteristic
exponent. Similarly

20.3.3 F,(Z) .e-""13(-2)
satisfies 20.3.1 whenever 20.3.2 does. Both F,(z)
and F,(z) have the property

MATIVIETY

q--) CO

20.3.4

Y(34-kv)=Cay(z), y,----F,(2) or PA
(7,--eht for, F,(z), C =els" for --z)

Solutions having the property 20.3.4 will hereafter
be termed Florist solutions. Whenever F,(z)
and F,(z) are linearly independent, the general
solution of 20.3.1 can be put into the form

20.3.8 y= AF,(z)41-BF,(

If AR pd 0, the above solution will not be a Floquet
gnhitiOn. It will be seen later, from the method
for determining is when a and q'are given, that
there is some ambiguity in the definition of v;
namely, is can be replaced by P+ 2k, where k is an
arbitrary integer. This is as it should be, since
the addition of the factor op (2ikz) in 20.3.2 still
leaves a periodic function of period v for the
coefficient of exp ivz.

It turns out that when a belongs to the set 'of
characteristic values a, and b, of 20.2, then v is
zero or an integer. It is convenient to asso:iete
v.r with 0,(o), and v. r with 6,(q); see (20.26].
In the special case when is is an integer, P.(2) is

FUNCTIONS 727

proportional to F,( z); the second, independent
solution of 20.3.1 then has the form

20.3.6 //2=a4,(2, +N du+s, sin (2k+p)z,

associated with ce,(z, q)

20.3.7 zse,(z, q)-}-0.12k+p cos (2k+p)z,

associated with se,(z, g)

The coefficients du+, and in+v depend on the cor-
responding coefficients A. and B respectively,
of 20.2, as well as on a and q. See (20.30j, section
(7.50)-(7.51) and [20.581, section V, for details.

If is is not an integer, then the Floquet solutions
F,(z) and F,( z) are linearly independent. It
is clear that 20.3.2 can be written in the form

20.3.8 E ego16+9219

X. -in

From 20.3.8 it follows that if is is a proper fraction
tn,17%, then every solution of 20.3.1 is periodic,
and of period at most 2,r my. This agrees with
results already noted in 20.2; i.e., both independent
solutions are periodic, if one is, provided the period
is different from w and 2v.

Method of Generating the Characteristic Exponent

Define two linearly independent solutions of
20.3.1, for fixed a, q by

th(0).1; y:(0).0.

MO) ; ys; (0) 1 .

Then it can be shown that

20.3.10 'cos wv yi(ir) = 0

20.3.11 cos iv-1-2y; (0 ys ().0
Thus is may be obtained from a knowledge of

y, (s) or from a knowledge of both y; (-0 and VI CO.

For numerical purposes 20.3.11 may be more
desirable bechuse of the shorter range of integra-
tion, and hence the lesser accumulation of round-
off errors. Either v, y, or ±v-1-2k (k an arbi-
trary integer) can be taken as the solution of
20.3.11. Once is has been fisted, the coefficients
of 20.3.8 can be determined, except for an arbitrary
multiplier which is independent of z.

The characteristic exponent can also be ram-
puted from a continued fraction, in a manner
analogous to developments in 20.2, if a sufficiently
close first approximation to V is available. For

20.3:9

731
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systematic tabulation, this method is considerably
faster than the method of numerical Integration.
Thus, when 20.3.8 is substituted into 20.3.1,
there lam& the following recurrence 'relations:

20.3.12. nein= ess-5+4s+5
where

20.3.13 Vs.. [a (2n + r)111q, 0 <n< e .

When P is complex, the coefficients Vs.. may also
be complex. As ill 20.2, it is possible to generate
the ratios

and H....e,_116,
from the continued fractions

20.3.14
1 1Geneyr- in >0

Nt+r

H 1
as in >0.

From the form of 20.3.13 and the known properties
of continued fractions it is assured that for
sufficiently Urge values of 1m1 both 16.1 and

--ilk.' converge. Once values of 0., and H, are
available for some sufficiently large value of m,
then th finite number of ratios CAN-St 1 GO

can be mputed in turn, if they exist. Similarly
for . . He. It is easy to show that v is
the correct characteristic exponent, appropriate
for the point (a, q), if and only if HA.1. An
iteration technique can be used to improve the
value of v, by the method suggested in 120.31.
One coefficient e1 can be assigned arbitrarily; the
rest are then completely determined. After -elf
the ej become available, a multiplier (depending
on q but not on al can be found to satisfy a
prescribed normalisation.

It is well known that continued fractions can
be converted to determinantal form. Equation
20.3.14 can in fact be written as a determinant
with an infinite number of rowsa special case cf
Hill's determinant. See (20.191, (20.361, 120.151,
or (20.301 for details. Although the determinant
has actually been used in computations where
high-speed computers wewavailable, the direct
use of the continued fraction seems much less
laborious.

Special Cases (a, q Real)

Corresponding to cos .

the Floquet solutions are exP(iaz) and exp(iaa).
As a, q vary continuously in the qa plane,
r describes curves; r is real .n (q, a), q>0
lies in the region between a,(., 'and 6,+,(q) and

a

S.5

S.0

t.0

t.0

I.e

1.0

wrisI.O.

°° °°

.........

.11 to to
u.

-1.5

-1.0

holing 20.6, Characteristic Exponent-Piret Two Stable
Regions ye= ebsP(x) where P(x) is a periodic function of
period v.

In first stable region, 0
In second stable region, 15r52.

(Constructed tan tabular veluessippiled by T. Tends, Brooklyn
Polytechnic Institute)

0

nouns 20.7. Characteristic Exponent in Pirat Unstable
Region. Diferentiai e of.tion: y'f f (a--2q cos ar)ti 0.
The Ploquet solution 1sP(4, where -P(x) is a periodic.

function of period in the first unstable region,
is given for a k 5. (Constructed at NES.)
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Charts of the Characteristic Exponent.'
(from 8,1. 2aromlny, An elementary reetew of the Mathleit.11111 equation °treat variable based on numerical Bola.

Ilona, Whale Research laboratory Memo. Peps, 87R, Aberdeen Proving Oround, Md., 1865, with permlaslon.)

-- 8 c",,=conetant; in unstable regions
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-, Lines of constant values of -g.
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- . - . - Lino of vastest value* of 9.

all solutions of 20.1.1 for real a are, therefore
bounded kstable); v is complex in regions between
6, and a,; in these regions every solution becomes
infinite at least once; hence these regions are
termed "unstable regions". The characteristic
curves a 6, separate the regions of stability.
For negative q, the stable regions are between
b,,+, and bo,o, a,, and ; the unstable regions are
between ai,+, and 6+1, at, and 6,,.

In some problems solutions are required' for real
values of a only. In such cases a knowledge of
the characteristic exponent r and the periodic
function P(8) is sufficient for the evaluation of
the required functions. For complex values of a,
however, the series defining P(8) converges slowly.
Other solutions will be determined in the next
section; they all have the remarkable property
that they depend on the same coefficients
developed in connection with Floquet's theorem
(except for an arbitrary normalization factor):

&passable, for Small q (120.36) chapter 2)

If v, q are fixed:

20.3.18
,

a'1"2(0-1)-r32(0) (0-4)
(90+580-4-29)Q.

. (vvd1,2,3).
784(0-1)8(0-4)(0-9)

For the coefficients est of 20.3.8

20.3.16
(0-1-4v+7)qs

4(v+1) 128(v+1)11(v 2)(r-1)u
(v pi 1, 2)

edeo=q1/32(v-1-1)(v+2)-1- . .

4de0=(-1)y1'(v+1)/2"'etr(v-f-81-1)+ .

20.3.17
tfir+11 I etc."1'

FP( [e". q{414-=1-1)W-771) J+
(v not an integer)

For small values of a

20.3.18

"lei "414+4114 r41 + .)

21111rt [1 +a (1 I)+ . . .]

+24 (ii-6-- 221-+ )-1-

20.4. her Solutions of Mathieu's EquatiOn

Fol winging Erdelyi (20.14J, (20.15), define

20.4. wk(a)=[e" aoa' (ab)/cos (a-FO)JMY)

where

20.4.2 1.2ig cos (8b) cos (a+b)P.,
and 4/4(f) is the Bessel function of order k; b is a
fixed, arbitrary com))lex number. By using the
recurrence relations for Bessel functions the follow-
ing may be verified:

20.4.3

y (L`P"2 q(cos 2 OA+ q(vv-2-1-v44.2) +Ova= O.

It follows that a formal solution of 20.1.1 is given
by

20.4.4

734
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where the coefficients es* are those associated with
Floquet's solution. In the above, r may be
complex. Except for the special case when v is
an integer, the following holds:

0-214+ ti 40
fe+. 0-2s+ +2 C008 (zb)13

If r and n are integers, J-1,1+.(i)=(-1)%114-.(f).

1034 /0h+-21^ (2b)1204/0
i10-zr+dio-b+/+2).,-410/9 [cos (z b)1

(nrw)

On the other hand

eta e-te
eta -a C-24+2 410

(n.-.0 or )

It follows that 20.4.4 converges absolutely and
uniformly in every closed region where

Iros (sb)I>d,>1.

There are two such disjoint regions:

(I) j(zb)>ds>0; (Icos (zb)I>d1 >1)

(II) ..1(z-6)<-4<0; (lcos (sb)1>di>1)

, If r is an integer 20.4.4 converges for all values of
z. Various representations are found by special-
izing 6.

20.4.5

If 6.0, eu(-1)Via+,(211i cos z)
WEI ..10

(lcos zl>l, larg 2 Ari aaa zl Sy)
20.4.6

If b=; ..:t. es124+,(2i14 sin z)

(lain zl>1, lug 2Ari sin sl5r)

If y reduces to a multiple of the solution
20.3.8. The fact, that 20.3.8, 20.4.5, and 20.4.6
are special cases of 20.4.4 explains why it is that
these apparently dissimilar expansions involve
the same set of coefficients 4..

Since 20.4.4 results from the recurrence proper-
ties of Bessel functions, J.(f) can be replaced by
!APO, j=1, 2, where HP is the Henkel function,
at least formally. Thus let

A Ir" cos (re)/rom (z+b)I "fir (f)

FUNCTIONS

where ,/ satisfies 20.4.2. Aim examination of the
ratios thal../02.4..-, shows that

esbiapi
S. ...II

will be a solution provided

loos (zb)1>1; loos (z+b) >1.

the above ,two conditions are ne essary even
when r\is an integer. Once 6 is fixed, the regions
in which the solutions converge can e readily
establishi4.

Following [20.36j let

20.4.7

tir(z)=4)(4; I'M =ZIP (z);
(z). 43)(z); ifpw.

If z is replaced by is in 20.4.5 and
solutions of 20.1.2 are obtained. Thus

20.4.8

741)(z)=. ± es,,(-1)*Z4V+,(2.4 cosh z)5

0(4

.4.6

(lcosh al>1)
20.4.9

mii)(2)=1 4.74,1,)+,(215 sinh a)
WOO

(Isiah zi>1, j=1, 2, 3, 4)

The relation between e)(z) and yr (z) can be
determined from the asymptotic properties of the
Bessel funetipps for large values of argument. It
can be shown that

20.4.10

7/11)(z)/Y11)(4= IF.(0)/F.(010"4 (fflz>0):

When r is not an integer, the above solutions
do not vanish identically. See 20.6 for integral
values of r.

Solutions Involving Products of Bessel Functions

20.4.11

/An (a)
C2s

4.(-1)*Zgi+.(440")44-Me"")
a

(j=1, 2, 3, 4)

satisfies 20.1.1, where ler (u),is defined in 20.4.7,
the coefficients 4 belong to the Floquet solution,'
and s is an arbitrary integer, 4,04 0. The solution
converges over the entire complex a-plane if qvg 0.
Written with z replaced by is, one obtains
solutions of 20.1.2.
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20.4.12

411(z, q)= Cbi(-- Win!. i(iget)_,(iriie")

MATHIEU FUNCTIONS

It can be verified from 20.4.8 and 20.4.12 that

20.4.13 -241;z(,q) '00), ('z >0)

provided ch 00. If e31=0, the coefficient of 1/41,
in 20.4.11 vanishes identically. For details see
(20.43], I20.15], 120.3131.

If .v is chosen so that 14,1 is the largest coefficient
of the set Ic2,1, then rapid convergence of 20.4.12
is obtained, when Sez>0. Even then one must
be on guard against the possible loss of significant
figures in the process of summing the seriesr-
esperially so when q is large, and Izi small. (If
j then the phase of the logarithmic terms
occurring in 20.4.12.must be defined, to make the
f unctions single-valued.)

20.5. Properties of Orthogonality and
_Normalization

If a(v+ 2p, q), a(p q) are simple roots of
20.3.10 then

20.5.1 f F.4.7(z)44.1,(z)dz-=-0, if p#8.

Define

20.5.2 ce,(z, q)=4[F,,fz)+F.,(z)j;

se,(z, [Ft(z)F,( z)J

ce,(z, q), xe,(z, q) are thus even and odd functions
of .7, respectively, for all v (when not identically
zero).

If v, is an integer, then ce,(z, q), ee,(z, q) are
either Floquet solutions or identically zero.
The solutions ce,(z, q) are associated with a,;
se,(z, q) are associated with 6,; ran integer.

Normalisation for Integral Values of r and Real q

ST trir

20.5.3 [ce,(z, q)12eiz=f fae,(z,
0

For integral values of v the summation in
20.3.8 reduces tio the simpler forms 20.2.3 - 20.2.4;
on account of 20.5.3, the eoefficients A. and B.
(for all orders r) have the property

73

20.5.4

2A:+4+ . =AH- . .

204.5

iAos. ="s,Jo

1

T

...=M+14+

1
ce2,(s, q)dz; r ce,(z, q) coanzt(z

f segz,q) sins nzdz nfliO
0

For integral values of to, the functions *IA q)
and ee,(z, q) form a complete orthogonal set for
the interval 0 5a 52r. Each of the four systems
ee3.(z), ce2,0(z), eegz), Eiebo(z) is complete in the
smaller interval 0 5 z 5sr, and each of the systems
ce,(z), ee,(z) is complete in 0 525r.

If q is not real, there exist m#tiple roots of
20.3.10; for such special values of a(q);the integrals
in 20.5.3 vanish, and the normalization is therefore
impossible. In applications, the particular nor-
malization adopted is of little importance, except
possibly for obtaining quantitative relations be-
tween solutions of various types. For this reason
the normalization. of F,(z), for arbitrary complex
values of a, q, will not be specified here. It is
worth noting, however, that solutions

ace,(2, q), sae,(2,

defined so that

cule49, 4) =1; C dz 084(z, 2)] 9-0 1

are always possible. This normalization has in
fact been used in [20.59], and also in [20.58],
where the most extensive tabular material is
available. The tabulated entries in 120.58) sup-
ply the conversion factors A=1/a, B=21/0, along
with the coefficients. Thus conversion from one
normalization to another is rather easy.

In a similar vein, no general normalization will
be imposed on the functions defined in 20.4.8.

20.6. Solutions of Mathieu's Modified Equation
20.1.2 for Integral v (Radial Solutions)

Solutions of the first kind

20.6.1

Ce2.4-1, (2, 0=ce2,+giz,0

44118(q) cosh (2k-FAz

associated with a,



\,

ssamiku yNeriorta _

20.6.2 Sea, +,,(2, q). tizeb+,(iz, q) (q) sinh (2k+ p) z, associated with b,

writing AU:: (q).A24+ for brevity; similarly for B 0 1,

20.643 Ce2,(z q)=a
Cesr (iro

(-1)444,4J24(21/4 cosh zj=cel AuJ2*(2,14 sinh z)

20.6.4

20.6.5

20.6.6

ce;, +1

Cest +1(2, 51 (-1r+ IA2.4.14+1(2(4 cosh z)

=1"1(°' coth aN (2k+1)A24.4.144.1([24 sinh z)-.4r!

.4 q) Utah
Sesr(a (-1)120314442.4 zinh 8)

..94ALT coth a A 2kBuJ24(24 sinh a)

8.2p}IG
Se9f+1(2) gArt tanh a

17.4
51. (-1)1(2k+1)B24.444+1(24-4 cosh a)

84.fi(01)
.trigio.1 B...4444( 24i sinh

See (20.30) for still other forms.
Solutions of the second kind, as well as solutions of the third and fourth kind (analogous to Henkel

functions) are obtainable from 20.4.12.

733

70.6.7 Mee (a, 0N (-1)+44(0[114-,(t61)44040+444(140412(u2)111111:

where 40=2, 4,.1, for 8.1, 2, . . . ; a arbitrary, associated with aft

20.6.8 AMP+ (a, nt (-1),44Auti(0[4_.('41) 41.+1010+4+01('41)Z111,(u2)1/431
associated with a2,41

20.6.9 M.90(a, .n2
(-1)1+14:(0[4-*(141)411/(149)-441(u)Zii-VUOYM:, associated with b9,

20.6.10 M80.1 (z, (-1)4+qm :1(ow._,N1,z4,+100-.1,4.,+,0,,,z1/2,043wm::11
associated with bik.1.1

where
til 42.4 111=iiter Matt AIM PIO, P=0, 1.

See 20.4.7 for definition of (i)(z).
Solution;, 20.6.7-20.6.10 con etge for all values of z, when qp10. If 3, 4 the logarithmic terms

entering into the Reuel function Y.(%) must be defined, to make the functions single-valu 1. This

can be accomplished as follows:
Define (as in (20.58))

20.6.11 In (Ire) = In WO +a

See (20.15) and (20.36), section 2.75 for derivation.
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Other Expressions for the Radial Functions (Valid Over More Limited Regions)

20.6.12 McW(z,V)----icest,(04ori (-01044(041)(24ii cosh a)

kletAiNi (at q) =leer?+ (0 01' r (--i)R +Riticomi (214 cosh S)

. 20.6.13 Mee (z =(84,(0, tanh z (-1)4+'2kBli(q)ZIP(21/0 cosh a)

Ms;', ),1(z, q).184 +1(0, tanh a ?:-1 (-1)444(2k+ 011121:1(024114.04 C0141 a)

Valid for lz>0, (cosh zi>1 ; if j=1, valid for all z. They agree with 20.6.140.6.10 if the Bessel
functions Y,,(2q cosh z) are made single-valued in a'suitable way. For example, let

Y,,,(u)==2; (In u)J.(u)-F.

where 4(u) is single-valued for all finite values of u. With u=294 cosh a, define,

Sag . +0'29 e.2-20.6.14 in (2q4 cosh a).1n 20+Z+111 +41-118)' 12-1

(If q is not positive, the phase of In 2q1 must also be specified, although this specification will not
affect continuity with respect to z. If 1'1(u) is defined from some other expression, the definition
must be compktible with 20.6.14.)

lis4 (1.0

Frovax 20.11. Radial Mathieu Function of the First Kind.
(From .1. C. Wiltse and M. J. King, Values of the Minidisk functions, The

Johns Hopkins Univ. Radiation Laboratory Tech. Rept. AP-88, INA
with permission)

T mcl"(40)4 2 el '

2

J.

r//
49. 25

1.2 '29

Derivative of the Radial Mathieu Function
of the Pinot Kind,

Prom J c. Wiltse anti M I King, Derivatives, term, and other data per
tailing to Mathieu functions, The /ohm Hopkins Univ. Radiation Lab-
oratory Terh.Rept. A F-87, 1988, with permission)

irMs; fils,g) (
.*

q8.25,

-12 q'.25

Flo van 20.13. Radial Mathieu Function of the Second Kind.

(From J. 0. Wiltoo and M.J. King, Values of the Mathieu functions, This
Johns Hopkins Univ. Radiation laboratory Tab. Reps. A1/ -11,
with permission)

FIGURE 20.14. Radial Mathieu Function of the Third Kind.

(From 1.0. Willie and M.J. King, Values of the Mathieu Amelia*, The
Johns Hopkins Univ. Radiation Laboratory Tech. lilt.
with pormisdon)
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If am 1, MeW., and Msg),..,211=0, 1 ere solutions
of ta first kind, proportional to Cet,41, and Sew+.
respectively.

Thum

*6.15

111411)(1,

64.+1 ('q iwitt+igh
041,+t(s q) (-1)4,44r, mcipfics,

'4, q).44, Cif
se(s,g) (- 1)419; (1,

0:r+s(0, 2) *Iwo
S. +1(1, - (-1)41e, 1161114. 104

The Mathieu-Henkel functions are

20.6.16
:Nat 4)=.410(s 4)+iMP(s,

mr(s E-mPqrs, 0imP)(810
mphcatisr or mign.

From 20.6.7-20.6.11 andthe known properties
of Basel functions one obtains

30.6.17

aft+s(s+ in*, 2)
(-1)"111aVa 2)+2siMAgs, 2,)1

itiMs(s+inift
°22(-1)"11111:+s(at q) 2siCIP+s(s 2)1

M1 +$(s ++ , 2)
m(-1)MAf1r+s(a 9,)+2nlif Wfs(s 2)1

where Mgcside or Ms throughout any of thd above
equations.

Other Properties of Chatutiteristie ?untie=s. q Raid'
(Aasseistod With e, sod

Consider

*6.13
XIilader (go +Me I);
X$122M0)(8, 1)-11fir (at fl)

Since XI I. an even solution it must be proportional
to MeP)(2, q); for 20.1.2 admits of only one even
solution (aside from an arbitrary constant faster).
Similarly, X1 i. priportional to Mets)(s, q). The
proportionality factors can be found by considering
values of the functions at s -0. Define, therefore,
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20.6.19

Ahr (-at, g)= --Me) NO' (a, q)

20.6.20

Ms0(-111 (1)=118?)(21 q)-2A dW8P) (st,

where

20.6.21
J..,= MO? (0, g)1A10) CO

.1.. rang M141) (Or z Me) (g, a)] 80

See (20.58).
In particular the above equations can be used to

extend solutions of 20.6.12-20.6.13 when a' z<0.
For although the latter converge for 9/2<0,
provided only !cosh sI >l, they do not represent
the same functions as 20.6.9-20.6.10.

20.7. Representations by Integrals and Some
Integral Equations

Let

20.7.1 G(u)=1K(u,t)V (t)dt

be defined for u in a domain U and let the contour
C belong to the region T of the complex t-plane,
with t=7, as the starting point of the contour
and t...71 as its end-point. The kernel K(u,
and the function V(t) satisfy 20.7.3 and the
hypotheses in 20.7.2.

20.7.2 K(u, t) and its first two partial derivatives
with respect to v and t are continuous for t on C

dVand u in U; V and are continuous in t.

20.7.3

rcv.0,,]?...0.dsv,(a-2q cos 21)1=Cy
-61 di To

K satisfies

y bas
+22(oosh 2ucos 25) 0

then 0(u) is a solution of Mathieu Modified

equation 20.1.2.
If K(u, t) satisfies

ZOI K , ?OK
69 o--r--air-1-4q(cos 2ucos 2t)K=s0

then 9(u) is a solution off' 4athieu's equation
20.1.1, with u repining v.
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Kernels KI(a, t) and Kb,

20.7.6 K1(z, t)----74"(u)(M(z, Or'n, (az>0)
where

20.7.7 u=1/2q(cosh 2z +cos 2t)

-20.7.8 M(z, t).cosh (z+it)/Cosh (zit)

To make single-valued, define

20.7.9 .11

cosh (z-1-iv).e4' cosh z

cosh (zif)=8-1i coeh z
M(z, 0).1
(M(z, 7)1-0=e-byM(z, 0)It

20.7.10 G(z, q)awl-
ir
fr t)F(t)di, (ffls>0)

where F.(t) is defined in 20.8.8. It may be verified
that K1F, satisfies 20.7.8, K satisfies 20.7.2 and
20.7.4. Hence 0 is a solution of 20.1.2 (with. z
replacing u). It can be shown that K1 may be re-
placed by the more general function

20.7.11

I4(z, Z(1,).1.2,(u)(11/(z, air", 8 any integer.

See 20.4.7 for definition of Z(P4.2,(u).

From the known expansions for tr+2,(u) when
az is large and positive it may be verified that

20.7.12 1

MIP(z,

( -1)' ffzv:..(u)[""
Z+itTIP8F,,(1)dtre cosh z it*. 4 cs
(91 z >0, at(p-1-1)>0)

where M;' (z, q) is given by 20.4.12, 8.0, 1, . .

cup40, and F.(t) is the Floquet solution, 20.3.8.

Kernel Ka(a, t, a)

20.7.13 14(z, t, a) =en

where

20.7.14 w =-cosh z cos a cos t+sinh z sin a sin t

20.7.13 0(z, q, a) =1 fc 0'4 wF;(1)dt

where F,(t) is the Floquet solution 20.3.8. The
path C is chosen so that G(z, t, *a) exists, and
20.7.2, 20.7.3 are satisfied. Then it may be
verified that 14(z, t, a), considered as a function
of z and t, satisfies 20.7.4; also, considered as a -
function of a and t, Ks satisfies 20.7.5. Conse-
quently G(z, q, Y(z, q)y(a, q), where Y and y
satisfy 20.1.2 and 20.1.1, respectively.

Choice of Path a Three paths will be defined:

20.7.16

Path Cs: from dri-ice to d3 ico , d1, do real

d1 <64 Wig cosh (a+ ja) *1 }i<v d1

dz<ar8 Wicoeh (zi4)±1)Ktf.--ds
20.7.17

Path C4: from d, ice to 2r-I-io d1

(same da, di as in 20.7.16)

20.7.18

Fga)M1,(z, q)=241 e2471wF,,(t)dt j=3, 4
or

where 114(z, q) is also given by 20.442.

,20.7.19 Path CI: from di-Fice to 21.

ZWMP (2, 4)=1ar2L-.
elhi"10F,(1)dt

See (20.36], section 2.68.
If k. is an integer the paths can be simplified.;

for in that case F.(t) is periodic and the integrals
exist when the path is taken fro& 0, to 2r. Still
further simplificatiovs are possible, if .z is also real.

The following are among the more important
integral representations for the periodic funptions
ce,(z, q), ee,(z, q) and for the associated radial
solutions.

Let r=2s+p, p=0 or 1

20:7.20

fr/I
Cet(2, 01.=Prfo cos (2,,/icos zoos tpi) 04, q)dt



20.7.21 ce,(z,
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tit

v,f cosh (2P sin z sin WO -p)+ p cos c cos tice,(t, q)dt

1/11

20.7.22 se,(z, = sin (.2(q cos z cos t+ p;) sin z sin t se,(t, q)dt
0

20.7.23 se,(z, q) =v,f sinh (21/4 sin z sin t)[(1 -p) cos z cos t+p]se,(t, q)dt

where

20.7.24 p,==:ces,(;- q) (q); ce;,,,.1 q) IV-IA?'"(q) if p=1, for functions ce,(z, q)

11 ;0' O "+'p,=-7--se, 1111(q se- 1 p q) 1-(q), for functions se,(z, q)

cr,=-
2 q)I (q) if p=0; ce21 0(0, q)IA?+'(q), if p=1; associated with functions ce,(z, q)

o,=1 if p=0; o,=3. se;,+' 1(0, q)AlliEff'+'(q), if p=1; associated with ser(z, q)

Let

20.7.25

20.7.26

Integrals Involving Bow l Function Kernels

ti= N(2q(cosh 2z+cos 2t), (a) cosh 2z>1; if j=1, valid also when

AliC)(2, q)=-- Z (u)cegt , q)dt ; Mce.,1(2, q)=(-1)' 8'14
cosh 2 riv(u) cost(-J-1)'2 ce2,4.10, q)dt

Jo

20.7.27 mitg)(2,
(-1)'+'8q sinh 2z rif A lp (u) sin 21 seft(t, q)dt

v14' 0 U2

sinh 2 r2 z ip(u) sin t se2,+1(t, q)dt
IrBri Jo

In the above the j-convention of 20.4.7 applies and the functions Mc, Ms are defined in 20.5.1-

20.5.4. (These solutions are normalized so that they approach the corresponding Bessel-Hankel
functions as glz- .)

Other Integrals for Me(s, q) and wit, q)

20.7.28 Me," (z, q)==ree(-
1 rot cos (2j cosh z cos 1.-p10 ce,(t, q)dt

, q)

20.7.29 Me," (x, q)=e,f 1 1(1-p) +p cosh z cos t] cos (21,r7/ sinh z sin t)ce,(t, q)dt

r=20-1p, p=0,1; r,= q), if p=0; T,4(-.1).8+1211.ice;,+1(2, q)

11.7.30 M8P,)+1(z, (-1)? f (2-4 sinh 2 sin t)se2,+1(t, q)dt
ses,+1 y) 0

20.7.31 (, z, '1r seL+1(0,
e

MR;;', 4 f sinh z sin t cos (Zig cosh z cos t)8e,,+1(t,q)dt

20.7.32 Ms;;' (z, q) r Rei, (0, q) J
fain (24q cosh z cos t) [sinh z sin t 802, (t, d]dt

0

t:
70.7.33 M041,) (2, q)=4 (-1r/U-- f I sin (2.4 2 sin t)(cosh 2 cos t 822,0, q)idt

1. 24, q)
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Further with cosh z cos a cos t+sinh z sin a sin t

20.7.34
("" IWO ft* ,

-erep4a, 4)Afef,t) q),= -424vi wee, lit q)dt
2w

20.7.35 se,(ce, oM8:1) q) 1)28 ir( i)*fite2lari *" se ,(t , q)dt.

The above can be differentiated with respect to a, and we obtain

20.7.36 ce,(08, 9)wMI)(z, re2i4 w -Tpcem 04f

20.7.37 84(a, MO) (2, q)(7.'1) 1"(4)"+1 fit e2 f10 ba va 8e,(1, t

,

Integrals With Infinite Limits

r = ?s +p

In 20.7.38-20.7.41 below, z and q are positive.

20.7.38 Me"' (z, q)=7,160 sin (2 IF/ cosh z cosh t+4) (t, Ordt

frA201, if p.0 7,.2ce;),.1.1 (-2v, Arii ritri, if p=1

..
20.7.39 AA'," (z, q) =7, f sink z sink t [cos (2,14 cosh z cosh Ip 1-01 MeV, q)dt

o

lir \ .., if
7.--'-' 484, (;, q) WitIle, if p.--0 7,=-48e2so u, 4),Prpr ',it P=1

i

20.7.40 Mc;" z, (I) fo cos (21/4 cosh z eosh tp q)dt

2ce2,(1, q)/irAr, if p=0 7,-=-2c4,4.1(0, q,lira Art, if p..1

Afs,')(z, (;) ='7? f sin (2,,rq cosh z cosh t+pli) zsinh t M8:1)(1, q)dt
0

484,(41r, q)1,14 v11.2', if , if p=1

20.7.11

Additional forms in 120.301, 120.361, [20.14

20.8. Other Properties

Relations Between Solutions for Parameters q and

Replacing 7 by it- . in 20.1.1 one obtains

20.8.1 y" 2q COM 2z)y.--0

Iletwe if a(.7) is a solution of 20.1.1 then u(iirz)
satisfies 20.8.1. It van be Shown that

742

20.8.2

a( v, q)--=a(v,q), p not an integer

4.(-4)=p(-1)*4.(q),v not an integer

(c2, defined in 20.3.8) and p depending on the
normalization;

q) pe-'"Ar,(z+1;, 0=pe"*P1F,(24 ql
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20.8.3

42,(q)==a3,(q); b3,(q)=1)3,(q), for integral

43,41('0 =62,41(q), b1, +1(.--9)=1"02,+1(q)

20.8.4
ee3,(z, q)=(-1)reek(ii z,

q)=( l)'ses,+1(ive,
se3,4.1(z, q)=(-1)'02,+1(11T z,

segz, q)=(-1)'-ises,(ev-z, q)J

For the coefficients associated with the aboye
solutions for integral v:

20.8.5

141:( q) (-1r- ICA)
AL*4.11( q)=. (-1)""rit,++;(q);

For the corresponding modified equation

20.8.6 y" (a 1-2q cosh 2z)y0

20.8.7

(z q),

q) defined in 20.4.12.

For integral values of v let

20.8.8

q)---.?:(-1)" "Anil i-,(111)4+.(us)

+ 14+,00 i1-,(u2)11Aio,

/02,(z, 0X1 (-1)"1/13414-.(104+.(112)

44,004-.(%)1/81.

16, +1(2, 1)1+11311+11111-hut) 11+01(%)

+ 111+,+1(t41) i-,(u2)11B2.0

102,1(z, ( -1 )a "A2a+iiia-,(%)/a+,+t
=5

14+8+1(41)11-,(u1)1/111.0
20.8.9

q) A1.114 .(iii)Kt, ,(u2)

fs(ul)1C1-,(as)1/A2,4,

14.01,( 11)41 .,(141)K k,a( n2)

I, ..(u1)1G-.(us)11111,

Re* 4, ( 2 , 112k + lila - (UI) K11+8+1 NO

14+84-1(141)KR-AUSI)1/B14+1

goo oag.

739.

Kos,ft(z,, 0=N Aga+iiia-,(ai)Ka+,+i(*)

4+,+i(*)14-,(us)1 /A+1

where I .(x), Kis(x) are the modified Bessel func-
tions, ut, * are defined below 20.6.10. Super-
script. are omitted, ,=2, if e=0, 44=1 if 800.

Then for functions of first kind:

20.8.10
mely(st q)=(-1)' har(Z, 9)

11143)(2, 9)=(-1)102,(21 q)

Mc0+1(2;

ge+ = ( I )'ilab** (a, 4)

For the Mathieu-Hankel function of first kind:

20.8.11

MeV (z, q)=(-1)'+'i-2 Ke2,(z, q)

(z., 0 = (-1).+tir!Koez,(3, q) .

Met+i(e, .-0= (l)' "
2

Kev+i(e,

MP+ (3, q) =(-1)'+'-2 Kos,+,(z, q)

For M(/)(z, j=2, 4, one may use the defini-
tions

M;19.i(MP)M;')); or Ms,

also

M;a(z, = 22IP,"(e, M:3)(e, 4)

M=Me or Ms; for real z, q, (z, q)

are in general complex if j=2, 4.

Zeros of the Functions for Real Values of q.

See 120.301, section 2.8 for further result..
Zeros of es.(s, q) and se,(a, q), M4"(s, q), W(s, q).

In 0 5z < q) and se,(z, q) have r real *

zeros.
There are complex zeros if q>0.
If zo=z0-1-iyo is any zero of ce,(z, q), se,(z, q) in

<zoe, then kir ± kr ±to
2 2

trtito zeros, k an integer.
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In the strip -1,r<zo<21 the imaginary zeros of

ce,(z, q), se,(z, q) are the real zeros of re,(z, q),
Se,(z, q), hence also the real zeros of Me;')(z, q)
and Ms "' (z, q), respectively.

For small q, the large zeros of Ce,(z, q), Se,(z, q)
'approach the zeros of J,(2i,/q cosh z).

Tabulation of Zeros

Ince [20.56) tabulates the first "non-trivial"

zero (i.e. different from 0, 1-;-, ir) ior

r=4(1)5 and for see(z) to within 610-4, for q=0(1)
10(2)40. He also gives the "turning" points
(zeros of the derivative) and also expansions for
them for small q. Wiltse and King [20.61,21 tabulate
the first two (non-trivial) zeros of Me "' (z, q) and
1114')(z, q) and of their derivatives r=0, 1, 2 for
6 or 7 values of q between .25 and 10. The graphs
reproduced here indicate. their location.

Between. two real zeros of Me) (z, q), Ms "' (z, q)
there is a zero of MeNz, q), q), respec-
tively. No tabulation of such zeros exists yet.

Available tables are described in the References.
The most comprehensive tabulation of the char-

acteristic values a 6, (in a somewhat different
notation) and of the coefficients proportional to
A. and as defined in 20.5.4 and 20.5.5 can be
found in [20.581. In 'addition, the .table contains
certain important "joining factors", with the aid
of which it is possible to obtain values of
Mc;" (z, q) and Ms;" (z, q). as well as their deriva-
tives, at Values of the functions ce,(x, q)
and se,(z, !q) for orders up to five or six can be
found in 120.561. Tabulations of less extensive
character, but important in some aspects,.are out-
lined in the other references cited. In this
chapter only representative values of the various
functions are given, along with several graphs.

20.8.12

Special Values for Argument,' 0 and ;

ee" (72' 0=(- 1)tg"(q)Alt(q)A1-12

(2 q)--(--1)'"ga,1(q)Ari(1) e
1+ A2

R e '2' (f2' ti)-( l)'gn gq)11r(q).q /t
rse,, (4.2, q)(-- Wq0.241(q)Bri(q) .41

r 44

///,
Me;" (0, q)

fh, )

dz ' (z,

q

'(q)

,(q)/g ,(q)

/. di 018r. 0, (V Jr-o=li//'d r., (,), ,1 2 1

4[A(Tz.

le (z, q)14, -0=1111.,(Olge.,(0

../
Ms(,2)(z, q)=- f,(q) Ari.2

/

The funcitionsf,,, go, f.,,, g,,, are tabulated in ,-
(20.581 for /q<25. --------------7-:-----

2049. Awl judelpRiipresentations

The representations given below are applicable
to the characteristic solutions, for real values of q,
unless otherwise noted. The Floquet exponent v
is defined below, as in [20.361 to be' as follows:

In solutions associated with a,: v=r
In solutions associated with 6,: P=r.

For the functions defined in 20.6.7-20.6.101

20.9.1

Me,3)(z, q)
(-1)'M 3)1 (z, q)

eoah
9 4,

iriqz14(cosh z-01 "O

where D_I=D_2=0; D,;=1,
D. are obtainable from the
formula:

D.
[-4iii(cosh z - o))"

and the coefficients
following recurrence

20.9.2

(m-1-1)DoF+t-RIni-V-(m+D8iiiii e

+2q-a] D,+(m-D [10q(1- ea) -8iIrq ent1/3,...1

+40/74 3) (2m- 1) (1 - fa) A,..2.0
20.9.3

Afe,4)(z, q)

(-WWI) (z, q)
Its e Iwe 4 0--

9
- I

4
I

e. .
es q114(cosh z o)i Iii(cosh z-e)1".

d...,'=',4_3'4; 4=1, and
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20.9.4

(m+1)44.11-Rm+y+(m+--4.)

+2qai 4+( 11(4(1 + 8i smIti,,_

+ 4q(2m 3) (2m 1)(1 0)4_2=0.

In the above

2w<arg Irq cosh z<Ir

'cosh zel>le± II, 9ez>0,

but c is otherwise arbitrary.. If 0.1, 20.9.2 end
20.9.4 become three -terra recurrence relations:

FormnAkts 20.9.1 and 20.9.3 are valid for arbi-
trary a, q, provided v is also known; they give
(multiples of 20.4.12, normalized so as to approach

-`the corresponding Henkel functions HP (4e'),
1-1;," (468), as z-Pe) . See (20,38J, section 2.68.
The forinula is especially useful if Icosh zlis large
and q is not too large; thus if v.- 1, the absolute
ratio of -two successive terms in the expansion is
essentially

(_,?+444N
+2)(cosh z+ 1)1.

If a, q, z, p are real, the real and imaginary
components of Me) (z, q) are Me,(z, q) and
Me,a)(z, q), respectively; similarly for the com-
ponents of 111148) q). If the parameters are
complex

20.9.5 Mc "' (z, Or-11W? (2, q)+Mc:4) (z, q)]

20.9.6 Mc?)(z, Os= [Me (2, M44)(8, 2)]

Replacing c by a in the above will yield corre-
sponding relations among Me q).

Formulas in which the parameter a does not
en ter explicitly

Goldstein's Expansions

20.9.7
Mc',3(z, q)iA19;31..(z, q)

.61,0(z) (z) je4/00 (cosh z).

where

20.9.8

0 =2 vrq ainh (2r + 1) arctan

.1tt>0, q>>1, w=2r+ 1

FUNCTIONS

20.9.9

741

F0(z)...1+
8,5 °oohs z

1 r0+880+105 0+220+571
7-2048q L. cosh' z cosh' z j

1 r(wo+140+33w)
+18384qm L cosh' z

(20+1240+11220 +30+2900+16271 +...
cosh' z cosh" z

20.9.10
Binh z re-l-3u. 1 tuou.3w+410-1-44w\

'a' 'cotiEr78 L324 '512q COM-WTI

÷1847A4 {5w4+34w1+9
(0-470+8070+2835)

12 cosh* a

(0+5050+ 12139,0+ 10395) 1]
12 cosh' z . .

See (20.18) for details and an added term in
q"2; a correction to the latter is noted in (20.581.

The expansions 20.9.7 are especially useful when
q is large and z is bounded away from zero. The
order of magnitude of Meg°, q) cannot be obtained
from the expansion. The expansion can also be
used, with some success, for z.ix, when q is large,

if (cos x>>0; they fail at x=4 T. Thus, if q, x are

real, one obtains

20.9.11

ce,,
cer(x,

(0 or-4
{WiIPo(t) (i)]F6(0)

+14721P0(z)+131(4])

20.9.12
ge,41(z, '%8e;+1(0, r,+t {WiiPo(x)Pt(x)]

W2iPo(x)+1'1(x)J1

In the above, Pa(x) and Pi(x) are obtainable
from Fo(z), FI(x) in 20.9.94049.10 by replacing
cosh a with cos x and sinh a with sin x:.'; Thus
Po(x)=Faix); P1(z) = iFt(is):

2049.13

et.

e21 lain s [cos ($t-1-0))".41/(cos

ro,-24171, (sin (ix+ 0)1'1'44/ (do x)'+'

. 7 45
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26.9.14
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(20+3) (70+47w)
vo--6-4A 1029g

See 20.9.23-80.9.24 fcr expressions relating to
ee,(0, q) and se;(0, q). When !cos xl>119r+2/gi,
20.9.11-20.9.12 are useful. The approximations
become poorer as r increases.

Expansion', In Terms at Parabolic Cylinder Functions

(Good for angles close to iv, for large values of
. q, especially when (cos xl<21/q1.), Due to Sips

(20.44-20.46).

20.9.15 es,(2, 4)^-Cao(a)+4(a)1

20.9.16

840(x, 4)'%4942*(0)Ma)1 gin x,

Let DitzsDs(a=1 (-1)412 j e-t"

20.9.17

444..../x4-4[-'4e44(4)D--]

a =20 cos x.

.L1 r/2,111
-rleg L 512 16

4
+2 (r-1) (r4)D.-4

35
ks) Dr-d+

20.9.18

1
"*"

n s_r(r..i?
4 L.,,+ 4

1)

D -'J
1 (1.1-25r-36) A+,

+162 64 I. 64

Cg) D,_,+

20.9.19

(',-(040/0.9,4 [1+1'8441

+0+20+2630+262r+108
TN

2048q +16384e+

=60+150+12800 +19050+1778r+572

p

746
Meg;

FlilICTIONS

20.9.20

.9,41-0404/(04[1422

0+20-1210-122r-84+ ,

2048q 16384q0er

fs=20+50-4160-6290-1162r-476

approximation \pproximation for se,+I(x, q), but 20.9.16 may give
It should be noted that 20.9.15 is also valid as an

slightly better results. See (20.4.)

Explicit Naponsiests for Chides 0, 1, to Terms Is rws
(el lane)

20.9.21 For r=0:

4-DO- 114 + 1 (-8+12-9644 169 8 512

99D4 3D, Na.'UP 256 .7-256.-24576[r

7 AA. ODI.L_DA
k 16 7-64/

1 61D, 25D4 5D1e ,

+Re k "Tr+ 256 10240r
20.9.22 For r=1:

D'
11, a. 1 I Ws, Do\

4vm1-6414T16g k 16 7.512/

a. NA..

256 ' 114-245761'

7 DI, 1 (....15DIp_A
"t-e-Wr16q k 16 '64/

, 1 153DI ,

"TP 2048F

Formulas involving oe,(0,q) and .e,(0, q)

20.9.28

(l10.2,1),242e-141.11.
-I 9256 +eak, q) \ 161/i g

,Qq) 3254 e-tire 0-4+ irsq+

I.



trio
et aimrini17

es,(0, 2)

eoReirt 0" 442'14 (1+4+.2644+

04(0A 84

087FT30'T "le-14(1-4+A+ ...)
20.9.21

an1)-01( 8-114 (I-16%413 '72561111+

sea°, 0
WstiTr7i'-'64 25*-146-- -17 4. \

1041 128q ./

84(0, q)
seiWir844 6-141 (1 ,-(4 39 */let/4 Meg

vel

PUNCIIONS 743

31 18seiOt
sea 114 q)

13 28 %lie'Ili (11W128q+ .)

For higher orders, theme ratios are increasingly
more difficult to obtain. One method of estimat-
ing values at the origin is to evaluate both 80 .9.11
and 20.9.15 for some a where both expansions are
satisfactory, and so to use 20.9.11 as a means to
solve for ee,(0, q); similarly for is, (0, q).

Other asymptotic expansions, valid over various
regions of the complex a- plane, for real values of
a, q, have been given by Langer [20.251. It is not
always Jassy, however, to determine the linear
combinations of Danger's solutions which coincide
with those defined here.
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20.10. Comparative Notations

.

-

This VOW*
1244V

Mt 591
Strotto n -Mores, etc.

180-321
Metzner end SAM.

(20. LS
Bateman kflatilleliP4

COMMillig

Perenteten In WU

Periodic Solutions, of 216.1.11

centffets In Psilodle Solo-

Sven

Add ... . ...... .

1-16t' pfdrals the Standard
Won of $0.1.1.

Floquet's [Infusions 20.8.11 ...
Chereeterhile Soprani... ...
NarinellostIone of TIonont's

Solutions.

Solutions o f t odified
Ike 1111.1.2.

Mang Futon..

48

a
,.

ii
a,
to

.

en(t, I)

....(s, 0 .

A;(s)

/4(2)

1

P.(s)
St

Unspecified

Ca% II

As(111) (

Mgr O. 0

AN" 0.0

me C4(s; 0,

Me (r, g)

V77114Mr:1) % I/

oe'2741Mer fs

-me (0, 01A141)

Me'?
6 t 0.0
ii Mel) (s, 0

01.4

(0, 0

.

°

6 5+26
s-y
beoserf-2/
bo,84.+2.

A' ssAs, s)

/b 88.(8. s)

At Ds:,(s)

DP Do:,(s)

(.41- as (180-

0160

Ati...(0)4s, 0

Boo, .(s)lto(s 0

I! s. 8)

:IPJoAs, s)

11:1! bleAs, s)

Al! No.(e, 8) e....1

0..4)

P.. di)

1..4)

A.A.)

6

...2,4
b. -s.+22
6,044.20

.

A' Ss T(e, oast)

AtasT (4,, east)

At D:,

SIF,

(A1- or (0)4

A... .(4*(e, each o)

BP.. 4004. mil 9)

ili! s(e, each s)

4..i Je4, cosh s)

i.11- NW, cosh 1).
If! Na(e, ash s)

IA* kr/

vi; )4;"

K'9
-; X

2 14
; ri

X

m .

a.
6..

C4(1. 60)

se.(8. 6')

A:,

NI

1

swAs, Al)

1; re Ow As, 69140...(1, 0)

4,(,, 0

Sc,(:, 0

?der (s, k)

Me (s, 0

Me (4 6)

Me O. 0

seri;illikr ox 6)

Vii;/-018;(8.41.4
eis

--Me) A 2)/Mr:n (0, 6)

Same es this volume

,

1

a.
a

ceAs. I)

4*A8. 0

A.
.

8)
OsPi .

Oafs, 0

&As, OF

lokires.(8. 01.44..

am: WAN
AIT2 '

4:4 rem.,)/40..4)w

,i
A ri. 0.0, OBI«

3(-1)shik A

I(-1)%4;in

1:44V),

A0

AO

AO

.4

A

41.

6,

et.(:, I)

e#4s, I)

A.

ESL

1

N-1.

PAC 0

&Al. 0

4.! CtA8. OW.. Ag)

Iif- 864,0114441)

47# Am:, 6)1.46.. 4.)w

2
11; GIVA8, Olaf.. A0

Same es 120.201

Same as 120.291

Same es 120.301

.

r1

See Note 1

See Note 1

See Note 2

See Natoli

004, o)

4-----ii &Aro IS

Norc: 1. The conversion factors A' and B' are tabulated in (20.58) along with the coefficients.
2. The multipliers p, and s, are defined in (20.30), Appendix 1, section 3, equations 3, 4, 5# 6.
3. flee 120.591, sections (5.3) and (5.6). In eq. (316) of (5.5), the first term should have a minus sign.
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.120.441 R. Sips, Representation asymptotique des fonctione'
de Mathieu at des fonetione d'onde apheroidales,
Trans. Amer. Math. Soo. 66, 93-134 (1949).

(20.45) R. Sips, Representation asymptotique des fonotions
de Mathieu Net des fonctions spheroidales II,
Trans. Amer. Math. Soo. 90, 2, 340-368 (1959).

120.46] It. Sipe, Recherches sur lea fonctions de Mathieu,
Hull. Soc.' Roy. Sci. Liege 22, 341-355, 374-387,
444-45, 530-540 (1953); 23, 37-47, 90-103
S1954).

120.47] M. J. 0. Strutt, 1Me Hlllsche Differentialgleichung
im komplexen Gebiet, Nieuw. Arch. Wick. 18
31-55 (1935).

120.48] M. J. 0. Strutt, Larnesche, Mathieusehe und
verwandte Funktionen in Physik und Technik,
Ergeb.- Math. Grensgeb. 1, 199-323 (1932).

120.49) M. J. 0, Strutt, On Hill's problems with complex
parameters and a real periodic function, Proc.
Roy. Noe. Edinburgh Sect. A 412, 278-296 (1948).

120.50) E. T. Whittaker, On functions associated with
elliptic cylinders in harmonic analysis, Proc.
Intl. Congr. Math. Cambr. 1, 386 (1912).

120 51] T. Whittaker, On the general solution of
Mathieu's equation, Proc. Edinburgh Math. Soc.
32, 75 80 (1914).

120.521 E. T. Whittaker and G. N. Watson, A course of
modern analysis, 4th ed. (Cambridge Univ. Press,
Cambridge, England, 1952).

Tables

110.531 Blanch and I. Rhodes, Table of characteristic
%slues of Mathieu's equation for large values of
the parameter, J. Washington Acad. Sci. 45, 6,
1118 196 (1955). Ite,(t)--= o.(q) + 2q 2(27+ 1) tri;
110,(1) b,(q) 42q 2(2r 1) 4q.1-= 1/2 ./q-, r=0(1)
I5, 0 <I 1, with a', 6'; 81) (about); inter-
potable.

120.541 J. G. Brainerd, B. J. Gray, and R. Merwin, Solu
tion of the Mathieu equation, Am. Inst. Elec.
Engrg+. 67 (1948). Characteristic exponent over
s Nib. range. u, Al foi 1(1)10; k=.1(.1)1,
51), /(1) for t 0(.11.1, s, 51); --1(1)10,
k I( III, where y(t), 5(1) are solutions of
y" .(1 k ens l)y 0, with g(0)---.13'(0)

h(0) 0, ens 2ira -2g(s)le(r) -1, At
y(041(w) h(f)e(0910.

120, 551 J C; Brainerd and C. N. Weygandt, Solutions of
'Mathieu's equation, Phil. Mag. 30, 458-477
(1940).

FUNCTIONS

(20.561 E. L. Inca, Tables of the elliptic cylinder functions,
Proc. Roy. Soo. Edinburgh 52, 355-423; Zeros
and tinning points, 52, 424-433 (1932). Charac-
teristic values no, Si,. bw

and coefficients for 0=10(1)10(2)20(4)40; 7D.
Also ee,(x, 9), ae,(.1, 9), 9=0(1)10, x=0 °(1 °)90 °;
SD, corresponding to characteristic values in
the tables. a,=tbe,-2q; bombe,-2q; 0=1.3

[20.57) E. T. Kirkpatrick, Tables of values of the modified
1VIathisti function, Math. Comp. 14, 70 (1960).
Ce,(u, q), r=0(1)5, Se,(u, q), r=1(1)6;
to=.1(.1)1; q=1(1)20.

(20.581 National Bureau of Standards, Tables relating to
Mathieu functions (Columbia Univ. Press, New
York, N.Y., 1951). Characteristic values 50,(a),
bo,(a) for 0 Sa ..5100, along with $14, interpolable
to SD; coefficients Deb(s), Do3(a) and conversion
factors for ce,(q), ae,(q), same range, without
differences but interpolable to 91) with Lagran-
gian formulas of order 7. "Joining factors"
81"g.,,, 81171..,, e." ef.., along with 5**; inter.
polable to 88.

(20.59) J. A. Stratton, P. M. Morse, L. J. Chu and R. A.
Hutner, Elliptic cylinder and spheroidal wave
functions (John Wiley & Sons, Inc., New York,
N.Y., 1941). Theory and tables for be, by b,,
63, 64, 14, 14, 14, V4, and coefficients for SM., x)
and So,(s, z) for c =0(.2)4;4 and .5(1)4.5; mostly
58; c.2qi, b,=4,2q,

120.60) T. Tamir, Characteristic exponents of Mathieu
equations, Math. Comp. 16, 77 (1962). The
Floquet exponent r, of the first three stable
regiot; namely r=0, 1, 2; q=.1(.1)2.5; a=or
(.1)r+ 1, 5D.

(20.61) J. C, Wiltse and M. J. King, Values of the Mathieu
functions, The Johns' Hopkins Univ. Radiation
Laboratory Technical Report AF-53, Baltimore,
Md. (1958). (Notation of (20.58) used:
ces(v, q)/ A, se,,(v, q)l B for 12 values of q between
.25 and 10 and from 8 to 14 values of v; Vir/2
Mega, q), letifj Mas,(u, q), j=1, 2 for 6 to 8
values of q between .25 and 10 and about 20
values of u, r=0, .1, 2; il, /2 Ale(-14 q),
lir/2 lul, q), r=0, 1:2 for about 9 values
of is and q, 2 to 4 Din all.

120.621 J. C. Wiltse and M. J. King, Derivatives, zeros,
and other data pertaining to Mathieu 'functions,

Technical Report AF-57, Baltimore, Md.
Johns Hopkins Univ. Radiation Laboratory

(20.63) S. J. Zaroodny, An elementary review of the
Mathieu-Hill equation of real variable based on
numerical solutions, Ballistic Research Labora-
tory Memorandum Report 878, Aberdeen
Proving Ground, Md. (1955). Chart of the
characteristic exponent.

Mee also 120.18). It contains, among other
tabulations, values of a,, 6, and coefficients for
ee,(x, q), ae,(x, q), q=40(20)100(50)200; 5D,

r52.
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Table 211:1

r

0

2

10

r

1

5

0.16
0.12.
0.08
0.04
0400

MATH= FUNCTIONS

414AdIA(IWRISTICMAJON,JOINEW FACIVICSOMMOR111011.1WAUFS

ry, a,

'EVEN SOLUTIONS

re,(0, q) ccar. q)
0 0.00000 000 -1 7.07106 781 (-1) 7.07106/8
5 5.80004 602 -2 4.48001 817 1.33484 87,

10 - 13.93697 996 -3 7.62651 757 1 46866 05
15 - 22.51303 776 -3 1.93250 832 1.55010 82
20 - 31.31339 007 -4 6.03743 829 1.60989 09
25 - 40.25677 955 -4 2.15863 oje 1.65751 03

0 4.00000 000 1.00000 000 - 1.00000 00
5

10
7.44910
7.71736

974
985 -1 2.45888

308
349

(4)-7.24488
(-1)-9.26759

15
26

5.01798 320 -2 7.87928 278 -1.01996 62
20 + 1.15428 288 -2 2.86489 431 -1.07529 32
25 - 3.52216 473 -2 1.15128 663 -1.11627 90

0 100.00000 000 1.00000 000 -1.00000 00
5 100.12636 922 1.02599 503 49

10 100.50E77 002 1.05381 599 -1 -9.51645 32
15 101.14520 345 1,08410 631 -1 -9.28548 06
20 102.04891 602 1.11778 863 -1 -9.05710 78
25 103.23020 480 1.15623 992 -1 -8.82691 92

1 4, cer(Or q) ce;(41r. 9)

0 1.00000 000 1.00000 000 -1.00000 00
5 1.85818 754 -1 2.56542 879 -3.46904 21

10 2.39914 240 -2 5.35987 478 -4.85043 83
15 8.10110 513 -2 1,50400 665 -5.76420 64
20 14.49130. 142 - 3)5.05181 376 -6.49056 58
25 21.31489 969 -3)1.91105 151 -7.10674 15

0 25.00000 000 1.01000 000 -5.00000 00
5 25.54997 175 1.12480 725 -5.39248 61

10 27.70376 873 1.25801 994 -5.32127 65
31.95782 125 1.19343 223 -5.11914 99

20 36.64498 973 (-1)9.36575 531 -5.77867 52
25 40.05019 099 (-1)6.10694 310 -7.05988 45

0 225.00000 000 1.00000 000 .-'1 1.50000 00
5 225.05581 248 1.01129 373 1 1.51636 57

10 225.223S5 698 1.02287 828 1 1.53198 84
15 225.5024'5 624 1.03479 365 1 1.54687 43
)1) 125.89515 341 1.04708 434 1 1.56102 79

15 226.40072 004 1.05980 044 1 1.57444 72

Compiled from National Bureau of Standards, Tables relating
Press, New York, N.Y., 1931 (with permission).

n,f +2(1 - (4r +2) lig

(40irge. ,(q) (404,.(q)
(-1) 7.97884 56 00

1.97009 00 - 1.86132 97
2.40237 95 - 5 5.54257 96
2.68433 53 - 6 3.59660 89
2.90011 25 - 7 3.53093 01
3.07743 91 - 8 4.53098 68

1 1.27661 53 31
1 2.63509 89
7.22275 58

2 1.68665 79
1 1 6.89192 56
2 1.32067 71 1 1.73770 48
2 1.98201 14 4.29953 32
2 2.69191 26 1.11858 69

12 1.51800 43
12 1.48332 54
12 1.45530 39
12 1.43299 34
12 1.41637 24
12 1.40118 52

(4q)09.,,(q)
1.59576 91
7.26039 84

49.

1 1,91)48 51
1 2.42144 01
1 2.89856 94

4 4.90220 27
4 4.43075 22
4 4.19827 66
4 5.25017 04
4 8.96243 97
5 1.71582 55

20 5,60156 72
20 5.54349 84
20 5.49405 67
20 5.45287 72
20 5.41964 26
20 5.39407 68

23 2.30433 72
23 2.31909 7.7
23 2.36418 54
23 2.44213 04
23 2.55760 55
23 2.71854 15

2.54647 91
1.02263 46

- 12
- 2 1.19739 95
- 3 1.84066 20
- 4 3.33747 ":5

8 4.80631 83
8 5.11270 71
8 6.83327 77
9 1.18373 72
9 1.85341 57
9 2.09679 12

70
40 2.09575 00
40 2.10754 45
40 2.12738 84
40 2.15556 69
40 2.19249 18

to Mathieu functions, Columbia Univ.

1
1 2 6 10 15 <q>

-0.25532 994 -1.30027 212 -3.45639 483 -17.84809 551 -76.04295 314 - 80.93485 048 39

-0.25393 098 - 1.28658972 -3.39777 782 -16,92019 225 -76.84607 855 -141.64507 841 69
-0.25257 851 -1.27371 191 -3.34441 938 -16.25305 645 -63.58155 264 -162.30500 052 156
-0.25116 918 -1.26154 161 745 -15.70968 373 -58.63500 546 -132.08298 271 625
-0.25000 001 -1.25000 000

.-3.29538
--3.25000 000 -15.25000 000 -55.25000 000 -120.25000 000 co

For q and .1,, r see 20.8.12.

<q> - nearest integer to q.

Compiled from G.' Blanch and I. Rhodes, Table of characteristic values of Mathieu's equation for large
values of the paraineter, Jour. Wash. Acad. Bei., 45, 6, 1966 (with permission).
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MATHIEU FUNCTIONS

1.11AR41:TERISTIC VALUES. JOINING FACTORS, SOME CRITICAL VALUES

ODD SOLUTIONS
,

b, se;(0, q) firAtr.q)
2 0 4.00000 000 2.00000 00 -2.00000 00

S 4, 2.09946 045 -1 7.33166 22 -3.64051 79
10 - 2.38215 824 -1 2.48822 84 . -4.86342 21
15 - 8.09934 680 -2 9.18197 14 -5.76557 38
)0 - 14.49106 325 -2 3,70277 78 -6.49075 22
25 -. 21.31486 062 -2 1.60562 17 -7.10677 19

5
100.00000 000 ( 1)1.00000 00 1 - 1.00000 00

100.12636 922 9.73417 32
10 0

10 100.50676 946 9.44040 54 1 -1.04539 48
15 101.14517 229 9.11575 13 1 -1.06429 00
20 102.04839 286 8.75554 51 1 -1.08057 24
25 103.22568 004 8.35267 84 1 -1.09413 54

n,

1 0 4 1.00000 000
5 - 5.79008 060

10 - 13.91655 248
15 -.22.51300 350
20 - 11.31338 617
25 - 40.25677 898

5 0 25.00000 000
5 25.51081 605

10 26.76642.6 -36
15 27.96788 060
20 28.46822 133
25 28.06276 590

15 0 225.00000 000
5 225.05581 248

10 225.22335 698
15 225.50295 624
20 225.89515 341
25 226.40072 004

se;(0, q)

1.00000 00
-1 1.74675 ::
-2 1.39251 35
-3 5.07788 49
-3 2,04435 94

5.0000 0 00
4.33957 00
3.40722 68
2.41166 65
1.56889 69

(-1) 9.64071 62

li4 q ii! i
1 1.44630 01
1 1.42679 46
1)1.40643 73

iler(ir07)

1.00000 00
1.33743 39
1.46875 57
1.55011 51
1.60989 16
1.65751 04

(4q)1rgo. r(q)

6.38307 65
11.24474 88
1 1.86133 36
1 2.42888 57
1 2.95502 89
1 3.44997 83

11
1.51800 N14

11 1.62453 03
11 1.70421 18
11 1.80695 19
11 1.93959 86

04404 r(4)

1.59576 /1
2.27041 /6
2.63262 99
2.88561 87
3.08411 21
3.24945 50

3

. 4 2.20680 20

55
4 1.14793 2

4 4.76476 62

4 1.52179 77

4 3.27551 12

1.00000 00
-1 9.06077 93

-1 8.3794
-1 8.46038 43

-1, 8.63543
-1 8.99268

-1.0000 '00
-1 - 9.88960 70
-1 -9.78142 35
-1 -9.67513 70

-1 -9.46708 70
-1 -9.57045 25

19 3.73437 81
19 3.78055 49
19 3.83604 43
19 3.90140 52
19 3.97732 29
19 4.06462 83

/ -!,, ,1 1 2

b.+2q (4r-2)0

5 10

0.16 -0.25532 994 -1.30027 164 -11.53046 855 -51.32546
0.12 -0.25393 098 -1.28658 971 -11.12574 983 -56.10964
0.08 -0.25257 851' -1.27371 191 -10.78895 146 -51.15347
0.04 -0.25126 918 -1.26154 161 -10.0135 748 -47.72149
0.00 -0.25000 000 -1.25000 000 -10.25000 000 -45.25000

For go. , and f,, see 20.8.12.

«i> -nearest integer to q.

ft

875
961
975
533
000

753

749

Table 20.1

(4q)'10 ,(9)

111:144,111

31

3.91049 85
17.18762 28

- 1 1.47260 95
- 2 3.33750 27

23 2.30433 72
23 2.31909 77
23 2.36418 52
23 2.44211 78
23 2.55740 30
23 2.71681 11

(4q)'/0, ,(q)
2.54647 91

- 2 3.74062 82
- 32.2173788
- 4 2.15798 83
- 4 2.82474 71
- 6 4.53098 74

83
8 5.05257 20
8 5.46799 57
8 5.27524 17
8 4.26215 66
8 2.94147 89

40 2.09183 70
40 2.09575 00
4 2.10754 45
4 2.12738 84
4 2.15556 69
40 2.19249 18

15 <q>
- 55.93485 112 39
-108.31442 040 69
43259692 424 '156
-114.76358 461 625
-105.25000 000 ae
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Table 20,2

MATWZU Y01401102413

COBIMCIENTS 4, AND

AM

I 1.5

in' r 0 2 10 rtAr
0 .0.54061 2446---A-43813-7166' .0.00000 1679 1
2 -t.62711 5414 .0.65364 0260 40.00003 3619. 3- -4 .0.14792 7090 -0.42657 8935 +040064 2987 5
6 -0.01784 8061 +0.01588 5673 40.01078 4807 7
8 .0.00128 2863 -0.00674 1769 .043767 5121 9

10 -0.00006 072) 40.00036 4942 40.98395 5640 11
.12 .0.00000 2028 -0.00001 3376 -0.11280 6780 13
14 -0.00000 0050 40.00000 0355 +0.00389 2962 15
16 .0.00000 0001 -0.00000 0007 -0.00018 9166 17
18 .0.00000 4226 19
20 -0.00000 0071 '21
22 .0.00000 0001 '. 23

25

to` r , 0
0 442974 1038
2 4.69199 9610
4 /40.36354 4190
6/ -0.13057 3523

.0.03274 5863
- 0.00398 3606

2 .0.0008? 3792
14 -0.00008 1961
16 .0.00000 7466
18 -0.00000 0514
20 .0.00000 0029
22 -0.00000 0001

/ 24
26
28

2
40.33086 5777
-0.04661 4551
-0.64770 5862
40.55239,9372
-0.22557 4897
.0.05685 2043
-0.00984 6277
.0,00124 8919
-0.00012 1205
.0.00000 9296
-0.00000 0578
.0.00000 0030
-0.00000 0001

1"26
10 w\r

.0.00502 6361 1

.0.02075 4891 3

.0.07232 7761 5
40.23161 1726 7
.0.55052 4391 9
.0.63227 5658 11
-0.46812 9197 1$
40.13228 7155 IS
- 0.02206 0893 17
40.00292 2374 19
-0.00021 3672 21
.0.00001 4078 23
-0.00000 0746 25
.0.00000 0032 '27
- 0.00000 0001 29

31

P 2 10
2 .0.93342 9442 .0.00003 3444
4 -0.35480 3915 40.00064.1976
6 .0,05296 3730 .0.01078 4807
8 -0.00429 5883 40.13767 5120

10 .0.00021 9797 40.9095 5640
12 -0.00000 7752 - 0.11280 6700
14 4.00000 0200 .0.00589 2962
16 -0.00000 0004 -0.00018 9166
18 40.00000 4227
20 -0.00000 0070
22 40.00000 0001

et' ,r

a,,,

1 5
.0,76246 3686 40.07768 5798
-0.63159
.0.13968 4806

6319 .0.30375
40.92771

1030
8396

-0.01491 5596 -0.20170 6148
.0.00094 4842 40.01827 4579
- 0.00003
+0.00000 1189

9702 -0.00095
.0.00003

9038.
3457

-0.00000 002 7 - 0,00000 0839
.0.00000 0001 .0.00000 0016

1 5
.0.39125 2265_ 40.65699 0398
-0.74048 2467 +0.96900 8820
+0.50665 3803 -0.19827 8625
-0.19814 2336 -0.48837 4067
.0.05064 0336 .0.37311 2810
-0.00910 8920 4.12278 1866
.0.00121 2864 +0.02445 3933
-0.00012 4121 -0.00395 1335
40.00001 0053 .0.00033 9214
-0.00000 0660 -0.00002 6552
40.00000 0036 .0.00000 1661
-0.00000 0002 -0.00000 008

.0.00000

15
0.00000 0000

4.00000 0002
.0.00000 0106
+0.00000 4227
40.00014 8749
40.00428 1393
40.08895 2014
40.99297 4092
- 0.07786 7946
.0.00286 6409

6394
40.0 000 1092
-0.0 000 0014

15
4.00000 4638
.0.00003 7337
.0.00032 0026
40.00294 0806
.0.01T70 9603
.0.10045 8755
40.40582 7402
40.83133 26
-0.35924 31
.0. 6074

. 02 4550
.0.00066 6432

-4.00004 1930
.0.00000 2090
-0.00000 0085
40.00000' 0003

11-5 1

.m\ i 6 16
1 40.94001 9024 +0.03038 2462 0.00000 00 0

-0.33654 1963 40.29736 5513 .0.00000 0002
.0.05547 7529 +0.93156 6997 .0.00000 01
-0.00908 9553 -0.20219 3618 .0.00000 4 7
.0.00029 3879 .0.01830 5721 .0.00014 87 9
-0.00001 1602 -0.00096 0277 .0.00428 13 2
+0.00000 0332 +0.00003 3493 40.08895 20 4
-040000 0007 -0.00000 0842 .0.99297 4

.0.00000 0017 -0.07786 7966
.0.00286 64 9

.-0.00006
63 4

0.00000 1M
- 0.00000 0013

3
5
7
9

11
13
IS
17
19
21
25 3

2

q..25

10 wV 1 5 15
2 40.63743 9912 .0.01800 3596 1 .0.81398 3846 .0.30117 4196 .0.00000 3717
4 - 0.66371 9990 .0.07145 6762 3 0.52931 0219 +0.62719 8468 40400003 7227
6 .0.33621 0033 4.73131 0990 5 .0.22890 0813 .0.17707 1306 .0.00032 0013
8 -0.10507 3258 .0.65054 4783 7 -0.06818 2972 -0460550 5349 .0.00254 0804

10 40.02236 2380 .0.63250 8150 9 .0.01453 0886 .0.33003 2984 .0.01770 9603'
12 -0.00344 2304 -0.46893 3949 11 - 0.00229.5765 4.09333 5984. .0.10045 8759
14 .0.00040 0102 .0.13230 9765 13 .0.00027 7422 .0.01694 2545 .0.40582 7403
16 -0.00003 6315 41.02206 3990 15 -0.00002 6336 n7 7430 ' .0.83133 2650
18 .0.00000 2640 40.00252 2676 17 40.00000 2009 .\. 11 0135 -0.35924 8910
20 -0.00000 0157 -0.00021 5694 19 -0.00000 0126 -0.00001 5851 .0.06821 6074
22 .0.00000 0008 40.00001 4079 21 .0.00000 0007 40.00000 0962 -0.00802 4591
34 -0.00000 0746 23 -0.00000 0048 .0.00066 6432
26 .0.00000 0033 25 .0.00000 0002 -0.00004 1930

27 40400000 090
29 -0.00000 086
31 40.00000 0003

Compiled from National Bureau of Standards, Tables relating to Mathieu functions, Columbia Univ.
Press, New York, N.Y., 1951 (with permission).

For .1. and B. see 10.1.1-20.2.11

I
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21. Spheroidal Wave Functions
Mathematical Properties

21.1. Definition of Elliptical Coordinates

21.1.1 6 2f ' 2f

rt and r, are the distances to the foci of a family
of confocal ellipses and hyperbolas; 2/ is the dis-
tance between foci.

21.1.2 a=ft, b =f Nrer-7, e.1

a =semi-major axis; b=semi-minor axis; e..ec-
centricity.

Equation of Family of Confocal Ellipses

XI VI
21.1.3 pt+titTi =,fe

Equation of Family of Confocal Hyperbolas

21.1.4 !2t--.f
112 /13

(1<k< )

(- 1 <'K')

Relations Between Cartesian and Elliptical Coordinates

21.1.5 z=.1 iv; Y=Ma-1) TM

21.2. Definition of Prolate Spheroidal
Coordinates

If the system of confocal ellipses and hyberbolas
referred to in 21.1.3 and 21.1.4 revolves around
the major axis, then

r2"
21.2.1

z2--+=f2.
11' ns 1_ va=f2

y.r cos 0; x.--r sin 0; ( :1 2,r

where t, and 4 are prolate spheroidal coordinates.

Relations Between Cartesian and Prolate Spheroidal
Coordinates

21.2.2

.1. An; y vr(E2 1) (1 II') cos 0;
z,4-41/(E"-- 1)(1 v*) sin

21.3. Definition of Oblate Spheroidal
Coordinates

If the system of confocal ellipses and hyperbolas
referred to in 21.1.3 and 21.1.4 revolves around
the minor axis, then

732 ."5.) .1
75G

r2 y'
21.3.1 1 Pr

z=r cos 0; x=r sin 0; 0 o<2r

where I, n and are oblate spheroidal coordinates.

Relations Between Cartesian *Ind Oblate Spheroidal

21.3.2

x=fin sin 0; 1/=.! V(E2-1) (1 43); z=fin cos 0

21.4. Laplacian in Spheroidal Coordinates

21.4.1

hi11

r a /44
6ir
0\ thihv

140 hi 6Tik 6;ffr 5ckk ho

hi-(rd+C-V4Y

/4-MY-F.(2)24,Y

4:-(V-1-(2Y+W
Metric Coefficients for Prolate Spheroidal Coordinates

21.4.2

ht=f hit= f he! f I (E2-1)(1e)

Metric Coefficients for Oblate Spheroidal t,00rdinates

21.4.3

htf42114:; hi=f ho=fin

21.5. Wave Equation in Prolate and Oblate
Spheroidal Coordinates

Wave Equation in Prolate Spheroidal Coordinates

21.5.1

v20-1-1c24,01 [(E9 -1) M+4[0,19.P-s-,,,,]

+(E' E1)(1'
111)4'

2 63°+cs(42_212)+,0

(0.1-jk)
2Ma pogo it.
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Ware Equation in Oblate Spheroidal Coordinates

21.5.2

C14)-1-04.-41. [(ks-1-1) [(1e) 6,1]
+k'4 --4E at an

+-- '1+1) 6"-4-0242+,12)..0(E3+1)(1n2)602
(e=-1 ,/k)

21.5.2 may be obtained from 21.5.1 by the
transformations

1-0± iE, e---0T ie.

21.6. Differential Equations for Radial and
Angular Prolate Spheroidal Wave Functions

If in 21.5.1 we put

et- R..(c, n.(c n) sc:

then the "radial solution" R. (c, E) and the
"angular solution" S.. (e, n) satisfy the differential
equations

21.6.1

[(E I) Ro4(e,t)]

(X0*-7- R..(c,t)=.0

21.6.2

d d
(-hi I n ititkC

at)

+(kMe TM
Ts) SIMI(C n)

where the separation constants (or eigenvalues)
Xis. are to be determined so that R.. (c, t) and
S (c, are finite at k= ± I and n. ± 1

respectively.
(21.6.1 and 21.6.2 are identical. Radial and

angular prolate spheroidal functions satisfy the
same differential equation over different ranges of
the variable.) 'N.,

Differential Equations for Radial and Angular Oblate
Spheroidal Functions

21.6.3

r 2 ti
CE -1- 1) fit Rms(eti)]

21.6.4

d r
11,1L(1 dn Sum(e,

tni \
fese-1-71-01

753

(21.6.3 may be obtained from 21.6.1 by the
transformations --r± iE, c)Tic; 21.6.4 may be
obtained from 21.6.2 by the transformation e.--0T ic,)

21.7. Prolate Angular Functions

21.7.1

Sggc, n) =4', Odr (n+, (n)

Prolate angular function of the first kind

21.7.2

SiTge, v)=',±' dr Q:+,(v)

=Prolate angular function of the second kind

(P' (s) and (4(s) are associated Legendre
functions of the first and second kinds respectively.
However, for 1 < z<1, 11(4= (1 O)"isd"P.(z)1
de' (see 8.6.6). The summation is extended over
even values or odd values of r.)

Recurrence Relations Between the Coefficients

21.1.3

GrAdk +2 + (P/t"-44111,1)dli Aildh = 0

(2tn-fk+2)(2rn+k+1)eaka
m+2k-I-3) (2 m-1-2k+4

Ph= (m+k)(m +k +1)
2(m +k)(m k+1)-210-1

(2m+2k-1)(2m+21c-O)

k(k-1)c1
4= (2trm--1-2k-3)(2m +2/:- 1)

Transcendental Equation for X,.

21.7.4

U (X.) = Ut (Xm.) +172 (

2

U1 (kW) =
$17

77-2 Xmx 'Y
m
r -4 AWNS

UlOtine)
P7+2 07.-1 4

77+ 2 Ant* 71+ 4 )411441

k(k 1)(2m k) (2 In k --1)c4

(2m-1-24-1)1(2m+2k + 1)(2 m +2k

(k? 2)
77.---(m+k)(m+k-3-1)

l (k?: 0)
(2m + 2k ()(2m -I:2k+3)]

(The choice of r in 21.7.4 is arbitrary.)

I 757
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21.7.5

lug°

lon(n-i- I)

ri ...(2m 1) (2m+1)1
L (2n-1)(271+3) J

SPHEROIDAL WAVE Fli/NCTIONS

Power Series Espanol** for 14...

1,- (nm-14nrn)(n+m-1)(n+m)
2(2n-1-1)(2a-1-3)1(24+5) 2(2,43) (2n-- 1)3(2n +1)

I

om+1)(nm+2)(n+m-1)(n+m-2)_ (n-m-1)(nm)(n+m-1)(n+m )
L (27-21)(2/+1)(2n+3)1(2n+5)(2n+7) (2n-5)(2n-3)(24-1)1(2n+1)(2n+ 3).

I 1182(4m1-1)144-1-1-i- B+i 1 D

(nm-1)(nm)(n-i-m-1)(n+m) (nm+1)(nm-i-2)(n-i-m+1)(n-i-m-i-2)
(2n-5)1(2n-3)(24 1)7(2n +1) (2n +3)' (2n-1)1(2n+ I) (2n+3)7(2n+5) (2n+7)1

B. (n m 3) ( t. st 7-2)(n m 1) (n m)(n + m 3) (a + m 2) (n+ m 1) (n + m)
(2n-7)(2n-5)1(2n-3)s(24-1)4(24+1)

(nm+1)(nm+2)(nm-I-3)(nM-1-4)(n+ m+1)(n+m-i-2)(n--m-i-3)(n+m-1-4)
(2n +1) (216+3)4(211.4-5)3(2K7N2n*-9)

(nm +1)1(n m +2)1(n--m--1(n-i-m+2)1 (ani-1)1(nm)1(n-i-m41)2(n+m)1
(2n+1)$(24+3)7(2n+3)* (2n-3)1(2n-1)f(U+1)2

, 0(nm-1)(nm)(nrn+1)(n--m+2)(n-i-ni-1)(n+m)(n+m+1)(n+rt-i-2)
(2n-3) (2n 1)4(2n+1)1(2n+3)4(24+5)

Asymptotic Expansion for s*
21.7.6

)4,.(c)-=cq-f-ne-- (e-1-5)-
64e

(e+11-32m1)

1024i145(q44-26e-1-21)-384mi(e+1))

[4gi (3391+1594e+5621q)

nt(ve+167q)+ T

(63e+4940e-1-43327e+22470)

mi
512 (115e+1310e+735)+31 (10+0]

8

--
C6

[102I
1.

(527e-1-6152991+1043961e

m1+2241590q) -32 (573144+127550e

+2014951q)+-
16

(355 e-1-1505q)-1+0(e-')
re32(no rn) +1

ReSnoment of Approximate Values of X.,'

If 4,1 is an approximation to obtained eithOr
from 21.7.5 or 1.7.6 then

21.7.7

km= XI+ Alm

81,*=,U1(44)+171(44)
Ai +Ai

t.

u. 0707$07 -4 A.

(N71V7-01V7-01

P +or (N7+1,N144)s Orr+INP+4,Nr+er+ +
+ Kt+ + r,r sr. Irr +

(2m-i-r)(2m-i-r-1)01 d, (r 2)" (2m +2r--1) (2m +2r+1) dt-i

04.= rt-711(2m+r)(2m+r-1)e
(2m +2r-1)1(2m +2r-i-1) (2m +2r-3)

758
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Step 1.

21.7.8

SPHEROIDAL WAVE FUNCTIONS

Evaluation of Coefficients

raicUiatc N?'s from

Ar7+ (r >2)

N7

r-f- 1)

r i4m1-1
ifj '.(27s +2r-1) (2m + 2r +3)] (r >0)

do di
Step 2. Calculate ratios V- and a from

,g1p+1

;1:4:0 CO
.(d1)(d3) 03.2.71)

di/4-1 dal \ *. \d2.+i/

and the formulafor N" in 21.7.7.
The i'oefficients dr are determined to within

the arbitt ry factor do for.r.essa and dl or r. odd.
The choice -1 these factors devends on the normal-
ization scheme adopted.

Normalisation of Angular Functions

Meisner.Sehlifke Scheme

21.7.11 2n+1 (n-m)!
Stratton-Moree.Chu.Little.Corbat6 Scheme

21.7.12
(r+201)1d,.(n-(n+m)!

m)1

(This normalization has the effect that S., (c, 10-4
Pri (n) as st-,1.)

Flammer Scheme J21.41
21.7.13

21.7.14

S,'.(e, (1)

4-40

( .(n+m)1

m)1(44.T)!
2 2

(n- m) even

a -1a-1

'00
(.--. (n+m+1)1

'17

krn 2 11

(a- m) odd

The above lead to the following conditions for
(Pr

755

21.7.15

(71)"(r±r)1 dra (-1)7(Te+m)1
rtg 2' (i)1(r±r), 24--i(/!7T \I(LL'11)1\ 2 / \ 2 /

(n-m) even
21.7.16

(-1)i-1(r-1-2m-1-1)1
2dr1\1/r-1-2mi-1i

\ 2 \ 2 /
( -1) Q- (n+ m +1)1

fel

2 -* 0:LT1LT In+ m+i
2 2

(n-m) edd

(The normalization scheme 21.7.13 and 21.7.14 is
also used in [21.101.)

21.7.17

Asymptotic Expansions for Se(c, c)

0= (1 e)4 s) (c--+m )

u.(x). /=n-m
fame

where the D,(z)'s are the parabolic cylinder func-
tions (see chapter 19).

etaD,(x). (-Or?" --

and the 1-1,(z) are the Hefmite polynomials (see.'
chapter 22). (For tables Of hs.,/ht see 121.41.)

Expansion of S.*(e, a) In Powers of

21.7.18

= (1-e)." ;IT
1

pr (c)
r

(r+1)(r+2)"(c)-(r(r-1-2m+1)+m(m+1)
-A,:,,,,(e)jpr(c)-cspf!"2(c)--,-,0

(The derivation of the transcendental equation
for X. is similar to the derivation of 21.7.4 from
21.7.3.)

Expansion of San(e, a) in Powers of (I -0)

21.7.19

8.5(e, - (1- e)w" Nen *(1 ly114

r 759

(n- m) even

jl



756

21.7.20

SPHEROI,AL WAVE FUNCTIONS

irr -2-'03e-1-114e+ 37-2m2(23q1+25)
+13m4)Sap (C, V) A I 3)".1321:(1 per (n-m) odd

.v-, (2m +2r)!
fs-3 (-r)*kmm r94"1".

(n-m) even

1 r.' 3(2m 4-.2r 4- I)!
(-r)it (m ri-4-) 47+2mk!(in k)! 174 (2r+ I)! -

' (4- m) odd

(01)4=a(a+1)(a+2) . . (a+ k+1)

(The dr's are the coefficients in 21.7.1.)

rolate Angular Functions- Second Kind

Expansion 21.7.2 ultimately leads to

21.7.21

S;,g(e, (17(4+ (n)
r -2m. -2m+1

d:11/1-.-1(n)
r294 f 2, 2m-f-

(Tile t/7"/ are the same as in 21.7.1;
the coefficients (IT; are tabulated in (21.41.)

21.8.1

21.8. Oblate Angular Functions

Power Series Expansion for Eigenvalues

t-n

where the !k's are the same as in 21.7.5.

Asymptotic Expansion far Eigenvalues 121.41

21.8.2

A.. 2e(lo i m I 1)---2v(v f m f 1)

(m-}-1)+Asue

2
for (ri-m) even;

A. \ `Ore '

07" 2 'fitg3 t I

Or 2

v
2

(n-ni - I) for (n m) odd

"Erfie t i()(/' I I -2m3(3(/' ) 1- m41

6U

= -2-963e +340g4+239g2+14
-107n2(10e+23q(+3) -1-m4(39e-18)-2ne1

fir" =0(v + (v+ 1)(v + m 1)a9 "

q=n+t1 for (n-m) even; q=n for (n-m) odd

(For the definition of arr see 21.8.3.)

Asymptotic Expansion for Oblate Angular Functions

21.8.3
0

9),(1,2) "0 E A' fe-01-01.47:I2e(1-9))

-1-(-1)""e""141)/47: i20(1+01)

where .the L;,1"! (x) are Laguerre polynomials (see
chapter 22) and

ArAr ar(m,n)c-

(Expressions of a4±' are given in (21.41.)

21.9. Radial Spheroidal We Frinctions
21.9.1

t) -(-22-n-±1)1 eri-1(2-1)16/2
Ea

. (2 m+r)1tt +NI r/i:MOO
r I r!

2,11') (z)=A LJ..f.i(z) (p=1)

.1/L Y4.1(2) (7)=2)

(../.4.0) and r, 4(4 are Bessel functions, order
n of the first and second kind respectively
(see chapter 10).)

21.9.2 nit(c)i):=1eggc,i)+ingue,t)

21.9.3 Rggc , ft ggc ,

Asymptotic Behavior of R21.(c, I) and it;:4(es I)

21.9.4 RI,:,;(c,t);-: cos [ct-}(n-1-1)w)

21.9.5 /1;:gc, t), sin (et -1(n+1)r)
4--).% CE

MOP PentP U.



21.10.2

SPHEROIDAL WAVE FUNCTIONS

21.10. Joining Factors for Prolate Spheroidal Wave Functions

Sicige,i)=4,;(c)Rg,;(c,k)

Om+1)(n+m)1 ±1'47"(2m-Fr)! /r!
r

2"+"dr(e)e"m! (nTn)1(7-1-1111)!

(n m) even

(2m+3)(n+m+1)1 dm"(2m+r)t/r1
?-2

757

!n+ +1)
\ 2 )* \ 2 )

SZVe, (C) Rg4(e,

2 " -'" (2m)! (7) I (114-i.n-1), &We) N-,

dig(e)= (2m-1)ml(n+m)!e-' c1

2""(2m)!("m-1)! til+m+1\1 d1":,+1(e)
2 \ 2 /

(nm) even

-1-111

(2m-3)(2m-1)ml(n-f-m-1-1)1601-a

(2m
'

(The expression for joining factors appropriate to
the oblate case may be obtained from the above
formulas by the transformation eoie.)

(nm) odd

(nm) odd
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21.11. Notation
Natalie* for Prolate Spheroidal Wave Functions

---i
Ang.

coord. Red. (mord.
Inde-

pendent
variable

Ang. wave
(unction

Rad. wave
function

.

Eigenvalue

.

Normalisation of angular
functions

I

.

Remarks

Stratton, Mores,
Chu, Little and
Corbat6

iv .. E It Spa(h, 11) jeagh, t)
nem i(h, I)
/testa, f)

A.1(h) Bai(h, 1) Fr(1)
_.

-
1= Flammer's n

se
A I=X

... ,...im

Plammer and this
chapter -

o et ande, it) `c (c, 0 )mac) 8..(e, 0) = P;(0) (a-es) even
S,,(c, 0) = Pe (0) (A mi) odd

and Stratton
I

o c 82/(e, e)
0

Rtl(e, I) '' 1 SJI(e, 0) = P:tt(0) (1 even)
8',!/(c, 0)=P:0(0) (I odd)

1= Flammer's a- vs
doe= -Xis, ,-,

Velaner and
Saltine

.

o f 7 MN, .)1) ant 12) hlt(11) I
iP8*(11 7a)P41q .fi '

2 (a+m)1
= Irt7-1-1 (3i-Z7in)

WI(V) an hi.,(e) -cs

\
1=Flammer's a
/Li= kft

Morse and Falb-
batch

voices 6 1=eosh o Is Smi(h, a) isoo(h, 4)
noui(h, 0
eset(h, 4)

41.1 (0-9,-"/I8m1a tiri
=I(1 - elli" Plqa)h,

Nee i A f Ule(i) Plut(9)
P M(v)
AW(v)

at. 10 EP 11" (1 iss(1)1= 1
E =1

1=Flammer's a
a ja, =I X-48

Notation for Oblate Spheroidal Wave Function.

Stratton, Morse,
Chu, Little and
Corbett)

v E p Sest(ig, 11) issi(41, -i$) 4m1 alogish 1) u.aPt"(1) 1= Flammer's a
Amicam.

Flammer and this
chapter

v E c

c

am( -ie, v) R1(- iv, it) Xios(-ie) So.( -ie,0) =Pr, (0)
(a-in) even

3,,,( -ic, 0)1= Pe (0)
(a- st)otid

Chu and Stratton

MelineTt-ltadd
&harks

v E MR- it, w) RV(-ie, it) B.1 841( -4C, 0) zo Alvan (1 even)
Sg/(-tc, 0) = P41(0) (1 odd)

'1 Flammer's a - m
- km. 14-0

E PC (el if) an - if, iii) h:( - y$) rii (P4(e, -71)Pde
2 (a+ m)1

=2*1- 1 ra-7-111$)

kk'( la) ham( -0+0

4

Morse and Fest)
bitch

)
v.= °Os 6 4 Binh p p asi(ii., 14 ileac, -if)

nemiltp, -if)
hemi(ith -10

Asil 1(1'.". 119-1111811(ig, 061
I(1-11)-1IPT(019-1

t. Flamm
Ams=km

Leitner and
Spam*

Uim(e)
(5)

im (0 aim 1(1-10)-"tfim(e)irox=1 1= Flarnmer's a
aim=km-fcl

The notation In this chapter closely follows the notation In (21.4).
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Table 21.1

SPHEROIDAL WAVE FUNCTIONS

E1GEN VA Lt ES-IROLATE AND OBLATE
PROLATE

Xo(e) - m(ors -I- I)

)4.4 ( e )

2 8 4rt.* 0 1

0 0.000000 2.000000
1 0,319000 2.593084
2 0.611314 3.172127
3 0.879933 3,736869
4 1.127734 4.287128

5 1.357356 4.822809
6. 1.571155 5.343903
7 1.771183 5.850492
8 1.959206 6.342739
9 2.136732 6.820888

10 2.305040 7,285254
11 2,465217 7.736212
12 2.61 8185 8.1741 89
13 2,764731 8.599648
14 2.905523 . 9.013 085

15 1.041137 9,415010
16 3.172067 9.805943

r(-3,21
L(L 6 j L 5 J

r-1 n 0 1

0.25 0.793016 2.451485
0,24 0,802442 2,477117
0,23 0.811763 2,503218
0.22 0.820971 2.529593
0.21 0,830059 2.556036

0.20 0.839025 2.582340
0.19 0.847869 2,608310
0.18 0.856592 2.633778
0.17 0.865200 2.659616
0.16 0.873693 2,682743

0.15 0,882095 2.706127
0.14 0,890399 2.728784
0.13 0.898617 2.750762
0,12 0.906758 2.7721 33
0,11 0014827 2.792971

0.10 0.922830 2.813346
0,09 0.930772 2.833316
.08 0,938657 2.852927
.07 0.946487 2.872213

0.06 0,954267 2.891203

.0.05 0.961998 2,909920
.04 0.969683 2,928382

0.03 0.977324 2,946608
0.02 0.984923 2.964611
0.01 0.992481 2.982404
0.00 1,000000 3.000000

sae page It

L 4 j 1 5 j1( -5121 rr - son

6.000000 12.000000 20.000000
6.533471 12.514462 20.508274
7,084258 13.035830 21.020137
7.649317 13.564354 21.535636
8,225713 0 14,100203 22.054829

8.810735 14.643458 22,577779
9.401 958 15.194110 23.1 04553
9,997251 15.752059 23,635223

10,594773 16.317122 24,1 69860
11.192938 16.889030 24,708534

11,790394 17.467444 25.251314
12,385986 18.051962 25.798254
12.978730 18.642128 26,349411
13.567791 19.237446 26.904827
14.152458 19.837389 27.464530

14.732130 20,441413 28,028539
15.306299 21.048960 28,596854
rc- 3)21L 6 j
c 104,1(01

2
3,826574
3.858771
3,895890
3.937869
3.984499

4.035382
4,089903
4.147207
4,206229
4.265772

4,324653
4.381 878
4,436198
4,439168
4,539096

4.586895
4.632927

0 4,677506
0 4.720863

4.763160

4.004519
0 4.845033

4,884779
4,923820
4.962212
5.000 000
r( - 4)61
1 6

r(-091
L 5 J

3

( - )61
L 5 j

4
5.26224 7,14921
5.25133 7.05054
5.25040 6,96237
5.26046 6.88638
5.28251 6.82460

5.31747 6,77941
5.36610 6,75360
5,42883 6.75030
5.50551 6.77286
5.59516 6,82451

5.69566 6.90779
5,80359 7,02356
5.91452 7.16962
6.02383 7,33916
6.12806 7.52035

6,22577 7,69932
6.31730 7.86638
6,40385 8.01951
6.48655 8,16148
6.56618 8.29538

6,64326 8.42315
6.71812 8.54594
6.79104 8,66452
6.86221 8,77945
6.93102 8.89116
7.00000
r(-3)21
L J

9.00000
r(-3)41
L 9 1



cr,x 0
0 0.000000
1 -0,348602
2 -0.729391
3 -1.144328
4 -1.594493

5 -2.079934
6 -2.599668

.47 -3.151841
8 -3.733981
9 -4.343292

10 -4.976895
11 -5.632021
12 -6.306116
13 -6.996903
14, -7.702385

15 -8.420841
16 -9,150793

r ( -
L 7 J

3)41

SPHEROIDAL WAVE FUNCTIONS

EIGENVALVES-PROLATE AND OBLATE

OBLATE

h( - ic) m (m 1-1)

XcHt( -

1 2 3
2.000000 6,000000 12.000000
1.393206 5.486800 11.492120
0.77)097 4.996484 10.990438

4.140119 4.531027 10.494512
-0.505243 4.091509 10.003863

Table 21.1

4
20.000000
19.495276
18.994079
18.496395
18.002228

-1162477 3.677958 9.517982 17,511597
-1.831050 3.289357 9.036338 17.024540
-2.510421 2,923796 8.558395 16.541110
-3.200049. 2.578730 8.083615 16,061382
-3.899400 2.251269 7.611465 15,585448

-4,607952 1.938419 7.141427 15.113424
-5.325200 1.637277 6.673001 14.645441
-6,050659 1.345136 6.205705 14.181652
-6.783867 1.059541 5.739084 13,722230
-7.524384 0,778305 5.272706 13.267364

-8.271795 0,499495 4.806165 12.817261
-9.025710

3)95

0.221407
r(-3)31
L

4.339082
- 4)81

L j
12.372144
r( -4)61
L 5 J

et- ',A 0 I 2
0.25 -0.571924 -0.564106 +0.013837
0.24 -0.585248 -0:579552 ' -0.009136
0.23 -0.599067 -0.595037 -0.031481
0.22 -0.613349 -0.610591 -0.053477
0,21 -0.62805 -0,626242 - 0.075480

.
0.20
0.19

-0.64316
-0.6586

-0.b42016
-0.657938

-0.097943
-0.121428

0.16 -0,674418 -0.674031 -0.146603
0.17 -0.690515 -0.690310 -0.174201
0.16 -0.706891 -0.706792 -0.204894

0.15 -0.723530 -0.723486 -0.239109
0.14 -0.740416 -0.740399 -0.276886
0.13 -0,757541 -0.757535 -0,317881
032 -0.774896 -0.774894 -0.361548
0.11 -0,792476 -0.792476 -0.407352

0.10 -0.810279 -0.810279 -0.454896
0.09 - 0.028301 -0.828301 -0.503937
0.08 -0.846539 -0.846539 -0.554337
0.07 -0.864992 -0.864992 -0.606021
0.05 -0.883657 -0.883657 -0,658931

0.05 -0.902532 -0.902532 -0.713025
Oh 04 -0.921616 -0.921616 -0.768262
0,03 -0.940906 -0.940906 -0.824608
0.02 -0.960402 -0.960402 -0.882031
0.01 -0.980100 -0.980100 -0.940503
0.00 -1.000000 -1.000000 -1.000000

L(
- 5,61

4

M. pone U

L`

5)31
L 4 j

766

3
0.271192
0.213225
0.157464
0.103825
0.052196

+0.002437
- 0.045635
-0.092251
4-0.137692
-0.182301

-0.226469
- 0.270627
- 0.315206
-0.360594
-0.407081

-0.454839
-0.503920
- 0.554337
-0.606021
- 0.658931

-0.713025
-0.768262
-0.824608
-0.882031
-0,940503
-1.000000

r( - 4)31
L 6

4
0.77325
0.67822
0.58772
0.50191
0.42099

0.34521
0.27490
0.21043
0.15215
0.10020

0.05428
0.01332
- 0.02476
-0.06337
-040723

- 0.16065
-0.22419
- 0.29513
- 0.37117
- 0.45125

-0.53495
-0.62200
-0.71218
-0,80533
- 0.90131
-1.00000

8L`

- 3)11
L

761



762 SPHEROIDAL WAVE PUNCrIONS

Table 21.1 EIGENVALUES-PROLATE AND OBLATE
PROLATE

kom(e)-1*(1*-1-1)

ke(e)-2
0%* 1 2 - 3' 4 5

.0 0.000000 4.000000 1 .000000 18.000000 28.000000
1 0.195548 4.424699 1 .467915 18.481696 28.488065
2 0,382655 4.841718 1.937881 18.965685 28.977891..

251162,3 0.561975 5 409266 19.451871 29.469456
4 0.734111 5.653149 881493 19.940143 29.962738

5
-. 0.899615 6.047807 2 354034 20.430382 30.457716

6 1.058995 6.435272 12 26413 20.922458 30.954363
7 1.212711 6.815691 13. 98196 21.416235 31.452653
8 1.361183 7.189213 13. 68997 21.911569 31.952557
9 1.504795 7.555998 14, 38466 22.408312 32.454044

10 1,643895 7.916206 14. 6292 22.906311 32.957080
11 , 1,770798 8,270004 15.1 2199 e. 23.405410 .33.461629
12 1.909792 8,617558 15.6 5940 23.905451 33.967652
13 2.037141 8.959038 16. 7297 24.406277 34.475109

2.161081 9.294612 16,5 6078 24.90772914 34.983956

15 2.281832 9.624450 17.01 115 25.409649 35.494147 1
16 2,399593 9 948719 17.46 260 25.911881 36.005634

L(
ft( -3)11 r(-4 al r(-4)8i

L 5 j L 5 i L 5 J L 4 J

0.25
.0.24
0.23
0.22
0.21

0.20
0.19
0.18
0.17
0.16

0.15
0.14
0.13
0.12
0.11

0.10
0,09

0.07
0.08

0.06

0.05
0,04
0,03
0.02
0.01
0.00

0.599898
0,613295
0.627023
0.641073
0.655431

0.670084
0.685014
0.700204

0.715632
0.731281

0,747129
0.763159
0.979353
0.795696
0.812174

0.828776
0,845493
0.862)16
0.879237
0.896251

0.913352
0.930535
0.947796
0.965129
0.982531
1,000000
[I -5)4]

4

,.:

.

cif )41*(4-4 .

2.487179 4.3663 5
2.491544 4.3385 0
2.497852 4.3156 9
2.506130 4.2979
2.516383 4.28579

2.528591- 4.27952
2.542705 4.2793
2.558644 4,285495
2.576296 4.297965
2.595516 4.316672

2.616135 4.341320
2.637968 4.371397
2.660829 4.40619,1
2.684536 4.444844
2.708934 4,486445

2.733891 4.530151
2.759305 4.575277
2,785099 4.621329
2,811212 4.667984
2.837600 4.715031

2.864224 4.762333
2.891056 4.809790
2,918069 4.857332
2.945243 4.904906
2.972558 4,952472
3,000000 5,000000
r ( - 4)21 r ( 4)81
L 5 J 1 6 j 1

i

......
4 ,

6.47797
0.38296
6.29522
6,21556
6.14494

6.08438
6.03498
5,99788
5.97420
5,96406.

5.97090
5.99230
6.02874
6.07889
6,14051

6.21063
6.28624

6.44
6.52505

6.60532
6,68528
6.76480
6,84378
6.92219
7.00000
[( --:)9

\Me. peg. IL

767

1

9.00140' ;

8.80891
8.62445
8.44916:
8.28436

8.13163
1.99282
7,87010
7,76598
7,68328

7.62508,
7.59446
7,59407
7.62539
7.68773

7.77728
7.88714
8.00897
8.13579
8.26355

8.39048
8.51592.
8.63963
8.76153
8.88164
9,00000
rc 3141
L 7 J

O
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s

SPHEROIDAL WAVE PUNCTION8

EIGENVALCES--PROLIATE AND OBLATE
0

oBLAyE

c21.n.,

0
1

2
3
4

0

0.000000
-0.204695
-0.419293
-0.644596
-0.881444

km(-1c) -in(m+ 1)
-74e) -2

2 . 8

4.000000 o 10.P00000

°
3.567527 1- 9334818
3.127202 9.073104
2,678958 8.615640
2.222747 8,163245

5
6
7

4.130712
4.393280
-1.670028

1.758534
1.286300
0;806045

7.716768
7,277072 U.

6.845015 6

8 -1.961809 +0.317782 6.421425
9 -2.269420 -0.178458 6.007074

10 -2.593577 -0.682630 5.602649
11 -2.934882 -1.194673 0 5.208724
12 -3.293803 -1.-714511 4.825732
13 -3.670646 -2.242055s 4,453947
it; -4.065548 - 2.777205 4.093464

?
-4.478470 -3.319848 3.744202
-4.909200 -3.869861

3)11
3.4059

L-3)215 j 5

t I n

0.25
0.24
0.23
0.22
0.21

1' 2
-0.306825 -0.241866
-0.318148 -0.266693 /
-0.330984 -0.291340/
-0.345469 -0.31589
-0.361702 -0.3404

0.20 -0.379735 .., -0.36 13
0.19 -0.399564 -0.3 98
0.18 -0,421125 -0. 222
0.17 -0.444308 -0. 40907
0.16 -0.4614974 -0,467166

0.15 -0.494976 -0.494104
0.14 -0.522180 -0.521805
0.13 -0,550474 -0.550335
0.12 -0.579775 -0.579732
0.11 -0.610027 -0.610016

0.10 -0.641193 -0.641191
0.09 -0.673251' -0.673251 ,
0.08 -0.706186 -p.706186
0.07 -0.739985 40.739985
0.06 -0.774638' -0.774638

0.05 -0.810135 -0,810135
0.04 -0.846468 -0.846468
0.03 -0.883628 -0.883628
0.02 - 0.921608 -0.921608
0,01 -0.960401 -0.960401
000 -1.000000 -1.000000

fi 54)1[ 511
L

get. pit Ito IL

Table' 21.1

4 5

18.000000 28.900000
17.520683 27.513713
17.043817, 27.029223
16319461 26.546548
16.097655 26.065706

15.628426 ,/ 25.586715
" 15.161786 25,109592
14.697727 / 24.634357
14.236229/ 24.161031
13.77722 23.689634

(13:3 743
12" 66634

.414840
1.965266

11.517803

11.072331
10.628718
r(74)31
L 5 j

23.220190
22.752726
22.287271
21.823856
21.362516

20.903290
20.446222
[(

7c- ",(-1c) -21

3 4 5

1.2778
1.1420
1.0120
0.8879
0.7697

,0.6575
0.5515
0.4520
0.3591
0.2735

0.1958
0.1271
0.0680

, +0.0183
-0.0250

-0.0685
-0.1219
-0.1907
-0.2714
-0.3598

0.21286
0.17062
0.13125
0.09476
0.06107

0.03001
+0.00127
-0,02563
-0,05142

0.66429
0.57759
0.49460
0.41533
0.33974

0.26779
0.19942
0.13449
0.07282.

-0.07710 +0.01411

-0.10406 -0.04205
-0.13412 -0.09625
-0.16924 -0.14929
-0.21076 -0.20210
-0.25868 -0.25572

-0.31185 -0.31111
-0.36901. -0.36888
-0.42934 - 0.42932
-0.49242 -0.49242
-0.55807 -0.55807

-0.62616 -0.62616
-0.69657 -0.69657
-0.76923 -0.76923
-0.84406 -0.84406
-0.92100 -0.92100
-1.00000
r( -4)81

-1.00000
r(-4)51

L 6 I L 5 J

768

-0.4542
-0.5540
-0.5588
-0.7682
-0.8820
-1.0000
ri -3)21
1 7 j

763
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Table 21.1 .

c211 2
0 0.000000
1 0.140948
2 0.278219
3 0,412006
4 0.942495

5 0.669857
6 0.794252
7 0.915832
8 1.034738 .
9 1,151100

10 1.265042,
11 1.37668r
12 1.486122
13. 1.593469
14 1.698816

15 I 1.802252
16 .1,903860

rot

r(
4

-4)51
j

0.25, 0.475965
0.24 0.489447
0.23 0,503526' .

0.22 0,518220
0.21 0.533551

0.549534
0.19 0.566185
0.18 0.583513
0.17 0.601526
0.16 0.620224

0.15 0.639694
0.14 0.659659 '
0.13 0.680376
0.12 0.701737
0.11 0.723722

0.10 0,746308
0.09 0.769471
0.08
0.07

0.7.93186
0,817429

0.06 0,842175

0.05 0.867402
0.04 0,893087

., 0.03 0.919209
0.02 0.945747
0.01 0.472684
0.00 1.000000

Met. pee
.

SPHEROIDAL WAVE FUNCTIONS

EIGENVALUES-PROLATE AND/OBLATE

PROLATE

Asio(e) -1.(.1+ 1)

NNW -6

3 4 5 6
6.000000 14.000000 24.000000
6.331101 14.402353 24.436145
6.657791

.
24.872744

6.980147 .15 05077 25.304731
7.298250 15, 5133 . 25,74713.
7.612174 * 16.004126 26.184612
7,922016 1.6.40931 1 26.622373

18.227840 16.798429 27.060261
8.529734 17,193511 27.498208
8.827778 17,587093 27,934451

9,122052 17.979073 28.374023
9.412636 18.369377 28.81176
9.699610 18.757932 29,24930

36,000000
36.454889
36.910449
37,366657
37,823486

38.280913
I" 38.738910

39,197451
39,656510
40.116059

40.576070
41.036514
41.497364
41.958589
420160
42.882048
43,344222

L`
5)81

L 4 j

9.983052 19.144675 29.686584
10.263039 19.529549 30,123544

10.539650
10.812958

L(

-_4)61
4L

19.912501
20.293486

Lt 4
4)21

30.560125
30.996267
r(-5)61
L 4 j

a 4 5 .6
2.703239 5,073371 7.74906 10.8360
2,683149 4,994116 7,58138 10.5536
2,665356 4.919290 7.41971 10.2781
2,650003 4.849313 7.26479 10.0103
2.637236 4.784640 7.11743 9,7512

2.627196 4.725757 6.97858 4,5023
2,620017 4.673177 6,84931 9.2649
2,615819 4,627427 6.73081 94409

4.,589031 6.62442 8,8323
2.616735 A58480 6.53155 8.6417

2,621954 4.536196 6,45371 8.4718
2,630349 4,522485 6,39236 8.3260
2.641862 4.517479 6.378 8.2078
2.656384 4.521086 6,32389 8.1208
2.673764 14432956 6,31794 8,0678

'
2,693817 4.552484 6,3300 8,0507
2.716339 4,578871 6.35935 8.0688
2.741120 4.611219 6,40263 8.1184
2.767960 4,648642 6.45738 8,1932
2.796673 4.690346 6.52096 8.2864

2.827089 4,735658 6,59127 8.21.919
2,859059 4.784022 6.66670 8.5057
2.892449 4.834980 6.74607 8,6249
2.927138 4.888160 6.82849 8.7477
2.963019 4,943252 6,91330 8.8730
3.000000

L
r(-4) .0

5.000000
\r()11

.1. 6
-3 j

7.00000

L(6
3)21

L J

9.0000()41
L 5 .1

769
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1

e n 2

0 0.000000
1 4.144837

-0.293786
-0.447086

4 - 0.604989

5 4.767764
6 -0.935698
.7 - 1.109090
8 -1.288259
9 -1.473539

10 -1.665278
11 -1,863838
12 -2,069595
13 .2.282933
14 -2.504245

15 -2.733927
16 - 2.972375

-4)11L 4 JC(

2
0.25 4.185773
0.24 -0,190754
0,23 -0.196680
0.22 4.203790
0.21 - 0.212386

0.20 - 0,222841
0.19 - 0.235596
0.18 - 0,251126
0.17 -0.269873
0.16 - 0,292149

0,15 - 0.318047
0.14 -0.347414
0.13 - 0.379928
0.12 -0,415213
0.11 -0.452947

0.10 -0.492902
0.09 -0,534942
0.08 -0.578991
0.07 -0.625006
0.06 -0.672956

0.05 -0.722813
0.04 -0.774556
0.03 '- 0,828164
0.02 -0,883618
0.01 -0.940902
0.00 -1.000000

n -4151
L 6 J

Moe page II.

8PHEROIDA14 WAVE FUNCTIONS

lat; ENV A IA ES-.PRLATIE AND OBLATE

OBLATE

ic) m(m+ I )

I3

6,000000
5,664409
5,324253
4.979458
4,629951

4.275662
3.916525
3,552475
3.183450
2.809393

2.430250
2,045970
1.656508
1,261822
0.861875

0,456635
0.046076r()71
L 4 J

3
+0402879
- 0,030028
- 0.062228

' - 0.093813
- 0.124893

- 0.155607
-0.186120
- 0.216631
- 0.247375
-0,278624

-0.310677
- 0.343847
-0.378432
- 0,414608
4.452800

-0.492871
- 0,534937
-0.578991
- 0,625006
-0.672956

-0.722813
-0.774556
-0.828164
-0.883618
-0,940902
- 1.000000

L-41215

4
14.000000
13.597220
13.194206
12.791168
12.388328

11.985928
11,584224
11.183489
10,784014

'10.386106

9,990084
9.596286
9,205059
8416762
8.431761

8,050424
7,673121()51
L 4 j

eiXte(-i0 -6)
4

0,4/957
0,41280
0.34933
0,28933
0,23297'

0,18049
0,13215
0.08816
0.04864

+0.01342

-0,01813
-0.04727
-0.07609
- 0.10778
- 0.14643

-0.19508
-0,25333
-0.31876
-0.38955
-0.46494

- 0.54456
-0.62821
-0.71571.
-0,80691
-0,90171
-1.00000
1( -3)11
L 8 j

5
24.000000
23.564371
23,129322
22.694912
22.261201

21.828245
21,396098
20.964812
20.534436 ,
20.105013

19.676387
19.249195
18,822869
18.397640
17.973532

17,550565<
17,128753
r(-4)11

4 J

5
1.07054
0.95365
0.84167
0,73461
0.63251

0.53537
0,44322
0.35607
0,27389
0,19662

0.12409
+0.05600
-0,00822
-0.06954
- 0.12937

-0.18959
- 0.25217
-0.31861
-0.38955
-0.46494

-0,54456
-0.62821
-0.71571
-0.80691
-0.90171
-1.00000
r( -4)61
L 6 J

.

770 /

Tatar 21.1

6
36.000000
35,545806
35.092330
34:639597
34.187621

33.736444
33.286069
32,836522
32.387826
31.940000

31.493066
31.047043
30,601952
30.157814
29,714648

29.272476
28.831317
r(-4,11
L 4 J

6 '
1.8019
1.6261
1.4577
1.2965
1.1428

0,9964
0.8574

. 0,7260
0.6022
0.4863

0,3785
0.2795
0.1901
0.1120

+0.0470

-0.0051
- 0.0517
- 0.1076
-0.1844
-0,276.8

- 0.3791
- 0.4895
-0,6073
- 0.7319
-0.8629
-1.0000
r( -3)31
L 8 j

765,
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Table 21.2

SPHE ROIDAL WAVE FUNCTIONS

ANGULAR FUNCTIONS-PROLATE AND OBLATE
PROLATE

9 Smn(e, COS 9)

m it e \O 0° 10° 20° 30° 40° 50° 60° 70° 80° 0°
0 0 1 0.8481 0.8525 0,8651 0.8847 0.9091 0,9354 0.9606 0,9815 0.9952 1.000

2 0.5315 0.5431 0.5772 0.6320 0.7032 0,7842 0.8654 0.9355 0.9831 1.000 46

3 0.2675 0.2815 0.3242 0.3967% 0.4980 0.6226 0.7571 0.8805 0.9682 1.000
4 0.1194 0.1312 0.1689 0.2379" 0.3442 , 0.4885 0.6589 0.8271 0.9530 1.000
5 0.0502 0.0585 .0.0861 0.1419 0.2380 - 0.3839 0.5742 0.7776 0.9383 Low

0 1 1 0.9046 0,8936 0.8602 0.8035 0.7225 0.6169 0.4878 0.3381 0.1731 0

2 0,6681 0.6665 0.6598 0.6429 0.6081. 0.5472 0.45'40 0.3270 0.1717 0

3 0.4034 0.4099 0.4273 0,4489 0.4630 0.4543 0.4068 0.3110 0.1695 0

4 0.2042 0.2138 0.2415 0.2833 0.3294 0,3618 0,3566 0.2929 0.1669 0

5 060916 0.1001 0.1262 0.1703 0.2279 0.2840 q.3104 0.2752 . 04643 0.

0 2. 1 1.022 0,9795 0.8553 0.6621 0.4192 0.1556 -0.0988 0.3105 -0.4509 -0.5000
2 1.064 1.030 0.9271 0.7579 0.5296 0.2602 -0.0192

,-
-0.2668 -0.4385 -0.5000

3 1,041 1.023" 0.9640 0.8497 0.6660 0.4104 +0.1061 -0.1938 -0.4171 -0.5000
4 0,8730 0.8768 0.87 0.8513 0.7549 0.555) 0.2512 - 0.0998 -0.3879 - 0.5000

5, 0.6018 0.6233 0.6792 0.7407 0.1537 04494 0.3844 +0.0008 -0.3542 - 0.5000

0 3 1 0.9892 0.904,2.. 0.6692 0.3400 -0.0045 -0.2816 -0.4259 -0.4085 -0.2467 0

2 0.9590 0.8864 '0,6816 0.3840 +04560 - 0,2261 -0.3907 -0.3949 -0.2447 0

3 0.9090 0,8546 0.6957 0.4485 0.1501 -0.1364 -0.3319 -0.37 -0.2412 0

4 0.8197 0.7817 0.6868 0.5087 0.2591 -0.0215 -0.2514 -0.337 -0.2361 0

5 0.6650 0.6560 0.6183 0.5245 0.3482 +04971 -0.1575 -0.2952 -0.2293 0

, 1 1 1 0 0.1578 0.3134 0.4643 0.6067 0.7355 0.8450 0.9290 0.9819 1,000
2 0 0.1194 0.243.7 0.3757 0.5149 0.6562 0.7892 0.9000 0,9740 1.000
3 0 0.0776 0.1654 0,2724 A1,4030 0.5546 0.7144 0.8597 .046627 . 1.000
4 0 0.0449 .0.1018 0.1832 0.2994 -0.4537- 0.6353 0.8150 0.497-1.000
5 0 0.0239 0.0588 0.1179 0.2162 03450 0.5602 9,7698 0.930. 1.000

1 2 1
2

0
0

0.4788 0.9054 1.232 1.435 1.276
0.3896 0.7509 14052

1.41
1.25J 1.316 1.212

0.9562
0,9335

0.5119 0
0.5088 0

3 0 0.2780 0.5538 0.8148 1.030 1.149 1.118 0,8992 0.5039 0

4 0 0.1762 0.3683 0.5813 0.7968 0.9643 1.008 0.8575 0.4979 0

5 0. 0.1011 0.2254 0.3896 0.5906 0.7879 0.8957 0.8127 0.4911 0

1 3 1 0 0.9928 1.745 2.075 1,903 1.280 0.3775 -0.5521 -1.244 .500
2 0 0.9559 1.710 2.092 1.998 1.432 0.5298 -0.4541 -1.214 -1.500.
3 0 0.8745 1.611 2.063 2.097 1.640 0.7606 - 0.2972 -1.174 -1.500
4 0, 0.7393 1.418 1.934 2.128 1.841 1.032 - 0.0951 -1.097 -1.500
5 4. 0.5662 1.146 1.691 2.047 1.975 1.299 1.0.1319 .4.017 -1.500

2 2 1 0 0.0844. 0.3295 0.7111 1.189 1.710 2.211 2.627 2.903
2 0 0.0690 0.2744 0.6092 1.054 1.572 2.101 2,566 2.886 3, 0

3 0 0.0500 0.2051 0.4773 0.8738 1.380 1.944 ,2.x75 2.859 3.0 0.
4 0. 0.0328 0,1405 0.3487 0.6876 1.171 1.764 2:367 2.827 3.000
5 0 0.0198 0.0898 0,2414 0.5212 0.9701 1.580 2.251 2.791 3,000

2 3 1 0 0.4222 , 1.570 3.116 4.596 5.530 5.548 4,501 2.522 0

2 0 0.3597 1.358 2.755 4.175 5.170 5.327 4,417 2.510 0

3 0 0.2765 1,070 2.255 3.576 4.641 4.994 4.286 2,491 0

4 0 0.1934 0.7758 1.7230 2.909 4. 25 4.588 4.122 2,466 0

5 0 061244 0.5226 1.243 2.269 3. 5 4.150 3.936 2.437 0

From Flammer, Spheroidal wave functions. Stanford, iv. Prey; Stanford, Calif., 1957 (with

permission).
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SPHEROIDAL WAVE FUNCTIONS

ANGULAR FUNCTIONS-PROLATE AND OBLATE Table 21.2.
OBLATE

6

Is8
tit n \I .0 0.1 0.2 0.8
0 0

Ob
1
2
3
4
5

1.000
1.000
1.00
1.000
1.000

1.002
1.008
1.022
1.047
1.083

1.007
1.032
1.089

'1.191
1.341

1.016
1.073
1.205
1.449
1.835

0 'I 1 0 0.1001 0.2009 0.3027
2 0 0.1004 0.2034 0.3114
3 0 0.1011 0.2079 0.3273
4 0 0.1016 0.2150 0.3526
5 0 0.1032 0.2252 0.3884

0 2 1 -0.5000 -0.4863 - 0.4450 -0.3757
2 - 0.5000 -04497 - 0.4585 -0.4052
3 -0.5000 -0.4943 +0.4766 -0.4448
4 -0.5000 -0.4994 - 0.4966 -0.4891
1 -0.5000 -0.5061. -0. 5234 -0.5495

0 3 1 , 0 -0.1477 4.2810 -0.3855
2 0 ' -0.1480 -0.2839 -0.3947
3 0 -0.1486 -0.21185 -0.4097
4 0 -0.1495 -0.2949 .0.43b6
5 0 -0.1504 -0.3033 -0.4589

1 1 1 1.000 0.9961 0.9838 0.9628
2 1.000 0.9994 0.9973 0.9923
3 1.000 1.006 1.025 1.055
4' 1.000 1.020 1.079 1.178
5 1.000, 1.041 1.174 1.406

2 1 0.2987- 0.5897- 0.8643
, 2 0 0.2985 0.5950 0.8815.

3 0 0.3005 0.6043y 0.9140
4 0 0. 3022 0.6213 0.9640
5'- 0 0. 2990 0.6400 1.040

1 3 1 -1.500 -1.421 -1.189 - 0.8136
2 -1.500 -1.431 -1.228 -0.8941
3 -1.500 -1.447 -1.289 -1.024
4. -1.500 -1.467 -1.364 -1.184
5 -1.500 -1.486 -1.442 -1.353

2 2 1 3.000 2.972 2.889 2.748
2 3.000 2.979 2.915 2.805
3
4

3.000
3.000

2.992
3.013

2.965
3.052

2.915
3.211

5 3.000 3.052 3.211 3.469

2 3. 1 0 1.486 2.886 4.115
2 0 , 1.488 2.906 4.180
3 0 1.494 2.943 4.295
4 0 ].498' 2.996 4.475
5 ,0 1.509 3.073 4.738

%t°

Seta( -k,*)

0.4
1.028
.1.132

.377
1.854
2.648

0.5
1.044
1.210
1.617
2.452
3.952

0.6
1.06$
1.310
1.940
3.319
6.000

0.7
1.088
1.434
2.366
4.557
9.211

0.8
1.115
1.58
2.923
6.323

14.23

0.9
.1.147
1.767
3.648
8.837

22.11

0.4065 0.5128 0.6222 0.7353 0.8530 0.9J60
0.4274 0.5542 0.6952 0.8539,4 1.035 1.243
0.4664 0.6338 0.8398 1.098 1.425- 1.842
0.5298 0.7681 1.096 1.552 2.195 3.105
0.6252 4 0.9804 1.525 2.369 3.684 5.741

-0.2779 -0.1507 +0.0070 0.1965 0.4197 0.6784
-0.3277 -0.2231 -0.0872 +0.0849 0.2999 0.5660
0.3952. -0.3223 -0.2183 -0.0721 +0.1311 0.3845

-0.4716 -0.4356 '70.3681/ -0.2485 -0.0458 '0.2868
-0.5780 -0.5977 -0.5869 -0.5067 -0.2880 4.1892

- 0.4466. -0.4491 -0.3768 -0.2130 +0.0600 0.4613
-0.4668 -0.4839 -0.4275 -0.2757 -0.0015 0.4274
-0.4998 -0:5421 -0.5140 -0.3841 -0.1091 0.3711
-0.5415 -0,6270 -0.6432 -0.5540 -0.2765 0.2912
-0.6123 -0.7489 48356 -0.8080 -0.5447 0.171.5

0.9316 0.8884 0.8299 0.7506 0.6402 0.4731
0.9827 0.9652 0.9340 0.8802 0.7864 0.6118
1.093 . 1.135 1.172 1,188 1.149 0.9724
1.319 1.98 1.708 1.920 2.067 1.950
1.776 2.2242 2.1378. 3.642 4.400 4.651

1.113 1.322 -1.478 -1,554 1.508 1.247
1.153 1.398.. 1.600 1.730 1.734 1.487
1.228\ 1.541 1.837 2.082 2.200 2.000
1.349 ' 1.780 2.250 2.723 3.092 3.033
1.537 2.165 2.947 3.868 4.786 5.138

-0.3165 0.2710 0.9015 1.501 1.946 1.988
-0.4427 +0.1060 0.7174 1.329 1.826 1.951
-0.6502 -0.1738 +0.3916 1.006 1.572 1.834
-0.9148 -0.5415 - 0,0538 0.5403 1.177 1.619
-1.198 -0.9435 -0.5506 . 0.0161 0.7471 1.439

2.549 2.291 1.970 1.585 1.131 0.6041
2.644 2.425, 2.138 1.770 1,305 0.7234
2.830 2.693 2.481 2.161 1.687 0.9944
3.170 3.200 3.157 2.966 2.512 1.615
3.813 4.202 . 4.564 4.746 4.460 3.188

5.086
-5.226

5.704 5.877 5.503 4.477 2.683
5.954 6.251 5.982 4.990 3.077'

5.482 6.413 6.951 6.904 6.008 3.879
5.891 7.166 8.132 4.115 7.857 5.408
6.515 8.347 10.07 11.28 11.21 8.354

.772

1.0

1.183
1.986
4.589

12.42 4.

34.48

1.105
1.484
2.378
4.396
8.970

0.9749
0.8930
0.7958
0.8201.
1.132

1.011
1.051
1.138
1.327
1.723

4



768 SPIIEROIDAL WAVE FUNCTIONS

able 21.3 PROLATE RADIAL FUNCTIONS-FIRST AND SECOND KINDS,

RZ(c, 1)7

8114 )11 :*

m ro E 1.005 1.020 1.044 1.077 1.005

, 0 0
2 -1 8.257

4 -1 6.054 -1 5.471 -1 4.585 -1 3.463
3 -1 7.026 -1 6.662 -1 p.091 -1 5.330

1 -1 9,468 9.419
-1 7.789 ;..341.

.1 -4.508
-1 -7.104
0 -1.244

5 -1 5.313 -1 4.488 -1 3.287 -1 1.869 -1 -3.052

0 A 2 :1 ..2133; ,
-1 3.190

-1 3.249
-1 3.328 0 -6.912

-1 5.308 0 -2.189
3 -1 6,064 -1 5.960 -1 5.786 -1 5.529 0 4.133
4 **-1 5.892 -1 5.612 ' -1 5.162 -1 4.542 -1 -6.741
6 -1 5.381 -1 4.888 -1 4.125 -1 3.137 -1 4.293

. V
A 2 T -2 4.470 -2 4.655 -2 4.954 !2 5.373 1 -3.593

1.947 0 -5.241

q -1 4.952 -1 4.763 -1 4.444 -1 3.976 -1 -7.388
4 -1 4.507 -1 4.477 -1 4.413 -1 4.293 0 -1.095

0 -2.031
2 -1 1.696 -1 1.749 -1
3. .4 3.295 -1. 3.346 -1 3.421 -1 3.509p

0 3 1 -3 3.912 -3 4.249
2 -2 3.085 '-2 3.317

-3 4.814 VIM -2 -3.288
-1 -2.194

I
0 -5.0203 -2 9,956 -1 1.054 -1 1.147 -1 1.275

4 -1 2.1 07 -1 2.183 -1 2.298. -1 2.443 0 -2.043
5 -1 3.298 -1 3.329 -1 3.360 -I 3.362 0 4,149

1 I 1 -2 3.270 -2 6.544 -2 9.716 -1 1.287 1 - 1.506'.

2 -2 6.187 -1 1.227 793 -1 2.323 0 -4.079
3 -2 8,596 -1 1.677 -1 2.386 -1 2.973
4 -1 1.053 -1 2.007 -1 2.744 -1 3.221 0 -1.273
5 -1 1.211 -1 2.235 -1 2.894 3.118 -1 -9.101

t ,

1 *2 1 -8 6.503 -2 1.322 -2
;,(2)2; -2

2.754 1 -7.295
2 -2 2.378 -2 4.802 1 4.014
3 -2 4.6581 -2 9.296. -1 1.372 1 1,798 0 4.552.
4 -2 6.975 -1 1.367 -1 1.960 -1 2.460 0 -1.842
5 -2 9,035 -1 1.739 -1 2.376 .1 2.803 -1.778

3 1 -4 75.586 -3 1.577
2 -3 725 -2 Las3

-3 2.483
- --3

3.556 i -41111

3 -2 1.737 -2 3,553 -2 5.453 -2 7.529 0 -9.025
4 -2 3.516 . -2 7.089 -1 1,063 -1 1.418 0 -3.449
5 4 5.604 -1 1.108 -1 1.608 -1 2.048 0 4.692

.

4 -3 9.30? -2 3.616 -2 7.587 -1 1.239
3 -3 5.520 -2 2.181 -2 4.698 -2 1.974

5 -2 1.3n -2 5.223 -1 1.058 -1 1.639 0 -3.755

1 -1.515
0 -6.821

2 2 1 1:612 -3 2.659 -3 5.098 -2 1.044 2 -3.750
2 2.566 42 1.025 -2 2.249 -2 3.920 1 -4.852

2 3 1 -5 1:111,15 -4 3.845 -4 8.736 -3 1.596
2 -4 28 -3 2.896 -3 6.525 -2 1.178 3

-2.609
2 -1.728

3 -3 '2.208 -3 8.889 -2 1.974 -2 3.492 1 -3.745
4 -3 4.683 -2 1.862 -2 4.048 -2 6.946 1 -1.334
5 -3 8.060 -2 3.150 -2 6.657 -1 1.096 0 -6.274

1.020
-2,096

1.044
-1.666

-1 -3.422 -1 -1.281
-1 -1.287 -2 6.61
-4 -1.02 -1 1.537

0 -4.801 0 -3.669

4 -7.365 4 -4.987
-1 -3.528 -1 -1.534
-1 -1.390 -2 3.87

1 4.185 1 -1.484
0 -3.358 0 -2.403
0 -1.364 0 -1.007

-1 4.053 -1 -4.7834 -4.417 -1 -2.630

2 -1.659 2 -1.082

(1)

-1.223
00 -1.7"4,985

0 4.293 -1 -9.141
-1 -7.422 -1 -5.182

0 ..f.294 0 -4.734
0 -2.077 0 -1.417
0 -1.075

-1 4.911 -1 4.585
-1 -4.885 -1 -2.874

1 -3,269 I. -1,939
0 -4.717 0 -2.932
0 - 1.751. 0 .4.156

-1 4,597 -1 -6.533
-1 4.362 -1 -4.170

I
-2.491 2 -1.354

0 -3.994 0 -2.354
0 -1.629 0 ,032

-1 -8,600 -1 -5.214

1 -9.112 1 -3.973
1

13.1113
0 -5.417

0 4.o.93 -1
-1.852

0 -1.081 -1. -5.907

2
1904

2 -2.517

0 -9.098 0 -3.994
0 -3,370 0 -1.573
0 .4.671 -1 -8.409

1.077 4.4

-1 1.952
-2 341
-11 :33363

-1 2.291

-1 .1.112
4 -.3.207
-3 -4.9
-1 '1.594

1 -1.056

-1 -1.340
-
-1? 1.191745

1 -6.916

00 -1.408
-1 -6.749
4 -3.612
0 -3.432
0 -1.071

-1 -5.480
-1 -2.924
-1 4.248

1 -1.275
0 -2.038

-1 -8.473
-1 -4.718
-1 -2.651

0 :58:91U
0 4.557

-1 4.288
-1 -3.006

I

-1 -3.910

1 0 -1.126
-1 -6.132

1 -2.156
0 -3.077

2
1.i73?

0 -2.208
-1 -9.397
-1 -5.379

From C. Flammer, Spheroidal wave functions. Stanford Univ. Press, Stanford, Calif., 1957 (with permission).
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SPHEROIDAL WAVE FUNCTIONS

OBLATE RADIAL FUNCTIONS-FIRST AND SECOND KIN Table 21.4

1 n n

0

eV.

0.2
0. 5
0.8
1.0
1.5

ts- 2.0
2.5

1 0.2
0.5
0.8
1.0
1.5
2.0'

.2.5

0 2 0. 2
0. 5
0.8
1. 0
1.5
2.0
2.5

1 1 0.5

1.0.
1. 5
2. 0
2. 5

6 t 1 2 0,2
0.5 -0

IL 8
1. 0
1.5
2.0
2. 5

1 3 O.2
O.5
0.8
1.0
1.5
2.0
2.5

2 2 0.2
0.5
O. 8
1. 0
1.5
2.00
2. 5

R24(-k,

0 -" 0.75
-1 9.9557 -1 9.9183
-1 9.7265 -1 9.4976
-1 9.3168
-1 8.9565
-1 7.8320
-1 6.5571
-1 5.3430

0 1'

0
0
0
0
0
0

-4 0:992
3 K 5964
-2 1.4489
-2 2.2868
-2 5.3150
-2 9.7914
-1 1.5649

-1

-1
-1
-1
-1

6.6454
1. 6336
2.5333
3. 0762
4.1708
4.8225
5. 0170

0
..o.
0
0
0
0
0

5236
-4 2. 3850
-4 9.7909
-3 1.9166
-3 6. 5244
-2 1.5669
-2 3.1147

1

2. 6602
-2 1.6413
-2 %. 1024
-2 6.2694
-1 1.3055
-1 2.0801
-1 2.8190

-1 8.7520
-1 8.1032
-1 6.1209
-1 3. 9526
-1 1.9680

. -2 4. 9808
-1 1.2202
-1 1.8802
-1 2. 2696
- 1 3.0132
-1 3. 3765
-1 3.3530

-3 2. 3840
-2 14 4744
-2 3. 6993
- 2 5.6728
-1 1.1932
-1 1.9147
-1 2. 5730,
-2 8. 2880
-1 2.0133
- 1 3.0524
- 1 3.6283
-1 4. 5492

. -1 4.6553
-1 4.022:

-2
-2

-3

-1
-1
-1

2. 4923
L 5314
3. 7974
5. 7617
1.1699
1. 7976
2. 3200

-5 7.2462
-3 1.1206
- 3 4.4965
-3 8.6200
-2 2. 7259
-2 5. 8920
-1 1.0193

:/ tigt
-2 6. 2453
-2 9.4031
-1 1.85b2
-1 2.7317
-1 ). 3111

RL,2(- k, it)

0 0.76

9 -7.7864 0) =4.5290
0 4 9707
0 - 1.7002
0 - 1.2524

-1 - 6.2189
-1 -3. 0356
-1 -1. 3758

5120

-1 -6. 0006
-1 -8. 7035

0 -3. 1202

1 -1. 2120
0 -4, 8077

0 -1. 4537

2106
2 -1:4205

1 -1. 8068
1 - 3.5130

0 -5. 5629
0 - 2.5149
0 -1. 4263

1 -5. 9560
1 -1. 0060
0 -4. 2765
0 -2. 9165
0 -1. 4980

-1 -9. 1106
-1 -5. 7028

3
-z

1
1
0
0

$0

-1. 8781
.L1.2123'
-3. 0070
-1. 5622
- 4.8667
-2. 1999
- 1.2282

.

!
- 9.6745

2 -1. 5721
1 - 3.1742
1 -1. 0386
0 -4. 4705

3 - 1.1093
1
1 ..-1 1111
0 49.9297
0 - 3.4267
0 - 1.7581
0 -1. 0954

PROLATE JOINING FACTORS-FIRST KIND s(11($9

'too
0)

101
0). 0) 4) .0 0)

492 13
)

122

0 - 1.5906
-1 - 7.5527
-1 - 4.4277
-2 +1. 2204
-1 2.2634
-1 3.0225

1 -2. 3239
0

:41:. 32331!
-1 - 6.3156
-1 - 3.4641
-1 -1. 5694 `s

0 - 3.2496
0 - 1.2084

-1 - 6.5653
-1 -3. 9702

1 - 2.1507

0 --31, %I
0 - 1.2196

-1 -5. 8081
-1 - 2.3210

3 +3. 168

2 - 3.2287
1 -2. 1474
0 - 5.6543
0 - 3.1109
0 - 1.1709

-1 - 6.4134
-1 - 3.9677

3 -8.1316
2 - 2,'1259

1 - 1.4390
0 - 3.2838
0 - 1.2924

-1 -6. 9734

1 -3. 3786

2 - 2.6888
1

:ill
0 - 1.0939

-1 - 6.0206
-1 -3. 3594

Table 21.5

1 :112:M 0 1.5862
3 -1 3.742 0 1. 029
4 -1 1.909 0 1.195
5 -2 8.97 0 1.665
From C. Hammer, Spheroidal
1957 *(with permission).

111.1178
2.770

19.31; 1111.09313 1018.123;:l
0 6.352 -1 5.011 0 3.417' 1 2.982 0 2.935.
0 3. 867 -1 2.294 0 1.413 1 1.222 0 1.118
p 2.40 -1 1. 023 -1 6.067 0 5.725' -1 4.455
wave ibetions. Stanford Univ. Press, Stanford, Calif.,
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22.. Orthogonal Polynomials '*
Mathematical Properties

22.1. Definition of Orthogonal Polynomials

A system of polynomialsf.(x), degree If .(x)]=11,
is called orthogonal on the interval ax<b,
with respect to the weight function w(x), if

22.1.1

ffr,.(,),(41,(x)dx,--.0
(npira;n,m=0,1,2,...)

The weight function w(x)(w(x) >0) determines
the system f.(x) up to a constant factor in each
polynomial. Tie specification of these factors is
referred to as standafdization. For suitably
standardized.orthogonal polynomials we set

22.1.2
re

w(x)J (x)dx.h, f.(x).kx4+4e'l . . .

(n =0,1, 2, . )

These polynomials satisfy a number of relation-
%hips of the same general form. The most
important ones are:

Differential Equation

22.1.3 g3(x)f' gt(x)f,',-F

where g,(x), Mx) are independent of n and a. a
constant depending only on n.

Recurrence Relation

22.1.4 f.+1= (an -1-fbascd.-1

where ,

22.1.5

22.1.6

L k.% k,s4.114_,
P Cis =

+i Km gins

Rodrigues' Formula

1 dm

di:, I w(419(z)r)

f

where g(x) is a polynomial in x independent of n.

The system {} consists again of orthogonal..

polynomials.

Fromm 22.1. Jacobi Polynomials 11,:a. (x) ,

a.1.5, O. .6, n=1(1)5.
777 773
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22.2. Orthogonality Relation.
-

1.(s) Name of Polynomial a b w(x) Standardisation h. Remarks

13.2.1

21.2.2

12.2.3

22.3.4

12.2.3

22.2.6

22.2.7

23.2.3

22.2.9

22.2.10

22.2.1

Pr. a(s)

0.(p, q, x)

C(z)

.

Te(s)

Un(x)

Co(x)

ALA (s)

TIM)

U, (s)

P.(s)

P, (x)

Jacobi

Jacobi

Ultraspherical
(Gegenbauer)

Chebyshev of the
first kind

Che
second kinthei od

f the

Chebyehev of the
first kind

Chebyshev of thb
kinsecond

hebShifted C hey
of the first hey

Shifted
of the

Chebys
second

hev

kind

etradpbelleal)

Shifted Legendre

4-1

0

1
4...

1

1
_2

2

0

0

1
0

1

'1

1

1

, 2

2

1

1

1

1

(1-40(1 +40

(1 s)-rre-s

(1 0)*-1

\

(1 0)-1

(1 sal

(1-01
. 4

(1-01

*(ss')-1(s

(s 41

1

1

s+aP,44,111(1)=( n
)

k.= 1

CV(1)

.(n+2an 1)

(a ad 0)

20041),
' n

or 0). 1

7.(1) =1

U.(1)=11+1

C .(2)=2

S.(2)=11+ 1

Ut(1)=n+ 1

P.(1)=1

2°+1 r(n+a+l)r(n+0+1)"2n+a+P+ a> -I, p> 1\
p q> 1, q>11

a> I

i .

.
7 .

I n!T(n-Fa+13+ I)

nlr(n+g)r(n+ p)r(n+ p 1+ 1)
(211+ p)11(211+ p)

.21-01f(n + 2a) ani(n+a)(r(a)P 00

2i ..
To. a=u

Ii n010 %.

ir n =0'

,

2

par n pl0
113, n=0

r

nr10

n=0

2n + 1

1

2n +1
.

pep n.



22.2. 0rthopnality RelationsContinued

MIAS
4

Mtn

13.3.14

L (s)r
L,(s)

//,(s)

Kegs)

*

)

Generalised
Laguerre

Laguerre

Herilite

Rundle

4

.

0

0

-
-

'

OD.

car
o

es

s."

**
I

ks=(-1)a/

ks=(- )"

r(a+a+ 1)
a a> - Ial

1

4

Ifasn!

Iring

al

ofealb (-1)

64.=(-1)23.2.15

*Nee pap it
22.3. Explicit lkipressions

N
Ms) =do E eolho(s)

. Ms) do to (Ws) its Remarks

23.3.1

511.2

WA

53.1

53.3

534

21.3.7

53.3

5.3.9

23.3.10

22.3.11

Pr.. cr)----- -

P4141(a)

GAP. 34 r)

Cr( :)

C;0()

To(a)

Us(*)

Ps(s)

/4(s)

H1(s)

Hea(s)

a
.

Cil

DI

B1

Di]
a

Pi]

[In

1

2
r(a+ is+ 1)

(at/ (r:4-00)

fa). 11(04.0411+as+ 1)

0 1)"1(s+ 1)*

1

x-
(2x) 41-11a

(24-h1

(22)a -Ito

(24 *-1..

xs-...

zat

(20 o-to

-11.4 .

-217# (2/4:1: +0)

I ils+a+IA
ii; k * /
1

2* r(a + a).

a> I. 0>-71

a> l 0> 1

P-3> -1, 4)41

,_ ,
a r.----- a a'

* si 0, MM.. 1

a> - 1

see 22.11

ISIVe+0+01+ tr,

1(2+11)

km 2011 a+M+ 1)

I)I Csm) ri((g4r(p+ 2a) ( -1-1:.:11

r(a +a- as)
-1;L

1

i
I

2k"

I

RI

"1

,

(- 1)° mita- 2901

(a 114 --I )1

Tii r(a)
2*- *00,. i

241-1
.

2*

(U)!
PVC)*

( 1)"

In(o- 21a)t

1.7=2111)(11-114-1):

(- I) m101 - :WI

2a-
(- 1). (am) ( Is

2m
)

( -1). C le .- -f 7

1

( 1) mats-2m)f
I

2* ,

I
. .

(
I )61

780

44,



7713 ORTIOGONAL POLYNOMIALS

Explicit Expression. Involving Trigonometric Pulsations

Moos 0).t a., cos (x-28)8

id2.9

Iwo

I

Finnan 22.2. Jacobi Polynomials 11.0)(2),
a =1(.2)2, 0. ni=15.

Finnan 22.3. Jacobi Polynomials P4.0)(2),
a=1.5, ()=.13(.2)0,

,782

Moos 9) a. Remarks

22.3.12

32.343

cr (006 0

p.(008
0

r(a+ rs)r(a+ to fo)
a "na(n ns) l[r(a)P

(2m) (2n-20\
--0 \ ns / \ ns /

22.3.14

22.3.15 Um 0) =cos nO

22.3.16 U,(cos
sn (n+

Cr(co* 0).-2 cos ne .

FICII/RS 22.4. Gegenbatter (Ultras,
mials C,;(4(x), a=.5, n =2(1)5.
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22.4. Special Viduos
Ms) 14-1) f.(1) . f.(0) Jo(s) fits)

12.4.1

11141.3

21.41.3

11.4.4

211.4.11

12.4.6

.22.47

3291

P11 GO.

0,44)
a 00

Cre

T.(2-

U.(2)

Ps(s)

Lew

1441

(-1)"Pli')(2)

- 1) "Cr (2)

( -1)*Cr ()

/ t

(-1)71.(s),

( - 1) ',Us)

(-1)",180)

( -1)"11.(z) I

Cita)

C1+2°11 -1)

2
-II, n00

n +1

0, a=21+ I .

2"

I

1

1

1

1

1

1 -

1

1

2-1O-'-13-1-(a+P+2)21

Ur

2x

2

22

x
.

-X-I-a+1

2i

(....1).1(co+2/2)
II*)(n/2) II=

(--:.--'ilfit 2onat= 00
in ,

0, amass+ I

47:).:;:la:f"
I 1:1:18,11:712,

(. (2'4 :)
0, a=2,a+ I .(nIi

(2:)1,

0, ai=2,n+ I
.0

- -1.5

halm 22.8. Gepenbauer (Ultreepherieal) Myna.
Q mid* C4)(x), a=.2(.2)1, n=8.

1100 Pn.

t

22.5. Interrelations

Inter/elation' Between Orthogonal Polynomials of the_
SaMe Family

Jacobi Polynomials

22.5.1

r(2n-i-e+0+1)
*
(4x4.'13-121,0-1-4141)Prm(z)*"sntr(n+al-P-H)

22.5.2

p(P-1.11.+11(2r_1)
r(2n *+P)

(see [22.21)).

22.5.3

r (q) Inv -to-1)(2x-1)qtx)=(-1/1//` T(q+n)
(see (22.131).

LsUltraspherleAd Polynt ia(k

22.5.4 Cr (x) = lim1 Cie)(x)
er-osol\/

Chebysher Polytiomials

22.5.5 T.(x)r.4a,(2x) 71, (T)
22.5.6 T.(x)1.1.(x)xU.-1(x)

I
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.

22.5.8 T »(Z) =i [U»(z) U»-t(z)1

82+9 U6(z)47496(2z)==U: (1:4-1

22.5.10 U6_1(2) (e.(z)276.61(z)i

22.5.11 C6(z)72716 T

22.,.12 (z) =Nat) 86_4(z)

S6(z)iff(0: MI .1)
122. 14 T:(z).T.(2x-4.)=1 C6(4x-2)

Ole'e 22 D

22.5.15 6,(a) = 86(0 2).V1(2z-- 1 )

(see 122.221).

Of _1(z)U6-.9(z)
s

ORTHOGONAL

4

Generalised Lagoons Polynomial.

22.5.16 (z). L6(z)

d'a
22.5.17 4") (z) (-1)* rs(L64..(z)]

Hermit. Polynomials

22.5.18 lies(z)=2-.1314 (5-1)

(see [22.20]).

22.5.19 H. (z).2golies(zsi)

(see 122.13], (22.201).

interrelation.; Between Orthogonal Polynomial. of
Di iran Families

Jacobi Polynomials
22.5.20

i) / r(2a) r (a+n+ (um) 4)
flor(a-1-74)

22,121

(nt (VT)
4+1i)2

(Dm22.5.22 /lc 1)(z)
(+ Du

ri)
2

7

POLYNOMIAL&

22:5.13

22.5.24

22.5.25

(z)
"
(24) T.4)4n

p pr. a(x) :=P (t)

Ultiosithedenl Polynomial.\

(z).=r(01;(2)/17:2) 14 /VA -I) (2,12 1)

22:5.26
. .

Citi(z)=r(a+n-ill)n12111+1 ar(a) (2n +1)!
r.' I) (20 1)

22.5.27
r01-1- or (2a -i-n) pr- i)

Cr) (z) 7.r(2a)r (a+n+ )

22.5.28

C,1° (z).: T6(z). 2 pa (.)

Chebyaher Polynomials.

22.5.29 IT364.1(z) 4FM (20.:- 1)

22.5.30 U24(44 2V8 -.I) (20-1)

22.5.31 7,04)=1'0"i71-13 (z)

22.5.32
(n+1)I* po

us =2r (w-HD **

Ws)

(a pd 0)

uitz 22.0. Chebysho Polynomials
n =1(1)5.

*WS pais n.
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Fromm 22.7. Chebyshse Polynomials e
n=1(1)5.

28.5.93 T (2) Cr
(2)

UsWo.1011(2) 422.5.34

22.5.35

22.5.36

22.5.37

Legendre Polynomials

P0W=P:1°)(4

Pi(x)=011")(x)

779

1P44x)1=1.3 1)Ctiti1(z) 71,0

Generalised Legume Polynomials

22.5.38
(

ria1)6 1.13.0)

(-1)*22.5.39 Lio)(4-in 2m-F-17,5 HM4+1 (//-2)

Hermits Polynomials

22.5.40 Hr(z)=(-1)28"ra1L,V111(0

22.5.41 1111.+1(z)= (-1)*2"+lnil2L2 m(0)

Orthogonal Polynomials as Hypergeometrie Functions (see chapter 15)
j(z)==dF(a, b; c; g(x))

For each of the listed polynomials there are numerous other representations in terms of hyper-
geometric functions.

As(s)

.

d -t a b e I 0(s)

12.5.41

13.5.43

12.5.441

12.5.45

11.5.46

22.5.47

M .5.41

12.5.49

12.5.30

12.5.51

22.5.52

22.3.41e

/114..(x)

P4:I (x)

Pt. In (X)

n401 (x)

CV (s)

T,(z)

(7 .(x)

P.(s)

P.(s)

11, (r)

P,,, (x)

Pi.414)

"44

1

Ci+a)
.

(2"-te:+11)(ti11)a

CI 41)(1PY

Cln 11)(ai'1)* .

1:111-4Fkl.)2(3

1

50+1

1

(2,7)(x.; ir

)4(2,1")(;
(2o) I

f 1)621*(a))1

4(2o+ 10
( 1) -0-q

a
I 1s
-- a

r

n
n
II

*
n
-n

is

.2.
o

o

1

.

ts+a+P+1

a -- a

. o 0

ita
'1+ 2a

L
o -

s+2

n +1

-5

1o

a +1

2na-0

a +1

eit

0+1

a+ I

I

i

1

2n

in

I
i

4..

1:
2

Zs

a. 1
141
s+1
71=-1

1-2
2

, 1s
2

1xrit
2

2 .

T---i

4 1

11-

xi

.

xi
%,i _ ____

2--
Is+ II

PHT

goo cam it 785.
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1 Orthogonal Polynomials as Confluent Hypergeometrie
. Punctilios (see chapter 18)

I

2554 go(44 a (n, a+ 1, x)n+

/ II Orthogonal Polynomials so Parabolic Cylinder
Pulsations (see dhapter 19)

n' 51
".5.5.5 H. (x) =2 (12 -1 3 xs)

2

21.5.56 11,1(x)= (-1)

22t5.57

11,1124.1(z) =

ORTHOOONA

(2xi! 1n)141 zA
k , 2 )

1)12xiii(m,
2

a4)

8441 poop U.

l,egendre Polynomials P.(r),
n=2(1)5.

c'

POLYNOMIALS

22.5.58

H.(x)=2,080011Do(42x)=210,11U (-14_3 fix)

22.5.59 ge.m=sooD(2)=essoU

786

Orthogonal Polynomials as Legends" Functions
(see chapter 8)

22.5.60

Cr) (x)
4

r(q+)1(2a+n) ri
'

1
.111

(x)tar (2.) L `

(a OM

hounz 22.9. Laguerre PolgnomiabiL.(x),
n=2(1)5.

1%W
'Noma 22.10.,,,lermste* Polynomial.*

n=2(1)5.

4g4
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22.6. Differential Equations

ra(x)r+fit(r)ir 4- !Ws) y=0

23.6.1

22.6.2

91(s) gi(s)

781

it '8) CO

(1-x)-(1+.1)11.0(x)

1 141

23.03 (1-s) (1 -1-x)i/1.0)(4)

22.6.4

22.6.5

22.6.6.

N, 22.6.7

22.6.8

22.6.9

22.6.18

22.6.11
44. \

22.6.12

32.6.13

23.6.14

22.6.15

22.6.16

32.6.17

22.6.18

22.6.19

32.6.28

22.6.31

(sin f-)041(cos fr. (cos s)
2

et:1(x)

(1- xl) *-4 (s)

. . I

(1-Avi cv(z)

(sin z)(1V (cos x)

T

T.(cos z)

1 (2); UM -)(s)
1

.(x)

P.(s)..

111 - x1P.(s)

L:) (x)

r-zzelair 4)

e-,/extionitgo(r)

'684.4* Nov it

1 -71

1

1 I

1X1

17
1

1

1

1

1

1

0-* (a+ 0+2)x

a-0+ (a+0-2)x

0

0

0

-x
0

-3x

ax

0

a I -s

a.-1- 1

0

0

-2x

0

-x

r.

.n(n+a-1-0+1)

(n+ 1)(4-1-Ca+

1 1 a* 1 1 411
4 (1 -x)l-r 4 (1 + x)1

2n(n+a+0-1-1)+(a+ I)ld4-1)
2(1 -0)

1-2Yez
16 loins 10 cos: 5

(n+a +28+ 1)*

n(it + 2a)

(n-1- 1)(ss 4- la - I)

(1+ ar_i_ 2+ 4a - 400+0
fx* 4(1 -ins

-a)
(a+ a)1+*(1sin':

tit

no-1

n(n-1- 2)

n(ts -I- I)

n(t1-1- I), 1

1 -x' (1 -O)'

A

n-11-1-1Z

2n+a-1- 1+1 -as I
2x 4x1 4

I - 4al4n+2a+2-14--40
21s

2n.:1- 1 7 xl

O

787 1/
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22.7. Recurrence Relations

Ileciarreace NelatIoas With Reigpeet to the Degree w

01s1.44(s) (asel-asosif.(2) 4144-8(1r)

1. at* at* fir* No

22.7.1 PI°4" (s) 2(s+ 1)(s+a+0+ I) (211 +0+0+1)(0-0') (211 +*+0)11 2(11 +a)(s+0)
(2* + a +0 (2n+ or+ 0+ 2)

12.7.3 Go(p, ri, a) (2s+ p-2).(2o+ p I) (2s(s+ p) + '(o 1)1 1211 + P 2)1 % (1 +I 1) (a+ p I)
(211 +p --2)11 (2s +p-1) (s+P-9)(211+p+ I)

21.7.3 Clo(s) is+ I 2(1 + a) s+2* I
22.7.4 7'.(z) 1 0 2 1

23.7.5 U.(2) 1 0 2 1

22.7.6 8.(111 1 o - 1 1

12.7.7 C.(z) 1 1 P
1

.

22.7.1 11(x) 1 2 . 4 1

12.7.9 11./:(z) 1 2 . 4 1

22.7.10
i

P. (a) n+ 1 0 on+ 1 n

22.7.11 Ms) s +1 2s I
a

4* + 2 s

22.7.13 Le(11)1 a+ I 2s+ * 4- I I s+ a

22.1k111 11.(z) 1
,

0
.

2 2* 4

22.7.14 116.(2) 1 ' o 1 n

22.7.15

(6744+ I) (1a)Pir1"qa)
(Th+a+ ON °. (n+ 1)11(411 (z)

Miseellimeous ROCIIIMMOS Relations.

jsothifrolysiondsls

22.7.16

(144+1)
(1

+x)Pri.01)(2)

(n+0+ OP(*"(n) + (n*1-1)/21:14)40

22.7.17

(1 s)Pr+"' 00+ (1 +x)Pr.0+ (x)=2Pr. (x)

22.7.18

(211-}- a +13)Ples- ''''(2)=t (2+ a + (a)

+ MEW) (n)

22.7.19

(2n+ a + 0)Pr' " (g)= 01+a + VI" (2)
(a+ a)PrIf (x)

22.7.20 pr,0-11 pita-1.0 prqn,(a)

783
.

Ultirospberiet Polyr.zrisisb

22.7.21

2a(1-0)Cr-t" (x) =2(2a+ n 1)0111 (2) s2014 (a)

22.7.22
=1(n-1-2a)x0r(x)

. (n +1)0111(2)

22.7.23 (1+01)0419. (a) = (a MON* eillM41

Measbei Polynomial.
22.7.24

2 T*(a) + (n In)

22.7.25

2 (0 1 ) (x)M-1(x) 7',....(2)
(ans)

22.7.26

2To(x)11*-1(a)=Us+-1(a)-1-Us-*-1(a) (Om)

22.7.27

2T.(s)U,I(x)ao Us4.0. I (a) Us (s) (016)

22.7.28 2 T.(a)11...1(a)=U1.-1(a)

'Me KO a



i ORTHOGONAL

Generalised Laguerre Polynomials

22.7.29

L:..,>(x)=Z I (x n) 41)(x )+ +4491401

22.7.30 Lr LIP (x)L,r4(x)

POLYNOMIALS

22.7.31

+ (x)=1/ Rn-fra+ (x) (14+ l)Lr,?,(x))

783

22.7.32
1 (Lr-')(z)=-- n+1)LINI(x) (n+ 1 4)/,(r) (4)

n-1-0

22.8. Differential Relations

rs(41/.(s)...si(x)Ms) 1-6,40/.-s(r)

A , ea Qs es .

1111.0.1 Prm (a) (2a+a-1-0)(1a1) 4a 0 Oa+ a+ Mai 2(n+a) (a +10)

12.11.3 4.71°(s) 1 se ' 11X
. t

R+ 2a I

33.3.3 Ta(s) 1 sr na R.

32.6.4 Ur(s) 1 se az
. .

n +1

33.3.3 P.(s) 1 so sx n .

33.3.6 40(s) s n
.

(a-1- a)

32.3.7 11.(s) 1 0 2*

:LLB 110.(1) 1 0 n

I.(a)

32.9.1 Pr (z)

111L9w3 Cr)

22.9.3 CI') (1)

U.9.4 (s)

211.9.11 (s)

12.9.6 T.(s)

12.9.7 T.(s)

12.9.1 TVs)

22.9.9 T .(s)

22.9.10 (2)

23.9.11 1.'.(z)

'$10 pip U.

22.9. Generating functions

eahs).Aammts. 2es+s1
e

789

4
-140<1

ISK1

APO1<x<1
111<1

4<a<1
111<1

1<a<1
111<1

1 <s <1
IsI <1
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22.9. Generating FunctionsContinued
r

9(2, 0 ggia14(0 R .41-24-8*

f.(5) a. 02, Remarks

32.9.12

33.9.13

33.9.14

MOM

12.9.16

13.9.17

23.9.18

23.9.19

P.(4

P.(s)

8.(4

L;' (x)

(0)

R,;(x)

Has)

R1..1 (z/

1.

1

al

1

1

1

R-1

s .fo(s sin 0)

(1-as+09-1

(1- -1

- 1 <x< I
111K1

z=oos 0

-2<x<2
111<1

< 1s)-. exp )

(xs)-14484,(2(xs)1n)

et cos .(2xVi)

x-yle sin (2xVi)

r(v+.+1)
1

(2a)

( -1).
/5;71-M

22.10. Integral Representations
Contour Integral Representations

Mx) V- fe (Ms, Mgt(s, x)ds where C is a closed contour taken around sv=a in the positive sense

1.(2) Ms) 06(sA 01(s,x) a Remarks

12.10.1

23.10.2

12.10.3

13.10.4

11.10.5

M,10.6

12.10.7

12.10.8

12.14.9

P10.10(x)

C;0(x)

Tis(z)

U.(x)

Pas)

P*0)

/4)(z)

2.1).(x)

H.(x)

1

1-011--7(1.7}.4),

1 :

1/2

1

1

I i

F.

en-

1

al

sl- I 1(1(1- 0 sr x

0

0

0

0

x

x

0

0

± 1 outside C

Both
2c+
zeros of

I -s xi outside 0
a>-0--

Both zeros of
1 - 2xs+ sa outside C

lt-
zr+

o
utside C

Both zeros of
1- 721+ so outside C

Zero outside C

..-x outside C

.

2(s-x)

Us

1/s

1/1

vi

ss- I

s-x .

(1 -2xiii-sj-ms-1

s'I- s
s(1 7. 2as + 0°)

I
s(1-2os63

.11. 0 _22gs+ is)-1/1

1

1-3
s

gs .

s-z

1+1

1/s

0s- X

- (1+:Y1 is

es..-.0
i

Miscellaneous Integral Representatlo4s

22.10.10 cr(z).2"-nkg41244 fr+ coo or(sin 0)2 -Ido (a>0)

22.10:11 Cr (cos 0)=21.114+2a) (sin 0)". r coo (o+a).
nit I" (o)r Jo (cos 0-cos 01"

.s.. Pio u.

790
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22.10.12

22.10.13

ORTHOGONAL POLYNOMIALS.

1
1-1.(cos 0)=-- f (cos 0:1-i sin cos ONO

w

.41 fr sin (n+ e)44.
j (cos 0cos

785

22.10:14 get(z)= e
41 0-2.,

f
1

e te+1 .1.(215:1)dt

22.10.15

H.(2). 2e -'=t" cos (2s4-1-11r)
o r

22.11. Rodrigues' Formula

is(2)=1(4w {0.z)(0(x))a)

The polynomials given in tho following table are the only orthlogonal polynomials which satisfy

this formula.

Clo ,(x)

99.11.1

22.11.2

23.11.2

22.11.4

23.11.5
22.11.6
32.11.7
22.11.8

PI: in (a)
C7) CO

T.(4

U.(x)

P p(t)
Lf,$) (x)

H Is(x)
i .(x)

(- 0.2.111
r(2a)r(a +a+ 0

(1 -x)(1 +40_
(1 -21)

(1

(1 zs)i

''s
0-2c%

1 -al
1-0
1 -0

1 --al

1 -21

1

1

' "' r(a + nr(s 2a)
*(- 1),IN

Vr

( - 1) s2so ),-
(11+ 1)10

( 1) *241
1st

( 1)*
( - 1)*

22.12. sum Formulas
ChristoffellDsrbous Formula

22.12.1

/s (Ws ( _14_/*(2)/s +I Oho

Miscellaneous Sum Formulas (Only Limited Selection

22.12.2 Tan(Z) == +Us. (z)

22.12.3

22.12.4

22.12.5

22.12.6

22.12.7

( ( )I, a +1 ) W=x _ 1 X.
nesO

Au,.(4.1-2(Tis+:42)

U10+1(2) =2 Ts"+1 (x)2(1-0)

.4 law (z) Ven(Y)= V,41+ 0') (2 y)

to(n:e)m.--(1u)"g-2.(z)L74.6(Alz)

22.12.8

In
/1. (z y)

1 iNkoll*(rA-x)//i_a(2y)

Rev pal It

22.13. Integrals Involving Orthogonal Poly-
nomials

22.13.1

es
2/9

o
14"(1 -1-11)T (11411

=pin t. /J+ (0) (1 x)a+i 0 + tprtt 0.4.1)(4

22.13.2

22.13.3

22.13.4

22.13.5

0
rerler)(y) dy

Cita-t" (0) (1 xlsfiett" (x)

J 7 ,,(v)dy

1 (yx)1117--1/2

J Vf-712UN-1(1/)dY irT4(x)

1 (y

es
x)-"T(x)dx '211+1

22.1.6 EP2,.(cos 0)6=16i
(24011

-1-2
22.13.7 r P2*+1 (cos 8) cos vu'el+ I

(6\12nAn+i )
O
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22.13.8

r (14-?'-\

0
2AP..(z)dx(-1)ar 2 2)

2r (') r (1+4)2
5 2 2)

22.13.9

(oar (n44-0 r (1+0
.1:xhP

214

+1(44 =
2r(0-2+0 r

(A>-2)
n.13.10r (d

Y-1 x-t)ipt

t 1

22.13.11

ri pacodt=.
1 ,,(x) TJ. 1/1=i (n++),,Az

22.13.12 f e-1 Lr) (t)dt= I la" (x) a'..),(x)]

22.13.13

r (a+ 0+n-1-1)f (x 00- 'tar) (t)dt
=11(a+n-f-1)1110x8+0Lro) (x)

(Ma> 1 , anl>0)
_ ,n.13.14

fog

22.13.17 Le. e-'1Ht.(t4t=irii

L.(t)L,(z f)dt

140+.+1(4

22.13.15 f e .(t)dt=I 1.7(0) 8-1111.-1(x)

22.13.16 f0t Ha(t)di =20114) (Ho+1(4rio+1(0))

22.13.18 (1
e sit112,,,+"104dt,2m+9x(z-

)

22.13019 f e (zt)dt = 4TralP(x)
- .

22.13.20

f e '111 (OP cos (xt)dt= iffr2*- L,,(e)
2

POLYNOMIALS

22.14.1
22.14. Ineq;salities

(n+n2)Psno, if q= max (a,(1) >, 1/2

g (a> 1, 0> -1)
1

°) (x11 %1n, if q<-5

z' maximum point nearest to ela
a 4 -13+1

22.14.2 A

x' =0 if n=2m;.
if n=2/r-}-1

22.14.3

(n+2at-1\
n I (a>0).

I Cr(e) I (;<a<O){

z'=maximum point nearest aero

ns-
i (MI 9) K21 (sin 0.r(a) (0<ce<1,00<y)

22.14.4 $NIT,,(4151 (- 15x51)

22.14.5
Idr;.!X)151,0 ( -1 <z<1)

22.14.6 1/4,(x) I <n +1 ( 1 < x < 1)

22.14.7 IP.(x)I <1 (-1<x<1)

22.14.8 152n(n+1) (-15z1)

22.14.9 il'o(x)i (-1<x51)*

24+1P.(x)P.-1(0.+1xl,...3noi+

22.14.11
1PM

Fl(x) (x)P.+1 %X/ a. (2n-1)(n +1)

22.14.12 144(x) I <e=n (z ?-°)

, r(ot+n+1
22.14.13 ILr)(41- ntr(a+1))

22.14.14
n-1-1)].1,

1.4?)(415[2 r(a+
,n -t-

eke pip 11.

792

(-15xS1)

(-1SrS1)

(a0, x?_0)

(-1<a<0, 0)



22.14.15

22.14.16

n.14.17

22.15.1

iim [Ili, P 1,e, 1) (cos :A

, rt.' 2
741im. iii Pr.0) (1. ...ex) J.(4-2-142)

1

ORTHOGONAL

I ilm(z) I (111.112174, [2--..L.(2,17)]

1//2.+I(x) < ze" .(em(m +1)1+2)1 (z0)

I 11,(z)lenic2*Illiii" =$1.086435

22.15. Limit Relations

22.15.2

22.15.3

22.15.4

22.15.5

22.15.6

787 ,

For asymptotic expansions, see [221] and
[22.17J.

a..

22.16. Zeros

For tables of the zeros and associated weight factors necessary for the Gatissian-type quadrature

formulas see chapter 25. All the zeros of the orthogonal polynomials are real, simple and located.

in the interior of the interval of orthogonality.

Explicit and Asymptotic Formulas and Inequalities.

) mth zero of f,(x)(z1 ")<4")< . . . <41))

81:)---= arms .4"-?..+1(0<01")<O4*)< <01")<T)

to

j,;,.,, mth positive zero of the Brel functino./
.

0<ja. Kin. 2 ; ;

f 4P

b(z) Relation

32.16.1

22.16.2

22.16.3

22.16.4

22.16.5

22.16.6

32.16.7

22.16.8

P 1:11" (cos 0)

(x)

(11' (cos 8)

71.(x)

Us (Z)

P.(cos

P,(x)

(r)

near) (a> 11 0> 1)
*-00

tf") = 1
2n1± n no

! [1 2-!t+ 0 (-)]

( +a- ms
4-es

St'n

24."- ,
2m-1

COB I2n

(0 1)

XV= CO8 n+.0.1 ft

2m -1 ea,,,,r. 2m
2n4- 1 ir'''' '2n+1

417+21 gni 44:4-721 r+O(n-10)

1

st)=1'11 (1-14-0(yri)i
2n, n

zcar= 1 14 14() ÷ [1 + .-14° Gi)2n:Er; 4% 12(24+1)1] si

zi>117.

.4',"< -}". (2k., +. 4krF-4- I ors)

is) A.. ii 4.2(c°-.1)+A,.,
= 4k. 48k:

+ (n-')

a+ 1=r +2

4

For error estimates see 122.81

793
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22.17. ,Orthogonal Polynomials of a Discrete
Variable

----In this section some polynomialsf,(x) are listed
which are orthogonal with respect to the scalar
product

ORTHOGONAL

w*(x01.(x1).(zi)

Th
_ .

he integers in the interval a <xi< b

and w*(zI) is a positive function such that

POLYNOMIALS

w'll(Xi) is finite. The constant factor which is

still free in each polynomial when only the orthogo-
nality con define4Itirey the
explicit representation (which corresponds to the
Rodrigues' formula).

1
22.17.2 f (x)=.rig* (x) (x)g(x TO]

where g(x, n)=79(z)g(x-1) . . . g(x 1) and
g(x) is a polynomial in x independent o n.

. Name a b OW ra g(z, n) Remarks

Chebynhev

Krawtehouk 1

Charlier

Me ixner

Hahn

0

0

0

0

0

N- 1

N

co

co

CD

1

re' CD
ea °
- --A

er(b+z)
r(b)ir

11(b)r(e+a)r(d+x)
ifr(r+x)f(i)f(ii)

1/n1

(-1)/11

( 1)114-417rn1

e"

1

(1x1) (x RN)
viz!

te--775-41

Xi

1, 4>(
+9=1

a>0

b>0, 0<0<1

(x1I)!
xi

(x- n)1

xlF(b +x)
(x-n)tr (b+z-n)

For a more complete list of the propert.es of these polynomials see [22.5] and [22.17].

Numerical Methods

22.18. Use and Extension of the Tables

EratUation of an orthogonal polynomial for which the coefficients are given numerically.
Example 1. Evaluate 14(1.5) and its first and second derivative using Table 22.10 and the

Horner scheme.

1.5

15

-r
1 36 450 - 2400 5400 -4320 720

5 I. 5 51. 78 897.378 -2703. 9378 4044. 09378 -413. 859378

1 34. 5 398. 28 -1802. 628 2696. 0625 - 278.90625 306. 140628

1. 5 - 49. 8 523. 128 -1919. 28 1165.21875
1406254..306.

720
=. 42819 53

I 33t0 348. 75 -1279. 500 776. 8128 889. 3125 ,

I. 5 47, /5 482. 250 1240. 878
4=3897.203125

=1.23818 628

1 31, 5 301. 50 827. 250 - 464. 0625 L;:=2 1 46to°432!

= .-- 1. 28906 25

794



, ORTHOGONAL POLYNOMIALS 789

Evaluation of an orthogonal polynomial using the explicit representation when the coefficients are not

given numerically.
If an isciated value of the orthogoital polynomiall(x) _is to be computed, use the proper explicit

_
expression. rewritten in the form

and generate ao(x) recursively, where
Mx) =da(z)ao(x)

. f(x)a.(x) (m=n, n-1, . . ., 2, 1, as(x)=1)..
The 4(4 b., c f(x) for the polynomials of this chapter are listed in the following table:

1.W d «(x)

(37:.1

PI*

PIA+ I

1

HS* 1

(4 ,(27)

Ma+P-1- n+ m)

2(n m + 1)(a+ n + m 1)

2(nm+1)(a+n+m)

2(n m+ 1)(n+ 1)

2(nnt+1)(n+m)
2(n'm + 1)(n + m)

2(n m+ 1)(n+ m+ 1)

(n m+ 1)(2n+ 2m 1)

m 1)(2n+ 2rn +1)

n m+ 1

2(n m+ 1)

2(nm+1)

2m(a+m)

In (2,n 1)

m(2m+ 1)

m (2* 1)

m(2m + 1)

m(2tn 1)

m(2m+ 1)

m (2m 1)

m(2m+ 1)

m(a+m)

m (2m 1)

m(2m+ 1)

1x

xs

x*

xl

xe

xi

Example 2. Compute /11 2."(2). Here 4488'5 3.33847, f(2)= 1.

m 8 7 6
.

5 4 3 -2 1 0

.
bob

4,
ir.

1

18
136

1. 132353
34

105

1.386887
, 48

78

1. 841026
60
sa

3.008392
70
38

6. 849651 I
78
21

26. 44156
84
10

223. 1091
88

3
e)

6545. 538
90
0

PI"' SI 1)(2) =dsat(2)=(3.33847)(6545.533)=21852.07
Evaluation of orthogonal polynomials by means of their recurrence relations

Example 3. Compute CP(2.5) for n=2,3,4,5,6.
From Table 22.2 010=1, Clo=1.25 and from 22.7 the recurrence relation is

rsiii(2.5),-.(5(n+00)(2.5)(ni)CLi2.1(2.5)1wm

A

i n 2 3 4 5 6

cti)(2.5) , 3.68825 13. 08594 50. 87648 207. 0649 867. 7516

Check: Compute CP)(2.5) by the method of Example 2.

795
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790 ORTHOGONAL POLYNOMIALS

Change of Interval of Orthogonality

In some pplicatione it is more convenient to use polynomials orthogonal on the interval p, 1).
theilew__polynon h from the onetgiven in thk_clapter_by the substitution x=21 1.

The coefficien s of the new polyno al can be computed from the old by the following recursive scheme,
111

provided the :.tandardization is not anged. If

ask

14(x)= a," fil(x)t=f,,(2x-1).=t
141

atel
a

then the at are given recursively by the an through the relations

aU)=2a;;""a41; m=ni, n-2, . . j; j=0, 1, 2, . n
al,;"=a,/2, m=0, 1, 2, . . n
4:1)=2Ja1, j=0, 1, 2, . n and 4'1)=4; m=0, 1, 2, . . n.

Example 4. Given Ts(),'=.5x-20a4+160,,find T (x) .\ 00$

6: 4 3 2 1

,

0
.

1 8 =4" 0 lOgnal"" 0 . 2.5=nar" 0

0
1

2
3
4
5

16
32
64

128
256
512i=a;

1684
192 '
512

1280=4

4
36

304
1120==a;

4.,

448
400i= a;

1

50=4

,
1v=a;

Hence, T:(x)=5120 12800+11200-4000+ 5bx 1 .

22.19. Least Square Approximations

Problem: Given a function f(z) (analytically or
in form of a.table) in a domain D (which tniy be
a continuous interval or a set of discrete -,oints).°
Approximate .0 by a' polynomial F (z) of given
degree n such that a weighted sum of the squares
of the errors in 1) is least.

Solution: Let te(x)>0 be the weight function*
chosen according to the relative importance of
the errors in different parts of D. Let 10(x) be
orthogspal polynomials in D relative to tv(x), i.e.

11.,f,,) 0 for m sin, where

(1,0

Then

L w(x)J(z)g(z)ix
if Die a continuous interval

w(4)/(zo)P(x0)
go.1

if D is a set of N discrete points x

P(z)Naikin(x)
where

au (f, fs.)/(fo$ As).
I 1(r) use to he equate Integrable, see e.g. 122.171.

s Rev y s se

0 a Continuous Interval

Example 5. Find a least square polynomial of
1degree 5 for f(2)=-----, in the interval 25x5,

1+x
using the weight function

ts(x)=.

which stresses the importance of the errors at the
ends of the interval.

796

Reduction to interval ( -1,11, 1=24 7

to(x(0)"2-
2

3 4-11 ii

3

From 22.2, MO= T.(t) and

as MT.(t)dt ( PI
3ir -1 1/177-1-g t+3

(m

2 ri 1 dt
aersai j-, t +3

I
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Evaluating the integrals numerically we get

1 2x( 7 2x-7 z-7)
_(-47---)+.0138787,).002380T3(27:27-

+.000408T. (2117) .0000707'8

D a Set of Discrete Points

If za=m(m=0, 1, 2, . . N) and w(x>=1, use the Chebyshev polynomials in the discrete
range 22.17. It is convenient io introduce here a slightly different standardization such that.

(ma) (a+mm)
(x

(....Arm)uv)r ti

(NI-n+1)4Na)i
(ia, =

Recurrence relation: f(x)==.1,fl(2)=1.2111

791

(n+ 1) (N-, n).4.1.1(x)= (2a+1)(N-2)1.(x)n(N n +11 f...1(x)

Example 6. Approximate in the least square sense the function f(x) given in the following table
by a third degree polynomial.

x f(s) 1.33 10
2

k fia) h(I) h(2) 1*(2)

10
12
14
16
18

.3162
. 2887
. 2673
. 2500
.2357

'
0
1

2
3
4

1

1

1

1

1

1

1/2
0

1/21
, ..

11/21
1/2

,

;
1

12
0
21

.10(s) fia) / fa()

(fe, fe)=tis(2) ,8 2,5 3.5 10

(1, 14)tfealf(23 +10) 1.3579 .09985 .01525 .9031

Yds)
*

. 271580 .039940 .0043571 . 000310 .

(fa, iv)
'1

.fi.z)'%,.27158+.03994(3.5.25x)+.0043571(23.5-3.5z+,1250) +.00031(268-59.8333z

f(x)...59447.043658z+.0019000
+4.3750 .10417e)

0003229224

22.20. Econoinization of Series Then, since 17'8,(z)l S 1(..1 5.z s 1)

Problem: Given f (2). t a, in the interval
is-re .74)=.tv, bo TIN (x)

-:- I X I and R>0. Find 7(z)=A 68, with N
within the desired accuracy if

as small as possible, such that 17(z)MKR.
Solution: Express f(x) in terms of Chebyshev

t-fillimi<Rfipolynomials using Table 22.3,

(z) is evaluated most conveniently by using the
, urrenee relation (see 22.7),

797
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ORTHOGONAL POLYNOMIALS

Example 7. Ei.onomise f(*fit-1 +24+.1113
+0/4 +.e4/5+46 with R =.05.

e From Table 22.3

(x),.. ad, 1149 T0(z)+3273(4+3T4(x)]

1

+96 (
z) 117'3(4+215W I since

=LA._14.01149T0(x)+32T2(0+§-161.76714)±1171
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Coefficients for the Jaeolti Polynomias Pee (8)=8;1 Irs

Pr.. 1 1.

9(a +1) a+0+5
0

Pp. 0 8 4(a +1)* 4(0+0+8)(4+2) + 0+3h ,

PiL 48 8(0+ Os 12(0+0+ 4)(a4 2), 0(0+0+4)8(4 43) (a +0+ Qs

Pk. 0 304 16(4+1)4 32(a+ 0+ 5) (a+ 2). 24(a + 0+ 5)s(a + 3), 8(a +0+ 5)s(a+4) (a+ 0+ 5).

3840 32(a+ Os 30(a + 0+ 3)(a+ 80(4 4 04" 8)1(a+8). 40(a + A+ 6)1(a+ 4) s 10(a+ 0+ 8).(a+ 3) (a+ 0+8),

Pe. n 48080 84(a + 1) 192(0+0+ 7)(a+ 2), 240(a+0+7)1(a+3), Ma +A+ 7)1(a+4). 80(a+0+ 7)4(a+ 5). 12(a +0 +7)h(a+6)

. (ffs).*. as(as+ 1)(as +2) . . . (as+ I)

Pr"(2)6.8= I(5)1(xl 1)8+ 10(8),(6) (se 1)4+ 40(8)8(5)4 1)+ 81)(8).(4)$(s 1)0+ 80(8) (3),(2 0 +82(2)4

PV"(a) 38-I40
(55540(1 475200(a 04+ 864000(ti os+ 801200(x 1)9+ 280400(a i) +280403

,799

Fable 22.1
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4.

Table 22.2 ts al'itheilltrispherkeIrolyaomiale-Cr(z) aad for 24 in terms of 00)(2)

Ct(a) =Bar ana and soli.ibV Rdascroo 4.00)

. al ,SI XI 0 e 0

b. 1 .2a 2(a), .4(a), 4(a), 8(a). 6(a).

Cr ta 1 1 a aa(a+4 6a(a + 4) (a+ 6) Cr
Cr 1 20 1 . Ika+ 1) 13(4+1)(6+4) .. Cif

cr 1 a -1(a1). 1 6(a +2)
. -Z.: 45(a +20 (a + ID Cr

Cr 3 6(a), . 4(a)s 3 30(b +3) . Cr
Cr 6 Rah 12(a)s 4(a), 6 '00(a +4) Cr
Cr 13 13(a)s 20(a),. 4(a)s 30 Cr
cr 90 13(48 90(a), 60(a)s Igato 90 Cr

a' a' 0 ss 8/1 a' x

(ahem a(a+ 1) (a +2) ) (a+ s 1)

C R S a° (4(2)01 6 ( 2 ) 0 1 11, owe 13(3) Cr(a) 3Cr491

Cr(s) 1 (960-364 ss ) + 3CP(1)13

8O1.

2

O

4
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Y.1

011THOGONAL POLYNOMIALS

Coefficients for the Chebyshev Polynomials 7;.(x) and for al" in terms of,T,,,(2)

4.2" r=141N. 7'.(S

795

Table 22.3

o st" o 44 2 24 el
s

0 xto 01 ot

b 1 1 2 4 8 16 32 64 128 206 612 1024 2048

To 1 1
.

1 3 10 35 126 462 To

1 1 3 10 3b .26 462. - Ts

To 2 1 18 68 fl 210 702 To

71 -3 4 1 6 21 84 330 Ti

To 1 - 8 8 1 6 28 120 495 71

71 6 -20 16 1 7 36 165 To-a-
ToTo -1 18 . -48 32 1 45 220

111 7 56 -112 64 1 9 88 Ti

To 1 -32 160 -268 128 il.
ii

10 66 To

To 9 -120 .432 -576 ! 256 1 11 71

710 -1 50 -400 1120 -1280 512 1 12. , Ile

Tit -11 220 -1232 2818

T6912

-2816 1024 1 T,

Tu 1 -72 840 -3584 -6144 2048 1 Ttt

0 21 zs z 0 . 0 0 21 X XI 310 211 XII

nix 0.2

1
(s) 320 - 4844 + 18x9 -1 OlggifillOro+1571+6T4+ TsJ

Chebyshev Poly,?omials T.(x)

0.4 0.6 0.8

Table 22.4

1.0

0 + 1.00000 00000 +1.00000 00000 +1.00000 00000 +1.00000 0006. 1

1 +0.20000 00000 +0.40000 00000 +0.60000 00000 +0.80000 00000 1

2 -0.92000 00000 -0.68000 00000 -0.28000 00000 +0.28000 00000 1

3 -0.56800 00000 -0.94400 00000 -0.93600 00000 -0.35200 00000 1

4 +0.69280 00000 -0.07520 00000 -0.84320 00000 -0.84320 00000 1

5 +0.84612 00000 +0.88384 00000 -0.07584 00000 -0,99712 00000 ' 1

6 -0.35475 20000 +0.78227 I I I +0.75219 20000 -0.75219 20000 1

7 -0.98702 08000 -0.25802 . I I I +0.97847 04000 :-0.20638 72000 1

8 -0.04005 63200 -0.98868 99200 +0.42197 24800 +0.42197 24800 1

9 4%0.97099 82720 - 0.53292 96360 -0.47210 34240 +0.88154 31680 1

10 +0.42845 58288 +0.56234 62912 -0.98849 65888 +0.98849 66888 1

11 -0.79981 60206 +0.982110, 65690 -0.71409 24826 +0.70006 13741 1

12 -0.74830 20370 +0.2238 89840 +0.13158 66097 +0.13158 56097 1
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796 ORTHOGONAL POLYNOMIALS

Table 22.5
Coeffieients for.the Cabebysber Polynomials U.(x) and for am in terms of U.,(x)

rie=b;Itd.U4)
ws

z z 0 0 0 a" all 01

Cs 1 2 4 8 16 32 128 256 512 1024 2048 4096

tie 1 1 1 2 5 14 42 132- Us

U, 2 1 2 5 14 42 132 U,

Us 4 1 3 9 28 90 297 Us

Us -4 8 1 4 14 48 165 Us

U
TT

1

-7----:*
. -12 16 1 8 20 75 275 U.

-32 32 1 8 27 110 Us

U. '... 1 24 /- go 84 1 7 35 154 US

Eh - 8 80 -192 126 1 8 44 th

. Us 1 -40 240 -448. 256 1 9 , 54 Us.

Us 10 -160 672 -1024 512 1 10 "Us

U,. -1 60 . -580 1792 -2304 1024 1 11 UN

U,, . -12 -- 280 -1792 4808 -5120 2048 1 Mt

NI 1 - 84 1120 5376 11520 -11264 4098 1 Uss

x° al a' a' a' x7 a's sit xll x11

'able 224

n \x

1Us(x) .064.0-8W+24/A- z4=u151.10+9U+ISU4+ Usj

Cbebysber Polynomials U. (x)

0.2 0.4 0.6 0.8 .1.0

0 +1.00000 00000 +1.00000 00000 +1.00000 00000 +1.00000 00000 1
1 +0.40000 00000 +0.80000 00000 +1.20000 00000 +1.60000 00000 2
2 -0.84000 00000 -.0.30000 00000 +0.44000 00000 +1.50000 00000 3
3 -0.73600 00000 -1.08800 00000 -0.67200 00000 +0.89000 00000 4
4 +0.54580 00000 -0.51040 00000 -1.24640 00000 - 0.12840 00000 5
5 A-0.95424 00000 +0.67968 00000 -0.82368 00000 -1.09824 00000 6

6 -0.16390 40000 +1.05414 40000 +0.25798 40000 -1.63078 40000 7
7 -1.01980 16000 +0.16363 52000. +1.13326 08000 -1.51101 44000 8
8 -0.24401 66400 - 0,92323 58400 +1.10192 89600 -0.78683 90400 9
9 +0.92219 49440 -0.90222 38720 +0.18905 39520 +0.25207 19300 10

10 +0.61289 46176 +0.20145 67424 - 0.87508 42176, +1.19015 41376 11
11 -0.67703 70970 +1.06338 92659 -1.23913 10131 +1.65217 46842 12

12 -0.88370 9450..N +0.64925 48703 - 0.81189 29981 +1.45332 53571 13
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ORTHOGONAL POLYNOMIALS

Coefficients for the Chebyshev Polynomials C.(x) and for e in terms of C., (x)

cow ear
siETO

a
s =k-s;dacaw

797

Table 22.7

as as as a* as' as as es asi als

b. 2 1 1 1 1 1 1 1 1 1 1 1

Cs 2 1
.

3 10 35 128 .462 CO

CS 1 1 3 10 aa 128 482 C,

Cs 2 1 1 4 18 541 210 792 C,

CS --3 1 1 6 21 84 330 Cs

C. 2 4 1 1 120 495 C,

Cs

co,.

1 1 7 38 185 co

-6 1 1 8 45 220 Co

G 14 7 1 1 9 as. G

Cs 2 16 20 "1 1 10 68 Co

co 9 30 27 9 1 1 11 Cs

Cto 2 25 80 36 10 1 1 12 Go

Cu 11 68 77 L. 44 11 1 1 C,,

Cu 2 36 105 6 -112 84 12 1 1 Gs

ii zo so as as xi xso et so

ogee page it. Cs(x) gm's° 824+ 907 2 s=;1000+ 15G+ 6C4+ Co
Table 22.8

Coefficients for the Chebyshev Polynomials 3.(x) and for e in terms of*,(x)
a

sa(x) ;car. Pa= odoSs(x)

as XI as 2 zt z1 z1 X" XII / 11

SO 1 1 1 2 5 14 42 .. 132 Ss

St 1 1 2 5 14 , 42, 132 St

Si 1 1 3 9 28 90 297 Ss

3, -2 1 1 4 14 48 185 3,

St 1 3 1 1 5 -'20 75 276 8,

so - 4 1 1 8 27 110 8.

Ss 1 6 5 1 1 7 as 154 84

10 6 1 1 8 : 44 St

Bs 1 10 15 7 1 1 9 64 St

St 6 20 21 8 1 1 10 Ss

s -1 18 36 28 9 1 1 11 SOS

SO -8 aa -66 36 10 1 1 Stt

Sts 1 21 70 M 45 11 1 1 fits

34 as as as as ti as to zo el ass

8.00 =me +600 1

8 Me a
so =63o +931 +684+8,
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Coefficients ter the Lammas Polynomial. 4(4 and for am in term. of 4,(x)

L001:01
01/4

esov rig= 4.144(s)
ir41

Table 22.10

a. s to 0 0 sr a 1 s so so ios
i so

14 1 1 i.---, I s 0 se sie 710 5010 4131 SUM SWIM IMMO 470001100

--,
Ls

Lq 1 1 -1 -1
.

-4 .411 -NI -400 .4320 ;45310 -1271140 .41134111 .411152114 .41410111100 14

14 3 9_ -4 1 9 II 141 MO 10W0 101311 amp 11011*
A.

MINS 11001100 SUMO= 14

Le
......

11 11 AS 9 -1 -0 -91 .4970 .44100 %470100 411140 401111071 .41111111110. *-411101110 410101110000

IN 94 91 .41 79 .40 1 91 KO MOO 1711100 9991100 WAN 90OM, 110110000 1110170200

14 120 00 41100 00- 400 25 -1 .-.1110 -4111 -145040 .4151919 .4311112 -41315410 AOY'0 '* .471111133200 Zs

4 722 fa .4910
..-

400 -10 1 799 31110 UMW 7114111109 21555 1901111190 4111074711100 Ls

in
_

'110 OM -113/0 MX .4510 7310 .413 40 .4 .4040 -anew -Imo 4seasso -aannans It

14 10331 Mil -422110 i 117100 .-1111111 1505 -54 1 OW III MO 1M * 311371000 l7NNM00 14

1 159710 SUMO .4111100 11011190 .491021 . MI -4103 II -1 -9M110 .-11/21/1018

-
.406113111300 4

Lto MOM 1000
s

-4110000 UMW -4207100 11710000 - 7110110 1051100 .46100 4000 -100 1 NINO MOM 111114101100 Ls

Leo 11111100 101111131 .4110111100 10117111300 -1010713000 01155N00 .41111791110 2311210 ,..211181/0 11210 .4019
_

111 -1 -noon -mow Lis

to 479001100 01001100 .4748019200 11007012000 .47N1103000 1179101000 -11101410031 01471070 -41211150 5110100 -910100 1719 -141 1 479001500 Le

.

a. 0 el is 0 47 0 0 411 01 .01

'8.. pap u.

(44) rid 00 NW+ 4500 24000 + 64000 48202+720j eget 7204-48204 + 108004 144004+ 100004 43204+ 7204

808 809
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Table 22.11

s\x 0.8

r.

ORTHOGONAL POLYNOMIALS

Laguene Polynomials 1,,,(z)

1.0 3.0 5.0 10.0

+1.00000 00000 + 1.00000.00000 +1.00000 00000 +1.00000 00000 +1.00000 00000
1 +0.50000 00000 0.00000 00000 -2.00000 00000 -4.00000 00000 -9.00000 00000
2 +0.12500 00000 - 0.60000 00000 -0.50000 00000 +8.50000 00000 +81.00000 00000
3 -0.14583 33333 . -0.66666 66667 +1.00000 '00000 +2.66606 66687 -45.66666 66667
4 -0.33072 91667 -0.62500 00000 +1.87300 00000 -1.29168 68887 +11.00000 00000
5 - 0.44857 29167 -0.46006 68667 +0.83000 00000 -3.16866 68887 +34.83883 83888

6 -0.50414 49683- - 0.25694 44444 -0.01250 00000 -2.09027 - 3.44444 4444477778
7 - 0.51833 92237 -0.04047 61905 - 0.74842 85714 +0.32589 68254 -30.90476 19048
8 -0.49836 29984 +0.15399 30556 -1.10870 53571 +2.23573 90878 -16.30158 73016
9 -0.45291 95204 +0.30974 42681 -1.06116 07143 +2.69174 88272 +14.79188 71252

10 -0.38937 44141 +0.41894 59325 -0.70002 23214 +1.75624 81795 +27.98412 69841
11 -0.31390 72988 +0.48013 41791 -0.18079 95130 +0.10754 86909 +14.53695 68703

12 -0.23164 98389 +0.49821.22235 +0.84035 46063 -1.44860 42948 -9.90374 64598

'4
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4
Coellelenta for the Hermits Polynom

H s(s)== E eats
two

111(a) and for, ail in terms of H.(r)

E

I

Table 22.12

el 0 I ass x x 0
iI x 0 xs x" el

be 1 2 7 4 8 18 32 84 128 I 256 512 1024 2048 4096 6i

Hs 1 1 12 120 I 1680 30240 665280 Hs

HI 2 1 ir 840 i 15120 . 332640 . HI

Hs 2 4 1 .. i 2 180
1

I 3360 78600 1995840 Hs

Hs 12 8 1 420 1 10080 277200 Hs

H. 12 / 16 1 30 840 25200 831600 Ht

Hs 120 160. ' 32 1 42 1512 118440 Hs

H. 120 720

3360

480

1344

64 1

i
128 1I

86

256 1

72

2520

90

3960

110880

6940

Hs

Ht

H.

Hs 1680

Hs 1680 13440 13440

Hs 9216:
I

512 1 110 Hs

Ho 30240 302400. 403200 161280 I 23040 1024 1 131 His

Hsi 688280 2217600 1774080 . 506880 56320 2048 1 . Hu

His 665280 7983380 13308600 7098320 1820840 138168 4096 1 Hu

s al as a as as as a am an an

1
Hs(11) =2,640 48010+ 7200 120

64
(120Hs+180Hs+ 30/4+

811

liee page n.

812
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Table 22.13

was
:

.0
1

I% 2
3
4
5

6
7
8
9

10
11

12

0.5

+1.00000
+1.00000
-1.00000
- 5.00000
+1.00000

(1) +4.10000

1) +3.10000
2)-4.61000
2) - 8.95000
3) +0.48100
4)+2.25910
6) -1.07029

(5) -6.04031

ofaHo(1oziAL POLVN01141A148

Hermite Polynomials 14(2)

1.0 3.0 5.0
.

+1.00000 +1.00000 00 1.00000 00000
+2.00000 +6.00000 00 1 1.00000 00000
+2.00000 1)+3.40000 00 1 9.80000 00000
-4.00000 2)+1.80000 00 2 9.40000 00000

(1)-2.00000 2) +8.76000 00 3 8.81200 00000
(0)-8.00000 3) +3.81600 00 4)8:06000 00000

.
2)+1.84000 4)+1.41380 00 5)7.17880 00000
2)+4.84000 4)+3.90240 00 6)6.21180'00000
3) - 1.64800 4) +3.62400 00
4) -1.07200 5)-4.06944 00 178:1r27411 20000
3)+8.22400 6)-3.09398 40 9 3.27552 97600
6)+2.30848 7) -1.04350 24 (10)2.43298 73600

Oh +2.80768 (8)+5.51750 40 (11)1.71237 08128.

10.0

1.00000 00000
1)2.00000 00000

8000 00000
3 7.88000 00000
213.95 1.55212 00000
6 3.04120 00000,

(_ 5.92718' MOO
(9 1.14394 32000
10 2.21490 67680
11 4.24598 06240
12 8.09327 83098
14 1.53373 60295

(15)2.88941.99383
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23. Bernoulli and Euler Polynomials-7
Riemann Zeta Function

&ULM V. HATNSWORTU AND KARL &AMMO

Contents

Mathematical Properties
22.1: Bernoulli and Euler Polynomials and the Euler-Maclaurin

Formula
28.2. Riemann Zeit; Function and Other Sums 'of Reciprocal

Powers

References

Table 28.1. Coefficients of the Bernoulli and Euler Polynomials
B.(a) and E.(x), n =0(1)15

Table 28.2. Bernoulli and Euler Numbers
B. and E., es=0, 1, 2(2)80, Exact and B. to 10S

Table 23.3. Sums of Reciprocal Powers

t(n).NN p, 20D

t(n).N.. 20D

k(s)
.1g

20D

Rho v.. (-1)4 18D(2k+1)"'

n=1(1)42

Table 23.4. Sums of Positive Powers

ka,nsol (1) 10, m=1(1)100

Table 23.6. slot, r =2(1)9, n=1(1)80, 108

813

818

The authors acknowledge the assistance of Ruth E. Capuano in the preparation and
checking of the table'.
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23. Bernoulli and Euler Polynomials-Riemann Zeta
, Function
Mathematical properties

23.1. Bernoulli and Euler Polynomials and the Euler-Maclaurin Formula

Generating Planation.

tett t* ies t'
23.1.1 ==E 'Mx) 10<ft. I 7,--0-.N E. (z) ivs-1 ,,i- n1

,Bernoulli and Euler Number.

23.1.2 B.= B.(0) a=0, 1, .

1' 1 1
23.1.3 B0=1, Bi.=-5, Bi=7 134=1,-6

E.=2"E. ().= integer
2

E0=1, E, = -1, E4=5 .

(For occurrence of B. and E. in series expansions of circular functions, see chapter 4.)

Sow of Powers

* B (m+1) -B.+1 (-1)*E.(0)
23.1.4 k".= '+' + 1

(7-1)°-ak4= 2
m, n=1, 2, . .

Derivative. and Difference!

23.1.5 W.(x)=nB._1(x) a=1, 2, ... E'.(x)=n4,-1(x)

23.1.6 B + 1) - B.(x)=="2 n=0, 1, . . . E.(x+1)+E.(x)=2;e*

23.1.7

Bi(x+h).*g CIO Bi(x)h*""

Eipansien.

n=0, 1, . . . Es(x-1-1).41 Eiwk-

El(4"ACO 2, (Z-l)"
Symmetry

. 23.1.3 .B(1- = (- 1)1B .(x) n=0, 1, . . . E.(1-x)=(-1)"E(x)

.23.1.9 (- 1)"11.(- B.(r)+ax*-1 n=0, 1, . . . I (-1)*+14,(- r) =E.(z) -2a*

23.1.10

BN(Pix)= re-ig B (x4- 14)

Multiplication Theorem

n=0, 1, . . .

...

4

0-1 kEs(nz). (-0kE.

ei=1 2,

n=1, 2,

n=0, 1 . . .

n=0, 1, .

n=0, 1, .

n=201 1, 0.

n=0, If 41.

'

n=0, I, ...
m=1, 3, ...

2
E.(mz) m" (-1) X+, (x-f--)

n+ 1 .
n=0, 1, . . .

m=2, 4, ...
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Integrals

23. 11 J. B.(1)4=11"4 Bs+M
J. n+ 1

s

Jf
E.(t)dtwaE.+I(x)±E.4.1(a)n1

23.1.12
0

"B.(t)B,.(t)dt=(-1) "0. f E.(t)E(t)dt

m,n=1, 2, =(-1)14(2, +e+11

23.1.13 1/32fsi >I B21(x) I

23.1.14

mlnl

805

(The polynomials are orthogonal for m-l-n odd.)

Inequalities

n=1, 2, 1>x>0

2(2n+1)l 1

liii51-4-6 kl--Fra)>(-1)a+IBil.+14)>0
n=1, 2, i>x>0

23.1.13

2(3n)1 1

(21)24

\
4+1/314;>-___2(2101

(2f)**

23.1.16

2211
nt cos (2vkxern)B.(x)

)4*"

n=1,2,...

4"1E251>(-1)*E9 s(x)>0

174 14=0, 1,

n=1,2, i>x>0

4(2n-1)1 (1 1 \
1-v8_2P (-1)"E9 s-i W>0

n=1,2, . f>x>0

4'1+ (2 n)1> 1rE,25).4%+1(2n)1 ( 1 )
irgs+' irss+1 1+3-i-se

n=0, 1, . . .

Fourier Expansions

n,1,1axa0
n=1, 1>x>0

23.1.17

112"-""Il
1)("2(2n 1)1 sin 2krx

n>1, 1>ik 0
n=1, 1>x>0

23.1.18

B3"
E714612(2/01 %-,* one 2kwx

(210" fr.i kse

n=1,2, ..., 1>x>0

23.1.19 Bt.+, =0

23.1.24 B.(0). (-1)*B.(1)
= B.

23.1.21 B.(0= (1 2i-1k

nt sin ((2k+1)=--iirn)
Eek4="1 M (2k-1-1)5+'

n>0, 1 kale
n =0, 1>x>O

(-1)4(2n-1)1 \--, one (2k+l)rx
E28 :1 (Z) = sr" izt (21c+1)"

n=1,2, ..., 1>;>0

, % (-1)4(2n )1 t!in(2k+1)11
Ea.kx) iht . 1

yr , (2k-1)9 " +1
n>0,1>xkO
n=0, 1 >x>0

Special Values

n=1, 2, .

n=0,1, .

n=0, 1, . . .

E2*.f1 tt?..0 n=0, 1, . . .

E.(0)=E.(1)
2(n+1)-1(20+1-1)11.+1

n=0,1, .E.(f) =2"E

816
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23.1.22 Bis(f)=(-1)"/1,,(f) E1*-1(1)=Ess-IM
= 2-5(1-21- =(24)-1(1-31-")(22*-1)B3s

n=1,2,

23.1.23 Bse(i)=B340
=-2-1(1-35-")/13

23.1.24 BUM= AA)
=2-1(1-21-1.)(1-3"s)Bs

n=0,1,

Sintholle Operations

23.1.25 P(B(4-1- 1) p(B(z))=p1 (z)
.....

I P(E(x)+1)-1- (E(2)) =2P(x)

23.1.26 Ba(z4-14).(B(s)+A)* . n=0, 1, . . . I E.(x +A)=01(z +A)* scip0, 1, . . .

Here p(x) denotes a polynomial in x and after expanding we set {B(x) =+B.(x) and {E(x)}*=ER(2).

Relations Between the Polynomials
23.1.27

E._1(x). {B. (-.1)-13.()}

{B(z)-2*B. 0) 1 n=1,2;...

23.1.28,

-E.._2(Z) =2 (211,-% (7) (2"-*-1)/1-tBk(z).

n=2,3, . .

23.1.29

BB(x) = 2" A ( n o Be-A(22) n=0, 1, . . .

EulerMselourin Irommtss

Let r(z) have its first 2n derivatives continuous
on an interval (a, b). Divide the interval into
m equal parts and let A (b a) /m. Then for
some 0, 1 >0>0, depending' on Foo(x) on (a, b),
we have

23.1.30

1151`. F(a-f-kh)=1-' F(t)dt F(b)-1- r(a)
a

*-I 112*-1
{ F(30 -11 (0_ FM- 11

(2k) !
(a) }

Ms on-I

(
Btu r. Pc") (a+ kh+04)20 T.%

817

Equivalent to this is

23.1.31

A

*44f F(t)dt==-1 (F(x+h)+F(x))
2

4-1 hos-1

ar*BatiF(*-0 (z+h)F"1-1)(x)}

Al*
liser")4+0A) haxaa

Let t(x)=B.(x[xD. The Euler Summation
Formula is

23.1.32

F(4-41.+4)=.1 fb F(t)dt

As-1
B1(0) {Fu-1)(b)r-"(0)

es

J0 *`
lig Ps (a+Ich+ th)}dt

p2n, lama°
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23.2. Rimmann Zeta Function and Other Sums
of Reciprocal Powers

23.2.1 t(8)=IN. ge>1

23.2.2 -II (1p-0)-1
p

(product over all primes p).

23.2.3
=18- 41 (84-2k2k--1

C4-24) f BIII+Ax-180ds
24+1 zo+m+i

801,6=1, 2, ..., gifs>-2n

=_r(1 e) r (-s)" ds23.2.4 2vi .10 e*-1

23.2.3 1T

lim f On kr (ln trar+1 1
/IWO 1, gis k 11-1-1 I

ffle>0

23.2.6 =Tv.-' sin (ifs) r 0
v

8)1.(1 8)

1
23.2.7

=2

-x0-4 A.
r(a) jo esi

1 r e-i
'23.2.8 (1 21- *)Ii(s) J .1+1 a
23.2.9 = N k-s+(a-1)-'n'-'-8. --+-r

z'
1. ds

a ' Xix]

n=1, 2, . . ., 91s>0

exp (ln 2v-1 iy)8 ti....4n ei
2(a- 1) r(48 +1) , \ of

product over all zeros p of r(s) with 69p>0.
The contour C in' the fourth formula starts at

infinity on the positive 'real axis, circles the origin
once in the positive direction excluding the points
± 2niv for n=1, 2, . . ., and

go is regular for all
turns to the
regularstarting p6int. Therefore

values of 4 except for a simple pole at 8.1 with
residue I.

918>1

23.2.10

23.2.11

23.2.12

ego. paw If

Special Value.

r(0)

01)=.7

23.2.13 r(0). I In 2v

23.2.14 r( 2n) =0

Boo
23.2.15 ro-2ti)=-1--ti

23.2.16 r(2a)=_2(--;-21-1(2/11: IBIRI

23.2.17

807.

n=1, 2, . . .

n=1,2,

n=1,2,

(-1)**" (2v)**17 v..
024+1)=. 20n+1)1 /581+1W Orxxx

nr1,2,

Sumo of Reciprocal Powers

The sums referred to are

23.2.18 roo.g.

23.2.19. .... .

e(n)=. (-1)4-4-**--.(1-21-*)r(n) n =1, 2, ...

23.2.20

( n ) (2k+ 1) -*. (1 2 -*) (n) 6221 3, ...

23.2.21

(-0k(2k+1)-* n=1,2,...

These sums can be ceIculat,x1 from the Bernoulli
and Euler polynominis by means of the last two
formulas for special values 0 the zeta function
(note that v(1)=1n 2), and

23.2.22 0(2n+1)=6AVI-+1141 n=0, 1, .
2(2n)1

23.2.23
_owes

4,_,(e) sec (u)dx
P(214)=21(2n-1)! n=1,2,...

8(2) is known as Catalan's constant. Some

other special values are

23.2.24 ;(2)=144+ ...

23.2.25 04)=1+-2-1p1++ . . .

818



808 BERNOULLI AND EULER POLYNOMIALS, RIEMANN ZETA FUNCTION

1 1 its.
23.2.26 v(2)=1-0+31 . . .

1 1
23.2.27 v(4)=1i4-1-5i . . . =r2o

23.2.28 X(2) =1 +3a+ . . . =1;3-

Testa

23.2.29 x(4) =1+34+64.+x(4)=1+++.. . re
96

23.2.30 $(1)=1-1+16 . =4

1 its23.2.31 0(3)=1--4--1 .
3 53 32
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COEFFICIENTS be OF THE BERNOULLI POLYNOMIALS .Bh (e)-ikbast Table 23.1

n\le 0 1 2 7 4 5 - -6 7 e 9 10 11 12 12 14 15

0 1

1
1

-1

° 4
4

0 1 -2 1

-4 0 -4 1

6 791.
0 - 4.

a -4
- 1

7
0 + 0 .. .1..

6
A r

- 0 o + t, if .- 4 Iif
9 0 1 o 2 o - 4 0 6 - -I. 1

10 11
0 -4 0 0 -7 - 0 II -5 1

0 0 0 U 0 -11 0 1

11 4 4
s o 0 to 0 4 0 11 7 6 1

U . - ifie - J. i

0.
21°

_ Iii
6

0 12 1

12 ti Ai - is ... 4

14
0 - in 1P. -11. 111

_ ir I -7 1

15 4 AP- I" it j ° i ° 1 -1,0 0 0 A 0. i

C0EFFH3EN1S eh or THE EULER POLYNOMIALS Es (a). *Lep*

0 0 i \ 2 a 4 5 6 7 o 9 10 11 12 12 14 15

0 1
t

1
. 1- .4.

1

2 0 -1 1

4 + 1
3 A. 0

4 0 1 0 -2 1

S 4 0 4 0 1

o' o -4 0 s 0 -s 1

1 o -4 0 4 -fir
1

0 17 0 -20 0 14 0 -6 1

9 4 0 lit - 62 0 21 0 + 1

10 0 -135 0 US 0 -126 0 10 0 - 5 1

11 211
0 - lati

1
0 al- -2n 0 if 0 4 1

12 0 2071 0 - 3410 0 1605 * -196 0 SS 0 - 6 1

11 24k
0 lir ° 21M

0 1, 0 - lial 0 IP 0 - .11
a

i

14 0 - 11117 0 62001 0 - 21011 0 nos o - toot 0 91 0 - 7 1

19
0 - 0 sups ... imp 0 zip

O-
ap -9' 0- 4_

1

iR 9A
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Table 23.2

4
fa

1
2
4
6
8

10
12
14
16
18

20
22
24
26
28

30
32

36
34

38

BERNOULLI AND EULER NUMBERS

S

-691
7

-3617
43867

-1 74611
8 54513

-2363 64091
85 53103

-2 37494 61029

861 58412 76005
-770 93210 41217

257 76878 58367
-26315 27155 30534 77373

2 92999 39138 41559

40 , -2 61082 71849 64491 22051
142 . 15 20097 64391 80708 02691

44 ' -278 33269 57930 10242 35023
46 0 5964 51111 59391 21632.77961
48 -560 94033 68997 81768 62491127547

SO 49 50572 05241 07964 82124 77525
52 -80116 57181 35489 95734 79249 91853
54 29 14996 36348 84862 42141 81238 12691
56 -2479 39292 93132 26753 68541 57396 63229
58 84483 61334 88800 41862 04677 59940 36021

60 -121 52331 40483 75557 20403 04994 07982 02460 41491

0
2
4
6

10
12
14
16
18

20
22

26
20

30
32
34

38
36

40
42
44
46
48

se
52
54
56
Se

-7
9420

-126 22019

Es

-0
41222

-234 89580

1 48511 50718
-1036 46227 33519

7 94757 94225 97592
-6667 53751 66859 44977

60 96,78 64556 85421 58691

-60532 05248 18862 18983 14383
650 61624 86684 60884 77158 70634

54665 99390 08739 09806 14325 65889
32189 64202 41204 20228 62376 90583
25180 62187 19903 40923 72874 89255

D lia

1 ( 0) 1.0000 00000

2 - 1 -5.0000 00000
6 - 1 1.6666 66667

30 - 2 -3. 3333 33333
42 - 2 .3809 52381
30" - 2 -3.3333 33333

66 2
R27 EI

6 0 1.1666 66667
510 0 -7.0921 56863
798 1 5.4971 17794

330 2
138 3 tf:11

2730 4 -8.6580 25311
6 6 1.4255 17167

870 7 -2.7298 23107

14322
510

6
19 19190

6

13530
1806
690
282

46410

66
1590
'798
870
354

1

1:1i
08739

11 4.2961 46431
s 13 - 1.3711 63521

14 4.8833 23190

16 -1.9296 57934
17 8.4169 30476
19 -4.0338 07185

,,21 2.1150 74864
23 -1.2086 62652

24
-7531:1 ttat

28 3.6528 77648
30 -2.8498 76930
32 2.3865 42750

567 8673Q ( 34)- 2.1399 94926

27
- 1993

1 93919
-240 48796

37037 11882
-69 34887 43931

15514 33416 35570
-40 87072 90929 31238

12522 59641 40362 98654

- 44 15438
17751 93915
72329- 92358
06033 99177
52704 31082

11498 00178
61211 93979
70360 80405
43502 84747
68574 28768

78511 16490
08082 29834
7367( 42122
22720'93888
48234 10611

93249 02310 45536
79539 28943 66647
87898 06216 82474
02122 34707 96712
52017 82857 61989

77196 78140 50266
57304 74510 59763
10088 07061 95192
73748 19752 41076
43153 97693 90444

80103 49822, 51468
83644 23676 53855
40024 .,71169 98586
52999 64600 93949
91825 59406 99649

5
-61
1385

50521
02765
60981
12145
75441

37525
37901
86905
92361
68285

82821
89665
53281
59045
47741

844 25
10201
73809
84661
35185

15121
76565
45581
05945
20041

60 181089 11496 37923 04965 45807 14169-21586 80733 48734 92363 14106 00809 54542 31325
From H. T. Davis, Tables of the highernathematical functions, vol. II. Principle has, Bloomington,
Ind., 1038 (with permission). `: 821

ti



1
2
3
4
5
6

T
8
9

10
11
12

13
14
15
16
17
18

19
20
21
22
23
24

25
26
27
28
29
30

31
32
33
34
35
36

37
38
39
40
41
42

For n >42, f(n+1) MO (n+1)-i[14-70))
From H. T. Davis, Tables of the higher mathematical functions, vol. II.
Principia Press, Bloomington, Ind., 1985 (with permission).
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SUMS OF RECIPROCAL POWERS Table 23.3

too=ittic-* k(21

00 0. 69314 71805 59945 30942
1.64493 40668 48226 43647 0.82246 70334 24113 21824
1.20205 69031 59594 28540 0.90154 26773 69695 71405
1.08232 32337 11138 19152 0.94703 28294 97245 91758
.1. 03692 77551 43369 92633 0.97211 97704 46909 30594
1.01734 30619 84449 13971 0.98555 10912 97435 10410

1. 00834 92773 81922 82684 0.99259 38199 22830 28267
1.00407 73561 97944 33938 0.99623 30018 52647 89923
1. 00200 83928 26082 21442 0.99809 42975 41605 33077
1.-00099 45751 27818 08534 0. 99903 95075 98271 56564
1. 00049 41886-04119 46456 0.99951 71434 98060 75414
1. 00024 60865 53508 04830 0. 99975 76851 43858 11085

1.00012 27133 47578 48915 0.99987 85427 63265 11549
1. 00006 12481 35058 70483 0. 99993 41703 45979 71817
1. 00003 05882 36307 02049 0.99996 95512 13099 23808
1.00001 52822 59408 65187 0.99998 47642 14906 10644
1. 00000 76371197637 89976 0.99999 23782 92041 01198
1.00000 38172 93264 99984 0, 99999 61878 69610 11348

1. 00000 19082 12716 55394 0.99999 80935 08171 67511
1.00000 09539 62033 87280 0. 99999' 90466 11581 52212
1. 00000 04769 32986 78781 0.99999 95232 58215 54282
1.00000 02384 50502 72773 0.99999 97616 13230 82255
1. 00000 01192 19925 96531 0.99999 98808 01318 43950
1.00000 00596 08189 05126 0.99999 99403 98892 39463

1. 00000 00298 03503 51465 0.9990 99701 98856 96283
1. 00000 00149 01554 82837 0.99999 99850 99231 99657
1. 00000 00074 50711 78984 0.99999 99925 49550 48496
1. 00000 00037 25334 02479 0.99999 99962 74753 40011
1.00000 00018 62659 72351 0.99999 99981 37369 41811
1. 00000 00009 31327 43242 0.99999 99990 68682 28145

1. 00000 00004 65662 90650 0.99999 99995 34340 33145
1. 00000 00002 32831 18337 0.99999 99997 67169 89595
1. 00000 00001 16415 50173 0.99999 /9998 83584 85805
1. 00000 00000 58207 72088 0.99999 99999 41792 39905
1. 00000 00000 29103 85044 0.99999 99999 70896 18953
1. 00000 00000 14551 92189 0.99999 99999 85448 09143

1. 00000 00000 07275 95984 0.99999 99999 92724 04461
1. 00000 00000 03637 97955 0.99999 99999 96362 02193
1. 00000 00000 01818 98965 0.99999 99999 98181 01084
1. 00000 00000 00909 49478 0.99999 99999 99090 50538
1. 00000 00000 00454 74738 0.99999 99999 99545 25268
1. 00000 00000 00227 37368 0. 99999 99999 99772 62633

'822
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Table 23.3 SUMS OF RECIPROCAL POWERS

n WO- (2k+1)-*
km=0

4(n)=:±0(-1)k(2k+ 1)

1 .... co 0.78539 81633 97448 310
2 , 1.23370 05501 36169 82735 0.91596 55941 77219 015
3 1.15179 97902 64644 99972 0.96894 61462 59369 380
4 1.01467 80316 04192 05455 0.98894 45517 41105 336
5 1. 00452 37627 95139 61613 0.99615 78280 77088 064
6 1.00144 70766 40942 12191 0.99868 52222 18438 135

7 1. 00047 15486 52376 55476 0.99955 45078 90539 909
8 1. 00015 51790 25296 11930 0.99984 99902 46829 657
9 1. 00005 13451 83843 77259 0.99994 96841 87220 090

10 1.00001 70413 63044 82549 0.99998 31640 26196 877
11.

11 1. 00000 56660 51090 10935 0.99999 43749 73823 699
12 1. 00000 18858 48583 11958 0.99999 81223 50587 882

13 1. 00000 06280 55421 80232 0.99999 93735 83771 841
14 1. 00000 02092 40519 21150 0.99999 97910 87248 735
15 1. 00000 00697 24703 12929 0.99999 99303 40842 624
16 1. 00000 00232 37157 37916 0.99999 99767 75950 903
17 1. 00000 00077 44839 45587 0.99999 99922 57782 104
18 1. 00000 00025 81437. 55666 0.99999 99974 19086 745

19 1. 00000 00008 60444 11452 0.99999 99991 39660 745
20 1. 00000 00002 86807 69746 0.99999 99997 13213 274
21 1. 00000 00000 95601 16531 0.99999 99999 04403 029
22 1. 00000 00000 31866 77514 0.99999 99999 68134 064
23 1.00000 00000 10622 20241 0.99999 99999 89377 165
24 1. 00000 00000 03540 72294 0.99999 99999 96459 311

25 1. 00000 00000 1.1180 23874 0.99999 99999 98819 768
26 1. 00000 00000 00393 41247 0. 99999 99999 99606 589
27 1.00000 00000 00131 13740 0.99999 99999 99868 863
28 1. 00000 00000 00043 71245 0.99999 99999 99956 288
29 1. 00000 00000 00014 57081 0.99999 99999 99985 429
30 1. 00000 00000 00004 85694 0.99999 99999 99995 143

31 1. 00000 00000 00001 61898 0.99999 99999 99998 381
32 1. 00000 00000 00000 53966 0.99999 99999 99999 460
33 1. 00000 00000 00000 17989 0. 99999 99999 99999 820
34 1. 00000 00000 00000 05996 0.99999 99999 99999 940
35 1. 00000 00000 00000 01999 0.99999 99999 99999 980
36 1.00000 00000 00000 00666 0.99999 99999 99999 993

37 1. 00000 00000 00000 00222 0.99999 99999 99999 998
38 1. 00000 00000 00000 00074 0. 99999 99999 99999 999
39 1. 00000 00000 00000 00025
40 1. 00000 00000 00000 00008
41 1. 00000 00000 00000 00003
4\ 2 1. 00000 00000 00000 00001
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BERNOULLI AND EULER POLYNOMIALS, RIEMANN ZETA FUNCTION

SUMS OF POSITIVE POWERS ;ik Table 23.4

es\* 1 2 8 4

1 1 1 1 1 1 1
2 3 5 9 17 II 33 65
3 .

6 14 36 98 276 794
4 10 --,. 30 100 354 1300 4890
5 15 ---s-55 225 979 4425 20515

6 21 91 441 2275 12201 67171
7 28 140 784 4676 29008 1 84820
8 36 204 1296 8772 61776 4 46964
9 45 285 2025 15333 1 20825 9 78405

10 55 385 3025 25333 2 20825 19 78405

11 66 506 4356 39974 3 81876 37 .49966
12 78 650 .6084 60710 6 30708 67 35950
13 91 819 8281 89271 10 02001 115 62759
14 105 1015 11025 1 27687 15 39825 190 92295
15 120 1240 14400 1 78312 22 99200 304 82920

16 136 1496 18496 2 43848 33 47776 472 60136
17 153 1785 23409 3 27369 47 67633 713 97705
18 171 2109 29241 4 32345 66 57201 1054 09929
19 190 2470 36100 5 62666 91 33300 1524 55810
20 210 2870 44100 7 22666 123 33300 2164 55810

21 '231 3311 53361 9 17147 164 17401 3022 21931
22 253 3795 64009 11 51403 215 71033 4156 01835
23 276 4324 76176 14 31244 280 07376 5636 37724
24 300 4900 90000 17 .63020 359 70000 7547 40700
25 325 5525 1 05625 21 53645 457 35625 9988 81325

26 351 6201 1 23201 26 10621 576 17001 13077 97101

28
27 378

406
6930
7714

1

1

42884
64836

31 42062
37 56718

719
891

65908
76276

16952
21771

17590
07894

29 435 8555 1 89225 44 63999 1096 87425 27719 31215
30 465 9455 2 16225 52 73999 1339 87425 35009 31215

31 496 10416 2 46016 61 97520 1626 16576 43884 34896
32 528 11440 2 78784 72 46096 1961 71008 54621 76720
33 561 12529 1 14721 84 32017 2353 06401 67536 44689

35
34 5

630
13685
-14910

3
3
14025
96500

97 68353
A 112 68978

2807
3332

41825
63700 1

82984
01367

49105
14730

36 666 16206 4 43556 129 48594 3937 29876 1 23134 97066
37 703 ..17575 4 94209 148 22755 4630 73833 1 48792 23475
38 741 19019 5 49081 169 07891 5423 09001 1 78901 59859
39 780 20540 6 08400 192 21332 6325 33200 2 14089 03620
40 820 22140 6 72400 217 81332 7349 33200 2 55049 03620

41
42 903

861 23821
25585

7
8

41321
15449

246 07093
277 18789

8507
9814

89401
80633

3

3
02550
57440

07861
39605

44
43 946

990
27434
29370

8
9

94916,
80100 \

311 37590
348 85606

11284
12934

89076
05300

4
4
20654
93217

02654
16510

45 1035 31395 10 71225 389 86311 14779 33425 5 76254 82135

4 6 1081 33511 11 68561 434 63767 16838 96401 6 70997 79031
47 1128 35720 12 72384 483 43448 19132 41408 7 78789 94360
48 1176 38024 13 82976 5)6 51864 21680 45376 9 01095 84824
49 1225 40425 15 00625 594 16665 24505 20625 10 39508 72025
50 1275 42925 16 25625 656 66665 27630 20625 11 95758 72025

emeticsl functions, vol. II. Principia Press, Bloomington, .From H. T. Davis, Table® of the higher math
Ind., 1936 (with permission).
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814 BERNOULLI AND EULER POLYNOMIALS, RIEMANN ZETA FUNCTION

Table 23.4

\b 1 2

SUMS OF POSITIVE POWERS pkt

3 4 5 6

51 1326 45526 17 58276 724 31866 31080 45876 13 71721 59826

52 1378 48230 18 98884 797 43482 34882 49908 15 69427 69490

53 1431 51039 20 47761 876 33963 39064 45401 17 91071 30619

54 1485 53955 22 05225 961 37019 43656 10425 20 39020 41915

55 1540 56980 23 71600 1052 87644 48688 94800 23 15826 82540

56 1596 60116 25 47216 1151 22140 54196 26576 26 24236 61996

57 1653 63365 27 32409 1256 78141 60213 18633 29 67201 09245

58 1711 66729 29 27521 1369 94637 66776 75401 33 47888 01789

59 1770 70210 31 32900 1491 11998 73925 99700 37 69693 35430

60 1830 73810 33 48900 1620 71998 81701 99700 42 36253 35430

61 1891 77531 35 75881 1759 17839 90147 96001 47 51457 09791

62 1953 81375 38 14209 1906 94175 99309 28833 53 19459 45375

63 2016 85344 40 64256 2064 47136 1 0923365376 59 44694 47584

64 2080 89440 43 26400 2232 24352 1 19971 07200 66 31889 24320

65 2145 93665 46 01025 2410 74977 1 31573 97825 73 86078 14945

66 2211 98021 48 88521 2600 49713 1 44097 30401 82 12617 64961

67 2278 1 02510 51 89284 2802 00834 1 57598 55508 91 17201 47130

68 2346' 1 07134 55 03716 3015 82210 1 72137 89076 101 05876 29754

69 2415 1 11895 58 32225 3242 49331 1 87778 20425 111 85057 92835

70 2485 1 16795 61 75225 3482 59331 2 04585 20425 123 61547 92835

71 2556 1 21836 65 33136 3736 71012 2 22627 49776 136 42550 76756

72 2628 1 27020 69 06384 4005 44868 2 41976 67408 150 35691 46260

73 2701 1 32349 72 95401 4289 43109 2 62707 39001 165 49033 72549

74 2775 1 37825 77 00625 4589 29685 2 84897 45625 '181 91098 62725

75 2850 1 43450 81 22500 4905 70310 3 08627 92500 19970883 78350

76 2926 1 49226 05 61476 5239 32486 3 33983 17876 218 97883 06926

77 3003 1 55155 90 18009 5590 85527 3 61051 02033 239 82106 87015

78 3081 1 41239 94 92561 5961 00583 3 89922 76401 262 34102 87719-

79 3160 1 67480 99 85600 6350 50664 4 20693 32800 286 64977 43240

80 3240 1 73880 104 97600 6760 10664 4 53461 32800 312 86417 43240

81 3321 1 80441 110 29041 7190 57385 4 88329 17201 341 10712 79721

82 3403 1 87165 115 80409 7642 69561 5 25403 15633 371 50779 51145

83 3486 1 94054 1:1 52196 8117 27882 5 64793 56276 404 20183 24514

84 357.0 2 01110 1 44900 8615 15018 6 06614 75700 439 33163 56130...

85 3655 2 08335 x ) 59025 9137 15643 6 50985 28825 477 04658 71755:

86 37' 2 15731 139 95081 9684 16459 6 98027 99001 517 50331 06891

87 382b 2 23300 146 53584 10257 06220 7 47870 08208 560 86593 07900

88 3916 2 31044 153 35056 10856 75756 8 00643 27376 607 30633 94684

89 4005 2 38965 160 40025 11484 17997 8 56483.86825 65/00446 85645

90 4095 2 47065 167 69025 12140 27997 9 15532 86825 7T0-14856 85645

91 4186 2 55346 175 22596 12826 02958 9 77936 08276
1

766 93549 37686

92 4278 2 63810 183 01284 13542 42254 10 43844 23508 027 57099 39030

93 4371 2 72459 191 45641 14290 47455 11'13413 07201 i892 27001 22479

94 4465 2 81295 199 36225 15071 22351 11 86803 47425 961 25699 03535

95 4560. 2 90320 207 93600 15885 72976 12 64181 56800 1034 76617 94160

96 4656 2 99536 216 78336 16735 07632 13 45718 83776 1113 04195 83856

97 4753 3 08945 225 91009 17620 36913 14 31592 24033 1196 33915 88785

98 4851 3 18549 235 32201 18542 73729 15 21984 32001 1284 92339 69649

99 4950 3 28350 245 02500 19503 33330 16 17083 32500 1379 07141 19050

100 5050 3 38350 255 02500 20503 33330 17 17083 32500 1479 07141 19050
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BERNOULLI AND EULER POLYNOMIALS, RIEMANN ZETA FUNCTION 815

1,01 1

SUMS OF POSITIVE POWERS pk

7 8
.

Table 23.4

8

1 ! 1 1 1

2 1
129 257 513

3 2316 6818 20196

4' 18700 72354 2 82340

5 96825 4 62979 22 35465

6 3 76761 21 42595 /123 13161

7 12 00304 79 07396 526 66768

8 32 97456 246 84612 1868 84496

9 80 80425 677 31333 5743 04985

10 180 80425 1677 31333 15743 04985

11 375 67596 3820 90214 39322 52676

12 733'99404 8120 71910 90920 33028

13 1361 47921 16278 02631 1 96965 32401

14 2415 61425 31035 91687 4 03575 79185

15 4124 20800 56664 82312 7 88009 38560

16 6808 56256 99614 49608 14 75204 15296

17 10911 94929 1 69372 07049 . 26 61082 91793

18 1T034-14961 2 79571 67625 46 44675 82161

19 259/2 86700 4 49407 30666 78 71552 79940

20 38772 86700 7 05407 30666 129 91.552 79940

21 56783 75241 10 83635 90027 209 34353.26521

22 81727 33129 16 32394 63563 330 07045 44313

23 1 15775 58576 24 15504 48844 510 18572 05776

24 1 6164b 30000 35 16257 pop 774 36647 46000

25 2 22675 45625 50 42136 53645 1155 83620 11625

26 3 02993 55801 71 30407 18221 1698 78656 90601

27 4 07597 09004 99 54702 54702 2461 34631 75588

28 5 42526 37516 137 32722 51038 3519 19191 28996

29 7 15025 13825 187 35186 65949 4969 90651 04865

30 9 33725 13825 252 96186 65999 6938 20651 04865

31 12 08851 27936 338 25097 03440 9582 16872 65536

32 15 52448 66304 448 20213 31216 13100 60593 54368

33 19 78633 09281 588 84299 49457 17741 75437 56321

34 25 03866 59425 767 42238 54353 23813 45365 22785

35 31 47269 56300 992 60992 44978 31695 01751 94660

36 39 30901,20396 1274 72091 52434 41851 01318 63076

37 48 80219 97529 1625 96886 06355 54847 18716 58153

38 60 24375 80121 2060 74807 44851 71368 79729 21001

39 96685 86800 2595 94900 05332 92241 63340 79760

40
.73

40 35085 86800 3251 30900 05332 1 18456 03340 79760

41 109 82628 60681 4049 80152 34453 1 51194 22684 73721

42 132 88021 93929 5018 06672 30869 1 91861 36523 23193

43 160 06208 05036 6186 88675 08470 2 42120 62642 60036

44 191 98986 14700 7591 70911 33686 3 03932 81037 69540

45 229 35680 67025 9273 22165 24311 3 79600 87463 47665

46 272 93857 25041 11277 98287 56247 4 71019 89090 16721

47 323 60088 45504 13659 11154 18008 5 83732 93821 19488

48 382 30771 87776 16477 03958 47064 7 18993 48427 14176

49 450 13002 60625 19800 33264 16665 8 81834 84406 24625

50 528 25502 60625 23706 58264 16665 10 77147 34406 24625
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816 BERNOULLI AND EULER POLYNOMIALS, IEMANN ZETA FUNCTION

Table 23.4

min 7

SUMS OF POSITIVE 1POWiES

8 9

51 617 99609 38476 28283 37709 87066 13 10563 86137 15076
52 720 80326 41004 33629 34995 18522 15 88554 44973 50788
53 838 27437 80841 39855 31899 29883 1, 18530 80891 52921
54 972 16689 90825 47085 51512.69019 23 08961 40014 66265
55

q

1124 41042 25200 55458 90P91 59644 27 69498 05854 50640

56 1297 11990 74736 65130 64007 33660 33 11115 00335 95536
57 1492 60965 67929 76273 55578 45661 39 46261 19889 79593
58 1713 40807 35481 89079 86395 63677 46 89027 07286 24521
59 1962 27322 20300 1 03762 90771 67998 ' 55 55326 65472 79460
60 2242 20922 20300 1 20559 06771 67998 65 63096 25472 79460

61 2556 48350 56321 1 39729 79901 65279 77 32510 86401 13601
62 2908 64496 62529 1 61563 80957 50175 90 86219 51863 77153
63 3302 54303 01696 1 86379 )8760 17696 106 49600 93432 30976
64 3742 34768 12800 2 14526 88527 28352 124 51040 78527 12960
65 4232 57047 03425 2 46391 36656 18977 145 22232 06906 03585

66 4778 08654 04481 2 82395 42718 88671 168 98500 07044 03521

4 67
68

5384 15770
6056 45658

09804
28236

3
3
23002
68718

19494 45314
51890 98690

196
227

19153
27863

51006
53971

98468
28036

69 6801 09190 80825 4 20C118 35635 27331 262 73072 32327 04265
70 7624 63490 80825 4 77746 36635 27331 303 08433 02327 04265

71 8534 x-4692 39216 5 42321 71947 73092 348 93283 09511 53296
72 9537 20822 43504 6 14542 13310 81828 400 93152 87653 82288
73 10641 94807 62601 6 15188 14224 75909 459 80311 54736 50201
74 11857 07610 35625 7 85107 61631 79685 526 34352 62487 29625

15 13191 91497 07500 8 85220 53135 70310 601 42821 25280 26500

76 14656 43442 79276 9 96524 01010 25286 686 01885 63746 04676

77 16261 28675 46129 11 20097 63925 72967 781 17055 08237 76113

78 18017 84364 01041 12 57109 07632 56103 888 03947 17370 60721
79 19938 23453 87200 14 08819 95731 62664 1007 89106 77196 79040
80 22035 38653 87200 15 76592 11731 62664 1142 10879 57196 79040

81 24323 06578 42161 17 61894 13620 14505 1292 20343 10166 78161

82 26815 92048 98929 19 66308 22206 69481 1459 82298 14263 86193
83 29529 52558 88556 21 9;537 44528 08522 1646 76323 66939 26596
84 32480 42905 44300 24 39413 33638 91018 1854 9789.8 52248 56260

85 35686 19993 72425 27 11903 86142 81643 2086 59543 15080 59385

86 39165 47815 94121 30 11121 78853 47499 2343 92334 88197 23001

87 42938 02610 81904 33 39333 46007 84620 2629 46750 30627 52528
88 47024 78207 18896 36 98967 98488 39916 2945 94588 48916 18576

89 51447 91556 14425 40 92626 86545 41997 3296 30228 85991 03785
90 56230 88456 14425 45 23094 07545 41197 3683 72277 75991 03785

91 61398 49475 50156 49 93346 60306 93518 4111 65257 77288 92196

92 66976 96076 73804 55 06565 47620 69134 4583 81394 10154 48868
11 72993 96947 34561 60 66147 28537 19535 5104 22502 40039 36161

94 79478 74541 53825 66 75716 22441 10351 5677 21982 62325 52865

95 86462 11837 63200 73 39136 65570 20974 6307 46923 59571 62240

96 93916 59315 74016 80 60526 23468 59312 7000 00323 17816 42496
97 1 02056 42160 52129 88 44269 59412 36273 7760 23429 04362 07713

98 10737 67693 76801 96 95032 61670 54129 8593 98205 25663 57601

99
.1
1 20058 33041 67500 106 17777 31113 33,30 9507 49930 00499 98500

100 1 30058 33041 67500 116 17777 31113 33330 10507 49930 00499 98500
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BERNOULLI AND EULER POLYNOMIALS, RIEBILtNN ZETA FUNCTION .817

SUMS OF POSITIVE POWERS Ako Table 23.4

10 imi\os 10

1 1 51 613 38941 75112 62626
2 1025 52 757 94452 34603 19650
3 60074 53 932 83199 38258 32699

4 11 08650 54 1143 66451 30907 53275
5 108 74275 55 1396 95967 52098 93900

6 713 40451 56 1700 26516 43060 08076

7 3538 15700 57 2062 29849 57628 99325

8 14275 57524 58 2493 10270 26623 05149
9 49143 41925 59 3004 21945 59629 46550

10 1 49143 41925 60 3608 88121 59629 46550

11 4 08517 66526 61 4322 22412 76258 29151
12 10 27691 30750 62 5161 52349 34941 69375

13 24 06276 22599 63 6146 45378 53759 60224
14 52 98822 77575 64 7299 37528 99828 07200

15 110 6532648200 65 8645 64962 44456 17825

16 220 60442 95976 66 10213 98650 53564 93601

17
18

422
779

20381 964%5
25054 23049

67
68

12036
14150

82430
74713

99082 55050
00654 65674

19 1392 35716 80850 69 16596 94119 07202 25475

20 2416 35716 80850 70 19421 69368 07202 25475

21 4084 34526 59051 71 22676 93723 17301 06676

22 6740 33754 50475 72 26420 84347 43545 94100

23 10882 98866 64124 73 30718 46930 40581 51749

24 17223 32676 29500
,, 74 35642 45970 14140 29125

25 26760 06992 70125 75 41273 81117 23612 94750

26 40876 77949 23501 '76 47702 70010 47012 36126

27 61465 89270 18150 77 55029 38051 72874 36775

28 91085 56937:13574 78 63365 15640 85236 36199

29 1 33156 29270 23775 79 72833 43249 11504 83400

30 1 92205 29270 13775 80 ' 83570 85073 11504 83400

31 2 74168 12139 94576 81 95728 51619 02074 12201

32 3 86758 11208 37200 82 1 09473 31932 38034 70825

33 5 39916 01061 01649 83 1 24989 36051 10093 24274

34 7 46353 78601 61425 84 1 42479 48338 76074 16050

35 10 22208 52136 77050 85 1 62166 92382 16796 81675

36 13 87824 36537 40026 86 1 84297 08171 04827 52651

37 18 68682 80261 57875 87 2 09139 42312 96263 21500

38 24 96503 98741 46099 88 2 36989 52073 05665 33724

39 33 10544 59593 37700 89 2 68171 24066 05327 17325

40 43 59120 59593 37700 90 3 03039 08467 05327 17325

41 57 01386 52694 90101 91 3 41980 69648 23434 62726

42 74 09406 33911 67925 92 3 85419 54190 47066 76550

43 95 70554 57044 52174 93 4 33817 77262 26359 94799

44 122 90290 66428 70350 94 4 87679 28403 21259 64975

45 156 95353 55588 85975 95 5 47552 97795 59638 55600

46 199 37428 30416 62551 96 6 14036 24155 51139'60176

47 251 97341 52774 92600 97 6 87778 65424 46067 86225

48
49

316
396

89847
69074

73860 37624
36836 49625

98
99

7 69485
8 59924

93493
14243

3361475249
42419 24250

50 494 34699 36836 49625 100 9 59924 14243 42419 24250
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818 BERNOULLI AND EULER POLYNOMIALS, RIEMANN ZETA FUNCTION

Table 23.S ohs!

10 2 3 4 5

1 8 1:8Sgg
00000 0

4.5000
00000

8 kg8SS
00000 0000 00000

1 1.2500 00000
1 2. 0833 333333 0 1. 3333 33333 0 4.5000 00000 1 1.0666 66667

4 - 1 6. 6666 66667 1 1.0666 66667 1 2.6041, 666670 3. 3750 00000
5 1 2.666t 66667 0 2.0250 00000 0 8.5333 .33333 1 2.6041 66667

6 - 2 8.8888 88889
-

0
1:314

00000 0

96825
9398820869

8 .. 3 6.3492 06349 - 1 1.6272 32143 20040
9 - 3 1.4109 34744 - 2 5.4241 07143 - 1 7.2239 85891 0 5.3822 88911

10 - 4 2. 8218 69489 - 2 1.6272 32144 - 1 2.8895 94356 0 2. 6911 44455

11 . - 5 5. 1306 71797 - 3 4.4379 05844 0 1.2232 47480
12 - 6 13. 5511 19662 - 56:ri : 1 1.0507 61584 - 1 5.0968 64499
13 - 6 1, 3155 56871 - 4 2. 5603 30295 - 2 1. 0777- 04189 - 1 1.9603 32500
14 - 7 1, 8793 66959 - 5 5.4864 22060 - 3 3.0791 54825 - 2 7.0011 87499
15 - 8 2.5058 22612 - 5 1.0972 84412 - 4 8.2110 79534 .- 2 2.3337 29166-

16 16 - 9 3.1322 78264 - 4 2.0527 69883 - 3 7.2929 03644
17 -10 3.6850 33252 - 6 3., 63701 ISE 46785 - 3 2.1449 71 660
18 -11 4. 0944 81391 - 8 6. 0512 00801 - 5 1.0733 43730 - 4 5.9582 54611
19 -12 4. 3099 80412 - 9 9.5545 27582 - 6 2.2596 71011 - 4 1. 5679 61740
20 -13 4.3099 80413 - 9 1.4331 79137 - 7 4. 5193 42021 - 5 3.9199 04350

21 -14 4. 1041 43250 -10 2.0473 98768 - 8 8.6082 70516 - 6 9. 3331 05595
22 -15 3.7315 84772 40093 - 6 2.1211 60362
23 -16 3.2448 56324 -12 3.6416 18361% - 9 2.7219 82772 - 7 4.6112 18179
24 -17 2. 7040 46937 -13 4.5520 22952 -10 4.5366 37953 - 8 9.6067 04540
25 -18 2. 1632 37550 -14 5.4624 27543 -11 7.2586 20726 - 8 1.9213 40908

26 -19 1. 6640 28284 -15 6.3028 01010 -11 1. 1615273
86490

- 9 3.6948 86362
27 -20 1:2326 13988 -16 7. 0031 12233 -12 0 -10 6.8423 82151
28 -22 8.8043 85630 -17 7.5033 34535 -13 2. 3634 09271 -10 1.2218 53956
29 -23 6. 0719 90089 -18 7.7620 70209 -14 3.2598 74857 -11 2. 1066 44751
30 -24 4. 0479 93393 -19 7.7620 70209 -15 4. 3464 99810 -12 3.5110 74585

,

31 -25 2. 6116 08641 -20 71. glit 80847 -16 51. NS: 86851 -13 5. 66 )0 23524
22 -26 1. 6322 55401 - 83564 -14 8.8484 74257
33 -28 9. 8924 56972 -22 6.4020 00722 -18 8.4975 55834 -14 1. 3406 77918
34 -29 5. 8190 92337 -23 5.6488 24167 -19 9.9971 24513 -15 1.9715 85173
35 -30 3. 3251 95620 -24 4. 8418 49284 -19 1.1425 28515 -16 2.8165 50246

36 -31 1. 8473 30900 -25 :.. Mt 74405 -17 3. 911 8 75343
37 -33 9.9855 72436 -26 19788 I? 14. Pr;

76128
-18 5.2863 18032

38 -34 5. 2555 64439 -27 2.5827 78779 -22 1.4446 38552 -19 6.9556 8161,9
39 -35 2.6951 61251 -28 1.9867 52908 -23 1.4816 80567 -20 8. 91 75 40539
40 -36 1.3475 80626 -29 1.4900 64681 -24 1.4816' 80567 -20 1.,1146 92567

41 -38 6. 5735 64028 -30 Hp/ 91230 -25 1.4455 42017 -21 1. 3593 81180
42 -59 3. 1302 68584 -32 94496 -26 1.3767 06682 -22 1. 61 83 10928
43 -40 1. 4559 38876 -33 5.4333 44999 -27 1.2806 57379 -23 1. 881 7 56893
44 -42 6. 6179 03983 -34 3.7045 53408 -28 1. 1642 33981 -24 2.1383 60106
45 -43 2. 9412 90659 -35 2.4697 02271 -29 1.0348 74650 -25 2. 3759 55673

46 -44 1.2788 22026 -36 1.6106 75395
-32

8.9989 09998 -26 2.5825 60514
47 -46 5.4417 95855 -37 46807 -27 2.7474 04803
48 -47 2.2674 14940 -39 6.4255 66736 -33 6. 3822 05674 -28 2.8618 80003
49 -49 9. 2547 54855 -40 3.9340 20450 -34 5.2099 63815 -29 2. 92 02 85717
50 -50 3. 7019 01942 -41 2. 3604 12270 -35 4. 1679 71052 -30 2.9202 85717

Fors .11, see Table 6.3.
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BERNOULLI AND EULER POLYNOMIALS, RIEMANN ZETA FUNCTION 819

z" /s1 Table 83.5

6 7 8 9

1 0 6.0000 00000
2 1 1.8000 00000
3 1 3.6000 00000
4 1 5.4000 00000
5 1 6.4800 00000

6 1 6.4800 00000
7 1 5.5542 85714
8 1 4.1657 14286
9 1 2.7771 42857

10 1 1.6662 85714 I
11 0 9.0888 31169 1 4. 95,M 20388 \ 2 2.1519 59724

15 - 1 3. 5955 81561
14 - 1 8. 9889 53903

\ .13 0 2.09740974 22577 8285 527151 L 5559 44865 1 8
0 7. 7797 24327 1 5.0448 87266

12 0 4. 5444 15584 1 2. 8896 11893

0 3.6305 38019 1' 2.6906 06542
.

16 - 1 1. )483 43085 0 1. 5883 60383
17 - 2 4.7588 57949 - 1 6.540.3 07461

1
iiiiii 13)0iiiii

18 - 2 1. 5862 85983 - 1 2. 5434 52902
19 - 3 5.0093 24157 - 2 9. 3706 15954 0 1.1847 18395
20 - 3 1.5027 97247 - 2 3.2797.15584 - 1 4.7388 73579

0 7.0000 00000
1 2.4500 00000
1 5. 7166 66667
2 1.0004 16667
2 1.4005 83333

2 1.6340 13889
2 1. 6340 13889
2 1. 4297 62153
2 1. 1120 37230
1 7.7842 60610\

0 8.0000 00000
1 3.2000 00000
1 8.5333 33333
2 1. 7066 66667
2 2. 7306 66667

2 3.6408 88889
2 4. 1610 15873
2 4.1610 15873
2 3.6986 80776
2 2.9589 44621

21 - 4 4.2937 06421 - 2 1. 0932 38528 - 1 .161:54 171g7si

22 - 4 1. 1710 10841 - 3 3.4784 86224
23 - 5 3.0548 10892% - 3 1. 0586 69721 - 2 2.2833 '64645

24 - 6 7.6370 27230 - 4 3.0877 86685 - 3 7.6112 15485

25 - 6 1.8328 86535 - 5 8.6458 02721 - 3 2. 4355 88956

-
4 16. Ng gra26 - 7 4. 2297 38158 - 5 2. 3277 16117

27 - 8 9. 3994 18129 - 6 6. 0348 19562
28 .. 8 2. 0141 61028 - 6 1. 5087 04890 - 5 6. 3442 28454

29 - 9 4. 1672 29712 - 7 3. 6417 01460 - 5 1.7501 31987
30 -10 8.3344 59424 - 8 8.4973 03406 - 6 4.6670 18634

31 -10 1.6131 21179 - 8 1.9187 45930 - 6 1.2043 91905

32 -11 3.0246 02211 - 23 - 7 3.0109 79764

33 -12 5.4992 76746 -10 8.9032 71836 - 8 7.2993 44881
14 -13 9.7046 06024 -10 1.8330 26555 - 8 1. 7174 92913

35 -13 1. 6636 46746 -11 3. 6660 53108 - 9 3.9256 98086

36 -14 2.7727 44578 -12 /.. 1.24:: 36600 -10 8. 7237 73527
37 -15 4. 4963 42559 -12 23141 -10 1.8862 21303
38 -16 7. 0994 88250 -13 2. 4843 05785 -11 3.9709 92217
39 -16 1. 0922 28962 -14 4.4590 10384 -12 8.1456 25061
40 -17 1. 6383 43443 -15 7.8032 68172 -12 1.6291 25012

41 -18 2. 3975 75770 :31, Hai 65298 -13 3.1787 80512

42 -19 3. 4251 08241 -16 42162 -14 6.0548 20021
43 -20 4. 7792 20803 -17 3. 6146 73288 -14 1. 1264 78144
44 -21 6. 5171 19276 -18 5.7506 16594 -15 2.0481 42079
45 -22 8.6894 92366 -19 8.9454 03590 -16 3.6411 41473

.

46 -22 1. 334 12048 -19 11124 57068 -17 6.3324 19955

47 -23 1. 69 08998 -20 04144 -17 1. 0778 58716
48 -24 1. 86 36247 -21 2.9566 31045 -18 1.7964 31193
49, -25 2.2 46 56629 -22 4.2237 58634 -19 2.9329 48887
50 -26 2. 6 75 87955 -23 5.9132 62088 -20 4.6927 18219

830

0 9.0000 00000

2
1 4.0500 00000

1.2150 00000
2 2.7)37 50000
2 4.9207 000

811 25000
2 4900 17857
3 1. 0676 27009
3 1. 676 27009
2 9. 86 43080

2 7.86 6 17066
2 5.89 12799
2 4.081' 93476
2 2.6241 38663
2 1.5744 83198

.
8564 988

1 1.1104 85 4

1 4.6887 1 347
1 2.3443 5 73

0 4.9971 86 0

2

2, 1416 514.6

- 1 3.4283 352
- 1 1.2856 2573

- 1 8. 7613 0128

4.6282 526

6020 87451

- 4 1, 5981 41423

- 3 5. 3402 91503
- 3 1. 7165 22269
- 4 5. 3271 38075

-- 1 80949 gal
- 6 3. 5589 10976
- 7 9. 4206 46703
- 7 2.4224 52008

:-: t:23t1 1`211
- 93.488951151
-10 8.0514 25733
-10 1.8115 70790

. :7t117 12 NE
- 12 1.7835 33352
- 13 3. 6481 36401
-14 7.2962 72802

-14
1. 1331 ;12;

- 16 5. 1254 46033
-17 9. 4140 84548
- 17 1.6945 35219
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24. Combinatorial Analysis
Mathematical Properties

In each sub-section of this chapter we use
a fixed format which emphasizes the use and
methods of extending the accompanying tables.
The format follows this form:
I. Definitions

A."Combinatorial
B. Generating functions

. C. Closed form
II. Relations

A. Recurrences
B. Cheeks in computing
C. Basic use in numerical analysis

III. Asymptotic and Special Values
In general the notations used are standard.

This includes the difference operator A defined on
functions of z by af(x) =f (z 4- 1) fix), 4"7(z)
.4(.17(4), the Kronecker delta 81), the Riernann
zeta function No and the greatest common
divisor symbol (m, a). The range of the summands
for a summation sign without limits is explained
to the right of the formula.

The notations which are not standard are those
for the multinotniah; which are arbitrary short-
hand for use in this chapter, and those for the
Stirling numbers which have never been stand-
ardized. A short table of various notations for
these numbers follows:

Notations for the Stirling; Numbers

lifferenee
This chapter

(24.21 Fort
('24.71 Jordan

(24.101 Moser and Wyman

124.91 Milne-Thomson

124.181 Riordan
124.11 Car tits'
(24.31 Gould

Mikes
(Unpublished

tables)
(24.171 Gupta

Find Kind Seemed Kind

Lab

M

(:)
S(n, on)

St(m, nns)

\\
u(is, m)

We feel that a capital S is\natural for Stirling
numbers of the first. kind; it is infrequently used
for other notation in this context.: But once it
is used we have difficulty finding a suitable
symbol for Stirling numbers of the second kind.
The numbers are sufficiently important to warrant

432822

a special and easily recognizable symbol, and
yet that symbol must be easy to write. We have
settled on a script.capital A without any certainty
that we have settled this question permanently.

We feel that the subscript - superscript notation
emphasizes the generating functions (which . are
powers of mutuality inverse functions) from which
most of the important relations flow.

24.10 Basic Numbers

24.1.1 .Bin4mial Coefficients
i. Definitions

A.
(n ) is the number of ways of choosing Mnt

objects from a collection of n distinct objects
without regard tO order.

B. Generating functions

(1+z)"=± (n) x's
sidio rn

s -rn
( )x.-".

m

C. Closed form

(.11N. al n
m!(nm)! knml

n=0,1, ...

n(n-1) (n --m+1)

11. Relations

A. Recurrences

(n:1)=Ct0477111)

-(:)+(:21)+...
B. Checks

I

r )(r-1-.8
m) (a- m n

a , , Im \

n\Et no\ n
km I km01 m

Izi<1

n> ma I

a
n

. (mod p)

r+8>

r> n +1

pa prime



where

nm nits,
wQ

C. Numerical analysis

AV(z) g (-1)"- (:)./(2+m)

COMBINATORIAL ANALYSIS 823

Nina. p> ink, na >0

-g(k)°*"fix-r)

na0
(_1)* (van ).f (27 in)

. _ \
. ( _i).-ok f(xs) 8<n

Ill. Special Values

(0)=(:).-1
i2n\=2*.(2n 1) (2n -3) .. . . 3.1

nl

24.1.2 Multinotnial Coefficients
1. Definitions

A. (n; ni, n,, . . ., n) is the number of ways of putting n=-411-1-Ni- . +n. different objects
into in different boxes with nk in the k-th box, k=1, 2, . . ., m ..

(ni al, al, . . ., a)* is the number of permutations of n.a1+2a2+ . . . +no symbols composed
of (Lk cycles of length k for k= 1, 2, . . ., n.

(n; al, ak, . . ., a)' is the number of ways of partitioning a set of n=a1-1-2a2+ . . . +na dif-
ferent objects into ak subsets containing k objects for k =1, 2, . . ., n.

B. Generating functions

. (21+21+ . +2.)*=2(74; ni, 713, . . . . -summed over ni+ns+ . . . I-n., =n

iky.tn!
e n

Z(n; (12, a.)*4141. AI*-
is te

r =mi Z(n; a1, a,, an)'21121' 4*

C. Closed forms

(n;ni, n,, . n.)...nlithint! . Not

(n; al, al, . ak)*.n1/1'hal12'iall . . . nca!
(n; at, a,, . . ak)'=n1/(11)81all(2l)"iall . . . (te)"akl

11. Relations
Recurrence

summed over as +2a2+ . 4-na=n
and ai+at+ -}-as=m

.

at2a2-1- .

(11+242+ . . . +nait=n

(n+m;n1+1,nk-1-1, . . (ni-m-1; .,nk..1+1,nk,n41.1+1, ,n,4+1)

B. Checks
1m" all ni

* gn; 16) =
m1 Oi.

Z (n; al, al, a.,) = (-1)"18::11

an)'= Or'

C. Numerical analysis (Fah di Bruno's formula)

(1*
diNi(o(x))=, Ps) (9(4)01; al at, . . (*X { g' (2) }a' { f/"(2) }°' . { U(*) (2) } as

10.o

summed over at-1-2a84 . . . nak7n and at+orf- . . .

minuted over n, . . . +n..n

summed over a1+2a2-1- . . . and . . .

.8. pee U. 833
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Pi 1 0 0

P2 Pi 2

P3 P2 PI

=Z(-1)*-2.1(n; a, ais)PliPt3 Pfs*

0

n-1

PN-1 P"-2

summed over al-1-2a9+ . . . -i-na,,=n; e.g. if PA=Z;.1x1 for k=1, 2, . . n then the determinant and
sum equal n!2:14: . . z., the latter sum denoting the nth elementary symmetric function of xi, x,, . .

24.1.3 Stirling Numbers of the First Kind

I. Definitions.

A. (-1)""Slig" is the number of permutations
of n symbols which have exactly m cycles.

B. Generating functions

4
Z(X1) (x 1).E noe

1.0

{III 0 +z) in. no t sow !..'
u-rn n! lx1<1

C. Closed form (see closed form for flg,"))

4-41
S:ri= 57 (_04(nl+k 2nm

t=6 +kAnmk)
II. Relations

A. Recurrences

SINI=S;;""nSI")

r 6""g" r(kn) 8'11)4'914-

13. ('herks

S!'")=-4
r" -t

(-1)"*S;:"=n1
01.4)

sr4.4.11)nk-.sir,

Numerical analysis
(PR st,n)

f (x) m! E --121- o"1(z)

if convergent.

(18)
III as +It

n > m >1

n>m>r

n>1

III. Asymptotic, and Special Values

IS el' (11-1)1(74-hIn)"' -1/(f/1-1)1
for m==oan

stio

24.1.4 Stirling Numbers of the Second Kind

I. Definitions

A. Aria the number of ways of partitioning a
set of n elements into m non-empty subsets.

B. Generating functions

&34

XUt girZ(x -1) . . . (xM+1)

-

(e :ir smuntl E Al?* ires-a

(1-4-1(1-2x)-' (1mx)-1.'E
Main

C. Closed form

jigo ix* is

lx1<tn

1 "1Rpm
nit

,s7 t_ (14)ka
" " k
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Relations

A. Recurrences

*IN) = /51.1"
At.' nantal

(7) g1.8heVr
n) see)

s
e-r)

B. Checks

(-1)". el! Vs11)=1.
weO

iSiti"ne-s= Or*

nZ itsr

2n-f4 N m)kn+k +I knntkl
E S km) jyramans
F.To Tie

C. Numerical analysis

" )teif(x)=Int N. I7-f* (x) if convergent

A let dig' C4411)

Ill. Asymptotic. and Special Values

urn tri-*V:10.0110-1
s-e

24.2. Partitions

for n =o(mi)

24.2.1 Unrestricted Partitions

I. Definition.

A, p(n) is the number of decompositions of n
into integer summands without regard to order.

5=1+4=2+3=14-143=1+2+2=14-1+
1+2=1+1+1+1+1 so that p(5)=7.

*See page

B. Grinerating function

p(n)t. (1-211-1=,{ (-1)"x 2
1.1 n.--

C. Closed form

1 d
sink{ n-}

P(11)=2117-4 .111111(4) do

where
MksAm= T. k

Stil
01 01

k

8(h,k)=IX i0))
((x))=xfx)e if x is not an integer

=0 if x is an integer

II. Relations

A. Recurrence

P(n)= (-1)" _ to-302k)
p(0)==1

IS Ss

1 *
=1- 5'. r1(k)p(n k)sn

B. Check
3k2: k alcs: k)=..

is -i-se

Ill. Asymptotic.

1 *414
ign) s-7;s e

24.2.2 Partitions Into Distinct Parts

I. Definitions

A. q(n) is the number of decompositions of n
into distinct integer summands without regard to
order. E.g., 5=1+4=2+3 so that g(6)=3.

B. Generating function

Nen)ego. n
l sal
(1+e). ii (1zh-9-1 1Xl<1

seh

C. Closed form

1 d / \
Q(n) A26-100(7-4.4 kw:Ty TV4+271)

where ./0(x) is the Bessel function of order 0 and
Aft_1(n) was defined in part LC. of the previous
subsection.

835
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A. Recurrences

(-1)bq (n-31e1itt)=(-1)' ifn =3r'±r
q(0)=1

=0 otherwise

q(n) °R { (k) (t)).q(n k)

B. Check

O h0
r

(-1)en--(3k1±0)=1 if nu'
r2

2
simpa

=0 otherwise.

III. Asymptotic.

477546.4Thisti

24.3. Number Theoretic Functions

24.3.1 The MMus Function

I. Dellaitions

A. p (n) 1 if n=1
= (-1)* if n is the product of k distinct

primes
=0 if n is divisible by a square >1.

B. Generating functions

$400-1=4/11/0 91s >1
11.o

t10022.1"
1 s"

II. Relations
A. Recurrence

s(nin)=P(ni)M(n) if (nt,n) =1
=0 if (m, n)>1

B. Check

PM =Ow

14<i

C. Numerical analysis
g(n) f(d) for all n if and only if-

f(n).p m(d)p(nld) for all n

g(n) U fon for all n if Ind only if
din J(n) n g(n /d)J'm for all n

04-1 /Ws) for all .r>0 if and only if
nil

J(r) 0(n)g(x/n) for all

1/40=34,f(nx) for all x>0 and only if

./(443'N. (n)0(nx) for all x>0

and if it A: voin)Ii(nx)I converges.
5.

The cyclotomic polynomial of order n is
U (xd-1)"(n"

HI. Asymptotic.

M(n) =0
re

1111 hin=-1
n .

it(n)=0(xe-8 4)

24.3.2 The Euler Toting Function

I. Defilade=

A. 0(n) is the number of integers not exceeding
and relatively prime to n.

B. Generating functions

o(n)n-suustIst -141)
4=4

/(f4*- (1g.. z).

C. Closed form

40(n)=nli.(1Di
over distinct primes p dividing n.

II. Relations

A. Recurrence

.4mn)=0(in)ign)

B. Checks

0(d) = n

v(n):= M (51) d

(lo a 1 (mod n)

III. Asymptotic.

:A. (1+1)n

gts>2

Ixl<1

n)=1

n) =1
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P.I4ri(m)=T;+0 (11-2:)

24.3.4 Primitive ROots

24.3.3 Divisor Functioaa
I. Definitions

A. cra(n) is the sum of the k-th powers of the
divisors of n. Often vo(n) is denoted by d(n), and
el(n) by o(n).

B. Generating functions

NO 08-k) At>k 4-1
11-4

oi(n)z".i inAz* 1:1<1
" -a *4.1

C. Closed form

o'(7)=
lta.!*171

Pi -1
II. Relations

A. Recurrences

Mnkre)= v5(m)(14(n) n)= 1

o4(np)= Va(n)cra(P)-Pa°4(n /P)
III. Asymptotic.

co(M)=In + 0(n-1)
n m.,

14

p pilme

('r.Euler's constant)

827

I. Definitions

The integers not exceeding and relatively prime
to a fixed integer n form a group; the group is
cyclic if and only if n,---.-2, 4 or n is of the form ph or
2234 where p is an odd prime. Then g is a primitive
root of n if it generates that group; i.e., if g, g2, . . .,

goo are distinct, modulo n. There are fp(i(n))
primitive roots of 'n.

i II. Relations

A. Recurrences. If g is a primitive root of a.
prime p and g"- 0 1(mod p') then g is a primitive
root of p4 for all kJ If gv-lell(mod p2) then g+p
is a primitive root ' f ph for all k.

If g is a primitive root of p then either g or
g+pa, whichever is odd, is a primitive root of 2p4.

13. Cheeks. If'g is a primitive root of n then 91
is a primitive root of n if and only if (k, 4p(n) =1,),
and each primitive root of n is of this form.
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Table 24.1

COMBINATORIAL ANALYSIS

BINOMIAL COEFFICIENTS (:)

n m o 1 2 3 4 6 7 8
1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 1
7 1 . 7 21 35 35 21 7 1
8 1 8 28 56 70 56 28 8 1
9 1 9 36 84 126 126 84 36 9

10 1 10 45 120 210 252 210 120 45

11 1 11 55 165 330 462 462 330 16
12 1 12 66 220 495 792 924 792 495
13 1 13 78 286 715 1287 1716 1716 1287
14 1 14 91 364 1001 2002 3003 3432 3003
15 1 15 105 455 1365 3003 5005 6435 6435

16 1 16 120 560 1820 4368 8008 11440 12870
11 1 17 136 680 2380 6188 12376 19448 24310
18 1 18 153 816 3060 8568 18564 31824 43758
19 1. 19 171 969 3876 11628 27132 5088 75582
20 1 20 190 1140 4845 15504 38760 775320 1 25970

21 1 21 210 1330 5985 20349 54264 1 16280 2 03490
22 1 22 231 1540 7315 26334 74613 1 70544 3 19770
23 1 23 253 1771 8855 33649 1 00947 2 45157 4 90314
24 1 24 276 2024 10626 42504 1 34596 3 46104 7 35471
25 1 25 300 2300 12650 53130 1 77100 4 80700 -,-10-:81575

26 1 26 325 2600 14950 65780 2 30230 6 57800 15 62275
27 1 27 351 2925 17550 80730 2 96010 8 88030 22 20075
28 1 28 378 3276 20475 98280 3 76740 11 84040 31 08105
29 1 29 406 3654 23751 1 18755 4 75020 15 60780 42 92145
30 1 30 435 4060 27405 1 42506 5 93775 20 35800 58 52925

31 1 31 465 4495 31465 1 69911 7 36281 26 29575 78 88725
32 1 32 496 4960 35960 2 01376 9 06192 33 65856 105 18300
33 1 33 528 5456 40920 2 37336 11 07568 42 72048 138 84156
34 1 34 561 5984 46376 2 78256 13 44904 53 79616 181 56204
35 1 35 595 6545 52360 3 24632 16 23160 67 24520 235 35820

36 1 36 630 7140 58905 3.76992 19 47792 83 47680 302 60340
37 1 37 666 7770 66045 4 35897 23 24784 102 95472 386 08020
38 1 38 703 8436 73815 5 01942 27 60681 126 20256 489 03492
39 1 3.9 741 9139 82251 5 75757 32 62623 153 80917 615 23748
40 1 40 780 9880 91390 6 58008 38 38380 186 43560 769 04685

41 1 41 820 10660 101270 7 49398 44 96388 224 81940 955 48245
42 1 42 86/. 11480 111930 8 50668 52 45786 269 78328 1180 30185
43 1 43 903 12341 123410 9 62598 60 96454 322 24114 1450 08513
44 1 44 946 13244 135751 10 86008 70 59052 383 20568 1772 32627
45 1 45 990 14190 148995 12 21759 81 45060 453 79620 2155 53195

46 1 46 1035 15180 163185 13 70754 93 66819 535 24680 2609 32815
47 1 47 1081 16215 178365 15 33939 107 37573 628 91499 3144 57495
48 1 48 1128 17296 194580 17 12304 122 71512 736 29072 3773 48994
49 1 49 1176 18424 211876 19 06884 139 83816 859 00584 4509 78066
50 1 50 1225 19600 230300 21 18760 158 90700 998 84400 5368 78650

From Royal Society Mathematical Tables. vol. 3, Table

Prme. Cambridge, England. 1954 (with permission ).
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ATORIAL ANALYSIS

MEAL COEFFICIENTS GI)

10 11 12//
1/

9
10

11
12

11
15

16
17
18
19
20

21
22
23
24
25

26
27
28
29
30

31
32
33
34
35

36
37
38
39
40

41
42
43
44
45

46
47
48
49
50

1

2
4
8
13
20

31
46
69
100
143

201
280
385
524
706

941
1244
1630
2119
2734

3503
4458
5639
7089
8861

11017
13626
16771
20544
25054

1
10

55
220
715

2002
5005

11440
24310
48620
92378
67960

93930
97420
17190
07504
42975

24550
86825
06900
15005
07150

60075
48800
67100
51256
07460

43280
03620
11640
15132
38880

43565
91810
21995
30508
65135

16330
49145
06640
55634
33700 1

1

11
66
286

1001
3003

8008
19448
43758
92378

1 84756

3 52716
6 46646

11 44066
19 61256
32 68760

53 11735
84 36285
131 23110
200 30010
300 45015

443 52165
645 12240
925 61040

1311 28140
1835 79396

2541 86856
3483 30136
4727 33756
6357 45396
8476'60528

11210 99408
14714 42973
19173 34783
24812 56778
31901 87286

40763 50421
51780 66751
65407 15896
82178 21130
02722 78170

1

1
1
2
2
3

1

3
7

13
24
44

77
130
214
345
546

846
1290
1935
2860
4172

6008
8549
12033
16760
23118

31594
42805
57520
76693
01505

33407
74171
25952
91359
73537

1
12 1

78 13 1
364 : 91 14

1365 455 105

4368( 1820
512376 6188 2318------..-

755 2
18564 -----8568

__;;;.,44051811" 27132
679 9....----- 1 25970 77520

52078 13 52078

Tr
52716 2 93930 2 03496
05432 6 46646 . 4 97420

11 44066
96144 27 04156 24 96144
57400 52 00300 52 00300

26160 96 57700 104 00600
37895 173 83860 200 58300
74180 304 21755 374 42160
97290 518 95935 678 63915
27300 864 93225 1197 59850

72315 1411 20525
;

2062 53075
24480 2257 92840 3473 73600
36720 3548 17320 5731 66440
97760 5483 54040 9279 83760
25900\ 8344 51800 14763 37800

05296 12516 77700 23107 89600
92152 18524 82996 35624 67300
22288 27074 75148 54149 50296
56044 39107 97436 81224 25444
01440 55868 53480 1 20332 22880

61968 78986 54920 1 76200 76360
61376 1 10581 16888 2 55187 31280
04349 1 53386 78264 3 65768 48168
39132 2 10906 82613 5 19155 26432
95910 2 87600 21745 7 30062 09045

83196 3 89106 17655 10 17662 30790
33617 S 22514 00851 14 06768 48445
00368 6 96685 54468 19 29282 49296
16264 9 22637 34836 26 25967 83764
38800 12 13996 51100 35 48605 18600

839
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Talk 21.1

m

14
IS

14

1

15

BINOMIAL

19

1

COMBINATORIAL ANALYSIS

COEFFICIENTS (C)

16 17 18 19

16 120 16 1

17 680 136 17 1
18 3060 816 15. t 18 1

19 11628 3876 171 19 1
20 38760 15504 4;5 1140 190 20

21 1 16280 54264 20349 5985 1330 210
22 3 19770 1 70544 ii 74613 26334 7315 1540
23 8 17190 4 90314 2 45157 1 00947 33649 8855
24 19 61256 13 07504 7 35471 3 46104 1 34596 42504
25 44 57400 32 68760 ---10 42975 10 81575 4 80700 1 77100

26 96 57700 17 26160 53 11735 31 24550 15 62275 6 57800
27 200 58300 173 83860 130 37895 84 36285 46 86825 22 20075
28 401 16600 374 42160 ; 304 21755 214 74180 131 23110 69 06900
29 775 58760 775 58760 678 63915 518 95935 345 97290 200 30010
30 104 22675 1551 17520 1454 22675 1197 59850 864 93225 546 27300

31 2651 82521 3005 40195 3005 40195 2651 82525 2062 53075 1411 20525
32 4714 35600 5657 22720 6010 80390 5657 22720 4714 35600 3473 72100
0 8188 09200 10371 58320 11668 03110 11668 03110 10371 58320 8188 09200
34 13919 75640 18559 67520 22039 61430 23336 06220 22039 61430 18559 67520
35 23199 59400 32479 43160 40599 28950 45375 67650 45375 67650 40599 28950

36 37962 97200 55619 02560 73078 72110 85974 96600 90751 0300 85974 96600
37 61070 86800 93641 99760 1 28757 74670 1.59053 68710 1 76726 31900 1 76726 31900
38 96695 54100 1 5012 86560 2 22399 74430 2 87811 43380 3 35780 00610 3 53452 63800
39 1 50845 04396e 2 51408 40660 3 77112 60990 5 10211 17810 6 23591 43990 6 89232 64410
40 2 32069 29840' 4 02253.4506 6 28521 01650 8 87323 78800 11 33802 61800 13 12824 08400

41 3 52401 52720 6 34322 74896 10 30774 46706 15 15844 80450 20 21126 40600 24 46626 70200
42 5 28602 29080 9 86724 27616 16 65097 21602 25 46619 27156 35 36971 21050 44 67753 10800
43 7 83789 60360 15 15326 56696 26 51821 49218 42 11716 48758 60 0590 48206 80 04724 31850
44 11 4908 08528 22 99116 17056 41 67148 05914 68 63537 97976 102 95306 96964 140 88314 80056
45 16 68713 34960 34 48674 25584 64 66264 22970 110 30686 03890 171 58844 94940 .243 83621 77020

46 23 98775 44005 51 17387 60544 99 14938 48554 174 96950 26860 281 89530 98830 415 42466 71960
47 34 16437 74795 75 16163 04549 150 32326 09098 274 11888 75414 .456 86481 25690 697 31997 70790
48 48 23206 23240 109 32600 79344 225' 48489 13647 424 44214 84512 730 98370 01104 1154 18478 96480
49 67 52488 72536 157 0807 02584 334 81089 92991 649 92703 9810 1155 42584 85616 1885 16848 97584
50 93 78456 56300 225 08295 75120 492 36896 95575 984 73793 91150 1805 35288 83775 3040 59433 83200

rl M 21 25 24 211

20 1

21 21 1

22 231 22 . 1

23 1771 253 23 1
24 10626 2024 276 24 1
25 53110 12650 2300 300 25 1

26 2 30230 65780 14950 2600 325 26
21 8 88030 2 96010 80730 17550 2925 351
28
29

31

100
08105
15005

11 84040
42 92145

3
15

76740
60/80 4

98280
75020

20475
1 18755

3276
23751

30 300 45015 143 07150 58 52925 20 35800 5 93775 1 42506

31 846 72315 443 52165 201 60075 78 88724 7 36281
32 f

33
2257
5731

92840
66440

1290 24480
3548 17320.

645
1935

12240
36720

280
925

40800
61040

103 N7701
385 67100

33 65856
138 84156

34 13919 75640 9279 837601 5483 54040 2860 0/60 1311 28140 524 51256
35 32479 43160 23199 stmoq 14763 37800 8344 51800 4172 25900 1835 79396

36
137 1

73078
59053

72110
68710 1

55679 02560
28757 74670

17962
93641

97200
99760

,. 23107
61070

89600
86800

12516 77700
35624 67)00

6008 05296
18524 82996

38 3 35780 00610 2 0811 43380 2 22399 74430 1 54712 86560 96695 54100 14149.90296
39 6 89232 64410 6 23591 43990 5 10211 17810 3 77112 60990 2 51408 40660 1 5084541096
40 13 78465 28820 13 12824 08400 11 33802 61800 8 87323 78800 6 28521 01650 4 0220-45056

41 26 91289 3/220 26 91289 37220 24 46626 /0200 20,21126 40600 15 15844 80450 10
)

30774 46706
42 51 37916 0/420 0 82518 74440 51 31916 07420 4467753 10800 35 36971 21050 : 25 46619 27156
43 96 09669 18220 104 20494 81860 105 20494 81860 96 05669 18/20 80 04724 31850 60 83590 48206
44 116 10393 50070 201 26164 00080; 210 40989 63720 201 26164 00080 1/6 10393 $0070 140 8014 80096
45 316 98708 30126 177 36557'50110 411 67153 63800 411 67153 63800 37/ 3655/ 50150 316 98708 30126

!,..4 560 82330 01146 694 35265 802* 789 03711 13910 821 34307 27600 789.,03711:13950 694 35265 80176
47 976 24796 79106 1255 17595 87412 1483 38916 94226 1612 38018 41550 1612 38018 41550 1483 30976 94226
48 1613 56794 49896 2231 42392 66528 2738 56572 81648 3095 76995 35776 3224 76036 83100 3095 76995 35776
49 2827 75273 46376 3904 99181 16424 4969 98965 48176 5834 33568 17424 6320 53032,18876 1320 53032 18876
10 4112 92122 43960 6732 14460 62800 8874.98152 64600 10804 3290 68600 12154 116600%.16300 12641 06064 37752

..i;. ;.Jildn



11=114, 214, . .

Mt= 01; SO Sao

MI=201; as air

Men (n; ab as, .

COMEISATORIAL ANALYSIS

Multinomials and Partition'

nes, nas+2o4+ . . . +sae, m =a -1.41+ . . +a,,

. nu.) cersol/(11)61(21)°, . . . ($1)1/4

. ajs=411/1°Iatirtai! . . . n°14,1

. a,,Y=n1/(11)°441(21)%ail . . . (n1)°*a,!

n ni w M, M, M, n

1 1 1 1 1 8 1

2

2 1 2 1 1 1

2 1,1 2 1 1

3
3 1 3 1 2 1

2 1, 2 3 3 3
3 1' 6 1 1

4 1 4 1 8 1 4

2 1, 3 4 8 4
2' 8 3 3

3 1', 2 12 6 8
4 14 24 1 1

5

5 1 5 1 24 1

2 1,4
2, 3

5
10

30
20

5
10

6

3

4

1', 3
1 2'
1',2

20
30
60

20
15
10

10
15
10

7
8

5 1° 120 1 1 9 1

2

8 1 6 1 120 1

2 1,.5 8 144 6
2, 4
3'

15
20

90
40

15
10

3

3 1', 4 30 90 15
2, 3,- 60

90
120

15
60
15

4 18, 3 120 40 , 20
1', 2' 180 45 45

5 14, 2 360 ( 15 15 4
6 1° 720 1 1

7 1 7 1 720 1

2 1, 6 7 840 7
2, 5 21 504 21
3, 4 35 420 35 5

3 14, 5 42 504 21
1,2,4 105 630 105
1, 3' 140 280 70
2', 3 210 210 105

4 14, 4 210 210 35 6
1', 2, 3 420 420 210
1, 2° 630 105 105

5 14, 3 840 70 35 7
1°, 2' 1260 105 105

6 1°, 2 2520 21 21 8
7 11 5040 1 1 9

841

8
1, 7
2, 6
3, 5
41
1;8
1, 2, 5

r1, 3,
4

4
,
322,

II, 5
I', 4
1°, 21
11 2', 3

14, 4
Is, 2 3
l',
1°, 3
14 2'
1°, 2
1°

9
1, 8^
2, 7
3, 6
4, 5
1', 7
1, 2, 6
1,31,3,5
1, 4'
2', 5
2,3,4

1',6
1°, 2, 5
1', 3, 4
1, 2', 4
11,2i VI

14,5
111, 2, 41

1', 3'
12, 2', 3
11 24
1*, 4
1',2 3

°

1°,
,

3
1°, 21
11,2
1'

Af,

831

24.2

1

8
28

5040
5760
3360

"8
: 28

56 2688 :56
70 1280 '35
56 3360 28

168 4032 168
280 3360 280
420 1260 210
560 1120 280
336 1344 56
840 2520 420

1120 1120 280
1680 1880 $40
2520 105 108
1680 420 70
3360 1120 560
5040 420 420
6720 112 56

10080 210 210
20160 28 28
40320 1

1 40320 1

9 45360 9
36 25920 36
84 20180 84

126 18144 126
72 25920 36

252 30240 252
504 24192 504
630 11340 315
71c3 9072 378

1260 15120 1260
1680 2240 280

504 10080 84
1812 18144 756
2520 15120 1280
3780 11340 1890
5040 10080 2520
7560 2520 1260
3024 3024 126
7560 7560 1260

10080 3360 840
15120 7560 3780
22680 945 945
15120 756 126
30240 2520 1260
45360 1260 1260
60480 168 84
90720 378 378

181440 36 36
362880 1 1
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Table 24.2

n m v MI

COMBINATORIAL ANALYSIS

Multinomials and Partitions

M, 411, n m r Ms M, Ms
10 1 10 1 362880 1 10 2',4 18900 18900 3150

2 1, 9 10 403200 10 2', 3' '25200 25200 8300
2, 8 45 226800 45 5 1', 6 5040 25200 210
3, 7 120 172800 120 13, 2, 5 15120 60480 2520
4, 6 210 151200 210 1', 3, 4 25200 50400 4200
5' 252 72576 126 1', 2', 4 *37800 *56700 9450

3 1', 8 90 226800 45 1', 2, 32 50400 50400 12600
1, 2, 7 360 259200 360 1, 23, 3 75600 25200 12600
1, 3, 6 840 201800 840 r 113400 945 945
1, 4, 5 1260 181440 1260 6 1°,5 30240 6048 252
2', 6 1260 75600 630 1', 2, 4 75600 18900 3150
2, 3, 5 2520 *120960 2520 1', 3' 100800 8400 2100

, 4' .3150 56700 1575 1', 2', 3 151200 25200 12600
3', 4 4200 50400 2100 1', 24 226800 4725 4725

4 13, 7 720 86400 120. 7 1°, 4 151200 1260 210
1', 2, 6 2520 151200 1260 1°, 2 3 302400 5040 2520
1', 3, 5 5040 120960 2520 1', 2' 453600 3150 3150
1', 4' 6300 56700 1575 8 1', 3 604800 240 120
1, 2', 5 7560 90720 3780 1°, 2' 907200 630 ' 630
'1, 2, 3, 4 12600 151200 12600 9 18, 2 1814400 45 45
1, 3' 16800 22400 2800 10 V° 3628800 1 1

See pimp 11.



COMBINATORIAL ANALYSIS

STIRLING NUMBERS OF THE FIRST KIND s:N)

81433

Table 24.3

01111 2 3

1 1
2 -a 1
3 2 -3 1
4 -6 11 -6
5 24 -50 35

6 -120 274 -225
7 720 -1764 1624
8 -5040 13068 - 13132
9 40320 -1 09584 1 18124

10 -3 62880 10 26576 -11 72700

11 36 28800 -106 28640 127 53576
12 -199 16800 ' 1205 43840 -1509 17976
13 4790 01600 - 14864 42880 19315 59552
14 -.42270 20800 1 98027 59040 -2 65967 17056
15 8 71782 91200 -28 34656 47360 39 21567 97824

16 -130 76743 68000 433 91630 01600 -616 58116 14720
17 2092 27898 88000 -7073 42823 93600 10299 22448 37120
18 - 35568 74280 96000 1 22340 55905 79200 -1 82160 24446 24640
19 6 40237 37057 28000 -22 37698 80585 21600 34 01224 95938 22720
20 -121 64510 04088 32000 431 56514 68176 38400 -668 60973 03411 53280

21 2432 90200 81766 40000 -8752 94803 67616 00000 13803 75975 36407 04000
22 - 51090 94217 17094 40000 1 86244 81078 01702 40000 -2 98631 90286 32163 84000
23 11 24000 72777 76076 80000 -41 48476 77933 54547 20000 67 56146 67377 09306 88000
24 -258 52016 73888 49766 40000 965 38966 65249 30662.40000' -1595 39850 27606 68605 44000
25 6204 48401 73323 94393 60000 -23427 87216 39871 85664 00000 39254 95373 27809 77192 96000

non 4 5 6

4

5 -10 1

6 85 -15 1
7 -735 175 -21
8 6769 -1960 322
9 - 67284 22449 -4536

10 7 23680 -2 69325 63273

11 -84 09500 34 16930 -9 02055
12 1052 $8076 -459 95730 133 39535
11 - 14140 14888 6572 06836 -2060 70150
14 2 03137 53096 - 99577 03756 33361 18786
15 -31 09802 60400 15 97216 05680 -5 66633 66760

16 505 69957 03824 -270 68133 43600 100 96721 0/080
17 -8707 77488 75904 4836 60092 33424 -1886 15670 58880
18 1 58331 39757 27488 - 90929 99058 44112 36901 26492 34384'
19 -30 32125 40077 19424 17 95071 22809 21504 -7 55152 75920 63024
20 610 11607 57404 91776 -371 38478 73452 28000 161 42973 65301 18960

21 - 12870 93124 51509 88800 8037 81182 26450 51776 -3599 97951 79476 07200
22 2 84093 31590 18114 68800 -1 81664 97952 06970 76096 83637 38169 95448 02976
23 -65 40684 85270 10686 97600 42 80722 86535 71471 42912 -20 21687 37691 06827 41568
24 1573 75898 28594 15107 32800 -1050 05310 75591 74529 84576 507 79532 51410 28501 98976
25 -39365 61409 13866 31181 31200 26775 03356 42796 03821 62624 -13237 14091 57918 58577 60000

From erimblished tables of Francis L. blibla, with pammdadon.
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834 COMBINATORIAL ANALYSIS

Table 21.3 %TINIAN: nitABMs OF THE FIRST KIND Wal)

at,m .7 . 8 9

1 1
8 -28

. 1
9 546 -36 1

10 -9450 870 -45

11 1 57773 - 18150 P 1320

'..12 -26 37558 3 57423 - 32670

13 449 90231 -69 26634 7 49463

14 -7909 43153 1350 36473 -166 69653

15 1 44093 22928 - 26814 53775 3684 11615

16 -27 28032 10680 5 46311 29553 - 82076 28000.

11 537 45234 77960 -114 69012 83528 18 59531 77553

18 - 11022 84661 84200 2487 18452 97936 -430 81053 01929

19 2 35312 50405 49904 - 55792 16815'47048 10241 77407 32658

20 -52 26090 33625 12,720 12 95363 69899 43896 -2 50385 87554 67550

21 1206 64780 37803 73360 -311 33364 31613 90640 63 03081 20992 94896

22 - 28939 58339 73354 47760 7744 65431 01695 76800 -1634 98069 72465 83456

23, 7 20308 21644 09246 53696 -1 99321 97822 10661 37360 43714 22964 95944 12832

24 -185 88776 35505 19497 76576 53 04713 71552 54458 12976 -12 04749 26016 17376 32496

25 4969 10165 05554 96448 36800 -1459 01905 52766 26492 88000 342 18695 95940 71489 92880

woo 10 11 12

10 1

11 _ -55 1

-12 1925 -66 1

13 - 55770 2717 -78

14 14 74471 - 91091 3731

15 -373 12275 27 49747 -1 43325

16 9280 95740 -785 58480 48 99622

17 -2 30571 59840 21850 31420. -1569 52432

18 57 79248 94833 , -6 02026'93980 48532 22764

19 -1471 07534 08923 166 15733 864,, -14 75607 03732

20 38192 20555 02195 -4628 06477 51910 446 52267 57381

. .

21 -10 14229 98655 11450 1 30753 50105 40395 - 13558 51828 99530
22 276 01910 92750 35346 -37 60053 50868 59745 4 15482 38514 30525

23 -7707 40110 12973 61068 1103 23088 11859 49736 -129 00665 98183 31295

24 2 20984 45497 94337 17396 - 33081 71136 85742 04996 4070 38405 70075 69521

25 -65 08376 17966 81468 50000 10 14945 52782 52146 37300 -1 30770 92873 67558 73500

'um 13 11 15

13 1

14 -91 1

15 5005 -105 1

16 -2 18400 6580 -120 1

17 83 94022 -3 23680 8500 -136

18 -2996 50806 138 96582 -4 68180 10812

11 1 02469 37272 -5497 89282 223 23822 -6 62796

20 -34 22525 11900 2 06929 33630 -9739 41900 349 16946

21 1131 02769 95381 -75 61111 84500 4 01717 71630 - 16722 80820

22 - 37310 09998 02531 2718 86118 69881 -159 97183 88730 7 52896 68850

23 12 36304 58470 86207 - 97125 04609 39913 6238 24164 21941 -325 60911 03430

24 -413 35611 43013 14056 34 70180 64487 04206 -2 40604 60386 44556 13727 25118 00831

25' 11910 94520 02391 06865 -1246 20006 90702 15000 92 44691 13761 73550 -5 70058 63218 64500

nate 17 IN 19 20 21 22 23 24 25

11 1

18 -153 1

19 13566 -171

20 20550 16815 -190 1

21 5)3 21946 -12 56850 20615 -210 1

22 27921 676A6 197 21796 -16 89765 25025 -231 1

23 13 61111 57942 - 45460 47198 1168 96626 -22 40315 30107 -253 1

24 A640 05903 36096 ' 24 12764 43496 - 72346 69596 1684 23871 -29 32776 35926 -276 1

25 29088 66798 67135 -1219 12249 80000 41 49085 13800 -1 12768 42500 2388 10495 -37 95000 42550 -300 1
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COMBINATORIAL ANALYSIS

STIRLING NI MIENS OF THE MONO MM) $bri Table 21.1

oe. Ns I 2

2
3 3

v 4.

13

6
7

9
10

11
12
13

15

16
17
18
19
20

21

22
2
24
23

:1 5

6 1

2* 10 1

31 90. eS 19 1
61 301 ISO 140 21121 966 1101 1090 266
295 3029 2646
511 91)0 14109

6931

1023 28501 ill

4192S 22027

2047 86926
1 45710

8191 1 88910
33 125)0
6 11901

4095 2 61625

16101 23 75101 1413) 114:

2 46130 179487
13.79400 1) MU
13 08901 9) 21112

400 75019 634 )637)
2107 66920 4206 93273.

12767 11 41606 1717 98901 10961 90590 27349 26558
69935 214 57829 6943 37190 56521 51651 1 15057 49890

1 11071 644 19010 21188 06919 2 99980 99345 11 06872 51039
2 62143 1914 48101 I 12996 66950 14 79092 84710 69 30816 01779
S 24287 5806 06446 4 64)41 15901 74 92060 90500 430 60788 95)84

10 48575 17423 4)623 18 19090 10030 379 12625 68401 tess 56794 6280420 97191 92200 79490 12 77786 0825 191) 10219 12055 16330 93393 49229
41 94303 1 56863 33301 291 61415 74790 9641 61881 84100 99896 90579 8)403
8) 88607 4 70632 00806 '1168 10966 34501 48300 07834 95290 6 09023 60)60 04530
161 17215 14 11979 91025 4611 12897 )8810 2 4)668 49741 10751 17 02641 70000 02410

a no 7 8 4) 111

1 1

8 28 1
9 462 $6 1
10 11110 190 4S 1

11 61907 11080 1155 5112 6 27)96 1 99027 22275 171911 97 :5424 18 14612 3 59502 3932514 493 29211 209 12)20 51 351)0 7 52752
15 4087 41111 7166 27140 671 tem I 126 62690

11
16 32818 82604

2 97081 04786
18 19 74624 81400
19 149 29246 14819
20 1114 39940 45652

21 8231 09972 14940
22 60276 21749 67440
2) 4 30264 19991 11109
24 31 61746 18918 0040
25 227 81248 29907 16310

a` s4 I I

11 , 1

13

12 66

14
\ 24)1

66066
15 44 29478

16 209 )69
17 1120 60978

08

18 01910 04908
19 12 94112 17191
20 190 08424 29486

21417 64051
2 04159 95028
10 90)60 69010
170 97510 0)400
1517 09326 62679

0207 84290
95280 22)01

10 61753 95735
114 46146 26805
1201 12026 44729

1917 54990
27581 34150

) 71121 61801
47 72970 31785

591 74849 64655

13251 1015) 47004 12127 24764 65204 '7118 71)22 91275
1 14219 90799 91620 1 241% 11019 11920 01514 17991 17954
9 74199 50199 00400 12 12006 10117 96900 9 99)40 12973 11460
82 31820 21383 20909 120 62237 4)260 72500 108 25400 17849 31500

690 22372 1110) 68580 1167 92149 10929 73009 1201 16339 21/53 87100

12 13

1

7

1367
8

1 06410
91

4590 103

27 17110 1 65620
620 49 i1: 1:: E ai

41 10)t6 S1314
28924 19160 241S 77510

6 10686 60180 61025 2458011191

21 2682 60116 89001 681 )0420 30110 120 49092 18111 14 91040 04900
22 16620 75000 10286 10882 31960 911)7 2249 68618 68481 32, 91652 81)31
2) 4 06425 11009 51100 1 61216 21134 81930 40120 25603 41190 6862 91758 07115
24 61 10016.46917 71560 14 91020 41907 58260 6 88083 60579 22000 1 16209 10216 41000
25 902 35590 44384 62660 let 26462 07848 14680 114 40907 3)431 44260 25 95811 03608 96000

15 lb 17 1$ 19
is

16 120 I
1, 7820 116 1
10 3 67200 9996 159 I

19 139 16118 S 27136 12592 171
20 4521 29200 22) 90954 1 41285 15675 190

21 1 90874 62580 mg 44464 349 52799 10 21415 19285
22 14 56159 41200 2 60465 74004 14041 42047 5)) 74629 11 89830
21 847 94044 29)11 76 21611 27264 4 99169 88603 21648 85169 797 81779
14 19902 02422 41000 2061 11824 61593 161 09499 36915 9 24849 25449 18807 191/0
25 4 29919 4091 47200 52665 51616 91960 4806 3)313 91110 127 56789 94923 16 62189 69675

OH

20

20 21 22 21 25

/I 210
Zr 21481 231 1

2) II 5910 28116 253 1

24 1169 72114 24 54606 )1902 276 I

25 62201 94750 1681 19405 92 00450 40250 100 1

From unpublished tables of Francis L Mika, with permission.
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838

Table 21.5

,4n) An)

COMBINATORIAL ANALYSIS
c .

NI 51111ER OE rAwitrus AND PARTITIONS IN'Il DISTINCT PARTS

'4h) q(") II 11(U) 1(11) i, 1 AO 1(")

0 1 50 2 04226 3658 100 1905 69292 4 4 44793 150 4 08532 35313 194 06016

1 1 1 51 2 39943 4097 101 2144 81126 4 83330 151 4 50606 24582 207 92120

2 2 1 52 2 81589 4582 102 2412 65379 5 25016 152 4 96862 88421 222 72512

3 3 2 53 3 29931 5120 103 2712 48950 5 70078 153 5 47703 36324 238 53318

4 5 2 54 3 86155 5718 104 3048 01365 6 18784 154 6 03566 73280 255 40982

5 7 3 55 4 51276 6378 105 3423 25709 6 71418 155 6'64931 82097 273 42421

6 It 4 56 5 26823 7108 106 3842 76336 7 28260 156 7 32322 43759 292 64960

7 15 5 57 6 14154 7917 107 4311 49389 7 89640 157 8 06309 64769 313 16314

8 22 6 58 7 15220 8808 108 4835 02844 8 55906 158 8 87517 78802 335 04746

9 30 .8 59. 8 31820 9792 109 5419 46240 9 27406 159 9 76627 28555 358 39008
1

10 42 10 60 9 66467 10880 110 6071 63746 10104544 160 10 74381 59466 383 28320

11 56 12 61 11 21505 12076 1 6799 03203 10 87744 161 11 81590 68427 409 82540

1? 77 15 62 13 00156 13394 2 7610 02156 11 77438 162 12 99139 04637 438 12110

13 101 18 63 15 05499 14848 113 8513 76628 12 74118 163 14 27989 95930 468 28032

14 135 22 64 17 41630 16444 114 9520 50665 13 78304 164 15 69194 75295- 500 42056

15 176 27 65 20 12558 18200 115 10641 44451 14 90528 165 17 23898 00255 534 66624

16 231 32 66 23 23520 20132 116 11889 08248 16113841 166 18 93348 22579 571 14844

17 297 38 67 26 79689 22250 117 13277 10076 17 41521 167 20 78904 20102 610 00704

18 385 46 68 30 87735 24576 118 14820 74143 10 81578 168 22 82047 32751 651 39008

19 490 54 69 35 54345 27130 119 16536 68665 20 32290 169 25 04389 25115 695 45358

20 677 64 70 40 87968 29927 120 18443 49560 21 94432 170 21 47686 17130 742 36384

21 192 76 71 46 97205 32992 121 20561 48051 23 68800 171 30 13848 02048 92 29676

.22 1Q02 89 72 53 92781 36352 122 22913 20912 25 56284 172 33 04954 99613 845 43782

23 1255 104 73 61 85689 40026 123 -25523 38241 27 57826 173 36 23268 59895 901 98446

24 1575 122 74 70 89500 44046 124 28419 40500 29 74400 174 39,71250 74750 962 14550

25 1958 142 75 81 18264 48446 125 31631 27352 32 07086 115 43 51576 97830 -1026 14114

26 2436 165 7e 92 89091 53250 126 35192 22692 34 57027 176 47 67158 57290 1094 20549

27 3010 192 77 106 19863 58499 127 39138 64295 37 25410 177 52 21158 31195 1166 58616

28 3718 222 78 .121 32164 64234 128 43510 78600 40 13544 178 57'17016 05655 1243 54422

29 4565 256 '79 138 48650 70488 129 48352 71870 43 22816 179 62 58467 53120 1325 35702

30 5604 296 80 157 96476 77312 130 53713 15400 46 54670 180 68 49573 90936 1412 31780

31 6842 340 81 180 04327 84756 131 59645 39504 50 10688 181 74'94744 11781 1504 73568

32 8349 )90 82 205 06255 92864 112 66208 30889 53 92550 182 81.98769 08323 1602 93888

33 10143 448 83 233 38469 101698 133 73466 29512 58 02008 183 89 66848 17527 1707 27424

34 12310 512 84 265 43660 111322 134 81490 40695 62 40974 184 98 04628 80430 1818 10744

35 14883 585 85 301 67357 121792 135 90358 36076 67 11480 185 107 18237 74337 1935 82642

36. 17977 668 86 342 62962 133184 136 1 00155 81680 72 15644 186 117 14326 92373 2060 84096

17 21637 760 87 388 87673 145578 137 1 10976 45016 77 55776 187 128 00110 42268 2193 58315

38 26015 864 88 441 08109 159046 138 1 22923 41831 -80 34326 188 139 83417 45571 2334 51098

39 31185 982 89 499 95925 173682 139 1 36109 49895 89 53856 189 152 72735 99625 2484 10816

40 37338 1113 90 566 34173 189586 140 1 50658 78135 96 17150 190 166 77274 04093 2642 88462

41 44583 1260 91 641 12359 206848 141 1 66706 89208 103 27156 191 182 07011 00652 2811 38048

42 53174 1426 92 725 33807 225585 142 1 84402 93320 110 86968 192 198 72768 56363 2990 16608

43 63261 1610 91 820 10177 245920 143 2 03909 82757 118 99934 193 216 86271 05469 3179 84256

44 15175 1816 94 926 69720 267968 144 2 25406 54445 127 69602 194 236 60227 41845 3381 04630

45 89134 2048 95 1046 51419 291874 145 2 49088 58009 136 99699 195 258 08402 12973 3594 44904

46 105558 2304 96 1181 14304 317788 146 2 75170 52599 146 94244 196 281 45709 87591' 3820 75868

47 124754 2590 97 1332 30930 345856 147 3 03886 71978 157 57502 197 306 88298 78530 4060 72422

48 147271 2910 98 1501 98136 376256 148 3 35494 19497 168 93952 198 334 53659 83698 4315 13602

41 173525 3264 99 1692 29875 409174 149 3 70273 55200 181 08418 199 364 60724 32125 4584 82688

cc 204226 3658 100 1905 69292 444793 150 4 08532 35313 194 06016 200 397 29990 29388 4870 67746

Values of p,n, from H. Gupta, A table of partitions, Pm, London Math. Soc, 39, 142-149, 1935 and II. 12, 546-549, 1937

with permission'.
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COMBINATORIAL ANALYSIS 837 .

NI Min OF PARTITIONS A:NI/PARTITIONS INTO DISTINCT PARTS Table 21.3

n p(n) (0) n p(n) q(n)

200 397 29990 29388 4870 67746 250 23079 35543 64681 85192 80128
201 432 83636 58647 5173 61670 251 24929 14511 68559 89949 26602
202 471 45668 86083 5494 62336 252 26923 27012 52579 94961 58208
203 513 42052 87973 5834 73184 253 29072 69579 16112 1 00243 00890
204 559 00883 17495 6195 03296

t

254 31389 19913 06665 1 05807 47264

205 608 52538 59260 6576 67584 255 33885 42642 40680 1 11669 59338
206 662 29877 08040 6980 87424 256 36574 95668 70782 1 17844 71548
207 720 68417 06490 7408 90786 257 - 39472 36766 55357 1 24348 95064
208 784 06562 26137 7862 12446 258 42593 30844 09356 1 31199 20928
209 852 85813 02375 8341 94700 259 45954 57504 48675 1 38413 23582

210 927 51025 75355 8849 87529 260 49574 19347 60846 1 46009 65705
211 1008 50658 85767 9387 48852 261 53471 50629 08609 1 54008 01856
212 1096 37072 05259 9956 45336 262 57667 26749 47168 1 62428 82560
213 1191 66812 36278 10558 52590 263 62183 74165 09615 1 71293 59744
214 1295 00959 25895 .11195 55488 264 67044. 81230 60170 1 80624 90974

215 1407 05456 99287 11869 49056 265 72276 09536 90372 1 90446 44146
216 1528 51512 48481 12582 38720 266 77905 06295 62167 2 00783 03620
217 1660 15981 07914 13336 40710 267 83961 17303 66814, 2 11660 75136
218 1802 81825 16671 14133 83026 268 90476 01083 16360 2 23106 91192
219 1957 38561 61145 14977 05768 269 97483 43699 44625 2 35150 17984

220 2124 82790 09367 15868 61606 270 1 05019 74899 31117 2 47820 61070
221 2306 18711 73849 16811 16852 271 1 13123 85039 38606 2 61149 71540
222 2502 58737 60111 17807 51883 272 1 21837 43498 44333 2 75170 53882
223 2715 24089 25615 18860 61684 273 1 31205 18008 16215 2.89917 72486
224 2945 45499 41750 19973 57056 274 1 41274 95651 73450 3 05427 5878

225 3194 63906 96157 21149 65120 275 1 52098 04928 51175 3 21738 19904
226 3464 31263 22519 22392 29960 276 1 63729 39693 37171 3 38889 46600
227 3756 11335 82570 23705 13986 277 1 76227 84330 57269 3 56923 20960
228 4071 80636 27362 25091 98528 278 1 89656 41035 91584 3 75883 26642
229 4413 29348 84255 26556 84608 279 2 04082 58525 75075 3 95815 57440

230 4782 62397 45920 28103 94454 280 2 19578 63116 82516 4 16768 26624
231 5182,00518 38712 29737 72212 281 2 36221 91453 37711 4 38791 78240
232 .5613 81486 70947 31462 84870 282 2'54095 25900 45698 4 61938 97032
233 6.080 61354 38329 33284 23936 283 2 73287 31835 47535 4 86265 19094
234 6585 15859 70275 35207 06304 284 2 93892 97939 29555 5 11828 44672

235 7130 41855 14919 37236 75326 285 3 16013 78671 48997 5 38689 49522
236 7719 58926 63512 39379 02688 286 3 39758 40119 86773 5 66911 97084
237 8356 11039 25871 41639 89458 287 3 65243 08360 71053 5 96562 52987
238 9043 68396 68817 44025 67324 288 3 92592 21614 89422 6 27710 98024
239 9786 29337 03585 46543 00706. 289 4 21938 85285 87095 6 60430 42088

240 10588 22467 22733 49198 87992 290 4 53425 31269 00886 6 94797 40554
241 11454 08845 53038 52000 62976 291 4 87203 80564 72084 7 30892 09120
242 12388 84430 77259 54955 97248 292 5 23437 10697 53672 7 68798 39744
243 13397 82593 44888 58073 01632 293 5 62299 26919 50605 8 08604 19136
244 14486 76924 96445 61360 27874 294 6 03976 38820 95515 8 50401 45750

245 15661 84125 27946 64826 71322 295 6 48667 41270 79088 8 94286 47940
246 16929 67223 91554 68481 72604 296 6 96585 01441 95831 9 40360 04868
247 18297 38898 54026 72335 19619 297 7 47956 50785 10584 9 88727 65938
248 19772 65166 81672 76397 50522 298 8 03024 83849 43040 10 39499 71456
249 21363 69198 20625 80679 55712 299 8 62049 62754 65025 10 92791 76298

250 23079 35543 64681 85192 80128 300 9 25308 29367 23602 11 48724 72064

847
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838 COMBINATORIAL* ANALYSIS

'I able 2 IA
NUMBER OF PARTITIONS AND PARTITIONS INTO DISTINCT PARTS

P(44)
Is"(n) lin)

300 9 25308 29367 23602 11 48724 72064 350 279 36332 84837 02152 126 91829 24648

301 9 93097 23924 03501 12 07425 10607 351 298 33006 30627 58076 132 93477 19190 '

302 10 65733 12325 48839 12 69025 30816 352 318 55597 37883 29084 139 22769 715204

303 11 43554 20778 22104 13 33663 83848 353 340 12281 00485 77428 145 80938 18816 \\

i

304 12 26921 80192 29465 14 01485 59930 354 363 11751 20481 10005 152 69267 15868,
1

305 13 16221 78950 57704 14 72642 18618 355 387 6329 29190 29223 159 89096 56578

306 14 11866 26652 80005 15 47292 17536 356 413 76618 09333 42362 167 41824 09148

307 15 14295 27388 57194 ]6 25601 42890 357 441 62298 19293 58437 175 28907 55072

308 16 23978 65358 29663 17 07743 43642 358 471 31406 42683 98780 183 51867 38752

309 17 41418 01331 47295 17 93849 64242 359 502 95756 65060 00020 192 12289 32216

310 18 67148 82996 00364 18 84259 79304 360 536 67907 03106 91121 201 11827 04478

311 24 01742 67625 76945 19 79022 32212 361 572 61205 88980 37559 210 52205 02772

312 21 45809 60373 52891 20 78394 72390 362 610 89840 37510 84101 220 35221 50410

313 23 00000 66554 87137 21 82593 94656 363 651 68887 99972.06959 230 62751 50210

314 24f55010 6150E 3)490 22 91846 82870 364 695 14372 34589 46040 241 36750 01278

'515 2641580 76335 66326 24 06390 52286 365 741 43315 98840 81684 252 59255 33946

316 28 30502 01409.96003 25 26472 94208' 366 790 73811 96494 11319 264 32392 51488

317 30 32618 19898 42964 26 52353 25352 367 843 25 78 85625 28427 276 58376 86784

318 32 48829 33514 66654 27'84302 35904 368 899 1r 34 83960 88349 289 39517 78822

319 34 80095 48694 40830 29 22603 40224 369 958 869 79123 38045 302 78222 57408

320 37 27440 57767 48077 -30 67552 32574 370 1022 4122 83673 45362 316 77000 44480

321 39 91956 55269 99991 32 19458 41664 311 108 65764 44243 99782 331 38466 77248

322 42 74807 80159 54696 33 78644 88192 372 11 53783'48499 62850 346 65347 41118

323 45 77235 85435 78028 35 45449 47722 373 1. 8 05779 41191 25085 362 .60483 21048

324 49 00564 36352 37875 37 20225 12608 374 19 51059 97274 73500 379 26834 76992

325 52 46204 42288 28641 39 03340 57172 375- 1406 20744 65614 84054 396 67487 30794

326 56 15660 21128 14289 40 95181 08690 376 1498 47874 35905 81081 41485655 73659

327 60 10534 98396 66544 42 96149 17632 377 1596 67527 44907 56791 433 84690 00206

328 64 32537 46091 14550 45 06665 31450 37: 1701 16942 79758 13525 453 68080 55808

329 68 83488 5946Q 7385( 47 27168 74732 3 1812 35649 97394 72950 474 39464 06976

330 73 65328 78618 50339 49 48118 28759 380 1930 65607 23504 65812 496 02629 40968

331 78 80125 53026 66615 51 99993 15040 381 2056 51347 53366 33805 518 61523 80864

332 84 30081 56362 25119 54 53293 85792 382 2190 40133 24237 65131 542 20259 26436

333 90 17543 49805 49623 57 18543 13990 383 2332 82119 85438 92336 566 83119 27092

334 96 45011 01922 02760 59 96286 87918 384 2484 30529 42654 18180 592 54565 72864

335 103 15146 63217 35325 62 87095 13216 385 2645 41834 06887 63701 619 39246 14094

336 110 30786 04252 92772 65 91563 14788 386 2816 75950 32179 42792 647 42001 16480

337 117 94949 15461 13972 69 10312 43770 387 2998 96444 77364 52194 676 67872 37064

338 126 10851 78337 96355 72 43991 92576 388 3192 70751 84335 32826 707 22110 32064

339 134 81918 06233 01520 75 93279 10200 389 3398 70404 13581 60275 739 10183 03854

340 144 11793 65278 73832 79 58881 23110 390 3617 71276 38676 04423 772 37784 71936

341 154 04359 73795 76030 83 41516 64940 391 3850 53843 46674 29186 807 10844 79444

342 164 63741 91657 61044 87 42016 06890 392 4098 03453'56263 94791 843 35537 42947

343 175 94355 98104 22753 91 61123 94270 393 4361 10617 07622 84114 881 18291 29614

344 188 00864 70522 92980 9S 99699 92704 394 4640 71312 41)996 23515 920 65799 74150

345 200 88255 62876 83159 100 58620 35461 395 4937 87309 67861 91655 961 85031 43424

346 214 61829 97432 86299 105 38799 176'2 396 5253 66512 44169 75163 1004 83241 32444

147 229 27228 68712 17150 110 41192 60918 397 5589 23320 25954 04488 1049 67982 04736

348 244 90453 74553 82406 115 66794 79970 398 5945 79011 47078 74597 1096 47115 85280

349 261 57890 73511 44125 ,121 16645 56454 399 6324 62148 25042 94325 1145'28826 89344

350 279 36332 84837 02152 126 91829 24648 400 6727 09005 17410 41926 1196 21634 00706
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COMBINATORIAL ANALYSIS

NUMBER OF PARTITIONS AND PARTITIONS INT() DISTINCT PARTS

1) q(10, P()

839

Table 24.5

fl)

400 6727 09005 17410 41926 1196 21634 00706 450 1 34508 18800 15729 23840 9893 14440 61528
401 7154 64022 26539 42321 1249 34404 08000 451 1 42573 13615 53474 04229 10307 93957 13070
402 7608 80284 33398 79269 1304 76365 81998 4N 1 51112 26207 19173 13678 10739 65687 10144
403 8091 2002r64844-655131 '1362 57124 07808 453 1 60152 90524 45537 15585 11188 96810 43072
404 8603 55175 93486 55060 1422 86674 81438 454 1 69723 95104 64580 40965 11656 57102 54336

40S 9147 67906 88591 17602 1485,75420 52794 455 1.79855 91645 39582 67598 12143 19032 12544
406 9725 51251 37420 21729 1551 34186 29884 456 1 90581 04044 26519 31034 12649 57862 22432
407 10339 09726 71239 47241 1619 74236 54282 457 2 01933 37928 51146 88629 13176 51755 08648
408 10990 60006 37759 26994 1691 07292 29128 458 2 13948 90703 27330 69132 13724 81881 00782
409 11682 31627 71923'17180 1765 45549 15430 459 2 26665 62143 58313 45565 14295 32530 93376

f

410 12416 67740 31511 90382 1843 01696 07104 460 2 40123 65561 39251 92081 14888 9123, 20640
411 13196 25896 69254 35702 1923 88934 65516 461 2 54365 39575 85741 99975 15506'48874 75476
412 14023 78888 35188 47344 2008 20999 30208 462 2 69435 60521 29549 94471 16148 99826 46592
413 14902 15629 03099 48968 2096 12178 16576 463 2 85381 55524 19619 86287 16817 42073 15550
414 15834 42088 44881 87770 2187 77334 80960 464 3.02253 16287 25766 36605 17512 77348 45952

415 16823 82278 71392 5544 2283 31930 70488 465 3 20103 13615 29932 90544 18236 11274 38194
416 17873 79296 96898 76004 2382 92048 69148 466 3 38987 12724 95254 32549 18988 53505 94524
417 X8987 96426 73316 64557 2486 74417 20078 467 3 58963 89376 81628 76613 19771 17881 2902
418 /20170 18301 88059 33659 2594 96435 42056 468 3 80095 46876 31205 98477 20585 22576 957

419 / 21424 52136 02556 36320 2707 76199 52640 469 4 02447 33986 17114 75160. 21431 90268 8 4

420/ 22755 29021 65800 25259 2825 32529 77152 470 4 26088 63801 56524 13417 22312 4: 10884
42 24167 05302 14413 63961 2947 84998 62528 ' 47J 4 51092 33635 50960 99864 232 = 8849 04960
4 25664 64021 38377 14846 3075 53960 09352. 472 4 77535 45970 81641 15593 80 69117 98586
4 3 27253 16454 62304 21739 3208 60580 00384 473 5 05499 30531 42046 295 25171 11509 01902

424 28938 03725 70847 98150 3347 26867 45954 474 5 35069 67535 16072 25 26201 03821 12696

/425 30724 98514 70950 51099 3491 75107 60097 475 5 66337 1218 055 99675 27271 99448 23232

426 32620 06861 74102 32189 3642 30895 45254 476 5 99397 2 23018 52926 28385 57585 65430
427 34629 70071 39035 75934 3799 17171 07136 477 6 3435 6365 37870 28583 29543 43443 69603

428 36760 66724 18315 27309 3462 60256 14146 478 6 4 20389 67318 07232 30747 28468 94368
429 39020 14800 02372 59665 4132 86891 79000 479 10369'79823 66282 38005 31998 90573 73738

430 41415 73920 71023 58378 4310 24877 85006 7 51666 00419 49931 25591 33300,'%4373 57056
431 43955 47717 05181 16534 4495 03113 72460' 481 7 95317 79841,47582 32180 346 91433 03468
432 46647 86328 42292 67991 4687 51640 62334 482 8 41457 02874 28236 49455 360 9 20520 80640

433 49501 89040 94051 50715 4888 01685 40672 483 8 90222 78495 19280 88294 37. 1 07873 43946

434 52527 07072 91082 40605 5096 85706 20480 484 9 41761 78911 49976 98055 39 0 67468 62530,

435 55733 46514 46362 86656 5314 37439 57460 485 9 96228 80660 85734 11012 40 20 21308 45496
436 59131 71430 91696 18645 5540 91949 44512 486 10 53787 07886 24553 46513 42 61 99712 45764

437 52733 07137 60430 79215 5776 85678 02880 487 11 14608 77893 64264 84248 43 68 41621 12802

438 66549 43656 69662 97367 6022 56498 45546 488 11 78875 49115 57358 02646 45 41 94910 51264

439 70593 39364 65621 35510 6278 43769 39520 489 12 46778 71600 12729 19665 47 85 16717 64998

440 74878 24841 94708 86233 6544 88391 85792 490 13 18520 40161 22702 33223 49 JO 73777 62304

441 79418 06934 64434 02240 6822 32867 92200 491 1) 94313 50322 44478 16939 51 91 42772 84172

442 84227 73040 77294 99781 7111 21361 67457 492 14 74382 57204 03639 53132 53 0 10694 36938
443 89322 95632 13536 45667 7411 99762 56080 493 15 58964 37499 49778 06173 55709 75216 10170

444 94720 37025 78934 71820 7725 15750 89318 494 16 48308 54706 61724 38760 57943 45082 47040

445 1 00437 54417 17528 47604 8051 18865 81728 495 17 42678 27774 77609 81187 60264 40509 50309

446 1 06493 05190 52391 18581 8390 60575 94564 496 18 42351 03350 31598 91466 62675 93600 10788

447 1 12906 52519 91961 43354 8743 94352 40798 497 19 47619 31798 76580 64007 65181 48774 31176

448 1 19698 71278 27202 05954 9111 75744 62854 498 20 58/91 47204 28849 01563 67784 63214 30326

449 1 26891 54269 09814 18000 9494 62459 05984 499 21 76192 51543 92874 61625 70489 07325 21792

450 1 34508 18800 15729-23840 9893 14440 61528 500 23 00165 03257 43239 95027 73298 65212 45024

d 49



840 COMBINATORIAL ANALYSIS
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e(n) au 0. n o(n)

ABITIV4/411: FUNCTIONS

n a(n) an et n ,.(n) oq al n .(n) aQ at

1 1 1 1 51 32 4 72 101 100 2 102 151 150 2 152 201 132 4 272

2 1 2 3 52 24 6 98 102 32 8 216 152 72 8 300 202 100 4 306

3 2 2 4 53 52 2 54 103 102 2 104 153 96 6 234 203 168 4 240

4 2 3 7 54 18 8 120 104 48 8 210 154 60 8 288 204 64 12 504

9 4 2 6 55 40 4 72 105 48 8 192 155 120 4 192 205 160 4 252

6 2 4 12 56 24 8 120 106 52 4 162 156 48 12 392 206 102 4 312

7 6 2 8 57 36 4 80 107 106 2 108 157 156 2 158 207 132 6 312

8 4 4 15 58 28 4 90 108 36 12 280 158 78 4 240 208 46 10 434

9 6 3 13 59 58 2 60 109 108 2 110 159 104 4 216 209 180 4 240

10 4 4 18 60 16 12 168 110 40 8 216 160 64 12 378 210 48 16 576

I, 10 2 12 61 60 2 62 111 72 4 152 161 132 4 192 211 210 2 212

12 4 F 28 62 30 4 96 112 48 10 248 162 54 10 363 212 104 6 378

13 t2 2 14 63 36 6 104 113 112 2 114 163 162 2 164 213 140 4 288

14 6 4 24 64 32 7 127 114 36 8 240 164 80 6 294 214 106 4 324

1S 8 4 24 65 48 4 84 115 88 4 144 165 80 8 288 215 168 4 264

16 8 5 31 66 20 8 144 116 56 6 210 166 82 4 252 216 72 16 600

17 16 2 18 67 66 2 68 117 72 6 182 167 166 2 168 217 180 4 256
18 6 6 39 68 32 6 126 118 58 4 180 168 48 16 480 218 108 4 330

19 18 2 20 69 44 4 96 119 96 4 144 169 156 3 183 219 144 4 296

20 8 6 42 70 24 8 144 120 32 16 360 170 64 8 324 220 80 12 504

21 12 4 32 11 70 2 72 121 110 3 133 171 108 6 260 221 192 4 252

22 10 4 36 72 24 12 195 122 60 4 186 172 84 6 308 222 72 8 456

23 22 2 24 73 72 2 74 123 80 4 168 173 172 2 174 223 222 2 224

24 8 8 60 74 36 4 114 124 60 6 224 174 56 8 360 224 96 12 504

25 20 3 31. 15 40 6 124 125 100 4 156 175 120 6 248 225 1.20 9 403

26 12 4 42 76 36 6 140 126 36 12 312 176 80 10 372 226 112 4 342

27 18 4 40 17 60 4 96 127 126 2 128 177 116 4 240 227 226 2 228

28 12 6 56 18 24 8 168 128 64 8 255 178 88 4 270 228 72 12 560

29 28 2 30 79 78 2 80 129 84 4 176 179 178 2 180 229 228 2 230

30 8 8 72 80 32 10 186 130 48 8 252 180 48 18 546 230 88 8 432

31 30 2 32 81 54 5 121 131 130 2 132 181 180 2 182 231 120 8 384

32 16 6 63 82 40 4 126 132 40 12 336 182 72 8 336 232 112 8 450

33 20 4 48 83 82 2 84 133 108 4 160 183 120 4 248 233 232 2 234

34 16 4 54 84 24 12 224 134 66 4 204 184 88 8 360 234 72 12 546

35 24 4 48 85 64 4 108 135 72 8 240 185 144 4 228 235 184 4 288

36 12. 9 91 86 42 4 132 136 64 8 270 186 60 8 384 236 116 6 420

31 36 2 38 87 56 4 120 137 136 2 138 187 160 4 216 237 156 4 320

38 IR 4 60 98 40 8 180 138 44 8 288 188 92 6 336 238 96 8 432

39 24 4 56 89 88 2 90 139 138 2 140 189 108 8 320 239 238 2 240

40 16 8 90 90 24 12 234 140 48 12 336 190 72 8 360 240 64 20 744

41 40 2 42 91 72 4 112 141 92 4 192 191 190 2 192 241 240 2 242

41 12 8 96 92 44 6 168 142 70 4 216 192 64 14 508 242 110 6 399

43 42 2 44 93 60 4 128 143 120 4 168 193 192 2 194 243 162 6 364

44 20 6 84 946 4 144 144 48 15 403 194 96 4 294 244 120 6 434

45 24 6 18 95 12 4 120 145 112 4 180 195 96 8 336 245 168 6 342

46 22 4 72 96 32 12 252 146 72 4 222 196 84 9 399 246 80 8 504

AI 46 2 48 97 96 2 98 147 84 6 228 197 196 2 198 247 216 4 280

48 16 10 124 9R 42 6 171 148 72 6 266 198 60 12 468 248 120 8 480

4 42 3 57 99 60 6 156 149 148 2 150 199 198 2 200 249 164 4 336

50 20 6 93 100 40 9 217 150 40 12 372 200 80 12 46'i 250 100 8 468

From British Association for the Advancement, of Science, Mathematical Tables, vol.VIII,Number-divisor
tables. Cambridge Univ. Press, Cambridge. England, 1940 (with permission).
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Table 24.6

4n) go l
251 250 2 252 301 252 4 352 351 216 8 560 401 400 2 402 451 400 4 504

252 72 18 728 302 150 4 456 352 160 12 756 402 132 8 816 452 224 6 798
253 220 4 288 303 200 .4 408 353 352 2 354 403 360 4 448 453 300 4 608
254 126 4 384 304 144 10 620 354 116 8 720 404 200 6 714 454 226 4 684
255 128 8 432 305 240 4 372 355 280 4 432 405 216 10 726 455 288 8 672

256 128 9 511 306 96 12 702 356 176 6 630 406 168 8 720 456 144 16 1200
257 256 2 268 307 306 2 308 357 192 8 576 407 360 4 456 457 456 2 458
258 84 8 528 308 120 12 672 : 358 178 4 540 408 128 16 1080 458 228 4 690

259 216 4 304 309 204 4 416 359 358 2 360 409 408 2 410 459 288 8 720
260 96 12 588 310 120 8 576 360 96 24 1170 410 160 8 756 460 176 12 1008

261 168 6 390 311 310 2 312 361 342 3 381 411 272 4 552 4b1 460 2 462
262 130 4 396 312 96 16 840 362 180 4 .546 412 204 6 728 462 120 16 1152
263 262 2 264 313 312 2 314 363 220 6 532 413 348 4 480 463 462 2 464

264 80 16 720 314 156 4 474 364 144 12 784 414 132 12 936 464 224
1

9 930

265 208 4 324 315 144 12 624 365 288 4 444 415 328, 4 504 465 240 8 768

266 108 8 480 316 156 6 560 366 120 8 744 416 192' 12 882 466 232 4 702

267 176 4 360 317 316 2 318 367 366 2 368 417 276 4 560 467 466 2 468
268 132 6 476 318 104 8 648 368 176 10 744 418 180 8 720 468 144 18 1274
269 268 2 270 319 280 4 360 369 240 6 546 419 418 2 420 469 396 4 544

270 72 16 720 320 128 14 762 370 144 8 684 420 96 24 1344 470 184 8 864

271 270 2 272 321 212 4 432 371 312 4 432 421 420 2 422 471 312 4 632

272 128 10 558 322 132 8 576 372 120 12 896 422 210 4 636 472 232 8 900

273 144 8 448 323 288 4 360 373 372 2 374 423 276 6 624 473 420 4 528
274 136 4 414 324 108 15 847 374 160 8 648 424 208 8 810 474 156 8 960

275 200 6 372 325 240 6 434 375 230 8 624 425 320 6 558 475 360 6 620

276 88 12 672 326 162 4 492 376 184 8 720 426 140 8 864 476 192 12 1008
277 276 2 278 327 216 4 440 377 336 4 420 427 360 4 496 477 312 6 702

278 138 4 420 328 160 8 630 378 108 16 960 428 212 6 756 478 238 4 720

279 180 6 416 329 276 4 384 379 378 2 380 429 240 8 672 479 478 2 480

280 96 16 720 330 \ 80 16 864 380 144 12 840 430 168 8 792 480 128 24 1512

281 280 2 282 331 330 2 332 381 252 4 512 431 430 2 432 481 432 4 532

282 92 8 576 332 164 6 588 382 190 4 576 432 144 20 1240 482 240 4 726

283 282 2 284 333 216 6 494 383 382 2 384 433 432 2 434 483 264 8 768

284 140 6 504 334 166 4 500. 384 128 16 1C20 434 180 8 768 484 220 9 931

285 144 8 480 335 264 4 408 385 240 8 576 435 224 8 720 485 384 4 588

286 120 8 504 336 96 20 992 386 192 4 582 436 216 6 770 486 162 12 1092

287 240 4 336 337 336 2 338 387 252 6 572 437 396 4 480 487 486 2 488
288 96 18 819 338 156 6 549 388 192 6 686 438 144 8 888 488 240 8 930

289 272 3 307 339 224 4 456 389 388 2 390 439 438 2 440 489 324 4 656

290 112 .8 540 340 128 12 756 390 96 16 4008 440 160 16 1080 490 168 12 1026

291 192 4 392* 341 300 4 394 391 352 4 432 441 252 9 741 491 490 2 492

292 144 6 518 342 108 12 780 392 168 12 855 442 192 8 756 492 160 12 1176

293 292 2 294 343 294 4 400 393 260 4 528 443 442 2 444 493 448 4 540

294 84 12 684 344 168 8 660 394 196 4 594 444 144 12 1064 494 216 8 840

295 232 4 360 345 176 8 576 395 312 4 480 445 352 4 540 ¶95 240 12 936

296 144 8 570 346 172 4 522 396 120 18 1092 446 222 4 672 446 240 10
956297 180 8 480 347 346 2 348 397 396 2 398 447 296 4 600 an 420

298 148 4 450 348 112 12 840 398 198 4 600 448 192 14 1016 498 164 C 1008

299 264 4 336 349 348 2 350 399 216 8 640 449 448 2 450 499 498 2 500

300 80 18 868 350 120 12 744 400 160 15 961 450 120 18 1209 500 200 12 1092

ifter page n.
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al n 44n) cril al n .1,(n) au at n ,(n) au al

501 352 4 672 551 504 4 600 601 600 2 602 651 360 8 1024 701 700 2 702
502 250 4 756 552 176 16 1440 602 252 8 1056 652 324 6 1148 702 216 16 1680
503 502 2 5C4 553 468 4 640 603 396 6 884 653. 652 2 654 703 648 4 760
504 144 24 1560 554 276 4 834 604 300 6 1064 654 216 8 1320 704 320 14 1524
505 400 4 61: 555 288 8 912 605 440 6 798 655 520 4 792 705 368 8 1152

506 220 8 864 556 276 6 990 606 200 8 1224 656 320 10 1302 706 352 4 1062
507 312 b 732 557 556 2 558 607 606 2 608 657 432 6 962 707 600 4 816
508 252 6 896 558 180 12 1248 608 288 12 1260 658 276 8 1152 708 232 12 1680
509 50.8 2 510 559 504 4 616 609 336 8 960 659 658 2 660 709 708 2 710
510 128 16 1296 560 192 20 1488 610 240 8 1116 660 160 24 2016 710 280 8 12%

511 432 4 592 561 320 8 864 611 552 4 672 661 660 2 662 711 468 6 1040
512 2% 10 1023 562 2:1C: 4 846 612 192 18 1638 662 330 4 996 712 352. 8 1350
513 324 8 830 563 562 2 564 613 612 2 614 663 384 8 1008 713 660 4 768
514 256 4 774 564 184 12 1344 614 306 4 924 664 328 8 1260 714 192 16 1728
515 408 4 624 565 448 4 684 615 320 8 1008 665 432 8 960 715 480 8 1008

516 168 12 1232 566 282 4 852 616 240 16 1440 666 216 12 1482 716 356 6 1260
517 460 4 576 567 324 10 968 617 616 2 618 667 616 4 720 717 476 4 960
518 216 8 912 568 280 8 1080 618 204 8 1248 668 332 6 1176 718 358 4 1080
519 344 4 696 569 568 2 570 19 618 2 620 669 444 4 896 719 718 2 720
520 192 16 1260 570 144 16 1440 20 240 12 1344 670 264 8 1224 720 192 30 2418

521 520 2 522 571 570 2 572 1 396 8 960 671 600 4 744 721 612 4 832
522 168 12 1170 572 240 12 1176 40622 310 4 936 672 192 24 2016 722 342 6 1143
523 522 2 524 573 380 4 768 (.623 528. 4 720 673 672 2 674 723 480 4 968
524 260 6 924 574 240 b 1008 624 192 20 1736 674 336 4 1014 724 360 6 1274
525 240 12 992 575 440 6 744 625 500 5 781 675 360 12 1240 725 560 6 930

526 262 4 792 576 192 21 1651 626 312 4 942 676 312 9 1281 726 220 12 1596
527 480 4 576 577 576 2 578 627 360 8 960 677 676 2 678 727 726 2 728
528 160 20 1488 578 272 6 921 628 312 6 1106 678 224 8 1368 728 288 16 1680
529 506 3 553 579 384 4 776 629 576 4 684 679 576 4 784 729 486 7 1093
530 208 8 972 580 224 12 1260 630 144 24 1872 680 256 16 1620 730 288 8 1332

531 348 6 780 581 492 4 672 631 630 2 632 681 452 4 912 731 672 4 792
532 216 12 1120 582 192 8 1176 632 312 8 1200 682 300 8 1152 732 240 12 1736
533 480 4 588 583 520 4 648 633 420 4 848 683 682 2 684 733 732 2 734
534 176 8 1080 584 288 8 1110 634 316 4 954 684 216 18 1820 734 366 4 1104
535 424 4 b48 585 288 12 1092 635 504 4 768 685 544 4 828 735 336 12 1368

536 264 8 1020 586 292 4 882 636 208 12 1512 686 294 8 1200 736 352 12 1512
537 3% 4 720 587 586 2 588 637 504 6 798 687 456 4 920 737 660 4 816
538 26A 4 810 588 168 18 1596 638 280 8 1080 688 336 10 1364 738 240 12 1636
539 420 6 684 589 540 4 640 639 420 6 936 689 624 4 756 739 738 2 740
540 144 24 1680 590 232 8 1080 640 256 16 1530 690 176 16 1728 740 288 12 1596

541 540 2 542 591 392 4 792 641 640 2 642 691 690 2 692 741 432 8 1120
542 270 4 816 592 288 10 1178 642 212 8 1296 692 344 6 1218 742 312 8 1296
543 160 4 728 593 592 2 594 643 642 2 644 693 360 12 1248 743 742 2 744
544 156 12 1114 594 180 16 1440 '644 264 12 1344 694 346 4 1044 744 240 16 1920
545 432 4 660 595 384 8 864 645 336 8 1056 695 552 4 840 745 592 4 900

'i46 144 16 1344 596 296 6 1050 646 288 8 1080 696 224 16 1800 746 372 4 1122
,,417 546 2 548 597 396 4 800 647 646 2 648 697 640 4 756 747 492 6 1092
548 27? 6 .166 598 264 8 1008 648 216 20 1815 698 348 4 1050 748 320 12 1512
549 1W) I) 806 599 598 7 600 649 580 4 720 699 464 4 936 749 636 4 864
',50 209 12 1116 600 160 24 1860 650 240 12 1302 700 240 18 1136 75C 200 16 1872
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Table 21.6

4(n) an al

751 750 2 752 801 528 6 1170 851 792 4 912 901 832 4 972 951 632 4 1272

152 368 10 1488 802 400 4 1206 852 280 12 2016 902 400 8 1512 952 384 16 2160

753 500 4 1008 803 720 4 888 853 852 2 854 903 504 8 1408 953 952 2 954

754 336 8 1260 804 264 12 1904 854 360 '8 1488 904 448 8 1710 . 954 312 12 2106

755 600 4 912 805 528 8 1152 855 432 12 1560 905 720 4 1092 955 760 4 1152

756 216 24 2240 806 360 8 1344 856 424 8 1620 906 300 8 1824 956 476 6 1680

757 756 2 758 807 536 4 1080 857 856 2 858 907 906 2 908 957 560 8 1440

758 378 4 1140 808 400 8 1530 858 240 16 2016 908 452 6 1596 958 478 4 1440

759 440 8 1152 809 808 2 810 859 858 2 860 909 600 6 1326 959 816 4 1104

760 288 16 1800 810 216 20 217$ 860 336 12 1848 910 288 16 2016 960 256 28 3048

761 760 2 762 811 810 2 812 861 480 8 1344 911 910 2 912 961 930 3 993

16? 252 8 1536 812 336 12 1680 862 430 4 1296 912 288 20 2480 962 432 8 1596

163 648 4 880 813 540 4 1088 863 862 2 864 913 820 4 1008 963 636 6 1404

764 380 6 1344 814 360 8 1368 864 288 24 2520 914 456 4 1374 964 480 6 1694

765 384 12 1404 815 648 4 984 865 688 4 1044 915 480 8 1488 965 768 4 1164

766 382 4 1152 816 256 20 2232 866 432 4 1302 916 456 6 1610 966 264 16 2304

761 696 4 840 81.7 756 4 880 867 544 6 1228 917 780 4 1056 967 966 2 968

168 256 18 2044 818 408 4 1230 868 160 12 1792 918 288 16 2160. 968 440 12 1995

169 168 2 770 819 432 12 1456 869 780 4 960 919 918 2 920 969 576 8 1440

170 240 16 1728 820 320 12 1764 870 224 16 2160 920 352 16 2,160 970 384 8 1764

771 512 4 1032 821 820 2 822 871 792 4 952 921 612 4 1232 971 970 2 972

772 384 6 1358 822 212 8 1656 872 432 8 1650 922 460 4 1186 972 324 18 2548

111 772 2 774 823 822 2 824 873 576 6 1274 923 840 4 1008 973 828 4 1120

174 25? 12 1716 824 408 8 1560 874 396 8 1440 924 240 24 2668 486 4 1464

775 600 6 992 825 400 12 1488 875 600 8 1248 925 720 6 1178 975 480 12 1736

776 384 8 1470 826 348 8 1440 876 288 12 2072 926 462 4 1392 976 480 10 1922

777 432 8 1216 827 826 2 828 877 876 2 878 927 612 6 1352 977 976 2 978

778 388 4 1170 828 264 18 2184 878 438 4 1320 928 448 12 1890 978 324 8 1968

179 720 4 840 829 828 2 830 879 584 4 1176 929 928. 2 930 979 880 4 1080

180 192 24 2352 830 328 8 1512 880 320 20 2232 930 240 16 2304 980 336 18 2394

781 700 4 864 831 552 4 1112 881 880 2 882 931 754 ) 6 1140 981 648 6 1430

782 352 8 1296 832 384 14 1778 882 252 18 2223 932 464 6 1638 982 490 4 1476

783 504 8 1200 833 672 6 1026 883 882 2 884 933 4 1248 983 982 2 984

784 336 15 1767 834 276 8 1680 884 384 12 1764 934
.620
:466 4 1404 984 320 16 2520

785 624 4 948 835 664 4 1008 885 464 8 1440 935 1,640 8 1296 985 784 4 1188

786 260 8 1584 836 360 12 1680 886 442 4 1:32 936 288 24 2730 986 448 8 1620

187 186 2 788 837 540 8 1280 887 886 2 888 937 936 2 938 987 552 8 1536

188 192 6 1386 838 418 4 1250 888 288 16 2280 918 396 8 1632 988 432 12 1960

789 524 4 1056 839 838 2 840 889 756 4 1024 939 624 4 1256 989 924 4 1056

790 312 8 1440 840 192 32 2880 890 8 1620 940 368 12 2016 990 240 '24 2808

791 612 4 912 841 812 3 871 89 / 540 10 1452 941 940 2 942 991 990 ' 2 992

192 240 24 2340 842 420 4 1266 444 6 1568 942 312 8 1896 992 480 12 2016

193 720 4 868 .843 560 4 1128 93 828 4 960 943 880 4 1008 993 660 4 1328

194 396 4 1194 844 420 6 1484 894 296 8 1800 944 464 10 1860 994 420 8 1728

195 416 8 1296 845 624 6 1098 895 712 4 1080 945 432 16 1920 995 792 4 1200

196 196 6 1400 846 216 12 1872 896 384 16 2040 946 420 8 1584 996 328 12 2352

191 796 2 198 847 660 6 1064 897 528 8 1344 947 946 2 948 997 996 2 998

198 716 16 1920 848 416 10 1674 898 448 4 1350 948 312 12 2240 998 498 4 1500

199 n6 4 864 849 564 4 1136 899 840 4 960 949 864 4 1036 999 648 8 1520

800 320 18 1953 850 320 1? 1614 900 240 27 2821 950 360 12 1860 1000 400 16 2340
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p

0
1

3

F 3
4

i 8
7
8

6

9
1 10

11
12
13
14

15
18
17

19
18

20
21

23
24

22

25
26
27
28
29

30
31
32
33
34

35
36
37
38
39

40
41
42
43
44

45
46
47
48
49

-
2.5
21.5

2.3.5
215

' 2.5'
21.3.5
2.5.7ra
2.31.5

21.51
2.5.11
21.3.5
2.5.13
21.5.7

2.3.5'
21.5

2.5.17
21.31.6
2.5.19

215'
2.3.5.7
21.211
2.5.23
V.3.5
2.81

2E5.13
2.3'8
21.5.7/ 2.5.29

..:( 21.3.51
2.5.31

21.5
23b11
21.5.17

r .51.7
21316
2.5.37
21.5.19

2.3.5.13

24.51
2.5.41

V 3.5.7
2 4.43
215.11

2.31.50
21.5.23
2 5.47
21.3 5
2 5.71

1

11
3.7
31
41

3.17
61
71
31

7.13

101.
3.37
III
131
3.47

151
7.23
31.19
181
191

\. 3.67
211

13.17
3.741

241

251
31.29
271
281
397
7.43
311

3.107
. 331
11.31

31.13
191

7.53
3.127
17.23

401
3.137
421
431

31.71

11.41
401

3.157
13.37
491

2
2.3
2.11
2'

247
21.13
241
21.31
3.41
2.23
3.317
21.7
2.81

21.211
241
21.19
2.3'

22.43
2.7.13
2.3

2.101
21.53
2.3.37
21.29
2.111

21.317
2.131
24.17
2.3.47
2.73
2.151
213.13
2.7.23

. 2'.83
2.31.19

26.11
2.181
21.3.31
2.191
21.71

2.3.87
71.103
2.211
24.31

2.13.17

21.113
2.3.7.11

2159
2.241
21.3.41

.

3
13

3.11
43

53
314
73
83

3.31

103
113
3.41
7.19
11.13

31.17
103
173

3.81
193

7.29
3.71
22$
233
3'

11.2i .
263

3.7.13
283
293

3.101
313
17.19
31.37

71

353
3.111
373
328

3.131

13.31
7.59
3147
433
443

3.151
463

11.43
3.7.23
47411

V
2.7
323
2.17
2.11

2.37

2.3'
2'

21.3.7
2.47

213
.1921

2'.31
2.87
2$.31

2.7.11
21.41
2.3.29
21.23
197

21.3.17
2.107
21.7

23113
21.81

2.127
21.3.11
2.137
21.71
2.3.71

21.19
2.157
21.31

2487 .
21.43

3.3.59
214.13
2.11.17

273
2.197

21.101
2.31.23
21.53
2.7.31
21.3.37

2.227
219

2.3.79
21411_

2.13.19

,

6
3.5
5/
5.7

. 31.5

5.11
5.13
3.51
5.17
5.19

3.5.7
5.23

51
31.5
5.29

5.31
3.5.11

51.7
5.37

3.5.13

5.41
5.43
31.61
5.47
5.7'

3.5.17
5.53
51.11
3.5.19
5.59

5.81
31.5.7
61.13

. 5.67
3.5.23

8.71
5.73
3.5'

5.7.11
5.79

345
5.83
51.17
3.5.29
5.89

6.7.13
3.5.31
51.19
5.97

316 11

2.3
2'

2.13
21 .31
2.23

217
2.3.11
21.19
2.43
213

253
21 .29
2.31.7
21.17
2.73

21.3.13
2.83
21.11
2.3.31
2141

2.103
31.31
2.113
2149
24.41

2$
2.7.19
21.123
2.11.13

2$37

2.31.17
21.79
2.163
213.7
2.173

21.89
2.3.61
21.47
2.193

21.31.11

24.29
21.13
2.3.71
21.109
3.223

21.3.19
2.233

21.7.17
2.31

21 3t

7
17

3$37
47

3.19
87

7.11
3.29
97

107
31.13
127
137
3.7'

157
167

3.59
11.17
197

P23
7.31
227
3.79
13.19

257
3.89
277
7.41

.31 11

307
317

3.109
337
347

a
3.7.17

347
13.29
31.43
397

11.37
3.139
7.81
19.23
3.149

457
447

31.53
487

7 71

,
/,'

j

!

1

'

21
2.31
217
2.19
213

2.29
21.17
2.3.13
21.11
2.7'
21.31
2.59

27

2.3.23
26.37

2.79
214.7
2.89
21.47

22011
2413
2.109

2E3.19
2.7.17
21.31

24.43
21.67
2.139
21.31

.2 149

21.7.11
2.3.53
2141
2132

21.3.29

2.179
2133
2.31.7
21.97
2.199

21.3.17
2.11.19
21107
2.3.73

21.7

2.229
21.31.13
2.239
2161
2.3.83

3'
19
29

3.13
7'

3.23

89

59

79

3111

109
7.17
3.43
139
149

3.53
13'

, 179
/ 3s..7

199

11.19
3.73

3.83

229
239

7.37
269

3131
17'

.13 23

3.103
11.29
7.47
3.113
349
359
3141
379
389

3.719
409
419

3.11.13
439
449

3117
7 67
479

3.163
499

1.4
0 :lb
1 *4
2
3
4

5
6

87

9

10
11
12
13
14

15
16 8
17
18
19

ill 120 4-41 0 .0
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N 1 2 3 4 5

300 22.54 3001 3.19.72 3.7.11.13 21.751 5.601 2.32.1.67 3147
301 2.5.7.43 3011 22.3.251 23.131 2.11.137 0 325.67 '22.13.29 7.431
302 225.151 3.19.53 2.1511 3023 24.354 51.112 2.17.89 3.1009
303 2.3.5.101 7.433 2'.379 32.337 2.37.41 5.607 22211.23 3037
304 25.5.19 3041 232.132 17.179 . 21.761 3.5.7.29 2.1523 11.277

305 252111 35113 2'.7.109 43.71 23.509 5.13.47 24.191 3.1019
306 22.31.5.1T 3061 2.1531 3.1021 2'.383 5.613 2.3.7.73 3067
307 2.5.307 37.83 241%3 7.439 2.29.53 3;52.41 22769 17.181
308 245.7.11 213.79 2.23.67 3083 223.257 5.617 2.1543 322
309 2.3.5.103 11.281 7.772 3.1031 2.7.13.17 5.619 2232.43 19.163

310 22.52.31 7.443 2.3.11.41 29.107 25.97 31.5.23 2.1553 13.239
311 2.5.311 3.17.61 7389 11;283 2.32.173 5.7.89 22.19.41 3.1039
312 7.3.5.13 3121 2.7.223 32.347 22.11.71 56 2.2521 53.59
313 2.5.313 31.101, 22.32.29 13.241 2.1567 3.5.11.19 24.711 3137
314 22.5.157 32349 21571 7.449 25.3.131 5.17.37 2112.13 3.1049
316 2.32.51.7 23.137 24.197 3.1051 21283 5.631 22.3.263 7.11.41
316 22.5.79 39.109 2.3.17.31 3163 22.7.113 3.5.211 2.1583 3167
318 17

3
2.5.317
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34.151
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32 7.52 3.11.97 2.1601 3203 7.32.89 5.641 2.7.229 21069
321 2.3.5.107 132.19 22.11.73 7.7.17 21607 5.643 24.3.67 3217
322 22.5.7.23 3221 - 232.179 11.293 22.13.31 252.43 2.1613 7.461
323 2.5.17,19 32.359 22.101 53.61 2.3.72.11 5.647 22.809 21343
324 / 2234.5 7.463 2.1621 3.23.47' 22.811 5.11.59 2.3.541 17.191

325 2.52.13 3251 7.3.271 3253 2.1627 34.7.31 24.11.37 3257
320 22.5.163 3.1087 2.7.233 13.251 25.3.17 5.653 2.23.71 32.114
327 2.3.5.109 3271 2c 409 21091 2.1537 52.131 21.32.7.13 29.113
328 24.5.41 17.193 2.3.547 72.67 22.821 32.5.73 2.31.53 19.173
329 2.5.7.47 3.1097 21.823 37.89 232.61 5.659 7.103 3.7.157
330 7.3.5241 3301 2.13.127 31.367 22.7.59 5.661 2.3.19.29 3307

I 331 2.5.331 7.11.43 24.32.23 3313 2.1657 3.5.13.17 2'.829 31.107
332 225.83 34.41 2.11.151 3323 22.2277 524.19 \ 2.1663 3.1109
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334 22.5.167 13.257 2.3.557. 3343 24.11.19 25.223 2.7.239 3347
335 2.5567 3.1117 22.419 7.479 . 2.3.13.43 5.11.61 N.. 22.839 32.373
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337 2.5.337 3371 22.3.281 ' 3373 2.7.241 32.52 24.211 11.307
338
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23.5.113
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31.13.29

22.32.47
2.1697
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5.7.97

2.1693
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43.79

340 215E17 19.179 2.32.7 41.83 224237 3.5.227 2.13.131 3407
341 2.5.11.31 32.379 22.853 3413 2.3.569 5.683 2'.7.61 3.17.67
342 7.32.5.19 11.311 2.2259 343433.163 25.107 51.137 2.5.571 23.149
343. 2.5.72 47.73 7.211.13 2.17.101 3.5.239 7.859 7.491
344 24.5.43 3.31.37 2.1721 11.313 21.3.7.41 5.1253 2.1723 32.383 '

34 2.3.52.23 7.17.29 7.863 3.1151 2.11.167 5.691 2'.3' 3457
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22.5.173
25,2147
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3.13.89
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25.47 3.17.59 300 1
2.3.503 3019 301 '4
22757 13.233 302
2.7'.31 21013 303

21.3.127 3049 304
2.11.139 7.19.23 305
22.13.59 32.11.31 306
2.34.19 3079
24.193 3089
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308 \

2.1549 31033 309
22.3.7.37 3109 310

2.1559 3119 311
2c17.23 3.7.149 312
2.3.523 43.73 313
7.787 4707 314
2.1579 32.13 315

2522.11 3169 316
2.7.227 11.172 317
22.797 3.1063 318

2.3.13.41 7.457 319
22.401 3209 320
2.1609 329.37 321

22.3.269 3229 322
2.1619 41.79 323
24.7.29 31.192 324

2.32.181 3259 325
22.19.43 7.467 326
2.11.149 3.1093 327
73.137 11.13.23 328
2.17.97 3299 329
22.827 3.1103 330

2.3.7.79 3319 331
32.13 3329 332

2.1669 324.53 333
2E31.31 17.197 334
2.23.73 3359 335 .

22.421 3.1123563
7.7.111

31.1
3309

09 33.1
338

21699 211.103 339
24441 7.487 340
21709 1263 341
22.857 3437 342

232.191 19.181 343
22.431 3449 344

2.7.13.19 3.1153 345
2'.8.17' 049 346
2.37.4 72.761 347
22.109 21163 348 t

2-3.11.53 8499 349
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368 24423 31.409 2.7.263, 29.127
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34.454 3.1289
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1 2 a 3 4 5 6

700 2'.5'.7 7001 .2.31389 47.149 2147.103 3.5.4Q7 2.31.113
701 2.5.701 31,10.41 2'.1753 7013 2.3.7.167 5.23.61 26.877
702 21.33.5.13 7.17.59 2.3511 3.2341 V439 51481 2.3.1171
703 2.5.19.37 79.89 21.3.293 13.541 2.3517 3.5.7.67 21.1759
704 27.5.11 3.2347 2.7.503 7043 21.3.587 5.1409 2.13.271

70 2,4.51.47 11.641 21.41.43 3.2351 23527 5.1743 21.31.71
706 26.5.353 23.307 2.3.11.107 7.1002 2883 31.5.157 2.3533
70.7 2.5.7.101 3.2357 214 347 11.643 2484 31 51.283 214261
708 2 3.5.59 73.97 2.3541 31.787 28.7.1.1.23 5.13.109 2.3.1181
709 2.5.709 7.1013 '28.31.197 41.173 2.3547 3.5.11.43 2887
710 26.56.71 3'.263 24267 7103 21447 5.7149 2.11.17.19
711 2.31 79 13.547 21.7.127 3.2371 2.3557 5.1423 21.3.593
712 V5. 9 7121 2.3.1187 17.419 21.1 2137 1' 34819 2.7.509
713 2.5.23. 1 3.2377 21.1783 7.1019 2.3.29.41 5.1427 21.223
714 V.3.5.7 7 37.193 24571 34381 28.19.47 54429 2.31.397

715 2.56.11.1 7151 21.3.1 49 23.311 2.71.73 38443 214 789
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719 2.5.719 31.17.47 2829.31 7193 2.3.11.109 54439 21.7.257

720 V31.56 19.379 2.13.277 3.74 21.1801 5.11.131 .2.3.1201
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725 2.5c 29 3.2417 21.71.37 7253 2.31.13.31 5.1451 ..Ar 2407
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728 2'.5.7.13 36809 2.11.331 7283 21.3.607 5.31.47 2.3643
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750 21.3.31 13.577 2.111.31 3.41.61 24.67 5.19.79 2.31.139 7507 21.1877 3.2503
751 2.5.751 7.29.37 23.3.313 11.683 2.13.171 31.5.147 21.1879 7517 2.3.7.179 73.103
782 21.5.47 3.23.109 2.3761 7523 214141.19 31.7.43 2.53.71 3.13.193 23941 7529
753 2.3.5.251 17.443 217.269 3131 2.3767 5.11.137 24.3.157 7837 2.3769 3.7.359
754 21.6.13.29 7541 2.31419 19.397 2323.41 3.5.503 2.73.11 7547 21.34 7.37 7549

755 2.53.151 31.839 'P.59 . 7.13.83 '2.3.1259 5.1511 214889 3.11.229 2.3779 "559
756 2333.5.7 7561 2.19.199 3.2521 21.31.61 6.17.89 2.3.13.97 7.23.47 24.11.43 3E291
737 2.5.757 67.113 21.3.631 7573 2.7.541 3.51.101 23.947 7577 2.33.421 11.13.63
758 21.5.379

's
3.7.19$ 2.17.223 7583 21.3.79 5.37.41 2.3793 31.281 21.7.271 7589

759 2.3.5.11.23 , 7591 21.13.73 3.2531 . 2.3797 5.71.31 21.31.211 71.107 2.29.131 3.17.149

760 2451.to 11.691 .2.3.7.181 7603 21.1901 31.5.131 2.3803 7607 23.3.317 7.1087
761 2.8.761 3.43.59 21414 73 23.331 2.34.47 5.1523 21.7.17 3.2539 2.13.293 19.401
762 21.3.54 27 7621 2.37.103 414.111 21.953 51.61 2.3.31.41 29.263 21.1907 3.2543
763 2.5.7.109 13.587 24.31.53 17.449 2.11.347 411 3.5.509 21.23.83 7.1091 1 2.3.19.07 7639
764 23.5.191 36.283 2.3821 7843 21.3.71.13 541.139 2.3823 3.2549 2'.239 . 7849

765 2.31:51.17 7.1093 214413 3.2551 2.43.89 5.1531 23.3.11.29 13.19.31 2.7.547 31.23.37
766 21.8.383 47.163 2.3.1277 79.97 24.479 3.5.7.73 2.3833 11.17.41 23.33.71 7669
767 2.5.13.59 3.2557 23.7'437 7673 2.3.1279 51.307 21.19.101 31.853 2.11.349 7.1097
768 23.3:5 7681 243.167 3.13.197 21.17.113 5.29.53 2.31.7.61 7687 23.311 3.11.233
769 2.5.769 7891 2113.641 70.147 2.3847 34.5.19 V.13.37 43.179 2.3.1283 7699

770
771

23517.11
2.3.5.257

3.17.151
11.701

'`.12.3851
'11.241
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31.857 =
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2.7.19.29

5.23.67
5.1543

2.3853
21.3.643

3.7.367
7717

21.41.47
2.17.227

13.593
3.31.83

772 23.5.193 7.1103 /2.041.13 7723 21.1931 3-51.103 2.3863 771/ 24.3.7.23 59.131
773 2.5.773 31.859 21.1933 11.19.37 e 2.3.1289 5.7.13.17 23.967 3.2579 2.53.73 71.109
774 23.31.5.43 7741 2.73.79 3.29.89 .26.111 5.1649 2.3.1291 61.127 21.13.149 33.7.41

775 2.53.31 23.337 23.3.17.19 7753 2.3877 3.5.11.47 21.7.277 7757 2.31.431 7759

7767
24.5.07

2.3.5.7.37
3.13.199

19.409
2.3881

21.29.67
7.1109
3.2591

21.3.647'
2.13123

5.1553
53.311

2.11.353
28.38

31.863
7.11.101

23.971
2.3889

17.457
3.2593

. 778 23.5.389 31.251 2.3.1297 43.181 23.7.139 31.5.173 2.17.229 13.599 21.3.11.59 7789
779 2.5.19.41 3.71.53 V487 7793 2.31433 5.1559 21.1949 3.23.113 2..567 11.709

780 23.3.51.13 29.269 2.47.83 33.171 21.1981 5.7.223 2.3.1301 37.211 V01 3.19437
781 2.5.11.71 73497 21.31.7.31 13.60) 2.3907 3.5.521 23.977 7817 2.3.1303 7.1117
782 23.5.17.23 3141.79 2.3911 '782 'P.13.163 51.313 2.7.13.43 3.2609 21.19.103 7829
783 2.33.5.29 4,1.191 23.11.89 3.7.373 2.3917 5.1567 21.3.653 17.461 2.3919 31.13.07
784 2e.5.71 7841 2.3.1307 11.23.31 21.37.53 3.5.523 2.392311 7.19.59 23.31.109 47.167

785 2.51.167 3.2617 21.13.181 7853 2.3.7.11.17 5.1571 24491 34.97 2.3929 29.271
786 21.3.5.131 7.1123 24031 3.2621 23.983 5.111.13 2.31.19.23 7867 21.7.231 3.43.61
787 2.5.787 17.463 26.3.41 7873 2.31.127 31.53.7 21.11.179 7877 '2.3.13.101 7879
788 21.5.107 3.37.71 .2.7.563 7883 21.31.73 5.19.83 2.3943 3.11.239 24.17.29 73.23
789 2.3.5263 13.607 21.1973 31.877 2.3947 5.1579 23.3.7.47 53.149 2.11.359 3.2633

790 215179 7901 2.31,439 7.1129 2613.19 3.5.17.31 2.59.67 7907 21.3.059 11.719
791 2.5.7.113 33.293 23.23.43 41.193 2.3.1319 5.1583 21.1979 3.7.13.29 2.37.107 7919
792 24335.11 891 2.17.233 3.19.139 21.7.233 51.317. 2.3.1321 7927 23.091 31.831
793 2.5.13,61 7.11.103 21,3.661 7933 2.3067 3.5.231 2'.31 7937 . 2.34.71 17.4117
794 2'.5.397 3.2647 2.11.191 p 131.47 23.3.331 5.7.2'27 2.20.137 33.833 21.1987 7949

795 2.151.53 71151 241 .7 1 3.11.241 2.41.97 5.37.43 2131.13.17 73.109 2.23.173 3.7.379
796 23.5.199 19.419 2.3.1327 7983 2141.181 33.5.59 2.7.509 31.287 26.3.83 13.613
797 '2.5.797 3.2657 21.1993 7.17.67 2.3'.443 51.11.29 23.997 3.2659 2.3989 79.101
798 26.3.5.7.19 23.347 2.13.307 31.887 24.499 5.1597 2.3.111 71.163 23.1997 3.2063
709 2.5.17.47 61.131 23.3337 e 7993 2.7.571 3.5.13.41 21.1999 11.727 2.3.31.43 9124.421
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2.4909 38.

7
2.3.11.149 5.7.281 7.2459 1314093

28.31.7.13 9829 982
9839 983

723407 5.11479 2.31547 43.229
/2.4919

21.1231 3.71.67 984

2.14379 31.5.73 7.7.11
2.4933

9857 2.3.31.53 9859 985 t
98.31437 5.1973 3.11.13.23 21.2467

7.17.83 . 2.11.449
71.139 986

7.34232,4937 51.79 3.37.89 987
21.7.353 3.5.659

2.3.17.97
2.4943 MT 21.3.103 11.29.31 988

5.1979 7.1237 2.71.101 19.521 yi 989

24.819 5.7.283 2.3.1 3.127 9907 21.367 990
2.4957

7.2477
3.5.661 , 2147.67 2.314 9.29 7.13.109 991
51497 2.7.709

3147111031

9929 9927.3.827
232:419769432.4967 b.1987 7.31.23 I 19.523 3.3313 993

2.4973 214.82921.11.113 .38.5.13.17 7'.29 9949 994

2.31.7.79 5.11.181 21.19.131 3.3319 2.13.383
7.47.53 5.1993 2.3.11.151

11.907

23.433 ., 998 I.4

2.4987
244.89 3.2323 996

151119 28.29.43
2.4993

17.587 997 Wie

5.1997 3.3329
2.3.1663

. 7.343
2.19.263 5.1999 214714 7

7.11427 7.1427 998 8
31.11.101 9991p g13.709 , 2.4999

5.4 6-,

8°1 893
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864 COMBINATORIAL ANALYSIS

Table 24.8 Primitive Roots, Factorization of p--.1
g, G denote the least positive. and least negative (respectively) primitive roots of p. e denotes

whether 10, -10 both or neither are primitive roots.

P P- I g -G e p p -1
. .

p -0 . p P-1 9 -0

3 2' 2 1 -10 359 2.179 7 2 -10 821 2141 2 2 *10
5 2' 2 2 ... _ 367 23.61 6 2 10 823 2.3.137 8 t0
7 2.3 3 2 10 373 21.3.31. 2 2 827 2.7.59 2" 3 -10

II 2.5 2 3 - .. _ 879 2.3'.7 2 4 10 829 211.23 2 2
13 23.3 2 2 ..._ _ _ 383 2.191 8 2 10 839 2.419 11 2 -10
17 2' 3 3 ± 10 389 21.97 2 2 ± 10 883 23.71 2 2
19 2.32 2 4 10 397 2'.3'.11 5 ... 5 857 21.167 3 b *10
2g 2.11 5 2 10 401 2351 3 3 859 2.3.11.13 2 4 ... -
29 23.7 2 2 ± 10 409 23.3.17 21 21 883 2.431 5 2 10
31 2,3.5 3 7 -10 419 2.11.19 2 3 10 877 23-73 2 2
37 21.3' 2 2 .._ . _ 421 22.3.5.7 2 2 ' 881 2611 3 3
41 23.5 .8 6 431 2.5.43 7 5 -10 883 2.322 2 4 -10
43 2.3.7 3 9 -10 433 24.31 5 5 *10 887 2.443 . 5 2 10
47 2 23 5 2 10 439 2.3.73 15 8 -10 907 2.3.151 2 4
63 2' 13 2 2 .. .. 443 2.13.17 2 3 -10 911 2.8.7.13 17 8 -;10
69 2.29 2 3 10 449 26.7 3 3 919 24217 7 8 -10
61 23.3.5 2 2 +10 457 2'.3.19 13 13 929 2219 3 8
67 2.3.11 2 4 -10 461 21.5.23 2 2 *10 937 23.32.13 8 8 ± 10
71 2'5.7 7 2 -10 463 2.3.7.11 3. 2 _,___ 941 21.8.47 2 2 *10
73 23.32 5 5 467 2.233 2 3 -10 947 2.11.43 2 8 -10
79 2.3.13 3 2 . _ . 479 2.239 13 2 -10 953 21.7.17 3 8 *10
83 2.41 2 3 -10 487 2.36 3 "2 10 967 2.3.7.23 8 2
89 23.11 :1 3 _ 491 2.5.71 2 4 10 971 2.5.97 6 3 10

97 23.3 f) 5 ± 10 499 2.383 1 5 10 977 2'.61 3 8 *10
; 101 23 52 2 I 2 . __ 503 2.251 5 2 10 983 2.491 8 2 10

103 2.3.17 5 2 509 22.127 2 2 ± 10 991 20.5.11 6 2 -10
107 2 53 2 3 -10 521 22.5.13 3 3 997 21.3.83 7 7 - .......
109 2333 8 6 +10 523 2.31.29 2 4 -10 1009 24.324 11 11
113 23.7 3 3 ± 10 541 22325 2 2 *10 1018 22.11.23 3 3"

127 2 33.7 3 9 _ . _ _ 547 2.3.7.13 2 4 .' 1019 2.809 2 3 10

131 2.5.13 2 3 10 557 21.139 2 2 1021 0.34.17 10 10 +10
137 23.17 3 3 ...... 563 2.281 2 3 -10 1031 2.6.108 14 2
131) 2.3.23 2 4 . . 569 21.71 3 3 1033 22.543 5 5 *IC
14.9 22.37 , 2 2 ± 10 571 2.3.5.19 3 5 10 1039 24173 3 2 -10
151 2.3.52 6 5 -10 577 26.31 5 5 *10 1049 22.131 3 8
157 2'.3.13 5 5 ' 687 2.293 2 3 -10 1061 2.3.527 7 5 10

163 2.3' 2 4 -10 893 2'.37 3 3 ± 10 1061 .7.8.83
'2.81.59

/ 2 2 .....
167 2.83 8 2 ro 599 2,13.23 7 2 -10 1068 8 2 10

173 22.43 2 2 60T. 234.52 7 7 1069 21.589 8 6 *10
179 289 2 3 10 ' 607 2.3.101 3 2 1087 , 2.8.181 8 2 10

181 2141.5 2 2 ± 10 613 214E17 2 2 1091 2.8.109 2 4 10

191 ' 2.5.19 19 2 -10 617 22.7.11 3 3 1093 22.3.7.13 5 5
193 26.3 5 5 +10 619 2.8.103 2 4 10 1097 7.137 3 8 *1(
197
199 ,

2171
2.3111

2
-10

631
21147

3 9
-10

1103
2221.179

5
121 *H

211 2.3.5.7 2 4 _ _ . . 643 2.8.107 11 7 1117 22.31.31 2 2 -,.
223 2.3.37 3 9 10 647 2.17.19 5 2 10 1128 2411.17 2 4 -1(
227 ! 2.113 2 3 -10 653 21.163 2 2 1129 21.8.47 11 11 --
229 ! 21.3 19 6 6 ± 10 669 2.7.47 2 3 10 1161 2423 17 2 -1(
233 23 29 3 3 t.10 661 22.3.541 2 2 1153 22.31 5 8 +1(
239 , 2 7 17 7 2 , . 673 26.3.7 5 5 1163 2.7.83 5 8 -1(
241 ' 23 3.5 7 7 677 21.131 2 2 _ _.. 1171 24213 2 4 I(
251 ,

257 !

253
23

6 3 .
1 3 3 i ± 10

883
691

2.11.31
245.23

8
3

10
6

-10 1181
1187

224.59 -
2.593

7
2

7
3.

*I(
-I(

263 , 2.131 I 5 2 10 701 22.511 2 2 ± 10 1193 21.149 8 8 *I(
269 767 2' . 2 ± 10 709 22.3.59 2 2 ± 10 1201 24.3.52 11 11 ......
271 2.31 5 6 2 .... . 719 2.359 11 2. -10 1213 21.8.101 2 2 .
277 21.323 1 5 . 5 _ _ 727 2.3.111 5 7 . 10 1217 26.19 8 8 Iii
2Pi1 2' 6.7 i 3 3 . 733 22.3.51 -6 6 1223 2.13.47 5 2 1(

283 23.47 1 3 6 -10 739 2.32.41 3 . 6 1229 22.307 2 2 *1(
293 21.73 ! 2 2 I. . 743 2.7.53 5 2 10 1231 2.8.5.41 8 2 .......
307 2 31 17 5 7 -10 751 2.341 3 2 ' 1237 2E3.103 2 2 .....
311 2.5 31 17 2 -10 757 22.32.7 2 2 1249 21418 7 7 ...,
313 21 3.13 . 10 1) I 10 761 21.5.19 6 6 1259 2.17.87 2 8 1(

317 21 79 1 2 2 769 22.3 11 11 1277 22.11.29 2 2 ....
331 ' 2 3.5.11 1 3 , 5 .... _ 773 22.193 2 2 1279 2.32.71 8 2 -1(
337 23 3 7 i 10 10 ± 10 787 2.3.131 2 4 -10 1283 2.641 '2 8 -1(
347
349

2 173
21.329

! 2 3 -10
' 2 2 .....

797
809,

22.199 .
23.101

2
3

2
8

1289
1291

22.7.23
245.43

6
2

8
4

.....
1(

AAA 7111 A, 2! An 2.ae.6 3 5 10 1297 26.36 10 10 *1(
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COMBINATORIAL ANALYBIS

Primitive Roots, Factorization of p-1
865.

Table 24.8
g, G denote the least positive and least negative (respectively) primitive roots of p. a denotes

whether.10, -10 both or neither are primitive roots.

P P-1 p -0 p p-1 g -0 p P-1 g -0

1301 2152.13 2 2 ± 10 1831 2.3.5.61 3 9 2377 21.32.11 8 8
1303 2.3.7.31 6 2 10 1847- 2.13.71 5 2 10 2381 21.5.7.17 3 3
1307 2653 2 3 -10 1861 22.3.5.31 2 2 ± 10 2383 2.3.397 8 13 10
1319 2.639 13 2 -10 1867 2.3.311 2 4 -10 2389 21.3.199 2 2 ± 10
1321 23.3.5.11 13 13 1871 2.5.11.17 14 2 -10 2393 23.13.23 3 3
1327 2.3.13.17 3 9 10 1873 24.31.13 10 10 ± 10 2399 11 2 -10
1361 24.5.17 3 3 1877 2'.7.67 2 2 2411

2.11.109
2.5.241 6 3 10

1367 2.683 5 2 10 1879 2.3.313 6 .2 2417 24.151 3 3 *10
1373 21.71 2 2 . ... 1889. 24.89 3 3 2423 2.7.173 5 2 10
1381 21.3.323 a 2 , 2 le 1901 2131.19 2 2 2437 2'.3.7.29 2 2

11341099

2.3.233 13
1

-10
111r3 :2..145339

2
3

3
3

-10
±10

2441
2447

23.5.61
2.1223

6
5

6
2

.,.._._
10

1423 2.3'.79 3 9 1931 2.5.193 2 3 2459 2.1229 2 3 10
1427 2.23.31 2 3 -10 1933 213.7.23 5 5 2467 2.31.137 2 4
1429 7.3.7 17 6 6 ± 10 1949 7.487 2 2 ±10 2473 22.3.103 5 5 ± 10
1433 21.179 3 3 ± 10 1951 2.37.13 3 2 2477 7.619 2 2
1439 2.719 7 2 -10 1973 2347.29 2 2 2803 - 2.31.139 3 2
1447 .2.3.241 3 2 10 1979 2.23.43 2 3 10 2821 21.32.5.7 . 17 17
1451 2.6'.29 2 3 _. - 1987 2.3.331 2 4 2831 2.5.11.23 2 3
1453 213.111 2 2 .... _ 1993 21.3.83 5 5 ..,... 2539 2.31.47 2 4 10
1459 2.33 3 6 _ . _ _ 1997 22.499 2 2 2543 2.31.41 6 2 10
1471 2.3.5.71 6 5 -10 1999 . 2.7.37 3 5 -10 2849 2141-13 2 2 ± 10
1481 7.5.37 3 3 2003 2.7.11.13 5' 3 -10 2581 2.3.52.17 6 2
1483 2.113.19 2 4 2011 2.3.5.67 3 5 2857 21.3171 2 2
1487 2.743 5 2 10 2017 21.31.7 5 5 ±10 2579 2.1289 . 2 3 10
1489 24.3.31 14 14 2027 2.1013 2 3 -.10 2891 2.8.7.37 7 2
1493 22.373 2 2 2029 7.3.131 2 2 ± 10 2593 21.34 7 7 ± 10
1499 2.7.107 2 3 2039 2.1019 7 2 -10 2609 24.163 3 3
1511 2.5.151 11 2 -10 2053 21.7.19 2 2 2617 21.3.109 5 5 ± 10
1523 2.761 2 3 -10 2063 2.1031 5 2 10 2621. 22.5.131 2 2 ± 10
1531 2.315.17 2 4 10 2069 21.11.47 2 2 ± 10 2633 2'.7.47 3 3 ± 10
1543 2.3.257 5 2 10 2081 -21.5.13 3 3 2647 2.31.71 3 2
1549 7.32.43 2 2 ± 10 2083 2.3.347 2 4 -10 2657 21.83 3 3 e 10
1853 24.97 3 3 ± 10 2087 2.7.149 8 2 2689 2.3.443 2 4

RP
2.19.41 19 I -10 2089

2'24162499
7
2

7
3 10

2663
2671

2.11'
2.3.8.89

5
7

2
3

10
-6.10

1571 2.5.157 2 3 10 2111 2.5.211 7 2 -10 2677 21.3.223 2 2 ....f.
1579 2.3.263 3 5 10 2113 21.3.11 5 5 ± 10 2683 2.31.149 2 4
1883 2 7.113 5 2 10 2129 24.7.19 3 3 2687 2.17.79 5 3 10
1597 22.3.7.19 11 11 2131 2.3.5.71. 2 4 2689 21.3.7 19 19
1601 24.51 3 3 2137 21.3.89 10 10 ± 10 2693 21.678 2 2
1607 2.11.73 5 2 10 2141 21.5.107 2 2 ± 10 2699 2.19.71 2 3 10
1600
1613

21.3.67
21.13.31

7
3

7
3

2143
241.1897

8
131

10 grl 223111711
2

42 --13
1619 2.1409 2 3 10 2161 24.31.5 23 23 2713 21.3.113 5 5 ± 10
1421 21.3415 2 2 ± 10 2179 2.31.111 7 5 10 2719 2.33.151 3 2 -10
1627 2.3.271 3 6 2203 2.3.367 5 7 -10 2729 21.11.31 3 3
1637 21.409 2 2 _ . ___ 2207 2.1.103 5 2 10. 2731 2.3.5.7.13 3 8 10
1657 21.3123 11 11 2213 21.7.79 2 2 2741 21.8.137 2 2 ± 10
1663 2.3277 3 2 10 2221 21.3437 2 2 ± 10 2749 23.3.229 6 6
1667 2.71.17 2 3 10 2237 21.13.43 2 2 _ _ .. : 2753 22.43 3 3 ± 10
16610 7.3.139 2 2 . 2239 2.3.373 3 2 -10 2767 2.3.461 3 9 10
1693 2131 47 2 2 2243 2.19.89 2 3 -10 2777 21.347 3 3 ± 10
1697 7.53 3 3 ± 10 2251 2.31.51 7 5 10 1 2789 22.17.41 2 2 ± 10
1699 2.3.283 3 6 _ 2267 2.11.103 2 3 -10 2791 2.31.8.31 6 7
1709 21.7.61 3 3 1 10 2269 22.34.7 2 2 ±10 2797 22.3.233 2 2
1721 22.5.43 3 3 2273 23.71 3 3 ± 10 2801 24.52.7 3 3
1723 2 3 7.41 3 6 2281 23.3.5.19 7 7 2803 2.3.467 2 4 . -10
1733 22 433 2 2 2287 2.31.127 19 7 2819 2.1409 2 3 10
1741 213 5.29 2 2 E 10 2293 21.3191 2 2 2833 24.3.59 5 5 ± 10
1747 2 3197 2 4 .... 2297 23.7.41 8 5 ± 10 2837 21.709 2 2
1753 21.3 73 7 7 _ . 2309 23.577 2 2 ± 10 2843 2.7129 2 4 -10
1759 23.293 6 2 -10 2311 2.3.5.7.11 3 2 2851 2.3.5'.19 2 4 10
1777 24 3.37 5 5 + 10 2333 21.11.53 2 2 2857 - 21.3.7.17 11 11
1783 234.11 10 2 10 2339 2.7.167 2 3 10 2861 7.5.11.13 - 2 2 ± 10
1787 2.1947 2 3 -10 2341 22.315.13 7 7 110 2879 2.1439 7 2 -10
17149 21.1. 149 6 6 + 10 2347 2.3.17.23 .3 6 -10 2887 2.3.13.37 5 2 10
10401 21.3151 11 11 .._ 2381 2.81.47 13 3 -10 2897 24.181 3 3 ± 10
1811 2.5 181 6 3 10 2387 22.19.31 2 2 ...._ . 2903 2.1451 8 2 10
1823 2.911 5 2 10 2371 2.3.5.79 2 4 le 2909 21727 2 2 ± 10
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866 COMBINATORIAL ANALtSIS

Table 24.8 Primitive Roots, Factorization of p-1
g, G denote' the least positive and least negative (respectively) primitive roots of p. denotes

whether 10, -10 both or neither are prinutive roots.

P P- I g -0 p p -1 g -0 . ..p P-1 g -0 .

2917 2E34 5 5 3527 2.41.43 5 2 10 4079 2.2039 11 2 -10
2927 2.7,11,19 5 2 10 3529 2131.71 17 17 ' 4091 2.5.409 2 3 10
2930 2.13.113 2 3. ' 10 3533 21.883 2 2 - - 4093 22.3.11.31 2 2 ..1.
2953- 21.32.41 13 13 3539 2.29.61 2 3 10. 4099 2.3.683 2 4 10
2957 2139 2 2 3641 213.5.59 7 7 4111 2.3.5.137 12 2 -10
2963 2,1481 2 3 -10 354.7 2.31.197 2 4 -10 4127 2.2063 5 2 10
2969 2E7.53 3 3 .... . 3557 2'.7.127 2 2 ... _ _ 4129 2'.3.43 ,13 13
2971 2.325.11 10 5 10 3559 2.3.593 3 2 - -10 4133 2'.1033 2 2
2999 2.1499 17 2 -10 3571 2.3.5.7.17 2 4 10 4139 2.2069 2 8 10
3001 213.52 14 14 . . .. 3581 2'.5.179 2 2 *10 4153 22173 5 5 +0
3011 2.5.7.43 2 3 , 10 3583 2.31.199 3 2 .4157 211039 2 2

3019 2,3.503 6 2 4 10 3593 22.449 3 3 *10 4159 2.327.11 8 2
3023 2.1511 5 2 10 3607 2.3.601 5 11 10 4177 24.31.29 5 5 10
3037 21.3,11,23 2 2 ..... _ _ 3613 2'.3.7.43 i 2 2 4201 21441.7 11 11 .:-.....
3041 24.5,19 3 3 3617 26.113 3 3 *10 4211 2.5.421 3 3 10
3049 21.3.127 11 11 3623 2.1811 5 2 10 4217 2171 3 3 *10
3061 28.32.5.17 6 6 3631 2.3.5.111 15 10 -10 4219 2.3.19.37 2 4 10
3067 2.3.7.73 2 4 -10 3637 2141.101 2 2 4229 21.7.151 2 2 *10
3079 2.34.19 6 '2 -10 ' 3643 2.3.607 2 4 -10 4231 2.325.47 8 2 -10
3083 223.67 2 3 -10 3659 2.31.59 2 3 10 4241 24.5.53 8 *
3089 24.193 3 3 - . _ 3671 2.5.367 13 2 ..- _ . 4243 2.3.7.101 2 . 4 -10
3109 211.7.37 6 6 3673 22.31.17 5 5 *10 4253 2'.1063 2 / 2
3119 2.1559 7 2 -10 3677 21.919 2 2 4259 2.2129 2 3 10
3121 24.3.5.13 7 7 ... _ . 3691 2.$1.5.41 2 4 4261 22.3.5.71 .2 2 *10
3137 24 71 3 3 ± 10 3697 2.43' 5 5 4271 2.3.7.61 7 3 -10
3163 2.3.17.31 3 6 -10 3701 21.517 2 2 *10 4273 24449 6 5
3167 2.1583 5 2 10 3709 2141403 2 2 *10 -4283 2.2141 2 3 -10
3169 221,11 7 7 3719 2.11..131 7 2 -10 4289 247 8 3
3181 21.35.53 7 7 3727 2.3'.23 3 2 10 4297 214.179 5 5
3187 2.3159 2 4 ... _ _ 3733" 21.1311 2 2 4327 2.8.7.103 3 2 10
3191 2.5 11.29 11 5 3739 2.3.7.89 7 5 4337 atm 3 3 *10
3203 2.1601 2 3. -10 3761 2'.5.47 3 3 4339 2.31241 10 6 10
3209. 21.401 3 . 3 3767 27.269 5 2 10 4349 21.1087 2 2 *10
3217 243.67 6 5 _ ... _ 3769 21.3.157 7 7 4357 2241411 2 2
3221 21.5.7,23 10 10 ±, 10 3779 2.1889 2 -3 . 10 4363 2.3.727 2 4 -10
3229 214269 6 6 3793 24.3.79. 5 5 4373 22.1093 2 2
3251 2.51.13 6 3 10 3797 21.13.73 2 2 4391 2.5.439 14 2 -10

EN '1:'1.11.17

2 2
---10

3803 2.1901 2 3
-± A . :ISI 1$71470

2
/21

3259 , 2.31.181 3 5 10 3823 2.3.71.13 3 9 4421 2'.5.13.17 3 3 *10
3271 2.3.5.109 3 5 -10 /3833. 22.479 3 3 * 10 4428 2.8.11.67 3 7 10
3299 ' 2.17.97 2 3 10 3847 2.3.641 5 2 10 4441 21.3.547 21 21
3301 211.52.11 6 6 ± 10 3851 2.51.7.11 2 4 4447 2.31.13.19 3 2 10
3307 2.3,19.29 2 4 -10 3853 21.31.107 2 2 4451 2.51.89 ' 2 3 10
3313 2'54123 10 10 i 10 3863 2.1931 5 2 10 4457 21.557 8 8 *10
3319 2.3.7.79 6 2 . _ . 3877 21347.19 2 2 4463 2.23.97 5 2 10
3323 2.11 151 2 3 - -10 3881 215.97 13 13 4481 28; 7 3 3
3329 24.13 3 3 .. _ _ _ 3889 24.31 11 11 4483 2.32.83 2 4
3331 2.31.5.37 3 5 10 3907 2.317.31 2 4 -10 4493 21.1123 2 2
3343 2,3 557 5 11 10 3911 2.5.17.23 13 2 -10 4507 2.3.751 2 4
3347 2 7 239 2 3 It) 3917 21.11.89 2 2 4513 21.3.47 7 7,
3359 2,2:173 11 2 10 8919 2.3.653 3 2 4817 22.1129 2 2
3361 22.3.5.7 22 22 . _ . 3923 2.37.53 2 3 -10 a519 2.32.251 3 9
3371 2.5.337 255'3 10 3929 21,491

4
423 2.7.17.19 5 a -10

-"N21111!g 1: 3 3 4in gl23;n1rIi 3. 1 10 tg7Ara19 I g
3391 2.35.113 3 6 -10 3947 2.1973 2 3 -10 4561 24.3.5.19 11 11

3407 2.13 131 5 2 10 3967 2.3.661 6 2 10 4567 2.3.761 3 7 10
3413 21 m53 2 '2 3989 21,997 2 2 *10 4583 2.29.79 5 2 10
3433 24 3 11 13 5 5 'f 10 4001 22.52 3 3

2217147 1153449 2' 431 3 3 4003 2.3.23.29 2 4 115319/ LT.!,
3457 28 32 7 7 4007 2.2003 5 2 10 4603 2.3.13.59 2 4 -10
3461 21 5 173 2 2 I- I0 . 4013 2117,59 2 2 4621 21.3.5.7.11 2 2
3463 2 3 577 3 9 10 4019 2.7241 2 4 10 4637 21.19.61 2 2
3467 2.1733 2 3 -10 , 4021 21.3.5.67 2 2 . _ _ 4639 2.3.773 8 2 -10
3469 213.172 2 2 1- 10 4027 2.3.11, 1 3 6 -10 4643 2.11.211 5 3 -10
3491 2,8.340 . 2 , 3 .. 4049 24.11 3 3 3 .. _ _ 4649 21.743 3 3
3499 2.3 11 53 I 2 4 .... 4061 2.34 51 10 5 10 4651 2.3.51.31 3 5 10
3511
3517

2315.135.13
21.3.293

1 7 i 2
, 2 I 2

- -10
_

4057
4073

21.3, 31
21609

6
3

6
3

*,10
± 10

4657
4663

24497
2.31.737

15
3

13
9

896



COMBINATORIAL ANALYSIS 867
Primitive Roots, FactorizatIon of p-I Table 24.8

g, G dent b the least positive and least negative (respectively) primitive roots of p. denotes
whether 10, -10 both or neither are primitive roots.

P P-1 g -G , P p-1 'g -G e: . p p-1 p -G ,

4673 28.73 3 3 10 5297 44.331 8 3 ± 10 5867 2.7.419 5 3 --10
4679 2.2339 11 2 10 8303 2.11.241 5 2 10 5889 28.38.163 2 2 ± 10
4691 2.5.7.67 2 3 5309 28.1327 2 2 ± 10 5879 2.2939 11 2 -10
4703 2351 5 2 10'.. 5323 2.3.887 5 10 -410 5881 28.3;5.78 31 31
4721 . 28.5.59 6 6 5333 21.31.43 2 2 5897 28.11.67 3 3 ± 10
4723 2.3.787 2 4 -10 5347 2.38.11 3 6 -10 5903 2.3.227 5 2 10
4729 2'.3.197 17 14 , 5351 2.58.107 11 2 -10 5923 2.387.47 2 4 -- 10

1771? 2234.1139 19 I -10 2881' 1129839
3 l' NS 559179

2.2963 5
2

2
3

10
10

4759 2.3.13.61 3 5 -10 5393 2'.337 3 3 ± 10 5953 28.3.31 7 7 - ...
4783 2.3.797 6 2 10 5399 2.2699 7 2 -10 8981 285.13.23 3 3 ± 10
4787 2.2393 2 3 -10 5407 2.3.17.53 3 2 5987 2.41.73 2 3 -10
4789 28.387.19 2 2 5413

23.21 41741 1 t 2.11:1113
3

944793 28.599 ± 10 *10 6011 10
4799 2.2399 7 2 -10 5419 2.38.7.43 3 5 10 6029 28.11.137 2 2 ± 10
4801 28.3.58 7 7 5431 2.3.5.181 3 2 -10 6037 283.503 5 5
4818 283.401 2 2 5437 28.38151 5 5 6043 2.3.19.5 5 6 -.10
4817 V.7.43 3 3 ± 10 5441 28.5.17 3 3 - 6047 2.3023 5 2 10
4831 2.3.5.7.23 3 2 5443 2.3.907 2 4 6053 28.17.89 2 2 -1- - -
4861 28.31.5 11 11 5449 28.3.227. 7 7 ' 6067 2.38337 2 4 '-10
4871 2.5.487 11 3 -10 5471 2.5.547 7 3 6073 28.3.11.23 10 10 +.10
4877 2'.23.53 2 2 5477 2'.378 2 2 6079 2.3.1013 17 7
4889
4903

28.13.47
Z3.19.43

3
3

3
2 5488 2 .23. 2171411 3 3

-10 6089
2.riT29

3 li
4909 28.3.409 6 6 5501 2'5811 2 2 ± 10 6101 28.58.61 2 2-
4919 2.2459 13 2 -10 5503 2.3.7.131 3 9 10 6113 28.191 3 3 ± 10
4931 2.5.17 29 6 3 10 5507 ' 2.2753 2 3 -10 6121 28.38.5.17 7 7
'4933 2838.137 2 2 5519 231.89 13 2 -10 6131 2.5.613 2 3 10
4937 28.617 3 3 ± 10 5521 24.3.5.23 11 11 6133 283.7.73 5 5
4943 2.7.353 7 2 10 5527 2.38307 5 2 10 6143 2.37.83 5 2 10
4951 2.3858.11 6 2 '- 10 5531 2.5.7.79 10 5 10 6151 2.3.5841 3 7
4957 2E3.7.59 2 2 5557 28.3.463 2 2 6163 2.3.13.79 3 6
4987 2.13.191 5 2 10 5563 2.38103 2 4 -10 6173 28.1543 2 2
4969 28.3143 11 11 5569 2".3.29 13 13 6197 28:1549 42 2
4973 2'11413 2 2 - - . ..- 5573 287.199 2 2 6199 2.3.1033 3 2 -10
4987 2.38.277 2. - .4 -10 5581. 21.38.5.31 6 6 ± 10 6203 2.7.443 2 3
4993 t 21.3.13 6 5 5591 2.5.13.43 11 2 -10 6211 2.38.5.23 2 4 10
4999 2.3.7 17 3 9 5623 2.3.937 5 2 10 6217 28.3.7.37 5 5 + 10
5003 2.41.61 2 3 -10 5639 2.2819 7 2 - 10' 6221 28.5411 3 3 ± IC
5009 van 3 3 5641 28.3.5.47 14 14 6229 28.38.173 2 2
5011 2.3.5.167 2 4 5647 2.3.941 3 2 6247 2.38.347 5 2 10
5021 2'.5.251 3 3 ± 10 5651 2.58.113 2 3 10 6257 24.17.23 3 3 * IC
5023 2.38.31 3 2 5653 2838157 5 5 6263 2.31.101 5 2 10
5039 2.11.229 11 2 r 10 5657 287.101 8 3 ± 10 6269 21.1567 2 2 ± IC
5051 2.58.101 2 3 5659 2.3.23.41 2 4 10 6271 2.3.5.11,19 11 17
5059 2.38.281 2 4 10 5669 28.13.109 3 3 ± 10 6277 283.523 2 2
5077 28.38.47 2 2 5683 2.3.947 2 4 -10 6287 2.7.449 7 2 10
5081 28.5.127 3 3 .. - - 5689 28.38.79 11 11 6299 2.47,67 2 3 . -
5087 2.2543 5 2 10 5698 28.1423 2 2 6301 28.38.58.7 10 10 ± 10
5099 2.2549 2 3 10 5701 2'.3.58.19 2 2 ± 10 311 2.5.631 7 2 -10
5101 2'3.58.17 6 6 _ _ . . 5711 2.8.571 19 3 6317 281579 2 2 _ _ ..
5107 2.3.28.37 2 4 -10 5717 281429 2 2 6323 2.29.109 2 3 -10
5113 28.3871 19 19 5767 28.3.239 5 5 ± 10 6329 2'.7.113 3 3 . -
5119 2.3.853 3 2 57 41 28.5.7.41 2 2 ± 10 6337 28.38.11 10 10 ± 10
5147 2.31.83 2 3 -10 5743 2.311.29 10 2 10 6343 2.3.7.151 3 2 10
5153 28.7.23 5 5 ± 10 5749 28.3.479 2 2 ± 10 6353 24.397 3 3 ± IC
5167 2.38.7.41 6 11 10 5779 2.38.107 2 4 10 6359 2.11.17 13 2 -10
5171 2.5.11.47 2 4 .... . 5783 2.78.59 7 2 10 6361 284.5.53 19 19
5179 2.3.863 2 4 10 5791 2.3.8.193 6 2 6367 2.3.1061 3 2 10
5189 2E1297 2 2 ± 10 5801 7.8829 3 3 6373 21.31.59 2 2
5197 283.433 7 7 5807 2.2903 5 2 10 6379 2.3.1063 2 4
5209 28.3.7.31 17 17 5813 28.1453 2 2 6389 28.1597 2 2 ± 10
8227 2.3.13.67 2 4 -10 5821 283.5.97 6 6 *10 6397 28.3.13.41 2 2
5231 2.5.523 7 2 -10 5827 2.3.971 2 4 -10 6421 28.3.5.107 6 6
5233 24.3.109 10 10 ± 10 5839 2.3.7.139 6 2 -10 6427 2.387.17 3 6
5237 7.7.11.17 3 3 5843 2.23.127 2 4 -10 6449 24.13.31 3 3
5261 28.5.263 2 2 5849 7.17.43 3 3 6481 2.311.43 3 6
5273 28.659 3 3 1 10 5851 2.3851.13 2 4 6469 28.3.78.11 2 2
5279 2.7.13.29 7 8 -10 5857 28.3.61 7 7 *10 6473 28.809 3 3 ± IC
5281 28.3.5.11 7 7 5861 28.5.293 3 3 ± 10 6481 28.34.5 7 7
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Table 24.8 Primitive Roots, Factorization of p-1
g, G denote the least, pwitive and least negative (respectively) primitive roots of p. f denotes

whether 10, -10 both or neither are primitive roots,

P P I g -0
. ,

. p p_1 g

lir--
-0 p P-1 g -G .

6491 2.5.11.59 2 3 _ 7121 2'.5.89 3 3 7741 21.31.5.43 7 7

6521 21.5.163 6 6 _ _ 7127 2.7.509 5 2 7753 21.3.17.19 10 10 ± 10
6529 21.3.17 7 7 ..... 7129 21.31.11 447 7 7757 2'.7.277 2 2
6547 2.3.1091 2 4 _ 7151 2.51.11.13 7 3 7750 2.31.431 3 2 =10
6551 2.51.131 17 2 - 10 7159 2.3.1193 3 2 -10 7789 21.3.11.59 2 2 -
6553 421.31.7.13 10 10 ± 10 7177 21.3.12.23 10 10 ± 10 7793 21487 , 3 3 ± 10
61163 2.17,193 .5 10 -10 7187 2.3593 2 3 -10 7817 2'.977 3 3 1 10
6569 2'.$21 ; 3 3 ... .. 7193 21.29.31 3 3 ± 10 7823 24911 5 2 10

6871 2.3'.5.73 3 7 10 7207 2.3.1201 3 2 10 7829 21.19.103 2 2 ± 10
6577 21.3.137 5 5 . _ ... 7211 2.5.7.103 2 3 7841 21.5.71 12 12

6581 215.7.47 14 14 ...... 7213 21.3.601 5 5 - ..... 7853 21.13.151 2 2
6599 2.3299 13 2 -10 7219 2.31.401 2 4 10 7$67 2.31.19.23 3 6 -10
6607 2.31.367 3 2 7229 21.13.139 2 2 ± 10 7873 213.41 6 5 ± 10
6610 2.3.1103 2 4 10 7237 2'.3'.67 2 2 7877 21.11.179 2 2 - . -
6637 21.3.7.79 2 2 . .. - 7243 2.3.17.71 2 4 -10 7879 2.3.13.101 3 2 -10
6653 21.1663 2 2 . _ ..,.... 7247 2.3623 5 2 . 10 7883 2.7.563 2 3 -10
6659 2.3329 2 3 10 7253 2'.7'.37 2 2 7901 21179 2 2 ± 10
8661 2'.3'.5.37 6 6 ± 10 7283 2.11.331 . 2 3, -10 . 7907 - 2.59.67 2 3 -10
6673 2'.3.139 5 5 ± 10 7297 21.3.19 5 5 7919 2.37.107 7 2 -10
6679 2.31.7.53 7 5 -10 7307 2.13.281 2 3 -10 7927 2.3.1321 3 7 10
6689
6691

. 21.11.19
2.3.5.223

3
2

3.
4

i _ ...
10

7309
7321

21.31.7.29
2'.3.5.61

6
7

6
7

± 10 7933
7937

21.3.661
. 21.31

2
3

2
3

.
le

6701 2'.5'.67 2 2 ± 10 7331 2.5.733 2 4 7949 21.1987 2 2 ± 10
6703 2.3.1117 5 2 10 7333 21.343.47 6 6 7951 2.3.51.53 6 2 10
6709 2'.3.13.43 2 2 ± 10 7349 . 21.11.167 2 2 ± 10 7963 2.3.1327 5 10 10
6719 2.3359 11 2 -10 7351 2.3.51.71 6 5 7993 2'.31.37 5 5
6733 21.31.11,17 2 2 7369 2'.3.307 ! 7 7 8009 21.7.11.13 3 3
6737- 2.421 3 3 ± 10 7393 21.3.7.11 5 5 ± 10 8011 2.31.5.89 14 7

6761 21.5.131 3 3 - ... 7411 2.3.5.13.19 2 4 10 8017 24.3.167 5 5 ± 10
6763 2.3.7'.23 2 4 7417 21.31.103 8 5 . - . 8039 2.4019 11 2 -10
6779 2.3389 2 3 10 7433 2'.929 3 3 ± 10 8053 21.3.11.61 2 2
6781 21.3.5.113 2 2 7451 2.51.149 2 4 10 8059 2.3.17.79 3 5 10

6791 2.5.7.97 7 a 7457 21.233 3 3 ± 10 8069 21.2017 2 2 ± 10
6793 2.3.283 10 10 1 10 7459 2.3.11.113 2 4 10 ' 8081 24.5.101 3 3

6803 2.19.179 2 3 -10 7477 2'.3.7.89 2 2 8087 2.13.311 8 2 10

6823 2.31.379 3 2 10 7481 21.5.11.17 6 6' 8089 2'.3.337 .17 17

6827
6829

2.3413
1.23.569

2
2

3
2

-10
± 10

7487
7489

2.19.197
P.31.13

5
7

3
7

10
... ..

8093
8101

/ 217-171
:21.31.51

2
8

2
6

6833 21.7.61 . 3 3 ± 10 7499 2.23.163 2 3 10 8111 24811 11 2
6841
6857

21315.19
21.857

22 22 ... 7507 22;341.g) 2 4 -10 8117 tint 2 2
-10

6863 2.47.73 4 2 10 7523 2.3761 2 3 10 8147 2.4073 2 3 -10
6869 21.17.101 2 2 1 10 7529 2'.941 3 3 8161 21.3.5.17 7 I

6871 .2.3.5.229 3 9 -10 7537 21157 7 7 8167 2.3.1361 3 9
6883 2.3.31.37 2 4 -10 7541 21.5.13.29 2 2 ± 10 8171 241943 2 3 10

6899 2.3449 2 3 10 7547 2.71.11 2 3 -10 8179 2.3.29.47 2 . 4 10

6907 2.3.1151 2 4 7649 21.3.17.37 2 2 8191 2.31.743 17 11 - . .-
6911 4 2.5.691 7 2 --10 7559 2.3779 13 2 -10 8209 213119 7 7
4%117 21.7.13.19 2 2 _ . .. _ 7581 21.31.5.7 13 13 8219 2.7.587 2 3 10

6947 '2.23.151 '2 3 -10 7573 21.3.631 2 2 . - 8221 21.3.5.137 2 2
6949 21.31.19:1 2 2 }.10 7577 2'.947 3 3 .± 10 8231. 2.5.823 11 2 - 10
6959 2 71.71 7 3 -10 7583 2.17.223 5 2 10" 8233 21.3.71 10 10 ± 10
6981 24.3.5.29 13 13 7589 21.7.271 2 2 8237 21.29.71 2 2
6967 2.3143 5 13 10 7591 2.3.5.11.23 6 2 10 8243 2.13.317 2 3 10

6971 2.5.17.41 2 4 10' 7603 2.34.181 2 4 8283 2.31.17 3 2 10

6977 21.109 3 3 + 10 7607 2.3803 5 2 10 8269 21.343.53 2 2 ± 10
6983 2.3491 5 '2 10 7621 21.3.5.127 2 2 8273 2'.11.47 3 3 ± 10
8991 2- 3.5.233 6 2 - -10 7639 2.3.19.67, 7 5 -10 8287 2.3.1381 3. 7 10

6997 21 3.11 5:3 11 5 7643 2.3821 2 3 . --10 8291 2.5.829 2 3 10

7001 21 51.7 3 3 .. 7649 21.239 3 3 8293 21.1049 2 2

7013 21 1753 2 2 . .... 7669 21.31.71 2 2 8297 212099 3 3 110
7019 2 11'29 2 3 10 7673 21.7.137 3 3 ± 10 8311 2.3.5.277 3 2 -10
7027 2.3.1171 2 4 _ _ _ 7681 7.3.5 17 17 8317 21.31.7.11 6 6 '
7039 2.31.17.23 3 '2 .... .. 7687 2.31.7.61 6 2 18 8329 21.3.347 7 7

7043 2.7.503 2 4 _ 7691 2.5.769 2 3 10 8353 21.31.29 5 5 ± 10
7057 21 :11.71 5 5 + 10 7699 2.3.1283 3 5 10 8363 2.37.113 2 3 --10
7069 21.3 19 31 2 2 I 10 7703 2.3851 5 2 10 8309 21.523 3 3
7079 2.3539 7 '2 II) 7717 21.3.643 2 2 - . ... 8377 21.3.349 5 5 110
7103 2 5:1 67 5 2 10 7723 2.31.11.13 3 6 8387 2.7.599 2 3
7109 21 1777 2 2 + 10 7727 2.3883 5 2 10 8389 21.31.233 6 6 1 10
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g, G denote the least positive and least negative (respectively) primitive roots of p. e denotes
whether 10, -10 both or neither are primitive roots.

p P-1 g -G p p -1 g -G . p p- I g -G e

8419 2.3.23.61 3 8 .. _ . 8941 21.3.5.149 : 6% 6 9463 2.3.19. 83 3 9
8423 2.4211 5 2 10 8951 2.51.179 13 2 -10 9467 2.4733 2 3 -10
8429 28.71.43 2 2 ± 10 8963 2.4481 2 3 -10 9473 28.37 3 3 ± 10
8431 2.3.5.281 3 2 -10 8969 2819.59 3 3 _ _ .. _ _ 9479 2.7.677 7 2 -10
8443 2.31.7.67 2 4 -10 8971 2.3.5.13.23 2 4 10 9491 2.5.13.73 2 3 It;
844Z 2.41.103 5 2 10 8999 2.11.409 7 2. -10 9497 28.1187 3 3 ± 10
8461 21315.47 6 6 9001 28.31.58 7 7 9511 2.3.5.317 3 9
8467 2.3.17-83 2 4 -10 9007 2.3.19.79 3 2 9521 24.5.7.17 3 3
8301 21.51.17 7 7 ± 10 9011 2.5.17.53 2 4 10 9533 2'.2383 2 2
8513 21.7.19 5 5 ± 10 9013 21.3.751- 5 5 .....___ 9539 2.19.251 2 3 10
8521

2i.33. 4:7211
13 13 9029 2'.37.61 2 / 2 ± 10 9547 2.3.37.43 2 4 -10

9041 24.5.113 3 ,. 3 9551 2.51191 11 2
/8537 2'.11.97 3 3 ± 10 9043 2.3.11.137 3 6 -10 9587 2.4793 2 3 -108539 2.3.1423 2 4 9049 28.3.13.29 7 , 7 9601 . 2? 3.51 . 13 13

8543 2.4271 5 2 10 9059 2.7.647 2 4 10 9613 21.38.89 2 2
8.563 2.3.1427 2 4 - 10 9067 2.3.1511 3 . 6 -10 9619 2.3.7.229 2 4
8573 21.2143 2 2 9091 2.31.5.101 3/ 5 9623 2.17.283 5 3 10
8581 21.3.5.11.13 6 6 9103 2.3.37.41 2 10 9629 2'.29.83 2 2 ± 10
8597 21.7.307 2 2 _ .. _ 9109 21.31.11.23 1 10 ± 10 9631 2.31.5.107 3 9 -10
,13599 2.3.1433 3 2 . _ 9127 2.3'.13' 2 11643 2.3.1607 2 4 --10
8609 28.269 3 3 _ _ 9133 283.761 6 6 . , . _ 9649 24.38.67 7 7
8623 2.31.479 3 2 10 9137 24.571 . 3 3 ± 10 9661 21.3.5.7.23 2 2
8627 2.19.227 2 3 -10 9151 2.3.51.61 3 2 9677 21.41.59 2 2
8629 28.3.719 6 6 9157 213.7.109 6 6 9679 2.3.1613 3 2
8641 21.31.5 17 17 9161 28.5.229 3 3 9689 28.7.173 3 3
8647 2.3.11.131 3 2 10 9173 21.2293 2 2 9697 21.3.101 10 10 ± 10
8663 2.61.71 5 2 10 9181 21.38.5.17 2 2 9719 2.43.113 1.7 3 -10
8669 2'.11.197 2 2 ± 10 9187 2.3.1531 / 3 6 -10 9721 23.38,5 7 7
8677 21.31.241 2 2 9199 2.3'.7.73 / 3 2 --10 9733 21.3.811 2 2
8681 2'.5.7.31 15 15 _ . .. 9203 2.43.107 2 3 -10 9739 2.31.541 3 5 108689 24.3.181 13 13 9209 28.1151 3 3 9743 2.4871 5 2 10
8693 21.41.53 2 2 ... . . 9221 21.5.461 2 2 ± 10 9749 21.2437 2 2 ± 10
8699 2.4349 2 3 10 9227 2.7.67 2 3 -10 9767 2.19.257 5 2 10

28707 231451 5 7 -10 9239 2.31.1 1) 19 2 -10 9769 213.11.37 13 13
. 8713 21.31.111 5 5 ± 10 9241 28.3.51.11 13 13 9781 21.3.5.163 6 6 ± 10

8719 2.3.1453 3 5 -10 9257 28.13.89 3 3 ± 10 9787 2.3.7.233 3 6 -10
8731 2.31.5.97 2 4 10 9277 28.3.773 5 5 9791 2.5.11.89 11 2 -10
8737 21.3.7.13 5 5 9281 21.5.29 3 3 9803 2.13'.29 2 3 -10
8741 21.5.19.23 2 2 ± 10 9283 2.3.7. 13.17 2 4 9811 2.31.5.109 3 5 10
8747 2.4373 2 3 -10 9293 21.4101 2 2 9817 28.3.409 5 5 ± 10
8753 21.547 3 3 *10 9311 2.541.19 7 2 -10 9829 2138.7.13 10 10 ± 10
8781 28.3.5.73 23 23 9319 2.3.1553 3 2 -10 9833 2'.122b 3 3 ± IC8779 2.3.7.11.19 11 22 9323 2.59.79 2 3 -10 9839 2.4919 7 2 -108783 2.4391 5 2 10 9337 21.3389 .5 5 9851 2.51.197 2 4 10
8803 2.38.163 2 4 . _ . 9341 21.5.467 2 2 ± 10 9857 28.7.11 5 5 ± IC
8807 2.7.17.37 5 2 10 9343 2.38.173 5 2 10 9859 2.3.31.53 2 4
8819 2.4409 2 3 10 9349 21.3.19.41 2 2 9871 2.3.5.7.47 3 2 -10
8821. 21.31.5.71 2 2 ± 10 9371 2.5.937 2 3 10 9883 2.34.61 2 4 -10
8831 2.5.883 7 5 -10 9377 28.293 3 3 ± 10 9887 2.4943 5 2 10
8837 21.471 2 2 . . _ . _ 9391 ' 2.3.5.313 3 2 - -10 9901 21.31.58.11 2 2
8839 2.31.491 3 2 -10 9397 21.34.29 2 2 9907 2.3.13.127 2 4 -10
8849 24.7 79 3 3 9403 2.3.1567 3 6 9923 2.11141 2 3 -10
8861 21.5.443 2 2 ± 10 9413 21.13.181 3 3 9929 28.17.73 3 3
8863 2.3.7.211 3 9 10 9419 2.17.277 2 3 9931 2.3.5,331 10 5 IC
8867 2.11.13.31 2 3 -10 9421 2'.3.5.157 2 2 ± 10 9941 21.5 7.71 2 2
8887 2.3.1481 3 2 10 9431 2.5.23.41 7 3 -10 9949 21.3.829 2 2 ± 108893 21.31.13.19 5 5 9433 28.31.131 5 5 9967 2.3 11,151 3 2 IC8923 2 3 1487 2 4 9437 21.7.337 2 2 . . _ _ 9973 23 31. 277 1 I 11
8929 21 31 3 1 11 11 i _ _ 9439 2,3.111.13 22 7
8933 21.7.1129 2 2 .9461 21.5.11.43 3 3 ± 10
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802/1 81111 124/1 81611 84181 115991 87121 88261 6944) 90499 91691 11161 MI/ 95081 961)1
00279 81)59 8248) 6)621 8414) 05909 811)1 88289 89449 90511 9110) 92761 9102) 95061 106149

80287 01)71 82467 06)9 84809 86011 8/149 11001 89999 9052) 91/11 927/9 919)7 990/1

80509 81)1) 8249) 81641 89811 86011 87151 88)21 $9477 9052/ 91733 92189 91941 99093 187

80111 81401 82499 8)693 84817 06021 811/9 68)21 89491 90529 91751 92791-91949 91081 119

80)29 81409 82507 066) 86857 86029 87161 99)37 09501 905)) 91751 92801 91961 Mao 96161

80141 81421 82929 8)699 84859 16069 81181 881)9 8921) 90347 91771 921909 93971 09
00141 11414 82111 81111 84969 86011 B7211 117)79 09319 90381 91161 92821 9)979 95101 96211

80161 81457 02349 81717 84871 WHO 81221 8897 09321 90399 91801 9201 9198) 95107 96221

931169 81461 82319 0)719 84911 86111 87221 6011 8901 90611 91801 92849 9)991 93111 9622)

40181 81309 egg 81111 84919 86111 0951 8842) 841)) 90619 91811 92057 94067 93111 96211

86401 81511 82361 6)761 84941 86111 8725) 08417 8061 906)1 91811 92861 04009 9514) 96139

01429

81521 87571 8177) 0IMM.1 811)1 81157 8846) 8956) 90641 9182) 9266) 9401) 9515) 9626)
8444/ 815)) 82991 81777 $6967 861)/ 8/27/ 88469 89147 90641 9181/ 91867 14049 95177 %469
80449 81341 82601 0791 84977 MO 17281 88471 01591 90659 91841 92893 9405/ 010 96201

80671 83551 92609 8181) 84919 8129) 81M9) 09597 00617 91861 921199 9406) 95191 96209

804/1 81551 8261) 81811 $4941 1/1 $7299 88449 89599 906/9 9187) 91971 94079 93201 96291

80489 81559 82419 4184) 85 74 87)1) 80511 8960 90697 91409 9292/ 94099 9521) 96121
87991 8156) 82631 8)857 15021 86181 8/11/ 6032) 89611 90/01 91921'92941 94109 05219 96129

80511 81561 92651 81869 11027 86191 8712) 08547 89621 99109 919)4 92931 94111 0211 9011

0121 81611 82657 6107) 85011 96201 87))1 88589 0 896)1 901)1 91941 42951 94111 9521) 96937

805)1 81619 82699 anOn 83049 0409 81139 88391 89651 90149 9101 62959 94121 952)9 96)5)

80557 81629 82121 8,90, 83061 862)9 81383 08647 817657 90181 919111 92981 94151 0257 96)77
10167 81611 8217) 01911 05081 8624) 87403 88609 89769 9079) 91961 91995 9415) 95261 96401

82099 81641 8201 65921 83091 86149 07401 0864) 99169 90801 91961 01001 94169 91261 96419

9060) 81699 82129 01911 11019 0625/ 87421 68651 80611 90821 91969 9)041 94201 95211 96411

60611 81661 41111 9)9)9 8109) 96467 81421 8037 69661 90821 91997 9)05) 14201 95279 96441
001 81611 82159 91949 65103 86169 87451 88681 061/9 40819 92001 91059 94219 95281 96131
80611 81617 8716) 83981 05109 06281 0144) 88661 89111 90141 92009 9)071 94229 45111 06411

90629 0689 62161 81987 65121 86291 67471 80667 89159 90841 920)) 9)00) 94261 91)17 96461

90651 01101 02781 64011 11111 66291 6981 011661 89761 99863 92041 91089 94261 9512/ 96469

40631 8110) 87/91 8401? 81141 06291 81491 88121 89129 90881 92011 9)01 94211 95110 96419
90669 81701 87109 8404783139 86111 8130988729 90161 90401 42017 9)10) 94291 91)69 96481

60611 61121 92011 84011 8519) 8611) 8/511 0/41 89191 90901 92081 91111 94)07 95191 96491

10677 81711 82811 0409 81199 86141 87117 8874/ 89809 90911 92101 01151 44109 03)91 46491

mmal -91149 82031 84061 83201 86151 37533 03771 60019 46911 92115 91111 94)21 95401 96517

80641 01761 82841 44061 05211 86151 87509 86169 9021 90911 92119 9)1)9 44127 9541) 06421

88697 81760 82861 64069 85111'86,57 87541 88/01 119611 91941 92141 9/151 94)11 93019 96411

81/01 817'1
84111 81744 HIN 1:11 111i1 :till ; ;; &N. .1 su I 1 on ;I, 7, 22 1 : :;11

;: ; :151 ::
?

z: ;

M 04

96581 97029
96189 91841
96601 97841
96641 97841
96661 9184'

46661 97059
96611 91881
96697 91811
%701 97879
96111 9108)

96/17 91919
96/19 97927
96/!! 1111!
,9,., m-.
96769 91 961

96164 91461
116779 9191)
96167 91981
9679/ 9009
46199 98611

96821 98011
96821 98061
96821 9904;
96847 9057

SI 98081

9651 98101
999 ) 9812)

01 98129
911 98141
971 98119

99/ 98201
959 9621)
97) 98221
979 98227
89 98251

991 91151
001 48169
00) 98691
007 98299
021 98)17

70)9 70701

7073 99323
7061 96917
710) 98247

11 98269

9 187 9037/
9 SI 98)81
97 5/ 0989
97199 4.401
97169 9 .411

91171 98815
,0429

9718/ 9644/

4/21/ 98491
972) 98459

97241 98467
97239 98471
9/281 98479
9/301 98491
9730) 98507

91121 98519
97)67 983))
91)69 904)
9/1/1 98561
97)79 96361

97)01 98311
9110 9091
97591 98621
97411 90821
0929 986)9

97441 98641
9141) 9866)
9/449 98669
9746) 98689
91499 98111

97501 90711
11.111 06/17
97521 98129
97542 997)1
91149 98111

97351 90771
91361 0679
91171 90841
91111 98801
97579 99809

91581 98811
91601 98849
91809 98467
9101 98869
91669 98811

97661 911887
9161) 98891
91681 98891
97711 98999
91129 98909

91111 98911
91111 98921
411s1 00979

:;(1

71 : g

873

21.9
Os

98951
98961
98901
78993
98494

99011
99011
991121

19041
9905)

99079
9908)
990!!
99.9,
99109

99119
991)1
9911)
99111
991)9

99149
99111

9922)

99201
99241
09211
99251
99250

09171
99209
99117
99)41
99)49

99/61
99)71
99111
99791
99)97

99401
99409

99991
994)9

99444

9948/
99491
997.9
99521
99529

90551
995S9
99561

449/1
9057/

09541
9960/
99611
9962)
9064)

99691
99661
096/9
99689
99107

99109.
99111
99719
99121
99/11

99161
99761
99/8/
99/91
99809

09811
99021
99829
99011
99819

99659
99871
99871
99881
99901

99901
99921
99929
99961
99971

99989
94991

903

.



25. Numerical Interpolation, Differentiation,
and Integration

PHILIP J. DAV& AND IVAN POLONSILY

Contents
Formulas Page.

25.1. Differences 877

25.2. Interpolation 878

25.3. Differentiation 882

25.4. Integration 885

25.5. Ordinary Differential Equations 896

References 898

Table 25.1. n-Point Lagrangian Interpolation Coefficients (3 $n 58) . 900

n =3, 4, p.rill
n.35, 6, ps=

n=7, 8, p.

(.01) CZ], Exact

(.01) [121 10D

DIr 10D

Table 25.2. n-Point Coefficients for k-th Order Differentiation

(1 5k 15)
914

k=1, n=3(1)6, Exact
k =2(1)6, n=k+1(1)6, Exact

Table 25.3. n-Point Lagrangian Integration Coefficients (3 5n 510) . . 915

n.3(1)10, Exact

Table 25.4. Abscissas and Weight Factors for Gaussian Integration
(25n596) 916

n.2(1)10, 12, . 15D
-18(4)24()48(16)96, 21D

Table 25.5. Abscissas for Equal Weight Chebyehev Integration
(2 5n 59)

n.2(1)7, 9, 101

920

Table 25.6. Abscissas and Weight Factors for Lobatto Integration
(3 5n 510) 920

n=3(1)10, 8-10D

Table 25.7. Abscissae and Weight Factors for Gaussian Integration
for Integrands with a Logarithmic Singularity (2 5n54) 920

n.2(1)4, SD

National Bureau of Standards.
National Bureau of Standards. (Presently, Bell Tel. Lobe., Whippany, N.1.)

876

904



876 NUMERICAL ANALYSIS

Table Me. Abscissas and Weight Factors, for Gaussian Integr in of Page
Moments (1 n 8) 921

k=0(1)5, n=1c1)8, 10D

Table 25.9. Abscissas and Weight Factors for Lfguerre Integration
(2 s23

1,1.2(1)10, 12, 15, 12D or S

Table 25.10. Abscissas and Weight Factors for Hermits Integration
(2 sn 520) 924

si=s2(1)10, 12, 16, 20, 13-18D or S

Table 25.11. Coefficients for Filon's Quadrature Formula (0 . 924
8.0(.01).1(.1)1, 8D

j

905



25. Numerical Interpolation, Werentiation, and Integration

Numerical analysts have a tendency to ac-
cumulate a multiplicity of tools each designed for
highly specialised operations, and each requiring
special knowledge to use properly. From the
vast stock of formulas available we have culled
the present selection. We hope that it will be
useful. As with all such compendia, the reader
may miss his favorites and find others whose
utility he thinks is marginal.

We would have liked to give examples to
illuminate the formulas, but this has not been
feasible. Numerical analysis is partially a science
and partially an art, and short of writing a text-
book on the subject it has been impossible to
indicate where and under what circumstances the

"various formulas are useful or accurate, or to
elucidate the numerical difficulties to which one
might be led by uncritical The formulae are
therefore issued togethe *th a caveat against
their blind application.

Formulas

Notation: Abscissae: xo<xl< . . .; functions:
/, tit , . .; values: f(x1)=f,,,r(zi)=f,.. f, .

indicate 1", 26, . . . derivatives. If abscissas
are equally spaced, 41.1xf.A and 14.1(x01-pli)
(It not necessarily integral). R, R. indicate re-
mainders.

25.1.1

25.1. Differences

Forward Differenees

41=41+ ait=4+, 2A+ 1+1.

4,1=414.1-4!=1,+s-4.14.1+31,4 in

;4 (-1)/(219,/+*-1

25.1.2
Central Differences

8(h+1)=8*+I=3141,---ic+zf,

it+v---4+1-61/1=A+3-4141+3Af.-1

ormtk (--.1)1(2jk.).A+A-71

,(2k
+1/

4.140,...0 if is and k are of same parity.

Forward Differences

xo fe

gi ft Ai

ft AM
as

4 is

Central Differences

x-1 f-t

za

f! 4

./2

Mean Differences

25.1.3 ogio)=i(is+i+.9.4)

Divided Difference*

25.1.4 41-4

(7410,14),,,,114,41-1x1,741Xs Xs

1414, . . "21"-11-141, X

Divided Differences in Terms of Functional Values

25.1.5
ft

174,Z11 ,741/13N, 17.1(z5

906
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878 NUMERICAL

25.1.6 where *.(x).(2zo) . . . (x-4)
and v,;(s) is its derivative:

25.1.7

v Us.) = so) . (4-4-1)(ita-4+1)
(4-4)

Let D be a simply connected domain with a
piecewise smooth boundary C ii(nd contain the
points 20, . . a. in, its iiitecior. Let f(s) be
analytic in D and continuous in D C. Then,

25.1.8 tio,31, f /Lt.(2- da*
`I (2 Plat)

low0

25.1.9 Al2=-*Pre)(i)ii (4<(<2*)

25.1.10

4,4 =row

25.1.11

fx-e,

n! (24<t<4)

,70, 12-.P=149irof

Reciprocal Difference.

25.1.12

P(io,x1)=.4r;z;

7o 74
Ps(7o 71, 70= -Ffl

P(10, x1) P (Z 4)

(4), A, 7a, 70 zo
xs

Pa (4, 71, 74) P(21' z:s)

74 Zo
Pit (ZA Zit)

23.2.1

23.2.2

1,(z)= t"(z)(zzobr,;(if,

a

I(Zo - Ps - 1(ZI, Ze)

+p*-3(zi,

25.2. Interpolation

Lagrange Interpolation Formulas

f(x) --N
s

1,(x)f,+R,,(z)

(z 1)(Z ti+1) (x Zs)
(Xi . . . (II ... (x1-4) 1 26.2.10 R l(p)ou.121110r)(1) a.128As

ANALYSIS

Itemilmk7 In LaiRenes Interpolation Formula

25.2.3

R.(2)=,.(s)

25.2.4

iRi(41 x"-mzr sagaz.vol+"(1

95.2.5

4.^

*.(x) P2.24000. (4<i<ziO

R irs(8) r .1(t)
T-r-s 10 2)0 10) (t -24)

dt

The conditions of 25.1.8 aref assumed here.

Lagrange Interpolation, RquaSy Spaced Abscissas

n Point Formicla

25.2.6 f (zo+ph).7` A.:(44-R. _1

For n even,

For n odd,

(-1 (n-2) V

(n-1)5k (n-1)).

25.24

(-1)01+a II (1)+414 t)
k-2-401()}n--k)!(p k) e-i

n even.
(_i)ic*-u+.

(P) n_
+k) ( 2 (pk)

II (p+n-r--
2
4t> n odd.

1

i
R._ I.

fl, h
(pk)htf(*)(i)

1
(p k)4 (70<t<xs).-

k has the same range as in 23.2.6.

Lagrange Two Point Interpolation Formula
(Linear Interpolation)

25.2.9 flit+ ph) = (1 Afo +

907



NUMERICAL ANALYSIS

Lagrange Tines Point Interpolation Formula

25.2.11

f (to +ph) =A-d-i Atio Adi +R2

,f'2 :1-2--121-14- (1 e)fo+t(Vii
25.2.12

Rs(p) $t, .065hr) (0 ad .065As (Ip151)

Logrange Four Point Interpolation Formula
25.2.13

f (4-1- ph) if-I.-FAQ/0+4A + Ads+ Rs

p (p -1) (p-1) (p*-1)(p-2)
010

6 2 f°
_p(if-1)(p-2)frl(

)il
25.2.14 R °(p) ft%

.024hr (E) .024114 (0 <p<1)

.0421eY(') .04204 (-1<p<O, 1<p<2)
(r-t<i<xl)

Lagrange Fire Point Interpolation Formula
25.2.15

1(44: Ph)42Ads+R4

(P1-1)70J-2),.-3

(p-1)p(p*-4)
24

+
(pa-1) (20-4)

18

p+ 1) p(pl -4)
A4 6

(ps-1)2p4(p+2).6

25.2.16 Re(P)
.01249'090 ges .01206 (1p1<i)
.0314/0)(E) a .0310, (1 < IPI <2) (x-i<t<xs)

Lagrange Si: Point Interpolation Formula
25.2.17

J (xo+ ph) wit Alf I 4. Rs

p(p' 1) (p-2) (P-3)
1-3120

p(p-1) (ps 4) (p 3)
' 24 J-1

(pi- 1)(,p0 4) (P-3)10
12

p(p+ 1) (101-4) (p 3) ....p(20 1) (p+2) (p 3)
12 24

+p(p1-1) (0-4)
120 JI

879

25.2.18 Res(P)

.0049/61(6)(E) 0100490° (0 <p< 1)

.0071 kV x+.00710° ( 1 <p<O, 1 <p<2)

.021hr (0 Rs .024418 (-2 <p< 1, 2<p<3)
(z-s<i<a3)

Seven -Point Interpolation Formula

25.2.19

25.2.20
.0025/Vim (E) 4 .00250'

f (zo- Ph) =tom$ Adi+Re

R6 (I)) PO .0046h7fm (0 .0046e
(IPI<I)

(l<IPI<2)

.019ier (E) .01907 (2<iPi <3)

(Z-1<i<X1)

Lagrange Eight Point Interpolation Formula

25.2.21

25.2.22

R7(p)

1(4+ PP= its Ad I+ R7

M11hef8)(t) ge.001108

.0014h8fP(t) cs.001441°

°°33her (i) AM°

.016kr)(01=1.01610

(O<P<l)

(-1<P<O)
(1<p<2)

(-2<P<-1)
(2<p<3)

(-3<P<-2)
(3</K4)

(x-s<i<24

Althen'a Iteration Method

Let f(xixe,A, . . .,4) denote the unique poly-
nomial of k* degree which coincides in value with
fix) at rib of 1k

25.2.23

i(xizetxoAlfil

(x1.74, lifa°
xt xo

zoX I
X

I (xIx, zi)="1 ifix1 4, x0 A-2 1
0,--xi i(xl zo, 74) EiE

1 if(E14,E1,4) 7417111j(Z/ 4'11, Zs) -1-11/(x14,i1, xs)

908



880 NUMERICAL ANALYSIS

Taylor ifispandon
25.2.24

fix) =./0+ zo/f0+(x-2P)'141" . . .

(x--= )',14 ")
nl

25.2.25 R" 'a7 IP" (t) dt
so

Everett's Formula
25.2.31

I (x0+ PA) pli+pflP(Pi(P-2)
+4+14(1-1) stl+ .4P+n-12) are

/1-1-1

(1. 4)W" (a+f (E) (4<i<x)

Newton's Divided Difference Interpolation Formula

25.2.26

./(x)=A+;iira-1(x) izoxt .x4i-FRo

to

Exxixs1

xi is txtza,41

xe ./3
.1441

25.2.27

Ro(z)=IN(i) (so, ,4,;1=r,s(x)t-tql(n1-1)1

izltitzopzoi

(For Ir. see 85.1.6.)
(AKE< 4)

Newton's Forward Difference Formula

25.2.28

f(zo+ P4)=10+1.10+0)4+ .

zo to

II A24

/2 A?

Is
25.2.29

R.=h6+1( P
n+

it

Zs

+(!)st+R

)),(+ I a, P )"4.1s' 9
(er<i<i)

Relation Between Newton and Lagrange Coefficients

25.2.30

(0, p)
(I:3)

-1(p)

= .*/A/O+Pil + EA+ Fag+ EA
+PA+ +Rs,

zo to 14

at 61

xi ft M at

25.2.32

Rh.hon+s P+n
2n +2).1

(1)Fit) rer4 A
(zs<1<z+1)

Relation Between Everett and Lagrange coefficients

25.2.33

,E4.A°.2 Ee=

F2=A4, F4A; Fein
Everett'. Formula With Throwback

(Modified Central Difference)

25.2.34

f (7:1-FP4) Aio+Pii+EsaLo+ FAL I-FR

25.2.35.

25.2.36

25.2.37

C=41.18414

R x.0004514 +.000811a11

f (4+ ph) = (1p)fo+ pf +EA-Fran

44814+ I+ R

25.2.38 ati=a4.20781+ .

25.2.39

25

R '.00003214+ .0000521111

(4 +Ph ) = (1P)fo+ Pit + EA+ FA
44+11A+Esiko+Fogt,t+R .

25.2.41 4=0 .218811-.049,W+ . . .

25.2.42 R *6.00000371AI+ . . .



Simultaneous Throwback
25.2.43

NUMERICAL

Axo + PA ) P)fol 1). + Es4.0+ FA, I

+ &kr,- 48:0+R

25.2.44 8 t. .013120+ .00430.00100

-25,2.45-8S--
25.2.46 R pes vow= + .0000094f

Bement Formula With Throwback
25.2.47

Azo-i-Ph)=(1:--Pfo+Pf 1+ Nal. 0+4, j

+ + R, 1), ge.,11-06(pi)

25.2.48 .1 i34.54

25.2.49 R .40045141+ 0008718:1

Thiele's Interpolation Formula

IS

ANALYSIS

25.2.54 m2n-1-1

a.
2

41, cos";
2

Bin iri"

25.2.50

(x) =A:0+z
P(xi,z2)+z

P2(ziza,z1)f zz,
Ps(zi,74,4,4)

P(21,4)-i-

(For reciprocal differences, p, see 25.1.12.)

Trigonometric Interpolation
Gauss' Formula

25.2.51 (t) " /4(411=CM
ire0

881

(k=0,1,

25.2.55 : m=2n

n J, cos kz,; ba=n 1 124.4 sin kz.

,n)

...,n) (k=0,1, .,n-1)

b. is arbitrary.
Subtabulation

Let fix) be tabulated initially in intervals of
width A. It is desired to subtabulate f(x) in
intervals of width A/m. Leto and "A. designate
differences with respect to the original and the

final intervals respectively. Thus 10=1 (aott)
1(4). Assuming that the original but order
differences are zero,

251216 + lii::144.11-2r4)(1_Inifi
24m) (1 3"1/ 424m

1m (1m)(7-11m)
3+ 43+- ans4n-r-

25.2.52
. . . sin it(xx4_1)

1")=ssin e(4-4) . . . sin i(4-4-1)
sin 11(x;+1) r Sin ES-744)
sin 4(4-74+,) sin i(zazos)

t (x) is a trigonometric polynomial of degree n
such that 4(4) q, . . .,2n)

Harmonic Anstysis

Equally spaced abscissas

sr, ;a -6 =
25 2 33.Nct

f (i) ft4iso+A: (a cos ia-144 sin kx)

RI
1

Al+
t4n)

2M

From this information we may construct the final
tabulation by addition. For tn=10,

25.2.57

10=.14.0454-1-02854.020884
311=.014.0094+.0077254
1:..0014.0013134
211..001:1114

Linear Inverse Interpolation

Find p, given is,(=j(24,-1-ph)).

Linear

25.2.58 9
"

Jo
h 10

916
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Quadrat** Imams 4atorpobtlos
25.2.59

(./1 -Veil- *)P1+ (11-i- *)P +VA-fp) w'0

lames hiterpoladon by Reword** of Sake

25.2.60 Given Ariri-P10=fet die .

25.2.61

p=X+041-1-04$+. .1 )a ( /.largo

25.242

ANALYSIS.

25.2.65

Bivariate Interpolation

Throe Point Formula (Linear)

cov-ai easa. 21411 144I

lawerdos of Newton's Forward DIfferenes Formula

25.2.65

fie27-4+ .

(Used in conjunction with 315.2.62.)

25.2.64
Inversion of gworetVo Formula

0,o fo

4 4as'crlififfio+

(Used in conjunction with 25.2.62.)

fixo+Ph,v0+0)=(1pq)A0
-1-Pii,o+110,1-1-0(141)

Four Plat Foam&
25.2.66

1(4-1-.146,v0+0)(1P)(1-010.+p(1-011.
+q(ip)fo.i+pefs,i+o(hs)

robit Formula

fizoi1it,Yo+0);.eVias+.-(E:--1) iI.o

4-(1+P4ees
fr(p-2q4-1)

2 'I"

2 fo.i+Pdt,s+0(10)

25.3. Differentiation

laamegeo Formula

25.3.1 f (2) .A11(x)fri-14(x)

(See 212.1.)
fre(425.3.2 Es (r)

(311
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\63.3
(421°P-2:2101+1)! Or's(x)+0._FiT"(2) ILd r+"Q)

254.10 mir=4.76.14244:t4+ . . .

25.3.11

=i(z) fre<1<xe)
.10

Mra:444+:1441 41+ . . .

Equally Spaced Abscissas

25.3.4

1;=.1' (h+Ph)

nif(p-01-s-2,10+(p-Fi)fi)+A

Four Foists
25.3.5

1s=1' (44-ph).4{-3p itF21
3p1-2p 2,f

2 1° 2

"r +14

Five Polite
25.3.6

A=1' (zo+pk=31 2?-3/0p+1
I 12 I-I

4pt_3
8p

?ps gp
i-s+ 2 fo

4p3+370-6p-41s
6

+2,70+31;21p

For numerical values of differentiation cos&
ciente see Table 25.2.

Marlton, Formulas

(Newton's Forward Dianne. Formula DIffereatiated)

25.3.7

I' (a0+ ph)=1[4+12i-4

+1?-9-77:-'24+ ... 4]+/e.

25.3.8

ra,=hlyt+1)(t) jii)(4/11)440+1(41)(rifok+no)

Oso<10.)

25.3.9 WO=41.); 8i+-15.14-1 83+

25.3.12

25.3.13.

=t4--;t4+64-1t4+ .

,

. .

Everett's Formula
25.3.14

1t1'(4-FP4) PS fo+JI 38+2 aiii-V-F1 4

44-2010-1-1671+101)-6 520-16p2+4
120 4+ 120

{(11:1+11)1 4114-Kr+niA

25.3.15

Mira10.41715 n+2k-,14+-;- of

Differences in Terms of Derivatives

253.16

theys4A+tir 40 +VIP' +Pr

25.3.17

a no hyr +Kyr+1§ kyr) +1 h/

28.3.18 Atm MO hYr +:11"

25.3.19

25.330

25.3.21

Agedhyr +aye)

$/g/ hYtie)

Partial Derivatives

(fs...--f-s.)+0(61)
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25.3.26

Y02.
az =V; (11.11-1.1+>1.-1-1-1.-1)+OM

25.3.23

25.3.24

S21=11s Cfs.o-2.fo.o+.1 + 0(M)

-0

na1

l/
(
.".1"-T- vri 1.0owao

+16.t-t.0f-0,o) -I-0(44)

O

25.3.25

alto -I) +OM

.25.3

WAby.°oz=1tv (ii.o+/-t.o+f0.11+fo. -a

25.3.28

P,4A0 1
azA vs.0-4/1.+5/0,0-41_1.04-f_1,44. 0(41)

25.3.29

O'10,0 1 a4f0, 0 1

"67 li1,1 V0.1 1-.1 -r vo.oi-J-Lo bzoarli
+/1.-r-2.4. -a +.1=i, -1)+0(4) 2A0-2j_1.0-2/0.1 2/0,_1+4/0,0)-}-0(4*)

913
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Laplacian

NUMERICAL ANALYSIS

25.3.33

/0'u Wu\
"uteml6T2+672 1...

sh (u1.0-1-u0,14-u-1,0-1-1io, -I-414,0)+0(0

25.3.31

021411(1=1'242 [ -'41°U1")+16(1116 +140. 1+14 -1,0+110, 1)

042,0+110,2+142,0+141), 01+0(h4)

25.3.32

Biharmonic Operator

" 4 0 + 2 0:24:0 + bays:

.141-412ou0,0--8(ul,o+uo,i+u-1,0+uo, -I)

4-2(uo+ul.-14-u_LI u..t. _I)

+(tat t+uo,o+it.o+uo. 1)1+0(0

9_

885

r
174g0. 0=7 6T4 (uO. 3+14. 3+ US, 0+U-3.0)

-1-14(14,3+11/4-9+112,0+0-9,0)

7-77(143-1-00,-1+0Lo+14-t.o)

+18411/40-1-20(013+01,-0-14-t,t+14-1,-1)

(u1.11+142.141i1. 2+112, 1+U-1, a +1C-2.1

+U-.1. 2+14.-20.1) 1+000

25.4. Integration
Trapezoidal Rule

25.4.1

JS,
f(x)dx=1-1 (fo+ (tzo)(xit)f"(t)dt

(f o+.1t) f'' (0) (Zo<E<Xi)

Extended Trapezoidal Rule
25.4.2

f: 11f(x)dx=4[+.11+ -1-A

mhs
f"(4)

Error Term in Trapezoidal Formula ha. Periodic
Functions

If f(z) is periodic and has a continuous kth

derivative, and if the integral is taken' over a
period, then

25.4.3
c

iErrori <
onstant

mIs

Modified Trapezoidal Rule
25.4.4

trni(x)dx=h, +f.-14]
so

1/1 8 .4)
I-- I -t+it+.4-t---14+ti+li-2-0- kr a)

914
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25.4.5

3

1(4dx= rio+4fl+13)
0

4.1

+1- (4-1)1(z1 t)f a'(t)dt

f(4-01(zios) (t)dt

NUMERICAL ANALYSIS

Simpoon'a Rule

ha
z="ii.i 0+ 4.f1+12i For' (E)

Extended iiimpeon's Rule
25.4.6

I9efix)* 3 1/01-4(fi+.61- 112-i)

43+2(12+14+ +.4.,-9) +Jul off (4)

Euler-Maelaurin Summation Formula

25.4.7

f.:.i(z)dx=h[fi+fi+f,+ . . . +f-a-Pd

Buhl' _-211 hkrfo) . fir ) Jr "i +

R24=94112'
.o.js'i+s max j'+' (41, ( 1 SO 1)(2k -f.2)! s.sss.

(For Ai, Bernoulli numbers, see chapter 23.)
If fu+0(x) and fo+4)(x) do not change sign for

xo<z<x then 1/441 is less than the first neglected
term. If f" "(z) does not change sign for
x0<x<z, 141 is less than twice the first neglected
term.

25.4.8
Lagrange Formula

1(44= to (LI") (6) Li' (a)). + RIO

(See 25.2.1.)

25.4.9

L1 f'1,(dt.0(.0rfewd
iro

0.1: rt MI

25.4.10 .(z)f (6+ " (f (z))dz

Equally Spaeed Abscissae,
25.4.11

ft,
(z)

f (4dz=rr. dz-f-R.4- tl(ns)! Z-2,

913

25.4.12 f 1"4, .""f(z)dz=h At(m)f R

(See Table 25.3 for A,(m).)

Newton-Cotes formulae (Closed Type)

(For Trapezoidal and %moon's Rules see25.4.i-
25.4.60
25.4.13 (Simpson's rule)

(4dx'=8 (fo+ 3fI + 3.fa +fp) 3 4-fr:--j)41

25.4.14 (Node's rule)

f" (z)dx=211 '
ig '710+3211+12A

+32/3+714) 945
25.4.15

.1:04/(x)dx=2-54 (19.fo+75/11-5012+5013

+75M- 1915) 2711/2
12096

25.4.16

so
(4dx..1 (41.1o+21611+27 1 a+272f

+2714+21610-41
_y_iitcoLo

25.4.17

ty 74
1(4 dz= w (751.4+ 3577fi + 1323.fs

so

+2989/3+298914 +13234+3577h

8183POW-1-751/0
25.4.18

s,
414

f (z)dxs= 1.ir75 (989104-588811 -92%

+ 104981, 4540f, + 10496/8-928/6-1-58817i 2388 Atm
(
k)Lia

+9"/$1--.467776j
25.4.19

94
89600

2f{ 857 (10-1-10)

+ 15741(11 111)+1080(J1-110 19344(f slio)

- +5778 (j, 116) aorT WA"
stet page sc.
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25.4.20

f(Adva-6 (16067(10-filo)
29937

+105300(ii+.4)-48525(19+14) +27240004+P

-260550(14-his) +427368141

321346369:92f w (E)A1°

Newton -Cotes Formulas (Open Type)

25.4.21
rs
l, ef(x)dx4y,+foiryhs

25.4.22
S. 4k 281(4)(010

Lf(xxx--(2iti2+2.6)+- 90
3

25.4.23
joss Kik

fix)dx=i-7(11,A+114-184.11/4)+Ner

25.4.24

(x)dx40 (1111-1414+261 -141 +f
+41.740ave

S

25.4.25

rst
(z )dx=11440 (81111 -45/° +5826 +8821

5257
-45318+6111")+8644,----th)(E)/0

25.4.26

11(4dza14 (460/1-95412+2196/3-2459/4945

21961,- 3956
954/ +464 /i) + ($)M

Five Point Rule for Analytic Function.

25.4.27

to- h

to + I h

to- i h

to
to + h

0(.0

so*
ff(z)(13+ (20-101

15' { 24f (4) + 4U(2° +4)

--fi(zo+a)+I(zoi1411 +R

IRI -1890 Maxos 1 r(2)1, S designates the square

with vertices zo+ i"h(k= 0, 1,2,3); helm be complex.

Chebysbev's Equal Weight Integration Formula

ff(x)dx=.n-2 p j(;)-}-R.

887

Abscissas: A is the lib zero of the polynomial
of

11 n n
44. exp [273?-4.5z3-6.7e7

(See Table 25.5 for A.)

For n=8 and n> 10 some of the zeros are
complex.
Remainder:

+I z
4Roo,f

a+1
+1)(odi

-1 (n+1)If
2 *r 4+T i+1)(4)--n(n+1)1 rid

where t=t(*x) satisfies 0.5.fx and Oitzt

(i =1 n)

Integration Formulas of Gaussian Type

(For Orthogonal Polynomials see chapter 22)

Game Formula

2 5 . 4 . 2 9

ri
,1(x)dx-t (z1) +R"

Related orthogonal polynomials: Legendre poly-
nomials Po(x), P "(1) =1

Abscissas:. A is the ith zero of Po(z)

Weights: wi=2/(1-4) (P(A))°
(See Table 25.4 for A and Wt.)

2+'04
R"= (2n

*+

1) [(11)NW' (-1<1<1)

Game Formula, Arbitrary Interval

- *
25.4.30 f f(y)dy..b a

2
tat f(y,) +R.

z,+(bo
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Related orthogonal polynomials: P.(x), P.(1).1
Abscissas: z, is the zero of P.(x)

. Weights: ws=2/(1-4) IP:,(xt)?

25.4.31

(6a)' "'(n0)4p8.1(1)R".
(2n+1)R2n)113

Radom*. Integration Formula

toff (z) + R.
7.7

Related polynomials:

P -1(x) (z)
z+1

Abscissas: zi is the zero of

P.-1(4 + P.<4
x+1

Weights:

c 1x, 1 1

ni).-1(x.)

Remainder: \.

R 22". n ( (n-1)w/on-
(E) (-1<i<l)

Lobatto' Integration Formula

25.4.32

toif(zi) +
12

Related polynomials: P...,(z)

Abscissas: z, is the (ti-1)" zero of Pe_1(z)

Weights:
2

n(n-1)(Ps-1(zi)12

(See Table 25.6 for J., and tvf.)

Remainder:

B, n(n 1)32141(n. VP
(2n- -1)(;2n -2)!J

page it.

(xo'±1)

(- 1<E<1)

917

0

25.4.33 . fJo z4Mdz.g, togRzi)+ R.

Related orthogonal polynomials:

g.(x).-14kri+1P44.1" (1-2x)

(For the Jticobi polynomials P 410' see chapter 22.)

Abscissas:

z, is the ith,zero of Mx)

Weights:

.1

toi..igIO(zr))11-1

'(See Table 25.8 for zs and ult.)

Remainder:

Re. f")(1) r1nt(k+n)10
0+2n+ 1) (2n)1 -1Tro j (0 .l.<1)

25.4.34

10

Related orthogonal polynomials:

1
Iti=i1120+1 (41-4f P20+1(1)=1

Abscissas: x, =1 E; where Et is the ill' positive
zero of 112.4.1(x).
Weights: wi----.213wri" where wilt" ') are the
Gaussian weights of order 2n+1.
Remainder:

2401(2n-1-1)114R.
(2n)1(4n+ 3)1(4n+2)11 -r")(t)

25.4.35

.1°
(6-4)"9 wd(VI)

Yi=a+ (ba)xs

Related orthogonal polynomials:

1
PIRO (41-"-Z)1 P10 +1(1) =1

Abscissas: xi= 1 d where 1, is the V' positive
zero of P214.1(2).
Weights: wi=2114"+ where0'1+1) are the
Gaussian weights of order 2n+ 1.
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25.4.36
1 z

dzi=, wd(11)+ R*
J r' -

4\ Related orthogonal polynomials:

P24 (rri i) P2*(1) 1

Abscissas: x, =1 -E; where EI is the ith positive
zero of P24 (4.
Weights: w1=2w1"),4") are the Gaussian weights
of order 2n.
Remainder:

.2"+2 PPP pm (0
" 4n +1 [(4n)112"

25.4.37 dy.17:7, +
y

y, =a+ (b -a)z,

Related orthogonal polynomials:

P3n(111- AN(1)=1

Abscissas:
x1=1-.0 where f, is the ith positive zero of P:.(r).

Weights: w4=21v[24), Kw are the Gaussian weights
of order 2n.

(0<k<1)

23.4.38
ri f(z)

dr. 154. 14/i f (xi) +14
J-1 Id117:7?

Related orthogonal polynomials: Chebyshev Poly-
nomials of First Kind

Abscissas:

Weights:

Remainder:

1
T,,(z),T"(1)=2"

r,-cos (2i-1)r
2n

R
*= (2022* i f(741 (-1<t<1)

25.4.39
f6

-
f(Y)flY ted(M)+Rg

d (y-a)(b-y) -1

b +a b -a
+ 2 4.

Related orthogonal polynomials:

T.(r) , T.(1).2,41.

Abscissas:

Weights:

25.4.40

i=e0f4
(2i-1)r

2n

w101=-
n

+1

f(z) wif(x,)+R.f1

889

Related orthogonal polynomials: Chebyshev Poly-
nomials of Second Kind .

U. (x) =sin [(n+1) arccos xj
sin (arccos r)

Abscissas:

Weights:

Remainder:

X s= COS n 1r .-+

w,` . 2

n+1 n+1

tt
R4---.(2n) 2211+1 24)Wi (-1s.{S.1)

25.4.41

f: 1./(Y (b y) f (11*=(IT) wi (Y1) + R

b+a _Lb-a

Related orthogonal polynomials:

U.(r).sin [(n+1) arccos
sin (arccos z)

Abscissas:

Weights:

i
xi = cos

n +1

r i
Wi=sn-f-1 sin +Tn

25.4.42 f
(x)3I

1 z 1-1,0
dxE wi(zi) +R.

0

Related orthogonal polynomials:

Abscissas:

Weights:

_218
*140 page H.

fr,
11'a 2+1 v,

J.7.
*./

1

2i-1 ,'ri=cost -
2n +1.2

2r
"-r-1-1-
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Remainder:

riniW .1(") (1) (0<i<1)
25.4.43

NUMERICAL

f(4
AP:-1 dx= (ba) A w4/4,0 +R.0_.

I a+ (ba)zi
Related orthogonal polynomials:

,
Tri

Abscissas:

Weights:

25.4.44

2ti 1 ir
ze.cos 2-71,71- §

21.

wes2r.

EIn xf(x)dx.g u1/41(xi) -1- R.

Related orthogonal polynomials: polynomials or-
thogonal with respect to the weight function In x
Abscissas: See Table 25.7
Weights: See Table 25.7

25.4.45

-sf
(x)dx=rr E fix.) - Reai ID

Related orthogonal polynomials: Legume r --

nomials L.(x).
Abscissas: xi is the ith zero of Lis(x)
Weights:

wigs
(n+ )'iLs+ t(z+)

(See Table 25.9 for xi and wt.)
Remainder:

OOP pm tit (0</< °I)tge'ITWI

25.4.46

e-a1f(x)dr=r tad (x1)+ R.71

Related orthogonal polynomials: Hermite poly-
nomials 14(x).
Abscissas: xi is the ith zero of Ha(x)
Weigh*

2*-4111,4;

(See Table 25.10 for xi and we.)
919
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Remainder:

nt Vir tow fkl
"Illm2211(2/0!*1 161

( go<1<o)

Fliou'a lukgration Formula $
25.4.47

sa*/(x) cos tx dx=h[a(110(is sin tzs

fo sin tro) +004 C se4-7(th)

-1-4725

23.4.48
a

Cta' hi cos OhdIIVIN cos iZia410 cos grei

25.4.49

25.4.50

25.4.51

25.4.52

a
Cga...1=01 ht..' cos t -1

Slbs-t=°A ffiti sin tai, -1

R070-1nktf") () +oom)

atip.,LLein 20 2 sins
' 2.

00)=-2 (1+÷-rs eein 2e)

7(0.4 (84-1 8c4)4)

For small 0 we have

25.4.53
28/

ag411$ 316'4725
2 , 202 ,

PasiTrigiii5r5Tri-
4 20I_L .1.

nsialim210-11340'
25.4.54

f(x) ix dx=h[a(th) ( f. cos 14-11. cos tate)
ft»

fa°

+089+7492.-1+45 th401.1R.
25.4.55

Smear ft, sin (021)-5 (./2 sin (tx,) 41. sin (tro) j

For certain difficulties assoolattel with this formula,
see the article by J. W. Tukey, p. 400, "On Numerical
Approximation," Ed. R. E. Langer, Madison, 1989.
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Sag - .fat -I Sin (tZat

a
cos (izai-1)

ill

(ee Table 25.11for re, 0,1.) .

Iterated Integrals
.25.4.58

fo 0

8

dtm_i . . . So.
83

dta f(tati

25.4.59

dt.
s.

dt._, .

1
r.

=3(n-1)1 Jo (zt)"-lift)dt

.,fla

dtli

r
foods,

4

(za)* ri
Jo (z(xa)t)dt

Multidimensional Integration

*rcuntferertce of-Circle r: z3-11=/0.

25.4.60

f Px,y)dR.
hin r 2I-

La
m ...I

Circle C: <
25.4.61

A cos 7.7:, A sin )>

+0(A2*-2)

rr 4

xha (")d.rlir= Wd(118/11)+R

1/2 R.0(10)

1/8

(411g) Iva

/ lA(±±) 1/4 R.0(10)

(zol/i) w,

(o, 0) 1J2

(±4,0) 1/12 R.0(44)

(±2P±:Ar) 1/12

891
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(xs, Vs) tvi

(0,0) 1/8

(±A,0) 1/24

(0,±h) 1/24

(±/-12.±2) 1/8

(ZINO

(0,0)

NUMERICAL ANALYSIS

R=0(M)

(41/i).

(0,0) 1/4

( 44,0) 1/8 R. 0(M)

(± 4,4,ri) 1/8
ti

10,

1/9

(1/6 ..(1L6h 008 ?/.1-1:A/646 in 71) 16v
(k=1, .,10)

(11111/44 cos 10k, 61U H1

I
,R=0(e)

Square' S:

23.4.62
rr

4,rojifix,odzdy=A: wi(x0,211)+R
a

(x0,Y+) wi

(0;0) 4/9

(±h,±h) 1/36

(±h,0) 1/9

(0, ±h) 1/9

i

ago i
0

R. 0(M)

1/4 R.0(44)

I.

0

(Xiflit) V),

(0,0) 16/81

4 For regions, such as the square, cube, cylinder, etc.,
which are the Cartesian products of lower dimensional
regions, one may always develop integration rules by
"multiplying together" the lower dimensional rules. Thus
if

1(x)drirdE
wifixi)

rmq

is a one dimensional rule, then

jo(.1

r .
jo f(*.tOadaio tetwd(zi,ar)

becomes a two dimensional rule. Buell rules are
necessarily the most "economical".

921
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a 5

(0,± A)
laf a /
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25/324

R=0(10)
10/81.

10/81

Equilateral TWangle T

Radius of Circumscribed Circle=4

25.4.63

1 ffri(2,0dzdYrA tot.Azol/O+R

(zi,yd)

(0,0)

(4,0)

tad

27/80

3/80

3/80

8/80

3/4
R=0(110)

1/12

1/12

VD

R=0(A4)

tad

270/1200

155%/11;
1200

Regular Hexagon H

Radius of Circumscribed Circle=h

25.4.64

893

R=00°)

cr
f(z,odzdYN %Axil YJ+R

5 1/3M

.11

(21,1h)

(0,0)

(±M13)
e,0) 5/72

21/36

5/72

/Mr 41111.

R=0(10)



894

.11M .11,

NUMERICAL

(2i I Vi)

(0,0),

(±to 4r4,±itm)

Wt

258/1008

125/1008 't R=O(As)

(±A 1-1 0> 125/1008

Surface of Sphere Z: +70 +211=10

25.4.65
4

frff(zy,z)thig (21,v0O+R

4400 tat

(± le, 0,0) 1/6

(0,±4,0) 1/6

(0,0, ± 4) 1/6

R=0(4')

.92 3

ANALYSIS

(Xi, Vt,

(±4 ±4h,o)

(±4h,o,±44)

(0,±4 A, ± /4)

(±4,0,0)

(0, ±4,

(0,0, ± le)

(20111,2e) tot

(±44,± A, ±Ah) 27/840

(± 4, ± 149

(± 4,0, ± 4) 32/840 R=0(10)

(0,± Ale,± AA)

(*4,0,0)

(0, ± 4, 0) 40/840

(0,0, ±

Sphere S: 0+1/-1-2054

25.4.66

Wt

1/15

R =0(4')

1/30

r
i 4jibid N wd(zivosi)+R



(xt1/01) tot

(0,0,0) 2/8

(*4,0,0) 1/10

(0, ± 8,0) 1/10

(0, P, h) 1/10

Cube° C: WO

11115h

R=0(10)

25.4.67
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r,f.sum of values off at the 8 points midway
from the center of C to the 8 faces.

Efe=sum of values of f at the 8 centers of the
faces of C.

ri=sum of values off at the 8 vertices of O.
Efe=sum of values off at the 12 midpoints of

edges of O.

Efecisum of values off at the 4 points on the
diagonals of each face at a distance of

sigh from the center of the face.

iff/(24,2)dzdrizg-g u1/41(zaost)+R

(sblibies) w,

(±4,0,0) 1/6

(0, ± 4, 0) 1/6

(0, 0, ±4) 1/6

R=0(10)

23.4.68

4ifflf(x,Y,z)dzdYd2

cmgol- 496.A +128A+8Ef,+5A)+0(h)

23.4.69

45
1

0 JrEJr 40EA+16E.M+O(M)

where f(0,0,0).

SOO footnote to 115.4.61

924

Tetrahedron: Jr
25.4.70

4-/fiffixaMdzd1/4=3-4-10 EM- 496 Eft

+terms of 4* order

g420.4-11--10

+terms of 4th order

where
V: Volume of

EA: Sum of values of the function at-the vertices
of .T.

: Sum of values of the function at midpo is
of the edges of 5

Eh: Sum of values of the function at the ce ter
of gravity of the faces of

A: Value of function at center of gravity .

ii
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25.5. Ordinary Differential Equations.

First Orders yi mfial, y)

Point Slope Formula

Yo+1=ye+hini-0(10)

Ye+i =1/4-t +24:,+ O(hs)

Trapemidal Formula

25.5.3 Y4+1=1/+i (4..4+4)+0(43)

25.5.1

25.5.2

Adams' Extrapolation Formula

25.5.4

55411044=Y 5914-i+ 3714-1-914-1) +OW)."+24

Adams' Interpolation Formula

215.5.8

1/.44=-1/s+271 (9Ve+1+194-44-1-1-14-s) +000

Runge.Kutta Methods
Seemed Order

25.5.6

Vs+i = Yu+
2-

(kti-ka) O(h°)

k1 =Af (4,116),ks=hf (4+ h ,y R-41)

25.5.7

1/+:Y.+k:+0(hs)

ki.hf (440 ,ks=lif h, 14)

Third Order

25.5.8

Ys+t=2/$+16- 4721. Its+ 0(h4)

Ic1 ---kl(z..Y.),ks---,41(is-1--1 Yo-I--1 kt)

ks=4/(4+A,Nk1+2k2)

The reader la cautioned against possible instabilities
eapecially in formulas 26.5.9 and 25.5.13. See, e.g.
(25.11), (25.12).

25.5.9

thi+1=1»+1 h+ O(h`)

k17,41(xfv.),k2=41(x+1 k1)

h=lif (4+1 haia+lko)

Fourth Order

25.5.10

16144=161+1 ks-1-1141-1 kei-

k1mit1(4,14),k1=141 (a,4+; km+1

k1 =41 (411-2 ki)k4=4f(z-i-k,y,i+ks)

25.5.11

Yo+1 c21/+.4- kr1 kri-1 k4-1-0(M)

kamitf(xnae),ks=kf (444 44/.4 k1)

k1= leJ (X4-1-1 htl/d kri-kg)

k4=4,(4+htf/s+ktkrfkl)
cur. Method

25.5.12

(k1 +2 (1... k1

+2 (1+4 k1+k4)+0(41)

k...ki(x.+1,,.+(4+Arfokt

4)k)
14.kf (4-1-41Y» + 2 ki)

Predictor - Corrector Method.

Milne's Methods
25.5.13

P: vs+ = y -1+ 3
(2y,,--14-1+21g-2)+ 0 ois,

c: Yo+i=7/0-1+t (7g-1 +41/:+1/1:+1)+0(M)

925
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P:

C:
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34
Ye +1=Ye-s+ fo- (1114 14y:,..1

+26y,:-3-14y,:_s+11y,',..4)-1-0(41)

2h ,
1/4+s=14-3+4.5 (714+1+32y;

+12y:1-1+3214-2+7y,',..3)+0(47)

Formulas Using Higher Derivatives

25.5.15

P:

C:

ye - +3(Yeye-1)+M(YZ/at)+0(h6)

Ye+1=Ye+t (//m+i +4)-14 (lastIn +0(M)
25.5.16

14+i --7-4-1+3(Ye (4 +V.:11) 4- O(h')

hi
Ye +1= Ye +i (4 +i+4)-10 --1/Z)

(11"1+7111") + 0(4')

P:

C:

Systems of Differential Equations

First Order: y' z' =g(z,y,z).

Second Order Runge-Kutta
25.5.17

ky,,-14+ ( i+k2) +0(M) ,

2.+1z.+5 (11+ 13) + 0(M)

kl(z.,Y.,z.), 1, 4(4, y., z.)

k,= hf(r*+ y. + 2,,+ to,

13 =hg(xs+h,Y+ ki,:4-11)

Fourth Order Runge-Kutta
25.5.18

41*-=1/4 6 (k1-1-2144-2k3-44)+0(h5),

4.1- z..+4 (11 +212+213+14)+0(M)

lei Ai( te.Ye.z4) Y.,z.)

kgh.f kt,z.+11)

-'s" Ag(rit+-1;,Yot4

897

ka=1.1 (4+1 4,14+2 k3, z. +213)

ta=hg (4+1, th+t 26+0
le4=4/(zs+h,y,,+katz1- /3)

14=h17(2+hIk+44,4+0
Second Order. y"=/ (z, y, y')

Milne's \Method
25.5.19

4h \
=14-s+ -5- (2y::--YZ-1+2YZ)+ 0(M)

4 41=4 --1 (Y',:-.1+42/:+y::+1)+0(48)\
RungeKutta Method

P:

, C:

25.5.20

Y.+1=Y.+4[41-.11. (14-42+ 14)1- OM

(14+2k1 +2ks+k4)

ki=h1(zo,74,1;1*)

k3=41 (Zs +2 h,Y.-1A+iki,V+0

14-141(z.-qhY.4-t 4+1 khy:

14=V (4-1-41Y.+441-2 k3,41-ks)

Second Orders y" f(z,y)

Milne's Method
25.5.21

P: Ye +s=Ye +Ye-aYe-s

+f (5y::+2la.+51/,:_2)+0(h)

C: y.=--214-1Yo-a+
h2

(yZ+10W-1+1/41-0+0(M)

Runge-Kutta Method

lie+i=Yo+h (11.-1-16 (kl+2k2))+ 0(M)

+i=4 +16 16+:1 ka +6 Ira

ki =hf (x,,, Ye)

fri=hf (z.-}-try.-11 ki)

ks1=41 (zs+h,14-4-hy;,+t 14)

25.5.22

41
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Table 25.1 THREE-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS

P
0.00

A_i
- 0.00000

A:(p)-( 1)k fl __P(P2_71)

.(14)1(1-61Ip=k)
Ao Al p A-I

1.00000 0.00000 0.50 -0.12500
40

0.75000
' 41
0.37500

0.01 -0.00495 0.99990 0.00505 0.51 -0.12495 0.73990 0.38505
0.02 -0.00980 0.99960 0.01020 0.52 -0.12480 0.72960 0.39520
0.03 -0.01455 0.99910 0.01545: 0.53 -0.12455 0.71910 0.40545
0.04 -0.01920 0.99840 0.02080 0.54 -0.12420 0:70840 0.41580

0.05 -0.02375 0.99750 0.02625 0.55 - 0.12375 0.69750 0.42625.

046 -0.02820 0.99640 0.03180 0.56 -0.12320 0.68640 0.43680
0,07 -0.03255 0.99510 0.03745 0.57 -0.12255 0.67510 0.44745
0.08 -0.03680 0.99360 0.04320 0.58 -0.12180 0.66360 0.45820
0.09 -0.04095 0.99190 0.04905 0.59 -0.12095 0.65190 0.46905

0.10 -0.04500 0.99000 0.05500 0.60 , -0.12000 0.64000 0.48Q00
0.11 -0.04895 0.98790 0.06105' 0.61 -0.11895 0.62790 0.49105
0.12 -0.05280 0.98560 0.06720 0.62 -0.11780 1 0.61560 0.50220
0.13 -0.05655 0.98310 0.07345 0.63 -0.11655 0.60310 .0.51345
0.14 -0.06020 0.98040 0.07980 0.64 - 0.11520 0.59040 0.52480

0.15 -0.06375 0.97750 0.08625 0.65 -0.11375 0.57750 0.53625
0.16 -0.06720 0.97440 0.09280 0.66 -0.11220 0.56440 0.54780
0.17 -0.07055 0.97110 0.09945 0.67 -0.11055- 0.55110 0.55945
0.18 -0.07380 0.96760 0.10620 0.68 - 0.10880 0.53760 0.57120
0.19 - 0.07695 0.96390 0.11305 0.69 -0.10695 0.52390 0.58305

0.20 -0.08000 0.96000 0.12000 0.70 -0.10500 0.51000 0.59500
0.21 -0.08295 0.95390 1. 0.12705 0.71 -0s10295 0.49590 0.60705
0.22 -0.08580 0.95160 0.13420 0.72 -0.10080 0.48160 0.61920
0.23 -0.08855 0.94710 0.14145 0.73 =0.09855 0.46710 0.63145
0.24 - 0.09120 0.94240 ,0.14880 0.74 -0.09620 -8.45240 0.64380

0.25 -0.09375 0.93750 0.15625 0.75 -0.09375 0.43750 0.65625
0.26 -0.09620 0.93240 0.16380 0.76 -0.09120 0.42240 0.66880
0.27 -0.09855 0.92710 0.17145 0.77 -0.08855 0.40710 0.68145
0.28 -0.10080 0.92160 0.17920 0.78 -0.08580 0.39160 0.69420
0.29 -0.10295 0.91590 0.18705 0.79 -0.08295 0.37590 0.70705

0.30 -0.10500 0.91000 0.19500 0,80 - 0.08000 0.36000 0.72000
0.31 -0.10695 0.90390 0.20305 0.81 -0.07695 0.34390 0.73305
0.32 - 0.10880 0.89760 0.21120 0.82 -0.07380* 0.32760 0.74620
0.33 -0.11055 0.89110 0.21945 0.83 -0.07055 0.31110 0.75945
0.34 -0.11220 0.88440 0.22780 0.84 -0.06720 0 e29440 0.77280

0.35 -0.11375 0.87750 0.23625 0.85 -0.06375 0:27750 0.78625
0.36 -0.11520 0.87040 0.24480 0.86 - 0.06020 0.26040 0.79980
0.37 -0.11655 0.86310 0.25345 0.87 -0.05655 0.24310 0.81345
0,38 -0.11780 0.85560 0.26220 0.88 -0.05280 0622560 0.82720
0.39 -0.11895 0.84790 0.27105 0.89 -0.04895 0.20790 0.84105

0.40 -0.12000 0.84000 0.28000 0.90 -0.04500 0.1,9000 0.85500
0.41 -0.12095 0.83190 0.28905 .0.91 - 0.04095 0.17190 0.86905
0.42 -0.12180 0.82360 0.29820 0,92 -0.03680 0.15360 0.88320
0.43 -0.12255 0.81510 0.30745 0.93 -0.03255 -0.13510 0.89745
0.44 -0.12320 0.80640 0.31680 0.94 - 0.02820. 0.11610 0.91180

0.45 - 0.12375 0.79750' 0.32625 0.95 -0.02375 0.09750 0.92625
0.46 -0.12420 0.78840 0.33580 0.96 -0.01920 0.07840 0.94080
0,47. -0.12455 0.77910 0.34545 0.97 -0.01455 0.05910 0.95545
0.48 - 0.12480 0.76960 0.35520 0.98 -0600980 0.03960 0.97020
0.49 - 0.12495 0.75990 0.36505 0.99 -0.00495 0.01990 '0.98505

0.50 -0.12500 3.15000 0.37500 1.00 -0.00000. 0.00000 1.00000

-P Al Ao A-1 -P Al Ao - A_1

See 25.2.6.
Compiled from National Bureau of Standards, Tables of Lagrangian interpolation
coefficients. Columbia Univ. Press, New York, N.Y., 1944 (with permission).
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FOUR-POINT LAGRANGIAN INTERPOLATION

AVP) ( -1)4+2

P A -1 Ao

COEFFICIENTS

A2

Table 25.1

4(41(a1)4(P)k)

AI
0. 00 0. 00000 00 1. 00000 00 0. 00000 00 0.00000 00 1. 00
0. 01 -0. 00328 35 0.99490 05 0.01004 95 -0. 00166 65 0.99
0.02 - 0.00646 80 0.98960 40 0. 02019 60 -0. 00333 20 0.98
0. 03 - 0 .00955 45 0. 98411 35 0. 03043 65 -0. 00499 55 0. 97
0. 04 -0. 01254 40 0. 97843 20 0. 04076 80 - 0.00665.60 0. 96

0.05 - 0.01543 75 0.97256 25 0. 05118 75 -0. 00831 25 0.95
0. 06 - 0.01823 60 0.96650 80 0. 06169 20 - 0.00996 40 0, 940.07 -0. 02094 05 0.96027 15 0.07227 85 - 0.01160 95 0.93
0. 08 - 0.02355 20 0. 95385 60 0. 08294 40 -0. 01324 80 0.92
0. 09 02607 15 0.94726 45 0. 09368 55 -0. 01487 85 0.91
0.10 -0. 02850 00 0.94050 00 0.10450 00 -0. 01650 00 0.900.11 - 0.03083 85 0. 93356 55 0. 11538 45 -0. 01811 15 0.890.12 -0. 03308 80 0. 92646 40 0.12633 60 -0. 01971 20 0.880.13 - 0.03524 95 0.91919 85 0. 13735 15 -0. 02130 05 0.870.14 -0. 03732 40 0.91177 20 0.14842 80 -0. 02287 60 0, 86

0.15 - 0.03931 25 IL 9041a 75 0.15956 25 -0. 02443 75 0.850.16 -0. 04121 60 0.89644 80 0.17075 20 -0. 02598 40 0.840.17 - 0.04303 55 0.88855 65 0.18199 35 - 0.02751 45 0.830.18 - 0.04477 20 0.88051 60 0.19328 40 - 0.02902 80 0.820.19 -0.04642 65 0.87232 15 0. 20462 05 -0. 03052 35 0.81
0.20 -0. 04800 00 0. 86400 00 0.21600 00 - 0.03200 00 0.80
0. 21 - 0.04949 35 0. 85553 05 0. 22741 95 -0. 03345 65 0. 79
0. 22 - 0.05090 80 0.84692 40 0.23887 60 -0. 03489 20 0. 78
0. 23 -0. 05224 45 0.83818 35 0.25036 65 - 0.03630 55 0.77
0.24 - 0.05350 40 0,82931 20 0. 26188 80 -0. 03769 60 0.76
0. 25 -0. 05468 75 0. 82031 25 0. 27343 75 -0. 03906 25 0. 75
0.26 -0. 05579 60 0. 81118 80 0.28501 20 -0. 04040 40 0.74
0.27 -0. 05683 OS 0.80194 15 0. 29660 85 -0. 04171 95 0.73
0.28 -0. 05779 20 0. 79257 60 0. 30822 40 -0. 04300 80 0. 72
0.29 -0. 05868 15 ' O. 78309 45 \ 0. 31985 55 -0. 04426 85 0.71
0.30 - 0.05950 00 0.77350 00 0.33150 00 - 0.04550 00 0.70
0.31 -0. 06024 85 0. 76379 55 0.34315 45 - 0.04670 15 0.69
0. 32 -0. 06092 80 0. 75398 40 0. 35481 60 - 0.04787 20 0.68
0. 33 -0. 06153 95 0. 74406 85 0. 36648 15 -0. 04901 05 0.67

'0.34 -0. 06208 40 0. 73405 20 .0. 37814 80 -0. 05011 60 0. 66

0. 35 -0. 06256 25 0. 72393 75 0.38981 25 -0. 05118 75 0. 65
0.36 - 0.06297 60 0.71372 80 0.401147 20 - 0.05222 40 0.64
0.37 - 0.06332 SS 0. 70342 65 0.41312 35 -0. 05322 45 0. 63
0.38 - 0.06361.20 0.69303 60 0.42476 40 -0. 05418 80 0.62
0. 39 . -0. 06383 65 0. 68255 95 0.43639 05 -0. 05511 35 0.61

0.40 - 0.06400 00 0. 67200 00 0.44800 00 - 0.05600 00 0.60
0.41 -0. 06410 35 0. 66136 05 0.45958 95 -0. 05684 65 0.59
0.42 - 0.06414 80 0.65064 40 0.47115 60 - 0.05765 20 0.58
0. 43 -0. 06413 45 0. 63985 .35 0. 48269 65 -0. 05841 55 0. 57
0.44 - 0.06406 40 0. 62899 20 0. 49420 80 -0. 05913 60 0.56
0.45 -0. 06393 75 0.61806 25 0. 50568 75 -0. 05981 25 0.55
0. 46 -0. 06375 60 0.60706 80 0. 51713 20 -0. 06044 40 0. 54
0. 47 -0. 06352 05 0. 59601 15 0. 52853 85 -0. 06102 95 0.53
0. 48 -0. 06323 20 0.58489 60 0. 53990 40 -0. 06156 80 0. 52
0. 49 -0. 06289 15 0. 57372 45 0. 55122 55 -0. 06205 85 0. 51

0. 50 -0. 06250 00 0. 56250 00 0. 56250 00 -0. 06250 00 0.50
Al As Ao A -1
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Table 25.1

NUMERICAL ANALYSIS

FOUR -POINT LAGRANGIAN INTERPOLATION COEFFICIENTS
Iv - 2)

A:(p). ( -1)11+9
v(a21) (

p_

A-1 Ao Al A2

1. 00 0.00000 00 0. 00000 00 1. 00000 00 0. 00000 00 0. 00
1. 01 0. 00166 65 - 0.00994 95 1. 00489 95 0.00338 35 0. 01
1.02 0.00333 20 0- 0.01979 60 1. 00959 60 0.00686 80 0.02
1.03 0.00499 55 -0. 02953 65 1. 01408 65 0.01045 45 0. 03
1..04 0, 00665 60 -0. 03916 80 1.01836 80 0.01414 40 0. 04

1.05 0.00831 25 - 0.04868 75 1.02243 75 0.01793 75 0.05
1.06 0.00996 40 05809 20 1. 02629 20 0. 02183 60 0. 06
1. 07 0.01160 95 -0. 06737 85 1. 02992 85 0. 02584 05 0, 07
1.08 0. 01324 80 - 0.07654 40 1.03334 40 0. 02995 20 0. 08
1. 09 0.01487 85 - 0.08558 55 1. 03653 55 0.03417 15 0.09

1.10 0. 01650 00 - 0.09450 00 1. 03950 00 0.03850 00 0.10
1.11 0.01811 15 -0.10328 45 1. 04223 45 0.04293 85 0.11
1.12 0. 01971 20 -.0.11193 60 1. 04473 60 0. 04748 80 0..12
I.13 0.02130 05 - 0.12045 15 1.04700 15 0.05214 95 0.13
1.14 0.02287 60 -.0.12882 80 1. 04902 80 0.05692 40 0.14

1.15 0.02443 75 -0.13706 25 1.05081 25 0.06181 25 0.15
1. 16 0, 02598 40 -0.14515 20 1.05235 20 0.06681 60 0.16
1.17 0. 02751 45 - 0.15309 35 1. 05364 35 O. 55 0.17
1.18 0. 02902 80 - 0.16088 40 1. 05468 40 0. 7717 20 0.18
1. 19 0. 03052 35 - 0.16852 05 1. 05547 05. 0. 8252 65 0.19

1. 20 0. 03200 00 -0.17600 00 1.05600 00 0.08800 00 0.20
1.21 0. 03345 65 -0.18331 95 1. 05626 95 0.09359 35 0. 21

1.22 0, 03489 20 -0.19047 60 1. 05627 60 0.09930 80 0. 22

1.23 0.03630 55 - 0.19746 65 1. 05601 65 0.10514 45 0.23
1.24 0.03769 60 -0. 20428 80 1. 05548 80 0.11110 40 0.24

1. 25 0, 03906 25 - 0.21093 75 1. 05468 75 0.11718 5 0. 25

1.26 0.04040 40 - 0.21741 20 1. 05361 20 0.12339 0 0. 26
1, 27 0. 04171 95 - 0.22370 85 1. 05225 85 0.12973 0. 27
1. 28 0.04300 80 - 0.22982 90 1. 05062 40 0.13619 20 0.28
1.29 0.04426 85 - 0.23575 55 1. 04870 55 0.14278 15 0.29

1.30 0.04550 00 - 0.24150 00 1. 04650 00 0. 14950 00 0.30
1. 31 0. 04670 15 - 0.24705 45 1. 04400 45 0.15634 85 0. 31

1. 32 0. 04787 20 - 0.25241 60 1.04121 60 ' 0. 16332 80 0.32
1.33 0.04901 05 - 0.25758 15 1.03813 15 0.17043 95 0.33
1. 34 0. 05011 60 -0. 26254 80 1.03474 80 0.17768 40 0. 34

1. 35 0.05118 75 - 0.26731 25 1. 03106 25 0.18506 25 0. 35

1.36 0. 05222 40 - 0.27187 20 1. 02707 20 0.19257 60 0.36
1.37 0.05322 45 -0.27622 35 1.02277 35 0.20022 55 0.37
1. 38 0. 05418 80 -0. 28036 40 1.01816 40 0.20801 20 0.38
1.39 0. 05511 35 - 0.28429 05 1. 01324 05 0.21593 65 0. 39

1. 40 0. 05600 00 - 0.28800 00 1. 00800 00 0.22400 00 0. 40

1.41 0.05684 65 -0. 29148 95 1. 00243 95 0.23220 35 0.41
1. 42 0. 05765 20 -0. 29475 60 0.99655 60 0.24054 80 0.42
1.43 0. 05841 55 -0, 29779 65 0. 99034 65 0.24903 45 0.43
1. 44 0. 05913 60 - 0.30060 80 0.98380 80 0.25766 40 0. 44

1. 45 0. 05981 25 -0. 30318 75 0.97693 75 0. 26643 15 0. 45

1. 46 0. 06044 40 -0. 30553 20 0. 96973 20 0.27535 60 0.46
1.41 0.06102 95 - 0.30763 85 0.96218, 85 0.28442 05 0.47
1. 48 0. 06156 80 -0. 30950 40 0.95430 40 0. 29363 20 0. 48
1.49 0.06205 85 - 0.31112 55 0.94607 55 0.30299 15 0.49

1.50 0.06250 00 - 0.31250 00 0.93750 00 0.31250 00 0.50
At Ao A-1 -P
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NUMERICAL ANALYSIS

FOUR-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS Table 25.1

A -1
AI(P)..(-1""

Ao 113

(11+1)!;17P2)
At

1. 50 0. 06250 00 -0. 31250 00 0.93750 00 0.31250 00 0.50
1.51 0.06289 15 - 0.31362 45 0.92857 45 0.32215 85 0.51
1. 52 0.06323 20 -0. 31449 60 0.91929 60 0.33196 180 0. 52
1.53 0.06352 05 - 0.31511 15 O. 90966 15 0.34192 195 0.53
1. 54 0. 06375 60 -9. '41.546 80 0.89966 80 0.35204 40 0.54

1. 55 0.06393 75 - 0.31556 25 0.88931 25 0. 36231 25 0. 55
1.56 0.06406 40 - 0.31539 20 0.87859 20 0.37273 60 0.56
1. 57 0.06413 45 -f 31495 35 0.86750 35 0. 38331 55 4.57
1. 58 0.06414 80 - 0.31424 40 0.85604 40 0.39405 20 0. 58
1. 59 0. 06410 35 -0. 31326 05 0.84421 05 0.40494 65 0. 59

1.60 0.06400 00 , - 0.31200 00 0.83200 00 0.41600 00 0.60
1.61 0.06383 65 -0. 31045 95 0.81940 95 0.42721 35 0. 61
1. 62 0.06361 20 -0. 30863 60 0.80643 60 0. 43858 80 0. 62
1. 63 0.06332 55 -0. 30652 65 0.79307 65 0.45012 45 C. 63
1. 64 0.06297 60 -0. 30412 80 0.77932 80 0.46182 40 ,,, 0.64

1. 65 0. 06256 25 - 0.30143 75 0. 76518 75 0.47368 75 0. 65
1. 66 0.06208 40 -0. 29845 20 0. 75065 20 0. 48571 60 0. 66
1. 61 0. 06153 95 -0. 29516 85 0.73571 85 0.49791 05 0. 67
1.68 0. 06092 80 -0. 29158 40 0. 72038 40 0. 51027 20 0.68
1.69 0.06024 85 -0. 28769 55 0.70464 55 0.52280 15 0.69

1.70 0.05950 00 - 0.28350 00 0.68850 00 0.53550 00 0.70
1, 71 0. 05868 15 -0. 27899 45 0. 67194 45 0.54836 85 0. 71
1.72 0. 05779 20 - 0.27417 60 0. 65497 60 0. 56140 80 0.72
1. 73 0.05683 05 -0. 26904 15 0.63759 15 0. 57461 95 0. 73
1. 74 0.05579 60 -0. 26358 80 0. 61978 80 0. 58800 40 0. 74

1. 75 0. 05468 75 -0. 25781 25 0. 60156 25 0. 60156 25 0. 75
1. 76 0.05350 40 -0. 25171 20 0.58291 20 0. 61529 -60 0. 76
1. 77 0.05224 45 - 0.24528 35 0.56383 35 0. 62920 55 0. 77
1. 78 0. 05090 80 -0. 23852 40 0.54432 40 0. 64329 20 0. 78
1.79 0. 04949 35 -0. 23143 05 0. 52438 05 0. 65755 65 0.79

1.80 0. 04800 00 -0. 22400 00 0. 50400 00 0. 67200 00 0. 80
1. 81 0. 04642 65 -0. 21622 95 0.48317 95 0. 68662 35 0. 81
1.82 0.04477 20 - 0.20811 60 0.46191 60 0.70142 80 0.82
1.83 0.04303 55 - 0.19965 65 0. 44020 65 0. 71641 45 0.83
1.84 0. 04121 60 -0, 19084 80 0.41804 80 0. 73158 40 0. 84

1. 85 0.03931 25 -0. 18168 75 0.39543 75 0. 74693 75 " 0. 85
1.86 0.03732 40 - 0.17217 20 0.37237 20 0, 76247 60 0.86
1.87 0.03524 95 - 0.16229 85 0.34884 85 0.77820 05 0.87
1, 88 0.03308 80 - 0.15206 40 0.32486 40 0.79411 20 0.88
1.89 0.03083 85 -0. 14146 55 0. 30041 55 0.81021 15 0.89

1.90 0.02850 00 - 0.13050 00 0. 27550 00 0.82650 00 0.90
1. 91 0. 02607 15 - 0.11916 45 0. 25011 45 0. 84297 85 0. 91
1. 92 0. 02355 20 -0. 10745 60 0. 22425 60 0. 85964 80 0. 92
1.93 0.02094 05 - 0.09537 15 0.19792 15 0.87650 95 0.93
1.94 0.01823 60 - 0.08290 80 0.17110 80 0.89356 40 0.94

1. 95 0. 01543 75 -0. 07006 25 0.14381 25 0.91081 25 0. 95
1.96 0.01254 40 - 0.05683 20 0.11603 20 0.92825 60 0.96
1.97 0.00955 45 - 0.04321 35 0. 08776 35 0.94589 55 0.97
1.98 0.00646 80 -0, 02920 40 0.05900 40 0. 96373 20 0.98
1. 99 0.00328 35 -0. 01480 05 0.02975 05 0. 98176 65 0. 99

2.00 °mown 00 0.00000 00 0.00000 00 1.00000 00 1.00
Ae Ai Ao A -1 -p
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904 NUMERICAL ANALYSIS

"fable 23.1 FIVE-POINT LAGRANCIAN INTERPOLATION COEFFICIENTS
p(p2 -. I

.17;(ii" ""2 Oi 2 -1c)Up-k)

A -2 A t Ao Al .42
0.00 0. 00000 00000 0.00000 00000 1. 00000 00000 0.00000 00000 0.00000 00000
0.01 0.00032 90838 - 0.00659 98350 0.99987 50025 0.00673 31650 - 0.00083 74163
0, 02 0,00164 93400 - 0.01306 53600 0.99950 00400 0.01359 86400 - 0.00168 26600
0. 03 0. 00246 02838 -0. 01939 56350 0.99887 52025 0.02059 53650 - 0.00253 52163
0.04 0. 00326 14400 - 0.02558 97600 0.99800 06400 0. 02772 22400 - 0.00339 45600

0.05 0.00405 23438 - 0.03164 68750 0.99687 65625 0.03497 81250 - 0.00426 01563
0.06 0.00483 25400 - 0.03756 61600 0.99550 32400 0.04236 18400 - 0,00513 14600
0.07 O. 00560 15838 - 0.04334 68350 0.99388 10025 0.04987 21650 - 0.00600 79163
0.08 0.00635 90400 - 0.04898 81600 0.99201 02400 0.05750 78400 - 0.00688 89600
0.09 0. 00710 44838 - 0.05448 94350 0.98989 14025 0.06526 75650 - 0.00777 40163

0.10 0.00783 75000 -0. 05985 00000 0.98752 50000 0.0731$ 00000 - 0.00866 25000
0.11 0.00855 76838 -0. 06506 92350 0.98491 16025 0.08115 37650 - 0.00955 38163
0.12 0. 00926 46400 - 0.07014 65600 0.98205 18400 0.08927, 74400 - 0.01044 73600
0.13 0.00995 79838 -0. 07508 14350 0.97894 64025 0.09751. 95650 - 0.01134 25163
0.14 0.01063 73400 -0. 07987 33600 0.97559 60400 0.10587 86400 - 0.01223 86600

0.15 0. 01130 23438 - 0.08452 18750 0.97200 15625 0.11435. 31250 - 0.01313 51563
0.16 0.01195 2'6400 - 0.08902 65600 0.96816 38400 0.12294: 14400 - 0.01403 13600
0.11 0.01258 78838 - 0.09338 70350 0.96408 38025 0.131641 19650 - 0.01492 66163
0. 18 0.01320 77400 - 0.09760 29600 0.95976 24400 0.14045: 30400 -0. 01582 02600
0. 19 0. 01381 18838 - 0.10167 40,350 0.95520 08025 0.14937 29650 -0. 01671 16163

0.20 0.01440 00000 - 0.10560 00000 0.95040 00000 0.15840 00000 - 0.01760 00000
0.21 0.01497 17838 -0. 10938 06350 0.94536 12025 0.16753 23650 -0. 01848 47163
0:22 0.01552 69400 - 0.11301 57600 0.94008 56400 0.17676 82400 -0. 01936 50600
O. 23 0.01606 51838 - 0.11650 52350 0.93457 46025 0.18610 57650 - 0.02024 03163
0.24 0.01658 62400 -0.11984 89600 0.92882 94400 0.19554 30400 - 0.02110 97600

0,25 0. 01708 98438 - 0.12304 68750 0.92285 15625 0. 20507 81250 - 0.02197 26563
0.26 0. 01757 57400 -0. 12609 89600 0.91664 24400 0.21470 90400 - 0.02282 82600
O. 21 0.01804 36838 -0.12900 52350 0.91020 36025 0.2443 37650 -0. 02367 58163
0, 28 0. 01849 34400 - 0.13176 57600 0.90353 66400 O. 23425 02400 - 0.02451 45600
0,29 0.01892 47838 -0.13438 06350 0.89664 32025 0./24415 63650 - 0.02534 37163

0. 30 0.01933 75000 -0. 13685 00000 0.88952 50000 0.25415 00000 - 0.02616 25000
0. 31 0.01973 13838 -0.13917 40350 0.88218 38025 0.26422 89650 - 0.02697 01163
0, 32 0.02010 62400 -0. 14135 29600 0.87462 14400 27439 10400 -0. 02776 57600
0. 33 0. 02046 18838 - 0.14338 70350 0.86683 98025 '0.28463 39650 -0. 02854 86163
0, 34 0.02079 81400 - 0.14527 65600 0.85884 08400 0.29495 54400 -0. 02931 78600

0, 35 0, 02111 48438 -0. 14702 18750 0. 85062 65625 0.30535 31250 - 0.03007 26563
0.36 0.02141 18400 -0.14862 33600 0.84219 9040 0.31582 46400 - 0.03081 21600
0, 31 0, 021 68 89838 -0. 15008 14350 0.83356 04025 0. 32636 75650 - 0.03153 55163
0, 0, 02194 61400 -0. 15139 65600 0.82471 284.00 0.33697 94400 - 0.03224 18600
0, 3'3 0. 02218 31838 - 0.15256 92350 0.81565 86925 0.34765 77650 - 0.03293 03163

0, 40 0.02240 00000 -0.15360 00000 0.80640 00000 0.35840 00000 - 0.03360 00000
0. 41 0, 02259 64838 -0. 15448 94350 0. 79693 0.3692.0 35650 - 0.03425 00163
0. 42 0. 02277 25400 -0.15523 81600 0.78727 9 400 0. 38006 58400 -0. 03487 94600

43 0, 02292 808 i8 -0. 15584 68350 0. 77742 2 025 O. 39098 41650 - 0.03548 74163
0. 44 0, 02306 30400 - 0.15631 61600 0.76737 02400 0. 40195 58400 - 0.03601 29600

0, 45 O. 02311 73438 -0. 15664 68750 0. 75712 65625 0.41297 81250 - 0.03663 51563
0, 46 0. 02321 09400 - 0,15683 97600 0. 74669 36400 0.42404 82400 - 0.03717 30600
?.41 r;,12134 37838 - 0,15689 56350 0.73607 42025 0.43516 33650 - 0.03768 57163

4t1 0. 0?3,v) 58400 0, 15681 53000 0.72527 10400 O. 44632 06400 - 0.03817 21600
4 0. 02342 /0858 - 0.15659 98350 0. 71428 70025 0.45751 71650 -0. 03863 14163

0. ',I) r1,02143 PAW) 0, 15625 00000 O. 10312 50000 0. 46875 00000 -0. 03906 25000
A I
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Al) ,4 .4 2

0.00
0.01
0.02
0.03
0. 04

b. 05
0.06
0.07
0.08
0.09

0.10
0.11
0.12
0.13
0.14

0.15
0.16
0.17
0.18
0.19

0.20
0.21
0.22
0.23
0.24

0.25
0.26
0.27
0.28
0.29

0.30
0.31
0.32
0.33
0. 34

0.35
0.36
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0.38
0.39

0.40
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0.44
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NUMERICAL ANALYSIS

1.R EPOINT Wilt iNGIAN INTERPOLATION COEFFICIENTS
04)2_1 w92._

A:( ( 11" 2 r k)1(2 -10!(p-k)

A -2' A 1 Au At 112

905

Table 25.1

0.50 0.02343 75000 - 0.15625 00000 0, 70312 50000 0.46875 00000 , - 0.03906 25000 0.50
0.51 0.02342 70838 - 0.15576 68350 0.69178 80025 0.48001 61650 - 0.03946 44163 0.51
0.52 0.02339 58400 -0. 15515 13600 0.68027 90400 0.49131 26400 -0. 03983 61600 0.52
O. 53 0.02334 37838 - 0.15440 46350 0.66860 12025 0.50263 63650 - 0.04017 67163 0,53
0. 54 0.02327 09400 - 0.15352 77600 0, 65675 76400 0.51398 42400 -0. 04048 50600 0. 54

0.55 0. 02317 73438 - 0.15252 18750 0.64475 15625 0.52535 31250 - 0.04076 01563 0.55
0.56 0.02306 30400 - 0.15138 81600 0.63258 62400 0.53673 98400 -0. 04100 09600 0.56
0. 57 0. 02292 80838 -0. 15012 78350 0.62026 50025 0.54814 11650 - 0.04120 64163 0, 57
0. 58 0. 02277 25400 - 0.14874 21600 0, 60779 12400 0, 55955 38400 - 0.04137 54600 0.58
0.59 0. 02259 64838 - 0.14723 24350 0.59516 84025 0.57097 45650 - 0.04150 70163 0.59

0.60 0.02240 00000 - 0.14560 00000 0.58240 00000 0.58240 00000 - 0.04160 00000 0.60
0.61 0. 02218 31838 -0. 14384 62350 0.56948 96025 0.59382 67650 - 0.04165 33163 0.61
0.62 0. 02194 61400 - 0.14197 25600 0.55644 08400 0, 60525 14400 -0. 04166 58600 0.62
0.63 0. 02168 89838 -0, 13998 04350 0, 54325 74025 0, 61667 05650 -0. 04163 65163 0.63
0.64 O. 02141 18400 -0.13787 13600 0.52994 30400 0.62808 06400 - 0.04156 41600 0.64

0.65 0.02111 48438 -0, 13564 68750 0.51650 15625 0.63947 81250 0.04144 76563 0.65
0.66 0. 02079 81400 - 0.13330 85600 0, 50293 68400 0.65085 94400 - 0.04128 58600 0.66
0.67 0.02046 18838 -0, 13085 80350 0.48925 28025 0.66222 09650 - 0.04107 76163 0.67
0.68 0.02010 62400 - 0.12829 69600 0.47545 34400 0.67355 90400 -0, 04082 17600 0.68
0.69 0, 01973 13838 - 0.12562 70350 0.46154 28025 0. 01486 99650 - 0.04051 71163 0.69

0.70 0. 01933 75000 - 0.12285 00000 0, 44752 50000 0.69615 00000 - 0.04016 25000 0.70
0. 71 0.01892 47838 -0, 11996 76350 0.43340 42025 0.70739 53650 -0. 03975 67163 0.71
0.72 0, 01849 .34400 - 0.11698 17600 0.41918 46400 0.71860 22400 -0. 03929 85600 0.72
0.73 0.01804 36838 - 0.11389 42350 0. 40487 06025 0, 72976 67650 - 0.03878 68163 0.73
0.74 0, 01757 57400 - 0.11070 69600 0.39046 64400 0. 74088 5040Q -0, 03822 02600 0.74

0.75 0. 01708 9808 - 0.10742 18750 0.37597 65625 0.75195 31250 - 0.03759 76563 0.75
0. 76 0.01658 62400 - 0.10404 09600 0.36140 54400 0.76296 70400 - 0.03691 77600 0.76
0.77 0.01606 51838 - 0.10056 62350 0.34675 76025 0.77392 27650 - 0.03617 93163 0.77
0.78 0.01552 69400 -0. 09699 97600 0.33203 76400 0.78481 62400 - 0.03538 10600 0.78
0.79 O. 01497 17838 -0. 09334 36350 0.31725 02025 0.79564 33650 - 0.03452 17163 0,79

0.80 0. 01440 00000 - 0.08960 00000 0.30240 00000 0, 80640 00000 - 0.03360 00000 0.80
0.81 0.01381 18838 - 0.08577 10350 0. 28749 18025 0.81708 19650 - 0.03261 46163 0.81
0.82 0.01320 77400 - 0.08185 89600 0.27253 04400 0.82768 50400 - 0.03156 42600 0.82
0.83 0.01258 78838 -O. 0 /786 60350 0.25752 08025 0. 83820 49650 - 0.03044 76163 0.83
0.84 0.01195 26400 -0. 07379 45600 0.24246 78400 0.84863 74400 -0. 02926 33600 0.84

0.85 0. 01130 23438 -0. 06964 68750 0. 22737 65625 0.85897 81250 - 0.02801 01563 0.85
0.86 0.01063 73400 - 0.06542 53600 0. 21225 20400 0.86922 26400 - 0.02668 66600 0.86
0.87 0.00995 79838 - 0.06113 24350 0.19709 94025 0, 87936 65650 -0. 02529 15163 0.87
0.88 0.00926 46400 -0. 05677 05600 0.18192 38400 0, 88940 54400 - 0.02382 33600 0.88
0.89 0. 00855 76838 - 0.05234 22350 0.16673 06025 0.89933 47650 -0. 02228 08163 0.89

0.90 0. 00783 75000 -0. 04785 00000 0.15152 50000 0.90915 00000 - 0.02066 25000 0.90
0. 91 0. 00710 44838 - 0.04329 64350 0. 13631 24025 0. 91884 65650 - 0.01896 70163 0.91
0.92 0, 00635 90400 -0. 03868 41600 0.12109 82400 0.92841 98400 -0. 01719 29600 0.92
0. 93 0. 00560 15831, - 0.03401 58350 0.10588 80025 0.93786 51650 -0. 01533 89163 0.93
0.94 0.00483 25400 -0. 02929 41600 0. 09068 72400 0.94717 78400 -0. 01340 34600 0.94

0.95 0. 00405 23438 -0. 02452 18750 0.07550 15625 0.95635 31250 -0. 01138 51563 0.95
0.96 0, 00326 14400 - 0.01970 17600 0. 06033 '66400 0, 96538 62400 -0. 00928 25600 0.96
O. 97 0. 00246 02838 - 0.01483 66350 0. 04519 82025 0.97427 23650 -0, 00709 42163 0.97
0. 98 0.00164 93400 - 0.00992 93600 0. 03009 20400 0. 98300 66400 - 0.00481 86600 0.98
0.99 0.00082 90838 - 0.00498 28350 0. 01502 40025 0. 99158 41650 -0. 00245 44163 0.99

1. on n. 00000 moo 0. 00000 00000 0.00000 000no 1.00000 00000 0, 00000 00000 1.00
Aa At Au A A 2 -4)
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906 NUMERICAL ANALYSIS

Table 25.1 F'I'VE-POINT LAGRANGIAN INTERPOLATION COEFFI(ENTS

, , 2 p(p2-1)(p2-4)
ii:(1))=.4 124-0(-2-k)1(P4c)

p A - A Al) Al AI
1. 00 0. C0000 00000 0.00000 00000 0.00000 00000 1. 00000 40000 0.00000 00000 1.00
1. 01 - 0.011083 74163 0. 00501 61650 - 0.01497 39975 1. 00824 '/91650 0.00254 60838 1.01
1. 02 -0, 00168 26600 0. 01006 26400 - 0.02989 19600 1. 016* 66400 0. 00518 53400 1.02
1. 03 -0. 00253 52163 0.01513 63650 - 0.04474 77975 1.02 73650 0.00791 92838 1.03
1. 04 - 0.00339 45600 0.02023 42400 - 0.05953 53600 1.0444 62400 0. 01074 94400 1.04

1.05 -0. 00426 01563 0. 02535 31250 -0. 07424 84375 1.43947 81250 0.01367 73438 1.05
1.06 -0. 00513 14600 0. 03048 98400 -0. 08888 07600 1034681 78400 0.01670 45400 1.06
1. 07 -0. 00600 79163 0. 03564 11650 -0.10342 59975 .1.05396 01650 0.01983 25838 1.07
1. 08 -0. 00688 89600 0. 04080 38400 -0.11787 77600 1.06089 98400 0.02306 30400 1.08
1. 09 -0. 00777 40163 0. 04597 45650 -0.13222 95975 1.0E 63 15650 0.02639 74838 1.09

1. 10 -0. 00866 25000 0. 05115 00000 -0.14647 50000 1.07415 00000 0.02983 75000 1.10
1.11 -0. 00955 38163 0. 05632 67650 -0.16060 73973 1. 08044 97650' 0. 03338 46838 1.11
1. 12 -0. 01044 73600 0. 06150 14400 -0.17462 01660 1. 08652 54400 0.03704 06400 1.12
1. 13 -0. 01134 -25163 0.06667 05650 -0.18850 65975 1. 09237 15650 0. 04080 69838 1.13
1. 14 - 0.01223 86600 0. 07183 06400 - 0.20225 99600 1.09798' 26400 0. 04468 53400 1.14

1.15 - 0.01313 51563 0.07697 81250 -0. 21587 /34375 1. 10335 31250 0. 04867 73438
1.16 -0. 01403 13600 0.08210 94400 - 0.22934' 01600 1.10847 74400 0.05278 _464@0'" 1.16
1. 17
1.18

-0. 01492 66163
- 0.01582 02600

0. 08722 09650
0. 09230 90400

- 0,24265 31975 1.11334 99650
-0.25580 55600 1.11294-30400-

,..05-05100 88838
0. 06135 17400

1.17
1.18

1.19 -0. 0167X 16163 0. 09736 99650 - 0.26879 01925----1:12231_6.9650 0.06581 48838 1. 19

1.20 -0. 01760 00000 0.10240 00000 - 0.28160 00000 1. 12640 00000 0.07040 00000 1.20
1.21 -0. 01848 47163 0.10739 53650 - 0.29422 77975 1. 13020 83650 0.07510 87838 1.21
1.22 -0. 01936 50600 0.11235 22400 - 0.30666 63600 1. 13373 62400 0.07994 29400 1.22
1.23 -0. 02024 03163 0. 11726 67650 - 0.31890 83975 1. 13697 77650 0. 08490 41838 1.23
1.24 -0. 02110 97600 0.12213 50400 - 0.33094 656d0 1.13992 70400 0. 08999 42400 1.24

1.25 - 0.02197 26563 0.12695 31250 - 0.34277 34375 1. 14257 81250 0.09521 48438 1.25
1.26 -0. 02282 82600 0. 13171 70400 - 0.35438 15600 1. 14492 50400 0. 10056 77400 1.26
1.21 -0. 02367 58163 0.13642 27650 -0. 36576 33975 1.14696 17650 0.10605 46838 1.27
1.28 -0. 02451 45600 0.14106 62400 - 0.37691 13600 1. 14868 22400 0.11167 74400 1.28
1.29 -0. 02534 37163 0.14564 33650 - 0.38781 77975 1.15008 03650 0.11743 77838 1.29

1. 30 -0. 02616 25000 0.15015 00000 -0.39847 50000 1. 15115 00000 0.1233 75000 1.30
1. 31 -0. 02697 01163 0.15458 19650 -0.40887 51975 1. 15188 49650 0.12937 d3838 1.31
1. 32 -0. 02776 57600 0.15893 50400 -0. 41901 05600 1. 15227 90400 0. 13556 22400 1.32
1. 33 -0. 02854 86163 0.16320 49650 -0.42887 31975 1. 15232 59650 0.14189 08838 1.33
1.34 -0. 02931 78600 0.16738 74400 -0. 43845 %51600 1. 15201 94400 0.14836 61400 1.34

1. 35 -0. 03007 26563 0.17147 81250 - 0.44774 84375 1.15135 31250 0.15498 98438 1.35
I. 36 -0, 03081 21600 0.17547 26400 -0. 45674 49600 1. 15032 06400 0.16176 38400 1.36
1. 37 -0, 03153 55163 0.17936 65650 -0. 46543 65975 1.14891 55650 0.16865 99838 1.37
1. 38 -0. 03224 18600 0.18315 54400 -0. 47381 51600 1.14113 14400 0.17577 01400 1.38
1. 39 -0. 03293 03163 0. 18683 47650 -0.48187 23975 1. 14496 17650 0.18300 61838 1.39

1. 40 - 0.03360 00000 0.19040 00000 - 0.48960 00000 1. 14240 00000 0.19040 00000 1.40
1.41 -0. 03425 -00163 0. 19384 65650 -0. 49698 95975 1.13943 95650 0. 19795 34838 1.41
1.42 -0. 03487 94600 0.19716 98400 - 0.50403 27600 1. 13607 38400 0. 20566 85400 1.42
1.43 -0. 03548 74163 0.20036 51650 - 0.51072 09975 1. 13229 61650 0. 21354 70838 1.43
1. 44 -0. 03607 29600 0.20342 78400 -0. 51704 57600 1. 12809 98400 0. 22159 10400 1.44

1.45 -0. 03663 51563 0. 20635 31250 -0. 52299 84375 1. 12347 81250 0. 22980 23438 1.45
1.46 -0. 03717 30600 0.20913 62400 -0. 52857 03600 1. 11842 42400 0. 23818 29400 1.46
I. 47 -0. 03768 57163 0.21177 23650 -0. 53375 27975 1. 11293 13650 0. 24673 47838 1.47
1. 48 -0. 03817 21600 0. 21425 66400 - 0.53853 69600 1. 10699 26400 0. 25545 98400 1.48
1. 49 -0. 03863 14163 0.21658 41650 -0. 54291 3997r 1. 10060 11650 0. 26436 00838 1.49

1. 50 -0. 03906 25000 0.21875 00000 -0.54687 50000 1. 09375 00000 0.27343 75000 1.50
Al At An A t A 2
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NUMERICAL ANALYSIS

FIVE-FOINT LAGRANGIAN INTERPOLATION COEFFICIENTS

A:(p)

p A-2 4-1
1.50
1.51
1.52
1.53
1. 54

1.55
1.56
1.57

- 0.03906
- 0.03946
- 0.03983
-0. 0401 7
-0. 04048

-0. 04076
-0. 04100
-0. 04120

25000
44163
61600
67163
50600

01563
09600
64163

0.21875
0.22074
0.22257
0.22422
0.22569

0.22697
0. 22806
O. 22896

1:58 - 0.04137 54600 0.22964
1.59 -0. 04150 70163 0. 23013

1.60 -0. 04160 00000 0.23040
1.61 -0. 04165 33163 0.23044
1.62 -0. 04166 58600 0.23027
1.63 -0. 041 )3 65163 0.22987
1. 64 - 0.04156 41600 0.22923

1.65 -0. 04144 76563 0.22835
1.66 -0. 04128 58600 0. 22722
1.67 -0. 04107 76163 0.22584
1.68 -0. 04082 17600 0. 22421
1.69 -0. 04051 71163 0.222 31

1.70 -0. 04016 25000 0.22015
1.71 -0. 03975 67163 0.21770
1.72 -0. 03929 85600 0.21498
1.73 -0. 03878 68163 0.21197
1.74 -0. 03822 02600 0.20867

1.75 - 0.03759 76563 0.20507
1.76 -0. 03691 77600 0.20117
1. 77 -0. 0361 7 93163 0.19696
1.78 -0. 03538 10600 0.19243
1.79 -0. 03452 17163 0.18758

1.80 -0. 03360 00000 0.18240
1.81 -0. 03261 46163 0.17688
1.82 -0. 03156 42600 0.17102
1.83 -0. 03044 76163 0.16482
1.84 -0. 02926 33600 0.15826

1.85 -0. 02801 01563 0.15135
1.86 -0. 02668 66600 0. 14407
1.87 -0. 02529 15163 0.13641
1.88 -0. 02382 33600 0.12838
1.89 -0. 02228 08163 0. 11996

1.90 -0. 02066 25000 0. 11115
1.91 -0. 01896 70163 0. 10193
1.92 - 0.01719 29600 0. 09232
1.93 - 0.01533 89163 0. 08229
1.94 -0. 01340 34600 0. 07184

1.95 -0. 01138 51563 0.6097
1.96 -0. 00928 25600 0. 4967
1.97 -V00709 42163 0. 3793
1.98 -0. 00481 86600 0. 02574
1. 99 -0. 00245 44163 O. 01 310

2.00 0. 00000 00000 0.00000

00000
91 650
66400
73650
62400

81250
78400
01651
98400
15650

00000
97650
54400
15650
26400

31250
74400
99650
50400
69650

00000
83650
62400
77650
70400

81250
50400
17650
22400
03650

00000
49650
90400
59650
94400

31250
06400
55650
14400
17650

00000
95650
38400
61 650
98400

81250
42400
1 3650
26400
11,650

00000
A4 Al

907

Table 25.1

p(p.1- 1)(p2 4)
1)- (2+ k) t(2 (P k)

Ao Al
- 0.54687 50000 1. 09375 00000 0.27343 75000 1.50
-0. 55041 09975 1. 08643 21 650 0.28269 40838 1.51
- 0.55351 29600 1.07864 06400 0.29213 18400 1.52
-0. 55617 17975 1. 07036 83650 0. 30175 27838 1.53
-0. 55837 83600 1. 06160 82400 0.31155 89400 1, 54

-0. 56012 34375 1. 05235 31250 0. 32155 23438 1.55
-0. 56139 77600 1. 04259 58400 0.33173 50400 1.56
- 0.56219 19975 1. 03232 91 650 0. 34210 90838 1.57
-0. 56249 67600 1. 02154 58400 0. 35267 65400 1.58
-0. 56230 25975 1. 01023 85650 0.36343 94838 1.59

- 0.56160 00000 0.99840 00000 0.37440 00000 1.60
-0. 56037 93975 0.98602 27650 0. 38556 01838 1.61
-0. 55863 11 600 0.97309 94400 0.39692 21400 1.62
-0. 55634 55975 0. 95962 25650 0.40848 79838 1.63
-0. 55351 29600 0.94558 46400 0.42 025 "98400 1.64

- 0.55012 34375 0. 93097 81250 0.43223 98438 1.65
- 0.54616 71600 0.91579 54400 0. 44443 01400 1..66
-0. 54163 41975 0.90002 89650 0.45683 28838 1.67
-0. 53651 45600 0.88367 10400 0. 46945 02400 1. 68
-0. 53079 81975 '0.86671 39650 0. 48228 43838 1.69

- 0.52447 50000 0. 84915 00000 0. 49533 75000 1.70
-0. 51753 47975 0.83097 1 3650 0. 50861 1783$ 1.71
-0. 50996 73600 0. 81217 02400 0.52210 94400 1.72
-0. 50176 23975 0. 79273 87650 0. 53583 26838 1.73
-0. 49290 95600 0. 77266 90400 0. 54978 37400 1.74

-0. 48339 84375 0. 75195 31250 0. 56396 48438 1.75
-0. 47321 85600 0. 73058 30400 0. 57837 82400 1.76
- 0.46235 93975 0. 70855 07650 0. 59302 61838 1.77
- 0.45081 03600 0.68584 82400 0. 60791 09400 1.78
-0. 43856 07975 0.66246 73650 0. 62303 47838 1.79

-0. 42560 00000 0, 63840 00000 0. 63840 00000 1.80
-0. 41191 71975 0.61363 79650 0. 65400 88838 1.81
-0. 39750 15600 0. 58817 30400 0. 66986 37400 1.82
-0. 38234 21975 0.56199 69650 0. 68596 68838 1, 83
-0. 36642 81600 0.53510 14400 0. 70232 06400 1.84

-0. 34974 84375 0.50747 81250 0.71892 73438 1.85
-0. 33229 19600 0.47911 86400 0. 73578 93400 1.86
-0. 31404 75975 0. 45001 45650 0. 75290 89838 1.87
-0. 29500 .41600 0.42015 74400 0. 77028 86400 1.88
-0. 27515 03975 0. 38953 87650 0. 78793 06838 1.89

-0. 25447 50000 0.35815 00000 0. 80583 75000 1.90
-0. 23296 65975 0. 32598 25650 0. 82401 14838 1.91
-0. 21061 37600 0. 29302 78400 0. 84245 50400 1 92
-0. 18740 49975 0. 25927 71 650 0.86117 05838 1.93
-0. 16332 87600 0. 22472 1 8400 0.88016 05400 1.94

-0. 13837 34375 0. 18935 31250 0.89942 73438 1.95
-0. 11252 73600 045316 22400 0.91897 34400 1.96
-0. 08577 87975 0.11614 03650 0. 93880 12838 1.97
-0. 0581/. 59600 0. 07827 86400 0. 95891 33400 1.98
-0. 02952 69975 0. 03956 81650 0. 97931 20338 1. 99

0.00000 00000 0. 00000 00000 1. 00000 00000 2.00
An A A - 2 P
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Table 23.1

.4 2 A

NUMERICAL ANALYSIS

LAGRANGIAN INTERPOLATION (:(110TICIENTS

p(p2 1)(P2 4)(P 3)4k(p) ( (241!(3 k)!(p k)
i 40 Al A2 A3

0.00 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 0.00000 00000 0.00000100000 1.00
0.01 0.00049 51921 -0.00493 33767 0.99654 20858 0.01006 60817 -0.00250 38746 .0.00033132917 0.99
0.02 0.00098 50066 -0.00973 36932 0.99283 67064 0.02026 19736 -0.00501 43268 0.00066 '63334 0.98
0.03 0.00146 14085 -0.01440 12590 0.911888 64505 0.03058 41170 -0.00752 95922 0.00099 88752 0.97
0.04 0.00193 07725 -0.01893 64224 0.98469 39648 0.04102 89152 -0.01004 78976 0.00133 06675 0.96

0.05 0.00239 08828 -0.02333 95703 0.98026 19531 0.05159 27344 -0.01256 74609 0.00166 14609 0.95
0.06 0.00284 15335 - 0.02161 11276 0.97559 31752 0.06227 19048 -0.01508 61924 0.00199 10065 0.94
0.01 0.00328 25281 -0.03175 15567 0.97069 04458 0.07306 27217 -0.01760 31946 0.00231 1557 0.93
0.08 0.00371 36194 -0.03576 13568 0.96555 66336 0.08396 14464 -0.02011 57632 0.00264 5 606 0.92
0.09 0.00413 48096 -0.03964 10640 0.96019 46604 0.09496 43071 -0.02262 23873 0.00296 96742 0.91

0.10 0.00454 57500 -0.04339 12500 0.95460 75000 0.10606 75000 -0.02512 12500 0.00329 17500 0.90
0.11 0.00494 63412 - 0.04701 25223 0.94879 81771 0.11726 71904 -0.02761 05290 0.00361 13426 0.89
0.12 0.00533 64326 -0.05050 55232 0.94?76 97664 0.12855 95136 -0.03008 83968 0.00392 82074 0.88
0.13 0.00571 58827 -0.05387 09296 0.93652 53917 0.13994 05758 -0.03255 30217 0.00424 21011 0.87
0.14 0.00608 45585 -0.05710 94524 0.93006 82248 0.15140 64552 -0.03500 25676 0.00455 27815 0.86

0.15 0.00644 23359 -4.06022 18359 0.92340 14844 0.16295 32031 -0.03743 51953 0.00486 00078 0.85
0.16 0.00678 90995 -0.06320 88576 0.91652 84352 0.17457 68448 -0.03984 90624 0.00516 35405 0.84
0.11 0.00712 47422 -0.06607 13273 0.90945 23870 0.18627 33805 -0.04224 23240 0.00546 31416 0.83
0.18 0.00744 91654 -0.06881 00868 0.90217 66936 0.19803 87864 -0.04461 31332 0.00575 85746 0.82
0.19 0.00176 22781 -0.07142 60096 0.89470 47517 0.20986 90158 -0.04695 96417 0.00604 96051 0.81

0.20 0.00806 40000 -0.07392 00000 b.88704 00000 0.22176 00000 -0.04928 00000 0.00633 60000 0.80
0.21 0.00835 42553 -0.07629 29929 0.87918 59183 0.23370 '6492 -0.05157 23583 0.00661 75284 0.79
0.22 0.00863 29786 -0.07854 59532 0.87114 60264 0.24570 78536 -0.05383 48668 0.00689 39614 0.78
0.23 0.00890 01118 -0.08067 98752 0.86292 38830 0.25775 64845 -0.05606 56760 0.00716 50719 0.77
0.24 0.00915 56045 -0.08269 57824 0.85452 30848 0.26984 93952 L-0.05826 29376 0.00743 06355 0.76

0.25 0.00939 94141 -0.08459 47266 0.84594 72656 0.28198 24219 -0.06042 48047 0.00769 04297 0.75
0.26 0.00963 15055 -0.08637 77876 0.83720 00952 0.29415 13848 -0.06254 94324 0.00794 42345 0.74
0.27 0.00985 18513 -0.08804 60729 0.82828 52783 0.30635 20892 -0.06463 49783 0400819 18324 0.73
0.28 0.01006 04314 -0.08960 07168 0.81920 65536 0.31858 03264 -0.06667 96032 0.00843 30086 0.72
0.29 0.01025 72328 -0.09104 28802 0.80996 76929 0.33083 18746 -0.06868 14711 0.00866 75510 0.71

0.30 0.01044 22500 -0.09237 37500 0.8005/ 25000 0.34310 25000 -0.07063 87500 0.00889 52500 0.70
0.31 0.01061 54844 -0,09359 45385 0.79102 48096 0.35538 79579 -0.07254 96127 0.00911 58993 0.69
0.32 p.01077 69446 -0.09470 64832 0.78132 84864 0.36768 39936 -0.07441 22368 0.00932 92954 0.68
0.33 0.01092 66459 -0.09571 08458 0.77148 74242 0.37998 63433 -0.07622 48054 0.00953 52378 0.67
0.34 0.01106 46105 -0.09660 89124 0476150 55448 0.39229 07352 -0.07798 55076 0.00973 35295 0.66

0.35 0.01119 08672 -0.09740 19922 0.75138 67969 0.40459 28906 -0.07969 25391 0.00992 39766 0.65
0.36 0.01130 54515 -0.09809 14176 0.74113 51552 0.41688 85248 -0.08134 41024 0.01010 63885 0.64
0.37 0.01140 84054 -0.09867 85435 0.73075 46195 0.42917 33480 -0.08293 84077 .0.01028 05783 0.63
0.38 0.01149 97774 -0.09916 47468 0.72024 92136 0.44144 30664 -0.08447 36732 0.01044 63626 0.62
0.39 0.01157 96219 -0.09955 14258 0.70962 29842 0.45369 33833 -0.08594 81254 0.01060 35618 0.61

0.40 0.01164 80000 -0.09984 00000 0.69888 00000 0.46592 00000 -0.08736 00000 0.01075 20000 0.60
0.41 0.01110 49786 -0.10003 19092 0.68802 43508 0.47811 86167 -0.08870 75421 0.01089 15052 0.59
0.42 0.01175 06306 -0.10012 86132 0.67706 01464 0.49028 49316 -0.08998 90068 0.01102 19094 0.58
0.43 0.01178 50351 -0.10013 15915 0.66599 15155 0.50241 46520 -0.09120 26598 0.01114 30487 0.57
0.44 0.01180 82765 -0.10004 23424 0.65482 26048 0.51450 34752 -0.09234 67776 0.01125 47635 0.56

0.45 0.01182 04453 -0.09986 23828 0.64355 75781 1452654 71094 -0.09341 96484 0.01135 68984 0.55
0.46 0.01182 16375 -0.09959 32476 0.63220 06152 0.53854 12648 -0.09441 95724 0.01144 93025 0.54
0.41 0.01181 19546 -0.09923 64892 0.62075 59108 0.55048 16567 -0.09534 48621 0.01153 18292 0.53
0.48 0.31119 15034 -0.09819 36768 0.60922 76736 0.56236 40064 -0.09619 38432 0.01160 43366 0.52
0.49 0.01176 03961 -0.09826 63965 0.59762 01254 0.57418 40421 }0.09696 48548 0.01166 66877 0.51

0.50 0,01171 87500 -0.09765 62500 0.58593 75000 0.58593 75000 4.09763 62500 0.01171 87500 0.50
AI A2 Ai .40 A -2
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NUMERICAL ANALYSIS

SIXPOINT LAGRANGIAN INTERPOLATION COEFFICIENTS

AN ) ( 1)1+3 (P2- p)
P -

A-2 A -1 40 At A2
00000
67067
6973
098
890,24

1.00 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 0.00000
1.01 -0.00033 32917 0.00249 55421 -0.00993 27517 1.00320 79192 0.00506
1.02 -0.00066 63334 0.00498 10068 -0.01972 86936 1.00616 33736 0.01026
1.03 -0.00099 88752 0.00745 46597 -0.02938 43870 1.00886 39545 0.01560
1.04 -0.00133 06675 0.00991 47776 -0.03889 64352 1.01130 73152 0.02106

1.05 -0.00166 14609 0.01235 96484 -0.04826 14844 1.01349 11719 0.02667
1.06 -0.00199 10065 0.01478 75724 -0.05747 62248 1.01541 33048 0.03240
1.07 -0.00231 90556 0.01719 68621 -0.06653 73917 1.01707 15592 0.03827
1.08 -0.00264 53606 0.01958 58432 -0.07544 17664 1.01846 38464 0.04428
1.09 -0.00296 96742 0.02195 28547 -0.08418 61771 1.01958 81446 0.05041

1.10 -0.00329 17500 0.02429 62500 -0.09276 75000 1.02044 25000 0.05669
1.11 -0.00361 13426 0.02661 43965 -0.10118 26604 1.02102 50279 0.063,09
1.12 -0.00392 82074 0.02890 56768 -0.10942 86336 1.02133 39136 0.06 63
1.13 -0.00424 21011 0.03116 84892 -0.11750 24458 1.02136 74133 0.0 630
1.14 -0.00455 27815 0.03340 12476 -0.12540 11752 1.02112 38552 0., 311

1.15 -0.00486 00078 0.2.3560 23828 -0.13312 19531 1.02060 16406 0409005
1.16 -0.00516 35405 0.03777 03424 -0.14066 19648 1.01979 92448 .09712
1.17 -0.00546 31415 0.03990 35915 -0.14801 84505 1.01871 52180 0.10432
1.18 -0.00575 85746 0.04200 06132 -0.15518 87064 1.01734 81864 0.11166
1.19 -0,00604 96051 0.04405 99092 -0.16217 00858 1.01569 6853 0.11912

1.20 -0.00633 60000 0.04608 00000 -0.16896 00000 1.01376 00000 0.12672
1.21 -0.00661 75284 0.04805 94258 -0.17555 59192 1.01153 64 67 0.13444
1.22 - 0.00689 39614 0.04999 67468 -0.18195 53736 1.00902 5 36 0.14229
1.23 -0.00716 50719 0.05189 05435 -0.18815 59545 1.00622 220 0.15028
1.24 -0.00743 06355 0.05373 94176 -0.19415 53152 1.00313 7952 0.15838

1.25 -0.00769 .04297 0.05554 19922 -0.19995 11719 0.9997% 58594 0.16662
1.26 -0.00794 42345 0.05729 69124 -0.20554 13048 0.996 8 47848 0.17498
1.27 -0.00819 18324 0.05900 28458 -0.21092 35592 0.99 12 19267 0.18347
1.28 -0.00843 30086 0.06065 84832 -0.21609 58464 0.9 786 67264 0.19208
1.29 -0.00866 75509 0.06226 25385 -0.22105 61446 0. 8331 87121 0.20081

1.30
1.31

- 0.00981 X52993
993

0.06381
0.06531

37500
08802

-0.22580
-0.23033

25000
30279

0.9/847
/0.97334

75000
27954

.0.20967
0.21864

1.32 -0.00932 9 54 0.06675 27168 -0.23464 59136 0.96791.43936 0.22774
1.33 -0.00953 523 0.06813 80729 -0.23873 94131 0.96219 21808 0.23695
1.34 -0.00973 35295 0.06946 57876 -0.24261 18552 0.95617 61352 0.24628

1.35 -0.00992 39766 0.07073 47266 -0.24626.16406 0.94986 63281 0.25573
1.36 -0.01010 61885 0.07194 37824 -0.24968 72448 0.94326 29248 0.26529
1.37 -041028 05783 0.07309 18752 -0.25288 72180 0.93636 61855 0.27496
1.38 -0.01044 63626 0.07417 79532 -0.29586 01864 0.92917 64664 0.28474
1.39 -0.01060 35618 0.07520 09929 -0,25860 48533 0.92169 42208 0.29463

1.40 -0.01075 20000 0.07616 00000 -0.26112 00000 0.91392 00000 0.30464
1.41 -0.01089 15052 0.07705 40096 -0.26340 44867 0.90585 44542 0.31474
1.42 -0.01102 19094 0.07788 20868 -0.26545 72536 0.89749 83336 0.32495
1.43 -0.01114 30487 0.07864 33273 -0.26727 73220 0.88885 24895 0.33526
1.44 -0.01125 47635 0.07933 68576 -0.26886 37952 0.87991 78752 0.34568

1.45 -0.01135 68984 0.07996 18359 -0.27021 58594 0.87069 55469 0.35619
1.46 -0.01144 93025 0.08051 74524 -0.27133 21848 0.86118 66648 0.36680
1.47 -0.01153 18292 0,08100 29296 -0.27221 39267 0.85139 24942 0.37750
1.48 -0.01160 43366 0.08141 75232 -0.211285 87264 0.84131 44064 0.38829
L49 -0.01166 66877 0.08176 05225 -0.27326 67121 0.83095 38796 0.39918

1.50 -0.01171 87500 0.08203 12500 -0.21343 75000 0.82031 25000 0.41015
As A2 A A

0
6

Table 25.1

A3
0.00000 00000 0.00

-0.00050 41246 0.01
-0.00101 63266 0.02
-0.00153 63410 0.03
-0.00206 38925 0.04

03 .-0.00259 86953 0.05
076 -0.00314 04515 0.06

8866 -0.00368 88606 0.07
0368 -0.00424 35994 0.08

91940 -0.00480 43420 0.09

12500 -0.00537 07500 0.10
70523 -0.00594 24737 0.11
64032 -0.00651 91526 0.12
90596 -0.00710 04152 0.13
47324 -0.00768 58785 0.14

30859 -0.00827 51484 0.15
37376 -0.00886 78195 0.16
62572 -0.00946 34747 0.17
01668 -0.01006 16854 0.18
49396 -0.01066 20112 0.19

00000 -0.01126 40000 0.20
47229 -0.01186 71878 0.21
84332 -0.01247 10986 0.22
04052 -0.01307 52443 0.23
98624 -0.01367 91245 0.24

59766
78676
46029
51968
86102

37500
94685
45632
77758
77924

32422
26976
46735
76268
99558

00000
60392
62932
89215
20224

36328
17276
42192
89568
37265

62500
f

938

-0.01428 22266 0.25
-0.01488 40255 0.26
-0.01548 39838 0.27
-0.01608 15514 0.28
-0.01667 61653 0.29

-0.01726 72500 0.30
-0.01785 42169 0.31
-0.01841 64646 0.32
-0.01901 33784 0.33
-0.01958 43305 0.34

-0.02014 86797 0.35
-0.02070 57715 0.36
-0.02125 49379 0.37
-0.02179 54974 0.38
-0.02232 67544- 0.39

-0.02284 80000 0.40
-0.02335 85111 0.41
-0.02385 75506 0.42
-0.02434 43676 0.43
-0.02481 81965 0.44

-0.02527 82578 0.45
-0.02572 37575 0.46
- 0.02615 38871 0.47
-0.02656 78234 0.48
-0.02696 47286 0.49

-0.02734 37500 0.50
A 2 P
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Table 25.I

NUMERICAL ANALYSIS

SIX-POINT LAGRANGIAN INTFAINKATION COEFFICIENTS

4(p) ( 1)k4 p(p2-,2fk)illt k)4 .,)((pp

p A -2 A -1 A0 Al A2 A3

1.50 -0.01171 87500 0.08203 12500 -0.27343 75000 0.82031 25000 0.41015 62500 -0.02734 37500 0.50

1.51 -0.01176 03961 0.08222 90640 -0.27337 07954 0.80939 19629 0.42121 41848 -0.02770 40202 0.51

1.52 -0.01179 15034 0.08235 33568 -0.27306 63936 0.79819 40736 0.43235 51232 -0.02804 46566 0.52

1.53 - 0.01181 19546 0.08240 35567 -0.27252 41808 0.78672 07483 0.44357 65921 -0.02836 47617 0.53

1.54 -0.01182 16375 0.08237 91276 -0.27174 41352 0.77497 40152 0.45487 60524 .0.02866 34225 0.54

1.55 -0.01182 04453 0.08227 95703 -0.27072 63281 0.76295 60156 0.46625 08984 -0.02893 97109 0.55

1.56 -0.01180 82765 0.08210 44224 -0.26947 09248 0.75066 90048 0.47769 84576 -0.02919 26835 0.56

1.57 -0.01178 50350 0.08185 32590 .0.26797 81855 0.73811 53530 0.48921 59897 -0.02942 13812 0.57

1.58 -0.01175 06306 0.08152 56932 -0.2662484664 0.72529 75464 0.50080 06868 -0.02962 48294 0.58

1.59 -0.01170 49786 0.08112 13767 -0.26428 22208 0.71221 81883 0.51244 96721 -0.02980 20377 0.59

1.60 -0.01164 80000 0.08064.00000 -0.26208 00000 0.69888 00000 0.52416 00000 -0.02995 20000 0.60

1.61 -0.01157 96219 0.08008'12933 -0.25964 24542 0.68528 58217 0.53592 86554 -0.03007 36943 0.61

1.62 -0.01149 97774 0.07944 50268 -0.25697 03336 0.67143 86136 0.54775 25532 -0.03016 60826 0.62

1.63 -0.01140 84054 0.07873 10110 -0.25406 44895 0.65734 14570 0.55962 85377 -0.03022 81108 0.63

1.64 -0.01130 54515 0.07793 90976 -0.25092 58752 0.64299 75552 0.57155 33824 -0.03025,87085 0.64

1.65 -0.01119 08672 0.07706 91797 -0.24755 55469 0.62841 02344 0.58352 37891 -0.03025 67891 0.65

1.66 -0.01106 46105 0.07612 11924 -0.24395 46648 0.61358 29448 0.59553 63876 -0.03022 12495 0.66

1.67 -0.01092 66459 0:07509 51133 -0.24012 44942 0.59851 92617 0.60758 77354 -0.03015 09703 0.67

1.68 -0.01077 69446 0.07399 09632 -0.23606 64064 0.58322 28864 0.61967 43168 -0.03004 48154 0.68

1.69 -0.01061 54845 0.07280 88061 -0.23178 18796 0.56769 76471 0.63179 25427 -0.02990 16318 0.69

1.70 -0.01044 22500 0.07154 87500 -0.22727 25000 0.55194 75000 0.64393 87500 -0.02972 02500 0,70

1.71 -0.01025 72328 0.07021 09477 -0.22253 99629 0.53597 65304 0.65610 92010 -0.02949 94834 0.71

1.72 -0.01006 04314 0.06879 55968 -0.21758 60736 0.51978 89536 0.66830 40832 -0.02923 81286 0.72

1.73 -0.00985 18513 0.06730 29404 -0.21241 27483 0.50338 91158 0.68050 75083 - 0.02893 49649 0.73

1.74 -0,00963 15055 0.06573 32676 -0.20702 20152 0.48678 14952 0.69272 75124 -tome 87545 0.74

1.75 -0.00939 94141 0.06408 69141 -0.20141 60156 0.46997 07031 0.70495 60547 -0.02819 82422 0.75

1.76 -0.00915 56045 0.06236 42624 -0.19559 70048 0.45296 14848 0.71718 90176 - 0.02776 21555 0,76

1.77 -0.00890 01118 0.06056 57427 -0.18956 73530 0.43575 87205 0.72942 22061 -0.02727 92045 0.77

1.78 -0.00863 29786 0.05869 18332 -0.18332 95464 0.41836 74264 0.74165 13468 -0.02674 80814 0.78

1.79 -0.00835 42553 0.05674 30604 -0.17688 61883 0.40079 27558 0.75387 20883 -0.02616 74609 0.79

1.80 -0.00806 40000 0.05472 00000 -0.17024 00000 0.38304 00000 0.76608 00000 -0.02553 60000 0.80

1.81 -0.00776 22787 0.05262 32771 -0.16339 38217 0.36511 45892 0.77827 05717 -0.02485 23376 0,81

1.82 -0.00744 91654 0.05045 35668 -0.15635 06136 0.34702 20936 0.79043 92132 -0.02411 50946 0.82

1.83 -0.00712 47422 0.04821 15948 -0.14911 34570 0.32876 82245 0.80258 12540 -0.02332 28741 0.83

1.84 -0.00678 90995 0.04589 81376 -0.14168 53552 0.31035 88352 0.81469 19424 -0.02247 42605 0.84

1.85 -0.00644 23359 0.04351 40234 -0.13407 02344 0.29179 99219 0.82676 64453 -0.02156 78203 0.85

1.86 -0.00608 45585 0.04106 01324 -0.12627 09448 0.27309 76248 0.83879 98476 -0.02060 21015 0.86

1.87 -0.00571 58826 0.03853 73971 -0.11829 12617 0.25425 82292 0.85078 71516 -0.01957 56336 0.87

1.88 -0.00533 64326 0.03594 68032 -0.11013 48864 0.23528 81664 0.86272 32768 -0.01848 69274 0.88

1.89 -0.00494 63412 0.03328 93898. -0.10180 56471 0.21619 40145 0.87460 30590 -0.01733 44750 0.89

1.90 -0.00454 57500 0.03056 62500 -0.09330 75000 0.19698 25000 0.88642 12500 -0.01611 67500 0.90

1.91 - 0.00413 48096 0.02777 85315 -0.08464 45304 0.17766 04979 0.89817 25173 -0.01483 22067 0.91

1.92 -0.00371 36794 0,02492 74368 -0.07582 09536 0.15823 50336 0.90985 14432 -0.01347 92806 0.92

1.93 -0.00328 25281 0,02201 42242 -0.06684 11158 0,13871 32833 0.92145 25246 -0.01205 63882 0,93

1.94 -0.00284 15335 0.01904 02076 -0.05770 94952 0.11910 25752 0.93297 01724 -0.01056 19265 0.94

1.95 -0.00239 08828 0.01600 67578 -0.04843 07031 0.09941 03906 0.94439 87109 -0.00899 42734 0.95

1.96 -0.00193 07125 0.01291 53024 -0.03900 94848 0.07964 43648 0.95573 23776 -0.00735 17875 0.96

1.97 -0.00146 14086 0.00976 73265 -0.02945 07205 0.05981 22880 0.96696 53223 -0.00563 28077 0.97

1.98 -0.00098 30066 0.00656 43732 -0.01975 94264 0.03992 21064 0.91809 16068 -0.00383 56534 0.90

1.99 -0.00049 57921 0.00330 80442 -0.00994 07558 0.01998 19233 0.98910 52046 -0.00195 86242 0.99

2.00 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 1.00

At .14 Al Ao A 1 A 2 -p
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NUMERICAL ANALYSIS 911

4_2

SIX-P4)INT LACRANGIAN INTERPOLATIIIN COEFFICIENTS

4:1.19 I)k" OWL 4)(p -3)
(2 t k)! (3 k)!(p-k)

A -3 Ao Al .42 43

Table 25.1

2.00 0.00000 00000 040000 00000 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 1.00
2.01 0.00050 41246 -0.00335 80392 0.01005 74108 -0.02001 52433, 1.01076 97879 0.00204 19592 1.01
2.02 0.00101 63266 -0.00676 42932 0.02022 59064 -0.04005 52264. 1.02140 82732 0.00416 90134 1.02
2.03 0.00153 63410 -0.01021 69214 0.03049 97755 -0.06011 12080 1.03190 90702 0.00638 29427 1.03
2.04 0.00206 38925 -0.01371 40224 0.04087 31648 -0,08017 42848 1.04226 57024 0.00868 55475 1.04

2.05 0.00259 86953 -0.01725 36328 0.05134 00781 -0.10023 53906 1.05247 16016 0.01107 86484 1.05
2.06 0.00314 04535 -0.02083 37276 0.06189 43752 -0.12028 52952 1.06252 01076 0.01356 40865 1.06
2.07 0.00368 88605 -0.02445 22191 0.07252 97708 -0.14031 46033 1.07240 44679 0.01614 37232 1.07
2.08 0.00424 35994 - 0.02810.69568 0.08323 98336 -0.16031 37536 1.08211 78368 0.01881 94406 1.08
2.09 0.00480 43420 - 0.03179 57264 0.09401 79854 -0.18027 30179 1.09165 32752 0.02159 31417 1.09

2.10 0.00537 07500 -0.03551 62500 0.10485 75000 -0.20018 25000 1.10100 37500 0.02446 67500 1.10
2.11 0.00594 24737 -0.03926 61847 0.11575 15021 -0.22003 21346 1.11016 21335 0.02744 22100 1.11
2.12 0.00651 91526 -0.04304 31232 0.12669 29664 -0.23981 16864 1.11912 12032 0.03052 14874 1.12
2.13 040710 04151 -0.04684 45921 0.13767 47167 -0.25951 07492 1.12787 36409 0.03370 65686 1.13
2.14 0.00768 58785 -0.05066 80524 0.14868 94248 -0.27911 87448 1.13641 20324 0.03699 94615 1.14

2.15 0.00821 51484 -0.05451 08984 0.15972 96094 -0.29862 49219 1.14472 88672 0.04040 21953 1.15
2.16 0.00886 78195 -0.05837 04516 0.17078 76352 -0.31801 83552 1.15281 65376 0.04391 68205 1.16
2.17 0.00946 34747 -0.06224 39898 0.18185 57120 -0.33728 79445 1.16066 73385 044754 54091 1.17
2.18 0.01006 16854 -0.06612 86868 0.19292 58936 -0.35642 24136 1.16827 34668 0.05129 00546 1.18
2.19 0.01066 20112 - 0.01002 16721 0.20399 00767 -0.37541 03092 1.17562 70208 0.05515 28726 1.19

2.20 0.01126 40000 -0.07392 00000 0.21504 00000 -0.39424 00000 1.18272 00000 0.05913 60000 1.20
2.21 0.01186 71878 -0.07782 06554 0.22606 72433 -0.41289 96758 1.18954 43042 0.06324 15959 1.21
2.22 0.01247 10986 -0.08172 05532 0.23706 32264 -0.43137 73464 1.19609 17332 0.06747 18414 1.22
2.23 0.01307 52443 -0.08561 65377 0.24801 92080 -0.44966 08405 1.20235 39865 0.07182 89394 1.23
2.24 0.01367 91245 -0.08950 53824 0.25892 62848 -0.46173 78048 1.20832 26624 0.07631 51155 1.24

2.25 0.01428 22266 -0.09338 37891 0.26977 53906 -0.48559 57031 1.21398 92578 0.08093 26172. 1.25
2.26 0.01488 40255 -0.09724 83876 0.28055 72952 -0.50322 18152 1.21934 51676 0.08568 37145 1.26
2.27 0.01548 39838 -0.10109 57353 0.29126 26033 -0.52060 32358 1.22438 16841 0.09057 06999 1.27
2.28 0.01608 15514 -0.10492 23168 0.30188 17536 -0.53772 68736 1.22908 99968 0.09559 58886 1.28
2.29 0.01667 61653 -0.10872 45421 0.31240 50179 -0,55457 94504 1.23346 11915 0.10076 16184 1.29

2.30 0.01726 12500 -0.11249 87500 0.32282 25000 -0.57114 75000 1.23748 62500 0.10607 02500 1.30
2.31 0.01785 42169 -0.11624 12010 0.33312 41346 -0.58741 73671 1.24115 60498 0.11152 41668 1.31
2.32 0.01843 64646 -0.11994 80832 0.34329 96864 -0.60337 52064 1.24446 13632 0.11712 57754 1.32
2.33 0.01901 33784 -0.12361 55083 0.35333 87492 -0.61900 69817 1.24739 28571 0.12287 75053 1.33
2.34 0.01958 43305 -0.12723 95124 0.36323 07448 -0.63429 84648 1.24994 10924 0.12878 18095 1.34

2.35 0.02014 86797 -0.13081 60547 03/296 49219 -0.64923 52344 1.25209 65234 0.13484 11641 1.35
2.36 0.02070 57115 -0.13434 10176 0.38251 03552 -0.66380 26752 1,25384 94976 0.14105 80685 1.36
2.37 0.02125 49379 -0,13781 02060 Q.39191 59445 -0.67798 59770 1.25519 02548 0.14743 50458 1.37
2.38 0.02179 54974 -0.14121 93468 0.40111 04136 -0.69177. 01336 1.25610 89268 0.15397 46426 1.38
?.39 0.02232 67544 -0.14456 40883 0.41010 23092 -0.70513 99417 1.25659 55371 0.16067 94293 1.39

2,40 0.02284 80000 -0.14784 00000 0.41888 00000 -0.71808 00000 1.25664 00000 0.16755 20000 1.40
2.41 0,02335 85111 -0.15104 25717 0.42143 16758 -0.73057 47083 1.25623 21204 0.17459 49727 1.41
2.42 0.02385 /5506 -0.15416 72132 0.41574 53464 -0.74260 82664 1.25536 15932 0.18181 09894 1.42
2.43 0.02434 43676 -0.15720 92540 0.44380 88405 -0.75416 46730 1.25401 80027 0.18920 27162 1.43
2.44 0.02481 81965 -0.16016 39424 0.45160 98048 -0.76522 77248 1.25219 08224 0.19677 28435 1.44

2.45 0.02521 82578 -0.163'02 64453 0.45913 57031 -0.77578 10156 1.24986 94141 0.20452 40859 1.45
2.46 0.02'42 37575 -0.16579 18476 0.46637 38152 -0.78580 79352 1.24704 30276 0.21245 91825 1.46
2.41 0.02615 38870 -0.16845 51516 0.47331 12358 -0.79529 16683 1.24370 08004 0.22058 08967 1.47
448 0.02656 78234 -0.17101 12768 0.47993 48736 -0.80421 51936 1.23983 17568 0.22889 20166 1.48
2.49 0.02696 47286 -0.17345 50590 0.48623 14504 -0.81256 12829 1.23542 48077 0.23739 53552 1.49

2.10 0.02734 17500 -0.11578 12500 0.49218 75000 -0.82031 25000 1.23046 87500 0.24609 37500 1.50

1, .12 At At) t .1 2
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912 NUMERICAL ANALYSIS
c.)

Table 23.1

A 2

SI V1,4 )INT LAGRANGIAN INTERPOLATION COEFFICIENTS

4:(P) 1)*" Pg'2+-k)itr:1)(N)
A - 1 Ao Al A2 A3

7,50 0.02734 37500. -0.17578 12500 0.49218 75000 -0.82031 25000 1.23046 87500 0.24609 37500 1.50
7.51 0,02770 40203 -0.17798 45173 0.49778 93671 -0.82745 11996 1.22495 22660 0.25499 00635 1.51
2.52 0.02804 46566 -0.18005 94432 0.50302 32064 -0.83395 95264 1.21886 39232 0.26408 71834 1.52
2.53 0.028% 47616 -0.18200 05246 0.50787 49817 -0.83981 94142 1.21219 21734 0.27338 80221 1.53
2.54 0.02866 34225 -0.18380 21724 4,233 04648 -0.84501 25848 1.20492 53524 0.28289 55175 1.54

2.55 0.02893 97109 -0.18545 87109 0.51637 52344 -0.84952 05469 1.19705 16797 0.29261 26328 1.55
2.56 0.02919 26835 -0.18696 43776 0.51999 46752 -0.85332 45952 1.18855 92576 0.30254 23565 1.56
2.57 0.02942 13812 -0.18831 33223 0.52317 39770 -0.85640 58095 1.17943 60710 0.31268 77026 1.57
2.58 0.02962 48294 - 0.18949 96068 0.52589 81336 -0.85874 50536 1.16966 99868 0.32305 17106 1.58
2.59 0.02980 20377 -0.19051 72046 0.52815 19417 -0.86032 29742 1.15924 87533 0.33363 74461 1.59

2.60 0.02995 20000 -0.19136 00000 0.52992 00000 -0.86112 00000 1.14816 00000 0.34444 80000 1.60
2.61 0.03007 36943 -0.19202 17879 0.53118 67083 -0.86111 63408 1.13639 12367 0.35548 64894 1.61
2.62 0.03016 60826 -0.19249 62732 0.53193 62664 -0.86029 19864 1.12392 98532 0.36675 60574 1.62
2,63 0.03022 81107 -0.19277 70702 0.53215 26730 -0.85862 67055 1.11076 31190 0.37825 98730 1.63
2,64 0,03025 87085 -0.19285 77024 0.53181 97248 -0.85610 00448 1.09687 81824 0.39000 11315 1.64

2.65 0.03025 67891 -0.19273 16016 0.53092 10156 -0.85269 13281 1.08226 20703 0.40198 30547 1.65
2.66 0.03022 12495 -0.19239 21076 0.52943 99352 -0.84837 96552 1.06690 16876 0.41420 88905 1.66
2.67 0.03015 09704 -0.19183 24679 0.52735 96683 -0.84314 39008 1.05078 18166 0.42668 19134 1.67
2.68 0.03004 48154 -0.19104 58368 0.52466 31936 -0.83696 27136 1.03389 51168 0.43940 54246 1.68
2.69 0.02990 16317 -0.19002 52752 0.52133 32829 -0.82981 45154 1.01622 21240 0.45238 27520 1.69

2,10 0.,.2972 02500 -0.18876 37500 0.51735 25000 -0.02167 75000 0.99775 12500 0.46561 72500 1.70
2.71 0.02949 94834 -0.18725 41335 0.51270 31996 -0.81252 96321 0.97846 87823 0.47911 23003 1.71
2.72 0.02923 81286 -0.18548 92032 0.50736 75264 -0.80234 86464. 0.95836 08832 0.49287 13114 1.72
2.73 0,02893 49650 -0.18346 16409 0.50132 74142 -0.79111 20467 0.93741 35896 0.50689 77188 1.73
2.74 0.02858 87545 -0.18116 40324 0.49456 45848 -0.77879 71048 0.91561 28124 0.52119 49855 1.74

2.75 0.02819 82422 -0.17858 88672 0.48706 05469 -0.76538 08594 0.89294 43359 0.53576 66016 1.75
2.76 0.02776 21555 -0.17572.85376 0.47879 65952 -0.75084 01152 0.86939 38176 0.55061 60845 1.76
2.77 0.02727 92044 -0.17257 53385 0.46975 38095 -0.73515 14420 0.84494 67873 0.56574 69793 1.77
2.78 0,02674 80814 -0.16912 14668 0.45991 30536 -0.71829 11736 0.81958 86468 0.58116 28586 1.78
2.79 0.02616 74609 -0.16535 90208 0.44925 49742 -0.70023 54067 0.79330 46696 0.59686 73228 1.79

2,80 0.02553 60000 «0.16128 00000 0.43776 00000. -0.68096 00000 0.76608 00000 0.61286 40000 1.80
2.81 0,02485 23376 -0.15687 63042 0.42540 83408 -0.66044 05733 0.73789 96529 0.62915 65462 1.81
2.82 0.02411 50946 -0,15213 97332 0.41217 99864 -0.63865 25064 0.70874 85132 0.64574 86454 1.82
2.83 0.02332 28741 -0 14706 19865 0.39805 47055 -0.61557 09380 0.67861 13352 0.66264 40097 1.83
2,84 0,02247 42605 -0.\1163 46624 0.38301 20448 -0.59117 07648 0.64747 27424 0.67904 63795 1.84

7.85 0.02156 78203 -0.13584 92578 0.3670 3 13281 -0.56542 66406 0.61531 72266 0.69735 95234 1.85
2.86 0.02060 21015 -0.12969 71676 0.35009 16552 -0.53831 29752 0.5nag 91476 0.71518 72385 1.86
2.87 0,01957 56335 -0.12316 96841 0.33217 19008 -0.50980 39333 0.54789 27329 0.73333 33502 1.87
2.88 0.01848 69274 -0.11625 79968 0.31325 07136 -0.47987 34336 0.51259 20768 0.75180 17126 1.88
2.89 0.01733 44751 -0.10895 31915 0.29330 65154 -0.44849 51479 0.47621 11402 0.77059 62087 1.89

1.90 0,01611 67500 -0.10124 62500 0.27231 75000 -0.41564 25000 0.43873 37500 0.78972 07500 1.90
0,01483 22068 -0.09312 80498 0.25026 16321 -0.38128 86646 0.40014 35085 0.80917 92770 1.91

2.92 0.01347 92806 -0.08458 93632 0.22711 66464 -0.34540 65664 0.36042 42432 0.82897 57594 1.92
2.93 0.01205 63881 -0.07562 08571 0.20286 00467 -0.30796 88792 0.31955 91059 0.84911 41956 1.93
2.94 0.01056 19265 -0.06621 30924 0.17746 91048 -0.26894 80248 0.27753 14724 0.86959 86135 1.94

?,95 0,00899 42134 -0.05635 65234 0.15092 08594 -0.22831 61719 0.23432 44922 0.89043 30703 1.95
1.96 0.00735 17875 -0,04604 14976 0.12319 21152 -0.18604 52352 0.18992 11776 0.91162 16525 1.96
2,97 0.00563 28077 -0.03525 82547 0,09425 94420 -0.14210 68745 0.14430 44035 0.93316 84760 1.97
2.98 0.00383 56534 -0.02399 69268 0.06409 91736 -0.09647 24936 0.09745 69068 0.95507 76866 1.98
2,99 0.00195 86242 -0.01224 75371 0.03268 74067 -0.04911 32392 0.04936 12858 0.97735 34596 1.99

1.00 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 2.00
.42 Ai Ao A A .2 -P
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4.1

NUMERICAL ANALYSIS

SEEN.POINT LAGRANGIAN INTERPOLATION COEFFICIENTS Table 23.1

p) ( 1)11.3 P(M 1)(112 4)(p2 9)
(3 k)! (3 k)! (p k)

.4 3 4-2
0.00000 00000 0.00000 00000

-0.00151 10125 0.01409 18250
0,2 .0.00295 68000 0.02580 48000
0.1 -0.00400 28625 0.03445 94250
0,4 -0.10465 92000 0.03960 32000

0.5 -0.104138 28125 0.04101 56250
0.6 -0.00465 92000 0.03810 72000
0.7 -0.00400 28625 0.03291 24250
0.8 -0.00295 68000 0.02407 68000
0.9 -0.00159 10125 0.01283 78250

1.0 0.00010 00000 0.00000 00000
1.1 0.00110 07375 -0.01349 61750
L2 1.10117 92000 -0.02661 12000
1.3 0.00489 23815 -0.03824 95750
1.4 0.06.09 28100 -0.04730 88000

1.5 1.00683 59375 -0.05273 43730
1.6 0.00698 88000 -0.05358 08000
1.7 0.00643 93875 -0.04907 85750
1.4 3.00510 72000 -0.03810 12000
1,1 0.00295 47315 -042227 41750

2.0 1,00100 00000 0.00000 Q0000
2.1 0.00367 00125 0.02139 08250
2.2 -0.00788 48100 0.05857 28000
2.1 -0.01231 48625 0.09151 64250
2.4 1.01675 52000 0.12337 92000

2.% 0.02050 18125 0.15039 06250
2.6 -0.02296 32000 0.16711 12000

002128 08625 0.16940 54250
2,8 -112042 88000 0.14810 88000
2.3 -1.01316 20125 0.09508 88250

A 1
0.00000 00000

-0.06725 64375
-0.11827 20000
-0.15241 66875
-0.16972 80000

-0.17089 84375
-0.15124 80000
-0.13068 16875
-0.09363 20000
- 0.04898 64375

0.00000 00000
0.04980 73125
0.09676 80000
0.13719 95625
0.16755 20000

0.18457 03125
0.18547 20000
0.16813 95625
0.13132 80000
0.07488 73125

0.00000
-0.09056
-0.19219
-0.29812
-0.39916

-0.48339
-0.53580
-0.53797
-0.46771
-0.29867

00000
64375
20000
16875
80000

84375
80000
66875
20000
64375

3.0 0.10000 00000 0.00000 00000 0.00000 00000
'13 .42 .4,

A1 Al .42
1.00000 00000
0.98642 71500
0.94617 60000
0.88062 97500
0.79206 40000

0.68359 37500
0.55910 40000
0.42315 97500
0.28089 60000
0.13788 77500

0.00000 00000
-0.12678 22500
-0.23654 40000
-0.32365 02500
-0.38297 60000

-0.41015 62500
-0.40185 60000
-0.35606 02500
-0.27238 40000
-0.15240 22500

0.00000 00000
0.11825 77500
0.37273 60000
0.57031 97500
0.75398 40000

0.90234 37500
0.98918 40000
0.98296 97500
0.84633 60000
0.53555 77500

0.00000 00000
0.08220 23125
0.17740 80000
0.28305 95625
0.39603 20000

0.51269 53125
0.62899 20000
0.74052 95625
0.84268 80000
0.91074 23125

1.00000 00000
1.04595 35625
1.06444 80000
1.05186 33125'
1.00531 20000

0.92285 15625
0.80311 20000
0.64853 83125
0.45964 80000
0.24130 35625

0.00000 00100
-0.25523 26875
-0.51251 20000
-0.75677 04375
-0.96940 80000

-1.12792 96875
-1.20556 80000
-1.17089 04375
-0.98739 20000
-0.61301 26875

0.00000 00000
-0.01557 51750
-0.03153 92000
-0.04662 15750
-0.05940 48000

-0.06835 93750
-0.07188 48000
-0.06835 65750
-0.05617 92000.

-0.03384 51750

0.00000 00000
0.04648 68250
0.10644 48000
0.18031'94250
0.26808 32000

0.36914 06250
0.48222 72000
0.60530 24250
0.73543 68000
0.86869 28250

1.00000 00000
1.12302 38250
1.23002 88000
1.31173 54250
1.35117 12000

1.35351 56250
1.28593 92000
1.137,43 64250
0.88865 28000
0.51770 58250

/13
0.00000 00000
040110 07315
0.00337 92000
0.00489 23875
0.00609 28000

0.00683 59375
0.00698 88000
0.00643 93875
0.00510 72000
0.00295 47375

0.00000 00000
-0.00367 00125
-0.00788 48000
-0.01237 48625
-0.01675 52000

- 0.02050 78125
-0.02296 32000
- 0.02328 08625
-0.02042 88000
- 0.01)16 20125

0.00000 00000
0.02379 67375
0.05125 12000
0.09369 53875
0.15079 68000

0.22558 59375
0.32148 48000
0.44233 63875
0.59243 52000
0.77655 87375

0.0
0.1
0.2
0.3
0.4

0.5
(.1.b

0.7
0.8
0.9

1.0
1.1
1.2
1.3
1.4

1.5
1.6
1.7
1.8
1.9

2.0

2.1
2.2
2.3
2.4

2.5
2.6
2.7
2.8
2.9

0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 3.0
.40 A 1

A _2 A -3

EIGHTPOINT I.AGRANGIAN INTERPOLATION COEFFICIENTS

,4 (p) ( 1)1.4 P(P1 1)(92 4)(p2 9)(p 4)
(3 .k)!(4 k)!(p 1)

11
14 Al Al /144

1.00000
0.96176
0.89886
0.81458
0.71285
0.59814

4,1 0.00000 00000 0.00000 00000 0.00000 00000
13' -0.00088 64213 0.00915 96863 0.10686 30063
1,2 -0.10160 51200 0.01634 30400 0.22471 68000
..1 0.10211 51398 0.02124 99787 0.14910 67938
..I 0.01pA1 61600 0.02376 19200 0.47523 84000

0.00244 14061 0.02192 57812 0.59814 45313

0.00000 00000
-0.05246 00213
-0.08988 67200
-0.11278 83487
-0.12220 41600
-0.11962 89062

00000
70563
72000
25188
76000
45312

1. 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000
1.1 1.00070 45912 -0.00652 31512 0.02888 82412 -0.09191 11312 1.01108 84438
1.2 1.00115 16800 -0.01241 85600 0.05419 008041 -0.16558 08000 0.99348 48000
1." 1.10188 10618 -0.01721 23088 0.07408 77638 -0.21846 39188 0.94667 69812
1,4 1.10226 50400 -0.02050 04800 0.08112 70400 -0.24893 44000 0.87127 04000

1.10144 14061 -0.02197 26562 0.09228 51562 -0.25634 76562 0.76904 29688
1.6 0,00219 61600 -0.12143 2)200 0.08902 65600 -0.24111 36000 0.64296 96000
1.' 0.10211 57988 -0.01881 34538 0.07734 41988 -0.20473 46438 0.49721 27062
1.4 0.10160 51200 -0.01419 26400 0.05718 43200 -0.14981 12000 0.33707 52000
1.1 100088 64213 -0.00779 59613 0.03145 26712 -0.08001 11812 0.16891 24938

1.) '3.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000
2.1 0.1009 0,1462 0.00861 17612 -0.03441 52462 0.08467 24312 -0.16164 73688

0,03102 15700 0.11157 18400 .0.06918 91200 0.16773 '2000 -0.30750 72000
1,1 0,01100 1258 0.02512 96518 -3.10136 11138 0.24238 ,8938 -0.42883 65812
L4 ,/.10182 91600 0.01290 11200 -0.12171 31600 0.30159 36000 -0.51701 16000

2,, 0.10430 45312 1.13759 76562 -0.14501 95)12 0.33837 89062 -0.56396 48438
0.00454 2640" 1.01911 12800 -0.15002 62400 0.34621 44000 -0.56259 84000

2,1 9."0412 15888 0.11670 45088 -0.13987 39388 0.31946 51688 -0.50738 58562
1.4 1,11060 21800 0.02%2 17600 -0.11225 08800 0.25390 08000 -0.39495 68000
2.4 1.11216 41114.2 1.11741 29512 -0.06570 88162 0.14727 83812 -0.22479 33188

, 1,11119 10000 1.00100 10000 0.00001 00000 0.90000 00000 0.00000 00000
4,3 0,30.41,1 44662 0,02218 117162 0.08154 20162 -0.18415 17562 0.27184 30688

1,,0 3,1140,1
()m88e 57600 0.16151 56800 .009119 68000 0.57774 08000

1,40)46 ,,,4518 0,07716 163 +8 0.28027 67388 -0.62605 55418 0.89825 36062
I ., 111! ,4400 0.10111 12800 0.19481 34400 -0.85155 84000 1.20611 44000

1 1,11,,11 42912 ..0.11150 07812 0.48816 95312 -1.04116 32812
1.018,/ 1566,1 0.15155 11200 0.55351 29600 -1,11871 16000
Loollc /mg 0,1590 pm 0,56/50 81138 -1.20148 12688
1,110/ ')00 0,11941 58400 0.50056 99200 -1.06014 12000

4.4 1,,111) 14,1'4 0,01091 78667 0.42805 64462 -0.68695 58062

4, 1,100 1q,.15 1,10000 10000 0.00000 19000 1.00000 00000

Is 1.4 12

/12
0.00000 00000

-0.03037 15913
-0.05992 44800
-0.08624 99137
-0.10692 86400
-0.11962 89062

0.00000
0.06740
0.14902
0.24343
0.34850

0,46142
0.57861
0.69609
0.80898
0.91212

1.00000
1.06687
1.10702
1.11497
1.08573

1.01513
0.90015
0.13933
0.53319
0.28473

0.00000
-0.31138
-0.63551
-0.95353
-1.24084

1.46630 85918 -1.46630
1.63215 36000 -1.59134
1.64641 43112 -1.56899
1.43871 12000 -1.34285
0,92181 71188 -0.84604

/13
0.00000 00000
0.00663 28763
0.01284 09600
0.01810 18337
0.02193 40800
0.02392 57812

00000 0.00000
58962 -0.01064
27200 -0.02207
12238 -0.03341
81600 -0.04356

57812 -0.05126
26400 -0,05511
17888 -0.05354
04800 -0.04494
74662 -0.02764

00000
26338
59200
M112
69600

67188
74400
36762
16800
82038

00000
38788
48800
07512
22400

85938
91600
31862
11100
03088

0.00000
0.03951
0.09225
0.15928
0.24127

0.33831
0.45007
0,57503
0.71092
0.85421

00000
30362
74400
21288
35200

95312
16800
59838
33600
02263

00000
38012
21600
21588
48800

89062
81200
13038
22400
46112

1.00000 00000
1.14114 08888
1.21102 97600
1.311)2 21962
1.44164 92800

1.46630 85938
1.41453 31200
1.27013 13412
1.00713 98400
0.59516 16988

0.00000 00000 0,00000 00000 0.00000 00300
.4 .1 _2

942

/14
0.00000 00000

-0.00070 45913
-0.00135 16800
-0.00188 70638
-0.00226 30400
-0.00244 14062

0.00000 00000
0.00099 61462
0.00202 75200
0.00300 53238
0.00382 97600

0.00439 45312
0.00459 26400
0.00432 35888
0.00350 20800
0.00206 83163

0.00000 00000
-0.00267 38662
-0.00585 72800
-0.00936 95388
-0.01292 54400

-0.01611 32812
-0.01837 05600
-0.01895 12138
-0.01692 67200
-0.01109 36962

0.00000 00000
0.01812 28712
0,04539 39200
0.08432 58488
0.13781 13600

913

1.0
0.9
0.8
0.7
0.6
0.5

0.0
-0.1
-0.2
-0.3
-0.4

-0.5
-0.6
-0.7
-0.8
-0.9

-1.0
-1.1
-1.2
-1.3
-1.4

-1.5
-1.6
-1.7
-1.8
-1.9

-2.0
-2.1
-2.2
-2.3
.2.4

0.20947 26562 -2.5
0.30311 42400 -2.6
0.42)3/ 91138 42.7
0.57550 84800 -4.8
0,76546 50412 -2.9

1.00000 00100
.4 3



914 NUMERICAL ANALYSIS

Table 23.2 COEFFICIENTS FOR DIFFERENTIATION

Apo: .1
Differentiation Formula: drk-1... ,,ithk,t,,,0 ,,, 4,"J

J

0
1

2

0
1

2
3

0

1

2
1

4

0

1

2
3
4
5

.10

-3
-1

1

-11
-2

1
-2

-50
-6

2
2
6

274
-24

6
-4

6
-24

FIRST DERIVATIVE (is= 1)

.11 As 43 444 4:,

Three Point (*s.--2)
4 -1
0 1

--4 3

Four Point (n-3)
18 -9 2
-3 6 -1
-6 3 2
9 -1A 11

Five Point (m-4)
96 -72 32 .-6

-20 36 -12 2
-16 0 lb -2
12 -36 20 6

-32 72 -96 50

Six Point (us -5)
600 -600 400 -150 24
-130 240 -120 40 -6
-60 -40 120 -30 4

30 -120 40 60 -6
-40 120 -240 130 24
150 -400 600 -600 274

A" Error
kl

1/3 ,
-1/6 Of "'
1/3

-1/4
1/12 4 (4)

-1/12"
1/4

1/5
-1/20
1/30b5t(S)
-1/20
1/5

-1/b
1/30

-1/600 t( 6)
1/60

-1/30
1/6

j

0
1
2
3

0
1
2
3
4

0
1

2
3

4

5

Ao

-1
-1
-1
-1

-10
-6
-2

2
6

-85
-35
-5
5
-5
-35

THIRD DERIVATIVE (k=3)

A r A2 4:1 .44 A:,

Four Point.(m=3)
3 -4 , 1
3 -3 1
3 -3 1
3 -3 1

Five Point (m-4)
36 -48 28 -6
20 -24 12 -2

4 0 -4 2
-12 24 -20 6
-28 48 -36 10

.Six Point (m=5)
355 -590 490 -205 35

125 -170 110 -35 5

-5 50 -70 35 -5
-35 70 -50' 5 5

35 -110 170 -125 35
205 -490 590 -355 85

FOURTH DERIVATIVE (k=4)

* r

o

1

2

0

2
1

kiii* Error

-1/4
tsf(4)

1/4

7/24
1/24 s (s)

-1/24b t
1/24
7/24

-5/16
-1/48
1/48.600

-1/48'
1/48
5/16

10 .4t ,12 .13 .14 .1.; °ErrorsEtA D DERIVATIVE (k= 2)

All

1

1

1

h

0
-3

Al A! Al .14

Three Point fug 2)
-2 1

-2 1

-2_ 1

Four Point (tti 3)

1' 12 -3

3 0
3 -6 3

12 -15 6

.15 t-; Error

-1/2 Or())
h4 (4)

1/2 is) t())

11/24

-1/24 4 .(4)
-1/2411 ,
11/':4

0
1
2
3
4

0
1
2

3
4
5

1
1
1

1
1-

15
10
5
i:i

-5
-10

Five Point (us -4)
-4 6 -4
-4 6 -4
-4 6 -4
-4 6 -4
-4 6 -4

Six Point (m,--5)
-10 130 -120
-45 80 -70
-20 30 -20

5 -20 30
30 -70 80
55 -120. 13C

1

1
1

1
1

55
30
5

-20
-45
-70

-10
-5
0

5
10
15

.-1/12 ht(s)
-1/24 , ,
-1/144 h. e"
124
1//

hses3
12

17/144
5/144

-1/144,.6,(6)
-1/144" '

5/144
17/144

Five Point PH 4)

0 15 104 114 -56 11

1 11 20 6 4 -1

-5/12 h5f(S)
1724 6 (6)

2 -1 16 -30 16 -1 111.1.11 DERIVATIVE (k 3) .
-1/24 hstis)3 1 4 b 20 11 *

4 11 17 b 114 104 35

1/180k t

5/12 j .In .11 A. ,I, ..II .1., ,,-/s4 Error
kl

Six Point (in 5)Six Point us, 5) Six

0 22', 470 1070 -180 305 -50 137/360 0 -1 5 -10 10 -5 1 -1/48
1 50 /' -20 70 -30 5 -13/360 1 -1 5 -10 10 -5 1 -1/80
2 :-. 80 -150 80 -5 0 1/180h6,4) 2 -1 '.. -10 10 -5 1 -1/240_6,(6)
A 0 -. 80 -150 80 -5 1/180" 1 -1 5 -10 10 -5 1

4 30 70 -20 -75 50 -13/360 4 -1 5 -10 10 -5 1 MP"
5 105 780 1070 770 225 117/360 5 -1 5 -10 10 -5 1 1i48

compiled from W et. Itickley, Formulae for numerical differentiation, Math. Gat 25, 19-27, 1941 (with permission).
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LAGRANGIAN INTEGRATION COEFFICIENTS $ Table 2S.3

t
I

s" I f (44,r a, h A k(na) f (r k)
*Ns

4

DA;(m) \ I

n ne\k 4 3

N -, odd
4

2 1 0 1 2 3 4 p
3 -1 5 8 -1 0 '12

5 -2 251 646. -264 106 -19 1 720
-1 -19 346 456 -74 11 0

7 -3 19087 65112 -46461 37504 -20211 6312 -863 2 60480
-2 -863 25128 46989 -16256 7299 -2088 271 ,1
-1 271. -2760 30819 37504 -6771 1608 -191 0

9 -4 1070017 4467094 -4604594 5595358 -5033120 31463 8 -1291214, 312874 -33953 3 3628800
-3 -33953 1375594 3244786 -1752542 1317280 .-755 42 294286 -68906 7297 2
-2 7297 -99626 1638286 2631838 -833120 .39 58 -142094 31594 -3233 1

-1 -3233 36394 -216014 1909858 2224480 -4 762 126286 -25706 2497 0

4 3 2 1 0 -1 - 2 3 4 Apt

n .even

n n\k 4 3 -2 -1 0 1 2 i 3 5
4 -1

0
9 19 -5 1

-1 13 13 -1
1
0

24

6 -2 475 1427 -798' 482 -173 27 2 1440

-1 -27 637 1022 -258 77 -11 1

0 11 -93 802 802 -93 11 0

8 -3 36799 139849 -121797 123133 -88547 41499 -11351 1375 3 120960
-2 -1375 47799 101349 -44797 26883 -11547 2999 -351 2

-1 351 -4183 57627 81693 -20227 7227 -1719 191 1

0 -191 1879 -9531 68323 68323 -9531 1879 -191 0

10 -4
--3

2082753
-57281

9449717
2655563

-11271304 16002320 -17283646 13510082 -7394032 2687864 -583435 57281
6872072 -4397584 3973310 -2848834 1481072 -520312 110219 -10625

4
3

7257600

-2 10625 -163531 3133688 5597072 -2166334 1295810 -617584 206072 -42187 3969 2

-I -3969 50315 -342138 3609968 4763582 -1166146 462320 -141304 27467 -2497 1

0 2497 -28939 162680 -641776 41343)8 4134338 -641776 162680 -28939 2497 0

5 4 8 2 1 0 -1 -2 -8 -4 Am
Compiled from National Bureau of Standards, Tables of Lagrangian interpolation coefficients. Colum-
bia Univ. Press, New York, N.Y., 1944 (with permission).

11 pap IL
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Table 23.1 ABSCISSAS AND WEIGHT FACTORS Ink GAUSSIAN INTEGRATION
pit n

( r)iir. E 'rif( ri)

Abscissas- it., (Zeros of Legendre Polynomials). Weight Factors w,

n =2
0.18343

0.57735 02691 89626 1.00000 00000 00000 0.52553

n -8
0.79666
0.96028

0.00000 00000 00000 0.88888 88888 88889
0.77459 66692 41483 0.55555 55555 55556

4
0.00000
0.32425

0.33998 10435 84856 0.65214 51548 62546 0.61337
0.86113 63115 94053 0.34785 48451 37454 0.83603

ii 6 0.96816

0.00000 00000 00000 0.56888 88888 88889
0.53846 93101 05683 0.47862 86704 99366 0.14887
0.90617 98459 38664 0.23692 68850 56189 0.43339

is A;
0.67940
0.86506

0.23861 91860 83197 0.46791 39345 72691 0.97390
0,b6120 93864 66265 0.36076 15730 48139
0.93246 95142 03152 0.17132 44923 79170

0.12523
s-7 0.36783

0.00000 00000 00000 0.41795 91836 73469 0.58731
0.40584 51513 77397 0.38183 00505 05119 0.76990
0.74153 11855 99394 0.27970 53914 89277 0.90411
0.94910 79123 42759 0.12948 49661 68870 0.98156

n-16
0.09501 25098 37637 440185
0.28160 35507 79258 913230
0.45801 67776 57227 386342
0.61787 62444 02643 748447
0.75540 44083 55003 033895
0.86563 12023 87831 743880
0.94457 50230 73232 576070
0.98940 09349 91649 932596

n-20
0.07652 65211 33497 333755
0. 2778 58511 41645 078080
0. 7370 60887 15419 560673
0. 1086 70019 50827 098004
0 605 36807 26515 025453
0. 633 19064 601 50 792614
0.83911 69718 22218 823395
0.91223.44282 51325 905868
0.96397 19272 77913 791268
0.99312 85991 85094 924786

n..24
0.06405 68928 62605 626085
0.19111 88674 73616 309159
0.31504 26796 96163 374387
0.43379 35076 26045 1 38487
0.54542 14713 88839 535658
0.64809 36519 36975 569252

-0.74012 41915 78554 364244
0.82000 19859 73902 921954
0.88641 53270 04401 034213
0.93827 45520 02732 758524
0.97472 85559 71309 498198
0.99518 72199 97021 360180

46424 95650
24049 16329
64774 13627
98564 97536

00000 00000
34234 03809
14327 00590
11073 26636
02395 07626

43389 81631
53941 29247
95682 99024
33666 88985
65285 17172

34085 11469
14989-98180
79542 86617
26741 94305
72563 70475
06342 46719

0.18945
0.18

915
0.14950
0.12462
0.09515
0.06225
0.02715

- 8

n 9

n -10

n12

0.36268 37833 78 362
0.31370 66458 77887
0.22238 10344 53374
0.10122 85362 90376

0.33023 93550 0126t
0.11234 70778 40 003
0.6061 06964 02935
0.18064 81 606 94857
0.08127 43883 61574

0.29552 42247 14753
0.26926 67193 09996
0.21908 63625 15982
0.14945 1 3491 50501
0.06667 13443 08688

0.24914 70458
0.23349 2
0.2031
0.

403
38355

267 2 3066
7 83285 43346

. 0693 93259 95318
0.04717 53363 86512

04 55068 496285
34150 44923 588867
65193 95002 538189
59888 16576 732081
89712 55533 872052
85116 82442-784810
35239 38647 892863
24594 11754 094852

0.15275 33871 30725 850698
0.14917 29864 72603 746788
0.14209 61093 18382 051329
0.13168 86384 49176 626898
0.11819 45319 61518 41 7312
0.10193 01198 17240 435037
0.08327 67415 76704 748725
0.06261 20483 34109 063570
0.04060 14298 00386 941 331
0.01761 40071 39152 118312

0.12793 81953 46752 156974
0.12583 74563 46828 296121
0.12167 04729 27803 :r204
0.11550 56680 53725 1353
0307,44 42701 15965 63 783
0.09161 86521 04113 888270
0.08619 01615 31953 275917
0.07334 64814 11080 305734
0.05929 85849 15436 780746
0.04427 74388 1 7419 806169
0.02853 13886 28933 66 3181
0.01234 12297 99987 1995A7

Compiled from Pr Davis and P. Rabinowitz, Abscissas and weights for Gaussian iratures. of high
order, J. Research NBS 66, 35-37, 1966, RP2645; P. Davis and P. Rabinowitz, A,..utional abscissas
and weights for Gaussian quadratures of high order. Values for ii -64, 80, and 96, J. Research N138 60t
613 614,1958, RP2876: and A. N. Lowan, N. Davids. and A. Levenson, Table of the zeros of the Legendri
polynomials of order 1 16 and tr e weight coefficients for Gauss' mechanical quadrature formula, Bull
Amer. Math. Soc. 48, 739-743, 1942 (with permission).
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Table 25.

ABSCISsAS AN/ WEIGHT fill'ORS FOR GAUSSIAN INTEGRATION

ftl
r)ftr (xi)

Abscissas t
1- I

(Zeros of Legendre Polynomials)

n 32
0.04830 76656 87738 316235 0,09654

0.14447 19615 82796 493485 0.09563

0.23928 73622 52137 174545 0.09384

0.33186 86022 82127 649780 0.09117
0.42135 12761 30635 345364 0.08765

0.50689 99089 32229 390024 0.08331

0.58771 57572 40762 329041 0.07819

0.66304 42669 30215 200975 0.07234

0.73218 21187 40289 680387 0.06582

0.79448 37959 67942 406963 0.05868

0.84936 76137 32569 970134 0.05099

0.89632 11557 66052 123965 0.04283
0.93490 60759 37739 689171 0.03427

0.96476 22555 87506 430774 0.02539

0.98561 15115 45268 335400 0.01627

0.99726 38618 49481 563545 0.00701

40

0.03877 24175 06050 821933 0.07750

0.11608 40706 75255 208483 0.07703

0.19269 75807 01371 099716 0.07611

0.26815 21850 07253 681141 0.07472
0.34199 40908 25758 473007 0.07288
0.41317 92043 71605 001525 0.07061

0.48307 58016 86178 712909 0.06791

0.54946 71250 95128 202016 0.06480

0.61255 38896 67980 237953 0.06130
0.67195 66846 14179 548379 0.05743

0.72731 82551 89927 103281 0.05322
0.77830 56514 26519 387695 0.04869

0.82461 22308 33311 663196 0.04387

0.86595 95032 12259 503821 0.03878

0.90209 88069 68874 296728 0.03346

0.93281 28082 78676 533361 0.02793

0.95791 68192 13791 655805 0.02224

0.97725 99499 83774 262663 0.01642

0.99072 62386 99457 006453 0.01049

0.99823 77097 10559 200350 0.00452

n - 48
0.03238 01709 62869 362033 0.06473

0.09700 46992 09462 698930 0.06446

0.16122 23560 68891 718056 0.06392

0.22476 37903 94689 061225 0.06311

0.28736 24873 55455 576736 0.06203

0.34875 58862 92160 738160 0.06070

0.40868 64819 907.16 729916 0.05911

0.46690 29047 50958 404545 0.,05727

0.52316 09747 22233 033678 0.05519

0.57722 47260 83972 701818 0.05289

0.62886 73967 76513 623995 0.05035

0.67787 23796 32663 905212 0.04761

0.72403 41309 23814 654674 0.04467
0.76715 90325 15740 339254 0.04154

0.80706 62040 29442 621083 0.03824
0.84358 82616 24393 530711 0.03477
0.87651 20202 74247 885906 0.03116
0.90587 91367 1556) 672822 0.02742

0.93138 66907 06554 333114 0.02357

0.95298 17031 60430 860723 0.01961

0.97059 15924 46247 250461 0.01557

0.98412 45837 22826 857745 0.01147

0.99353 01722 66350 757548 0.00732

0.998,74 10072 52426.118601 0.00315
1,

0

Weight Factors

00885 14727 800567
87200 79274 859419
43990 80804 565639
38786 95763 884713
20930 04403 811143
19242 26946 755222
38957 87070 306472
57941 08848 506225
22227 76361 846838
40934 78535 547145
80592 62176 176196
58980 22226 680657
38629 13021 433103
20653 09262 059456
43947 30905 670605
86100 09470 096600

59479-78424 811264
98181 64247 965588
03619 00626 242372
31690 57968 264200
65823 95804 059061
16473 91286 779695
20458 15233 903826
40134 56601 038075
62424 92928 939167
97690 99391 551367
78469 83936 824355
58076 35072 232061
09081 85673 271992
21679 74472 017640
01952 82547 847393
70069 80023 401098
58491 94166 957262
10583 81907 888713
82845 31152 813615
12770 98533 191258

76968 12683 922503
61644 35950 082207
42385 84648 186624
41922 86254 02565?
94231 59892 663904
44391 65893 830053
48396 98395 635746
72921 00403 215705
95036 99984 162868
01894 85193 667096
90355 53854 474958
66584 92490 474826
45608 56694 280419
50829 43464 749214
13510 65830 706317

k
72225 6477 438895
72278 3279 088902
65097 0835 948200
01608 39324 379141
61604 57355 527814
93157 22943'848728
72345 79234 539490
75539 012711 262102
33460 52305 838633

J46
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Table 25.-4
ANSI:1%MA% AND ViEIGI1T FACTORS FOR GAUSSIAN INTVGRATIN

f(s)d.r. wif(so

Abscissas t r, (Zeros of Legendre Polynomials) Weight Factors= n't
try

n-64
ui

0.02435 02926 63424 432509 0.04869 09570 09139 720383
0.07299 31217 87799 039450 0.04857 54674 41503 426935
0.12146 28192 96120 554470 0.04834 47622 34802 957170
0.16964 44204 Z3992 818037 0.04799 93885 96458 307728
0.21742 36437 4V007 084150 0.04754 01657 14830 308662
0.26468 71622 08767 416374 0.04696 81828 16210 017325
0.31132 28719 90210 956158 0.04628 47965 81314 417296
0.35722 01583 37668 115950 0.04549 16279 27418 144480
0.40227 01579 63991 603696 0.04459 05581 63756 563060
0.44636 60172 53464 087985 0.04358 37245 29323 453377
0.48940 31457 07052 957479 0.04247 35151 23653 589007
0.53127 94640 19894 545658 0.04126 25632 42623 528610
0.57189 56462 02634 034284 0.03995 37411 32720 341387
0.61115 53551 72393 250249 0.03855 629129
0.64896 54712 54657 339858 0.03705 51285 40240 046040
0.68523 63130 54233 242564 0.03547 22132 56882 383811
0.71988 18501 71610 826849 , 0.03380 51618 37141 609392
0.15281 99072 60531 896612 0.03205 79283 54851 553585
0.78397 23589 43341 407610 0.03023 46570 72402 478868
0.81326 53151 22797 559742 0.02833 96726 14259 483228
0.84062 92962 52580 362752 0.02637 74697 15054 658672
0.86599 93981 54092 819761 0.02435 27025 68710 873338
0.88931 54459 95114 105853 0.02227 01738 08383 254159
0.91052 71370 78502 805756 0.02013 48231 53530 209372
0.92956 91721 31939 475021 0.01795 17157 75697 343085
0.94641 13748 58402'816062 0.01572 60304 76024 719322
0.96100 87996 52053 714919 0.01346 30478 96718 642598
0.97332 68277 89910 91.13742 0.01116 81394 60131 128819
0.98333 62538 84625 956931 0.00884 67598 26363 947723
0.99101 33714 76744 320739 0.00650 44579 68978 362856
(.99634 01167 71955 279347 0.00414 70332 60562 467635
0.99930 50417 35772 139457 0.00178 32807 21696 432947

1

n-80
"0.01951 13832 56793 997654 0.03901 78136 56306 654811
0.05850 44371 52420 668629 0.03895 83959 62769 531199
0.09740 83984 41584 599063 0.03883 96510 59051 968932
0.13616 40228 09143 886559 0.03866 17597 74076 46)327
0.17471 22918 32646 812559 0.03842 49930 06959 423185
0.21299 45028 57666 132572 0.03812 97113 14477 638344
0.25095 23583 92272 120493 0.03777 63643 62001 397490
0.28852 80548 84511 853109 0.03736 54902 38730 490027
0.32566 43707 47701 914619 0.03689 77146 38276 008839
0.36230 47534 99487 315619 0.03637 37499 05835 978044
0.39839 34058 81969 227024 0.03579 43939 53416 054603
0.43387 53708 31756 093062 0.03516 05290 44747 593496
0.46869 66151 70544 477036 0.03447 31204 51753 928794
0.50280 41118 88784 987594 0403373 32149 84611 522817
0.53614 59208 97131 932020 0.03294 19393 97645 401383
0.56867
0.60033

12681
06228

22709 784725
29751 743155

0.03210
0.03121

04986 73487
01741 88114

773148
701642 //

0.63107 57730 46871 966248 0.03027 23217 59557 980661
0.66085 98989 86119 801736 0.02928 83695 83267 847693
0.68963 76443 42027 600771 0.02825 98160 57276 862397
0.71736 51853 62099 880254 0.02718 02275 00486 380674
0.74400 02975 83597 272317 0.02607 52357 67565 117903
0.76950 24201 35041 373866 0.02492 25357 64115 491105
0.19383 27175 04605 449949 0.02373 18828 65930 101293
0.81695 41386 81463 470371 0.02250 50902 46332 461926
0.83883 14735 80255 275617 0.02124 40261 15782 006389
0.85943 14066 63111 096977 0.01995 06108 78141 998929
0.87872 25676 78213 828704 0.01862 68142 08299 031429
0.89667 55794 38770 683194 0.01727 46520 56269 306359
0.91326 31025 71757 654165 0.01589 61835 83725 688045
0.92845 98771 72445 795953 041449 35080 40509 076117
0.94224 27613 09872 674752 0.01306 87615 92401 339294
0.95459 07663 43634 905493 0.01162 41141 20797 826916
0.96548 50890 43799 251452 0.01016 17660 41103 064521
0.97490 91405 85727 793386 0.00868 39 452 69260 858426
0.98284 85727 38629 070418 0.00719 29047 68117 312753
0.98929 13024 99755 531027 0.00569 09224 51403 198649
0.99422 75409 65688 277892 0.00418 03131s4694 895237
0.99760 98643 98237 688900 0.00266 35335 89512 681669
0,99955 38226 51690 629880 0.00114 49500 03186 9414'34
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Table 25.4
ABSCISSAS ANI WEIGHT FACTORS FOR GAUSSIAN INTEGRATION

f4 (r)d.r. wif (xi)

Abscissas fr, (Zeros of Legendre Polynomials) Weight Factors- we

-96
HI

0.01627 67448 49602 969579 0.03255 06144 92363 166242

0.04881 29851 36049 731112 0.03251 61187 13868 835987
0.08129 74954 64425 558994 0.03244 71637 14064 269364
0.11369 58501 10665 920911 0.03234 38225 48575 928429

0.14597 37146 54896 941989 0.03220 62047 94030 250669

0.17809 68823 67618 602759 0.03203 44562 31992 663218

0.21003 13104 60567 203603 0.03182 87588 94411 006535

0.24174 31561 63840 012328 0.03158 93307 70727 168558

0.27319 88125 91049 141487 0.03131 64255 96861 355813

0.30436 49443 54496 353024 0.03101 03325 86313 837423
0.33520 85228 92625 422616 0.03067 13761 23669 149014

0.36569 68614 72313 635031 0.03029 99154 20827 593794

0.39579 76498 28908 603285 0.02989 63441 36328 385984

0.42547 89884 07300 545365 0.02946 10899 58167 905970

0.45470 94221 67743 008636 0.02899 46141 50555 236543

0.48345 79739 20596 359768 0.02849 74110 65085 385646

0.51169 41771 54667 673586 0.02797 00076 16848 334440

0.53938 81083 24357 436227 0.02741 29627 26029 242823

0.56651 04185 61397 168404 0.02682 68667 25591 762198
0.59303 23647 77572 080684 0.02621 23407 35672 413913

0.61892 58401 25468 570386 0.02557 00360 05349 361499

0.64416 34037 84967 106798 0.02490 06332 22483 610288

0.66871 83100 43916 153953 0.02420 48417 92364 691282

0.69256 45366 42171 561344 0.02348 33990 85926 219842

0.71567 68123 48967 626225 0.02273 70696 58329 374001

0.73803 06437 44400 132851 0.02196 66444 38744 349195

0.75960 23411 76647 498703 0.02117 29398 92191 298988

0.78036 90438 67433 217604 0.02035 67971 54333 324595

0.80030 87441 39140 817229 0.01951 90811 40145 022410

0.81940 03107 37931 675539 0.01866 06796 27411 467385

0.83762 35112 28187 121494 0.01778 25023 16045 260838

0.85495 90334 34601 455463 0.01688 54798 64245 172450

0.87138 85059 09296 502874 0.01597 05629 02562 291381

0.88689 45174 02420 416057 0.01503 87210 26994 938006

0.90146 06353 15852 341319 0.01409 09417 72314 860916

0.91507 14231 20898 074206 0.01312 82295 66961 572637

0.92771 24567 22308 690965 0.01215 16046 71088 319635

0.93937 03397 52755 216932 0.01116 21020 99838 498591

0.95003 27177 84437 635756 0.01016 07705 35008 415758

0.95968 82914 48742 539300 0.00914 86712 30783 386633

0.96832 68284 63264 212174 0.00812 68769 25698 759217

0.97593 91745 85136 466453 0.00709 64707 91153 865269

0.98251 72635 63014 677447 0.00605 85455 04235 961683

0.98805 41263 29623 799481 0.00501 42027 42927 517693

0.99254 39003 23762 624572 0.00396 45543 38444 686674

0.99598 18429 87209 290650 0.00291 07318 17934 946408

0.99836 43758 63181 677724 0.00185 39607 88946 9217320
0.99968 95038 83230 766828 0.00079 67920 65552 012429
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table 25.5 %NM:ISSAS FIK EQI At WEIGHT LIIERYslIEV INTEGRATION

1( 4 )111 -2 A1(1,)

Abscissas a,

txl er tt,
2 0, 57735 02692 5 0.83249 74870 7 0.88386 17008

0. 37454 14096 '0. 52965 67753
0.00000 00000 0.32391 18105

0. 00000 00000
0.10710 61812
0.00000 00000

9 0.91158 93077
0.60101 g6ss4 ol

6 0,86624 68181 0.52876 17831
4 0.19465 44723 0.42251 86538 0.16790 61842

0.18759 24741 0.26663 54015 0.00000 00000

Compiled from H. E. Selzer, Tables for facilitating the two( Chebyahev's quadrature formula, J. Math.
Phys. 28, 191.194, 1947 (with permission).

Table 25.6 ARSCIsSAS AM) WEIGITI' FACTORs FOR LoRAT-T INTEGRATION
41- If frlf( 1)+ IL trtf(r1) rki (1)

Abscissas it Weight Factors w,
it H,

7 1. 00000 000 0.0.4761 904
0.83022 390 0.27682 604
0.46884 879 0.43174 538.
0. 00000 000 0. 48761 904

1 1 00000 000 0,333)9 333
0. 00000 000 1.33333 333

8 1. 00000 000 0.03511 428
0.87174 015 O. 21070 422

14 O. 59170 018 O. 34112 270
4 1. 00000 000 O. 16666 667 0. 20929 922 0,41245 880

0. 441;1 360 0.83331 333

9 1. 00000 00000 0.02777 77778
0.895(75 79954 0.16549 53616

1. 00000 000 0. 10000 000 0. 67718 62795 0.27453 87126
0, 65465 367 0.54444 444 0. 36311 74638 O. 34642 85110
0, 00000 000 O. 71111 111 0.00000 00000 0.37151 92744

10 X.00000 00000 0.02222 22222
0x91953 39082 0. 13330 59908

1. 00000 000 0.06666 667 0:73877 38651 0.22488 93420
0, 76505 532 0. 37847 496 0.41792 49498 0.29204 26836
0, 28523 152 0.55460 838 . 0. 16527 89577 0.32753 97612

Complied from
permission!.

,dbl.. 21,7

Z. Kupal, Numerical analysis, John Wiley & Sobs, Inc., New York, N.Y., 1965 (with

ANSCISSAS AND 3VEIGIri FACTORS FOR GAL'MMIAN INTEGRATIoN
FOR INTEGRANDS V.1111 .4 LoGARITIIMR: sINGULARITY

fiv,i(t)ri f(,) In. if, wif( ") (201

-.1v, Kt,

Abseisaas

/I

Weight Factors

we -we K.
T 7.111009 1,718539 0,0028' 0463891 0.511405 0,00017 0.041448 0.383464 0.00001

0.601277 0,181461 0,368997 0.391980 0.245275 0.386875
0,766880 0,094615 0.556165 0.190435

0.848982 0.039225

Comptled from lierthoti-Zltorowskt, lx ealeul des integrales tie la forme 1,7 Oa) log ,/,. H. Mineur,

Tethruques de ealeul nurneritiue, pp. 55G 556 Librairie Polyteehnique Ch lieranger, Paris, Franc*,
I9.)! with permission'.

844. tote it
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ARM:ISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION OF MOMENTS

921

Table 25.8

Abscissas =c, Weight Factors =sit

k=0 k=1
x, w, Uh

k ..2

te,

1 0.50000 00000 1.00000 00000 0.66666 66667 0.50000 00000 0.75000 00000 0,33333 33333

2 0.21132 48654 0.50000 00000 0.35505 10257 0,18195 86183 0.45584 81560 0.10078 58821
0.78867 51346 0.50000 00000 0.84494 89743 0.31804 13817 0.87748 51773 0.23254 74513

3 0.11270 16654 0.27777 77778 0.21234 05382 0.06982 69799 0.29499 77901 0.02995 07030
0.50000 00000 0.44444 44444 0.59053 31356 0.22924 11064 0.65299 62340 0.14624 62b93
0.88729 83346 0.27777 77778 0.91141 20405 0.20093 19137 0.92700 59759 0.15./13 63611

4 0.06943 18442 0.17392 74226 0.13975 98643 Q.03118 09710 0.20414 85821 0.01035 22408
0.33000 94782 0.32607 25774 0.41640 95676 0.12984 75416 0.48295 27049 0.06863 38872
0.66999 052.18 0.32607 25774 0.72315 69864 0.20346 45680 0.76139 92624 0.14345 87898
0.93056 81558 0.17392 74226 0.94289 58039 0.13550 69134 0.95149 94506 0.11088 84156

5 0.04691 00770 0.11846 34425 0.09853 50858 0.01574 79145 0.14894 57871 0.00411 38252
0.23076 53449 0.23931 43352 0.30453 57266 0,07390 88701 0.36566 65214 0.03205 56007
0.50000 00000 0.28444 44444 0.56202 51898 0.14638 69871 0.61011 36129 0.08920 01612
0.76923 46551 0.23931 43352 0.80198 65821 0.16717 46381 0.82651 96792 0.12619 89619
0.95308 99230 0.11846 34425 0.96019 01429 0.09678 15902 0.96542 10601 0.08176 47843

6 043;76 52429 0.08566 22462 0.07305 43287 0.00873 83018 0.11319 43838 0.00183 10758
0.16931 53068_ 0.18038 0.785 0.23076 61380._ 0,04395 51656 0.28431 88727 0.01572 02972
0.380.65-15110 0.23395 69673 0.44132 84812 0.09866 11509 0.49096 35868 0.05128 95711
0.61910 ,5930 0.23395 69673 0.66301 53097 0.14079 25538 0.69756 30820 0.09457 71867
0.83060 46932 0.18038 07865 0.85192 14003 0.13554 24972 0.86843 60583 0.10737 64997
0.96623 47571 0.08566 22462 0.97068 35728 0.07231 03307 0.97409 54449 0.06253 87;027

7 0.02544 60438 0.06474 24831 0.05626 25605 0.00521 43622 0.08881 68334 0.00089 26880
0.12923 44072 .0.13985 26957 0.18024 06917 0.02740 83567 0.22648 27534 0.00816 29256
0.29707 74243 0.19091 50253 0.35262 47171 0.06638 46965 0.39997 84867 0.02942 22113
0.50000 00000 0.20897 95918 0.54715 36263 0.10712 50657 0;58599 78554 0.06314 63787
0.70292 25757 0.19091 50253 0.73421 01 772 0.12139 08973 0.75944 58740 0.09173 38033
0.87076 55928 0.13985 26957 0.88532 09468 0.11050 92582 0.89691 09709 0.09069 88246
0.97455 39562 0.06474 24831 0.97752 06136 0.05596 73634 0.97986 72262 0.04927 65018

8 0.01985 50718 0.05061 42681 0.04463 39553. 0448329-51914 0.07149 10350 0.00046 85178
0.10166 61613 0.11119 05172 0.144U-62570 0.01784 29027 0.18422 82964 0.00441 4521 7
0.23723 37950 0.15685 33229 0.28682 47571 0.04543 93195 0.33044 77282 0.01724 68638
0.40828 26788 0.18134 1891 7 0.45481 33152 0.07919 95995 0.49440 29218 0.04081 44264
0.59111 73212 0.18134 1991 7 0.62806 ?d354 0.10604 73594 0.65834 80085 0.06844 71834
0.76276 62050 0.15685 33229 0.78569 15206 0.11250 57995 0480452 48315 0.08528 47692
0.89833 32387 0.11119 051 72 0.90867 63921 0.09111 90236 0.91709 93825 0.07681 80933
0.98014 49282 0.05061 42681 0.98222 00849 0.04455 08044 0.98390 22404 0.03977 89578 v

Compiled from H. Fishman, Numerical integration constants, Math. Tables Aids Comp. 11, 1 -9, 1957 (with permission).
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Table 25.8

NUMERICAL ANALYSIS

AnscissA % AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION OF MOMENTS

fol zaf(x)gr a E wifixi)

Abscissae =x, Weight Factors =iv,
km3

ws 26
k=4

uh
ki=5

wi
1 0,80000 00000 0,25000 00000 0,83333 33333 0.20000 00000 0,85714 28571 0,16666 66667

2 0.52985 79359 0.06690 52498 0.58633 65823 0.04908 24923 0.63079 15938 0.03833 75627
0.89871 34927 0.18309 47502 0.91366 34177 0.15091 75077 0.92476 39617 0.12832 91039

3 0.36326 46302 0.01647 90S93 0.42011 30593 0.01046 90422 0.46798 32355 0.00729 70036
0.69881 12692 0.10459 98976 0.73388 93552 0.08027 66735 0.76162 39697 0.06459 66123
0.93792 41006 0.12892 10432 0.94599 75855 0,10925 42844 0.95221 09767 0.09477 30507

4 0.26147 77888 0.00465 83671 0.31213 54928 0.00251 63516 0.35689 37290 0.00153 44797
, 0.53584 64461 0.04254 17241 0,57891 56596 0.02916 93822 0.61466 93899 0.02142 84046

0,79028 32300 0.10900 43689 0.81289 15166 0.08706 77121 0.83107 90039 0.07205 63642
0.95784 70806 0.09379 55399 0.96272 39976 0.08124 65541 0.96658 86465 0.07164 74181I

5 0.19621 20074 0,00152 06894 0.23979 20448 0.00069 69771 0.27969 31248 0.00036 97155
0.41710 02118 0.01695 73249 0.46093 36745 0,01021 05417 0.49870 98270 0.00672 96904
0.64857 00042 0.06044 49532 0,68005 92327 0.04402 44695 0.70633 38189 0.03376 77450
0.84560 51500 0.10031 65045 0.86088 63437 0.08271 27131 0.87340 27279 0.07007 13397
0.96943 57035 0.07076 05281 0.97261 44185 0.06235 52986 0.97519 38347 0.05572 81761

6 0.15227 31618 0.00056 17109 0.18946 95839 0,00021 94140 0,22446 89954 0.00010 13258
0.33130 04570 0.00708 53159 0.37275 11560 0.00372 67844 0.40953 33505 0.00218 79257
0.53241 15667 0.03052 61922 0.56757 23729 0.01995 62647 0.59778 90484 0.01396 96531
0.72560 27783 0.06844 32818 0.74883 64975 0.05223 99543 0.76841 36046 0.04148 63470
0.88161 66844 0.08830 09912 0.89238 51584 0.07464 91503 0.90135 07338 0.06445 88592
0,97679 53517 0.05508 25080 0.97898 52313 0.04920 84323 0.98079 72084 0.04416 2:660

7 0.12142 71288 0.00022 99041 0.15324 14389 0.00007 70737 0.18382 87683 0.00003 11046
0,26836 34403 0.00314 75964 0.30632 65225 0.00144 70088 0.34080 75951 0.00075 53838
0.44086 64606 0.01531 21671 0.47654 00930 0.00892 69676 0.50794 05240 0.00566 04137
0,61860 40284 0.04099 51686 0.64638 93025 0.02854 78428 0,67036 34101 0.02095 92982
0.78025 35520 046915 00981 0.79771 66898 0.05522 48742 0.81258 84660 0.04510 49816
0.90636 25341 007655 65614 0.91421 99006 0.06602 18459 0.92085 64173 0.05790 76135
0.98176 99145 0,04400 85043 0,98334 38305 0.03975 43870 0.98466 74508 0.03624 78712

0.09900 t /5/7 0.00010 24601 0.12637 29744 0.00002 97092 045315 06616 0.00001 05316
0.22124 35074 0.00148 56841 0,25552 90521 0.00059 89500 0.28726 44039 0.00027 83586
0.36912, 39000 0.00785 50738 0.40364 12989 0.00407 79241 0.43462 74067 0.00233 53415
0.52854 54312 0,02363 15807 0.55831 66758 0.01490 99334 0.58451 85666 0.01004 46144
0.68399 12484 0.04745 43798 0.70600 95429 0,03471 99507 0.72512 64097 0.02648 53011
0.87028 3949/ 0.06736 18394 0.83367 15420 0.05491 00973 0.84518 94879 0.04588 56532
0.92409 3/129 0.06618 20353 0.92999 57161 0.05800 Or '.53 0.93504 35075 0.05153 42238
0,98529 34401 0.03592 69468 0.98646 31979 0.03275 28699 0.98746 05085 0.03009 26424

95j
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ABSCISSAS AND IU F.11,31.1' FACTORS FOR I.AGU ERRE INTEGRATION

tli OA tr. 4,1 jo g(x)ax 14,1iezig(

V 'I

Abscissas v, Zeros of Laguerre Polynomials)

n 2
0.58578 64376 21 (- 1)8.53553

3.41421 35623 11 -111.46446

n 3
0.4157/ 45567 83 1-1)7.11093
2.29428 03602 79 (-1)2.78517
6.28994 50829 3/ (-2)1.03892

n 4
0. 12254 16896 19 -1)6.03154

1.74516 11011 58 -1)3.57418
4.53662 02969 21 7)1,88879
9,3950/ 09123 01 4)5.39294

0.26356 01197 18
1.41340 30591 07
3.59642 5/710 41
7.08581 00058 59
12.64080 08442 76

0.22284 66041 19
1.18893 21016 13
2.99273 63260 59
5.7/514 35691 05
9,81/46 14181 83
15.9828/ 39806 0?

0.19504 1610 WI
1.02666 48953 39
2.56187 61449 51
4.10015 30845 26
8,18215 34445 63
11, /3419 0191/ 98
19. 1P, 11 18617 63

1.1/02/ 96)23 05
0 103/0 11161 99
2.75108 66718 66
4,266/0 01101 RH
1, 041,90 54071 93

10, /t,Req 6,101 RI

1% 74061 86412 18
22.46111 11168 89

n 5
(-1)5.21755
(-1)3.98666
( .211.59424
(-3)1.61175
( 5)2.13699

n 6
-1) 4.58964
-1)4.17000
-1)1.13373
7)1.0)991
4)2.61017
7)8.98547

n.7
( 1)4.09118

-1 1.4/126
,-2 2.06335
( 111.0/401
( _5)1.58654

8)5.1/0)1

n 8
(-1 3.69188
1 4.18786
.1 1, 15794
2)% 11434
.312. /9451
`)9.0165:1

( /) 8,485/4

( 1)1.04800

Weight Factors ie,

923

Table 25.9

390593
609407

009929
733569
565016

104342
692438
085150
705561

610583
811083
496817
867992
723858

6/3950
830772
382074
9/4531
202815
906430

951101
211862
348658
14468/
014328
643466
54/900

58934?
/80814
986637
922612
673523
871336
61162/
11/487

1.53332
4.45095

1.07769
2.76214
5.60109

0.83273
2.04810
3.63114
6.48714

0.67909
1 63848
2.76944
4.31565
7.21918

0.5/353
1.36925
2.26068
3.35052
4.88682
7,84901

0,49641
1.17764
1.9185(4
2.7/184
3.84124
5.38067
8.40543

0.41112
1,03386

1.66970
2.17692
3.20854
4.26851
5.81808
8.90622

603312
733505

285927
296190
462543

91238 38
243845
630582
508441

40422 08
787360
324237
690092
635435

55074 23
259071
459338
458236
680021
594560

75975 40
306086
918166
863623
912249
820792
248683

34104 91
93476/
9/6566
4/01/6
091335
551081
33686/
621529

0.15232
0.80722
2.00513
3.78347
6.20495
9.37298
13.46623
18.83359
26.37407

0.13779
0.72945
1.80834
3.40143
5.55249
8.33015
11.84378
16.27925
21.99658
29.92069

0.11572
0.61175
1.51261
2.83375
4.59922
6.84452
9.62131
13.00605
17.11685
22.15109
28.48796
37.09912

0.09330
0.49269
1.21559
2.26994
3.66162
5.42533
7.56591
10.12022
11,13028
16,65440
20.7/641
25.62,389

31.40151
18,53060
48.02608

x,

22277
00227
51556
39733
67718
52516
69110
77889
18909

14705
45495
29017
36978
61400
27467
58379
78313
58119
70122

21173
74845
02697
13377
76394
54531
68424
49933
51874
03793
72509
10444

78120
1/403
54120
95262
27217
66214
62266
85680
24821
77081
88994
42267
91697
33064
55726

32
42
19
31

77
88
92
92
27

40
03
40
55
64
64
00
78
81
74

58
15
76
44
18
15
57
06
62
97
84
67

17
02
71

04
51
14
13
19
76
30
49
29
54
86
86

- 1
- 1
- 1
- 2
- 3
- 4
- 6
- 8
-11

- 1
- 1
- 1
- 2
- 3
- 4
- 5
- 7-9
-13

1

--1
-2
-2
-3
-4
- 6
-7
-9
-12
-16

-1
-
-
-1
-2
- 3
-3
- 4
- 6

-7
- 9
-11
-13
-16
-20

n9
3.36126
4.11213
1.99287
4.74605
5.59962
3.05249
6.59212
4.11076
3.29087

n -10
3.08441
4.01119
2.18068
6.20874
9.50151
7.53008
2.82592
4.24931
1.83956
9.91182

n 12
2.64731
3.77759
2.44082
9.04492
2.01023
2.66397
2.03231
8.36505
1.66849
1.34239
3.06160
8.14807

n =15
2.18234
3.42210
2.63027
1.26425
4.02068
8.56387
1.21243
1.11674
6.45992
2.22611
4,22743
3.92189
1.45651
1.48302
1.60059

421798
980424
525371
627657
661079
767093
302608
933035
403035

115765
929155
287612
560987
697518
388588
334960
398496
482398
721961

371055
275873
011320
222117
811546
354187
592663
585682
387654
103052
163504
746743

885940
1/7923
577942
818106
649210
780361
614721
392344
676202
690710
038498
726104
526407
705111
490621

w,t. I

0.39143 11243 16
0.92180 50285 29
1.48012 790994
2.08677 080155
2.77292 138971
3.59162 606809

%4.64876 600214
6.21227 541975
9.36321 823771

0.35400 97386 07
0.83190 23010 44
1.33028 856175
1.86306 390311
2.45025 555808
3.12276 415514
3.93415 269556
4.99241 487219
6.57220 248513
9.78469 584037

0.29720.96360 44
0.69646 29804 31
1.10778 139462
1.53846 423904
1.99832 760627
2.50074 576910
3.06532 151828
3.72328 911078
4.52981 402998
5.59725 846184
7.21299 546093
10.54383 74619

0.23957 81703 11
0.56010 08427 93
0.88700 82629 19
1.22366 440215
1.57444 872163
1.94475 197653
2.34150 205664
2.77404 192683
3.25564 334640
3.80631 171423
4.45841 775384
5.27001 778443
6.35956 346973
8.03178 763212
11.52777 21009

Compiled from IL E. Salmi. and IC Zucker, Table of the zeros and weight factors
of the first fifteen Laguerre polynomials, Bull, Amer, Math. 4oe. 55, 10041012,
1949 (with permission),
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Table 25.Ill ABSCISSAS ANI) WEIGHT FACTORS FOR IIERMITE INTEGRATION

J a s'fixslx. L wifix,) I' g(x)dr. >.-2, sv,er4((x,)
n

0 11 - co t

Abscissas-*xt (Zeros of Hermite Polynomials) Weight Factors -w,

tic, w.

n-2
0, 70110 67811 96548 (-1)8.86326 92545 28

n -3
0.00000 00000 00000 ( 0)1.18163 59006 04

(.22414 48713 91589 (- 1)2.95408 91515 09

n- 4
.52464 76212 75290 (-1)8.04914 09000 55

1.65068 01258 85785 (-1)8.13128 35447 25

n-5
0.00000 00000 00000

42059 OS

72048 29

2.02018 28704 56086 -2
0,95857 24646 13819 -1 3.93614 32315 22

n=6
0,43607 /4114 27617 59522 44
1.11584 90740 11697 (- 131.57067 32032 29
2.15060 49716 74492 3 4.51000 99055 09

n -7
0.00000 00000 00000 -1)8.10264 61755 68
0.81628 78828 58965 1)4.25607 25261 01
1. 6/355 16287 67411 -2)5. 45155 82819 13
2.65196 13568 35233 -4)9.11781 24509 95

n-8
0.18118 69902 07322 -1)6.61147 01255 82
1,15719 37124 46180 -1)2,07802 32581 49
1..98165 67566 95843 -2)1.10179 83007 41
2,93063 74202 t7244 -4)1.99604 07221 14.

18-9
0,00000 00030 00000 -1j7,20235 21560 61

P. 72355 10181 52838 -1 4. 32651 55900 16
1,46855 32892 16668 -2 8,84745 27394 38
2.26658 05845 31843 -1 4,94362 42755 37
3.19099 12017 81528 - 5)3,96069 17263 26

Compiled from H. E. Salzer, R. Zucker, and R. Capuano, Table of the zeros
and weight factors of the first twenty Hermite polynomials, J. Research NBS
48, 111-116, 1952, RP2294 (with permission).

,
w,nn zxt iv,

n 10
waort

1.46114 11826 611 0.34290 13272 23705 - 1 6,10862 63373 53 0.68708 18539 513
1,03661 08297 89514 - 1 2. 40138 61108 23 0.70329 63231 049
1. 75668 36492 99882 - 2 3.38743 94455 48 0.74144 19319 436

.18163 59006 037 2.53273 16742 32790 - 3 1.34364 57467 81 0.82066 61264 048
1,32393 11152 136 3.43615 91188 31738 - 6 1,64043 28552 33 1.02545 16913 651

1.05996 44828 950 n 12
1.24022 58176 958 0.31424 03762 54359 (- 1)5.70135 23626 25 0,62930 78743 695

0.94718 83912 40164 - 1 2.60492 31026 42 0.63962 12320 203

0.94530 87204 829
1,59768
2,27950

26351
70805

52605
01060

- 2 5.16079
- 3)3,90539

85615
05846

88
29

0.66266
0.10522

27732
03661

669
122

0,98658 09967 514 3,02063 70251 201390 - 538.57368 70435 88 0.78664 39394 633
1.18148 86255 360 3.88972 4d978 69182 - 7 2.65855 16843 56 0,98969 90470 923

0.87640 13344 362 n 16
0.93558 05576 312 0,21348 10461 3815 - 1 5.07929 47901 66 0.54737 52050 378
1.13690 83326 145 0,82295 14491 4466 - 1 2. 80647 45852 85 0.55244 19573 675

1. 38025 85391 9888 - 2))8.38100 41398 99 0,56321 78290 882
1. 95178 79909 1625 - 2 1.28803 11535 51 0.58124 72754 00r

0.81026 46175 568 2. 54620 21578 4748 - 4 9.32284 00862 42 0, 60973 69582 51

0.82868 73032 836 3.17699 91619 7996 - 5 2,71186 00925 38 0.65575 56728 ' 1
0.89718 46002 252 3. 86944 79048 6012 - 7 2. 32098 08448 65 0, 73824 56222
1.101)3 07296 103 4,68873 89393 0582 -10 2.65480 74740 11 0.93687 449" J''

0.76154 41286 517 n 20
0.7 289 00483 864 0.24534 07083 009 - 1 4.62243 66960 06 0.49092 15066 667
0, 6675 26065 634 0.73747 37285 454 - 1 2,86675 50536 28 0.49384 33852 721
1.07193 01442 480 1.23407 62153 953 - 1 1.09017 20602 00 0,49992 08713 363

1.73853 77121 166 - 2 2,48105 20887 46 0.50967 90271 175
2. 25497 40020 893 - 3 3,24377 33422 38 0.52408 03509 486

0.12023 52156 061 2,18880 60584 281 - 4 2.28338 63601 63 0.54485 17423 644
0,73030 24527 451 3, 34785 45673 832 - 6 7.80255 64785 32 0.57526 24428 525
0.76460 81250 946 3,94476 40401 156 - 7 1.08606 93707 69 0.62227 86961 914
0.84175 27014 787 4.60368 24495 507 -10 4.39934 09922 73 0.70433 29611 769
1.04700 15809 767 5,38748 08900 112 -13 2.22939 36455 34 0.89859 19614 532

Table 23,11 COEFFICIENTS FOR FILON'S QUADRATURE FORMULA

e a $ '1
0,00 0.00000 000 0.66666 667 1,33333 333
1,01 0.00000 004 0. 66668 000 1.33332 000
0.02 0.00000 036 0.66671 999 1.33328 000
0.03 0.00000 120 0.66678 664 1.33321 334
0.04 0.00000 284 0.66687 990 1.33312 001

0,05 0,00000 555 0. 66699 976 1.33300 003
0.06 0.00000 961 O. 66714 617 1,33285 340
0, 07 0.00001 524 0.66731 909 1:33268 012
0.08 0.00002 274 0. 66751 844 1.33248 020
0. 09 0, 00003 237 O. 66774 417 1. 33225 365

0.1 0, 00004 438 0. 66799 619 1. 33200 048
0.2 0, 00035 154 0. 67193 927 1. 32800 761
0. 3 0.00118 467 0.67836 065 1,12137 184
0, 4 0.00279 012 0.68703 909 1.31212 154
0,5 0.00536 042 0. 69767 347 1. 30029 624

0,6 0.00911 797 0. 70989 111 ' 1.28594 638
0.7 0.01411 151 0, 72325 811 1. 26913 302
0.8 0.02076 156 O. 73729 116 1. 24992 752
0.9 0.02884 683 0. 75147 168 1. 22841 118
1, 0 0. 01850 188 0, 76525 831 1, 2046 7 472

See 25.4.47.
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26. Probability Functions
Mathematical Properties 3

26.1. ProbabUity Functions: Definitions and
Properties

Univariate Cumulative Distribution Functions

A real-valued function FM is termed a (uni-
variate) cumulative distribution function (c.d.f.)
or simply distribution function if

1) F(2) is non-decreasing, i.e., flx,)<F(2.3) for

11) F(x) is everywhere continuous from the
right, i.e., F(x).lim F(x -}-

-0+
iii) F( 0),7;0, F(c0)= 1.

The function F(z) signifies the probability of
the event "X<x" where X is a random variable,
i.e., Pr{ X <x} = F(x), and thus describes the
c.d.f. of X. The two principal types of distribu-
tion functions are termed discrete and continuous.

Discrete Distributions: Discrete distributions are
characterized by the random variable X taking
on an enumerable number of values .

z1, . . . with point probabilities

p---,Pri,X=4} >0

which need only be subject to the rt. itriction

Er.-1.

The corresponding distribution function can
then be written

26.1.1 F(.1) -Pr{X51).L
/* St

comment on notation and conventions.
a. We folios the customary convention of denoting a

random variable by a capital letter, i.e X, and using the
eorresonding lost er rase letter, i.e., r, for a particular
value that the random variable assumes.

b For statistical applications it is often convenient to
have tabulated the "upper tail area," 1-- P(r), or the
e d.f. for I VI, F(r) Ft .r), instead of simply the e.tl,f,
P(:). We live the notation P to indicate the c.d.f. Of

Q I f) 11011'31r I he "upper tail area" and .1
P Q to denote the e (II of I VI. In particular We Use

Q(:), and Alf) to denote the corresponding Noel twist
for t he normal or ( ialpPliall probability f uric thIns SIP

26.2.2 26.3.4. 11 hen Ihese distributions depend on other
parameters, 4111' 91 Alla 9,, %%t ladle:OP 11114 by aching
P(rith, 9,1, Q(s19,, 9?). or 9,). For emitylphc the chi,-
anoinie ihmtritoltion 26.4 thp4.1114 :lin the parameter and
the tabulated function I.v written 9( *'Iv).

where the summation is over all values of x for
which x,2<x. The set fx,21 of ovalues for which
p,,>0 is termed the domain of the random variable
X. A discrete distribution of a random variable
is called a lattice distribution if them exist numbers
a and 600 such that every possible value of X
can be represented in the form a+ bn where n
takes on only integral values. A summary of
some properties of certain discrete distributions
is presented in 26.1.19-26.1.24.

Continuous Distributions. Continuous distri-
butions are characterized by F(z) being absolutely
continuous. Hence F(x) possesses a derivative
F'(.4=f(x) and the c.d.f. can be written

26.1.2 F(x)=Pr(X.<1.1=f f(t)dt.

The derivative f(x) is termed the probability
density _function (p.d.f.) or frequency function, and
the values of r for which f(x)>0 make up the
domain of the random variable A'. A summary
of some properties of certain selected continuous
distributions is presented in 26.1.25-26.1.34.

Multivariate Probability Functions

The real-valued function F(21, x2, . . .

defines an n-variate cumulative distribution func-
tion if

i) F(x,, x2, . . . 2..) is a non-decreasing func-
tion for each x,

ii) F(zi, z2, . z.)
right in each .r,; i.e., F(x,, z,, .

. .

iii) 12, . ,11 when any sc.= ;

fr'( , , 1.

iv) r(11, 3.21 ., .r.) assigns nonnegative prob-
ability to the event fi<X1.5..r14-41,
/1.'.V212+ h2. . .r.<X.5,7.-1-4. for

.r2, . .r. and all nonnegative
A,, k, . h,, e.g., for n,2, ?'(x1+4,,
$24-4)F(11. 12-4-h2)--r(z1+41, £2)-f-

72) ?t) and in general for .r,<X,5.
(i 1, 2, , n), the kth order

difference Ade(ti, 4, . x,2)>0 for
. .,n,

is continuous from the
z0)

956
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928 PROBABILITY FUNCTIONS

The joint probability of the event Xi<zt,
X2<4, . . X,,<4 is JAY. ro .r2, . . 4). Analo-
gous to the one-dimensional case, discrete distribu-
tions assign all probability to an enumerable set of

vectors (.rt, x,, . . 4) and continuous distribu-
tions are characterized by absolute continuity of
F(21, x3, ., x1).

Characteristics of distribution fundione: Monsen**, characteristic functions, eumulanta

Continuous distributkes Discrete distributions

26.1.0

26.1.10

o inmost about origin

MOO

variance

contral moment

esportsd value °WSW Sr
EM function es)

cbsracteristic function of X

damned,* function of
y(X)

Inversion formula

a

no..;E

(s.-no.

(so-on,.

gromiE toop.

0).80.04E eiko.

#.(f)./0401)).Eoevy,

N-1, e-ffiNowet4-4
(lattice distributions only)

Relation of the Characteristic Function to Moments
About the Origin

26.1.11
(*) (0)= [dt, OM] =i"/A's

c

Cumulant Function

26.1.12 'a.(t)= (it)"
la N st

No is called the nth cumulant.

26.1.13 xi. In, sr= 04, Its= As, s4= A4-314

Relation of Central Moments to Momenta About the
Origin

26.1.14 * i\
m.=;.)(-1)"-JA;n1"j

26.1.15

26.1.1(

Coefficients of Skewness and Excess

(skewness)

(excess)

Occasionally coefficients of skewness and excess
(or kurtosis) are given by

26.1.17

26.1.18

957
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Name Domain Point
Probabilities

itestliotkms on
Parameters

Mon Variance amen 71 guess is Characteristic
function
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degenerate
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gamily, binomial
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3

Some one-dimensional continuous distribution junctions

16.1.28

0-

tC1.26

16.1.2?

16.1.28

1649

161.30

116.1.31

26.1.32

26.133

26.1.3

.

!Janie

Error (unction

Normal

Cauchi

Exponential

Laplace, or double
exponential

Extreme Value,.
( VIA./ TIPPett
Type I or t.
exponential)

Pennon Type

Gamma distribution

41
beta dlstributIon

Reetanablar.
uniform

0

t

oubly

in,

''''t

or

Domain

.
- a<c< a,

-.<<.
I
-0<s<0

a) a

- <rt.)
-,

m- 0I

aSs< 0 '

051c\

0:S1 ' t

a
m--<sSns A

2 +5'

Probability Density
function J(s)

Restrictions

Parameteonr Mean Variance/
Skewness

r , gams .y.
Characieristk

function
t

Cumulants

e
ths. '

a

.

t 7' ) i,= i r
e1/2e. "

II 1

KIK;

- ab <m< a.
0<e< a

- CO <ak CO
o<ikt

- co <a< ga
tko< .,
,
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4- 0 <a< a
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,e,....
'-iyea.Z-.,
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0
, '

0

m
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41+70

(

a + lop

'p
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;T6

m

.

.3
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0

2/0

d
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.

o
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' flood
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2

ii
i

2

sli
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See footnote 8
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PROBABILITY FUNCTIONS 931'
,

Aqua Utica for distribution functions
(no denote* the e d f of the random awls* X and I denotes a posItIverconstant: further as Is always assumed to to finite and all expectations are assumed to mat)

Inequality Conditions

26.1.350 Nitt(X) SEIg(1)111

26.1.30 NI X NI Snqt

P(0 kl

26.1.37 Prl IX-nil air I 1/P

F(m+141)-4(m-k) k

26.1.38

I 5 Ire

/ 26.1.39 I C

59
4{1 +(141r;2°Y}

4{1.4'1110p(m+,_11.-102...1 9

26.1.40 Pr' IX -nil aid 4/90

10(m+ to) - F(m-to) k 1 -
4

26.1.41 Pr! X-nsi >id .4-474 IM; +

F(m+ to) - F(m-io)>1 "004e -We

(0 g(1) >0
(i) Pr X<O) .0
(ii) 800.m

E(X)=m
E(X-m)s.vs

(i) R(X r) = 1911
(ii) 8(X-m)11.4
(iii) Ea X,- m)(X-m)1=0(isdi)

.(iv) 31.=t rail

icargq
(i) E(X - m)s. els

(ii) F(x) is a continuous c.d.t.
(Ili) F(x) is unimodal at xos

a

(i) m)sr.
(ii) z) Is a continuous c.d.t.

(iii) x) is unimodal at 46
(iv) mi=xo

(i) E(X-m)i.ol
(i1) E(X-m)4.$4

ere le such that P(4)> P(s) foe seize.

26.2. Normal or Gaussian Probability Function

26.2.1 i (z) --=-.1 6 $1113
ii2Ir

126.2.2 P(z)= is

. e'112dt =3 of
1r

4.
Z(t)dt

Iiiir -

26.2.3 Q(x). f r eildt.f Z(t)dt1

2 r s
.

26.2.4 A(z).,1 fs e' s
lladt. f Z(t)dt

1/2ir -1 -s

26.2.5 P(z)+Q(z)=-1
26.2.6 P(x) =Q(z)
26.2.7 A(z)------2P(z)-1

Probability intOral with Mean m and Variance es
A random variable X is said to be normally

distributed with meirn. m and variance 0.2 if the
probability that Xis lees than or equal to x is
given by

26.2.8

PriX<z)=-1,- .3-14-Lt dt
01,12;

= 1 f(t."1"fe e-'112 dt.P e-174).o1,12er
The corresponding probability, density function

is

26.k.9
0-1,01

(.17711.)=1 z \ e/
21

V 0.1/21.

and is symmetric around m, i.e.

The inflexion points of the probability density
function are at in ± e.

I 4,,s

S62 9
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PROBABILITY FUNLVI0i4S

26.2.10 i, _1 irsjastr
n!2"(2n-1-1L4.

26.2.11

±P(r)=01+Z(r)r
%A... 4 16.0

26.2.12

$214+
_

1 .3.5 ...(2n-F1)

*Asymptotic ,Expansions (x>0)

0(i)=Z(z) 4(

+ 1) "1 .3 ...(2n-1)}. R..t2"

where

R., (-1)**11. 3 . . (2n + l-g1 di

It` which is less in absolute value than the first,
neglected term.

26.2.13

Z1.4 at 42

Tt2 +2+ (z2+2)(e+4)
,

a3

where a,-1, a2-- 1, a3- 5, a4-9, a3-129 and th6
general term is

fl ell 3 . . . (2n-1) +lett.. 3 . . . (2n-3)
i--21e21 . 3 . . . (2n-- 5) . . . +2"N_,

and e, is the coefficient of 1" in the expansion of
1(1-.1)

4,*

Continued Fraction Expansion's

26.2.14

Q(r) 7(.0{),11

26.2.15

4

(kHz)
J: x' 2/2 3/ 4.ra

I 3 1 5-- 7
.

4.

(x>0)

(z > 0)

63

Polynomial and. Rational Approximations' for P(x)
and Z(s)

Oc,i<e)

26.2.16

P(x)-----1-Z(x).(ait+ase+Gata)-fe(41 t = 1

10)1<1 X10-5

p=.33267

26.2.17

41=.43618 36
/7,2 -.12016 76
a1= ,93729 80

P(x). 1 - Z(x)(bit + he+ bat' 44t4 +Ws) {-e(x),
1

t 16(2)1<7.5x

gas
14-px

p=.23164 19
bi-= .31938 1530 b5= -1.821025 5978
62=;-.35666 3782 b5. 1.33027 4429
bs= 1.781'47 7937

26.2.18

1
P (x) = --2 (1-Feix+40+40 -F.c44-4-1- 4(4

.

141(x)1<2.5X 10-4

= .196854 4= .000344
4=315194 .019527

26.2.19

P(x)-.---.1-r-i (1 -1-dlx-1-d22? tdare

+420-1-4,284-44-4-1-4(x)

ii(x)1<1.5X 10-7
d,= .04986 73470 44= .00003 80036

(Is= .02114 10061 (4=.00004.88906
(13..00327 76263 (4..00000 53830 .

26.2.20 Z(z)=(ao+apf-Fa42;4-1-0,0°)-'-f-e(z)

if(x)1<2.17X10-3
a0= 2.490895 a4= -.024393
ag =1.466003 aez--- .178257

Based on apnroximations in C. Hastings, Jr., Approxi-
lintion8 for digital computers. Princeton Univ. Press,
Princeton, N.J., 1955 (with permission).

e e

0

t

A



V .
4

PROBABILITY' FUNCTIONS 'I

26.2.21

Z(x) (be +62:I bex4-1-bex° bez° b1ox'°)7' + sex)

le(x)K2 .3X 10-4 ,

bo, 2.50523, 67 be= .136064 69

64=1.28312 04 bii= .02024 90
.22647 18 610= r' .00391. 212

Rational Approximations for x, where Q(x p)= p

26.2.22

26.2.23

-

a°414-71-H(P), t`=:111niZ t
V I -+-61/4-kt

P2I
ie(P)I<3 X10-1

0,0=2.30753 bi 7.99229

= .27061 ba.-- .04481

Co+Cli 4-C2ta 1

P t
1 t -}-(4/2-1-dete+4(p),

je(p))<4.5X 10-4

co = 2.516517 dt =1.432788

= .802853 (4= .189269

c3 .010328 de= .001308

Bounds Useful as Approximations to the Normal
Distribution Function

26.2.24

P(x) <

I

P1(x) =4-1.-121 (17 e -soh)*

+1,2--z (2e-P2(x) =1
(410'143/2

2

(x>0)

26.2.25

933

. , . .

. P3(x),-_- 1+1,
1

(I_
.e-a-

z s,' 2(2--t x4 'a I
2 2 3va

P(x) > (x>0)

P4 GO ""-= 1 --
1

(21) -le-z213 (x>2.2)

See Figure 26.1 for error curves.

..006-
. .004

.002

0

- 41,02

- ,004

- .006

- AO*

4

Ftoutes 26,1,
,

Error

P4I.) -P1.)

,

curves for bounds un
distribution.

normal

1

Derivatives of the Normal Probability Density Function

26.2.26 7(m)(X)=26,,, i(X)

Differential Equation

26.2.27 Z(64.2) (X) + a(1164.1) (X) + (in + 1 )01.) 0

Value sit x10 '

26.2.28

{
( 1)""Ml

V") (0) = -4;2"/2(Lny2

0 for odd m >0

for m= 2r, f=0, 1,

964 . .
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26.2.29 Eciro'r :.inction

PROBABILITY FUNCTIONS

Relation of P(x)and Mon)(a) to Other F unctions.

Relation

erf z=2P(zAd)-1

/(-1,z) -

26.2.30 Incomplete gamma function (special, case)

26.2.31 Hermits polynomial

26.2:32
14

26.2.33 /A function

26.2.34 11

26.2.35 Tetrarhoric function

.(2P (11-2;) 1 ]

r(D.
(zo)

26.2.36 Confluent hypergeometric function (special
rase)

26.2.37

26.238

26.2.39

11

11

'4

26.2.40 Parabolic cylinder function

-*Sae page H

He.(4. ,_ 11.Zw(s)
v 2(x)

I 114911/2 E.) (X ,r2)

Z(X/r2)

ilh_4(X)= (Z)

1116(4 =(--a941114-1(2) dd-;(94)

fa (z) (
1)11 I

0* I ) (X)

M ( "222-)=1{P(2)

M
(3 ,1) 5, 2:-1)=ari-y{P(2) 1),

M Or12-Ll''.7'1)=EI---Z"")(:))

M
( 2 /42-1- 2 f;:i40z)

U( -n4 x)=43-112(-1)" Zc

Repeated Integrals of the Normal Probability Integral

26.2.41 Iis(z)==f ._1(1)dt (n >0)

where 1_1(z)=Z(z)

26.2.42

/-(z)(-1i'l-IZ(z)=(-1)"-1Z(*-1)(z)
(n>-1)

26.2.43 ( 4-3: dir--n)1.(x)4-1,1n

26.246

In -(-1)1.+I(r)+71.(z)-1-1(x)----.0 (n>-1)

965

0>C0

(n>0)

(z>0)

(z>0)

(z0)

(z0)

(n 0,0)



26.2.45

/4(4771

PROBABILITY FUNCTIONS
1

Z(t)dt 13.1'
.

Z(t)df(t - z)*
n!

26.2.46 4,(0)=/_.(0)= -1,,
(151)1'i-

(n>-1)
(n even)

Asymptotic Expansions of an Arbitrary Probability
Density Function and Distribution Functimt,

Let Y, (i=,1, 2, . . n) be n

independent rando'm variables with mean mf,
variance 4, fed, higher cumulanta 1145,, f. Then
asymptotic expansions with respect to n for the
probability density and cumuiatrve distribution
function of

X- are

\1=i 4).
26.2.47

/(z) Z(z) -116! Z"' (x)]+Di Z"' (z) zw(z)]

P211 Zul)(i)+114-4! Z(7)(4 +gozo)(2)]

+74
MP 71 Z on (4 'Ms an (z)

[720 1152 ?20

+1'41i ZED)) (x) +3 zusulf.
26.2.48

F (z)--P(x 0) (x)]4-rt4 Z") (z)+717---i Z(5)(z)]

72 fill
1

216zm(,t)-1-74-- zol)(x)]41120 144 .

+[7_4 pm + zw(x)+1'c's (x)720 720

where

1172
4,

rfl) f
1

") (id+.
1728 3104

.

Kr.
711, au

r /1 Is \rig

n .
Term in b .kets are terms of the same order

with respect t it. jWhen the Y, have the same
distribution, then nn, m, s,,,,-=-14 and

966

935.,

Asymptotic 'Expansion for the Inverse Funct ion of an
Argttrary Distribution Function .

Lett the curimlative distribution function of

Y=X* denOted by,F(y).' .Then the (Cornish-

Fisher) asymptotic expansion with respect to n for
the value of y., such that F(yg.)=1-7.1) is

26.249

where

14;z-F[71h1(x)]

+L7)4(4+7'1/411(41

[78/L3(x) +727)&12(4 -1-7thut (x))

+ [74/44(4 +Wks (4 +Yolks( z) -Frtrthua (4

+71hitti(x)I-F

r=3, . . .

+ ow

'and

Q( =P,
26.2.50

(z)
6

.Fies(x).

At
7r-2° ---72°

Kg

141(4 = -1[2H; s(e) +He 1(4 j

11- I M41

his(a) = -24 I e4(4 i-Hes(41

hui (X) =u3g [12H NW +19H e,(41

14(x)=7-20 iie3(x)

3./42(4-384. [ Hes(z)4- 6114(4 +211 82(4]

'
his(4 e 8(4 + 3H es(4I

iiii,(z)=5-c8 114H 4(4 -07 H ea(4 +81 I el(4jt

11/4

Ann (z) = --FA i2521/4(4 +832Hes(z)
+227 H .1(41

,Terms in brackets in 26.2.49 are terms of the
same order with respect to n. The II Mx) ate the
Hermits polynomials. (See chaptei 22.) .

$

1



936 PROWILITY

Z(*)
114.(x) ( I)" --2-cry

p

FUNCTIONS * .

( -1).
, rml(n-2m)!

-

sr

In the following auxiliary table, the polynomial functions kW, h2(x) . . . hilli(x)sr$ tabulated,for

1)=.20, .1, .05, .025, .01, .005, .9025, .001, .0005.

Auxiliary coeffleienta for use with Cornish-Fisher asymptotic expansion. 26.2:49

p

.25 .10 .05 .025 .01 .006 .0028 .001 .0006

77-----/-
' 3.29053

1.83793
1.07320

- 1.82281
. 46059

- 2.71243
2.62837

-1. com
-1. 30531

7.23307
- 8.40702

'r
hi( r)
Ns)
hil(r)
118(c)ht)

bg..(21
tscr)b(,)
hi ii(s)

111111(r)

. 67449
- .09084
- 07153

07863
.00398
.00287

-:Ogaa
-. 03285-.wiz

14764
- .06898

1.20158
.10708

- .07249
.06106

- .03404
.14644

-:m7
.owe
.oloss

- .10858
. oess8

1.64485
.28426

- 02018
- .01878
- ,04928

.17832-.11900
olos2

.06986
.09462

-.39617
.26623

1.95906
.47388
06872

- .14807
- .04410

ll .10210

:. 02357- .02367
09659

.16106
- .85856

.31624

2.32635
.73532
.23379

- .37634
-. 00153
- .17621

- .03176
071188

.16056
-. 32621

.07286

2.67583
.93918
.39012

- .89171
.06010

- .63831

' *02621
7-.... 01226

.05368

.36696
- .46634

2.80703
1.14667
.87070

-.12890
.14841

-11. 028611

-. 00646
-. 19116
- .17499
1.60445

- 1.39199

3. 00022
1.42491
.84331,

- 1.21026
.30748

-11. 868935781

.04591
-. 59000
- .70164
4.29304

. - 3.32708

ties. Paper 30 (with E. A. Cornish) Estralt de Is Revue de
ssion).

From R. A. Fisher. ConVibutions to mathematical stat
' !Institute Internotional Statiatique 4. 1-14 mon (with per

26.3. BiVariate Normal Probability Function

(x2-2try ty2N
9(.1. y , p) -;=[2:r I - p9-1 exP pa-

26.3.2 gi.r, y, (1 --4p2)-4 )2;(71/::g).*
I

26.3.3

L(h, k, p) =f p)dyfA A

fZ(z)d.4 Z(w)div, w(iei*!;)
A

26.3.4 L( -h, fh dx y(r,Y, p)dy

A

26.3.5 : -h, k, p)=.- g(.r,y, p)dy

26.3.6. -k, d.r g(t,y, p)dy
A -

26.3.7 P) L(k,h, p1

26.3.8 -P)=--Q(k)

26.3.9 L(- ft, k, L(h, k, p)=-P(k)-Q(h)

26.3.10

2[L(h, k. P) 1.44, k, -- P(h)-Q(k)]-1

fit dXf p)dy
-A -

Prohability Function With Means nt., n, Variances
er, 4, and Correlation

The random variables X, a to be dis-
tributed as bivariate Normal distrjb ion with

*NT Pop It

means and Variances fm,,
correlation p if Elw.joint
less than or &pa) to hand
k is given by

26.3.11.

end and (4, (4) and
probability that X is
Y less than or equal to

A-as. k -

Pr {X Y f p(8,i, PM 8 dt
0:04

-L -eIltrn)ON

The piobability density function is

26.3.12

1 (In 1 nix- V2:1L
P

nitt N

200103.0=7--p2 -2(1 pi) fop k or

where

Q- (z- Mt)2. 2o(z-ms)(1/-mr) (V- mo)2
wet, 2

Circular Normal Probability Density Fnnetiort

26.3.13

g '
C

1 (.1' ^ M

967
(x- Ms)2+(g-

Yn-11/ eXP 23.2
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940 PROBABILITY

Integral Over an With C.enter at (m,, m,)

26.3.21

fi: (o.o) 1g p
fr. o.

-On1 rn, PP4 dviA 1 e

where A is the area enclosed by the ellipse

(x m,1' 2 p(x (y my)
of 1 1704

4-(Y=tEy =coo e)
o'y

Integral Over an Arbitrary Region
26.3.22

ff:(ffievrig(x-78' Y7L r' P)114411A (s,Si , (
0

&HAIM Pt

where 44(8, t) is the transformed region obtained
from the transformation

it= 01
ix. m4:_- Lin \

.+U\ es ay

1 ( Em ymA
k es fly

Integral of the Circular Normal Probability Function
With Parameters m.=,m,==0, s=1 Over the Triangle
Bounded by Y=O roost n= k

A

26.3.23 .

V (h, aA)= 402' dydz1.1 f e-*(2
2v 0

1
I

==,
4-

+ (h, 0, p) L(0,0, p)--
2-

Q(h)4 .

where

Integral of Circular Normal Distribution Over an Offset
Circle With Radius Re and Center Distance rs From
(Inn Ins)

26.3.24

4
-9g y-(I.- tn.f 0) dzdy. =P(R912, r2)-

'where P(R212, tt) is the c.d.f. of the non-central
x' distribution (see 26.4.25) with v =2 degrees' of
freedom and noncentrality parameter r'.

971

FUNCTIONS.

Approximation to P(1012, rs)
26.3.25

A ppitisinsaiion

2R2 2r2
4-f-R2exP 4+R2

26.3.26 P(zi)

26.3.27 P(z2)

=

Condition

R <1

R>1

R>5

r 2 2+214
[R2/P-1-14)11"L1 § (24--7srj

C92+24,_27(2 +,'')'

R-1,717:7-1 R, r both large

Inequality
26.3.28

Q(A)
k Z(k) [Q (11,--2--A<L(16, k, P)<Q(I.1)

ph .
where . ,

phk>0, O <p<l.

Series Expansion
26.3:29

Zt"}(h)Z")(k) 4+1
L(11, P)=Q(PQ(k)+E (n+1)1 P

26.4. Chi-Square Probability Function

26.4.1

P(XIIY)=12.4311 (1.4
-i

0
1

) 2 e 3dt

(0<e< ail

26.4.2

(2(xli = 1 P (ei (0 < CD )

.[202 r ei)rfs: (t)i e-1 dt

Relatioa to Normal Distribution

Let XI, X2, . s.xX, be independent and identi.
cally\ distributed random variables each following.
a normal distribution with mean zero and unit.

variance. Then Xi.A X1 is said to follow the

chi-equare distribution with v degrees of freedom
and the probability that X25x2is given by P(x9v).

Cumulanu

26.4.3 oc..1.1.2"nly I, . .)

1"14' Puri H.
.0%

4



, Series Espansions
26.4.4 .

PROBABILITY

1-
@IP) = 2Q(X) -1-2Z (x)r

2 xtr

3.5... (2r-1)

26.4.5
.-2

(r odd) and x=iiiii

Velp)---1/2;z(x) {1+511"rr.r 2.4 . . . (2r)

.04

26.4.6
e

mew -u xi)
sL2--)

, (r even)

{1+ (o+2) (10+4) (r-1-21')

14*

26.4.7 P(el r) =-1 (-1)1"12)2
r (0* /a 0+n)

Recurrence and Differential Relations

26.4.8 Q(xsir+2).Q(elp)+(241/42),1416-zin
r U+1)

26.4.9 IrCel s int \
-5- j) (-1)11144021,-25)

Lontinned Fraction

26.4.10
.(1 (X$1 go)

V
(XII)/4110

III 44)

1 1-42 1 2...142

al2+ 1 + XV2+ x2/24.,

4'
Asymptotic Distribution for Large r

x-
26.4.11 P(xsir),P(z) where zwit-.4;

26.4.12

Asymptotic Expansions for Large x'

(xs);le-xin r (1-4i\ 2 21+1

rir(4) Fs; r
l="pooirrt. 2

FUNCTIONS 941

Approximations to the Chi-Square Distribution for
Lone r

26.4.13
Approximation Condition

0110 fts VA) zi= x - (v>100)

26.4.14

Q(xliv)

.26.4.15

(X2/0 113 -(1 -1). (y>30)z22=
Or%

Q(X P) Q(22-1-40 14=-6° kw

Valuorof he

(v >30)

I. 30 s 30 v As

-a d
-a 0
-2. 6
-2.0
-1.5

-.0118
-.0087
-. 0033
-.0010
+.0001

1

-1.0
-. 6

.0
+.6

1.0

+.0006
.0008%

+.0002
.4..0003-ON

+1. 3
2.0
2.8
3.0
3.6

-.0003
+.0002

.0017

.0043

.0082

Approdmations for the Inverse Firm:lion for Large r

If Q(41r)=p and g(z,)=1-P(4)=p, then

2

26.4.16 4.4 {44 21,=T}

(v>30)826.4.17 4 mi. { 1 -§;+341

26.4.18 itots O.{ 1-1+ (zp-1ar).N/9r} 3 (v) 30)

where b, is given by 26.4.15.

Relation to Other Functions

26.4.19 Incomplete Alma function

7r((---11.-P(xPr) v=24,V=2z
(a) -

r(a, n
11(a) Y`

26.4.20 Pearson's incomplete gamma function

./ 1 f#47+-1
Pe 1dt/(u zhast 16213P(X210

v=2(7)+1), 41+1

26.4.21 Poisson distribution

g9(x21.).. c=2, 2, (v even)

no-
Q(Xlp)- Q(el P-2)

72



.942 .
'PROBABILITY FUNCTIONS

26.4.22 Pairobs,,TypeI II

[111.1,(1+044 =P(el is)

26.4.23
Lion

p=2411+2, zs=26(z-l-a)

Incomplete momenta of Normal diitribu-

\
(n-1)11 -if(e-k)- (n even)

2

i'Vq(t)dt= (n-7%1)117-- F.'(ely) (n odd)

zs=z4, r=n-1-1

26.4.24 Generalized Laguerre Polynomials

+UV (z)=,
1)*+1 . Q(4,-1-2-23)it

21Q(01P+2)Qix'101

z=z1/2, la=p/2

E

NonCentral x' Distribution Funetion

26.4.25

p(x91,,,,). rut, p(x1F-1-22)

where X 0 is termed the non-centrality param-
eter.

Relation tiNon-Gentral.nr Distribution With r=2 to the
'newel of eiroular Normal Distribution (c'ool) Over
an What Circle Haring Radius R and Center a Dis-
eases r= From the Oasis. (See 26424464274

26.4.26

g(x, y, 0)dody=P(za=leir=2,

who=1r. "" Q(IP12-1-2j)ra 21

\1/4.
APproidmations to the Non - Centrals Distribution

Approximating 'whim

26.4.27 XI distribution

26.4.23 Normal distribution

Approximation

P(x "Ir, ).) 1 -I- b

P(x "I v, X) cP(x),

26.4.29 Normal distribution P(z"lw, )) 05P(x),

oevarfsii:C=V-)1

VIM

Approximations to the Livens Function of Non-Central
Xi Distribution

If Q(x's,1! )=p, Q(41,*).-p, and Q(z,,)=p their

pproximatisg Variable Approsiniation to the Inverse Pundion

26.4.30 x' eses (1+04

26:4.31 Normal . it,01:2 -F. 13; +.1[ 1176

26.4.32 Normal
[x Pf 1 +6 \ 2 /1 -Fbla

---- '.11 tik a r §" k a )
, .

.

973
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Vs**

26.4.33

25.4.34 Jii

1

Propeetka se(ttiquare. Non-Central atiSquars, and Related Quantities

(2.-1)111.1116.(-1))-11+0041)

26.4.35 c7i#0 iit+-1;;;;+oo-4)

26.4.36 in (ow *40-1 A)-+L+4*-4)

26.4.37 xi

00144

0(s)...a is P(r),

name/

11 104

i-44(v4)

(0-1/y-4J+0«,-11:5

2010)

26.4.38

26.4.39 (") s

Rd- (144)140(r4/0

1
1110 40 m

.01+0-9

i-1
0440* 1164(1+6)4/

e-4 1+tHw

0-7434.0(.4)

974

r.

Cdelme ol slessium (71)

ave

lt;
O

r 6 .1

H-w1+°04")

ira [147:d+o(r41.)

("asi4a) 0.010

00-0 (1+06)
2h1+10.0 "11

1+N to

t.

J+00,-0.411)

OmPikat Vann (70

[4].+00-9

p
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944 I PROBABILITY FUNCTIONS

26.5. Incomplete Beta Function
26.5.1

141,0= mal ,b) (o<x<i)

26.5.2

Ma,b).1-11_,(b,a)

Is Relation to the Chi-Square Distribution

If XLand X: are independent random variables
followinireti4quare distributions 26.4.1 with VI
and r2 degrees `of freedom respectively, then

/ - is said to fllow d beta distribution with

vl and v2 degrees of freedom and has the distribu-
tion function

5.3

pi- < f:erste- It' n
Ma, brj 0 "1-

Is(a,b)

Series Expansions (0<s< I)
26.5.4

/11-2)6{ ma+1,n+1)24+111+
lila' b) /1(a76-.) B(a44,

26.5.5

, "I -:z)"
I tot,o)r,,, all(a,b)-

B(a+1,n+1) \"+.11.
B(b -n -1, n+1) kl-x/ f

a B ,

r
1+E

s-2 B(a+i,n+i) r x y+11 26.5.13
1 110--n-1,n+l)kl-x/g.10

+1(a+e,b-e)

26.5.8
Continued Fraetioris

da

li(a,b) 1 1+ 1+ 1+

(a-1-m)(a+ to+ tn)°
(a-1-2m)(a-1-2m+1) z

O

..}
S

du= (117---ril)'N(a+2m-1)(6-1-2m, z

Best result, are obtained when z<4:-61 2. N
Also the 4m and 4 m+1 convergenta are less than
1,(a;b) and the 4m+2, 4m+3 convergenta are $
greater than 1,(a, b).

26.5.9

ei es es 1
l'a aB(a,b) L1+1+1+ j

* x < 1 . e171 .

(a+ mrl)tb - m)

/ t

e2m=- (a+2m-2)(a+2m-1) 1-4 .

m(a+b-1+m)
ez+0=(a+2m-1)(a+2m)

Reeurrenee Relations
26.5.10

1,(a, b)= xl,(a -1, b) + (1- .41s(al 6-1)

26.5.11

1,(4,6).1{1,(a+1,b)-(1-x)Is(a+1,6-1)}

26.5:12

.P.(4,6)=12
1

a(1-x)1 g(a+1,6-1) )

1(a lah(a+1,6) +61,(a,b+1))
a4-b

26.5.6

!,(a, b) .(b,n)
.19"

'76

26.5.7

I /fog, In ,(6, I

I
a

a
I) (6

+i)* (integer a)

" a4h- 1 't
( I (integer a)

. I

97(3

26.5.14

is(aa)=J

26.5.15

1 3 1
_. (a, Op z'.4 (z-D[ tc..

L, Na+b)_.140 _z)b-I.fma+1,6-1)
641) oil)

26.5.16

401,1)),=ri-0-14+14)(6) -4°4-41(a+ Lb)

1400 imit 11
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Asymptotic Expansions
26.5.17

1-12(0)?-7h-s(b,a),..rr(bCZ)

" (b .-1/41 :L2)1 (b-1:1 y
24N3 +

,

t7601V4
e(b

3) (b -2) (56 +7) (6+ 1 +y)

(5b -7) (b-f.+11)11a1l
N=a+12i71

26.5.18
r (a ,w) f (a 1 -w)
r(a) 1140 2b

+ (-a)- 2 3 2 3 . 2 6 3j(1-3- a2 -0 a--1-w pie_lla+11

w = b -

26.5.19
y-al),(a,h)-41(y)-Z(y)lai+ a,(

!,;(1+ys/2).1.
1+a, '

al=-2 (b a) [(a+ b-2) (a -1) (b -1)].:44

asq2V-+b-j1-4-47A
43._,% [al (al+a+6-2)]

y2.,-2[( -1-a-1) In aa++bb:21+(a 1) In (a+bilux

-F. (6-1) In
b

(a+b-1)(1xd

Function

rf 945

and y is taken negative when z< a-1
.414-2

Approximations

26.5.20 If (a+b-71)(1-x)5.6

,(a; b) = 0(xlv)

I el<8X 10's if a+b>13

x'=(a+b-1)(1 - x) (3-a..)-(1-x) (b -1) ,

r=2b

26.5.21 If (a+b-.1)(1-x)?..8

fo

I41<5X a+1,6

3 [vt, Y. 1 i 1
9b (--ira)]

tot= (bx)"t, wa=[a(1- 411"

Approximation to the Inverse Function

26.5.22 If isip(a, b)=p and Q(y,) =p then

a
a+ beiw

10=1/,(11-FX)e
( 1 1 \ (1_1_5

)it ki67-71-2a-li
1h=2 2a-1' 2b-1 6

Relations to Other Functions and Distributions
Relation

1 z"
B( -i-j5 F(a, 1- b; a+1; x)=Iga, b)

g(B)po(1 -p)"=/p(a, n -*OH )

26.5.23 Ilypergeotnetric function

26.5.24 Binomial distribution

26.5.25

26.5.26 Negative binomial distribution

26.5.27 Student's distribution

26.5.20,/-(variance-ratio) distribution

(

(7)7,(i -P)"=1,,(a, n -/s,(a + 1 n -

(4+8-14y=10(a,n)

.;--II-A(t1)l=; 6 G,

=It (;1)
$111+1.1 F

1==
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26.6. t'(VarianceRatio) Distribution Function

26.6.1

P( P3) =
prt

'I, 26.6.2

4'24

I

where,

il("2) NA- pit) tel+1)61t

11(1 re ay) °
1 . (Fa 0)

./ 4 4

Q(FIPI, 1:2P(FIP P3) = (!!2 2

vsto*
V31- VI F

Relation to the hi-Square Distribution

If and Xl-are in ependent random variables
following chi.square isfributions ;6.4.1 with
and Pa degrees of f dom respectively, then the.

distribution of is ,said to follow the

variance ratio or F-listribtition with pl and ri
degrees of freedom. The corresponding distribu-
tion function is P(Flpl, pi).

Statistical Properties
26.6.3

mean: moo pa (P2>2)..
P2-2

24(p1+ 164-2)variance: o = vi(v3-2)1(v2-4)

third central moment:!

µi

(r'1'
(p2-2)402-4)(r2 6)

(Itty fivi(Pi+PI-21{21'1+11-2)

moments about the 'Origin:

tp, +2nN (pi 2/A
.(tIA k 2 / \ 2 /

r1/ r tit r (?)
($.2 >2n)r

characteristic function,.

(12 .1, !!!, 't)
2 ra

Series Expansions

26.6.4
4.

P2x
p1 v1F

Wirt, P2)P1114.!2.(1_ )4,01(P3-1-2)
2 2.4(1-1P+...

+ ------- (1z)
. . . (r1-2)

H*,* can to,

(vi even)

1, 9

26.6.5

Q(Flpl,p2)=--.1=411(1-402[112! x+PI(101+2)
-1-2 2.4

4.P1(r1+2) ...(v2+4-4) xry (v2 even)
2 .4 . . . (p2-2)

26.6.6
.14_218L1[ ,

Ps>=2 1`1" 2 k x
(ril-ra(Pri-r8-4) (1xy

2.4 z ) 4.

+02-1-p2-2) . (p2-+-2)/1aVil (pi even)
2.4 . : . (p2-2) k

26.6.7

26.6.8

Q(Fivt, vs) =1A (t 1P2)+11(r1, pa)

{0+81n 04[COS 0+,1
2

C083 0+ . . +2

.1+.11 Pi "F P2-2 ( 1 \
2 174)

+ . 4. (Pri-rp-2) . . . 002) i z V-1
''' 2.4 . . . (p2-4 i-,/

(it even)

A(t1p2). (.1
3.5 (r2 3-2))

cos ".--.1}for rp>1
2.4 .

P2 odd)

20 ,
ior Pa= 1

V

2 (lAil)!
ainecosik0 {1+

k )1 4

0(1.1.2)1=2 3
P.±±1 sins i+... -I-

(p24-1)(p2+3) ... (pi 1-p2-4) sit1-3 01
3.5... (p2-2)

\where

:78

0 for pi = 1 *

0=aretan
p2

Reflexive Relation

If F,(p1, p2) and F2_8,02, Satisfy

Q(Fp(PI, iv,, v0=1

Q(FI-p(s'a vaIrp; v1)1P

for P2>1
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26.t45

t:',(v1, 33)
1'1 -;(vs, PI)

-Relatiori to Stuclenta t-Distribution Function (See 26:7)

:26.6.10 Q(FIPI=1, A(t.iv2)

Limiting Forms

26.6.11

lint Q(FIvi,vs)=Q(elpi),- e=r,F

26.6.12

lim Q(FIVI, V2)=P(xlv2), 7(9=P'

Approximations

26.6.13

011,1, P2) iQ(x),
(vi and v; large)

26.6.14

WI v1, PT) °'1()(2)t
F

V2

Relation of Non-Central

Function

26438 F-distribution

947

pl/3(i_. \ 2 \

v2) x= 9$1) k 914)

2 2
I Al WI+ F

Approximation to the Inverse Function

26.6.16 If ()CFA, =p, then

F, Ps where w is given. by 26.5.22, with

v1=26, vs=.2a .

,Non - Central AdDietribution Funetldh'

26.6.17 ,l
4

P(F'Irivp,=f p(tlx, , p2,x)fit=i Irt,v2,x).

where

vt+3.,

01PI, vs, 4=5 Chn kkP (P1-1-.2j) 2 V22/3

rob BC PP ,i!)

5 11.+2J-2
X t 3 [V2 +(VI +2j)t)

O

1
and X> 0 is termed the non-centrality ammeter.

F-Dietribution Function to Other Functions

Relation

-22 04/2)/
P(PIP1P2f ^)= 14 8 P(F IN+220,2) 11

X.0)=P(Filv1, vs)

26.6.19 Non-central (-distribution P(riv1 =1,P2))=P(Or '0 e P=P211==.4

26.6.20 'Incomplete Beta function

26.6.21 Confluent hypergeometric function

P(Fily e-44/3 04/2)1 /Pia. VA
77 k2 1 2' 57

P(PIPI P21
+ val B Oti-i+11 2i)

3 2e ->v9
X

7+1
X (1

v2 evei/ 07 +,9)

4 .2 41 2 2

(v14-1$2,
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26.6.22
Series Expansion

- -I
P(P 2lvi,v2,X)=e

(1--s) (pi+r2 2)
T,.

where

T0=1

(v,+V1-2-0./z)

1z
[(vit.

X= P3
p,F',+rz

26.6.23

PEOBABILrl'Y

_(v4 even)

2ti+Az)T,.., +M1-47'1_21

Limiting Forms

lim P(PIPor2/X)--P(x'21v,X),.1-
26.6.24

/thin P( '1;b:2.)4)=02()(10,

where A/ 1-4e2 as 141--oco .

A

26.6.

whe

xf2=r1F',

v2 P2(1+e)
0:3

*mations to the Non-Central F-Distribution

P(Filv1,v2,X) P(zi) , (vs and r2 large)

F' -2s(Pl+)4k. vi(vs-2)/
,2

' [P2-2)(102-4) v2-2 IT2, {(vi+)4)2 ,
-fro ..e.AA

26.6.26

P(F'Ivi,r2,X) caP(Fill,r2) ,

26.6.27

P(rIFI, FIX gdP(i2),

7j=

F., Pi F', 0= (01+0
PI +A I vi +2A .

[(prii+r)jus [1_11172]_[1_29((vvit-4-2:))]

[2 r, +2A 2 / \2/11"11

§ jr1 -1-701.§71k;_i,
F' )

26.7. Student's t-Distribution

11 .V is a random variable following a normal
distribution with mean zero and variance unity,
and x' is a random variable following an inde-
pendent chi- square distribution with r degrees of

freedom, then the distribution of the ratio X
t 01;

980

FUNCTIONS

is called Student's t-distribution with v degrees of

freedom. The probability that - X
will be less4 x2I,

in absolute value than a fixed Fonstant t is

26.7.1

A(tiv)=0,{1-2--C,15t}

_+1
.P13 ft (141 2 dx2 2 _g V

=1k-12 0, DP (01<(*) *
where

v.

Staiistieall Properties
26.7.2

mean: trt=0

variance: al=
p-2

skewness: 71=0

6
excrss: 'y2=v-4
moments:

1 3 . . . (2n-1),*
i'.2"=(v-2)(p-4) . . . (0-2n)

025+1=0

characteristic function: Lyn

o(t)=E [exp (tit X\1.1(24;) Ye)ffirch/j tr (0)
Series Expansions

e=aretan1-1)

[cos 0+143 (3810+

+1.3. (v 23)

"
)
cos 0]).(v

(r>1 and odd)

(r>2n)

26.7.3

2
0 (v=1)

26.7.4

A(tIv)--- sin 8{ ens' 8+4-7-14 eos 8+ .
1 3

1 3 5 . . (v-3)
cos 6) (v even)+1.3.6

2 . 4 . 6 . . . (v- 2)

4 P..

Pet, pap it,
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Asymptotic Expansion for the Inverse Function

If A(t,le)=1-2p and Q(z,),.p, then

26.7.5
,,,,441,1z,2

9l(z) i=1 (x' + x)

93(x).06 (5.0+1622+3x)

95(z)=--- (3e-1,19e-1-17e-15x)

#.

FUNCTIONS

17,(z).9-1-2160 (79a4-1-776x7+1482z4-1920x5 945x)

Limiting Distribution
26.7i6

lini f e-olfdr=A(t)
"-UP NIZIr

Approximation for Larger Values of 1 and r 55

26.7.7 A(tle)=1-2(-2+-62-,tr

1 it 8 4 5

a. .3183 .4991 1.1094 3.0941. 9.948
b, .0000 .0518 .0460 2.756 4.05

Approximation for Large P

C1
-,-;10

26.7.8 A(tly) 2P(x)-1; x=

I

26.7.9

P(e'Iv, i).

Non-Central tDistribution

949

1 f,

.-4.11HA (2-5z-)NFB6, dx

WTI (f.
a)! 1 \V 2 )

where # is termed the non-centrality parameter.

2=-12-.° ;#
it -I-

. Approximation to the Non - Central tDistribution 1

26.7.10 !

i -1
\

4)p(t5; P(z) where x. k

Numerical Methods
26.8. Methods of Generating Random

Random digits are digits generated by repeated
independent drawings from the population 0, 1,
2, . . 9 where the probability of selecting any
digit is one-tenth. 'his is equivalent to putting
10 balls, numbered from 0 to 9, into an. urn and
drawing one ball at a time, replacing the ball
after each drawing. The recorded set of numbers
forms a collection of random digits. Any group of
n successive random digits is known as a random
number.

Several lengthy tables of random digits are
available (see references). However, the use of
random numbers in electronic computers has re-
sulted in a need for random numbers to be gen-
erated in a completely deterministic way, The
numbers so generated are termed pseudo-random
numbers. The quality of pseudo-random num-
bers is determined by subjecting Ole numbers to
several statistical tests, see (26.551, (26.561. The
purpose of these statistical tests is to detect any
properties of the pseudo-random numbers which
are different from the (conceptual) properties of
random numbers.

The authors wish to express their appreciation to
Professor .1. W. Tukey who made many penetrating and
helpful suggestions in this section.

Numbers and Their Applications
Experience has shown that the congrOence

method is the most preferable device for generating
random numbers on a computer. Let the sequence
of pseudo-random numbers be denoted by {X} ,

n=0, 1, 2, . . . . Then the congruence method
of generating pseudo-random numbers is.

X,,.1.1=aX,,-1-6(mod T)

where b and T are relatively prime. The choice
of T is determined by the capacity and base of the
computer; a and b are chosen so that: (1) the re-
sulting sequence {X} possesses the desired sta-
tistical properties of randoin numbers, (2) the
period of the sequence is as long as possible, and
(3) the speed of generation is fast. A guide for
choosing a and b is to make the correlation
between the numbers be near zero, e.g., the correla-
tion between X. and Xn.4.. is

1-6 6, b,

P5= +ea,
where

a,= a' (mod T)
be.(11-a-1-411+ . . . -41-2)b (mod T)
1,e1<aIT
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(mod 7)

When a is chosen so that a sts 711, the correlation
pi 00 T-112.

The sequence defined by the multiplicative
congruence method will have a full period of r
numbers if .

(i) 6 is relatively prime to T
(ii), a .1 (mod p) if p is a prime factor of 7'
(iii) a.1 (mod 4) if 4 is a factor of T.

Consequently if T2°, b need only be odd, and

a=1. (mod 4). When i'=.10°,.6 need only be not
divisible by 2 or 5, and a=1 (mod 20). The
most convenient choices for a are of the form
a=2'.-}-1 (for binary computers) and a=10'-I-1
(for decimal computers). This results in the
fastest generation of random numbers as the
operations only require a shift operation plus
two additions. Also any number can serve as
the starting point to generate a sequence of
random digits. A good summary of generating
pseudo-random numbers is [26.51]. '

Below are listed various congruence schemes
and their properties.

Congruence methods for generating random numbers
X..1.04+6(mod T), T and b relatively prime

;' b.

.

1' Petlod .

..

Xe Special woo for which random numbers hive passed statistical
telltIl for randomnsav

15.5.1

26.11.11

25.1.3

26.6.4

2114.5

1+4'

r241 (r odd,
ot s?. 1)

r2*±1 (r odd,
*k2)

781 :

S.*,
2,3.4)

odd

0

0

0

0

..

Toot*

Tate

'.t.*l
T.10*

7 .10*

4

1.

tr.

(varies)

5.10'-'

5.10r'

OSJCe<T

relativelyre to
relatively

rirne to

relative

re ye%re
(1.0,

r.za, Xe unknown; a.2' +1. 6.1; 1%2 0 . 4=41+1.
1.2074109025 5473. Xe.70203 SIMI 23.

T.1210, 21*, Xs. I; aa3o(s.2)
T.20, X, - l; T.280 J4.1-210, 2470128103; a- 511(0-2)
T" Xe - 1; a .t01.2)
T.2014.1. fir 10, .055,321: a25; Perhodgu10'
T.105+1, .1.47,501,118; Gan; period szs 5.5X 10*

T. 100, Xe - 1; a -7
T.I01, Xs. I; avers

"X. given is the starting point tor random swabs* when statistical testa. were made.

When the numbers are generated using a con-
gruence scheme, the least significant digits have
short periods. Hence the entire word length can-
not. be used. If one desired random numbers with

digits as possible, one would have to
modify the congruence schemes. One way is to
generate the numbers mod T±1. This unfor-
tunately reduces the period.

Generation of Random Deviates.
Let { X} be a generated sequence of independent

random numbers having the domain (0, T).
Then ( U). I 71-1X1 is a sequence of random
deviates (numbers) from a uniform distribution
on the interval (0, 1). This is usually a necessary
preliminary step in the generation of rondo kl

--deviates having a given cumulative distribution
function F(y) or probability density function f(y)..
Below are summarized some general techniques

982

See pm N.

for producing arbitrary random deviate?. (In
what follows { U} will always denote a sequence of
rand m deviates from a uniform distribution on
the i terval (0, 1).)

1. Inverse Method
1.0

Thesolutions { y} of the equations {u.F(y) }
form a sequence of independent random deviates
With cumulative distribution function F(y). (If
F(y) has a discontinuity at y.yo, then whenever u
is such that F(y0-0)<u<F(y0), select yo as the
corresponding deviate.) Generally the inverse
method is not practical unless the inverse function
y=10-1.u.) can be obtained explicitly or can be
conveniently approximated.

2. Generating a Discrete Random Variable

Let Y be it discrete random vai.able with point
probabilities pi.Pr{ Y=y,} for i=1, 2, '. . . .

a

.
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The' direct way to generate is to generate I 1'

and put. ,y, if

pl-1-192+ . -4- pt p2-1- .

However, this method requires complicated Hui"
chine programs that take too long.

An alternative way, due to Niarsaglia 120.5:11

is dimple, fast, and seems to be well suited to high-

sp d computations. Let p, for ri, 1, 2, . . ,

be expressed by k decimal digits as .

1Sif where the 6's are the decimal digits. (If the
domain of the rand9m variable is infinite, it is

necessary to truncate the probability distrilm-
.

pt.

tion at p,1.) Define

P, 0 /1, ' 6 for r I, 2, . . , k, and

101.1 8=-1, 2, . . . , k.
.

Number the computer memory locations by 0,
1, 2, , . . , 1. The memory locations are
divided into k mutuaLly exclusive sets such that
the sth set consists of memory _locetions II, I,

. . , 1. The informs 'on stored
in the memory locations'of the mthIset ednsios of
th in Oa locations, U, in 8,2 locations, . . , y,

in11,locations.
Denote the decimal exp'tnaion of the uniform

deviates generated by the computer by u
. . . and finally let, aft,/ I be the con-

tents of memory location nt, Then if

put

1_, /It ?`
1.0

1p

. . 4,+ 11, I 10'

This method is perhaps the best, ad-around
method for generating random 'deviates from 11
I iscret e distribution. In order to illustrate this

nict110(1 1011tildel' tile problem of generating
deviates from the oinontral distribution with point
probabilities

(7)P1(1

for n 5 And p -.20. The point probabilities to
4 I) are

L'ulue 44/
'la nib 4r$4 1 'Hod,/ $)

.1

p 0.3277
p,. .496
p,. 2048
1)3, .1)512
pc .01)04

.(1003

and thus 0, I',.
.0030 from,' which% 11.

113 13, 114 7 7.3 wilmory locatious are
divided into 4 mutually exhistve sets such that,

951

, II, 9, IIl =16,

Sit

3

4

Among the nine memory locations of set 1, zero
is stored 6),---3 times, 1 is stored 451,-"4 times, 2 Is
stored 6,2 2 times; the .sevt41 locations of set 2
store O '620-- '2' times and 3 623- 5 times; etc.
A summary' of the memory locations is set out
below:

Value of Random Variable
It 1 2 3 4 5

Frequency (set 1). 3 .1 2 0 0 0.

Frequency ( 2) 2 0 0 5 0
Frequency set 3) 7

Frequenv (set.4)
9 4 1 6 0
6 S 2 4 3

Then to enerate the ratidom variables if

.9 <

.97 <u<.997

.997 < a< 1.000

y $11.(11;

y-4,rt (11(12- 81 'r

. h ife/i 954 }

al (W4,4-9927}

3. Generating a,Continunna Random 'Variable

The method for generating deviates from a
discrete distribution can be .adapted to random
variables having a continuous distribution. Let
My) be t he ciumulative distribution function and

hat the domain of the random variable
is (h when the interval is finite. (If the
domain is infinite, it must be truneated at (say)
the iumitq i/ and 64 Divide the interval (I) -a)
into n sub-intervals of length J (n..1 such
that the boundary of the ith interval is (1/i-i. Yt)
where y,- LA for I, . . . , Noiv

define a di,cete bunion !wing domain

a

With point probabilities p, F(11,)"--kly,.1).
Finally, let 11' he a andmii having a

uniform di:061.10pm nr,
( LS).

'I his (11,11 he

done by setting 11' ....1(f

9 3 e..

rilild0111
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deviates from the distribution functiiin F(y), can -
be generated (approximately) by setting y---z+u)

2 +
(uI). This is simply an approximate

2

decomposition of the continuous random variable
into the sum of a discrete and continuous random
variable. The discrete variable can be generated
quickly by the method described previously.
The smaller the value of a the better will be the
approximation. Each number can be generated
by using the leading digits of U to generate the
discrete randdrovariable. Z and the remaining
digits forming a uniformly distributed deviate
having (0.1) domain.

4. Aereptanee-Rejeetion Methods

In ',Ant follows the random variable Y will be
assumed to have finite domain (a, b). If the
domain is infinite, it must be truncated for com-
putational purposes at (say) the points a and b.
Then the resulting random deviates will only have
this truncated domain.

; a) Let f be the maximum of f(y). Then the
procedure for generating random deviates is;,,,
(1) generate a pair of uniform deviates U1, U3;
(2) compute a point y ,--a}(6---4)th in (a, b);
(3) if uy-,f(y)/f accept y as the random deviate,
otherwise reject the pair (u1, u1) and start again.
The acceptance ratio of deviates actually produced
is t(ba)f I -1. Hence the acceptance ratio de-
creases as the domain increases. One way to
itiCieittie the acceptance ratio is to divide the
interval (a, h) into mutually exclusive sub-
intervals and then carry out the acceptance-
rejection process. For this purpose let,the interval
(a, h) he divided into' k sub-intervals such th at the
end points of the jth interval are (6_1, ti) with

to a, t* .1) and f(y)(111=b; further let thet'
it-1 .

maximum of,f(y) in the jth ititervalkbelp Then to
generate random deviates from ;/(y), generate
n pairs of deviates (a11, u2,)8=1, 2, . , n.
Assign [up,' such pairs to the jth interval and
compute - + (erb_oU2s. If U1,</(01A

y , as a deviate. The acceptance ratio of
this nothod

" I(E E1.1)(11 I
i -

14et F(y) he such that f(y)
where the domain of y is (a, b). Let fl and f, be
the maximum of f1(y) and .11(y) respectively.
Then the procedure for generating random Ss

O

viates having the probability density function
f(y) is: (1) generate U1, U2, U3; (2) define z=a

+(ba)us; (3) if both 1,. ;<ii(z) A(0

take z as the random deviate; otherwise take
another sample of three uniform deviates. The
acceptance ratio of this method is [(b7a)11121-1
and can be increased by dividing (a, b) into. sub-
interv'als as the previous case.

c) Let the probability density function of Y be

f(1/)= f ti(Y, t)dt, (01.5V,t1),(ay<b).
Let g be the maximum of g , t). Then the pro-
cedure for generating rando eviates having the
probability density function (y) is: (1) generate
U1, U3, (13; (2) define 8 a-1-(13a)uir

(ba)ua; (3) if tit< g(z, 8)
take z as the random

deviatit; otherwise take another sample of three.
The acceptance ratio for this method is [(b7-a)gr-1
and can be increased by dividing the domain of
t and y into sub-domains.

40 5. Composition Method

Let g,(y) be a probability density function
which depends on the parameter z; further let
II(z) be the cumulative distribution function for z.
In order to generate random deviates .Y having
the frequency function

f(y)1. g,(y)d11(z)

one draws a deviate having the cumulative distri-
bution function 11(z); then draws a second sample.,
having the probability density function g,(y).

6. Generation of Random Deviates From Well Known
Distributions

a. Normal distribution

(1) Inverse method: The inverse method depends
on having a convenient approximation tfo the
inverse function z.P-1(u) where

fu.-- (2i)'1/9 .e-fiadt.

Two ways of performing this operation are to (1)

use 26.2.23 with t=(ln -10 or (ii) approximate

x '(u) piecewise using ,Cliebysliev polyno-
mials, see (26.541.

(2) Sum of uniform deviates: Let U1, Up
U. be a sequence of a uniform deviates. Then
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X=(
2

y"
mi 12

will be distributed asymptotically as a normal
random deviate. When n=12, the maximum
errors made in the normal deviate are 9X Ur'

1Xl<2..9X107' for 2<lXj<3. An improve-
ment can be made y taking a polynomial function
of X (say)

Al= X* E as,4

as the normal deviate where a,, are suitable
coefficients. These coefficients may be calculated
using (say) Chebyshev ynomials or simply by
making the asymptotic random deviate agree
with the eorrec normaldeviate at certain specified
points. When n=12, Vie maximum error in the
normal deviate is 8 X10-4 using the coefficients

* ao= 9.8746 a6= ( 7) 5.102
* a2= (-3)3.9439 * as= (-7)1.141

a 4= (-5)7.474
(3) Direct method: Generate a pair of uniform.,

deviates .(171, U,). Thai.
= (-2 In U1)" cos 21,14,

X, =( -2 In U1)1/2 sin 2irUs will be a pair of
independent normal random deviates with mean
zero and unit variance. This procedure can be
modified by calculating cos 2/rif and sin 2vU
using-- anacceptance rejection_ method;
(1) generate( U1, U,);(2) if (2U, 1)t+ (2 1)151
generate a third uniform deviate U,, otherwise
reject the pair and start over; (3) cal elate

1014
2/1= us)" --1----fys±2(-1n us)"uli-uf 14-1-14 (±
random). Both y, and y, are the desired random
deviates.

(4) Acceptance-rejection method: 1) Generate a
pair of uniform deviates (U,, U,); 2) compute
x = In u,; 3) if e-4(,-19 >us (or equivalently
(.1" l)1 < 2 (In us) accept x otherwise reject the

.04
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pair and start over The. quantity will be the
required tterma! deviate with mean zero and unit
variance.
b. Bivariate normal distribution

Let {XI, Xs} be a pair of independent normal
deviates with mean zero and unit variance. Then
{ X,, pX1+ (1: p2)"2X2} represent a pair of devi+
ates from a biiariate normal distribution with
zero means, unit variances, and correlation
coefficient p.
e. Exponential distribution

(1) Inverse method: Since F(x)=e-",
8 In U will be a deviate from the exponential
distribution with parameter 0.

(2) Acceptance-rejection met: 1) Generate a
pair of independent uniform ileviates (Us, fil);
2) if U, <U0 generate a third value U,; 3) if

Us<U0 generate a fourth value U,, etc.;
4) continue generating uniform ,deviates until an
n is obtained such that Url- Us+ . .

<Uo<111-1- . . . +U.; 5) if n is even reject the
procedure and start a fresh trial with a new value
of Us, otherwise if n is odd take X=OU0 as the

4 desired deviate; 6) in general-if t is the number of
trials until an acceptable sequence is obtained
X-- =8(t+ Us). The random deviates produced in
this way follow an exponential distributitkp with
parameter 8. One can expect to generate approxi-

_metely.eix iwifisrro.deyiges for every exponential__
deviate.

(3) Discrete Distribution Method: Let Y and n
be discrete random variables with point probabilF
ties

pr{y=p} ,.(e.....0e-0,1) r=0, 1, 2,

pr{n..}.181(6-1)r 8=1;2,3, . . .

Then X= Y-1-min(U1, Us, . . . , will follow

an exponential distribution. The average value
of n is 1.58 so that one needs, on the average, only
1.58 u's from which the minimum is selected.

26.9. Use and Extenston of the Tables

Use of Probability Function Inequalities

Example 1. Let X be a random variable with
finite mean and variance equal to m and fr2,

respectively. Use the inequalities for probability
functions 26.1.37, 40, 41 to place lower bounds
on

o
<t}

for t=1(1)4r.

"00 POO It

Lower bounds on A(1)=F(t)Rt.)
t.t B 3 4 Remarks

0 .7500 .8889 .q375 no knowledge of
F(t); 26.1.37

.5556 .8889 .9506 .9722 F(t) is unimodal and
continuous; 26.1.40

0 .8182 .9697 .9912 F(t) 'is such that

985
p4=3; 26.1.41
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14 is of interest to note that the standard normal
diattibution is uniinodal, 1111S Meal' zero, unit
variance $14 -3, k continuous, and such -that

A (t) P(t) P( -1)
-.60.7, .9545, .9973, and .999t)

for t -1, 2, 3 and 4 respectively.

Interpolation for P(x) in Table 26.1

-,-Eilittitpre 2. Compute P(x) for x=2.576 to
fifteen 1111(.411Si places using a Taylor expansion.

Writing .ro 8 we .have

13(r) --,1)(.4)4.Zi.r010-1-7.(1)(.4)0;#

84+z(m or
Geo) ,i-o+Z(3)(4) .

Taking 472.58 and B -4X10-3 we calculate
the successive te s to 161)

.99505 99842 42230
5 72204 35976 6

2952 57449 6
8 63097 8

1439 4
9

.99500 24676 84265 7
ti

The result correct to 17D is

P(2.576)- .99500 24676 84264 98

4:alculation for Arbitrary Mean and Variance

F:karnple 3. Find the value to 51) of

.8 -1
/) X!" .5f) e-"3(1-r)

using 26.2.8 and Table 26.1.
This represents the probability of the random

variable being less than or equal to .5 for a normal
distribution with mean m =1 and variance tr2=4.
['sin 26.2.8 we have

-1
PI X 5: .5 P 5).P(-

.25)

Since Pc .r) we have

I( .25) 1 -P(.25), 1- .59871 ,---.40129

where t wo-terni Taylor series was used for inter.;
potation. Note that when interpolating for P(x)
for a value of .r midway between the tabulated

values we can write x=x0+.01 and a two-term
Taylor series. is P(x)= P(x0) -F Z(4)10-.2. Thus one
need only multiply .Z(xo) by. 10-2 and add the
result to P(x0).

Calenladon of P(x) for x Approximate

Example 4. Using Table 26.1, find P(x) for
x=1.96, when there is a possible error in x of
±5X10-2.

This is an example where the argument is only
known approximately. The question arises as to
how many decimal places one should retain in
P(x). If Az and dP(x) denote the error in x and
the resulting error in P(x), respectively, then

AP(x) Z(x)dx

Hence AP(1.960)=3 X10-4 which indicates that
P(1.960) need only be calculated to 4D. There-
fore P(1.960)=.9750.

Inverse Interpolation for P(s)

Example 5. Find the. valtie of x for which
P(x)=.97500 00000 00000 using Table 26.1 and
determining as many decimal places as is consistent
with the tabulated function.

For inverse interpolation the tabulated function
P(x) may be regarded as having. a possible error
of .5 X 10-11. Hence

AF'(x) .5X 10-3
ftt-7.4f= Z(Z)

Let P(x0) correspond to the closest tabulated
value of P(x). Then a convenient formula for
inverse interpolation is

where

2
zot2 ,

6
24+1zer r 1.3

tt

P(x)-P(ro)
Z(xo)

If only the first two terms (i.e., x=x0-1-t) are used,

the error in x will be bounded by X10-4 and the

true value will always be greater than the value
thus calculated.

With respect to this example, zix P40'44 and
thus the interpolated value of x may be in error
by one unit in the fourteenth place. The closest
value to P(x).--, .97500 00000 00000 is P(4) ..97500
21048 51780 with x0=1.96. Hence using the
preceding inverse interpolation formulas with

986

A



t .00003 60167 31129

and carrying fifteen decimals
sive terms

__00000
.00003 60167

012
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we have the succes-

. 00000
31129

68
0

f.1.95996 39845 40064

Edgeworth Asymptotic Expansion

Example 6.. Find the Edgeworth asymptotic
expansion 26.2.49 for the c.d.f. of chi-square.

Method 1. Expansion for i2

. Let

where

(2v))

Since the values of y, and -y2 26.4.33 are

-=-72 1,r2/vi

we obtain, by using the first two bracketed terms
of 26.2.49

/1"(t)],
+1 7.(3)(t)+ 7,(3)(0]

- 9

The Edgeworth expansion is an asymptotic
expansion in terms of derivatives of the normal
distribution function. It is often possible to
transform a random variable so I hat the distribu-
tion of the transformed random variable more
closely approjjpea+K the normal distribution
function than does the distribution of the original
random variable. Hence for the same number of
terms, greater accuracy may be achieved by using
the transformed variable in the expansion. Since

the distribution of 2x' is more ehisely approxi-
mated y a normal distribution than x' itself
(as judged by a comparison of I he values of
and 72), we would expect that the Edgeworth
asy plot ic expansion Of 2x2 would be superior
to Ow of r',

Affthm/ Expansion for 1, 2x2. Let

955

Q (xlv) =1 (t) = 1Fr-7
1--41Y-

1
-where (2v-1)f and 1-4; are_the mean_And _vari

ance to terms of order 11-3 of lire (see 26.4.34).
The values of 71 and Y2 for V2x2 are

[1+1811
-;

Thus weobtain

F(t)- P(t)
vi 1[ 2

(1+8v ) Z")(0]

[11 Z("14(t)+i-4 (i+itYZia)(1)]

3 .

yz
4v2

For numerical examples using these expansions
see Example 12.

Calculation of L(h, it, p)

Example 7. Find L(.5,.4,.8)., Using 26.3.20

L(.5, .4, .8) =L(.5, 0, 0) +L(.4, 0, .0)

Reference to Figure 26.2 yields

,L(.5, 0, P` L.L(.4, 0, .(j)=--.18-1-.08=.24

41'he answer , L(.5, .4, .8)=.250.

Calculation of the flivariate Normal Probability
Function

Example 8. Let X and Y follow a bivariate
normal distribution with parameters mz=3,

2, a:=4, and p = .125. Find the
value of 1),{X>2, Y>4} using 26.3.20 and
Figures 26.2, 26.3.

Since l', { X> h, Y > k} L Or: n4, k
1') p) we

Qr av

have P{ X > 2, Y. >4) 14( .25, 1, .125). Using
26.3.20

1.(-- .25, 1, .125) L( .25, 0, .969)
1fL(1,0,.125) -2

Figure 26.2 only gives values for h>0, however,
using the relationship 26.3.8 with k =0, L(-4, 0, p)

i-1,(h, 0, p) and thus L( .25, 0; .969)

L(.25, 0, .969). Therefore L( -.25, 1, .125)
,L(.25, 0, -.969) f -L(1, .125)-:.014--.09=..08.
The answer to 31) is L(.25, 1., .125)=.080.

987
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Integral of BIVI400 Normal Distribution Over a
Polygon

Example 9. Let the random variables X and Y
have 'bivariate normal distribution with param-
eters v,.2, mr.9, (4=4, and p=1.5.
Find they probability that the point (X, Y) be
inside the triangle whose vertices are A = (7, 8),

(9,13), and C= (2, 9).
When obtaining the integral of a bivariate

normal distribution over a polygon, it is first
necessary to use 26.3.22 in order to transform the
variates so that one deals with a circular normal
distribution. The polygon in the region of the
transformed variables is then divided into con-
figurations such that therintegral over any selected
configuration can be easily obtained. Below are
listed some of the most useful configurations. '

(o As)

b1)

a

Ftotrai 26.5

g(s, y,O)dxdy=i13(62)P(a1)1[P(61)P(61))

Y.

Putouts 26.6

atan
11,0)drdYi:w

rc

a

I itp
Je g(x,y,O)dxtly.V(h,k)"

tiev 26.3.93 for definition of V(h, k).

ti

FUNCTIONS

For the following two configuration's

168ito9l
R83-0+(t9-6)11

k1.181(82-80+ti(t9 t1)1
I 803+ 02 tOrIT

ke,,182(83-80-1-ts(t2-01
R82-81)a+ (6 ti)A*

Futuna 26.8

fr11101
11(x,Y,O)dxdp=V(h,k,)V(h,k,)

Vulvas 26.9

g(x,y,O)dedy=V(h, ki)-1-V(h,

Using the circularizing transformation 26.3.22
for our example moults in

j1:4-71.LE_TIAs= k 2 -T. 4 )
t,1 0-5...y

k 4 )
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The vertices of the triangle in the (a, t) coordinates

become A.((3/4, 6/4), B:.-(1,43, 1) and
I/5 T

2
Y These points are plotted below.

2
From the figure it is seen that the desired prob -.

ability is the sum of the probabilities that the
point, having the transformed variables as coor-
dinates is inside the triangles AOB, AOC, and
BOC.

novas 26.10

For these three triangles we have
k, , k,

4A0B
2

114
7

1 21
tsAOC 37 1-17 #70(61,

1

9
7

13
lABOC13 3A/15

1/13

From the graph it is seen that the probability
over AOB may be found in the same manner as
that over Figure 26.8, and over AOC and BOO
the probabilities may be found as that over
Figure 26.9.

Hence

ffg (z, y, .5)d:dr=1 g(8, t, D)dadt
AA C

=fig (R, I, 0)(18dt-1-f g(s, 0)&41

AA ft AA C

f fON, t,(1)fittdt
gd,c

and consequently using 26.3.23 and Figure 2b

9,S9
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figo, 1, o)(htdt.v01/2i 01A ID
AA B

44+L(1.31, 0,.76)L(0, 0, .76) -2 Q(1.31)]

+ .31, 0, .14) L(0, 0,.14)-- Q(1.31)]
4+L(1 2

.L(1.31, 0,- .76) L(0, 0,.76)
0,.14) +L(0,9,.14)

..00.11-r.04+.23=.08

J. Ig(8, t,O)dalt=v0-4, .8_3,1+vr4i7$217V411

AA C

1 0,.99)-:- L(0, 0,.99)-1 Q(.14)]

1 0,-1)L(0, 1 Q(.14)]

=.01+.02=.

1108, t,o)deitt=v(ilalii3, 7'0113)..rA_Ti0.3_,

=[4+L(.48, 0,.97)74 Q(.48)]

[1

1

-+L(481 0,.96) L(0, 0, .96) Q(14
..05+ .041= .09

Thus adding all parts, the probability that X
and Y are in triangle ABC is ..08 .09i= .20 .

The Flower to 3D is .211.

Calculation of a (:ircular Normal Distribution Over an
Offset Circle

Example 10. Let X and Y have a /circular
normal distribution with 0,-1000. FlInd the
probability that the point (X, Y) falls within a
circle having a radius equsl to 540 whose center
is displaced 1210 from the mean of the circular
normal distribution.

In units of o, the radius and dispiacerlient from
64

the center are, respectively,
0 i and r

---12"=1.21. The problem is thus reduced to
1000
fin(!ing the probability of, X and Y palling in a
circle of radius R = .54 displaced r 1.2 1 from the

center of the distribution where 1,
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Since R<1, the approximation 26.3.25 is used.
This results in

2(.54)3 -2(1.21)aP(R112, '4)=04+ exp (.54)*

...(1359)e- 684=.06869

The answer to 5D is .06870.

Interpolation for Q(xs Iv)

Example 11. Find Q(25.298120) using the
'Interpolation formula given with Table 26.7.

Taking x' =25, 8=-..298 and applying the inter-
polation formula results in

Q(25.298120)= Q(25116)0+Q(25118)(40-20)

+Q(25120)(8-40+0') I
( 0 6 9 8 2 ) ( 0 8 8 8 0 4 )

+ (.12492) (1.014392)

+ (.20143)(6.896804)4

PROBABILITY FUNCTIONS

=.19027

:kless accurate interpolate may be obtained by
setting equal to zero in the above formula.
This results in the value .19003. The correct
vilue to 6D is Q(25.298120)=.190259.

On the other hand if x' =25.298 is assumed to
have an error of ±5X10-4, then how large an
error arises in Q(x216)? Denoting the error in
e by ox' ,and the resulting error in QOM') by
AQ(x216), we then have the approximate relation-
ship

AQ(el cd
OQ(x21e)

4a2be
Using 26.4.8 we can write

°Q
dx(z2

lv)=2 (Q(e1v-2)-Q(X2101

and

4Q(X2IV) a2 EQ(X2IV- 2) -Q(X2IP) Jae

For practical purposes it is sufficient to evaluate
the derivative to one or two significant figures.
Consequently we can write

v) a_ Q(416)
ex' ax3

where xl is the closest value to x2 for which Q is
tabulated. Hence

.1Q(x916)
2

1Q(x416- 21--.Q(4,16114x'

990

For this example ax2= ±5X10-' and x:=25. This
results in

AQ(x91$)=4 (-.076)(±5)10-1=± 2X 10-8

as the possible error in Q(e1P).

Calculation of %'l) Outside the Range of Table. 26.7

Example 12. Find the valUe of Q(84172).
Since this value is outside the range of Table

26.7 we can approximate Q(84172) by (1) using the
Edgeworth expansion for Q(x216) given in Example
6, (2) the cube root approximation 26.4.14, (3)
the improved c Abe root approximation 26.4.15 or
(4) the square root approximation 26.4.13. The
results of usinuall four methods are presented
below:

1. Edgeworth expansion

The successive terms of the Edgeworth expan-
sion for the distribution of chi-square result in

t 1-Q(84172)=.841345
.000000
.001120

.842465

Hence Q(84172) =.15754.
The successive terms of the Edgeworth expan-

sion for the distribution of vi2x? result in

1-Q(84172)=.842544
-.000034
-.000138

.442372

'Hence Q(84172) .15764.

2. Cube root approximation 26.4.14

Using the cube root approximation

Q(84172)=Q(x)
. where

,

we have

184\i"ri 2 1
kgri) L -0(72U=1.0046

[413
This results in Q(84172) ----: Q(1.0046) =1-

P(1.0046) = . 15754.

3. Improved cube root approximation 26.4.15

The improved cube root approximation in-
volves calculating a correction factor h, to x.
Linearly interpolating for Aso which appears
below 26.4.15) with 1.0046 results in 4o=
-.0006 and hence
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60
72( - .0006) - .00049

Thus

Q(84 72) = Q(1.0048 -..0005)= Q(1 .0041)

`= 1-P(1.0041)=.15788

4. Square root approximation 26.4.13

Using the square root approximation we have
Q(84; 72) = Q(z) where

,F=N 2(84)-A 2(72)-1=1,0032.

This results in

Q(84'72)=Q(1.0032)=1-P(1.0032)=.15788
The value correct to 6D is Q(84172)=.157853.

Generally the improved cube root approximation
will be correct with amaximtun error of a few
units in the fifth decimal and is recommended for
calculations which are outside the range of
Table 26.7.

Calculation of xl for (1(x214 Outside the Range of
Table 26.8

Example 13. Find the value of Xe for which
Q(x11144)---.01.

Since v.= 144 is outside the range of Table 26.8,
we can compute it by using (1) the Cornish-Fisher
asymptotic expansion 26.2.50, for xt, (2) the cube
approximation 26.4.17, (3). the improved cube
approximation 26.4.18, or (4) the square approxi-
mation 26.4.16. We shall compute the value by
all four methods.,

1. Cornish- Fisher asymptotic expansion 26.2.30

The Cornish-Fisher asymptotic expansion for
xt with P 144 can be written as

1,2
:X2144 12%2t }-4h1(.r)+

4-:-

2.
I iii,2(z)+2hii(t)i

1

122

8.0.
Itih,(!) I 31112(.0 2h111(.01+

1123
-130h4(x)

91041+143(z) +6411209 -1-41t111(.01

Hence using the auxiliary table following 26.2.51

with p .01 we have
144. 0000
39. 4794
2. 941'$

---. 0242
. 0019

4- . 0002

186.395

'5 page tt.

9 9'1
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2. Cube approximation 26.4.17

Taking x.01=2.32635 we have

x2=144 { [1-9(1244)]

-1-(2.32635)V9(144)}3=188.405

3. Improved cube approximation 26.4.18

From the table for heo we obtain using linear
interpolation with x=2.33 -(approximately)

heo=.0012 and thus hive 44 (.0012)=.00049

Hence

X2 =144 El
2

+ (2.32835- .00049111-
(1 44)

7-1-- 12=188.394
9

4. Square approximation 26.4.16

x9.1 (2.3263.5+1/2(144)-112=185.816
2

The correct answer to 3D is x4=188.394.
Generally the improved cube approximation will
give results correct in the second or third deci al
for v>30.

Calculation of the Incomplete Gamma Function

Example 14. Find the value of

. 9

1(2.5,.9)=0 We-4dt

making use. of 26.4.19 and Table( 26.7.
Using 26.4.19 we have

1(2.5, .9), r(2.5)po r (2.5)11 Q(1.815)1

I--
7(2.5,.9)=4 Vir[l -.870071=16475

Poisson Distribution

Example 15. Find the value of m for which
3 m,

=Ee 9 9
1.0

using 26.4.21 and Table 26.8.
From Table 26.8 with v=2c=8 and 9= :99

we have x2=1.646482. Hence m=x2/2z-- .823241.

Inverse of the Incomplete Beta Functan

Example 16. Find the value of x for which
/,(10, 6)--.:.10 using Table 26.9 and 26.5.28. *

Using 26.5.28 we have

O
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2000,6) Q(F112,20) --, .10 where x=26-47-2p

From Table 26.9 the tipper 10 percent point of P
with 12 and 20 degrees of freedom is F=1.89.
Hence

20
=i 469

125220;12(1.89j

The correct value to 4D is z=.4683.

Calculation of 1,(e, Is) for a or It Small Integers

Example 17. Calculate 1.10(3, 20).
Values of 4,(11, 6) for small integral a or 6 can

conveniently be calculated using 26.5.6 or 26.5.7.
Using 26.5.6 we have .,

1-- /0.,(20,3)12t)" {E (-1)8(i) iii-47i).
/IC 20) 76

2 .'

= 1 ?1 78
(.110390 X 10-2) = .620940

.216450 10-3

Binomial Distribuilon

Example 18. Find the value of p which satisfies

(50\ Pee .95, q= 1 -7)i 8

using 26.5.24 and Table 26.9.
Combining 26.5.24 and 26.5.28 we have

± kn)PY"-- 9(FIVIt r2)
.S

where

a'1=2(n-a +1), es=2(a), and

Hende

(50
)P'qs°-

el° /50\)pie-
=1- Q(FI60, 42)=.95

Harmonic interpolation on p2 in the table for
which Q(Ply,,p2). .05 results in F =1.624 for

42r2=42, and thus p=421
The correct answer to 41) is p= .3003.

Approsimating the Incomplete Beta Function

Example 19. Find / A(16, 10.5) using 26.5.21.
Volliel4 of 1,(a, 6) can conveniently be calculated

with good accuracy using the approximation
given by 26.3.20 or 26.5.21. For this example
(a 6 1)(1 r) 10.20 which is greater than .8
and.hence 26.5.21 will be used. Thus

MVO plIgto II

= [(10.5) (.60))1m= 1.8469, tos=(16(.4)(113=1.8566

3( (1.8469) (.98942) - (1.8566) (.99306)l
r(1.8469)24. (1.8566) .0668

L 10.6 16

and interpolating in Table 26.1 gives

. P(-.0608)=1-P(.0668)=.47336

The answer correct to 5D is 1,60(161,10.5)=.47332.

Interpolation for Fin Table 26.9

Example 20. Find the value of F for which

Q(Fr 7, 20) =.05 using Table 26.9.

Interpolation in Table 26.9 is. approximately
linear when the reciprocals of the degrees of
freedom (el, are deed as the interpolating
variable. For this example it is only necessary to
interpolate with respect to 1 /ri. Thus linger
interpolation on 1/pt results in F=2.51 which ill
the correct interpolate. .

Calculation of F for Q(Plehra)>J0

E ple 21. Find the value of F for which
4, 8)=.90 using 26.6.9 and Table 26.9.
able 26.9 only tabulates values of F for which

(Fit% vs) =p where p..500, .250, .100, .050,
.025, .010, .005, .001. However making, use of

able 26.9 we can find the values of F, for which
p=.75, .9, .95, .975, .99, .995, .999. For this ex-
ample we have

1F90(4,8)=sy;(8-70

and reerring to the table for which Q(Fivi, ps)=.10

gives F,10(8, 4) =3.95 and thus F.90(4, 8)=570.
= .253.

Calculation of Q(Flrari) for Small Integral 14 or ro

Example 22. Compute Q(2.514,15) using
26.6.4.

Values of Q(Flyt, vs) can be readily computed for
small P1 or ys using the expansions 26.6.4 to 26.6.8
inclusive. We have using 26.6.4

lb

r=15 +4(2.50)=.60

and

Q(2.5014,15)=(.6).[.

92

15
(.4)]= .086 735
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APpreximatief.QMPI

Example 23. calculate Q(1.714110, 40) using
26.6.15.

The approximatia given by 26,6.15 will result
in a maximum error of .0005. For ti;ii example
we have

I, 2
(1.7,1)1" (1-617265)-v-940)/

Z°121

0)

.#1.2222
[

9(10) 9(4
2 -Hi 714)m 1

Interpolating in Table 26.1 res Ulte in

Q(1.714110, 40) 7 Q(1.2222)7 14(1.2222)7.1108

The correct value to 5D is Q(1.714110, 40)7.11108.
1.

On the other hand the approximation given by
26.6.14 which is usually lei accurate results in

.02(40)-1) (1.7141-1- i21

V1+401° (1.714)

and interpolating in Table 16.1 gives,

Q(1.714110,40) 1745 Q(1.2210)=1 -P(1.2210)7.1112

Caleuktion of F Outside the Range of Table 26.9

Example 24. Find the value of F for which
Q(P110, 20)* .0001 using 264.16 and 26.5.22.

For this problem we lave ci73710, 6.7175,

p=.0001. The value of the normal deviate which
cuts off .0001 in the tail of the distribution is

y=3.7190 (i.e., Q(3.7190)=.0001). Hence
stitutkg in 26.5.22 gives

)ip
y472[5+5 712.21431 l

X=1.71901-371.8052
6

to.--3.7190
(12.2143+1.8052)1

12.2143

-(1-0 [1.8062+ .8333
2

t 3(12.21,11
1 1

to= .9889

and thus Fose"77.23. The correct answer is
F=7.180.

Approximating the NonCentral F-Distribution

Example 25.* Compute P(31113,10,4) using
the approximation 26.6.27 to the non-central,
distribution.

Using 26.6.27 with vi=3, ra710, X=4, P=3.,\1
we have

(3171)118['-9210-1'-lgT483
+8 2 r( 3 \

9 (3+,1)1'9(10) Lk3+4/
a

and interpolating in Table 26.1 gives

P(3.7113,10,4) vsP(.675) =.750

The exact answer is P(3.7113, 10,4)=.745.
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P(,)

0.50000 00000 00000
0.50747 83117 16902
0.51595 34368 52831
0.52392 21826 54107
0.53188 13720 13988

0.53982 78372 77029
0.54775 84260 20584
0.55567 00048 05907
Q.56355 94628 91433
0.57142 37159 00901

0.20 0.57925 97094 39103
0.22 0.58706 44226 48215
0.24 .0.59483 48716 97796
0.26 0.60256 81132 01761
0.28 0.61026 12475 55717

0.10 .61791 14221 88953
0.32 0.62551 58347 23320
0.34 0.63307 17360 36028
0.46 0.64057 64332 17991
0.18 0.6480? 72924 24163

J.40 0.65542 17416 10324
0.4? 0.66275 72731 51751
0.44 0.67003 14463 39407
0,46 0.67724 18897 49653

0.68438 63034 83778

0.50

9.Y2
0.54

.0.56

9,50

0,62

0.64

0.,)6

0.68

0.69146 24612 74013
0.69846 82124 53034
0.70540 14837 84302
0.71226 02811 50973
0,71904 26911 01436

0,72574 68822 49927
0.73237 11065 31017
0.73891 37003 07139
0.74537 30853 28664
0.75174 71695 46430

0.10 1.75803 63477 76927
0.12 0.76423 75022 20749
9.74 0.77035 00028 35210

9.7167 27075 62401
;, /8 0.18? 40 45624 14267

0.78814 46014 16604
0.79389 19464 14187

.),84 0.799''4 58067 39551
0.80'10 54011 4819?

0,88 0,81054 9i4W 21288

(00 0.81593 98746 53241
0.82121 36203 85629

). 1.8'819 1/196 61-176

1

s,1 11/4.,11 1,0')1

L lo

7' 1

0

if(r)

0.39894 22804 01433
0.39886 24999 23666
0.39862 32542 04605
0.39822 48301 95607
0.39766 77055 11609

0.39695 25474 77012
0.39608 02117 93656
0.39505 17408:34611
0.39386 83615 68541
0.39253 '14831 20429

0.39104 26939 75456
0.38940 37588 33790
0.38761 66151 25014
0.38568 33691 91816
0.38360 62921 53479

0.38138 78154 60524
0.3.7903 05261 52702
0.37653 71618 33254
0.37391 06053 73128
0.37115 38793 59466

0.36821 01403 03323
0.36526 26726 22154
0.36213 48824 13092
0.35889 02910 33545
0.35553 25285 05997

0.35206 53267 64299
0.34849 25127 58974
0.34481 80014 39330
0.34104 57886 30353
0.33717 99438 22381

0.33322 46028 91800
0.32918 39607 70765
0.32506 22640 84082
0.32086 38037 71172
0.31659 29077'10893

0.31225 39331 66761
0.30785 12604 69853
0.30338 92837 56300
0,29887 24057 75953
0.29430,50297 88325

0.28969 15527 61483
0.28503 63584 89007
0.28034 38108 39621
0.27561 82471 53457
0.27086 39717 98338

0.26608 52498 98755
0.26128 63012 49553
0.25647 12944 25620
0.251,4 4/410 98117
0-'4680 9490', 67943

0.24197 07245 19144

r( 5)21

to j

997

Ill

ki)()

0.00000 00000 00000
- 0.00797,72499 98473
-0.01594 49301 68184
-0.02389 34898 11736
-0.03181 34164 40929

-0.03969 52547 47701
-0.04752 96254 15239
- 0A5530 72437 16846
-0.06301 89378 50967
-0.07065 56669 61677

- 0.07820 85387 95091
-0.08566 88269 43434
-0.09302 79876 30003
- 0.10027 76759 89872°'
-0.10740 97618 02974

-0.11441 63446 38157
-0.12128 97683 68865
e-0.12802 26350 23306.
- 0.13460 78179 34326
- 0.14103 84741 56597

-0.14730 80561 21329
-0.15341 03225 01305
'-0.15933 93482 61761
-0.16508 95338 75431
-0.17065 56136 82879

-0.17603 26633 82150
-0.18121 61066 34667

A-0.18620 17207 77240
w-0.19098 56416 32997

-0.19556 43674 16981

-0.19993 47617 35080
- 0.20409 40556 77874
- 0.20803 98490 13813
-0.21177 01104 88974
-0.21528 31772 43407

-0.21857 77533-56733
- 0.22165 29.075 38294
-0.22450 80699 79662
-0.22714 30283 89724
-0.22955 79232 34894

-0,23175 32422 09186
-0.23372 98139 60986
-0.23548 88011 05281
- 0.23703 16925 51973
-0.23836 02951 82537

-0.23947 67249 08879
-0.24038 33971 49589
-0.24108 30167 60083
0.24157 85674 54192
0.24187 33007 55702

-0.24197 07245 19143

r 5)31
E j

1 1 1) "7.("101 2(r)

1



PROBABILITY FUNCTIONS
,

NI OHM %I, PROBABILITY FLACTI0IN AND DERIVATIVES Table 26.1

x Z(2)(6 Z(4)(x ) . Z(31(x .116(x)

0.00 -0.39894 22804 0.00000 000 1.19682 684 0.00000 000 -5.98413 421
0.02
0.04

-0.39870
-0.39798

29549
54570

0.02392 856
0.04780 928

1.19563 029
1.19204 400

,0/0 .11962
4,A-0.23891

684
887

-5.97575 893
-5.95066 325

0.06 -0.39679 12208 0.07159 445 1.18607 800 /-0.35754 249 -5.90893 742
0.08 -0.39512 26322 0.09523 664 1.17774 897 / -0.47516 649 -5.85073 151

0.10 -0.39298 30220 0.11868 881 1.16708 019 / -0.59146 327 -5,77625 460
0.12 -0.39037 66567 0.14190 445 1.15410 144/ -0.70610 997. -5.68577 399
0.14 -0.38730 87267 0.16483 771 1.13884 89 -0.81878 968 -5.57961 395
0.16 -0.38378 53315 0.18744. 353 1.12136 5 -0.92919 252 -5.45815 435
0.18 -0.37981 34631 0.20967 776 1.10169 8 9 -1003701 674 -5.32182 895

0.20 -0.37540 091362 0.23149 727 1.07990 350 -1.14196 980 -5.17112 356
0.22 -0.37055 b6169 0.25286 011 1.0560 063 -1.24376 938 -5.00657 387
0.24 -0.36528 98981 0.27372 555 1.030 556 -1.34214 434 -4.82876 317
0.26 -0.35961 11734 0.29405 426 1.00 7 941 -1.43683 568 -4.63831 979
0.28 -0.35353 15588 0.31380 836 0.97 72 834 -1.52759 737 -4.43591 441

0,30 -0.34706 29121 0.33295 15E 0.94130 327 -1.61419 723 -4.22225 716
0.32 -0.34021 78003 0.35144 923 0.90818 965 -1.69641 762 -3.99809 459
0.34 -0.33300 94659 0.36926 849 0.87347 711 -1.77405 617 -3.76420 646
0.36 -0.32545 17909 0.38637 828 0.83725 919 -1.84692 643 -3.52140 244
0.38 0.31755 92592 0.40274 947 0.79963,298 -1.91485 840 -3.27051 871

0.40 -0,30934 69179 0.41839 488 0.76069 888 -1.97769 904 -3.01241 439
0.42 -0.30083 03372 0.43316 939 0.72055 987 -2.03531 269 -2.74796 802
0.44 -0.29202 55692 0,44716 995 0.67932 193 -2.08758 144 -2,47807 382
0.46 -0.28294 91055 0.46033 566 0.63709 291 -2.13440 5)7 -2L20363 810
0.48 -0.27361 78339 0.47264 779 0.59398 256 -2.17570 278 -1.92557 548

0.50 -0.26404 89951 0.48408 982 0.55010 207 -2.21141 033 -1.64480 520
0.52 -0.25426 01373 0.49464 748 0.50556 372 -2.24148 307 -1.36224 740
0.54 -0.24426 90722 0.50430 874 0.46048 050 -2.26589 443 -1.07881 949
0.56 -0.23409 78293 0,51306 383 0.41496 574 -2,28463 613 -0.79543 249
0.58 -0.22375 26107 0.52090 525 0.36913 279 -2.29771 801 - 0.51298.749

0.60 -0.2132 37459 0.52782 777, 0.32309 457 -2.30516 783 -0.23237 218
0.62 -0.202 4 56463 0.53382 841 0.27696 332 -2.30703 091 +0.04554 255
0.64 -0.191 1 67607 0.53890 643 0.23085 017 -2.30336 981 0.31990 583
0.66 -0.18 09 55308 0.54306 327 0.18486 483 -2.29426 388 0.58988 999
0.68 -0.17 20 03472 0.54630 259 0.13911 528 -2.27980 875 0.85469 355

0.70 - 0.1'924 95060 0.54863 016 0.09370'741 -2.26011 583 1.11354 405
0.72 -0.14826 11670 0.55005 386 0.0487 473 -2.23531 162 1.36570'074
0.14 -0.0725 33120 0.55058 359 +0.0043 808 -2.20553 714 1.61045 709
0,16 -0.12624 37042 0.55023 127 -0.039 4 465 -2.17094 715 1.84714 311
0.78 -041524 98497 0.54901 073 -04182 7 882 -2.13170 944 2.07512 746

0.80 -0/10428 89590 0.54693 765 -0.12468 324 -2.08800 401 2.29381 943
0.82 -0;09337 19110 0.54402 952 -0.16597 047 -2.04002 228 2.50267 061
0.84 q.08253 32179 0.54030 551 -0.20625 697 -1.98796 617 2.70117 643
0.86 -Q.07177 09916 0.53578 644 -0.24546 336 6',1.93204 726 2.88887 745
0.88 1.06110 69120 0.53049 467 -0.28351 458 '41.87248 587 3.06536 044

0.90 -P.05055 61975 0.52445 403 -0.32034 003 -1.80951 008 3.23025 923
p.o4o13 35759 0.51768 968 -0.35587 378 -1.74335 486 3.38325 538

0,91 M.02985 32581 0.51022 810 - 0.39005 463 -1.67426 103 3.52407 854
4101972 89163 0.50209 6B9 -0.42282 627 -1.60247 436 3.65250 673

0:)P i0.00977 46558 0.49332 478 -0.45413 732 -1.52824 456 3.76836 628

1.00 n,00000 00000 0.48394 145 -0.48394 145 -1.45182 435 3.87153 159

I. 5161

6 J

% I 1 )

4)3i
6 J

1 ) V
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obb. 26.1

r

1.00
1.02
1.04

1.06
1.08

1.10 .

1.12
. 1.14

.1.16
1,.18

1.2p
1.22

1.24\

11.26
1.28 \

PROBABILITY 'FUNCTION

NoRMA I. PROBABILITY Ft tiCTION AND BEIM %TWIN

0.84134 47460
0.84613 57696
0.85083 00496
0.85542 77003
0.85992 89099

0.86433 39390
0.86864 31189
0.87285-68494
0.87697 55969
0.88099 98925

0.88493 03297
0.88876 75625
0.89251 23029
0.89616 53188
0.89972 74320

1.30 0.90319 95154
1.32 0.90658 24910
1.34 0.90987 73275
1.36 0:91308 50380
1.38 0.91620 66775

1.40

1.42
1.44

1.46
1.48

1.50
1.52
1.54
1.56
1.50

0.91924 33407
0.92219 61594
0.92506 63004
0.92785 49630
0.93056 33766

0.93319 27987
0.93574 45121
0.93821 98232
0.94062 00594
0.94294 65667

1.60 0.94520 07083
1.62 0.94738 38615
1.64 0.94949 74165
1.66 0.95154 27737
1.68 0.95352 13421

1.70 0.95543 45372
1,72 0.95728 37792
1.74 0.95907 04910
1.76 4.96079 60967
1.78 0.96246 20196

1.80 0.96406 96808
1.82 0.96562 04975
1.84 0.96711 58813
1.86 0.96855 72370
1.88 0.96994 59610

1.90 0.97128 34401
1.92 0.97257 10502
1.94 0.97381 01550
1.96 3.97500 21048
1.98 0.97614 82356

2.00 0.0/124 98680

1

1,2,f

68543 0.24197 17245 19143 -0.24197 07245 19143

27265 01.23713 19520 19380 -0.24187 45910 59767

69019 0.23229 70047 43366 -0.24158 88849 33101

36091 0.22746 96324 57386 -0.24111 78104 04829

11231 0,22265 34987 51761 -0.24046 57786 51902

53618 0.21785 /1770 32551 -0.23963 73947 35806

57270 0.21306 91467 75718 -0.23863 74443 88804

37202 0.20830 77900 47108 -0.23747 08886 53704

48657 0.20357 13882 90759 -0.23614 28104 17281

44800 0.19886 31193 87276 -0.23465 84808 76986

78292 0.19418 60549 83213 -0.23302 32659 79856

52166 0.18954 31580 91640 -0.23124 26528 71801

25413 0.18493 72809 63305 -0.22932 22283 94499

78700 0.18037 11632 27080 -0.22726 76656 66121

45558 0.17584 74302 97662 -0.22508 47107 81008

14390 0.17136.85920 47807 -0.22277 91696 6 150

06528 0.16693 70417 41714 -0.22035 68950 9 062

35548 0.16255 50552 25534 -0.21782 37740 0 216

52915 0.15822 47903 70383 -04,1518 57149 0 721

84986 0.15394 82867 62634 -0.21244 86357 3 434

66229 0.14972 74656 35745 -0.20961 84518 9 043

73454 0.14556 41300 37348 -0.20670 10646 5 034

65673 0.14145 99652 24839 -040370 23499 2 768

34106 0.13741 65392 82282 -0.20062 81473 5 131

66669 0.13343 53039 51002 -049748 42498 4 483

31142 0.12951 75956 65892 0.19427 63934 9 838

81064 0.12566 46367 89088 4'20:19101 02479 1 414

88188 0.12187 75370 32402 -0.18769 14070 2 899

05207 0.11815 72950 59582 -0.18432 53802 92948

62246 0.11450 48002 59292 -0.18091 75844 09682

00442 0.11092 08346 79456 -0.17747 33354 87129

45748 0.10740 60751 13484 -0.17399 78416 83844

25897 0.10396 10953 28764 -0.17049 61963 39173

33277 0.10058 63684 27691 -0.16697 33715 89966

36280 0.09728 22693 31467 -0.16343 42124 76865

41457 0.09404 90773 76887 - 0,X5988 34315 40708

08671 0.09088 69790 16283 -0.15632 56039 08007

21193 0.08779 60706 10906 -0.15276 51628 62976

12518 0.08477 63613 08022 -0.14920 63959 02119

51483 0.08182 77759 92143 -0.14565 34412 66014

87074 0.07895 01583 00894 -0.14211 02849 41609

54110 0.07614 32736 96207 -0.13858 07581 27097

40836 0.07340 68125 81657 -0.13506 85351 50249

19248 0.07074 03934 56983 -0.13157 71318 29989

38800 0.06814 35661 01045 -0.12810 99042 69964

83998 0.06561 58147 74677 -0.12467 00480 71886

96163 0.06315 65614 35199 -0.12126 05979 55581

59548 0.06076 51689 54565 -0.11788 44277 71856

51780 0.05844 09443 33451 -0.11454 42508 93565

58492 0,05618 31419 03868 -0.11124 26209 69659

51821 0.05399 09665 13188 -0.10798 19330 26376

riv,r Z-tidt
, .

6)01

10 j

d,
2H Mx)

999

( twei
L AO J

nen."' -11"Zn.rt Z(r)



r

NORM

PROBABILITY FUNCTIONS

PRORADILITY FUNCTION AM) DERIVATIVES

7.(3)(x) 2(4)(x) Z(a)(x)

1.00 0.00000 00000 0.48394 -0.48394 145 -1.45182 435
1.02 0.00958 01309 0.4739 745 -0.51219 739 -1.37346 846
1.04 0.01895 54356 0.46346 412 -0.53886 899 -1.29343 272
1.06 0,02811 52466 0.45243 346 -0.56392 521 -1.21197 312
1.08 0.03/04 95422 0.44091 805 -0.58734 012 - 1.12934,487

1.10 0.04574 89572 0.42895 094 -0.60909 290 -1.04580 155
1.12 0.05420 47909 0.41656 552 -0.62916 776 -0.96159 420
1.14 0.06240 90139 0.40379 549 -0.64755 390 -0.87697 050
1.16 0.07035 42718 0.39067 467 - 0.66424 543 -0.79217 397
1.18 0.07803 38880 0.37723 697 - 0.67924 129 -0.70744 317

1.20 0.08544 18642 0.363,51 629 1.69254 \ 515 0.62301 100
1,22 0.09257 28784 0.34954 639 - 0.70416 524 -0.53910 399
1.24 0.09942 22822 0.33536. 083 -0.71411 427 -0.45594 161
1.26 0.10598 60955 0.32099 285 -0.72240 928 -0.37373 571
1.28 0.11226 09995 0.30647 1134 -0.72907 143 1.29268 993

1.30 0.11824 43285 0.29184 071 -0.73412 591 -0.21299 916
1,32 0.12393 40598 0.27712 083 -0.73760 168 -0.13484 911
1.34 0.12932 88019 0.26234 695 -0.73953 132 -0.05841 584
1.36 0.13442 77819 0.24754 965 -0.73995 087 +0.01613 45.9
1.38 0.13923 08305 0.23275 873 -0.73889 953 0.08864 645

1.40 0.14373 83670 0.21800 319 -0:73641 957 0,15897 463
1.42 0.14795 13818 0.20331 117 -0.73255 600 0.22698 486
1.44 0.15187 14181 0.18870 986 -0.72735 645 0.29255 386
1,46 0,15550 05559 0.17422 548 -0.72087 087 035556 954
1.48 0.15884 13858 0.15988 325 -0.71315 137 0.41593 103

1.50 0.16189 69946 0.14570 730 -0.70425 193 0.47354 871
1.52 0.16467 09400 0.13172 067 -0.69422 823 0.52834 425
1.54 0.16716 72298 0.11794 528 -0.68313 742 0.58025 051°
1.56 0.16939 02982 0.10440 190 -0.67103 785 0.62921 147
1.58 0.17134 49831 0.09111 010 -0.65798 890 0.67518 208

1.60 0.17303 65021 0;07808 827 -0.64405 073 0.71812 810
1.62 0.17447 04284 0.06535 359 - 0.62928.410 0.75802 588
1.64 0.17565 26667 0.05292 202 -0.61375 011 0.79486 211
1.66 0.17658 94284 0.04080 829 -0.59751 005 0.82863 352
1.68 0.17728 72076 0.02902 592 -0.58062 516 0.85934 661

1.70 0.17775p.27562 0.01758 718 -0.56315 647 0.88701 729
1.72 0.17799")0597 +0.00650 315 -0.54516 459 0.91167 051
1.74 0.17801 53128 -0.00421 632 -0.52670 954 0.93333 988
1.76 0.17782 68955 -0.01456 254 -0.50785 061 0.95206 725
1.18 0.17743 53495 -0.02452 804 -0.48864 614 0.96790 228

1.80 0.17684 83546 -0.03410 .047 -0.46915 342 0.98090 203
1.82 0.17607 37061 ...._4.04329 263 -0.44942 853 0.99113 045
1.84 0.1751 -0.05208 243 -0.42952 621 0.99865 794
1.86 ---0;179 30717 -0.06047 285 -0.40949 971 1.00356 087
TM 0.17270 30539 - 0.06846 193 -0.38940 073 1.00592 110

1.90 0.17125 72766 - 0.07604 873 - 0.16927 924 1.00582 548
1.92 0.16966 37866 - 0.08323 327 - 0.34918 347 1.00336 537
1.94 0.16793 06209 - 0.09001 655 -0.32915 976 0.99863 613
1.96 0.16606 57874 -0.09640 044 -0.30925 250 0.99173 666
1.98 0.16407 72476 -0.10238 771 -0.28950 408 0.98276 891

2.00 0.16197 28995 -0.10798 193 -0.26995 483 0.97183 740

Table 26.1

Ve)(x)

3.87153 159
3.96192'478
4.03951 497
4.10431 754
4.15639 308

4.19584 622
4.22282 430
4.23751 585
4.24014 894
4.23098 941

4.21033 894
4.17853 305
4.13593 896
4.08295 339
4.02000 029

3.94752 847
3.86600 921
3.77593 384
3.67781 128
3.57216 '556

3.45953 335
3.34046 152
3.21550 469
3.08522 283
2.95017 891

2.81093 657
2.66805 791
2.52210 132
2.37361 937
2.22315 681

2.07124 871
1.91841 857
1.76517 671
1.61201 862
1.45942 351

1.30785 296
1.15774 966
1.00953 633
0.86361 469
0.72036 463

0.58014 345
0.44328 526
0.31010 045
0.18087 536

+0.05587 197

-0.06467 219
-0.18054 414
- 0.29155 530
- 0.39754 137
-0.49836 204

-0.59390 063

L 6 J
[(1)1 n- 4)21

6 J
rc_4,41
L J

r(-3)11
L .1C(

l'( z) @ 1- P(r) 2( -z) "2(z) ZOO -z) a (- 1)11110(x)

o ou

969
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Table 26.1

PROBABILITY FUNCTIONS

NORMAL PROBABILITY FUNCTION AND DER1V TIVES

P(t) Z(z)

2.00 0.97724 98680 51821 0.05399 09665
2.02 0.97830 83062 32353 0.05186 35766
2.04 0.97932 48371 33930 0.04980 00877
2.06 0.98030 07295 90623 0.04779 95748
2.08 0.98123 72335 65062 0.04586 10762

2.10 0.98213 55794 37184 0.04398 35959
2.12 0.98299 69773 52367 0.04216 61069
,2.14 0.98382 26166 27834 0.04040 75539
'2.16 0.98461 36652 16075 0.03870 68561
2.18 0.98537 12692 24011 0.03706 29102

2.20 0.98609 65524 86502 0.03547 45928
2.22 0.98679 06161 92744 0.03394 07631
2.24 0.98745 45385 64054 0.03246 02656
2.26 0.98808 93745 81453 0.03103 19322
2.28 0.41169 61557 61447 0.02965 45848

2.30 0.98927 58899 78324 0.02832 70377
2.32 0.98982 95613 31281 0.02704 80995
2.34 0.99035 81300 54642 0.02581 65754
2.36 0.99086 25324 69428 0,02463 12693
2.38 0.99134 36809 74484 0.02349 09853

2.40 0.99180 24640 75404 0.02239 45302
2.42 0.99223 97464 49447 0.02134 07148
2.4 0,99265 63690 44652 0.02032 83557
2.46 0.99305 31492 11376 0.01935 62767
2.48 0.99343 08808 64453 0.01842 33106

2.50 0.99379 03346 74224 0.01752 83004
2.52 0.99413 22582 84668 0,01667 01008
2.54 0.99445 73765 56918 0.01584 75790
2.56 '0.99476 63918 36444 0.01505 96163
2.58 0.99505 99842 42230 0.01430 51089

2.60 0.99533 88119 76281 0.01358 29692
2.62 0.49560 35116 51879 0.01289 21261
2.64 0.99585 46986 38964 0.01223 15263
2.66 0.99609 29674 .25147 0.01160 01351
2.68 0.99631 88919 90825 0.01099 69366

2.70 0.99653 30261 96960 0.01042 09348
2.72 0.99673 59041 84109 0.00987 11537
2.74 0.99692 80407 81350 0.00934 66383
2.76 0.99710 99319 23774 0.00884 64543
2.78 0.99728 20550 77299 040836 96891

2.80 0.99744 48696 69572 0.00791 54515
2.82 0.99759 88175 25811 0,00748 28725
2.84 0.99774 43233 08458 0.00707 11048
2.06 0.99788 17949 59596 0.00667 93237
2.88 0.99801 16241 45106, 0.00630 67263

2.90 0.99813 41866 99616 0.00595 25324
2.92 0.99824 98430 71324 0.00561 59835
2.94 0.99835 89387 65843 0.00529 63438
2.96 0.99846 18047 88262 0.00499 28992
2.98 0.99855 87580 82660 0.00470 49575

3.00 0.99865 01019 68370 0.00443 18484

13188
82821
35071
82 7
71

80427
61770
22860
47456
47806

Z14.19

- 0.10798 19330 26376
-0.10476 44248 99298
-0.10159 21789 79544
-0.09846 71262 57079
- 0.09539 103L 43794

-0.09236 55515 58897
-0.08939 21467 58953
-0.08647 21653 94921
-0.08360 68092 78504
- 0.08179 71443 40,18

46231 -0.07
82449 -0.075
43697 -0.072
15008 -0.0701
47341 -0.0676

41601
46882
71588
06382
58201

94843
99923
38226
31737
4686

93569
37381
25361
27377
94150

33686
07895
51278
13703
29406

14423
94751
67612
98237
54653

82980
25781
86019
39203
96266

19776
95991
65311
13612
26934

11938
r( 6)51 r( 6)61
L 10 j L 10 j

kr) v i'' Mx' =". f %at& tn)(.1)
dA Zt.r)

dx"
I

I

ii21- .

4 41042 61709
4 84942 65037
1 09950 41882

21668 05919
24534 51938

- 0.065151 21868 05683
-0.0627 15909 48766
-0.0604407866 03515
-0.05812-97955 63063
-0.05590 85451 52519

-0.05374 68727 07623
-0,05164 45300 57813
-0.04960 11880 01271
- 0.04761.64407 60073
- 0,04568 98104 04218

-0.04382 07512 33921
-0.04200 86541 10200
- 0,04025 28507 24416
- 0.03855 26177 98086
-0,03690 71812 04906

-b.03531 57200 07583
-0,03377 73704 02686
- 0,03229 12295 67374
-0,03085 63594 02449
-0.02947 17901 66807

-0,02813 65239 98941
- 0.02684 95383 21723
-042560 97891 27258
-0.02441 62141 39135
-0,02326 77358 49935

- 0,02216 32644 32344
- 0,02110 17005 22701
-0.02008 19378 76295
-0,01910 28658 94119
- 0.01816 33720 21246

- 0.11726 23440 17350
-0.01639 86721 00294
-0.01557 12509 64014
-0.01477 89816 72293
- 0.01402 07734 30263

-0.01329 55452 35814
1(. 6,71
I 10

itenix)-( -t)^x^i(x)/z(z)
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X

NORMAL PROBABILITY FUNCTION AND DERIVATIVES

X( 'I/ (X) Z la) (X) Z(4)(x) Z (5)(x)

Table 26.1

2(5)(x)
2.00 0.16197 28995 -0.10798 193 -0.26995 483 0.97183 740 -0.59390 063
2.02 0.15976 05616 -0.11318 748 -0.25064 297 0.95904 873 -0.68406 360
2.04 0.15744 79574 -0.11800 948 -0.23160 454 0.94451 117 -0.76878 007
2.06 0.15504 27011 -0.12245 372 -0.21287 345 0.92833 417 -0.14800 114
2.08 0.15255 22841 -0.12652 667 , -0.19448 137 0.91062 795 -0.92169 927

2.10 0.14998 40623 -0.13023 S43 -0.17645 779 0.89150 307 -0.98986 750
2.12 0.14734 52442 -0.13358 762 -0.15882 997 0.87107 003 -1.05251 862
2.14 0.14464 28800 -0.13659 143 -0.14162 297 0.84943 890 -1.10968 436
2.16 0.14188 38519 -0.13925 550 -0.12485 967 0.82671 890 -1.16141 446
2.18 0.13907 48644 -0.14158,892 -0.10856 076 0.80301 811 -1.20777 570

2.20 0.13622 24365 -0.14360 115 -0.09274 478 0.77844 311 -1.24885 097
2.22 0.13333 28941 -0.14530 204 -0.07742 816 0.75309 866 -1.28473 823
2.24 0.13041 23633 -0.14670 170 -0.06262 527 0.72708 743 -1.31554 947
2.26 0.12746 67648 -0.14781 055 -0.04834 844 0.70050 969 - 1.34140 971
2.28 0,12450 18090 -0.14863 922 - 0.03460 801 0.67346 314 -1.36245 589

2.30 0.12152 29919. -0.14919 851 -0.02141 241 0.64604 257 -1.37883 587
2.32 0.11853 55915 -0.14949 939 -0.00876 819 0.61833 976 -1.39070 730
2.34 0.11554 46652 -0.14955 294 +0.00331 989 0.59044 323 -1.39823 661
2.36 0.11255 50482 -0.14937 032 0.01484 882 0.56243 808 71.40159 796
2.38 0.10957 13521 -0.14896 273 0.02581 724 0.53440 589 - 1.40d97 220

2.40 0.10659 79642 -0.14834 137 0.03622 539 0.50642 453 - 1.39654 584
2.42 0.10363 90478 -0.14751 744 0.04607 505 0.47856 812 -1.38851 010
2.44 0,10069 85430 -0.14650 207 0.05536 942 0.45090 689 -1.37705 991
2.46 0.09778 01615 -0.14530 633 0.06411 307 0.42350 717 -1.36239 299
2.48 0.09488 74192 -0.14394 118 0.07231`187 0.39643 129 -1.34470 892

2.50 0.09202 35776 -0.14241 744 0.07997 287 0.36973 759 -1.32420 833
2.52 0.08919 17075 -0.14074 579 0.08710 428 0.34348 039 -1.30109 199
2.54 0.08639 46618 -0.13893 674 0.09371 533 0.31771 001 -1:27556 010
2.56 0.08363 50852 -0.13700 058 0.09981 624 0.29247 277 -1.24781 146
2.58 0.08091 54185 -0*13494 742 0.10541 808 0.26781 102 -1.21804 284

2.60 0.07823 79028 -0.13278 711 0.11053 277 0.24376 323 -1.18644 824
2.62 0.07560 45843 -0.13052 927 0.11517 293 0.28036 399 -1.15321 833
2.64 0.07301 73197 -0.12818 326 0.11935 186 0.19764 415 -1.11853 985
2.66. 0.07047 77809 -0.12575 818 0.12308 341 0.17563 084 -1.08259 509
2.68 0.06798 74610 -0.12326 282 0.12638 196 0.15434 760 -1.04556 139

2.70 0.06554 76800 -0.12070 569 0.12926 232 0.13381 449 -1.00761 072
2.72 0.06315 95904 -0.11809 501 0.13173 965 0.11404 817 -0.96890 932
2.74 0.06082 41838 -0.11543 869 0.13382 945 0.09506 206 -0.92961 727
2.76 0.05854 22966 -0.11274 431 0.13554 741 0.07686 640 -0.88988 829
2.78 0.05631 46165 -0.11001 916 0.13690 942 0.05946 846 -0.84986 942

2.80 0.05414 16888 -0.10727 020 0.13793 149 0.04287 262 -0.80970 080
2.82 ^ -45202 39229 -0.10450 406 0.13862 969 0.02708 053 -0.76951 553
2.84 0.04996 15987 -0.10172 706 0.13902 007 +0.01209 127 -0.72943 954
2.86 0.04795 48727 -0.09894 520 0.13911 867 -0.00209 857 -0.68959 143
2.88 0.04600 37850 -0.09616 416 0.13894 142 -0.01549 465 -0.65008 248

2.90 0.04410 82652 -0.09338 928 0.13850 412 -0.02810 482 -0.61101 661
2.92 0.04226 81389 -0.09062 562 0.13782 240 -0.03993 892 -0.57249 036
2.94 0.04048 31340 -0.08787 791 0.13691 166 -0.05100 863 -0.53459 292
2.96 0.03875 28865 -0.08515 058 0.13578 706 -0.06132 737 -0.49740 627
2.98 0.03707 69473 -0.08244 776 0.13446 347 -0.07091 012 -0.46100 520

3.00 0.03545 47873 -0.07977 327 0.13295 545 -0.07977 327 -0.42545 745
-:111 [( :151 [(19 [(121 [(19

11( -0..1 -P(.0 Z(- =Z(0 Z(^)( - ( )1Z(6) (X)

1002



972 PROBABILITY merlon

Table 26.1 NORMAL PROBABILITY FUNCTION AND DERIVATIVES

Z(r) ji(1) (4
-3 4.43184 8412

-3 3.26681 9056

-20,329$5 45

-1.01271 39
-1.16197 74

-3 2.79425 8415 -3 -8.80191 40
4 2.38408 8201 / -3 4.62908 22

-3 2.02904
8939

4 1.45873 0805
-3 1.23221 9168 ,

/ 62
-3 -5.68447 75

-3 -4.18954 52
-3 -4.88674 82

4 1.03828 12961 -3 -3.58207 05

-4 Unktli: :3 -3.05438
9488

*4 6.11901 9301 4 4.20284 69
4 5.10464 9743 -3 -1.86319 72
-4 4.24,780 2706 -3 .57168 70

:: NB:: VI: 1 -1.32223 38
83

4 241126 5802 -4 -9.28337 33
4 1.98655 4714 -4 -7.74756 34
4 1.63256 4088 -4 - 6.44862 81

:: L U =
- 5.35320 901.33830 I U11 88

4 8,92616 5718 -4 -3.65972 79
-5 7.26259 3030 -4 -3.01397 61
-5 5,89430 6776 -4 -2.47560 88

-5 3.85351 9674
-4

1:21.731 2135
' -5 4.77186 3654

-5 3.10414 0706 -4 .35030 12
-5 2.49424 7129 -4 -1.09746 87
-5 1.99917 9671 -5 - 8.89634 95

-5
1:17144773

4111 I -7.19268
3562

-5 1.01408 5207 -5 -4.66479 20
-6 8.04718 2456 -5 -3.74193 98
-6 6,36982 5179 -5 -2.99381 78

-6 5.02950 ;Pt
-6 3,11217 5579
-6 2.43896 0746
-6 1,90660 0903

-5 - 2.38901 60
-5 -1.90142 36
-5 -1,50940 52

-6 -9.43767 45
4 4.19509 08

3.00
3.05
3.10
3.15
3.20

3.25
3,30
3.35
3.40
3.45

3.50
3.55
3.60
3.65
3.70

3.75
3.80
3.85
3.90
3.95

4.00
4.05
4.10
4.15
4.20

4.25
4.30
4.35
4.40
4.45

4.50
4.55
4.60
4.65
4.70

4.75
4.80
4.85
4.90
4,95

5.00

,/

,
1/

l'Cr)
0.99865 01020
0,99885
0.99903 3968
0.99918 6477
0.99931 8,21

0.99942 9750
0.99951 5759
0.99959 9422
0.99966 0707
0.99971 7067

0.99976 t3709
0.99980 ,73844
0.99984/08914
0.9998* 88798
0.99909 22003

0;410991 15827
0 9992 76520
0.99994 09411
0.99995 18037 .
0.99996 09244

0.99996 83288
0.99997 43912
0.99997 93425
0.99998 33762
0.99998 66543

0.99998 93115
0.99999 14601
0.99999 31931
0.99999 45875
0.99999 57065

0.99999 66023
0.99999 73177
0.99999 78875
0.99999 83403
0.99999 86992

0.99999 89829
0.99999 92067
0.99999 93827
0.99999 95208
0.99999 96289

0.99999 97133 (-6)1.48671 9515 (-6)-7.43359 76

[(-1)81
Table 26.2 NORMAL PROBABILITY FUNCTION FOR LARGE ARGUMENTS

-log Q(4 x -log Q(x)
' -loll ( i (.r) .r

5 6.54265 15

6 9.00586 16

7 11,89285 . 17

8 15.20614 18

9 18.94746 19

10 23.11805 20

11 27.71882 \ 21

12 32.75044 \ 22

13 38.21345 23

14 44.10827 24

50.43522
57.19458
64.38658
72.01140
80,06°19

88.56010
97.48422

106.84167
116.63253
126.85686

rL
5 j

[(11(4 5-1

25 137.51475
26 148.60624
27 160.13139
28 172.09024
29 184.48283

30 197.30921
31 210.56940
32 224.26344
33 238.39135
34 252,95315

[(TS]
From E. S. Pearson and H. 0. Hart* (editors), Biometrika tables for statisticians,

vol. I. Cambridge Univ. Press, Cambridge,) England, 1954(with permission). Known

error has been corrected.
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NORMAL PROBABILITY FUNCTION AND DERIVATIVES

x Z ( )(x) Z(3 )( x )

3.00
3.05
3.10
3.15
3.20

-2 3,54547 87 -2 -7.97732 71
-2 3.16305 50 -2 -7.32336 28
-2 2.81273 12 -2 - 6.694Q3 89
-2 2.49317 71 -2 -6.09312 50
-2 2,20289 75 -2 -5,52345 55

3.25 -2 1,94027 72
3.30 -2 1,70362 07
3.35 -2 1.49118 76
3.40 -2 1.30122 34
3.45 -2 1.131 .62

3.50 -3 9.817 03
3.55 -3 8.48913 69
3,60 -3 7.31834 71
3.65 -3 6.29020 46
3.70 -3 5.39046 16

3.75 -3 4.60578
3.80 -3 3,92376
3.85 -3 3,33297
3.90 -3 2.82289
3.95 -3 2.38395

97
-2 -4.48505 27
- 2 -4.01812 87
-2 -3.58625 07
-2 -3.18893 82

02
-2 -2.49416 18
- 2 -2.19403 56
-2 -1.92328 53.
-2 -1.68013 34

11 12
67 -2 -1.26915 17
22 -2 -1.09752 68
42 -3 -9.45977 49
17 -3 -8.12688 36

4,00 -3 2.00743 34
4.05' -3 1,68555 79
4.10 -3 1.41122 68
4.15 -3 1.17817 42
4.20 -4 9.80812 65

4.25 -4 8.14199
4.30 -4 6,73980
4.35 -4 5.56339
4.40 -4 4.57943
4.45 -4 3.75895

17
-3 -5.94009 36
-3 -5.05408 43
-3 -4.28662 75
-3 -3.62429 14

24 83
59 -3 -2.56671 38
62 -3 -2.15001 71
77 -3 -1.79545 89
76 -3 -1.49400 91

4.50 -4 3.07687 02 -3 -1.24073 79
4.55 -4 2,51154 32 -3 -1.02675 14
4.60 -4 2.04439 58 -4 -8.47126 22
4,65 -4 1.6595 02 -4 -6.96842 75
4.70 -4 1.3433 ,61 -4 -5471519 82

4.80 -5 8.7307 '1
4,75 -4 1.0844 -4 -4.67351 25

3 -4 -3.81045 28
4.85 -5 7.00939 74 -4 -3.09767 67
4,90 -5 5.61204 87 -4 -2.51088 57
4.95 -5 4.48098',88 4 -2.02933 60

5.00 (-5)3.56812 68 (-4):163539 15

Z(4)(x) Z(5)(X)

1

-1 1.32955 45
-1 1.28470 92

-2

27970?;
71

-1 1.23133 27 -1 -1.13951 58
-1 1.17138 12 -1 -1.25260 09
-1 1.10663 65 -1 -1.33185. 47

-1 1.03869 82a
-2 8.98716 85
-2 8.28958 19
- 2 7.60587 84

-2
ONil

-2 5,70302
-2 5.13292
-2 4,59935

-2 :12::
-2 3.22558
- 2 2.84244
- 2 2.49493

-2 1.42549

-2 1.90007

-2 1.22795

-2 1.64880

-3 9.01492

- 3 6.52618
-3 5.52421

-3 7.68355

-3 2.28312

-3 3.91825
-3 3.28346
-3 2.74245

- 3 1.06197

-3 1.56709
-3 1.29209

- 4 8,70091

(-4)7.10651 93 (-3)-2.89910 31

-1 - 1.38096
6:

- 1 -1.40345 00
- 1 -1.38395 76
-1 -1.34845 27

17
35

-1 - 1.30002
17,

39 -1 -1.17547 44
98 -1 -1.10420 53
51 -1 -1.02970 80

00 -2 - 9.53712 78
- 8.77684

66 -2 -8.02840 11
39 -2 -7.30162 14
35 -2 -6.60423 39

82 -2 -4.20116 64

27 20

86 -2 -3.70770 95

05 -2 -5.31924 82
65 -2 -4.73847 30

40 -2 -3.25762 18
78 -2 -2.84973 34
55 -2 -2.48233 98
76 -2 -2.15333 90
34 -2 -1.86035 13

95 -2 -1.60082 16
60 -2 -1.37210 59
19 -2 -1.17154 20
97 -3 -9.96506 67
43 -3 -8.44460 51

22 -3 -7.12981 28
63 -3 -5.99788 09
13 -3 -5.02757 21
25 -3 -4.19931 11
63 -3 -3.49521 92

973

-1

-1
-1
-1

-2
-2
-2
-2
-2

-1)
-1
-1
-1
-1

-1
-1
-1
-1
-

-1
-1
-1
-1
-2

-2
-2
-2
-2

-2

-2
-2
-2

:1
-2
-2

(-2)

Table 26.1

2N4(t)
- 4.25457

fl
-2.62416 45
-1.91121 33
-1.27124 7.7

- 7.05366 66
-2.12970 34
+2.07973 11
5.60664 85
8.49222 78

1.07844 49
1.25359 25
1.38019 58
1.46388 44
1.51024 21

1.52468 79
1.51237 96
1.47814 11
1.42641 04
1.36120 56

1.28610 85
1.20426 03
1.11837 07
1.03073 SO
9,43258 69

8.57487 24
7.74638 98
6.95640 04
6.21159 79
5;51645 66

4.87356 75
4.28395 39
3.74736 21
3.26252 6
2,82740 22

2,4 937 50
2.0 543 47
1.7 232 68
1. 667 62
1 9508 77

1.09422 54,

Or

NORMAL PROBABILITY FUNCTION FOR LARGE ARGUMENTS Table 26.2

r -log (1(2) -log (2) -log WO
35 267.94888 45 441.77568 100 2173.87154
36 283,37855 46 461.54561 150 4888.38812
37 299.24218 47 481.74964 200 8688.58977
38 315.53979 48 502.38776 250 13574.49960
39 332.27139 49 523.45999 300 19546.12790

40 349.43701 50 544.96634 350 26603.48018
41 367,03664 60 783.90743 400 34746.55970
42 385.07032 70 1066.26576 450 43975.36860
43 403.53804 80 1392.04459 500 54289.90830
44 422.43983

r(-2)61
90 1761.24604

r (0 )61
r(+2)11
L 9

8 J 5L J
1(z) 1- P4W2). -i-f atit Z(r) *--18

2 P(t)- f 0)111
da;('I (t) ,dris Z(x)

Hen(x).. (--I)"kleqs.)/C4 P(-z)-1-P(a) Z(-r) -Z(x)

'1004
Z01)(1-,r)=.(---t1)11Z(*)(z)
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In Mr 210 1114:11 ER DERIVATIVES 11F' THE NORMAL PROBABILITY EU NCEION

0.0
0.1
0,2

10.3
0.4

0.5
0.6
0.7
0.8
0,9

1.0
1.1
1.2
1.3
1.4

1.5
1.6
1.7
1.8
1.9

2.0
2.1
2.2
2.3
2.4

2.5
2.6
2.1
2.8
2.9

3.0
3,1
3.2
3.3
i.4

3.5
3.6
3.7
3.8
3.9

4,0
4.1
4.?
4.
4.4

0)

t if, I
0.00000 00
4.12640 51
7.88604 35
1.09518 61
1.30711 60

1 1.40908
1 1.39704
1 1.27812
1 1.06929
0 7.94982

0 4.83941
0 +1.65937
0 -1,31434
0 -3.85379
0 -5.79719

0 -7,05769
0 -7.62276
0 -7.54545
0 -6.929§1
0 -5.91207

0)-4.64322
0) -3.27029
0) - 1.92318'

-1)-7.04932
-1)+3.11162

0) 1.09209
0) 1.62218

0

I1.91766
0 2.00992

'1.94057

( 0 1.75501
( 0 1.49720
( 0 1.20591

(-1 9.12450
(-1 6.39748

(-1 4.02558
(-1 2.08414

r-2 +5.90352

2 -4.80932
1 -1.18202

(-1 -1.57919
(-1 -1.74223

-1 -1.73706
1 -1.62110

,1 , 1.44109

4.5
4.6

-1
:1:0116

4.1 -2 -8.2'201
4.8 -2 -6,4 35
CI -2 -4.96112
,..n

65
30 ,

14

69
72

45
85
07
20
45

71
66
38
04
57

31

67
65
91

82

53
61
20
65
71

20
05
21
33
51

km411
1 4.18889 39
1 4.00211 42
1 3.46206 56
1 2.62702 42
1 1.58584 37

1

0 44.46820
0 -6.75565
1 -1.67416
1 -2.46111
1 -2.97666

1 -3.19401
1 -3.11962
1 -2.78951
1 -2.26227
1 -1.61P06

0 -9,09001
0 -2.30231
0 +3.67230
0 8.41240
1 1.16856

1 1.34437
1 1.37966
1 1.29729
1 1.12731
0, 9.02423

0 6.6'9922
0 A.08745
0 '1,87558

-2 +4.01113
0 - 1.35055

1

0 -2.28683
0 -2.80440
0 -2.96904
0 -2.86200
0 -2.56761

98 0)-2.16386
13 0 -1.71642
21 0 -1.27559
87 -1 -8.75911
76 -1 -5.37496

67
40
08
16
96

1110
-2 +6.92844
-1 1.54828
-1 1.99272

24 -1 2.13525
14 -1 2.07280
74 -1 1.88517
81 -1 1.63368
66 -1 1.36227

( 1) A/4166 60

1 ,

X1,) 1 1

V2 ir

( 11 1.09981

41
29
59
11
59

36
40
64
70
61

03
44
07
26
49

51

95
67
97
01

01
39
77
24
73

38
64
52
69
03

79
80
98
24
49

26
28
60
96
00

86
89
13
76
87

Zo) (I)
0.00000 00

1 -3.70133 55
1 -7.00124 79
1 -9.54959 57
2 -1.10912 65

1

2 -1.14961 02
2 -1.07710 05
1 -9.05305 52
1 - 6.58548 60
1 -3.68086 24

0 -6.77518
1 +2.10408
1 4.39889
1 6.02399
1 6.89184

1 7.00965
1 6.46658
1 5.41207
1 4.02950
1 2.50938

1

1

+1.02582
0 -2.81068
1 -1.31550
1 -2.02888
1 -2.41634

1 -2.50848
1 -2.36048
1 -2.04053
1 -1.61917
1 -1.16080

0 -7.17959
0 -3.28394

-1 -1.46351
0 +2.14502
0 3.61188

.0

1:11?gt
0 4.24743
0 3.71320
0 3.04185

Cil 1T774181
0 1.09865

-1 6.31121
-1 2.76082

-2 413W13

-1 -2.28260
-1 -2.67421
-1 -2.70626

51 (-1)-2.51404

,

X"( r) t,;",(1) 111'1,(11 ( 11"Z""(IrZ( Zut)( s) (-1)"Zoo(r)

03
36
22
37
82

92
36
19
39
72

84
72
35
89
55

12
69
83
24
01.

44
42
84
00
70

57
76
76
90
84

64
40
39
50
94

61
99
33
39.
44

,. 1 10 1 ( , )

2 -3.77000 46
2 -3.56488 94
2 -2.97583 41
2 -2.07783 39
1 -9.83608 69

1 +1.72666
2 1.25426
2 2.14046
2 2.74183
2 3.01027

2 2.94236
2 2.57621
2 1.98269
2 1.25293
1 +4,84200

1 -2.33347
1 -8.27445
2 -1.25055
2 -1.48242
2 -1.52849

2

1

-1.41510
2 -1.18267
1 -8;78156
I -5.47943
1 -2.32257

1

0 +3.85905
1 2.45855
1 3.82142
1 4.49758
1 4.58182

.1 4.21202
1 3.54198
1 2.71897
1 1.86794
1 1.08280

- i -7.94727
0 -4.23512
0 -6.22699
0 -7.02577

0 - 6.24985

0 -5.23790
0 -4.10728
0 -3.00821

0 - 2.03523
0 -1.23623

-1 -6.23793
-1 -1.86696
-1 +1.00018

27 -1 2.67133

73
91
31
89
69

40
24
77
01
76

96
07
93
69
20

32
82
27
26
79

05
73
44
25
18

PP11)(r)

0.00000 00
2 4.05782 44
2 7.59641 48
3 1.01729 46
3 1.14847 09

1.3 1.14097
3 Amis.
2 7.55473
2 4.39201
1 +9.71613

12-2.26484
2 -4.93791
2 -6.77812
2 -4.65280
2 -7.56972

2-6.65963
2 -5.14267
2 -3.28612
2 -1.36113
1 +3.94747

2 1.80437
2 2.76469
2 3.24744
2 3.28915
2 247376

1 1

2 2.41200
2 1.72126
2 1.00875
1 +3.59849
1 -1.67928

69
44
11
49
18

60
72
9.4
28
92

73
14
11
54
58

z1(2)0 )

3 50
3 3.88080 01
3 3.12148 92
3 1.98042 89

+6.22581 20

83
3 -1.98080 26
3 -2.88334 06
3 - 3.36738 39
3 -3.39874 98

58
3 -2.29066 27
3 -1.36759 19
2 -3.83358 74
2 +5.27141 25

3 1.25562 83
3 1.73301 70
3 1.93425 58
3 1.87567 40
3 1.60633 92

81 3 1.19573 79
29 2 7.20360 48
73 2 +2.51533 48
84 2 -1.53768 85
42 2 -4.58219 83

1

50 2 -6.45450 80
20 2 -7.17969 42
37 2 -6.92720 18
29 2 -5.95491 88
25 2 -4.55301 20

87 1 -5.45649 18
84 1 -7.69621 99
33 1 -8.55436 26
96 1 -8.30925 36
77 1 -7.29343 32

09 1 -5.83674 40
62 1 -4.22572 56
06 1 -2.68044 29
31 1 -1.34695 16
94 0 -3,01804 44

02
27
66
31
29

88
43
04
14
72

68
0 8.87625 '64

1 1.10126 69
1 1.13501 02
1 1.04753 07

0 8,906)3 89
0 7.05470 76
0 5.21451 06
0 3.57035 54
0 2.21617 27

76 (0) 1.11837 39

41
2 -1.51035 91

2 1.28867
1 +6.87309 15
1 -2.53474 56

88

2 1.57656 15
2 1.60868 13
2 1.45762 72
2 1.19681 09
1 8.90539 46

1 5.88418
1 3.23557
1 +1.13637
0 -3.62532
1 -1.30010

05
28
65
62
10

1-1.76908 98
1 -1.88530 78
1 -1.76464 76
1 -1.50840 48
1 -1.19594 52

(0) - 8.83034 08



PROBABILITY FUNCTIONS 975

suit m ti, 1109 t111I.I Ft NI ID IN V %FES 4 PI i(x) IN TERMS Ill" P(x) AND 0(x) Table 26.1

Y..: 0010 0.001 0.002 0.003 0.004 0.0415 0.006 0,007 0.008 0.001) 0.010
0,()J 0.00000 0,00337 0.00634 0.00915 0,01185 0.01446 0.01700 0.01949 0.02192 4.02431 1.02665 0.99
0.01 0.02665 0.0289b 0.03123 0.03348 0.03569 0.03787 0.04003 0.04216 0.04427 0.04635 0.04842 0.98
0,02 0.04842 0.05046 0.05249 0.05449 0.05648 0.05845 0.06040 0.0623 0.06425 0.06615 0.06804 0.97
0,01 0,06804 0.06992 0.07171 0.07362 0.07545 0.07727 0.07908 0.08087 0.08265 0.08442 0.08617 0.96
0,04 0,08611 0,08792 0,08965 0.09137 0.09309 0.09479 0.09648 0.09816 0.09983 0.10149 0.10314' 0.95

0.05 0.10314 0.10478 0,10641 0.10803 0,10964 0.11124 0.11284 0.11442 0.11600 0.11756 0.11912 0.94e
0.06 0.11912 0.12067 0,12222 0.12175 0.12528 0,12679 0.12830 0.12981 0.13130 0.13279 0.13427 0.93
0.07 0.13421 0.13574 0.13720 0.13866 0.14011 0.14156 0.14299 0.14442 0.14584 0.14726 0.14867 0.92
0.013 0.14864 0.15007 0.15146 0.15285 0.15423 0.15561 0.15698 0.15834 0.15970 0.16105 0.16239 0,91
0.0'7 0,16239 0.16373 0.16506 0.16639 0.16710 0.16902 0.17033 0.17163 0.17292 0.17421 0.17550 0.90

0,10 0,11550 0,17618 0.17805 6.17932 0.18057 0.18184 0.18309 0.18433 0.18557 0.18681 0.18804 0,89
0,11 0.18804 0,18926 0,19048 0.19169 0.19293 0.19410 0.19530 0.19649 0.19768 0.19886 0.20004 0.88
0.12 0.20004 0.20121 0,20238 0.20354 0.20470 0.20585 0.20700 0,20814 0.20928 0.21042 0.21155 0.87
0.11 0.21155 0.21267 0.21379 0.21490 0.21601 0.21712 0.21822 0.21932 0.22041 0.22149 0.22258 0.86
0,14 0.22258 0.22365 0.22473 0.22580 0.22686 0.22792 0.22898 0.23003 0.23108 0.23212 0.23316 0.85

0,15 0.21316 0,23419 0.23522 0.23625 0.23727 0.23829 0.23930 0.24031. 0.24131 0.24232 0.24331 0.84
0,1i, 0,24331 0,24430 J.24529 0.24628 0.24726 0.24823 0.24921 0.25017 0.25114 0.25210 0.25305 0.83
0.1 / 0,25305 0.25401 0,25495 0.25590 0.25684 0.25778 0.25871 0.25964 0.2 6056 0,26148 0.26240 0.82
0.18 1,26/40 0.26331 0.26422 0.26513 0.266013 0.26693 0.26782 0.26871 0.26960 0.27049 0.27137 0.81
0.19 0,!1131 0.27224 0,27311 0.27398 0.27485 0.27571 0.27657 0.27742 0.2707 0.27912 .0.27994 0.80

0.20 0.27996 0,28080 0,28164 0.28247 0.28330 0,28413 0.28495 0.28571 0.28658 0.28739 0.28820 0.79
0,21 0.28820 0.28901 0.28981 0.29060 0.29140 0.29219 0.29298 0.29376 0.29454 0.29609 0.78
0,2/ 0,29609 0.29686 0.29163 0.29840 0.29916 0.29991 0.30067 0.30142 0.30216

0.29532
0.30291 0.30365 0.77

41,23 0.30365 0.30439 0.30512 0.30585 0.30658 0.30730 0.30802 0.30874 0.30945 0.31016 0.31087 0.76
0.24 0.31081 0.31158 0.3122:1 0.31298 0.31367 0.31436 0.31505 0.31574 0.31642 0.31710 0.31778 0.75

0,2c 0.31778 0.11845 0.31912 0.31979 0.32045 0.32111 0.32177 0,12242 0.32307 0.32372 0.32437 0.74
0,26 0.32437 0.32501 0,32565 0.32628 0.32691 0.32754 0.32817 0.32879 0.32941 0.33003 0.33065 0.73
0.27 0,33065 0.33126 0 :53187 0.33247 0.13307 0.33367 0.33427 0.33486 0.33545 0.33604 0.33662 0.72
11,24 0,13662 0.33120 n.33778 0.33836 0.33893 0.33950 0.34007 0.34063 0.34119 0.34175 0.34230 0.71
f29 0.34230 0,3428.) 0,14341 0,34395 0.34449 0.34503 0.34557 0.34611 0.34664 0.34717 0.34769 0.70

0.30 0.3476 0.34812 0,34874 0,34925 0.34977 0.35028 0.35079 0.35129 0.35180 0.35230 0.35279 0.69
0,11 0, 3r,1 1'4 0.35329 0.35378 0.35427 0.35475 0.35524 0,35572 0.35620 0.35667 0.35714 0.35761 0.68
0,32 0.)5/61 0,15808 0,35854 0.35900 0.35946 0.35991 0.36037 0.36082 0.36126 0.36171 0.36215 0.67
0,13 0.36215 0.36259 0.36302 0.36346 0.36389 0.36431 0.36474 0.36516 0.36558 0.36600 0.36641 0.66
004 0,36641 0.16682 0.36723 0,36764 0.36804 0.36844 0.36884 0.36923 0.36962 0.37001 0.37048 0.65

0,35 0.37040 0.37078 0,31116 0.37154 0.37192 0.37229 0.37266 0.37303 0.37340 0.37376 0.37412 0.64
0.16 1.31412 0.37447 0,37483 0.37518 0.37553 0.37588 0.37622 0.37656 0.37690 0.37724 0.37757 0.63
0,37 0,31151 0,37/91 0,37821 0.3786 0.37888 0.37920 0.37951 0.37983 0.38014 0.38045 0.38076 0.62
0, 411 D. /6 0.38107, 0,.38136 0.38166 0.38196 0.38225 0.38254 0.38283 0.38312 0.38340 0.38368 0.61
0.39 0.38368 0.38396 0,38423 0,38451 0.38478 0.38504 0.38531 0.38551 0.3858? 0.38609 0.38634 0.60

0.40 0.38634 0.38659 0.38684 0.38709 0.38734 9.38758 0.38782 0.38805 0.38829 0.38852 0.38875 0.59 .
0,41 0,38875 0.18897 0,38920 0.38942 0.38964 0.38985 0.39007 0.39028 0.39049 0.39069 0.39089 0.58
0.42 0.39089 0,19109 0,391.1 0.39149 0.39168 0.39187 0.39206 0.39224 0.39243 0.39261 0.39279 0.57

0,391 79 0.30291) 0,39313 0,39330 0.3934'1 0.39164 0.39380 0.39396 0.39411 0.39427 0.39442 0.56
0,44 0,39442 0,49457 0.39412 0.39486 0.39501 0,39514 0.39528 0.39542 0.39555 0.39568 0.39580 0.55

)f 0,4 '
0,46

0,39581
0,39694

.39593
0,39103

0,39605
0,39713

0.39617
0.39723

0.39629
0.39732

0.39640
0,39741

0.39651
0.39749

0.39662
0.39758

0.39673
0,39766

0.39683
0.39774

0.39694
0.39781

0.54
0.53

0,4 7 1,19181 0,3978,4 0, 1') 1,9t, 0,39803 0,39809 0.39816 0.39822 0,39828 0.39834 0.39839 0,39844 0.52
u,4u 39844 0,39841 0,39854 0.39854 0,3986? 0.39866 0.39870 0.39871 0.39876 0.39879 0.39882 0.51

4 4 0.19882 0.39884 0,39885 1,39888 0.39890 0.39891 0.39892 0.39893 0,39894 0.39894 0.39894 0.50
(1.010 (H9 0.008 0.007 0.006 0.04)5 0,004 0.003 0,002 0.001 0.000 P( r)

Linear in717rpolation yitbid8 an error no greater than 5 units in the fifth decimal place.

Z(.1 1 ir`
I?ir

CHInpiliql (nit!' T L Kelley, The Kelley Statistieal Tables, Harvard Univ. Prem, Cambridge, Ma.m.,
19,04 with

10106



976

Table 2b.3.

PROBABILITY FUNCTIONS

0114 %J. 1'110141111.1.11 FUNCTION-A' ALUES OF x IN TERMS l3F P(x) AND Q(x)

y I I ) 000 0.001 0.002 0.003 0.004 0.005 0.006 0.007
0.00 3.09023 2.87816 2.74778 2.65207 2.57583 2.51214 2.45726
0.01 2.32635 2.29037 2,25713 2.22621 2.19729 2.17009 2.14441 2.12007
0,02 2.05375 2.03352 2.01409 1.99539 1.97737 1.95996 1.94313 1.92684
0.01 1.88079 1.86630 1.85218 1%83842 1.82501 1.81191 1.79912 1.78661
0.04 1.75069 1.73920 1.72793 1.71689 1.70604 1.69540 1.68494 1.67466

0.05 1.64485 1.63523 1.62576 1.61644 1.60725 1.59819 1.58927 1.58047
0.06 1.55477 1.54643 1.53820 1.53001 1.52204 1.51410 1.50626 1.49851
0.07 1.47579 1.46838 1.46106 1.45381 1.44663 1.43953 1.43250 1.42554
0.08 1.40507 1.39838 1.39174 1.38517 1.37866 1.37220 1.36581 1.35946
0.09 1.34076 1.33462 1.32854 1.32251 1.31652 1.31058 1.30469 1.29884

0.10 1.28155 1.27587 1.27024 1.26464 1.25908 1.25357 1.24808 1.24264
0.11 1.22653 1.22123 1.21596 1.21072 1.20553 1.20036 1.19522 1.19012
0.12 1.17499 1.17000 1.16505 1.16Q12 1.15522 1.15035 1.14551 1.14069
0.13 1.12639 1.12168 1,11699 1.11232 1.10768 1.10306 1.09847 1.09390
0.14 1.08032 1.07584 1.07138 1.06694 1.06252 1.05812 1.05374 1.04939

0.15 1.03643 1.03215 1.02789 1.02365 1.01943 1.01522 1.01103 1.00686
0.16 0.99446 0.99036 0.98627 0.98220 0.97815 0.97411 0.97009 0.96609
0.17 0.95416 0.95022 0.94629 0.94238 0.93848 0.93458 0.93072 0.92686
0.18 0.91531 0.91156 000777 0.90399 0.90023 0.89647 0.89273 0.88901
0.17 0.81790 0.87422 0.87055 0.86689 0.86325 0.85962 0.85600 0.85239

1.20 0.84162 0.83805 0.83450 0.8)095 0.82742 0.82390 0.82038 0.81687
0.21 0.80642 0.80296 0.79950 0.79606 0.79262 0.78919 0.78577 0.78237
0.22 0.77219 0.76882 0.76546 0.76210 0.75875 0.75542 0.75208 0.74876
0.23 0.71885 0.73556 0,73228 0.72900 0.72574 0.72248 0.71923 0.71599
0.24 0.70630 0.69988 0.69668 0.69349 0.69031 '0.68713 0.68396

0.2S 0.67449 0.67 5 0.66821 0.66508 0.66196 0.65884 0.65573 0.65262
0.26 0.64335 0.64027 0.63719 0,63412 0.63106 0.62801 0.62496 0.62191
0.27 0.61281 0.60979 0.60678 0.60376 0.60076 0.59776 0.59477 0.59178
0.2w 0.58284 0.57987 0.51691 0.57395 0.57100 0.56805 0.56511 0.56217
0.29 0.55334 0.55047 0.54755 0.54464 0.54174 0.53884 0.53594 0.53305

0.30 0.52440 0.52153 0.51866 0.51579 0.51293 0.51007 0.50722 0.50437
0.31 0.49585 0.49302 0.49019 0.48736 0.48454 0.48173 0.47891 0.47610
0.32 0.46770 0,46490 0.46211 0.45933 0.45654 0.45376 0.45099 0.44821
0.43 0.43991 0.43715 0.43440 0.43164 0.42889 0.42615 0.42340 0.42066
0.34 0.41246 0.40974 0.40701 0.40429 0.40157 0.39886 0.39614 0.39343

0.35 0.38532 0.38262 0.37993 0.37723 0.37454 0.37186 0.36917 0.36649
0.4. 0.35846 0.35579 0.35312 0.35045 0.347794 0.34513 0.34247 0.33981
'1.1 0.43185 0.32921 0.32656 0,32392 0.32128 0.31864 0.31600 0.31337
0.48 0.405413 0.30286 0.30023 0.29761 0.29499 0.29237 0.28976 0.28715
0.3q 0.27932 0.27671 0.27411 0.27151 0.26891 0.26631 0.24371 0.26112

0.4o 0.25135 0.25076 0.248147 0.24559 0.24301 0.24043 0.23785 0.23527
0.41 0.2154 0.22497 0.22240 0.21983 0.21727 0.21470 0.21214 0.20957
0,41 1. i.318(1 0.19934 0.19678 0.19422 0.19167 0.18912 0.18657 0.18402
0.43 0.1'6{1 0.11383 0.17128 0.16874 0.16620 0.16366 0.16112 0.15858
9.41 0.1'071 0.14843 0.14590 0.14337 0.14084 0.13830 0,13571 0.13324

0.12566 0.12314 0.12061 0.11809 0.11556 0.11304 0.11052 0.10799
9.46 0.10043 0,09791 0.09540 0.09288 0.09036 0.08784 0.08533 0.08281
0.41 0.01511 6.07276 0.07024 0.06773 0.06522 0.06271 0.06020 0.05768
0.4H 0.05015 0.04764 0.04513 0.04263 0.04012 0.03761 0.03510 0.03259
0.40 0.02001 0.02256 0.0200 0.01755 0.01504 0.01253 0.01003 0.00752

0, 010 1009 0.0081 0.007 0.006 0.006 0.004 0.003

0.008 0.009
2.40892 2.36562
2.09693 2.07485.
1.91104 1.89570
1.77438 1.76241
1.66456 1.65463

1.57179 1.56322
1.49085 1.48328
1.41865 1.41183
1.35317 '1.34694'

0.010
2.32635 0.99
2:05375 0.98
1.88079 0,,07
1.75069 9;96
1.64485 /0.95

1.55477 0.94
1.47579. 0.93
1.40507 0.92
t.34076 0.91

1.213113 J1.28727 28155 0.90

1.2372 1.23186 1.22653 0.89'
1.18504 1.18000 1.17499 0.88
1.13590 1.13113 1.12639 0.87
1.08935 1.08482 1.08032 0.86
1.04505 1.04073 1.03643 0.85

1.00271 0.99858 0 146 0.84
0.96210 0.95812 0.S .6 0.83
0.92301 0.91918 0.91.37 0.82
0.88529 0.88159 0.87790 0.81
0.84879 0.84520 0.84162 0.80

0.81338 0.80990 0,80642 0.79
0.77897 0.77557 0.77219 0.78
0.74545 0.74214 0.73885 0.77
0.71275 0.70952 0.70630 0.76
0.68080 0.67764 0.67449 0.75

0.64952 0.64643 0.64335 0.74
0.61887 0.61584 0.61281 0.73
0.58879 0.58581 0.58284 0.72
0.55924 0.55631 0.55338 0.71
0.53016 0.52728 0.52440. 0.70

0.50153 0.49869 0.49585 0.69
0.47330 0.47050 0.46770 0.68
0.44544 0.44268 0.43991 0.67
0.41793 0.41519 0.41246 0.66
0.39073 0.38802 0.38532 0.65

0.36381 0.36113 0.35846 0.64
0.33716 0.33450 0.33185 0.63
0.31074 0.30811 0.30548 0.62
0.28454 0.28193 0.27931 0.61
0.25853 0.25594 0,25335 0.60

0.23269 0.23012 0.22754 0.59
0.20701 0.20445 0.20189 0.58
0.18147 0.17892 0.17637 0.57
0.15604 0.15351 0.15097 0.56
0.13072 0.12819 0.12566 0.55

0.10547
0.08030
0.05517
0.03008
0.00501
0.002

For yi,/ .0.007, linear interpolation yields an error of one unit in the third decimal

0.10295 0.10043 0.54.
0.07778 0.07527 0.53
0.05266 0.05015 0.52
0.02758 0.02507 0.51
0.00251 0.00000 0.50
0.001 0.000 P(2)
place; five-point

interpolation is necessary to obtain full accuracy.

P(r) 1 (*Ho f
uilr,li'd from T. 1,, Kelley, The Kelley Statistical Tables. Harvard Univ. Press, Cambridge, Mass.,

19 1,4 with pertniision).
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PROBABILITY FUNCTIONS

NORMAL PRORARII.Iry 1414171111N-VALl'ES x FOR EXTREME VALUES roP(x) AND l(x) TT' k- 26.6

y(t) 0.0000 0.0001 0.0002 0.0003 0.0004 0.0005 0.0006 0.0007 0.0008 0.0( 9 0.0016
0.000 0 3.71902 3.54008 3.43161 3.35279 3.29053 3.23888 3.19465 3.15591 3.12139 3.09023 0.999
0.001 3.09023 3.06181 3.03567 3.01145 2.98888 2.96774 2.94784 2.92905 2.91124 2.89430 2.87816 0.998
0.002 2.87816 2.86274 2.84796 2.83379 2.82016 2.80703 2.79438 2.78215 2.77033 2.75888 2.74778 0.997
0.003 2.74778 2.73701 2.72655 2.71638 2.70648 2.69684 2.68745 2.67829 2.66934 2.66061 2.65207 0.996
0.004 2.65207 2.64372 2.63555 2:62756 2.61973 2.61205 2.60453 2.59715 2.58991 2.58281 2.57583 0.995

0.005 2.57583 2.56897 2.56224 2.55562 2.54910 2.54270 2.53640 2.53019 2.52408 2.51807 2.51214 0.994
0.006 2.51214 2.50631 2.50055 2.49488 2.48929 4.48377 2.47833 2.47296 2.46765 2.46243 2.45726 0.993
0.007 2.45726 2.45216 2.44713 2.44215 2.43724 2.43238 2.42758 2.42283 2.41814 2.41350 2.40891 0.992
3.008 2.40891 2.40437 2.39989 2.39545 2.39106 2.38671 2.38240 2.37814 2.37392 2,36975 2.96562 0.991
0.009 2.36562 2.361525747 2.35345 2.34947 2.34553 2.34162 I.33175.. 2.33392 2.33412 2.32635 0.990

0.010 2.32635 2.32261 2.31891 2.31524 2.31160 2.30798 2.90440 2.30085 2.29733 2.29383 2.29037 0.989
0.011 2.29037 2.28693 2.28352 2.28013 2.27677 2.27343 2.27011 2.26684 2.26358 2.26034 2.25713 0.988
0.012 2.25713 2.25394 2.25077 2.24743 2.24450 2.24140 2.23832 2.23526 2.23223 2.22921 2.22621 0.987
0.013 2.22621 2.22323 2.22028 2.21714 2,21442 2.21152 2.20864 2.20577 2.20293 2.20010 2.19729 0.986
0.014 2.19729 2.19449 2.19172 2.18896 2.18621 2.18349 2.18078 2.17808 2.17540 2.17274 2.17009 0.985

0.015 2.17009 2.16746 2.16484 2.16224 2.15965 2.15707 2.15451 2.15197 2.14943 2.14692 2.14441 0.984
0.016 2.14441 2.14192 2.13944 2.13698 2.11452 , 2.13208 2.12966 2.12724 2.12484 2.12245 2.12007 0.983
0.017 2.12007 2.11771 2.11535 2.11301 2.11068 2.10836 2.10605 2.10375 2.10147 2.09919 2.09693 0.982
0,018 2.09693 2.09467 2.09243 2.09020 2.08798 2.08576 2.08356 2.08137 2.07919 2.07702 2.07485 0.981
0.019 2.07485 2.07270 2.07056 2.06843 2.06630 2.06419 2.06208 2.04998 2.05790 2.05582 2.05375 0.980

977

0.020 2.05375 2.05169 2.04964 2.04759 2.04556 2.04353 2.04151 2.03950 2.03750 2.03551 2.03352 0.979
0.021 2.03352 2.03154 2.92957 2.02761 2.02566 2.02371 2.02177 2.01984 2.01792 2.01600 2.01409 0.974
0.022 241409 2.01219 2.01029 2.00841 2.00653 2.00465 2.00279 2.00093 1.99908 1.99723 1.99539 0.977
0.023 1.99539 1.99356 1.99174 1.98992 1.98811 1.98630 1.98450 1.98271 1.98092 1.97914 1.97737 0.976

0. 10 0.0009 0.0008 0.0007 .0,0008 0.0006 0.0004 0.0008 0.0002 0.0001 0.0000 PO.)
0,024 1.9 737 1.97560 1.97384 1.97208 1.97033 1.96859 1.96685 1.96512 1.96340 1.96168 1.95996 0.975.

Po cl(1)...6.0007, linear interpolation yields an error of one unit 01, the third decimal place; five-point

interpolation is necessary to obtain full accuracy. 1

11(,) Q(1) Q(.4 i 0.)' r

( -4)1.0 3.71902 ( - 9)1.0 .5.99781 (-14)1.0 7.65963 ( - 19)1.0 9.01327

( -5)1. n 4.26489 ( - 10)1.0 6.36134 ( -15) I. 0 1.94135 ( -.20) 1. 0 9.26234

( -6)1.0 4.75342 ( - 11)1.0 6.70602 (-16)1.0 8.22208 ( - 21)1.0 9.50502

( -7)1. q 5:19934 ( - 12)1.0 7.03448 ( - 17)1.0 8.49379 ( - 22)1.0 9.74179

( -8)1.0 5.61200 ( - 13)1.0 7.34880 ( - 18)1.0 8.75729 ( - 23)1.0 9.97305

P(1.) -1 -Q(a)-f.Z(1)//1

Compiled from T. L. Kelley, The Kelley Statistical Tables. Harvard Univ. Press, Cambridge, Mass.,
1948 (with permission) for (,)(r)
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'ruble 26.7 PRBABILIT1 INTEGRAL x9DISTRIBUTIoN, INCOMPLETE GAMMA FUNCTION
CUMULATIVE S MS OF THE POISSON DISTRIBUTION

,
1.

2
3
4

0.001
no 0.0005

0.97477
0.99950
0.99999

0.002
0.0010

0.96433
0.99900
0.99998

0.003
0.0015

0.95632
0.99850
0, 99996

0.004
0.0020

0.94957
0.99800
0. 99993

t2 0.01 0.02 0.03 0.04
m 0.005 0.010 0.015 0.020

1 0.92034 0.88754 0.86249 0, 84148
2 0.99501 0.99005 0.98511 0.98020
3 0.99973 0.99925 0.99863 0.99790
4 0.99999 0.99995 0.99989 0.99980
5 0.99999 0.99998

6

1(2 0.1 0.2 0.3 0.4
no 0.05 0.10 0.15 0.20

1 0.75183 0.65472 0.58388 0.52709
2 0.95123 0.90484 0.86071 0.81873
3 w 0.99184 0.97759 0.96003 0.94024
4 0.99879 0,99532 0.98981 0.98248
5 0. 99984 0.99911 0.99764 0.99533

6 0.99998 0.99985 0.99950 0.99885
7 0.99997 0.99990 0.99974
8 0.99998 0,99994
9 0.99999

10

11
12

x2 1.1 1.2 L8 1.4
m 0.55 0.60 B5 0.70

1 0.29427 0.27332 0.25421 0.23672
2 0.57695 0.54881 0,52205 0.49659
3 0.77707 0.75300 0.72913 0.70553
4 0.89427 0.87810 0.86138 0.84420
5 0.95410 0.94488 0.93493 0.92431

6 0.98154 0.97689 0.97166 0.96586
7 0.99306 0.99093 0.98844 0.98557
8 0.99753 0.99664 0.99555 0.99425
9 0.99917 0.99882 0.99838 0.99782

10 0.99973 0.99961 0.99944 0.99921

11 0.99992 0.99987 0.99981 0.99973
12 0.99998 0,99994 0.99994 0.99991
13 9.99999 0.99999 0.99998 0.99997
14 0.99999 0.99999
15

16

005 0.006 0.007 0.008 0.009 0.010
O. 0.0030 0.0035 0.0040 0.0045 0.0050

0.94 63 0.93826 0.93332 0.92873 0.92442 0.92034
0.997 0 0.99700 0.99651 0.99601 0.99551 0.99501
O. 9999 0.99988 0.99984 0..99981 0.99977 0.99973

0.99999 0.99999 0.99999 0.99999

0.05 0.06 0.07 0.08 0.09 0.10
0.025 .030 0.035 0.040 0.045 0.050

0.82306 0. 0650 0.79134 '0. 77730 0. 76418 0. 75183
0.97531 0.9 045 0.96561 0.96079 0.95600 0.95123
0.99707 0.99 6 0.99518- 0,99412 0,99301 Q.99184
0.99969 0.999 6 0.99940 0.99922 0.99902 0..99879
0.99997 0.9999 0.99993 0.99991 0.99987 0.99984

0.99999 0.99999 0.99999 0.99998

0.5 0.6 0.7 0.8 0.9 1.0
0.25 0.30 .35 0.40 0.45 0.50

0.47950 0.43858 0. 278 0.37109 0.34278 0.31731
0.77880 0.74082 0.7 469 0.67032 0.63763 0.60653
0.91889 0.89643 . 20 0.84947 0.82543 0.80125
0.97350 0.96306 0.95133 0.93845 0.92456 0.90980
0.99212 0.98800 0.98297 0.97703 0.97022 0.96257

0.99784 0.99640 0.99449 8.99207 0,98912 0.98561
0.99945 0.99899 0.99834 0,99744 0.99628 0.99483
0.99987 0.99973 0.99953 0.99922 0.99880 0.99825
0.99997 0.99993 0.99987 0.99978 0.99964 0.99944
0.99999 0.99998 0.99997 0.99994 0.99989 0.99983

0.99999 0.99998 0.99997 0.99995
0.99999 0.99999

1.5 1.6 1.7 1.8 1.9 2.0
0.75 0.80 0.85 0.90 0.95 1.00

0.22067 0.2059 0 0.19229 0.17971 0.16808 0.15730
0.47237 0.44933 0.42741 0,40657 0.38674 0.36788
0.68227 0.65939 0.63693. 0.61493 0.59342 0.57241
0.82664 0.80879 0.79072 0.77248 0.75414 0.73576
0.91307 0.90125 0.80890 0.87607 0.86280 0.84915

0.95949 0.95258 0.94512 0.93714 0.92866 0.91970
0.98231 0.97864 0.97457 0.97008 0.96517 0.95984
0.99271 0.99092 0.98887 0.98654 0.98393 0.98101
0.99715 0.99633 0.99537 0.99425 0.99295 0.99147
0.99894 0.99859 0.99817 0.99766 0.99705 0.99634

0.99962 0.99948 0.99930 0.99908 0.99882 0.99850
0.99987 0.99982 0.99975 0.99966 0.99954 0.99941
0.99996 0.99994 0.99991 0.99988 0.99983 0.99977
0.99999 0.99998 0.99997 0.99996 0.99994 0.99992

1 0.99999 0.99999 0.99999 0.99998 0.99997

0.99999 0.99999
-1 es -I 1 c--

(ol (v2 fr) 1 I' ( )12 y) [22 r
2 xe

212 (:.)] 12 dt-E e-mliti/jt(v even, r =Iv, n4=02)
(1] ID z =0

Compiled from E. S. Pearson and H. 0. Hartley (editors), Biometrika tables for statisticians, vol. I.
Cambridge Univ. Press, Cambridge, England, 1954 (with permission).
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PROBABILITY INTEGR AL OF )12-DISTRIBUTION, INCOMPLETE GAMMA FUNCTION Table 26.7
Cl M LATIVE SUMS I OF THE POISSON DISTRIBUTION

t2 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0
ns 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0

1 0.13801 0.12134 0.10686 0.09426 0.08327 0.07364 0.06520 0.05778 0.05125 0.04550
2 0.33287 0.30119 0.27253 0.24660 0.22313 0.20190 0.18268 0.16530 0.14957 0; 13534
3 0.53195 0.49363 0.45749 0.42350 0.39163 0.36181 0.33397 0.30802 0.28389 0.26146
4 0.69903 0.66263 0.62682 0.59183 0.55783 0.52493 .0.49325 0.46284 0.43375 0.40601
5 0. 82084 0.79147 0. 76137 0. 73079 0. 69999 0. 66918 0.63857 0.60831 0. 57856 0. 54942

. 1

6 0,90042 0. 87949 0.85711 0.83350 0.80885 0.78336 0. 75722 0. 73062 0.70372 0. 67668
7 0. 94795 0. 93444 0. 91938 0.90287 0. 88500 0.86590 0.84570 0.82452 0.80250 0. 77978
8 0.97426 0.96623 0.95691 0.94628 0. 93436 0. 92119 0.90681 0.89129 0. 87470 0.85712
9 0.98790 0.98345 0.97807 0.97170 0.96430 0.95583 0.94631 0.93572 0.92408 0.91141

10 0. 99457 0. 99225 0.98934 0.98575 0.98242 0. 97632 0.97039 0.96359 0.95592 0.94735

11 0.99766 0.99652 0.99503 0.99311 0.99073 0.98781 0.98431 0.98019 0.97541 0.96992
12 0. 99903 0. 99850 0.99777 0.99680 0. 99554 0. 99396 0.99200. 0.98962 0.98678 0.98344
13 0.99961 0.99938 0.99903 0.99856 0.99793 0.99711 0.99606 0.99475 0.99314 0.99119
14 0.99985 0.99975 0.99960 0.99938 0.99907 0.99866 0.99813 0.99743 0.99655 0.99547
15 0.99994 0,, 99990 0.99984 0.99974 0.99960 0.99940 0.99913 0.99878 0.99832 0.99774

16 0.99998 D.99996 0.99994 0.99989 0.99983 0.99974 0.99961 0.99944 0.99921 0.99890
11 0. 99999 0.99999 0. 99998 0.99996 0. 99993 0. 99989 0.99983 0.99975 0.99964 0.99948
18 0. 99999 0.99998 0.99997 0.99995 0.99993 0.99989 0.99984 0.99976
19 , 99999 0.99999 0.99998 0.99997 0.99995 0.99993 0.99989
20

.0.
0.99999 0.99999 0.99998 0.99997 0. 99995

21 0.99999 0.99999 0.99998
22 0. 99999

742 4.2 4.4 4.6 4.8 5.0 5.2 5.4 5.6 5.8 6.0

WI 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3.0
1 0. 04042 0. 03594 0. 03197 0. 02846 0. 02535 0. 02259 0.02014 0.01796 0.01603 0, OWL,
2 0. 12246 0.11080 0.10026 0. 09072 0. 08209 0. 07427 0.06721 0.06081 0.05502 0. 0... .
3 0.24066 0.22139 0.20354 0.18704 0.17180 0.15772 0.14474 0.13278 0.12176 0.11161
4 0.37962 0.35457 0.33085 0.30844 0.28730 0.26739 0.24866 0.23108 0.21459 0.19915
5 0.52099 0.49337 0.46662 0.44077 0.41588 0.39196 0.36904 0.34711 0.32617 0.30622

6 0.64963 0.62271 0.59604 0.56971 0.54381 0.51843 0.49363 0.46945 0.44596 0.42319
7 0.75647 0. 73272 0. 70864 0.68435 0.65996 0.63557 0.61127 0.58715 0.56329 0.53975

'8 0.83864 0.81935. 0.79935 0. 77872 0.75758 0.73600 0.71409 0.69194 0.66962 0,64723
0.89776 0.88317 0.86769 0.85138 0,83431 0.8165q 0.79814 0.77919 0.75976 0.73992

10 0.93787 0.92750 0.91625 0.90413 0.89118 0,87742 0.86291 0.84768 0.83178 0.81526

11 0. 96370 0.95672 0.94898 0. 94046 0. 93117 0.9211 `0.91026 0.89868 0.88637 0.87337
12 0.97955 0.97509 0.97002 0.96433 0.95798 0.95096 0.94327 0.934119 0.92583 0.91608
13 0.98887 0.98614 0.98298 0.97934 0.97519 0.97052 0.96530 0. 959 1 0.95313 0.94615
14 0.99414 0.99254 0.99064 0.98841 0.98581 0.98283 0.97943 0.975',9 0.97128 0.96649
15 0.99701 0.99610 0.99501 0.99369 0.99213 0.99029 0.98816 0.98571 0.98291 0.97975

16 0.99851 0.99802 0.99741 0.99066 0.99575 0.99467 0.99338 0.99187 0.99012 0.98810
17 0.99928 0.99902 0.99869 0.99828 0.99777 0.99715 0.99639 0.99550 0.99443 0.99319
18 0.99966 0.99953 0.99936 0.99914 0.99886 0.99851 0.99809 0.99757 0.99694 0.99620
19 0.99985 0.99978 0,99969 0.99958 0.99943 0.99924 0. 99901 0.99872 0.99836 0.99793
20 0.99993 0.99990 0.99986 0.99980 0.99972 0.99962 0.99950 0.99934 0.99914 0.99890

21 0.99997 0.99995 0.99993 0.99991 0.99987 0.99982 0.99975 0.99967 0.99956 0.99943
22 0. 99999 0.99998 0.99997 0.99996 0. 99994 0.99991 0.99988 0.99984 0.99978 0.99971
23 0. 99999 0. 99999 0. 99999 0. 99998 0.99997 0. 99996 0.99994 0.99992 0.99989 0.99986
24 0.99999 0.99999 0. 99999 0.99998 0.99997 0.99996 0.99995 0.99993
25 0. 99999 0.99999 0.99999 0.99998 0.99998 0.99997

26
27 Interpolation on x2 '

,1x2 - XD 10 -.1, vo >0 0.99999 0.99999.. \ 0.99999
0.99998
0.99999

y(,.2; P) y (,,f, .1) 4 ) [ 2 02] Os) ( )t.,',,,-.2) [to ---.$2] -i-Y (411,0[1 -4421 42]

Double Entry Interpolation

y (it' ,) y ( $1,/, `n -4)[' *2149 ( x',2, N,--.2) [a. -42 -Loa] +-y (x1' ',Q.-1)D w2--21 w+14$1

+V.(xfoivo)[1--w2--°+.1.102+witl4c)(%fiN-4-1)1'20+I2 tr --trd
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PROBABILITY FUNCTIONS.

Table 26:7 PROBABILITY INTEGRA!. OE x2- DISTRIBUTION, INCOMPLETE GAMMA FUNCTION
CL Mt; LATIYE SUMS W THE PIHSSON DISTRIBUTION

x2 - 6.2 6.4 6.6 6.8 7.0 7.2 7.4 7.6 7.8 8.0

3.2 3.3 3.4 3.5 3.6 3.7 3.8 3.9 4.0
1 0.01278 0.01141 0.01020 0.00912 0.00815 0.00729 0.00652 0.00584 0.00522 0.00468
2 0.04505 '0.04076 0.03688 0.03337 0.03020 0.02732 0.02472 0.02237 0.02024 0.01832
3 0.18228 0. 09369 0.08580 0.07855 0.07190 0.06579 0.06018 0.05504 0. 05033 0.04601
4 0.18470 0.17120 0.15860 0.4684 0.13589 0.12569 0-.11620 0.10738 0.09919 0.09158
5 0.28724 0.26922 0.25213 0.23595 .0.2206422064 0. 20619 0.19255 0.17970 0.16761 0.15624

6 0.40116 0. 37990 0.35943 0.33974 0.12085 0. 30275 0.28543 0.26890 0.25313 0.23810
7 0.51660 0.49390 0.47168 0.45000 0.42888 0.40836 0.38845 0.36918 0.35056 0.33259
8 0.62484 0. 60252 0.58034 0. 55836 0.53663 0.51522 0.49415 0.47349 0.45325 0.43347
9 0.71975 0.69931 0.67869 0.65793 0.63712 0.61631 0.59555 0.57490 0.55442 0. 53415

10 0.79819 0.78061 0.76259 0.74418 0.72544 0.70644 0.68722 0.66784 0.64837 0. 62884 '

11 0. 85969 0.84539 0.83049 0.81504 0.79908 0.78266 0.76583 0.74862 0.73110 0.71330
12 0.90567 0. 89459 0.88288 0.87054 0.85761 0.84412 0.83009 .0.81656 0.80056 0.78513
13 0.93857 0.93038 0.92157 0.91216 0.90215 0.89155 0.88038 0.86865 0.85638 0.84360
14 0.96120 0.95538 0.94903 0.94215 0.93471 0.92673 0.91819 0.90911 0.89948 0.88933
) 0.97619 0. 97222 0.96782 0.96296 0.95765 0.95186 0.94559 0.93882 0.93155 0.92378

16 6.98579 0.98317 0.98022 0.97693 0.97326 0.96921 0.96476 0.95989 0.95460 0.94887
17 0.99174 0.99007 0.98816 0.98599 0.98355 0.98081 0.97775 0.47437 0.97064 0.96655
18 0.99532 0. 99429 0.99309 0.99171 0.99013 0.98833 0.98630 0.98402 0.98147 0.97864
19 0.99741 0.99679 0.99606 0.99521 0.99421 0.99307 0.99176 0.99026 0.98857 0.98667
20 0.99860 0.99824 0. 99781 0.99729 0.99669 0.99598 0.99515 0.99420 0.99311 0.99187

21 0.99926 0.99905 0.99880 0. 99850 0.99814 0.99771 0.99721 0.99662 0.99594 0.99514
22 0.99962 0.99950 0.99936 0.99919 0.99898 0.99873 0.99843 0.99807 0.99765 0.99716
23 0.99981 O. 99974 0.99967 0.99057 0.99945 0.99931 0.99913 0.99892 0.99867 0.99837
24 0.99990 0.99987 0.99983 0.99978 0.99971 0.99963 0.99953 0.99941 0.99926 0.99908
25 0.99995 0.99994 0.99991 0.99989 0.99985 0.99981 0.99975 0.99968 0.99960 0.99949

26 0.99998 0.99997 0.99996 0.99994 0.99992 0. 99990 0.99987 0.99983 0.99978 0.99973
27 0.99999 0.99999 0.99998 0.99997 0.99996 0.99995 0.99993 0.99991 0.99989 , 0.99985
28 0.99999 0.99999 0.99999 0.99998 0.99998 0.99997 0.99996 0.99994 0.99992
29 0.99999 0.99999 0.99999 0.99998 0.99998 0.99997 0.99996
30 0.99999 0.99999 0.99999 0.99999 0.99998

x2- 8.2 8.4 8.6 8.8 9.0 9.2 9.4 9.6 9.8 10.0

V - 4.1 4.2 4.3 4.4 4.5 4.6 4.7 4.8 4.9 5.0
1 0.00419 0.00375 0.00336 0.00301 0.00270 0.00242 0.00217 0.00195 0.00175 0.00157
2 0.01657 0.01500 0.01357 0.01228 0.01111 0.01005 0.00910 0.00823 0.00745 0.00674
3 0.04205 0.03843 0.03511 0.03207 0.02929 0.02675 0.02442 0. 02229 0.02034 0.01857
4 0. 08452 0.07798 0.07191 0.06630 0.06110 0. 05629 0.051 0.04773 0.04394 0.04043
5 0.14555 0.13553 0.12612 0.11731 0.10906 0.70135 0.09 3 0.08740 0.08110 0.07524

6 0.22381 0.21024 0.19736 0.18514 0.17358 0.16264 0.15 30 0.14254 0.13333 0.1,2465
7 0.31529 0.29865 0.28266 0.26734 0.25266 0.23861 0.2 20 0.21240 0.20019 0.18857
8 0.41418 0.39540 0.37715 0.35945 0.34230 0.32571 0 968 0.29423 0.27935 0.26503
9 0. 51412 0.49439 0.47499 0.45594 0.43727 0.41902 - 0. 40120 0.38383 0.36692 0. 35049

10 0.60931 0. 58983 0.57044 0.55118 0. 53210 0.51323 0.49461 0.47626 0.45821 0.44049

11 0.69529 0.67709 0.65876 0.64035 0.62189 0.60344 0.58502 0.56669 0.54846 0.53039
12 0.76931 0.75314 0.73666 0.71991 0.70293. .0. 68576 0.66844 0.65101 0.63350 0.61596
13 0.83033 0.81660 0.80244 0.78788 0.77294 0.75768 0.74211 0.72627 0.71020 0.69393
14 0.87865 0.86746 0.85579 0. 84365 0.83105 0.81803 0.80461 0.79081 0.77666 0.76218
15 0.91551 0.90671 0.89749 0.88774 0.87752 0.86683 0.85569 0.84412 0.83213 0.81974

16 0.94269 0.93606 0.92897 0.92142 0.91341 0. 90495 0. 89603 0.88667 0.87686 0.86663
17 0.96208 0.95723 0.95198 0.94633 0.94026 0.93378 0.92687 0. v1954 0.91179 0.90361
18 0.97551 0.97207 0.96830 0.96420 0.95974 0.95493 0.94974 0.94418 0.93824 0.93191
19. 0.98454 0.98217 0.97955 0.97666 0.97348 0.97001 0.96623 0.96213 0.95771 0.95295
20 0.99046 0.98887 0.98709 0.98511 0.98291 0.98047 0.97779 0.97486 0.97166 0.96817

21 0.99424 0.99320 0.99203 0.99070 0.98921 0.98755 0.98570 0.98365 0.98139 0.97891
22 0.99659 0.99593 0.99518 0.99431 0.99333 0.99222 0.99098 0.98958 0.98803 0.98630
23 0.99802 0. 99761 0.99714 0.99659 0.99596 0.99524 0.99442 0.99349 0.99245 0.99128
24 0.99888 0.99863 0.99833 0.99799 0.99760 0.99714 0.99661 0.99601 0.99532 0.99455
25 0.99937 0.99922 0. 99905 0.99884 0.99860 0.99831 0.99798 0.99760 0.99716 0.99665

26 0.99966 0.99957 0.99947 0.99934 0.99919 0.99902 0.99882 0.99858 0.99830 0.99798
21 0.99981 0.99977 0.999/1 0.99963 0.99955 0.99944 0.99932 0.99917 0.99900 0.99880
28 0.99990 0. 99987 0.99984 0.99980 0.99975 0.99969 0.99962 0.99953 0.99942 0.99930
29 0.99994. 0. 99993 0.99991 0.99989 0.99986 0.99983 0.99979 0.99973 0.99967 0.99960
30 0.99997 0. 99997 0.99996 0.99994 0.9999 3 0. 9 991 . 999 8-8 0. 99985 0.99982 0 . 77

r
V 0210 -1 P (R2' + .[2a r

co
r v

SO ,s2
-1 [r c o f -0 1ft .I 1 12moulAr

even, IP tiolx2)
1



PROBABILITY FUNCTIONS

Table 26.7

PROBABILITY INTEGRAL OF seLDISTRIBilTION, INCOMPLETE GAMMA FUNCTION
CUMULATIVE SUMS OF THE POISSON DISTRIBUTION

x2 10.5
V m- 5.25

11.0 11.5
5,5 5.75

12.0

6.0
12.5
6.25

1 0.00119 IL 00091 0. 00070 0.00033 0.00041
2 IL 00525 0.00409 0.00318 0.00248 0.00193
3 0. 01476 IL 01173 0.00931 0.00738 0. 00585
4 0. 03280 0.02656 0.02148 0.01735 0.01400
5 0.06225 0.06138 0.04232 0.03479 0. 02854

6 0.10511 0.08838 0.37410 0.06197 0.63170
1 0.16196 0.13862 0.11825 0.10056 0. 08527
8 0.23167 0.20170 0.17495 0.15120 0.13025
9 IL 31154 0.27571 0.24299 0.21331 0.18657.

10 0.39777 0.35752 0.31991 0.28506 0.25299

11 IL 48605 0.44326 0.40237 0.36364 0.32726
12 0.57218 0.52892 0.48662 0.44568 0.40640
13 IL 65263 0.61082 0.56901 0.52764 0.48713
14 0.72479 0.68604 0.64639 0.60630 0.56622
15 0.18717 0.75259 0.11641 0. 67903 0.64086

16 0,83925 0.80949 0.77762 0.74398 0.70890
11 0.88135 0.85656 0.82942 0.80014 0.76896
18 0.91436 0.89436 0.87195 0.84724 0.82038
19 0.93952 0.92384 0.90587 0.88562 0:86316
20 0.95817 0; 94622 0.93221 0.91608 0.89779

21 b.97166 0.96279 0.95214 0.93962 0.92513
22 0.98118 0.97475 0. 96686 0.95738 0.94618
23 0.98773 IL 98319 0.97748 0.97047 0.96201
24 0.99216 0.98901 0.98498 0.97991 0.97367
25 IL 99507 0.99295 0.99015 0.98657 0.98206

26 0.99696 0.99555 0.99366 0.99117 0.98798
21 IL 99815 0.99724 0.99598 0.99429 0.99206
28 IL 99890 0.99831 0.99749 0.99637 0.99487
29 0.488,16. 0.99899 0.99846 0.99773 0.99612
30 0.99963 0. 99940 0, 99907 0.99860 0.99794

x2 -15.5 16.0 16.5 17.0 17.5

m 7.75 8.0 8.25 8.5 8.75
1 0.00008 0.00006 0.00005 0.00004 0.00003
2 0.00043 0.00034 0.00026 0.00020 0.00016
3 _0.00144 IL 00113 0.00090 0.00071 0.00056
4 0.00377 0.00302 0.00242 0.00193 0.00154
5 IL 00843 0.00684 0.00555 0.00450 0.00364

6 \ 0.01670 0.01315 0.01131 0.00928 0. 00761
7 0.03'010 0.02512 0.02092 0.01740 0.01444
8 0.05012 0.04238 0.03576 0.03011 0.02530
9 0.01809 0.06688 0.05715 0.04872 0.04144

10 b.11487 0.09963 0.08619 0.07436 0.06401

11 0.16073 0.14113 0.12356 0.10788 0.09393
12 0.21522 0.19124 0.16939 0.14960 0.13174
13 0.7719 0.24913 0.22)18 0.19930 0.17744
14 0.34485 0.31337 0.28380 0.25618 0.23051
15 0.41604 0.38205 0.34962 0.31886 0.28986

16 0.48837 IL 45296 0.41864 0.38560 0.35398
17 0.35951 0.52383 0.48871 0.45437 0.42102
le 0.62740 0.59255 0.55770 0.52311 0.48902
19 0.69033 0.65128 0.62370 0.58987 0.55603
20 0.74712 0.71662 0.68516 0.65297 0.62031

21 0.79705 0.76965 0.74093 0.11111 0. 68039
22 0.83990 0.81589 0.79032 0.76336 0.73519
21 0.87582 0.85527 0.83304 0.80925 0.78402
24 0.90527 0.88808 0.86919 0.84866 0.82657
25 0.92891 0.91483 0.89912 0.88179 0.86287

26 0.94749 0,93620 0.92341 0.90908 0.89320
27 0.96182 0.95293 0.94274 0.93112 0.91806
28 0.97266 0.96582 0.93782 0.94859 0.93805
29 0.98071 0.97554 0.96939 0.96218 0.,95383
30 0.98659 0.98274 0.97810 0.97258 0. 96608

;(x2 74)

Interpolation on )42

13.0

6.5
13.5
6.75

14.0

7.0
14.5
7.25

15.0
7.5

0. 00031 0.00024 0. 00018 0.00014 0.00011
0.00150 0.00117 0.00091 0.00071 0.00055
0.00464 0.00367 0.00291 0.00230 0.00182
0.01128 0.00907 0.00130 0.00586 0.00470
0.02338 0.01912 0.01561 0.01271 0.01036

0.04304 0.03575 0. 02964 0.02452 0.0,026
0.07211 0. 06082 _ 0.05118 0.04297 0.03600
0.11185 0.09577 0.08177 0.06963 0.05915
0.16261 0.14126 0.12233 0.10562 0.09094
0.22367 0.19704 0.17299 0.15138 0.13206

0.29333 0.26190 0.23299 0.20655 0.18230
0.36904 0.33377 0.30071 0.26992 0.24144
0.44781 0.40997 0.37384 0.33960 0.30735
0.52652 0.48759 0.44971 0.41316 0.37815
0.60230 0.56374 0. 52553 0.48800 0.45142

0.67276 0.63591 0.59871 0.56152' 0.52464
0.73619 0.70212 0.66710 0.63145 0.59548
0.79157 0.76106 0.72909 0.69596 0.66197
0.83857 0.81202 0.78369 0.75380 0.72260
0.87738 0.85492 0. 83050 0.80427 0.77641

0.90862 0.89010 0.86960 0.84718 0.82295
0.93316 0.91827 0.90148 0.88279 0.86224
0.95199 0.94030 0.92687 0.91165 0.89463
0.96612 0.95715 0.94665 0.93454 0.92076
0.97650 0.90976 0.96173 0.95230 0.94138

0.98397 0.9'902 0.97300 0.96581 0.95733
0.98925 0.98567 0.98125 0.97588 0.96943
0.99290 0.99037 0.98719 0.98324 0.97844
0.99538 0.99363 0.99138 0.98854 0.98502
0.99704 0.99585 0.99428 0.99227 0.98974

18.0

9.0
18.5

9.25
19.0

9.5

19.5

9.75
20.0
10.0

0.00002 0.00002 0.00001 0.00001 0.00001
0.00012 0.00010 0.00008 0.00006 0.00005
0.00044 0.00035 0.00027 0.00022 0.00017
0.00123 0.00099 0.00079 0.00063 0.00050
0.00295 0.00238 0. 00192 0.00155 0.00125

0.00621 0.00510 0.00416 0.00340 0.00277
0.01197 0.00991 0. 00819 0.00676 0.00557
0.02123 0.01777 0.01486 0.01240 0.01034
0.03517 0.02980 0.02519 0.02126 0.01791
0.05496 0.04709 0.04026 0.03435 0.02925

0.08158 0.07068 0.06109 0.05269 0.04534
0.11569 0.10133 0.08853 0.07716 0.06709
0.15752 0.13944 0.12310 0.10840 0.09521
0.20678 0.18495 0.16495 0.14671 0.1344
0.26267 0.23729 0.21373 0.19196 0.17193

0.32390 0.29544 0.26866 0.24359 0.22022
0.38884 0.35797 0.32853 0.30060 0.27423
0.45565 0.42320 0.39182 0.36166 0.33282
0.52244 0.48931 0.45684 0.42521 0.39458
0.58741 0.55451 0.52183 0.48957 Of 45793

0.64900 0.61718 0.58514 0.55310 0.52126
0.70599 0.67597 0.64533 0.61428 0.58304
0.75749 0.72983 0.70122 0.67185 0.64191
0.80301 0.77810 0. 75199 0.72483 0.69678
0.84239 0.82044 0.79712 0.77254 0.74683

0.87577 0.85683 0.83643 0.81464 0.79156
0.90352 0.88750 0.87000 0.85107 0.83076
0.92615 0.91285 0.89814 0.88200 0.86446
0.94427 0.93)44 0.92129 0.90779 0.89293
0.95853 0.94986 0.94001 0.92891 0.91654

tv.p vo,o

QN2 04,v0 topilQg yo 240 co]' Q('

Double Entry Interpolation

4)(' .) Q(a1Poo 41){101. Q64;°,1 2*, t# w J4Q(14.% 1g; w2

4)(.141 141' 4.4 1;02C tv43, ; 1)[:) tv2 u, Ivo]
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982 PROBABILITY FUNCTIONS

Table 26.7 PRBA1111.11 Y INTEGR AL OE 0-DISTRIBUTION, INCOMPLETE GAMMA El NCIION
1,1 MI LATIN E SUMS I W THE IN /ISM IN DISTRIBUTION

%2 21

m 10.5

22 23

11,0 11.5

24

12.0

25

12.5

26

13.0

27

. 115

28

14.0

29

14.5

30

15.0
1 0.00001
2 '.13. 00003 0.00002 0.00001 0.00001
3 0.00011 0. 00007 IL 00004 0. 00003 0. 00002 0. 00001 0. 00001
4 0.00032 0.00020 0.00013 0.00008 0.00005 0.00003. 0.00002 0.00001 0.00001 0.00001
5 0.00081 0.00052 0,00034 0.00022 0. 00014 0.00009 0.00006 0.00004 0.00002 0.00002

6 0, 00184 0.00121 0.00080 0.00052 0.00034 0.00022 0.00015 0.00009 0.00006 0.00004
7 0.00377 0.00254 0. 001 71 0. 00114 0. 00076 0. 00050 0. 00033 0.00022 0. 00015 0.00010
8 0.00715 0. 00492 0.00336 0. 00229 0. 00155 0.00105 0. 00071 0. 00047, 0. 00032 0.00021
9 0.01265 0. 00888 0.00620 0.00430 0. 00297 0. 00204 0. 00140 0. 00095 0. 00065 ,0.00044

10 0. 021 09 0.01511 0.01075 0.00760 0.00535 0.00374 0. 00260 0. 00181 0.00125 0.00086

11 0.03337 0. 02437 0.01768 0. 01273 0.00912 0. 00649 0.00460 0.00324 0. 00227 0.00159
12 0.05038 0.03752 0.02773 0. 02034 0.01482 -0. 01073 0. 00773 0.00553 0. 00394 0.00279
13 0.07293 0.05536 0.04168 0. 0311 3 0.02308 0.01700 0.01244 0.00905 0.0065.5 0.00471
14 0.10:' 63 0.07861 0.06027 0.04582 0.03457 0.02589 0.01925 0.01423 0.01045 0.00763
15 0.13683 0.10780 0.08414 0.06509 0.04994 0.03802 0: 02874 '0.02157 0. 01609 0.01192

16 0.17851 0.14319 0.11374 0. 08950 SI. 06982 0. 05403 0. 04148 0:03162 0. 02394 0.01800
11 0.22629 0.18472 0.14925 0.11944 0. 09471 0.07446 0.05807 IL 04494 0.03453 0. 02635
18 0.27941 0,23199 0.19059 0.15503 0.12492 0.09976 0.07900 0. 06206 0.04838 0,03745
19- 0. 33680 0: 28426 0-.-23134 -0.1961-5 -0.1605 4300 0.70465 0. 08343 0. 06599 0. 05180
20 0.39713 0.34051 0.28880 0.24239 0.20143 0.16581 0. 13526 0.10940 0:08776 0. 06985

21 0,45844 0.39951 0. 34398 0.29306 0.24716 0.20645 0.17085 0.14015 0. 11400 0.09199
22 0. 52 374 0.45989 0.40173 0.34723 0.29707 0.25168 0.21123 0.17568 0.14486 0.11846
23 0. 58109 . O. 52025 0.46077 0.40381 0.35029 0.30087 0.25597 0.21578 0. 18031 0.14940
24 0.63871 0.57927 0.51980 0.46160 0.40576 0.35317. 0.30445 0.26004 0.22013 0.18475
25 039261 0.63574 0.57756 0.51937 0.46237 0.,40760 0.35588 0.30785 0.26392 0.22429

26 0.74196 0.68870 0.63295 0.51597 0.51898 0.46311 0.40933 0.35846 0.31108 0.26761
27 0.78629 0. 73738 0.68501 0. 63032 0.57446 0.51860 0.46379 0.41097 0.36090 0.31415
28 0.82535 0. 78129 0.73304 0.68154 0. 62784 0. 57305 0.51825 0. 46445 0. 41253 0.36322
29 0.85915 0.82019 0.77654 0.2893 0. 67825 0.62549: 0. 57171 0. 51 791 0. 46507 0.41400
30 0.88789 0.85404 .0.81526 0. 77203 0. 72503 0. 67513 0. 62327 0.57044 0. 51760 0.46565

1,2 31 32 33 34 35 36 37 38 39 40

in 15,5 16.0 16.5 17.0 17.5 18.0 113.5 19.0 19.5 20.0
5 0.00001 0. 00001
6 0.00003 0.1/1002 0.00001 0.00001
7 0.00006 0. 00004 0.00003 0.00002 0. 00001 0. 00001
8 0.00014 0.00009 t 0.00006 0.00004 0. 00003 0.00002 0. 00001 0.00001
9 0, 00030 0.30020 0.00013 0.00009 0.00006 0.00004 0. 00003 0. 00002 0. 00001 0.00001

10 0.00059 0.00040 0.00027 0.00019 0.00012 0.00008 0.00006 0.00004 0.00003 0.00002
11 0.00110 0.00076 0.00053 0.00036 0.00025 0.00017 0.00012 0.00008 0.00005 0.00004
12 0.00197 0.00138 0.00097 0.00068 0. 0004 7 0.00032 0.00022 0.00015 0.00011, 0.00007
13 0.00331 0.00260 0.00170 0.00120 0.00085 0.00059 0.00041 0.00029 0.00020 0.00014
14 0.00554 0.00401 0.00288 0.00206 0.00147 0.00104 0.00074 0.00052 0.00036 0.00026

15 0.00878 0.00644 0.00469 0.00341 0. 08246 0.00177 0.00127 0.00090 0.00064 0.00045
16 0.01346 0.01000 0.00739 0.00543 0. 00397 0.00289 0.00210 0.00151 0.00109 0.00078
17 0.01997 0.01505 0.01127 0.00840 0.00622 0.00459 0.00337 0.00246 0.00179 0.00129
18 0.02879 0.02199 0.01669 0.01260 0.00945 IL 00706 0.00524 0.00387 0.00285 0.00209
19 0, 0403 / 0.03125 0.02404 0.01838 0. 01397 0.01056 0. 00793 0. 0059 3- 0.00442 0.00327

20 0.05519 0.04330 0.03374 0. 0261 3 0.02010 0.01538 0.01170 0.00886 0.00667 0.00500
21 0.07366 0. 05855 0.04622 0. 03624 0. 02824 0.02187 0. 01683 0. 01289 0.00981 0.00744
22 0.09612 0.07740 046187 0. 0491 2 0.03875 0.03037 0.02366 0.01832 0.01411 0.0100,1
23 0.12279 0. 10014 0.08107 0.06516 0.05202 0.04125 0.03251, 0.02547 0.01984 0.01537
24 0.15378 A42699 0.10407 0.08467 0.06840 0.05489 0. 04376 0.03467 0.02731 0.02139

25 0, 18902 0, 15801 0.13107 0.10791 0. 08820 0. 07160 0. 05774 0. 04626 0. 03684 0.02916
20.1 0.22827 0.19312 0.16210 0.13502 0.11165 0.09167 IL 07475 0.06056 0. 04875 0.03901

0.21114 0.23208 0.19707 0.16605 0.13887 0.11530 0.09507 0.07186 0.06336 0.05124
2i1 0, 31108 0.27451 ,0.23574 0..20087 0.16987 0.14260 0.11886 0.09840 0. 08092 0.06613
2.9 0, 36542 0. 31987 0.27774 0. 23926 0.20454 0.17356 0. 14622 IL 12234 0, 10166 0.08394

30 0.41541 0. 16 /53 0.32254 0.28083 0.24264 0.20808 0.11714 0.14975 0.12573 0.10486
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PRORABILITY INTEGRAL 1W 1(2DISTRIBUTION, INCOMPLETE GAMMA NCTI:N Table 26.7
CUMULATIVE SUMS 1W THE POISSON DISTRIBUTION

10

x2 42
In 21
0.00001

44
22

46
23

48
24

50
25

52
26

54
27

56
28

58
29

60
30

11 0.00002 0.00001
12 0.00003 0.00002 0.00001
13 0.00006 0.00003 0.00001 0.00001
14 0.00012 0.00006 0.00003 0.00001 0.00001

15 0.00023 0.00011 0.00005 0: 00003 0. 00001 0.00001
16 0.00040 0.00020 0.00010 0.00005 0. 00002 0.00001 0. 00001
17 0.00067 0.00034 0.00017 0.00009 0. 00004 0. 00002 0. 00001 0. 00001
18 0.00111 0.00058 0.00030 0. 00015 0. 00008 0.00004 0.00002 0.00001
19 0.00177 0.00094 0.00050 0, 00026 0. 00013 0.00007 0.00003 0.00002 0.00001

20. 0.00277 0.00151 040081 0.00043 0.00022 0.00011 0.00006 0.00003 0.00001 0.00001
21 0.00421 0.00234 0.00128 0.00069 0.00036 0.00019 0.00010 0.00005 0.00003 0.00001
22 0.00625 0.00355 0. 0019.8_0. 00109 0.00059 0. 00031 0.00016 0.00009 0.00004 0.00002
23 0.00908 0.00526 0.00299 0.A0167 0.00092 0. 00050 0.00027 0.00014, 0.00007 0.00004
24 0,01291 0.00763 0.00443 0.00252 0. 00142 0. 00078 0.00043 0. 00023 0. 00012 0.00006

25 0;01797 0.01085 0. 00642 0.00373 0.00213 0.00120 0.00066 0. 00036 0. 00020 0.00011
26 0.02455 0.01512 0,00912 0.00540 0.00314 0. 00180 0.00102 0.00056 0.00031 0.00017
27 0.03292 0.02068 0.01272 0.00768 0. 00455 0. 00265 0. 00152 0. 00086 0. 00048 0. 00026
28 0.04336 0.02779 0. 01743 0. 01072 0, 00647 0. 00384 0. 00224 0. 00129 0. 00073 0. 00041
29 0.05616 0.03670 0.02346.. 0.01470 0.00903 0,00545 0.00324 0.00189 0.00109 0.00062

30 0. 07157 0.04769 0. 03107 0.01983 0. 01240 0. 00762 0. 00460 0. 00273 0. 00160 0. 00092

V

21
22
23
24
25

26
27
28
29
30

x2 62

m 31
0. 00001
0. 00001
0, 00002
0. 00003
0.00006

0. 00009
0.00014
0. 00023
0. 00035
0. 00052

64

32

0.00001
0.00001
0.00002
0.00003

0.00005
0.00008
0.00012.
0.00019'
0.00029

66

33

0.00001
0.00001
0.00002

0.00003
0.00004
0.00007
0.00011
0.00016

68

34

0.00001

0. 00001
0, 00002
0.00004
0.00006
0.00009

70

35

0. 00001
0.00001
0.00002
0. 00003
0.00005

72

36

0. 00001
0.00001
0, 00002
0.00003

74

37

0. 00001
0.00001
0.00001

76

38

0.00001

(1(21,,) - 1 - p (x2i0 422 r 4)] 1 co - -1f 212 dt,,[r (2_,)]
-1 co -.I!e /2

-1 e-1
di-.E e-mMjii!(, even, e=

- J
m=p2)

;.I (r2 -x20) a' =r-ro>0
2

Interp.-!eition on x2

9(x2 ;) Q (x02k0 4) [z 02]+y (x.02!..0--2) [. .2] +4

Double Entry Interpolation

) ( x?!.) ( [2 02] f.(t) ( It 0 Po- 2) [OS - WO] (411 vo.-- 1 ) [12 11'2

xi.2)! -- -04-.1242 + wit] 4 lei (X(2); Po+ 0[21 tta +,1; too]

10 ) [1 -1-!2 .2]
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984 PROBABILITY FUNCTIONS

Table 26.8 PERCENTAGE POINTS OF THE x2-DISTRIRUTI0N-VALUES OF
x2 IN TERMS OF Q AND y

y Q 0 995 0.99 0 975 0.95 0.9 0.75 0.5 0.25

1 3.92704(- 5)3.92704 (-4)1.57088 ( -4) 9.82069 (-3) 3.93214 0.0157908 0.101531 0,454937 1.32330
- 2 1.00251 ( -2)2.01007 ( -2) 5.06356 0.102587 0;210720 0.575364 1.38629 2.77259

3 -2 7.17212 0.114832 0.215795 0.351846 0.584375. 1.212534 2.36597 4.10835
4 0.206990 0.297110 0.484419 0.710721 1.063623 1.92255 3.35670 5.38527
57- 0.411740 554300 0.831211 1.145476 1.61031 2.67460 4.35146 6.62568

6 0.675727 0,87k '85 1.237347 1.63539 2.20413 3.45460 5.34812 7.84080
7 0.989265 1.239043 1.68987 2.16735 2.83311 4.25485 6.34581 9.03715
8 1.344419 1.646482 2.17973 2.73264 3.48954 5.07064 7.34412 10.2188
9 1.734926 2.087912 2.70039 3.32511 4.16816 5.89883 8.34283 11.3887

10 2.15585 2.55821 \ 3.24697 3.94030 4.86518 6.73720 9.34182 12.5489

11 2.60321 3.05347 3.81575 4.57481 5.57779 7.58412 10.3410 13.7007
12 3.07382 3.57056 4.40379 5.22603 6.30380 8.43842 11.3403 14.8454
13 3.56503 4.10691 5.00874 5.89186 7.04150 9.29906 12.3398 15.9839
14 4.07468 4.66043 5.62872 6.57063 7.78953 10.1653 13.3393 17.1170
15 4.60094 5.22935 6.26214 7.26094 8.54675 11.0365 14.3389 18.2451

16 5.14224 5.81221 6.90766 7.96164 9.31223 11.9122 15.3385 19.3688
117 5.69724 6.40776 7.5641S 8.67176 10.0852 12.7919 16.3381 20.4887

18 6.26481 7.01491 8.23075 9.39046 10.8649 13.6753 17.3379 21.6049
19 6.84398 7.63273 8.90655 10.1170 11.6509 14.5620 18.3376 22.7178
20 7.43386 8.26040 9.59083 10.8508 12.4426 15.4518 19.3374 23.8277

21 8.03366 8.89720 10.28293 11.5913 13.2396 16.3444 20.3372 24.9348
22 8.64272 9.54249 10.9823 12.3380 14.Q415 17.2396 21.3370 26.0393
23 9.26042 10.19567 11.6885 13.0905 14.8479 18.1373 22.3369 27.1413
24 9.88623
25 10.5197

10.9564
11.5240

12.4011
13.1197

d4424

. 4, 15.6587
16.4734

19.0372
19.9393

23.3367 28.2412
24.3366 29.3389

26 11.1603 12.1981 13.8439 15.3791 17.2919 20.8434 25.3364 30.4345
27 11.8076 12.8786 14.5733 16.1513 18,1138 21.7494 26.3363 31.5284
28 12.4613 13.5648 15.3079 16.9279 18.9392 22.6572 27.3363 32.6205
29 13.1211 14.2565 16.0471 17.7083 19.7677 23.5666 28.3362 33.7109
30 13.7867 14.9535 16.7908 18.4926 20.5992 24.4776 29.3360 34.7998

40 20.7065 22.1643 24.4331 26.5093 29.0505 33.6603 39.3354 45.6160
50 27.9907 29.7067 32.3574 34.7642 37.6886 42.9421 49.3349 56.3336
60 35.5346 37.4848 40.4817 43.1879 46.4589 52.2938 59.3347 66.9814
10 43.2752 45.4418 48.7576 51.7393 55.3290 61.6983 69.3344 77.5766
80 51.1720 53.5400 57.1532 60.3915 64.2778 71.1445 79.3343 88.1303

90 59.1963 61.7541 65.6466 69.1260 73.2912 80.6247 89.3342 98.6499
100 67.3276 70.0648 74.2219 77.9295 82.3581 90.1332 99.3341 109.141

X 758 -2.3263 -1.9600 -1.6449 -1.2816 -0.6745 0.0000 0.6745

ti(e.v) 42; r (2)] f e" til" dt
e

From E. S. Pearson and H. 0. Hartley (editors), Biometrika tables for statisticians, vol. I. Cambridge
PreSS, Cambridge, England, 1954 (with permission) for 0.0005.
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0.1

-1 2.70554
2 4.60517
3 6.25139
4 7.77944
5 9.23635

6 10.6446
7 12.0170
8 13.3616
9 14.6837

10 15.9871

11' 17.2750
12 18.5494
13 19.8119
14 21.0642
15 22.3072

16 23,5418
17 24,7690
18 25.9894
19 27.2036
20 28.4120

21 29.6151
22 30.8133
23 32.0069
24 33.1963
25 34.3816

26 35.5631
27 36.7412
28 37.9159
29 39.0875
30 40.2560

40 51.8050
50 63,1671
60 74.3970
70 85.5271
80 96.5782

90 107.565
100 118.498

X L2816

PROBABILITY FUNCTIONS 985

PERCENTAGE POINTS OF THE x2-DISTRIBUTION-VALUES OF Table 26.8
x3 IN TERMS OF Q AND r

0.05 0.025 0,01 0.005 0.001 0.0005 0.0001

3.84146 5.02389 6.63490 7.87944 10.828 12.116 15.137
5.99147 7.37776 9.21034 10.5966 13.816 15.202 18,421
7.81473 9.34840 11.3449 12.8381 16.266 17.730 21.106

11.1433 13.2767 14.8602 18.467 19.997 23.513
11.0105 12.8325 15.0863 16.7496 20.515 22.105 25.745

12.5916 14.4494 16.8119 18.5476 22.458 24.103 27.856
14.0671 16.0128 18.4753 20.2777 24.322 26.018 29.877
15.5073 17.5346 20.0902 21.9550 26.125 27.868 31.828
16.9190 19.0228 21.6660 23.5893 27.877 29.666 33.720
18.3070 20.4831 23.2093 25.1882 29.588 31.420 35.564

19.6751 21.9200 24.7250 26.7569 31.264 33.137 37.367
21.0261 23.3367 26.2170 28.2995 32.909 34.821 39.134
22.3621 24.7356 27.6883 29.8194 34.528 36.478 40.871
23,6848 26.1190 29.1413 31.3193 36.123 38.109 42.579
24.9958; 27.4884 30.5779 32.8013 37.697 39.719 44.263

26.2962 28.8454 31.9999 34.2672 39.252 41.308 45.925
27.5871 30.1910 33.4087 35.7185 40.790 42.879 47.566
28.8693 31.5264 34.8053 37.1564 42.312 44.434 49.189
30.1435 32.8523 36.1908 38.5822 43.820 45.973 50.796
31.4104 34.1696 37.5662 39.9968 45.315 47.498 52.386

32.6705 35.4789 38.9321 41.4010 46.797 49.011 '53.962
33.9244 36.7807 40.2894 42.7956 48.268 50.511 55,525
35.1725 38.0757 41.6384 44.1813 49.728 52.000 57,075
36.4151. 39.3641 42.9798 45.5585 51.179 53.479 58.613
37.6525 40.6465 44.3141 46.9278 52.620 54.947 60.140

381:52 41.9232 45.6417 48,2899 54.052 56.407 61.657
40. 33 43.1944 46.9630 49.6449 55.476 57.858 63.164
41.3372 44,4607 48.2782 50.9933 56.892 59.300 64.662
42.5569 45.7222 49.5879 52.3356 58.302 60.735 66.152
43.7729 46.9792 50.8922 53.6720 59.703 62.162 67.633

55.7585 59.3417 63.6907 66.7659 73.402 76.095 JR,062
67.5048 71.4202 76.1539 79.4900 86.661 89.560 15.969
79.0819 83.2976 88.3794 1.9517 99,607 102.695 109.503
90.5312 95.0231 100.425 104.215 112.317 115.578 122.755

101.879 106.629 112.329 116.321 124.839 128.261 135.783

113.145 118.136 124.116 128.299 137.208 140.782 148.627
124.342 129.561 135.807 140.169 149.44% 153.167 161.319

1.6449 1.9600' 2.3263 2.5758 3.0902 3.2905 3.7190

22r(]f e 2/2-, (it
xi

1.016



PROBABILITY FUNCTIONS

Table 26.9

42`si 1

PERCENTAGE POINTS OF THE FDISTRIBUTION -VALUES

OF F IN TERMS OF Q, $1,

Q(P11/042)-0.5

2 3 4 5 6 8 12 15 20 30 60
1 1,00 1.50 1.71 1.82 1.89 1.94 2.00 2.07 2.09 2.12 2.15 2.17 2.20
2 0.667 1.00 1.13 1.21 1.25 1.28 1.32 1.36 1.38 1.39 1.41 1.43 1.44
3 0.585 0.881 1.00 1,06 1.10 1.13 1.16 1.20 1.21 1.23 1.24 1.25 1.27
4 0.549 0,828 0.941 1.00 1.04 1.06 1.09 1.13 1.14 1.15 1.16 1.18 1.19
5 0.528 0.799 0.907 0.965 1.00 1.02 1.05 1.09 1.10 1.11 1.12 1.14 1.15

6 0.515 0.780 0.886 0.942 0.977 1.00 1.03 1.06 1.07 1.08 1.10 1.11 1.12
7 0,506 0,767 0.871 0.926 0.960 0.983 1.01 1.04 1.05 1.07 1.08 1.09 1.10
8 0.499 0.757 0.860 0.915 0.948 0.971 1.00 1.03 1.04 1.05 1.07 1.08 1.09
9 0.494 0.149 0.852 0.906 0.939 0.962 0.990 1.02 1.03 1.04 1.05 1.07 1.08

10 0.490 0.743 0.849 0.899 0.932 0.954 0.983 1.01 1.02 1.03 1.05 1.06 1.07

11 0.486 0,739 0.840 0.893 0.926 0.948 0.977 1.01 1.02 1.03 1.04 1.05 1.06
12 0.484 0.735 0.835 0.888 0.921 0.943 0.972 1.00 1.01 1.02 1.03 1.05 1.06
13 0.481 0.731 0.832 0.885 0.917 0.939 0.967 0.996 1.01 1.02 1.03 1.04 1.05
14 0.479 0.729 0.828 0.881 0.914 0.936 0.964 0,992 1.00 1.01 1.03 1.04 1,05
15 0.478 0.724 0.826 0.878 0.911 0.933 0.960 0.989 1.00 1.01 1.02 1.03 1.05

16 0.476 0.724 0.823 0.876 0.908 0.930 0.958 0.986 0.997 1101 1.02 1.03 1.04
17 0.475 0.722 0.821 0.874 0.906 0.928 0.955 0.983 0.995 1.01 1.02 1.03 1:04..
18 0.474 0.721 0.819 0.872 0.904 0.926 0.953 0.981 0.992 1.00 1.02 1.03 1.04
19 0.413 0.719 0.018 0.870 0.902 0.924 0.951 0.979 0.990 1.00 1.01 1.02 1.04
20 0.412 0.718 0.816 0.868 0.900 0.922 0.950 0.977 0.989. 1.00 1.01 1.02 1.03

21 0.471 0.716 0.81S 0.867 0.899 0.921 0.948 0.976 0.987 0.998 1,01 1.02 1.03
22 0.470 0.715 0.814 0.866 0.1398 0.919 0.947 0.974 0.986 0.997 1.01 1.02 1.03
23 0,470 0.714 0.813 0.864 0.896 0.918 0.945 0.973 0.984 0.996 1.01 1.02 1.03
24 0.469 0.714 0.812 0.863 0.895 0.917 0.944 0.972 0.983 0.994 1.01 1.02 1.03
25 0,468 0.113 0.811 0.862 0.894 0.916 0.943 0.971 0.982 0.993 1.00 1.02 1.03

26 0.468 0.712 0.810 0.861 0.893 0.915 0.942 0.970 0.981 0.992 1.00 1.01 1.03
27 0.461 0.711 0.809 0.861 0.892 0.914 0.941 0.969 0,980 0.991 1,00 1.01 1.03
28 0.467 0.711 0.008 0.860 0.892 0.913 0.940 -0.968 0.979 0.990 1.00 1.01 1.02
29 0,466 0.710 0.808 0.859 0.891 0.912 0.940 0.967 0.978 0.990 1.00 1.01 1.02
30 0,46 0.709 0.807 0.858 0.890 0.912 0.939 0.966 0.978 0.989 1.00 1.01 1.02

40 0.463 0.705 0.802 0.854 0.885 0.907 0.934 0.961 0.972 0.983 0.994 1.01 1.02
60 0.461 0.701 0.798 0.849 0.880 0.901 0.928 0.956 0.967 0,978 0.909 1.00 ;1.01

120 0.458 0.697 0.793 0,844 0.875 0.896 0.923 0.950 0.961 0.972 0.983 0.994 1.01
0.453 0,693 0,789 0.039 0.870 0.891 0.918 0.943 0.956 0.967 0.978 0.989 1.00

Viliv4)-0.25
82 Y1 1 2 3 4 5 6 8 12 15 20 30 60
1 5.83 7,SO 8,20 8.P1 8.82 8.98 9.19 9.41 9.49 9.58 9.67 9.76 9.85
2 2.57 3.0 3.15 3.23 3.28 3.31 3.35 3.39 3.41 3.43 3.44 3.46 3.48
3 2.028 2,28 2.36 2.39 2.41 2.42 2.44 2.45 2.46 2.46 2.47 2.47 2.47
4 1.81 2.00 2.05 2.06 2.07 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08
5 1.69 1,85 1.88 1.89 1.89 1.89 1.89 1.89 1.89 1.88 1.88 1.87 1.87

6 1,62 1.16 1.78 79 1.79 1.78 1.78 1.77 1.76 1.76 1.75 1.74 1.74
7 131 1,70 1,72 .2 1.71 1.71 1.70 1.68 1.68 1.67 1.66 1.65 1.65
8 1.54 1.66 1.67 t.66 1.66 1.63 1.64 1.62 1.62 1.61 1.60 1.59 1.58
9 1.51 1.62 1.63 1.63 1.62 1.61 1.60 1.58 1.57 1.56 1.55 1.54 1.53

10 1.49 1.60 1,60 1,59 1.59 1.58 1.56 1.54 1.53 1.52 1.51 1.50 1.48

11 1,47 1.58 1.58 1.57 1.56 1.55 1.53 1.51 1.50 1.49 1048 1.47 1.45
12 1.46 1.56 1.56 1.55 1.54 1.53 1.51 1.49 1.48 1.47 1.45 1.44 1.42
13 1.45 1.55 1.55 1.53 1.52 1.51 1.49 1.47 1.46 1.45 1.43 1.42 1.40
14 1.44 1.53 1.53 1.52 1.51 1.50 1.48 1.45 1.44 1.43 1.41 1.40 1.38
15 1,43 1.52 1.52 1.51 1.49 1.48 1.46 1.44 1.43 1.41 1.40 1.30 1.36

16 1.42 1.51 1.51 1,50 1.48 1.47 1.45 1.43 1.41 1,40 1.38 1.36 1.34
17 1.42 1.51 1.50 1.49 1.47 1.46 1.44 1.41 1.40 1.39 1.37 1,35 1.33
1 a 1.41 1,50 1.49 1.48 1.46 1.45 1,43 1.40 1.39 1.38 1.36 1.34 1.32
19 3.43 1,49 1.49 1.47 1.46 1.44 1.42 1.40 1.38 1.37 1.35 1.33 1.30
70 1.40 1.49 1.48 1.41 1.45 1.44 1.42 1.39 1.37 1.36 1.34 1.31 1.29

21 1.40 1,48 1.48 1.46 1,44 1.43 1.41 1.38 1.37 1.35 1.33 1.31 1.28
22 1,40 1.48 1.41 1,45 1.44 1.42 1.40 1.37 1.36 1.34 1.32 1.30 1,28
23 1,39 1,47 1.47 1.45 1.43 1.42 1.40 1.37 1.35 1.34 1.32 1.30 1.27
24 3.39 1.41 1,46 1.44 1.43 1.41 1.39 1.36 1.35 1.33 1.31 1.29 1.26
2' 1,39 1,41 1.46 1,44 1.42 1.41 1.39 1.36 1,34 1.33 1.31 1.28 1,25

26 Lig 1.46 1,45 1.44 1.42 1.41 1.38 1.35 1.34 1.32 1.30 1.28 1.25
77 1,38 3,46 1,45 1,43 1,42 1.40 1.38 1.35 1.33 1.32 1.30 1.27 1.24
ml los 1,46 1,45 1.43 1.41 1.40 1.38 1.34 1.33 1.31 1.29 1.27 1.24
7") 1.38 1,45 1.45 1,43 1.41 1.40 1,31 1.34 1.32 1.31 1.29 1.26 1.23
in 1,)8 1,45 1.44 1,42 1.41 1.39 1.37 1.34 1.32 1.30 1.28 1.26 1.23

an 1,16 1.44 1.42 1.40 1.39 1.31 1.15 1.31 1.30 1.28 1.25 1.22 1.19
60 1,35 1.42 1.41 1.38 1.37 1.35 1.32 1.29 1.27 1.25 1.22 1.19 MS

170 1.44 1.40 1,19 1.37 1.35 1.33 1.30 1.26 1.24 1.22 1.19 1.16 1.10
1.32 1.39 1.11 1.35 1.13 1.31 1.28 1.24 1.22 1.19 1.16 1.12 1.00

Compiled from E. S. Pearson and H. 0. Hartley (editors), Hiometrika tables for
statisticians. vol. 1. Cambridge Univ. Press, Cambridge, England, 1954 (With
permission).
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PROBABILITY FUNCTIONS

PERI:ENT 41:E POINTS OF THE VOISTR I BUTII MI -VALUES Table 26.9

OF b' IN TERMS OF Q. A. SC

Q7 E,V) 144 )4.1

Qt' PI 1 2 3 4 5 6 8 12 15 20 30 60
11 39.86 49.50 53.59 33.83 57.24 58.20 59.44 60.71 61.22 61.74 62.26 62.79 63.33

8.53 4.00 9.16 9.24 9.29 9.33 9.37 9.41 9.42 9.44 9.46 9.47 9.49

3.34 3.46 3.39 3.34 3.31 3.28 3.23 5.22 3.20 3.18 5.17 5.15 3.13

4.54 4.32 4.19 4.11 4.03 4.01 3.93 3.90 3.87 3.84 3.82 3.79 3.76

3 4.06 3.78 3.62 3.32 3.45 3.40 3.34 3.27 3.24 3.21 3.17 3.14 3.10

6 3.78 3.46 3.29 3.18 3.11 3.05 2.98 2.90 2.87 2.84 2.80 2.76 2.72

7 3.59 3.26 3,17 2.96 2.88 2.81 2.73 2.67 2.63 2.39 2.36 2.51 2.47

8 3.46 3.11 2.T1 2.81 2.73 2,67 2.39 2.50 2.46 2.42 2.38 2.34 429
9 3.36 3.01 2.81 2.69 2.61 2.33 2.41 2.38 2.34 2.30 2.25 2.21 2.16

10 1.29 2.92 2.73 2.61 2.52 2.46 2.38 2.28 2.24 2.20 2.16 2.11 2.06

11 3.23 2.86 2.66 2.34 2.45 2.39 2.30 2.21 2.17 2.12 2.08 2.03 1.97

12 3.18 2.81 2.61 2.48 2.39 2,33 2.24 2.13 2.10 2.06 2.01 1.96 1.90

11 3.14 2.76 2.56 2.43 2.35 2.28 2.20 2.10 2.05 2.01 1.96 1.90 1.85

14 1.10 2.73 2.52 2.39 2.31 2.24 2.15 2.03 2.01 1.96 1.91 1.86 1.80

35 3.07 2.70 2.49 2.36 2.27 2.21 2.12 2.02 1,97 1.92 1.07 1.82 1.76

16 3.05 2.67 2.46 2.33 2.24 2.18 2.09 1.99 1.94 1.89 1.84 1.78 1.72

17 3.03 2.64 2.44 2.31 2.22 2,15 2.06 1.96 1.91 1.86 1.81 1.75 1.69

18 3.01 2.62 '2.42 2.29 2.20 2.13 2.04 1.93 1.89 1.84 1.78 1.72 1.66

19 2.99 2.61 2.40 2.27 2.18 2.11 2.02 1.91 1.86 1.81 1.76 1.70 1.63

20 2.91 2.39 2.38 2.25 2.16 2.09 2.00 1.89 1.84 1.79 1.74 1.68 1.61

21 2.96 2.51 2.36 2.23 2.14 2.08 1.98 1.87 1.83 1.78 1.72 1.66 139
22 2,95 2.56 2.35 2.22 2.13 2.06 1.97 1.86 1.81 1.76 1.70 1.64 1.57

23 2,94 2.35 2.34 2.23 2.11 2.05 1.95 1.84 1.80 1.74 1.69 1.62 1.53

24 2.9) 2.54 2.33 2.19 2.10 2.04 1.94 1.83 1.78 1.73 1.67 1.61 1.53

25 2.92 2.33 2.32 2.18 2.09 2.02 1.93 1.82 1.77 1.72 1.66 1.39 1.32

26 2.91 2.52 2.31 2.17 2.08 2.01 1.92 1.81 1.76 1.71 1.65 1.38 1.50

21 2.90 2.51 2.30 2.11 2.07 2.00 1.91 1.80 1.75 1.70 1.64 1.57 1.49

28 2.89 2.50 2.29 2.16 2.06 2.00 1.90 1.79 1.74 1.69 1.63 1.36 1.48
79 2.89 2.30 2.28 , 2.15 2.06 1,99 1.89 1.78 1.73 1.68 1.62 1.53 1.47

30 2.88 2.49 2.28 2.14 2.05 1.98 1.88 1.77 1.72 1,67 1.61 1.54 1.46
6

40 2.84 2.44 2.23 2.09 2.00 1.93 1.83 1.71 1.66 1.61 1.54 1.47 1.38

60 2.79 2.39 2.18 2.04 1.93 1.87 1.77 1.66 1.60 1.54 1.48 1.40 1.29

120 2.75 2.35 2.13 1.99 1.90 1.82 1.72 1.60 1.55 1.48 1.41 1.32 1.19

2.11 2.30 2.08 1.94 1.85 1.77 1.67 1.33 1.49 1.42 1.34 1.24 1.00

Vel 1 2 3 4 5
(1(

6
lit) -0.05
8 12 15 20 30 60

1 161.4 199.5 215.7 224.6 230.2 234.0 238.9 243.9 245.9 248.0 230.1 232.2 254.3

2 18.51 19,00 19.16 19.23 19.30 19.33 19.37 19.41 19.43 19.43 19.46 19.48 19.50

1 10.13 9.55 9.28 9.12 9.01 8.94 8.85 8.74 8.70 8.66 8.62 8.57 8.53

4 7.71 6.94 6.59 6.39 k.26 6.16 6.04 5.91 5.86 5.80 5.75 5.69 3.63

s 6.61 5.79 5.41 5.19 5 4.95 4.82 4.68 4.62 4.56 4.50 4.43 4.36

6 5.99 5.14 4.76 4.53 4.39 4.28 4.15 4.00 3.94 3.87 3.81 3.74 3.67

1 5,59 4.74 4.33 4.12 3.97 3,87 3.73 3.57 3.51 3.44 3.38 3.30 3.23

H 5.32 4.46 4.07 3.84 3.69 3.58 3.44 3.28 3.22 1.15 3.08 3.01 2.93

9 5.12 4.26 3.86 3.63 3.48 3.37 3.23 3.07 3.01 2.94 2.86 2.79 2.71

10 4.96 4.10 3.71 3.48 3.33 3.22 3.07 2.91 2.85 2.77 2.7J 2.62 2.34

11 4.84 3.98 3.59 3.36 3.20 3.09 2.95 2.79 2.72 2.65 2.57 2.49 2.40

12 4.73 3.89 3.49 3.26 3.11 3.00 2.83 2.69 2.62 2.54 2.47 2.38 2.30

11 4.67 3.81 3.41 1.18 3.03 2.92 2.71 2.60 2.53 2.46 2.38 2.30 2.21

14 4.60 3.74 3.34 MI 2.96 2.85 2.70 2.53 2.46. 2.39 2.31 2.22 2.13

15 4.34 3.68 3.29 3.06 2,90 2.79 2.64 2.48 2.40 2.33 2.25 2.16 2.07

16 4.49 3.63 3.24 3.01 2.85 2.74 2.59 2.42 ° 2.33 2.28 2.19 2.11 2.01

11 4.45r 3.59 3.20 2.96 2.81 2.70 2.55 2.38 2.31 2.23 2.15 2.06 1.96

18 4.41 3.55 3.16 2.93 2.77 2.66 2.51 2.34 2.21 2.19 2.11 2.02 1.92

19 X4.38 3.52 3.13 2.90 2.14 2.63 2.48 2.31 2.23 2.16 2.07 1.98 1.88

20 4.15 3.49 1.10 2.81 2.71 2.60 2.45 2.28 2.20 2.12 2.04 1.95 1.84

21 4.32 3.41 3.01 2.84 2.68 '.51 2.42 2.23 2.18 2.10 2.01 1.92 1.81

22 4.10 3.44 3.05 2.82 2.66 :.55 2.40 2.23 2.15 2.07 1.98 1.89 1.78

23 4.28 1.42 3.03 2.80 2.64 2.53 2.37 2.20 2.13 2.05 1.96 1.86 1.76

24 4.26 3.40 3.01 2.18 2.62 2.51 2.36 2.18 2.11 2.03 1.94 1.84 1.73

25 4.24 3.39 2.99 2.76 2.60 2.49 2.34 2.16 2.09 2.01 1.92 1.82 1.71

26 4.23 3.37 2.98 2.74 2.59 2.47 2.32 2.13 2.07 1.99 1.90 1.80 1.69

21 4.21 305 2.96 2.7) 2.57 2.46 2.31 2.13 2.06 1.97 1.88 1.79 1.67

28 4.29 1,14 2.95 2.'11 2.56 2.45 2.29 2.'12 2.04 1.96 1.87 1.77 1.65

79 4.18 3,31 7.91 2.70 2.55 2.43 2.28 2.0 2.03 1.94 1.85 1.73 1.64

In 4.17 3.32 2.92 2.69 2.53 2.42 2.21 2.09 2.01 1.93 1.84 1.74 1.62

on 4.08 3,21 2.84 2.61 2.45 204 2.18 2.00 1.92 1.84 1.74 1.64 1.51

60 4.0) 3,35 2.76 2.51 2.31 2.25 2.10 1.92 1.84 1.75 1.65 1.53 1.39

121 3.92 1.01 2.68 2.45 2.29 2.11 2.0? 1.83 1.75 1.66 1165 1.43 1.25

3.84 1.01 7.60 2.31 2.21 2.10 1.94 1.75 1.61 1.57 1.32 1.00
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Table 26.9

P2 Pi 2

PERCENTAGE POINTS OF THE F.DISTRIBUTION -VALUES

OF' F III TERMS OF Q, v,, vl
Q(FIviA) -0.025

3 4 5 6 8 12 15 20 30 60
1 647.8 799.5 864.2 899.6 921.8 937.1 936.7 976.7 984.9 993.1 1001 1010 1018
2 38.51 39.00 39.17 39.25 39.36 39.33 39.37 39.41 39.43 39.45 39.46 39.48 39.50

11.44 16.04 15.44 15.10 14.88 14.73 14.54 14.34 14.25 14.17 14.08 13.99 .13.90
4 12.22 10.65 9.98 9.60 9.36 9.20 8.98 8.75 8.66 8,56 8.46 8.36 8.26
S 10.01 8.43 7.76 ,7.39 7.19 6.98 6.76 6.52 6.43 6.33 6.23 6.12 6.02

6 8.81 7.26 6.60 6.23 S.99 5.82 S.60 5.37 S.27 5.17 5.07 4.96 4.8S
7 8:07 6.54 5.89 3.52 .% S.29 5.12 4.90 4.67 4.57 4.47 4.36 4.25 4.14

7.57 6.06 5.42 %5.05 4.82 4.65 4.43 4,20 4.10 4.00 3,89 3.78 3.67
9 0.21 5.71 5.08 4.72 4.48 4.32 4.10 3.87 3.77 3.67 + 3.56 3.45 3,33

10 6.94 S.46 4.83 4.47 4.24 4,07 3.85 3.62 3.32 3.42 3.31 3.20 3.08

11 6.72 S.26 4.63 4.28 4.04 3.88 3.66 3.43 3,33 3,23 3.12 3.00 2.88
12 6.35 3.10 4.47 4.12 3.69 3.73 3.51 3.28 3.18 3.07 2.96 2.85 2,72
13 6.41 4.97 4.35 4.00 3.77 3.60 3.39 3.15 3.05 2.95 2.84 2.72 2.60
14. 6.30 4.86 4.24 3.89 3.63 3.50 3.29 3.0S 2.95 2.84 2.73 2.61 2,49
15' 6.20 4.77 4.1S 3.80 348 3.41 3.20 2.96 2,86 2.76 2.64 2.52 2.40

16 6.12 4.69 4.08 3.73 3.50 3.34 3.12 2.89 2.79 2.68 2.57 2.45 2.32
11 6.04 4,62 4.01 3.66 3.44 3.28 3.06 2.42 2.72 2.62 2.50 2.38 2.2S
18 5.98 4.56 3.9S 3.61 3.38 3.22 3.01 2.77 2.67 2.56 2.44 2.32 2.19
19 5.92 4.41 3.90 L56 3.33 3.17 2.96 2.72 2.62 2.51 2.39 2.27 2.13
20 5.87 4.46 3.86 3.51 3.29 3.13 2.91 2.68 2,57 2.46 2.35 2.22 2.09

21 5.83 4.421 3.82 3.48 3.25 3.09 2.67 2.64 2.53 2.42 2.31 2.18 2.04
22 5.79 4.38' 3.78 3.44 3.22 3.05 2.84 2.60 2.50 2.39 2.27 2.14 2.00
23 5.75 05 3.75 3.41 3.18 3.02 2.81 237 2.47 2.36 , 2.24 2.11 1.97
24 5.72 4.32 3.72 3.38 3.15 2.99 2.78 2.54 2.44 2.33 42.21 2.08 1.94
25 5.69 4.29 3.69 3.35 3.13 2.97 2.75 2.51 2.41 2.30 2.18 2.0S 1.91

26 5.66 4.27 3.67 3.33 3.10 2.94 2.73 2.49 2.31 2.28 2.16 2.03 1.88
27 5.63 4.24 3.65 3.31 3.08 2.94 2.71 2.47 2.36 2.2S 2.13 2.00 1.85
28 5.61 4.22 3.63 3.29 3.06 2.90 2.69 2.45 2.34 2.23 2.11 1.98 1.83
29 5.59 4.20 3.61 3.27 3.04 2.88 2.67 2.43 2.32 2.21 2.09 1.96 1,81
10 3.57 4.13 3.59 3.25 3.03 2.87 2.63. 2.41 2.3). 2.20 2.07 1.94 1,79

40 5.42 4.0S 3.46 3.13 2.90 2.74 2.53 2.29 2.18 2.01 1.94 1.80 1.64
60 3,29 3.93 3.34 3.01 2.79 2.63 2.41 2.17 2.06 1.94 1.82 1.67 1.48

120 5.15 3.80 3.23 2.89 2.67 2.52 2.30 2.05 1.94 1.82 1.69 1.53 1.31
5.02 3.69 3.12 2.79 2.57 2.41 2.19 1.94 1.83 1.71 1.57 1.39 1.00

QiF .V1.42 4.01
vgi 1 2 3 4 5 6 3 12 15 20 30 60 02

1 4052 4999.5 5403 5625 5764 5859 5982 6106 6157 6209 6261 6313 6366
2 98.50 99.00 99.17 99.25 99.30 99.33 96.37 99.42 99,43 99.45 99.47 99.48 99.50
3 34.12 30.82 29.46 28.71 28.24 27.91 27.49 27.05 26.87 26.69 26.50 26.32 26.13
4 21.20 18.00 16.69 15.98 15.52 15.21 14.80 14.37 14,20 14.02 13.84 13.65 13.46
5 16.26 13.27 12,06 11.39 10.97 10.67 10.29 9.89 9.72 9.55 9.38 9.20 9.02

6 13.75 10.92 9.78 9.15 8.75 8.47 8.10 7.72 7.56 7.40 7.23 7.06 6.88
1 12,25 9.35 8.45 7.83 1.46 7.19 6.84 6.47 6.31 6.16 5.99 5.82 5.65

11.26 8.65 7.59 7.01 6.63 6.37 6.03 5.67 5.52 5.36 5.20 5.03 4.86
9 10.56 8.02 6.99 6.42 6.06 5.80 5.47 5.11 4.96 4.81 4.65 4.48 4.31

10 10.04 7.56 6.55 5.99 5.64 5.39 5.06 4.71 4.56 4.41 4.25 4.08 3.91

11 9.65 .7.21 6.22 5.67 5.32 5.07 4.74 4.40 4.25 4.10 3.94 3.78 3.60
12 9.33 6.93 5.93 5.41 5.06 4.82 4.50 4.16 4.01 3.86 3.70 3,54 3.36
11 9.07 6.70 5.74 5.21 4.86 4.62 4.30 3.96 3.82 3.66 1.51 3.34 3.17
14 8.86 6.51 5.56 5.04 4.69 4.46 4.14 3.80 3.66 3.51 3.35 3.18 3.00
15 8.613 6.16 5.42 4.89 4.56 4.32 440 3.61 1.52 3.31 3.21 3.05 2.81

16 8.53 6.23 5.2r- 4.77 4.44 4.20 3.89 3.55 '3.41 3.26 3.10 2.93 2.75

6
17
18

8.40
8.29

6.11
6.01

5.18 4.67
5.09 4.58

4.34
4.25

4.10
4.01

3.79
3.71

3.46
347

3.31
3.23

3.16
3.08

3.00
2.92

2.83
2.75

2.65
2.57

19 8.18 5.93 5.01 4.50 4.17 3.94 3.63 3.10 3.13 3.00 2.84 2.67 2.49
20 8.10 5.85 4.94 4.41 4.10 3.87 3.56 3.23 3,09 2.94 2.78 2.61 2.42

11 kW 5.78 4,111 4.31 4.04 3.81 3.51 3.17 3.03 2.88 2.72 2.55 2.36
12 1,95 5.12 4.82 4.31 3.99 3.76 3.45 3.12 2,98 2.83 2.67 2.50 2.31
23 1.88 5.66 4.16 4.26 3.94 3.71 3.41 3.07 2.93 2.78 2.62 2.45 2.26
24 1.82 5.61 4.72 4.22 3.90 3.61 3.i6 3.03 2.89 2.74 2.58 2.40 2.21
15 1.11 5.51 4.68 4.18 3.85 3.63 3.32 2.99 2.85 2.10 2.54 2.36 2.17

26 7.12 5.53 4.64 4.14 3.82 3.59 3.29 2,96 2.81 2.66 2.50 2.33 , 2.13
21 1.68 5.49 4.60 4.11 3.18 3.56 3.26 2.93 2.73 2.63 2.47 2.29 2.10
18 1.64 5.45 4.57 4.01 3.75 3.53 3.23 2.90 2,75 2.60 2.44 2.26 2.06
in 1,60 5.4? 4,54 4,04 3.71 1.50 3.20 2.81 2.13 2.57 2.41 2.23 2.03
30 0,66 5.39 4.51 4.02 3.10 1.47 3.11 2.84 2.70 2.55 2.39 2.21 2,01

40 0,11 5.18 4.31 1.611 3.51 3.29 2.99 2.66 2,52 2.37 2.20 2.02 1.80
to 1,n9 4.98 4.11 3.65 3.34 3.12 2.82 2,50 2.35 7.2r 2,03 1.84 1.60

11n 6.85 4,70 4,95 1,48 1.11 2.96 2.66 2.34 2.19 2.13 1.80 1.66 1.38
6 6,61 4.61 1.19 3.12 1.02 2,80 2.51 2.18 2.04 1.88 1.10 1,47 1.00
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PROBABILITY FUNCTIONS

PERCENTAGE POINTS OF TIIE F.DISTRIRITION-1 %MIS Table 26.9

989

la lt 1

1 16211
2

20000
3

21615

IW F IN TERMS IW Q. v,. v:
0 FIPI.P:1 -0.005

4 5 6 8 12
22500 23056 23437 2)925 24426

15
24630

20 30
24836 25044

60 w
25253 25465

2 198.5 199.0 ,199.2 199.2 199.3 199.3 199.4 199.4 199.4 199.4 199.5 199.5 199.5
3 53.55 49.80 41.47 46.19 45.36 44.84 44.13 43.39 43.08 42.78 42.47 42,15 41.83
4 11.3) 26.28 24.26 23.15 22.46 21.97 21.35 20.70 20,44 20.17 19.89 19.61 19.32
3 22,18 18.31 16.33 13.36 14.94 14.51 13.96 13.38 13.15 12.90 12.66 12.40 12.14

6 18.63 14.34 12.92 12.03 11.46 11.07 10.57 10.03 9.81 9.59 9.36 9.12 8.88
7 16.24 12.40 10.89 10.03 9.52 9,16 8.68 8.18 7.97 7,75 7.53 7.31 1.08
8 14.69 11.04 9.60 8.81 8.30 7,95 1.50 7.01 6.81 6.61 6.40 6.18 5,95
9 1).61 10.11 8.72 1.96 1.47 1.13 6.69 6.23 6.03 5.83 5.62 5.41

"
5.19

10 12.8) 9.43 8.09 1.34 6.87 6.34 6.12 5.66 5.47 0 5.27 5.07 4.86 4.64
I

11 12.23 8.91 7.60 6.88 6.42 6.10 t 3.68 5.24 5.05 4.86 4,65 4.44 4.23
12 11.73 8,51 7.23 6.52 6.07 5.7t 5.35 4.91 4.72 4.53 4.33 4.12 3.90
1) 11.37 8.19 6,93 6,23 5.79 5.48 5.08 4.64 4.46 4.27 4.07 ),87 3.65
14 11.06 7.92 6.68 6.00 3.36 3.26 4.86 4.4) 4,25 4.06 3.86 3.66 3.44
15 10480 7.70 6.48 3.80 3.37 5.07 4.67 4.25 4.07 3.88 1.59 3.48 3.26

16 10.38 1.31 6.30 5.64 5.21 4.91 432 4.10 ; 3.92 3.7) 3.54 3.i 3 3.11
17 10.38 7.35 6.16 5,5( 3.07 4,78 4.39 3.97 1.79 3.61 3.41 3, 1 2.98
18 10.22 1.21 6.0) 5.37 4.96 4.66 4.28 3.86 3.68 3.50 3.30 3.10 2.87
19 10.07 1.09 5.92 3.27 4.83 4.36 4.18 3.76 3.59 3.40 3.21 3.00 2.78
20 9.94 6.99 5.82 5.17 4.76 4.47 4.09 3.68 3.50 3.32 3.12 2.92 2.69

21 9.83 6.89 5.73 3.09 4.68 4.39 4.01 3.60 3 3.24 3.05 2.84 2.61
22 9.73 6.91 5.65 5.02 01 4.32 3.94 3.54

3;4 363

3.18 2.98 2.77 2,55
2) 9.63 6.71 5.58 4.95 4.54 4.26 3.88 3.47 3.30 3.12 2.92 2.71 2.48
24 9.55 6.66 5.52 4.89 4.49 4.21 1.83 3.42 3,25 346 2.87 2.66 2.43
25 9.48 6.60 5.46 4.84 4.43 4.15 3.78 3.37 3.20 3.01 2.82 2.61 2.38

26 9.41 6.54 5.41 4,79 Mr 4.10 3.71 3.33 3.15 7.91 2,71 2.56 2.33
27 9.34 .. 6.49 5.36 4.74 4.34 4.06 3.69 3.28 3.11 2.9) 2.73 2.52 2.29
28 9.28 6.44 5.32 4.70 4.30 4.02 3.65 3.25 3.07 2.89 2.69 2.48 2.25
29 9.23 6.40 3.28 4.66 4.26 3.98 3.61 3.21 344 2.86 2.66 2.45 2.21
30 9.18 6.35 5.24 4.62 4.23 3.95 3.58 338 ).01 2.82 2.63 2.42 2.18

40 8.83 6.07 4.98 4.31 3.99 3.71 3.35 2.95 2.78 2.60 440 '1.18 1.9)
60 8.49 5.79 4.13 4.14 3.76 3.49 3.13 2.74 2.57 2.39 2.19 1.96 1.69

120 8.18 5.54 4.50 3.92 3.55 3.28 2.93 2.54 2.37 2.19 1.98 1.75 1.43
1.88 5.30 4.28 1.72 3.35 349 1.79 2.36 2.19 400 1.79 1.53 1.00

VFIvt, v:) =0.001

le vi 1 2 3 4 5 6 8 12 15 20 30 60
1 ( 5)4.053 ( 5)5.000 (5)5.404 ( 5)3.625 ( 5)5.764 (5)5.859 ( 5) 5.981 ( 5) 6.107 ( 5) 6.158 (5)6.209 ( 5) 6.261 (5)6.313 (5)6.366
2 998.5 999.0 99°,2 999.2 999.3 999.) 999.4 999.4 999.4 999.4 999,5 999,5 999.5
3 161.0 148.5 141.1 131.1 134.6 1)2.8 130.6 128.3 127.4 126.4 125.4 124.5 123.5
4 14.14 61.25 56.18 53.44 31.71 50.53 49.00 47.41 46.76 46.10 45.43 44.75 44.05
S 41.18 31.12 )3.20 )1.09 29.75 28.84 27.64 26.42 25.91 25.39 24.87 24.33 23.79

6 35.31 27.00 23,70 21.92 20.81 20.03 19.03 17.99 17.56 11.12 16.67 16.21 15.75
1 29,25 21.69 18.77 17.19 16.21 15.52 14.63 13.71 13.32 12.93 12.53 12.12 11.70
0 25.42 18.49 15.83 14.39 13.49 12.86 12.04 11.19 10.84 10.48 10.11 9.73 9.33
9 22.86 16,19 11.90 12.56 nal 11.13 10.37 9.57 9.24 8,90 0,55 8.19 7.81

10 21.04 14.91 12.55 11.28 10.48 9.92 9.20 8.45 8.13 7.80 7.47 1.12 6.76

11 19.69 13.81 11.56 10.35 9.58 9,05 8.35 7.63 7.32 7.01 6.68 6.35 6.00
IL 18.64 12.97 10.80 9.63 8.89 8.38 7.71 7.00 6.71 6.40 6.09 5.76 5.42
13 17.81 12.31 10.21 9.07 8.35 7.86 1,21 6.52 6.23 5.93 5.63 5.30 4.91
14 11.14 11.18 9.71 8.62 1,92 7.43 6.80 6.13 5.85 5,56 5.25 4.94 4.60
15 16.59 11,34 9.34 8.25 7.57 7.09 6.41 5.81 5.54 5,25 4.95 4.64 4.31

1b 16.12 10.97 9.00 7.94 1.21 6.81 6,19 5.55
'

5.27 4.99 4.70 4.39 4.06
17 15.12 10.66 8.73 7.68 7.02 6.56 5.96 5.32 5.05 4.78 4.48 4.18 3.85
18 15.18 10.39 8.49 7.46 6.81 6,35 5.76 5.13 4.87 4.59 4.30 4.00 3.61
19 15.08 10.16 8.28 1.26 6.62 6.18 5.59 4.97 4.70 4.43 4.14 3.84 3.51
ro 14.82 9,95 8.10 730 6.46 6.02 5.44 4.82 4.56 4.29 4.00 3.70 3.39

21 14,59 9.17 1.94 6,95 1.12 5.88 5.31 4.10 4.44 4.11 3.88 3.58 3.26

22 14.38 9,61 .00 6.81 6.19 5.16 5.19 4.59 4.33 4.06 3.78 3.48 3.15
23 14.19 9.41 7.67 6.69 6.08 5.65 5.09 4.48 4.21 3.96 3.68 3.38 3.03

24 14.03 9.34 7.55 6.59 5.98 5,55 4.99 4.39 4.14 3.87 3.59 3.29 2.97
25 13.88 9.22 1.45 6.49 5.88 5.46 4.91 4.31 4.06 . 3.79 3.52 3.22 2.89

26 13.14 9.12 7.36 6.41 5.80 5.38 4.83 4.24 3.99 3.72 3.44 3.15 2.82
21 13.61 9.02 7.27 6.33 5.71 5.31 4,16 4.17 3,92 3.66 3.38 3.08 2,75

28 13.50
19 11.39

8.93
8.85

1.19
7.12

6.25
6.19

3.66
5.59

5.24 4.69 4.11
5.18 4.64 4.05

3.86
3.80

3.60
3.54

3.32
3.27

3.02
2.97

2.69
2.44./

30 11.29 0.11 7.05 6.12 5.53 5.12 4.58 4.00 3.75 3.49 1.22 2.92 /39

40 12.61 8.26 6.60 5.70 5.13 4.73 4.21 3.64 3.40 3.15 2.87 2.57 2.23

60 11,11 1,16 6.11 3.31 4.16 4,31 3.81 1.31 3.08 2.83 2.55 2.25 1.89

120 11.18 1.12 5.19 4.95 4.42 4.04 3.56 3.02 478 2.53 2.26 1.95 1.54

is 10.83 6.91 5,42 4.62 4.10 3.14 1.21 2.14 2.51 2,27 1.99 1.66 1.00

Hoe pass It.
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Table 26.10

PROBABILITY FUNCTIONS

pENcEvi. I'411 \'I'!+ 01"1.11E wisTiti lit 114 ,idui Es I IN Timms o

y A 0.2 0.5 0.8 0.9 0.95 0.98 0.99 0.995 0.998 0.999 0.9999 0.99999
1 0.325 1.000 3.078 6.314 12.706 31.821 63.657 111.311 318.309 636.619 6366.198 63661.977
2 0.289 0.816 1.886 2.920 4.303 6.965 9.925 14.089 22.327 31.598 99.992 316.225
I 0.217 0.764 1.638 2.353 3.182 4.541 5.841 7.453 10.214 12.924 28.000 60.397
4 0.211 0.741 1.531 2.132 2.776 3.741 4.604 5.598 7.173 8.610 15.544 27.771

0.167 0.721 1.476 2.015 2.571 3.365 4.032 4.773 5.893 6.869 11.178 17.897

0.265 0.718 1.440 1.943, 2.44 7 3.143 3.707 4.317 5.208 5.959 97.808852

1 0.263 0.711 1.415 1.895 1.165 2.998 3.499 4.029 4.785 5.408
8 0.262 0.706 1.197 1.860 2.306 2.896 3.355 3.833 4.501 5.041 7.120

6.594
8.150

9 0.261 0.703 1.383 1.833 2.262 2,421 3.250 3.690 4.297 4.781
-10 0.260 0.700 1.372 1.812 2.228 2.764 3.169 3.581 4.144 4.587

11 0.260 0.697 1.363 1.796 2.201 2.718 3.106 3.497 4.025 4.437 5.921 7.648
12 U.259 0.695 1.356 1.782 2.119 2.681 3.055 3.428 3.930 4.318 5.6
13 0.259 0.694 1.150 1.171 2.160 2.650 3.012 3.372 3.852 4.221 5.513

7.261

5.363
6.955

14 0.258 0.692 1.345 1.761 2.145 2.624 2.977 3.326 3.787 4.140 6.706
15 0.258 0.691 1. 141 1.753 2.131 2.602 2.947 3.286 3.733 4.073 5.239 6.502

lb 0.258 0.690 1.337 1.746 2.120 2.583 2.921 3.252 3.686 4.015 5.134
17 0.257 0.689 1.333 1.740 2.110 2.567 2.898 3.223 3.646 3.965 6.184
18 0.15 / 0.688 1.11U 1.714 1.101 2.552 2.878 3.197 3.610 3.922

5.044
4.966

19 0.257 0.688 1.128 1.729 2.093 2.539 2.861 3.174 3.519 3.883 4.897 5.94594

20 0.151 0.681 1.325 1.725 2.086 2.528 2.845 3.153 3.552 3.850 4.837 5.854

21 0.257 0.686 1.323 1.721 2.080 .2.518 2.831 3.135 3.527 3.819 4.784
4.736

5.769
22 0.256 0.686 1.321 1.711 2.074 2408 2.819 3.119 3.505 3.792

4.693
5.694

2 1 0.256 0.685 1.319 1.714 2.069 2.500 2.807 3.104 3.485 3.768
24 0.256 0.685 1.318 1.711 2.064 2.492 2.797 3.090 3.467 3.745

5.627
4,654 5,566

25 0.256 0.684 1.116 1.708 2.060 2.485 1.787 3.078 3.450 3.725 4.619 5.511

26 0.256 0.684 1.315 1.706 2.056 2.419 2.719 3.067 3.435 3.74
44..558587

5.461
5.41527 0.256 0.684 1.314 1.703 2.052 2.473 2.771 3.057* 3.421 3.690

28 0.256 0.683 1.313 1.101 2.048 2.467 2.763 3.047 3.408 3.674 4.530
4.506

5.373
29 0.256 0.683 1.311 1.699 2.045 2.462 2.756 3.038 3.396 3.659
10 0.256 0.683 1.310 1.697 2.042 2.457 2.750 3.030 3.385 3.646

5.335
4.482

5.05340 0.255 0.681 1.103 1.684 2.021 2.423 2.704 2.971 kyil; atti 4.321
0 0.254 "0.679 1.296 1,671 2.000 2.390 2.660 2.915 4.169 4.825

120 0.754 0.677 1.289 1.658 1.980 2.358 2.617 2.860 3.160 3.373 * 4.025 4.61137

co 3.253 0.614 1.282 1.645 1.960 2.326 2.576 2.807 3.090 3.291 3.891 4.417

AND v

0.999999
636619.772

999.999
130.155 ,

49.459
28.477

20.047
15.764
13.257
11.637
10.516

9.702
9.085
8.604
8.218
7.903

A - A(t'v)+vB(12, 61-1 j i(i+xv2)4v421dx

From E. S. Pears9n and H. 0. Hartley (editors), Biometrika tables for statisti-
cians, vol. I. Cainbridge Univ. Press, Cambridge, England, 1954 for A 0.999,
from E. T. Federighi, Extended tables of the percentage points of Student's
tdistribution, J. Amer. Statist. Assoc. 54, 683-688 (1959) for A 0.999 (with
permission).

Spa page u.

1021

7.642
7.421
1.232
7.069
6.927

6.802
6.692
6.593
6.504
6.424

6.352
6.286
6.225
6.170
6.119

5.768
5.449
5.158
4.892
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PROBABILITY FUNCTIONS

2500 FIVE DIGIT RANDOM NUMBERS Table 26.11

53479 81115 98036 12217 59526 40238 40577
97344 70328 58116 91964 26240 44643 83287
66023 38277 74523 71118 84892 13956 98899
99776 75723 03172 4,112 83086 '81982 14538
30176 .48979 92153 38416 42436 26636 83903

81874 83339 14988 99937 13213 30177 47967
19839 90630 71863 95053 55532 60908 84108
09337 33435 53869 52769 18801 25820 96198
31151 58295 40823 41330 21093 93882 49192
67619 52515 03037 81699 17106 64982 60834

61946 48790 11602 83043 22257\11832 04344
04811 64892 96346 79065 26999 43967 63485
05763 39601 56140 25513 86151 78657 02184
73260 56877 40794 .13948 96289 96185 47111
54909 09976 76580 02645 35795 4453/ 64428

42583 36335 60068 04044 29678 16342 48592
27266 27403. 97520 23334 36453 33699 23672
49843 11442 66682 36055 32002 78600 36924

29316 40460, 27076 69232 51423 58515 49920
30463 27856 67798 16837 74273 05793 02900

A.

28708 84088 65535 44258 33869 82530 48399
13183 50652 94872 28257 78547 55286 33591
60796 76639 30157 40295 99476 28334 15368

13486 46918 64683 07411 77842 01908 47796
34914 94502 39374 34185 57500 22514 04060

28105 04814 85170 86490 35695 03483 57315
59231 45028 01173 08848 81925 71494 95401-

87437 82758 71093 36833 53582 25986 46005

29046 01301 55343 65732 78714 43644 46248
62035 71886 94506 15263 '61435 10369 42054

38856 80048 59973 73368 52876 47673 41020
40666 43328 87379 86418 95841 25590 54137
40588 90087 37729 08667 37256 20317 53316
78237 86556 50276 20431 00243 02303 71029
98247 67474 71455 69540 01169 03320 67017

...

69977 78558 65430 32627 28312 61815 14598

39843 23074 40814 03713 21891 96353 96806
62880 87277 99895 99965 34374 42556 11679

56138 64927 29454 52967 86624 62422 30163

90804 56026 48994 64569 67465 60180 12972

09665 44672 74762 33357 67301 80546 97659
34756 50403 76634 12767 32220 34545 18100
12157 73327 74196 26668 78087 53636 52304

69384 07734 94451 76428 16121 09300 67417
93358 64565 43766 45041 44930 69970 16964

38879 35544 99563 85404 04913 '62547 78406

58314 60298 72394 69668 12474 93059 02053
83568 10227 99471 74729 22075 10233 21575

28067 91152 40568 33705 64510 07067 64374,
05730 75557 93161 80921 55873 :54103 34801

39351 43211 69255
97391 92823 77578
92315 65783 59640
26162. 24899 20551
44722\ 69210 69117

93793 \86693 98854
55342 '48479 63799
66518 78314 97013

85319 4 14 08075
44876 4485 81425

95541 203 6 55937
93572 A07 96582
29715 0433 15678
66807 61849 44686
35441 28518 99001

25547 63177 5225
45884 41515 4756
59962 68191 6 580
03901 26597 3 068
63498 00782 3 970

26387 02836 36038
61965 51723 14211
42481 60312 42770
65796 44230 77230
94511 44612 10485

63174 71902 71182
34049' 04851 65914
42840 .81683. 21459
53205 94868 48711
68257 14385 79436

82295 26430 87377
94182 "42308 07361
50982 32900 32097
49932 23245 00862
92543 97977 52728

79728 55699 91348
24595 26203 26009
99605 98011 48867
76181 95317 39264
03848 62582 93855

11348 78771 45011
53513 14521 72120
00007 05708 63538
68587 87932 38840
08277 67752 60292

01017 86187 22072
29807 63645 12792
20325 21317 57124
26336 79652 31140
83157 04534 81368

Compiled from Rand Corporation, A million random digits with 100,000 normal deviates, The Free Prows, Glencoe,
Ift5 iwith permiaaion).
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992 PROgABILITY FUNCTIONS

Table 36.11 '2500 FIVE DIGIT RANDOM NUMBERS

26687 74223 43546 45699 94469 82125 37370 23966 68926 37664
60675 75169 24510 15100 02011 14375 65187 10630 64421 66745
45418 98635 83123 98558 09953 60255 42071 40930 97992 93085
69872 48026 89755 28470 44'130 59979 91063 28766 85962 77173
03765 86366 99539 44183 23886 89977 11964 51581 18033 56239

84686 57636 32326 19867 71345 42002 96997 84379 27991 21459
91512 49670 32556 85189 28023 88151 62896 95498 29423 )8138
10737 49307 18307 22246 22461 10003 93157 66984 44919 30467
54870 19676 58367 20905 38324 00026 98448 37427 22896 37637
48967 49579 65369 74305 62085 39297 10309 23173 74212 32272

91430 79112 03685 05411 23027 54735* 91550 06250 18705 18909
92564 29567 47476 62804 73428 04535 86395 12162 59647 97726
41734 12199 774141 92415 63542 42115 84972 12454 33133 48467
25251 78110 541,78 78241 09226 87529 35376 90690 54178 08561
91657 11563 66036 28523 83705 09956 76610 88116 78351 50877

00149 84745 63222 50533 50159 60433 04822 49577 89049 16162
53250 73200 84066 59620 61009 38542 05758 06178 80193 26466
25587 17481 56716 49749 70733 32733 60365 14108 52573 39391
01176 121,82 06882 27562 75456 54261 38564 89054 96911 88906
83531 15544 40834 20296 88576 47815 96540 79462 78666 25353

19902 98866 32805 61091 91587 30340 84909 64047 67750 87638
96516 78705 25556 35181 29064 49005 29843 68949 50506 45862
99417 56171 19848 24352 51844 03791 72127 57958 08366 43190
77699 57853 93213 27342 28906 31052 65815 21637 49385 75406
32245 83794 99528 05150 27246 48263 62156 62465 97048 16511

12874 72753 66469 13782 64330 00056 73324 03920 13193 19466
63899 41910 45484 55461 66518 82486 74694 07865, 09724 76490
16255 43271 26540 41298 35095 32170 70625 66407 01050 44225
75553 30207 41814-14985 40223 91223 64238 73012 83100 92041
41772 18441 34685 13892 38843 69007 10362 84125' 08814 66785

09270 01245 81765 06809 10561 10080 17482 05471 82273 06902
85058 17815 71551 36356 97519 54144 51132 83169 27373 68609
80222 87572 62758 14858 36350 23304 70453 21065 63812 29860
83901 88028 56743 25598 79349 47880 77912 52020 84305 02897
36303 57833 77622 02238 53285 77316 40106 38456 92214 54278

#91543 63886 60539 96334 20804 72692 08944 02870 74892 22598
14415 33816 78231 87674 96473 44451 25098 29296 50679 07798
82465 07781 09938 66874 72128 99685 84329 14530 08410 45953
27306 39843 05634 96368 72022 01278 92830 40094 31776 41822
91960 82766 02331 08797 33858 21847 17391 53755 58079 48498

59284 96108 91610 07483 37943 96832 13444 12091 36690 58317
10428 96003 71223 21352 78685 55964 35510 94805 23422 04492
65527 41039 79574 05105 59588 02115 33446 56780 18402 36279
59688 43078 93275 31978 08768 84805 50661 18523 83235 50602
44452 10188 43565 46531 93023 07618 12910 60934 53403 18401

87275 82013 59804 78595 60553 14038 12096 95472 42736 08573
94155 93110 49964 27753 85090 77677 69303 66323 77811 22791
26488 76394 91282 03419, 68758 89575 66469 97835 66681 03171
37073 34547 88296 68638 129/6 0896 10023 27220 05785 77538
83835 89575 55956 93957 4. 30361 679 83001 35056 07103 63072

1 023



'PROBABILITY FUNCTIONS

2500 FIVE DIGIT RANDOM NUMBERS Table 26.11

SS034 81217 90564 81943 112 84512 12288 89862 00760 76159
25521 99536 43233 48786 49221 06960 31564 21458 88199 06312
85421 72744 97242 66383 00132 05661 96442 37388 /57671 27916
61219 48390 47344 30413 39392 91365 56203 79204 05330 31196
20230 03147 58854 11650 28415 12821 58931 30508 65989 26675

95776 83206 56144 55953 89787 64426 08448 45707 80364 60262
07603 17344 01148 83300 96955 65027 31713 :89013 79557 49755
00645 17459 78742 39005 36027 98807 72666 54484 68262 38827
62950 83162 61504 31557 80590 47893 72360 72720 08396 33674
79350 10276 81933 26347 08068 67816 06659 ;87917 74166 85519

48339 69834 59047 82175 92010 58446 69591 1 56205 95700 86211
05842 08439 79836 50957 32059 32910 15842 113918 41365 80115
25855 02209 07307 59942 71389 76159 11263 .38787 61541 22606
25272 16152 82323 70718 98081 38631 91956 X49909 76253 33970
73003 29058 17605 49298 47675, 90445 68919 105676 23823 84892

81310 ,94430 22663 06584 38142 00146 17496 ;51115 61458 65790
10024 44713 59832 80721 63711 67882 25100 45345 55743 67618
84671 52806 89124 37691 20897 82339 22627 06142 05773 03547
29296 58162 21858 33732 94056 88806 54603 00384 66340 69232
51771 94074 70630 41286 90583 87680 13961 55627 23670 35109

42166 56251 60770 51672 36031 77273 85218 14812 90758 23677
78355 67041 22492 51522 31164 30450 27600 44428 96380 26772
09552 51347 33864 89018 73418 81538 77399 30448 97740 18158
15771 63127 34847 .05660 06156 48970 55699 61818 91763 20821
13231 99058 93754 36730 44286 44326 15729 37500 47269 13333

50583 03570 38472 73236 67613 72780 78174 18718 99092 64114
99485 57330 10634 74905 90671 19643 69903 60950 17968 37217
54676 39524 73785 48864 69835 62798 65205 69187 05572 74741
99343 71549 10248 76036 31702 76868 88909 69574 27642 00336
351192 40231 34868 55356 12847 68093 52643 32732 67016 46784

98170 25384 03841 23920 4795,1 10359 70114 11177 63298 99903'
02670 86155 56860 02592 01646 42200 79950 37764 82341 71952
36934 42879. 81637 79952 07046,..41625 96804 92388 88860 68580
56851 12778- 24309 73660 84264 24668 16686 02239 66022 64133
05464 28892 14271 23778 88599 17081 33884 88783 39015 57118

15025 20237 63386 71122 06620 07415 94982 32324 79427 70387
95610 08030 81469 91066 88857 56583 01224 .28097 19726 71465
09026 40378 05731 55128 74298 49196 31669 42605 30368 96424
81431 99955 52462 67667 97322 69808 21240 65921 12629 92896
21431 59335 58627 94822 65484 09641 41018 85100 16110 32077

95832 76145 11636 80284 17787 97934 12822 73890 66009 27521
99813 44631 43746 99790 86823 12114 31706 05024 28156 04202
77210 31148 50543 11603 50934 02498 09184 95875 85840 71954
13268 02609 79833 66058 80277. 08533 28676 37592 70535 82356
44285 71735 26620 54691 14909 52132 81110 174548 78853 31996

70526 45953 79637 57374 05053 31965 33376 13232 85666 86615
88386 11222 25080 71462 09818 46001 19065 68981 18310 74178
83161 73994 17209 79441 64091 49790 11936 44864 86978 34538
50214 71721 33351 45144 05696 29935 12823 01594 08453 52825
97689 29341 67747 80643 13620 23943 49396 83686 37302 95350

1024
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PROBABILITY FUNCTIONS

Table 26.H 2500 FIVE DIGIT RANDOM NUMBERS

12367 23891 31506 90721 18710 89140 58595 99425 22840 08267
38890 30239 34237 22578 74420 22734 26930 40604 10782 80128
80788 55410 39770 93317 18270 211.41 52085 78093 85638 81140
02395 77585 08854 23562 33544 45796 10976 44721 24781 09690
73720 70184 69112 71887 80140 72876 38984 23409 63957 44751

61383 17222 55234 18963 39006 93504 18273 49815 52802 69675
39161 44282 14975 97498 25973 33605 60141 30030 77677 49294
80907 74484 39884 19885 37311 04209 49675 39596 01052 43999
09052 6500 63660 34035 06578 87837 28125 48883 Aaw 55735
33425 24226 32043 60082 20418 85047 53570 32554 64091 52326

72651 69474 73648 71530 55454 19576 15552 20577 12124 50038
04142 32092 83586 61825 35482 32736 63403 91499 37196 02762
85226 14193 52213 60746 24414 57858 31884 51266 82293 73553
54888 03579 91 674 59502 08619 33790 29011 85193 62262 28684
33258 51516 82032 45233 39351 33229 59464 65545 76809 16982

75973 15957 32405 82081 02214 57143 33526 47194 94526 73253
90638 75314 35381 34451 49246 11465 25102 71489 89883 99708
65061 15498 93348 33566 19427 66826 03044 97361 08159 47485
64420 07427 82233 97812 39572 07766 65844 29980 15533 90114
27175 17389 76963 7511? 45580 99904 47160 55364 25666 25405

32215 30094 87276 56896 1 5625 32594 80663 08082 19422 80717
54209 58043 72340 89828 02706 16815 89985 37380 44032 59366
59286 66964. 84843 71549 67553 33867 83011 66213 69372 23903
83872 58167 01221 95558 22196 65905 38785 01355 .47489 281 70
83310 57080 03366 80017 39601 40698 56434 64055 02495 50880

64545 29500 13351 78647
1.

92628 19354 .60479 57338 52133 07114
39269 00076 55489 01524 76568 22571 20328 84623 30188. 43904
29763 05675' 28193 65514 11954 78599 63902 21346 19219 90286
06310 02998 01463 27738 90288 1 7697 64511 39552 34694 03211
97541 47607 57655 59102 21851 44446 07976 54295 84671 78755

82968 8571 7 11619 97721 53513 53781 98941 38401 70939 11319
76878 34727 12524 90642 16921 13669 17420 84483 68309 85241
87394 78884 87237 92086 95633 66841 22906 64989 86952 54700
74040 12731 59616 33697 12592 44891 67982 72972 89795 10587
47896 41413 66431 70046 50793 45920 96564 67958 56369 44725

87778 71697 64148 54363 92114 34037 59061 62051 62049 33526
96977 63143 72219 80040 11990 47698 95621 72990 29047 85893
43820 13285 77811 81697 29937 70750 02029 32377 00556, 86687
57203 83960 40096 39234 65953 .59911 91411 55573 88427" 45573
49065 721 71 81)939 06017 90323 63687 07932 99587 49014 26452

94250 84270 95798 13477 80139 26335 55169 73417 40766' 451 70
68148 81382 82383 18674 40453 92828 30042 37412 43423 451 38
12208 97809 33619 28868 41646 16734 88860 32636 41985 84615
88317 89705 26119 12416 19438- 65665' 60989 59766 11418 18250
56728 80359 29613 63052 15251 44684 64681 42354 51 029 77680

07138 12320 01073 19304 87042 58920 28454 81069 93978 66659
21188 64554 55618 36088 24331 84390 16022 12200 77559 75661
02154 12250 88738 43917 03655 21099 60805 63246 26842 35816
90953 85238 32771 07305 36181 47420 19681 33184 41986 03249
80103 91308 12858 41293 00325 15013 19579 91132 12720 92603
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PROBABILITY FUNCTIONS

2500 FIVE DIGIT RANDOM NUMBERS

995

Table 26.11

92630 78240 19267 95457 53497 23894 37708 79862 76471 66418
79445 78735 71549 44843 26104 67318 00701 34986 66751 99723
59654 71966 27386 50004 05358 94031 29281 18544 52429 06080
31524 49587 76612 39789 13537 48086 59483 60680 84675 53014
06348 76938 90379 51392 55887 71015 09209 79157 24440 30244

28703 51709 94456 48396 73780 06436 86641 69239 57662 80181
68108 89266 94730 95761 75023 48464 65344 96583 18911 16391
99938 90704 93621 66330 33393 95261 95349 51769 91616 33238
91543 73196 34449 6)513 83834 99411 58826 40456 69268 48562
42103 02781 73920 56297 72678 12249 25270, 36678 21313 75767

17138 27584 25296 28387 51350 61664 37893 05363 44143 42677
28297 14280 54524 21618 95320 38174 60579 08089 .94999 78460
09331 56712 51333 06289 75345 08811 82711 57392 25252 30333
31295 04204 93712 51287 05754 79396 87399 51773 33075 97061
36146 15560 27592 42089 99281 59640 15221 96079 09961 05371

29553 18432 13630 05529 02791 81017 49027 79031 50912 09399
23501 22642 63081 08191 89420 67800 55137 54707 32945 64522
57888 85846 67967 07835 11314 01545 48535 17142 08552 67457
55336 71264 88472 04334 63919 36394 11196 92470 70543 29776
10087 10072 55980 64688 68239 20461 , 89381 93009' 00796 95945

34101 81277 66090 88872 37818 72142 67140 50785. 21380 16703
53362 44940 60430 22834 14130 96593 23298 56203 92671 15925
82975 66158 84731 19436 55790 69229 28661 13675 99318 76873
54827 84673 22898 08094 14326 87038 42892 21127 20712 48489
25464 59098 27436 89421 80754 89924 19097 67737 80368 08795

67609 60214 41475 84950 40133 02546 09570 45682 50165 15609
44921 70924 61295 51137 47596 86735 35561 76649 18217 63446
33170 30972 98130 95828 49786 13301 36081 80761 33985 68621
84687 85445 06208 17654 51333 02878 35010 67578 61574 20749
71886 56450 36567 09395 96951 35507 17555 35212 69106 01679

00475 02224 74722 14721 40215 21351 08596 45625 83981 63748
25993 38881 68361 59560 41274 69742 40703 37993 03435 18873
92882 53178 99195 93803 56985 53089 15305 50522 55900 43026
251,38 26810 07093, 15677 60688 04410 24505 37890 67186 62829
84631 71882 12991 83028 82484 90339 91950 74579 03539 90122

34003 92326 12793 61453 48121 74271 28363 66561 75220 35908
53775 45749 05734 86169 42762 70175 97310 73894 88606 19994
59316 97885 72807 54966 60859 11932 35265 71601 55577 67715
20479 66557 50705 26999 09854 52591 14063 30214 19890 19292
86180 8493. 25455 26044 02227 52015 21820 50599 51671 65411

21451 68001 72710 40261 61281 13172 63819 48970 51732 54113
98062 68375 80089 24135 72355 95428 11808 29740 81644 86610
01788 64429 14430 94575 75153 94576 61393 96192 03227 32258
62465 04841 43272 68702 01274 05437 22953 18946 99053 41690
94324 91089 84159 92933 99989 89500 91586 02802 69471 68274

05797 43984 21575 09908 70221 19791 51578 36432 33494 79888
10395 14289 52185 09721 25789 38562 54794 04897 59012 89251
35177 56986 25549 59730 64718 52630 31100 62384 49483 11409
25633 89619 75882 98256 02126 72099 57183 55887 09320 73463
16464 48280 94254 45777 45150 68865 11382 11782 22695 41988
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27. Miscellaneous Functions
Isms A. &EOM 1

Contents

27.1. Debye Functions is Ilkel-1
Page
998

n=1(1)4, x=0(.1)1.4(.2)5(.5)10, 8D

27.2. Planck's Radiation Function 2-1(slis-1)-a 999
x=.05(.0015).1(.01).2(.02).4(.05).9(.1)1.5(.5)3.5, ' 3D
zurs, Paw), 9-108

27.3. Einstein Functions 999

xse \ x xIn (1-01'), iii=iin. (1e-/(71-7-TV e-1'
x=0(.05)1.5(.1)3(2)8, 5D

27.4. Sievert Integral J.. .-.. .d.. 1000

x=0(.1)1(2)3(.5)10, 0.10(10°)80°(15°)90°, 8D

27.5. f.(x)..f re-44 dt and Related Integrals 1001

f,(x), m=1, 2, 3; x=0(.01).05, .1(1)1, 4D

fs(ix), x=0(.2)8(.5)15(1)20, 4-5D
I.. 8..0

27.6. Mrio t +x dt

(z) +ln a, x=0(.05)1

f z=1(.1)3(.5)9, 4D

27.7. Dilogarithm (Spence's Integral) f(x) = J1* In t
dt

x=0(.01).5, 9D

27.8. Clausen's Integral and Related Summations

f(0)=i. In (2 sin t) dt.011. 81111°
. 2 a-xi na

f(e) +e in 0, 0=00(1°)15°

f e=14e(1°)30°(2°)90°(5°)180°, 6D.

27.9. Vector-Addition Coefficients (hismimslAisjm) . . . 1006

Algebraic Expressions for /1=1/2, 1, 3/2, 2

Decimal Values for ji=1/2, 1, 3/2, 51)

National Bureau of Standards.
1 027 997
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27.1.1

ra - Ake' i

j0 a" -}-715-r fzi (2k+ (2k)li
(121<21r,n1)

(For Bernoulli numbers Bu, see chapter 23.)

27.1.2

e_7;+nfs-14.1 (n)(n;s1)2*-3

nl+ . A---j(x>0,na.1)

I'

27. Miscellaneous Functions
27.1. Debye Functions

Series Representations

Vidtj e4-

Table 27.1

098

Relation to MOMS= Zeta Ftllnotion (see chapter 33)

fo es-1
° Mit ,

27.1.3 =nt n-t- 1).

(27.1j J. A. Beattie, Sis-place tables of the Debye energy
and specific heat functitns, J. Math. Phys. 6,
1-32 (1928).

' 'r 0 sw-i r 0 ev-1 ea-i 's..10( 01)24 68.

(27.2) E. GrOn*n, Die Abhingigkeit des
WidersteP reiner Metalle von der Temperaturh
Ann. Physik. (5) 18, 530-540 (1933).

20 r NI 4e
eT-7. -7'

s.0(.1)13(.2)18(1)20(2)32(4)80. 48.

Debye Functions

tdt
ijo et

0.0
0. 1
0. 2
0. 3
0. 4
0.5
0.6
0. 7
0.8
0. 9
1. 0
1. 1

1.2
1. 3
1.4
1. 6
1. 8
2.0
2.
2. 4

2.6
2.8
3. 0
3. 2
3. 4
3. 6
3. 8
40
4. 2
4. 4

4. 6
4. 8
5. 0
5. 5
A. 0

6. 5
7 (1
7 5
M. 0
8 5
9. 0

10 0

1.000000
0. 975278
0.951111
0.927498
0. 904437

0. 881927
0.859964
0. 838545
0. 817665
0. 797320
0. 777505
0. 758213
0. 739438
0. 721173
0. 703412
0. 669366
0. 637235
0. 606047
0.578427
0. 551596
0. 526375
0. 502682
a 480435
0. 459555
0. 439962
0. 421580
0. 404332
O. 388148
0 372958
0. 358696
0. 345301
0. 3.32713
0. 320876
0. 294240
0.271260
0. 251331
0. 233948
O. 218698
0. 205239
0. 193294
0. 182633
0. 173068
0. 164443

0

2 pi Ode 3 is effete 4 p Odt-
isjo es - 1 ilJo es-1 F4,10 es-1

1.000000
0. 967083
0.934999
0. 903746
0. 873322

0. 843721
0. 814940
0.786973
0. 759813
O. 733451

0. 707878
0.683086
0. 659064
0.635800
0. 613281

O. 570431
0. 530404
0. 493083
0. 458343
0.426057
0.396095
0. 368324
0. 342614
0. 318834
0.296859
0. 276565
O. 257835
0. 240554
0. 224615
0. 209916

0. 196361
0. 183860
0. 172329
0. 147243
0. 126669
0. 109727
0. 095707
O. 084039
0. 0742b9
O. 066036

0, 059053
0. 053092
0.047971

1.000000
0.963000
0.926999
0. 891995
0. 857985
0. 824963
0.

7792924.061859
0.731759
0. 702615
0. 674416
0. 647148
0.620798
0. 595851
0. 570798
0. 524275
0.481103
0.441129
0. 404194
0. 370137
0. 338793
0. 309995
0. 283580
0. 259385
0. 237252
0. 217030
0. 198571
0. 181737
0.166396
0. 152424
0. 139704
0. 128129
0. 117597
0 095241
0. 077581

0.063604
0. 052506
0.043655
0.036560
0. 030840
0.026200
8: 022411
0.019296

1.000000
0. 960555
0. 922221
0.884994
0. 848871
0.813846
0. 779911
0. 747057
0. 715275
0.684581
0.654874
a 626228
0.598598
0. 571967
0. 546317
0.497882
0.453131
0. 411893
0.873984
0.339218
0. 307405
0.278355
0.2518729
0. 227792
0. 205915
0. 188075
0. 168107
0. 151855
0. 137169
0. 123913
0. 111957

-0. 101180
0. 091471
0. 071228
0.055677
0. 043730
0. 034541
0. 027453
0.021968
0. 017702

0.014368
0. 011747
0.000674

r(_54)6]



MISCELLANEOUS FUNCTIONS

Planck's Radiation Function
J(Z) =Z- /(e111- 1)-1

999

Table 27.2

X AZ) X

--.....7-

1(x) z f(z) z I(z) z fix)

0. 050 0. 007 O. 10 t 540 0. 20 21. 199 0. 40 8. 733 0. 9 0. 831
0. 055 0.025 0. 11 6. 998 0.22 20.819 0.45 6. 586 1. 0 0.582
0.060 0.074 0. 12 9. 662 0.24 19. 777 0.50 5.009 1. 1 0. 419
0.065 0. 179 0. 13 12. 296 0.26 18. 372 0.55 3.850 1. 2 a 309
0.070 0. 372 0. 14 14.710 0.28 16. 809 0.60 2.995 1. 3 p. 233

0.075 0.682 0. 15 16. 780 0.30 15. 224 0.65 2.356 1. 4 1). 178

0.080 1. 137 0. 16 18. 446 0.32 13.696 0.70 1. 875 1. 5 0. 139
'0.085 1. 752 0. 17 19. 692 0.34 12. 270 0.75 1. 508 2.0 a 048
0.090 2. 531 0. 18 20. 539 0.36 10. 965 0.80 1. 225 2: 5 a 021
0.095 3.466 0. 19 21. 025 0.38 9. 787 0.85 1. 005 8.0 0. 010
0. 100 4. 540 0. 20 21. 199 0.40 8. 733 0.90 0. 831 3. 5 0.006

r(-
4 L
2,2] r( -2)51

L 5 j
sou...20140 52353 f(z,,,,,)..21.20143 58.

L
r( -

5
2)8]

(27.31 Miscellaneous Physical Tables, Planck's radiation Tabk /: DR),
Ro-A, Alo-k

functions and electronic functions, MT 17 (U.S. so, mom R0-a' Ark buss

Government Printing Office, Washington, D.C., 1T=(.05(.001).1 (.005) .4(.01) .6(.02) 1(.05)2)cm K°.
1941).

Table R04, N1., No-1, (T =1000° K)
RA= etX-4(eftlAr -1)-4 R0_,1,1=1 fle *hdh, for X=(.5(.01) 1(.05)4(.1)6(.2)10(.5)20J microns.

141),=2irex-(01" 1)-1, NO--h'=
0

Nadk
Table Ill: M for k=(.25(.05)1.6(.2)3(1)101

microns, T=(1000°(500°)3500° K and 6000° X).

Einstein Functions Table 27.3

Z
sses s In (1 - 4-11

Z
si- 1

-ln (1-vs)40 - 1)* e -1

0. 00 1.00000 1.00000 - 10

0. 05 0. 99979 0. 97521 -a WM63 a 99584
0. 10 0. 99917 O. 98083 -2. 35217 a 30300
0. 15 0. 99813 0. 92687 -1.197118 2.89806
0.20 0.99667 0. 90333 -1;70777 2. 61110

0. 25 0.99481 0.88020 - 1.50869 2.88888
0. 30 0. 99253 0. 85749 -1. 85023 I 20771
0. 35 0. 98985 0. 83519 -1. 21972 2.05491
0. 40 0. 98677 0. 81330 -1. 10963 1. 92293
0. 45 0. 98829 0. 79182 -1. 01508 1. 80690

0. 50 0. 97942 0.77075 -0. 93275 1. 70350
0.55 0. 97517 0. 75008 i - 0.86026 1.61035
0. 60 0. 97053 . 0. 72982 ' -0. 79587 1. 52569
0. 65 0. 96552 0.70996 -0. 73824 1. 44820
0. 70 0. 96015 0. 69050 -0. 68634 1. 37684

0. 75 0. 95441 0. 67144 -0. 63935 1. 81079
0. 80 0. (44833 0.65277 l -0. 59662 1. 24939
0. 85 0. 94191 0. 63450 -0. 55759 1. 19209
0..90 0. 93515 0.61661 -0. 52184 1. 13844
0. 95 0.92807 0. 59910 -0. 48897 1.08809

1.00 0. 92067 0. 58198 -0. 45868 1. 04065
1.05 0. 91298 0. 56523 0. 43069 0. 99592
1. in 0. 90499 , 0. 541016 -0. 40477 0. 95363
1. 15 0. 89671 0. 53285 0. 38073 0.91358
I. 20 0. $8817 0. 51722 -0. 35838 0. 87560

1. 25 0. 87937 0. 50194 - .0.33758 0. 83952
1. 30 0.87031 0. 48702 -0. 31818 0.80520
1 35 0.86102 0. 47245 -0. 30008 0. 77253
1. 40 0. 85151 - 0. 45824 -0. 28315 0. 74139
1. 45 0. 84178 0. 44436 0. 26732 0. 71168
1 50 0. 83185 0. 43083 -a 25248 0. 68331

[(-36)5] [(1)5]
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Table 27.3

MISCELLANEOUS FUNCTIONS

Einstein Functions
CZ:14.="--'17124.211=r77' ....*......%.

X

i In (1- e-s) e -1(es- 1)* ...'
1es - -In (1 -re)

1. 6 . 0. 81143 0.40473 - 0.22582 0.83027
1. 7 0. 79035 0.87998 -0. 20173 0.58171
1.8 0. 76869 0.35648 -0. 18088 0. 53714
1. 9 0.74857 0. 33416 -0. 18201 0.49817
2. 0 0.72406 0.31304 -0. 14541 0.45848

2. 1 0. 70127 0. 29304 -0. 13063 0. 42367
2. 2 0. 67827 0. 27414 -0. 11744. 0. 39158
2. 3 0. 88515 0. 25629 -0. 10585 0. 36194
2. 4 0. 83200 0.23948 -0. 09510 0. 33455
2. 5 O. 80889 0.22356 - 0.08565 0. 30921

2.8 0.58589 0.20881 - 0.07718 0.28878
2.7 0. 56307 0. 19453 - 0.06957 0. 26410
2. 8 0. 54049 0. 18129 - 0.06274 0. 24403
2.9 0.81820 0.18886 - 0.05689 0.22545
a 0 0. 49627 0. 15719 -0. 05107 O. 20826

a 2 0.45363 0. 13598 - 0.04162 0. 17760
3.4 0.41289 0. 11739 - 0.03394 0.15133
a 6 0. 37429 0. 10113 - 0.02770 0. 121183
3. 8 0. 33799 0.08695 - 0.0'262 0. 10958
t 0 0.30409 0.07463 - 0.01649 0.09311

4. 2 0.27264 0.06394 -0. 01511 0.07905
4.4 0. 24883 0.05489 - 0.01238 0.06705
4.6 0.21704 0.04671 -0. 01010 0.05681
4. 8 0. 19277 0.03988 -0. 00826 0. 04809
5.0 0. 17074 0.03392 - 0.00676 0.04068

5. 2 0. 15083 0.02885 -0. 00553 0.03438
5.4 0.18290 0. 02450 - 0.00453 0.02903
5. 6 0. 11683 0. 02078 0.00370 0.02449
8. 8 0. 10247 0.01761 -0. 00303 0. 02065
6.0 0. 08968 0. 01491 - 0.00248 0. 01739

[(-
4
4)3]

(

-4)3]
L 4

(27.41 11. L. Johnston, L. Savedoff and J. Belzer, Contri-
butions to the thermodynamic functions by a
Planok-Einstein oscillator in one degree of free-
dom, NAV EXOS p. 648, Office of Naval Re-
search, Department of the Navy, Washington,
D.C. (1949). Values of tkss(e - 1)-1, z(es- 1)-1,
-In (1 -e-s) and z(es-1}-1-In (1 -vs) for

14.99, 51) with first differences.

27.4.1

n

.x-0(.001)3(.01)

27.4. Sievert Integral

re
e-s see #4:,

n

Relation to the Error Function

'seal /4-.. 7 9-1 erf (x-ros)

(For erf, Elm chapter7.) 103.03 o

L( 4
[(-)61

L j 4 j
Representation in Terms of Exponential Integrals

27.4.2

e-, so. v4=f Imo *do

-p als(cos ou+14+0 (0-08ej
-0

(x>,0, 0.04)

, 1 .3.5... (2k-1)
2.4.6....(2k)

(For Ea 4 2(4 see chapter 5.)
Relation to the Integral of the Reese! Function Kn(z)

27.4.3

e-1 let M.= Ki, (x).f Ko(t)dt where

5 l29
zi eKit(z) (11111 ir 1

2055 301035,

(For Ki,(x), see chapter II.)



127.51 National Bureau of Standar* Table of the Sievert
integral, Applied Math. Series ( U.S. Government
Printing Office, Washington, D.C. In press).

z=0(.01)2(.02)5(.05)10, 0,=0°(1°)90°, 9D.

127.6) R. M. Sievert, Die -Strahlungeintensitat an der
Oberffitche and I der &Whitten Umgebung von
Itadiumnadelny/Acta Radiologica 11, 239-301
(1930). /

A=0(.01).5, 3D.f o e-..4 ...iii., 0=30000)9w,

o

Sievert Integral if 6'141.4 Table 27.4

x`11 10° 20° 30° 40° 00° 60° 75° 90°

0.0 0. 174533 0. 349066 0.823599 0. 698132 O. P 1665 - 1.047198 I. 308997 1. 570796
0. 1 0. 157843 0.318187 0. 471456 0.625886 ; :0.777323 0.923778 1. 123611 1. 228632
O. 2 0. 142749 O. 284598 0. 424515 0.561189 ./0. 692565 0. 815477 0. 968414 1.023680
0.3 0. 129099 0.256978 0.382285 0. 503165 / 0. 617194 0.720366 0. 837712 0.868832
0. 4 0. 118754 0.232040 0.344209 0.451198 / 0. 550154 0.638769 0. 727031 0.745203

0.5 0.105589 0.209522 0.309957 0.4048 , 0.490508 0.563236 0.632830 0.643694
0. 6 0. 095492 0. 189191 0. 279118 0.36289 0. 437428 0.498504 0. 552287 0. 558890--
0.7 0. 086361 0. 170833 0. 251353 0.3 0. 390178 0.441478 0.483134 0..487198
0. 8 0. 078103 0. 154256 0.226354 0. 291 7 0. 348109 0.391204 0.423835. 1.426062
0. 9 0.070634 0. 139289 .0. 2oas45 0. 201001 0. 310642 0. 346851 -37'1696 0:373579

1. 0 0. 063880 0. 125775 0. 183579 0.234(956 0. --0. 307694 0.327288 0. 328286
1.2 0.012247 0. 102553 0. 148899 0. 189138- . 1027- - -0. 24 0. 254485 0.254889
1. 4 0. 042733 0.083820 0. 120780 0. 152298 0.176336 0.191533 1.198885 0. 199051
1. 6 0. 034951 0. 068183 0. 097979 0. 122667 0. 140792 0. 181541 0. 156087 0. 158188
1. 8 0.028587 O. 05669k' 0. 079488 0. 098829 0. 112497 0. 120105 0. 122932 0. 122961 ,

2. 0 0. 023381 0.045335 0. 064492 0. 079644 0. 089954 0.095342 0. 097108 0. 097121
2. 2 0. 019123 0.036967 0.052329 0. 064201 0. 071979 0. 075797 0. 076905 O. 076911
2. 4 0. 015641 0.030145 0.042463 0.081766 0. 057635 0.060342 0. 061040 0.061043
2. 6 0.012793 0.024582 0.034460 0. 041750 0. 046179 0.048100 0. 048541 0.048542
2.8 0.010463 0.020045 0. 027968 0. 033680 0.037024 0.038387 0. 03813137 0.038668

3. 0 0.008558 0. 016347 0.022700 0. 027177 0.029702 0. 030670 0.030848 0. 030848
3. 5 0. 005178 0.009817 0. 013477 0. 015912 0. 017164 0.017576 0. 017634 0.017634
4. 0 0.003132 0. 005896 0. 008008 0.009330 0.009951 0.010128 0. 010147 0.010147
4. 5 0.001895 0.003542 0.00475_8 i 0.005478 0. 005787 0. 005862 0.005869 0.005869
5.0 0. 001147 0. 002127 0.002828/ 0.003221 0.003374 10. 003407 0.003409 0.003409

5. 5 0.000694 0. 001278 0. 001682 O. 001896 0. 001972 0. 001986 0. 001987 0.001987
6.0 O. 000420 0.000768 0. 001001 0.001117 0. 001155 0.001162 0.001162 O. 001162
8.5 0.000254 0 . 000461 0.000896 0. 1 1 i ; , ! 0. 000678 0.000681 0. 000681 0.000681
7. 0 0. 000154 0. 000277 0.000055 0. f 11 ._ : 0.000399 0. 000400 0. 000400 0.000400
7. 5 0. 000093 0.000167 0. 000211 0.000230 0. 000235' 0. 000230 0. 000235 0.000235

8. 0 0.000056 0.000100 0. 000126 0. 000136 0.000139 0.000139 0. 000139 0.000139
8. 5 0. 000034 0. 0000110 0. 000075 0. 000081 0. 000082 0.000082 0. 000082 0. 000082
9, 0 0. 000021 0. 000036 0. 000045 0. 000048 0. 000048 0.000048 0.000048 0.000048
9. 5 0. 000012 0.000022 0. 000027 0. 000028 0.000029 0.000029 0. 000029 0.000029

10. 0 0, 000008 0. 000013 0. 000016 0. 000017 0. 000017 0.000017 0. 000017 0.000017

r( -.3)2]
L 6

[(
6
4)5] [( 6)81 [( -3)11j [(-3)1] [(-

7
3)2] [(--3)4, [( -2)2]

11

27.5.1

27.5.2

27.5. f,(x)= r.1 e-42-1dt and

Related Integrals
=0, 1, 2 , . .

Differential Equations

tr.;'- (m-1).r.:+2for---0

I;-. (m,1, 2, . )

Recurrence Relation

2.4"zz' (Pn- nis-3+ zits (m >3)

Power Series Representations

27.5.4 211(4.g (at In x-i-bi)

-2(4-2 - 26t_2- (3k2 6k +2)fik

b2 =";

a*-k(k-1)(k-2)

60=1

.(1.eor 7, see chapter 6.)

vk

a2=-bo

61.-
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27.5.5

MISCELLANEOUS FUNCTIONS

2/, (4) =1 %ix+ .634204-.59080.1431x'
.01968.11-1-.0032444+.000188 . . .

zo In x(1 .08333x '+.0013892' .0000083x'+ .

27.5.6

2i2(x)=12 z+2 22. .3225x' .1477x4+ .03195e

+.003280-.000491;0-.00002351 . . .

-F.x3 In x(1.0166704-.0001980 . . .)

27.5.7

x's2,11(z)=1-
2

4---.2954x8+ .101424+ .02954x°

.005780.00047x7+.0000640 . . .

24 In X(0833.00278.13-1-.00002524 . . .)

Asymptotic Representation

27.5.8

3-7v7 e" 4-(11-1-414.

r =3 -
2

1
a0=1, a1=-12 (3m'- }-3m -1)

12(k+2)(14+3= (12k1+36k-3m'-3m + 25)(1/444

-1-1(m-2k)(2k-1-3m)(2k-1-3-1-2m)ak

(k=0, 1, 2 . . .)

27.5.9
*

01 (x) + igi(x)f 1dt

27.5.10

rh(4 *Mix) g2(20 = Jfs(a)

r

.1039

Asymptotic. Representation
27.5.11

91(x)=(3)tra exp Mal (A sin 0-1-B cos 0)

27.5.12

01(x)=(1591111exp[OYI1(A cos 0 B sin 0)

0=1,r3 xllua

A,aoa, ()244 [ai (:)213ai

13-.-115[at(78 -11 (?-)41$a4(113

kx)

a0.1 a, =.972222 a,=.148534
as= .017879 a4=.004594 ag= .000762

127.71 M. Abramowitz, Evaluation of the integral

(xoos)

(11.-) co)

r'-lidu, J. Math. Phys. 32, 188-192 (1953).

WM H. Faxon, Expansion in series of the integral
exp (-x(t± t-0)Itsdi, Ark. Mat., Astr., Fys.

111, 13, 1-57 (1921).
(27.91 J. E. Kilpatrick and M. F. Kilpatrick, Discrete

energy levels associated with the Lennard-
Jones potential, J. Chem. Phys. 19, 7,/930-933
(19M).

(27.101 U. E. Kruse and N. F. Ramsey, Th integral

io°
y$ exp (-10+i dy, J. Math. Phys. 30,

40 (1951).
(27.11) 0. Laporte, Absorption coefficients for thermal

neutrons, Phys. Rev. 52, 72-74 (1937).
(27,121 H. C. Torrey, Notes on intensities of radio frt.

queney spectra, Phys. Rev. 59, 293 (1941).
(27.131 C. T. Zahn, Absorption coefficients for therms'

neutrons, Phys. Rev. 62, 67-71 (1937).

eer-r-si 'tidy for ft, 1; x=10(.01).1(.1)1.



MISCELLANEOUS FUNCTIONS

101(x)=1 f Ise- "-1
0

11(2) h(x) 1a(2) 2 11(2) 14) Mx) x 1i(x)

\ 1003

able 27.5

Mx) 1 1t(s)

0. 00 0. 5000 0. 4431 0. 5000 0. 1 0. 4283 0. 3970 0.4580 0.6 0. 2255 0. 2415 0.3025
0. 01 O. 4914 0. 4382 a 4956 0. 2 0. 3697 0. 3573 0.4204 0. 7 0. 2015 0.2202 0.2798
0.02 0. 4832 '0. 4333 0. 4912 0. 3 0. 3238 a 3227 0.3864 0.8 0. 1807 0. 2011 0. 2584
0. 03 0. 4783 . O. 4285 0. 4869 M. 4 O. 2855 AO. 2923 0.3557 0. 9 0. 1628 0. 1839 0.2392
0. 04 0. 4676 0. 4238 0. 4826 0. 5 0. 2531 0. 2654 0.3278 1.0 0. 1486 0. 1685 0. 2215
O. 05 0. 4802 0. 4191 0 4784

[(-52 )5] [(-145] [(-5)19 [(--4 )1] [(-3 4)7] [(-43 )5
2

pr][(14][(14]
2 gif5(ix) -J.6(ix)

0. 0 O. 50000
0. 2 0. 49019
0. 4 0. 46229
0. 6 0. 41950
0. 8 0.38543

1. 0 0. 30386
1. 2 0.23746
1. 4 0. 16972

11.

6 0. 10288
. 8 +0.03892

2.0 - 0.02062
2. 2 - 0.0746
2. 4 -0. 1221
2. 6 -0. 1629
2. 8 -0. 1966

& 0 -0. 2233
3. 2 -0. 2432
& 4 -0. 2585
& 6 -0. 2639
& 8 -0. 2657

0. 00000
0. 08754
0. 16933
0. 24139
0. 30136

a 34805
0. 38122
0. 40127

.
0. 40910
O 40592

0. 39314
0. 3722
0. 3448
0. 3122
0. 2759

0. 2871
0. 1971
0. 1569
0. 1173,i
0. 0797

4. 0
4.2
4.4
4.6
4.8

5.0
5.2
5,4

5.
5.

8

06.
6. 2
6.4
8.6
6.8

7.0
7. 2
7.4
7.6
7.8

Mis(1.3),

-I0, 2826
-X 255
-0. 2441

2

-0. 2299
-0. 2132

-0. 194$
-0. 1745
-0. 1536
-0. 1322
-0. 1108

-0 0896
-0. 0691
-0. 0493
-0. 0307
-0.0132

+0.00288
0. 01749
0.08081
0.04220
0.05224

0. 0430
+0.0094
- 00214
- 0.0490
- 0.0734

- 0.0944
-0. 1120
-0. 1263
-0. 1374
-4). 1455

-0. 1507
-0. 1533
-0. 1535
-0. 1515
-0. 1476

-0. 14211
-0. 13518
-0. 12709
-0. 11805
70. 10880

a0
& 5
9.
9.

0
5

10.0

10. 5
11.0
11. 5
12. 0
12. 5

13.
13. 5

0

1
144..

0
5

15, 0

16. 0
17.0
18.0
19. 0
20.0

h* -JAW
0. 06078
0. 07562
0. 08221
0. 08191
0. 07626

0.06884
0. 05507
O. 04224
0. 02937
0. 01727

+O. 00650
-0 00259
-0. 00982
-0. 01517
-0. 01872

-0. 02118
-0. 01906
- 0.01435
-0. 00879
-0. 00360

- 0.09808
- 0.07131
- 0.04498
- 0.02082
-0. 00010

+0. 01854
a 02839
0.03707
0. 04146
0. 04289

0. 04109
0.03758
0.03268

0.
0. 0 26

89
96

020

+0.00921
- 0.00022
-0. 00680
- 0.00965
- 0.01021

[(--83)2] [(
a

-3)2] [CT]
t 'ompiled from U. E. Kruse and N.Y. Ramsey, 'The intesralio (-0.14 1) 33, J. Math. Phys. 30, 4u (1961) (with Derma).

27.6.1

....9

27.6. f (z)= -e-- dt
0 +x

Power Series Representation.

0+1
.1(x) e-''In Z+e-z INIr kl (2k +1)

27.6.2
1 ° (-1)*0(k+1)e

e In
let

(--2)kz"+'
" 1.3.5 (2k+1)

(For y and the digamma function 0(z), see chap-
ter 6.)

Relation to the Exponential Integral

27.6.3 1(.4 1 e-z1ft (Mi. vire- e
r.

(For El (r) gee chapter 54 e f e': dt, see chapter

7.

Asymptotic Representation

27.6.4

Arir 1 1 1.3 1.3.5
f(z)'' 2 Ex+2x3+4x6+ 8e + .1

rga-q-E+++ . .1

[ (1)7]

(Z-9 co)

[27.141 A. Erd8lyi, Not. on the paper "On a definite inte-
gral" by R. H. Ritchie, Math. Tables Aids
Comp. 4, 31, 179 (1950). ,$

[27.151 E. T. Goodwin and J. Staton, Table off + du,
8 U 3

Quart. .1. Mech. Appl. Math. 1, 319 (1948).
2,0(.02)2(.08)3(.1)10. Auxiliary function for

[27.161 R. H. Ritchie, On a definite integral, Math. Tables
Aids Comp. 4, 30, 75 (1950).
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Table 27.6

MISCELLANEOUS . FUNCTIONS

grts
,f(z)fo g--4.-; di

s /(s)-1-lax s As) 4- la s

r
s As) s, 1(4 z Az)

a 00 -0. 2886 0. 50 0.2704 1.0 0. 6051 2.0 0.3543 3. 0 0. 2519
0.05 -0. 2081 0.85 0. 3100 1. 1 0. 5644 2. 1 0.3404 3. 5 0.2203
0. 10 -0. 1375 0. 60 0.3479 1. 2 0..5291 2. 2 0. 3276 4. 0 0. 1958
0. 15 -0. 0735 0.68 0. 3842 1. 3 0.4980 2.3 0. 3157 4. 5 0. 1782
0.20 -0. 0146 0. 70 0. 4192 1.4 O. 4705 2. 4 0.3046 5.0 0. 1802

0. 28 +0. 0402 0.75 0.4529 1. 5 0. 4460 2. 5 0.2944 5. 5 0. 1468
0. 30 0. 0915 0.80 0.4854 1. 6 0.4239 2.6 0.2848 8.0 0. 1356
0. 35 0. 1398 0.88 0. 5168 1. 7 0.4040 2. 7 0.2758 6. 5 0. 1259
0.40 O. 1858 0.90 0. 5472 1. 8 0.3880 2. 8 0.2873 7. 0 O. 1178
a 45 0.2290 0.95 0. 5768 1. 9 0.3695 2. 9 O. 2594 T. 5 0. 1102

0. 80 0. 2704 1.00 0. 6051 2.0 0. 3543 3.0 0.2519 8.0 0. 1037

Compiled from E. T. Goodwin sad J. Stake, Table off du, Quart. J. blab. Appl. Math. 1.1119 (1948) (with permission).o z+z

21.7.1

27.7. Dilogarithni
(Spence's Integral for n=2)

J(x)a - rs
to

t
1J -

Series Expansion

(z) (-01(x-kair2T.7.2 (2>x>0)

/ 27.7.3

(z) + (1 - -In z In (1-z)-1-lia (1>z>0)

27.7.4

4f(1-zs)

27.7.5 f(z) f ()r= ir
27.7.6

I
/(x } 1)- J (z) = -In x In (z

(2> x>0)

Functional Relationships

(1 > z>0)

(0<z<1)

1034

Relation to Debye Functions

27.7.7 I (e-1= - 141 -135=f: :11

(27.17] L. Lewin, Dilogarithms and associated functions
(Macdonald, London, England, 1958).

(27.18) K. Mitchell, Tables of the functionfo' -1" 11 dy,
0 y

with an account of some properties of this and
related functions, Phil. Mag. 40, 351-368 (1949).
z=- 1(.01)1; x=0(.001).5, 9D.

(27.191 E. 0. Powell, An Integral related to the radiation
integrals, Phil. Mag. 7, 34, 600-607 (1943).

fig 10 1 4111, x =0(.01)2(.02)6, TD.

(27.201 A. van Wijngaarden, Polylogarithms, by the Staff
of the Computation Department, Report R24,
Mathematisch Centrum, Amsterdam, Rollan44

(1954). 11,(s)=X h-18 for s.x= -1(.01)1;

s=ic, for x=0(.01)1; i=eiron for a0(.01)2,
IUD.
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Dllogaritlitn

/041.0- Jess t:

1005

Table 27.7

a 1(s) a f(a) a f(a) a 1(a) a f(a)

0.00 1. 64493 4067 0. 10 1. 29971 4723 0.20 1.07479 4600 0. 30 0.88937 7624 0.40 0. 72758 6308
0. 01 1.58882 5448 0. 11 1. 27452 9160 0.21 1.05485 9830 0. 31 0.87229 1733 0. 41 0. 71239 5042
0.02 1. 54576 9712 0. 12 1. 25008 7584 0. 22 1.03527 7934 0.32 0. 85542 7404 0.42 0.69736 1058
0. 03 1.50789 9041 0. 13 1. 22632 0101 0.23 1.01603 0062 0.33 0. 83877 6261 0.43 0.88247 9725
0. 04 1.47312 5860 0. 14 1.20318 7981 0.24 0. 99709 9088 0.34 0.82233 0471 0.44 0.66774 6844

0. 05 1.44063 3797 0. 15 1. 18058 1124 0. 25 0. 97846 9393 0.35 0.80608 2689 0. 45 0. 65315 7631
0.06 1.40992 8300 0. 18 1. 15851 6487 0. 28 0. 96012 6675 0. 36 0. 79002 6024 0.48 0. 63870 8705
0.07 1. 38068 5041 O. 17 1. 13693 6560 0.27 0.94205 7798 0. 37 0. 77415 3992 0. 47 0.62439 6071
0. 08 1.35267 5161 0. 18 1. 11580 8451 0. 28 0.92425 0654 O. 38 0.75848 0483 0.48 0. 61021 6108
0. 09 1.32572 8728 0. 19 1. 09510 3088 0. 29 0. 90869 4053 O. 39 0.74293 9737 0. 49 0. 59616'5361

O. 10 V. 29971 4723 0.20 1.07479 4800 0.30 0.88937 7624 0.40 0. 72758 6308 0.50 0. 58224 0526

[(--4)1]
L(

-5)517 j [(13T [(12]
From S. Madsen. Tables of the function fg-i°111-1141s, with on mount of ante propettles of Ott sad related funetione, Phil. Meg. 40,381-308 (1019)

0 V
(with ttern__helos).

27.8. Clausents Integral and Related
Summations

27.8.1

J(0)= -. In (2 sin .9 dt=frf ! sin" (0<0<r)
2 A.

Series Representation

27.8.2

(-1)4-1B1(0= -0 In 10 W " 2k(2k+1)
(Co.<0

27.8.3

fir-0) =8 In 2- 1)" B (20 )
+9"` +1

. (2k)( " 1- 2k(2k+1)

(712<0<r)

Functional Relationship

27.8.4 f(r-0)=-1(0}-1 f (20) (05_0 5ii)

Relation to Spence's Integral

27.8.5

if (0) g(ele) who're g(z)= qf- In 11-1-tit-

Sunnnable &noes
27.8.6

* cos nO= , (2 sin ?-) (0<0<21)
*.; n 2

\--,* cos tie vs re 82

na
=

6 2
+4 (0 <0<22)

cos ne wee
nzzi =96- 12 '12 48.

sin ne 1

sin na IV 02
11.$ =6 4 '5

(0 5 0 < 2p)

(0<e<24)

(05.02r)

sin s.0 1.20 .1.704 08 ine.A e. 0_1
taq n 90- 36 '48 -240 '"="1"

(27.211 A. Achour and A. Sabri, Tabulation of the function
° ne#(0) -E sin -, Math. Tables Aids Comp. 10,

54, 57-85 (1956).
(27.221 T. Clausen, Uber die Zerlegung teener gebrocheber

Funktionen, J. Reine Angew. Math. 8, 298-300
(1832). x---.0°(1°)114)°, 165.

(27.23) L. II. W. Jolley, Summation of series (Chapman
Publishing Co., London, England, 1925).

(27.24) A. D. Wheelon, A short table of summahle series,
Report No. FIM14642, Douglas Aircraft Co.,
Inc., Santa Monica, Calif. (1963).
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Table 27.8

MISCELLANEOUS FUNCTIONS

Clausen's Integral
fo

In (2 sin i) df

6° 1 (0) + 0 In 0 le 1(8)
.

1(0) 0°
\

1 (0 ) r 1(9)

0 0.000000 15 0. 612906 30 0.864379 60 1.014942 90 0. 915966
1 0. 017453 16 0. 635781 32 0.886253 62 1, 014421 95 0.883872
2 0. 034908 17 0. 657571 34 0.906001 84 1.012886 100 0. 848287
3 0.052362 18 0. 678341 36 0.923755 66 1.010376 105 0.809505
4 0. 069818 19 0. 698149 .38 0.939633 68 1 006928 110 0.767800
5 0.087276 20 0. 717047 40 0. 953741 70 1.002576 115 0. 723427

6 0. 104735 21 0.735080 42 0.966174 72 0.997355 120 0.676628
7 0. 122199 22 0. 752292 44 0.977020 74 0 991294 125 0.627629
8 0. 139684 23 0. 768719 46 0. 986357. 76 0. 984425 130 0.576847
9 0. 157133 24 0.784398 48 0.994258 78 0.976776 135 0.523889

10 0. 174607 25 0. 799360 50 1. 000791 80 0. 968375 140 0.489554

11 0.192084 26 0. 813635 52 1.006016 82 0. 959247 145 0.413831
12 0.209567 27 0.827249 54 1. 009992 84 O. 949419 150 0.356908
13 0. 227055 28 0.840230 56 1. 012773 86 0.938914 160 0. 240176
14 0. 244549 29 0.852599 58 1.014407 88 0.927755 1170 0. 120155
15 0.262049 30 0.864379 60 1.014942 90 0.915966 ' 180 0000000

[( -7 [( 4)1]
.f

3
1

4
[( 13]

du of
Compiled from A. Aahour and A. Babel. Tabulation of the ItineUton Matti. TablesAida Comp. 10.64.67-66 tiN61 (with permliske).

atA-

[( 14]

27.9. Vector-Addition Coefficients

(aligner coefficients or Clebsch-Goidan coefficients)

Definition
27.9.1

+ m3) VC71+./2-P(j +:11-:71)1(,i+j2-.01(2,i+1)
(j +1+,52-1-1)1

rr (- 1) s14ji+ mi)!( ji- m1) !(j3 +rn2)1(j3- ms)!(j+m)1(j --m)1
.14 CU, + j-kAii- Int- 0(12+ m2-- k)Kj- ja+mt-1-0Ki-ii-nts-}-k)!

Conditions

27.9.2 ji j }n or +2. (n--. integer)

27.9.3 11

27.9.4

27.9.5

27.9.6

27.9.7

Ji 1a >0
j2 f

M.2, -±-n or +
2
n

1036

ri,i.k
k) =1 O. ilk

27.9.8

27.9.9 Uliantlin21/1.im)=0 mi+ ma Om

Special Values

27.9.10 (jantiOlii0int)=3(ii, (nit m)

27.9.11 (j,j1001jijsj0)=--0 +js+j=---2n+ 1

27.9.12 vudinitint =0 2j, +j + 1



Symmetry Relations

27.9.13

MISCELLANEOUS FUNCTIONS

(jejonsnialiikim)

= (-1)11+hs(juiaineMt

27.9.14

27.9.13

27.9.16

ma ms I /Lid m)
dir

= ( 1)"1.-1(jai mal jaitim)

=V

27.9.17

27.9.18

27.9.19

27.9.20
2,7+1 ,1.4)1Pg Mins
2 it+ 1

me)

(ie% m, m1111%1 se)

1007

=V2241442'1 ( 1)/1-1111+1-.1(ji2m

=f2T+-1. 01-.."1"11(12.inhnt
V 231+1

132121 -m1)

211771)hNitimim2231 (
I it /it ma)

0441 ( 1)11'1(i/tit me2j2-1-1
iliejam2)

ms IA 11 m)

Table 27.9.1

Table 27.9.2

ms -1 m110 me. 1

jy,m+1)(41+91+1)
"V (21i +1) (11+1)

m

'jsUs-i- 1)

st)
jai +1)
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Table 27.9.3

i=

MISCELLANEOUS FUNCTIONS

34 nit ms I Is % j m)

m =% mfr..%

j, +34

%

i=

j,+%

j. +

ji 54

11

-4014- mi-%)(114-mi-f4)
(2j1+ 1) (241 + 2) (2j, + 3)

1/3(b+In 34)(ji+m+ )6) (II m-fli)
Wail+ 1) (3ii + 3)

Qs %)(ii ,C)

V (24 1) (21I+ 1) (VI +2)

In 34)y. ni+ )4)(iim+,4)
V 2j, (2js 1) (VI +1)

13il+m+34)(1i+m+h)(iim+,4)
(gil+ 1) (21it 2) (Airf. 3)

(ji 3m+ %)1/ j1 +m +34
2j1(2j1+ 1) Ms + 3)

1,14.%

1) (2,11-W- 2)

V3(ji+ m-34)(jimHh)(m+34)
(gb 1) + 1)

mtza %

V3(11+ m+fi)(jim+34)5/1m+%)
(2iti- 1) (21l +2) (2V, +3)

4. + 6113±(2/41+ 3)

Lit 3m )4)j ji+m+34
(2t1 -1) (VI+ 1) (2;42)

In %)(jr-1- m+ )4) (j' m 34)
21l(241 1) (21,+ 1)

icp_m )4) (is nt 34) (is 0+ Yi)

11 (3/4 1) MI -I- 2) (2it + 3)

+ "I+ %) (is 34) Qs 34)

V Val+ 1) (4,4.3)

1/3(jii- 34) (ji+ %) (ft yrs34)
(241 1) WI 4- 1)(2/1+2)

m 34) + + 34)(11-hn+fi)
*(2iI 1) (21i + 1)

1038



Table 27.9.4

149.2

Us 2 mi nu lit 2i is)

0

jail

1) .1+11- 1) $441+2)
+ 1) MI +2) (I,+.3) (2,+4)

r+tL:±14-- 1+001) 1n4+2
yy I 1+1) 8+2) *a+

4it4A±m 1) 1-1-so+
1)3Mis -I- 1) Mt +3)

1/01+1s-1)01-100(j1m+ 1) ,, m+2)
20 IMO-I-OP:it-1.0

1107:71$ 1) 1)(ji in+ 2)
(26 (24it 1)2/1(2is + 1)

1(f1-110.2)(isi-m+2)(is+m-ft 1)01-1-14
ig MI+ Mil+ 1)C4,1:+3)(ii+

(fs 2s+2)1/.A-±n1+ Mb+ NO
Nat+ 1) (it+ i) (f, +2)

(1-2m0 3(j, m+ 1)(fs+m)
1),h(2i,+2)(Xis +3)

(it+ 2w4 1),14/-0 "I+ 1) (it m)
(Ais + 1)(211+2)

mg+ 1)(ii (fi 1) (II + 1)

1) + 1)

113(71-1N+ 2) Us 1) (h+ns+ 2) (j, + m+ 1)
( s+ 1) (21/1+2) (2is+ 3) 042)

11/,(ii+ 00 -1- m+ 1)
on1(3il

+ 1) + 1) (j, +2)

IWO + 1) -

", lyj,(j, +1)(2,b+3)

*eV3(.1*-11)(it-i-m)

(is 1)j1(2/1 + 1) (j,+ 1)

1/3(11-11) (jt 1) (ji + 0) (fa+ 1)

(2i1-2) W4/41)

j, +2

1

2

mss- -1 Insi=t 2

114-1-2)(j, 4,1+ 1) (ji ws) (jri-m+2)
(Ws+ 1)(b+ 1)(2/14.3)(142)

Us +2m+ 2).1/ 14+ 41 is)
JIM+ 1) (i, +2) (j, +2)

(2m +1) a(/' ")VI +16+ 1)
(2.fs +2) (2,is +

2ost + 1) .r( f11)
(js-1)/1Mo+ 1N-214T)

1)(jI+1,1+1)(11+Pi)(h+n-
1*(2111+

1/61-.01- 1)(J1-11) (j, m+ 1) (is yrs + 2)
(aft+ 1) ail +2)(2/o +3)(26 +4)

Vcilm-1)(ism)(jist+1)(ii+nt+3)
M2.11+ 1) + 0(218+4)

V3(ji 1) (ji +m+ 1) + 2)
(2is (2is +2)(2,11+3)

1/(11-101,- 1)U1 + vIsKis + m+ 1) Us + in+ 2)
(is 1)ji + 1) (2js + 2)

1/0 +11 1) + /IOUs +is+ 1) (Jo m+ 2)
(2js 2) (241 1)208(211+1)

1039 a 1040



1010 MISCELLANEOUS FUNCTIONS

Table 27.9.5 By use of symmetry relations,
"'coefficients may be put in standard form ji5j2j
and tri0J .

0
1

1

1

1

O. 70711
O. 70711
1.00000

1

-1
0
1
0
1

0

11
0
1

0
1

1

0
0
0
1

1

$
0
0
0
1

1
2

1

1
1

1
1

$
1

1

1

1

1

1

1

10.70711
1

1

$
2
2
2
2
2
2

"

V%

V

0. 70711
0. 00000

O. 70711
O. 70711

O. 31850
0. 57736
1. 00000 s
O. 40826
0. 61850
O. 40826
0. 70711
0. 70711
1. 0000_,

+

i
0
0
1

1
2
0
0
0
0
1

1

1
2
2

11

1

I
1

1

11

1

1

i
2
2
2
2
2
2
2
2
2
2
2
2

2

1

/ '
0. 73030\

0. 23320 .32480. 8
0. 83248

0. 77460
VS O. 70711
04 O. 70711

141/3 O. 38603
a 60000
1.00000
a 50000
O. 60000

O. 80000
0. 30000

VS 0. 70711
0. 00000

-Al O. 70711
At O. 70711

0. 70711
0. 34772
0.

V
77460
31823

0O.. 77480
O. 83248
1.00000

Compiled front A. Simon, Numerical %Met ot the coeat.
-Oak Ridge Makes& Lobeestory Report 1714 MP. 're

(ION) (with perestilion).

(27.231 E, U. Condon and G. A. Shortley, Theory of
atomic spectra (Cambridge Univ. Press, Cam -

(27.263
England, 1936).

127.263 M. E. Rose Elementary theory of angular mo-
memtumkohn Wiley & Sons,'Ine., New York,
N.Y., 19 6 ).

(27.273 A. Simon, Numerical tables of the Clebeeh-Gordan
eoeMelenta, Oak Ridge National Laboratory

1718, Oak Ridge, Tenn, (1964).
C daj; mimeo) for au angular momenta <%,
0 .

'Bee Pes u 1041
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Contents
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Representation of Numbers 1012
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Table 28.2. r in Decimal, x=.001(.001) .01(.01).1(.1) .9, 15D . 1017

Table 28.3. 10-** in Octal, n=0(1)18, Exact or 20D 1017
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(deceased).
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28. Scales of Notation
Representation of Numbers

Any positive real number x can be uniquely
represented in the scale of some integer b>1 as

z= Via AlAwa-la-2 )(Of

where every A, and a...) is one of the integers 0,
1, . . b 1, 'not all As, a..) are zero, and
A.,>0 if z >1. There is a one-to-one correspond-
ence between the number and the sequence

z=i1,b14+ . . .

where the infinite series converges. The integer b
is called the base or radix of the scale.

The sequence for z in the scale of b may ter-
minate, i.e., . . . =0 for some
n > 1 so that

then z is said to be a finite b-adic number.
A sequence which does not terminate may have

the property that the infinite sequence a_1, a_s,
. . . becomes periodic from a certain digit
a_.(n> 1) on; according as n=1 or n>1 the
sequence is then said to be pure or mixed recurring.

A sequence which neither terminates nor recurs
represents.in irrational number.

Names of Scales

Base Scale Base Scale

2 Binary 8 Octal
3 Ternary 9 Nonary
4 Quaternary 10 Decimal
a Quinary 11 Undenary
6 Senary 12 Duodenary
7 Septenary 16 Hexadecimal

General Conversion Methods

Any number can be converted from the scale
of b tc the scalp of some integer bib, b >1, by
using arithmetic operations in either the b-scale
or the b-scale. Accordingly, there are four
methods of conversion, depending on whether the
number to be converted is an integer or a proper
fraction.

1012

Integers X=(A, . . . AtA0)(0

(I) b-scale arithmetic. .Convert 3 to the b-scale
and define

xili.x2+7.VE,

Xn/i=0-1- Ni/1,

where :4%, . . are the remainders and
Xo, . X;,-, the quotients (in the b-scale)

where X, XI, . . X;7...1, respectively are divided
by b in the b-scale. Then convert the remainders
to the /-scale,

(11O)(;)=2.4), (4)(;)=711, (AL-)a)=2;

and obtain

7114)(6.)

(II) S-scale arithmetic. Convert b and Ao,
At, . . A. to the &scale and define, using
arithmetic operations in the &scale,

then

Xs-lb+Aug-9,

XI=X2b+Ai,

X= Xtb-I-A0.,

Proper fractions . . ; cep

To convert a proper fraction x, given to n digits
in the b-scale, to the scale of WP4b such that inverse
conversion from the 1-scale may yield the same it
rounded digite in the b-scale, the representation
of x in the &.scale must be obtained to it rounded
digits where it satisfies b" >b ".

(III) b-scale arithmetic. Convert 61 to the
b-scale and define

1043
4.



SCALES OF NOTATION

where rt._ . ; are the integral"parts and
. the fractional parts in the b-scale)

of the products A, x1b, . . 4_16, respectively,
Then convert the integral parts to the ;-scale,

ar-i)(i) .

and obtain

Numerical
The examples are restricted to the scales of 2,

8., 10 because of their importance to electronic
computers.

Note that the octal scale is a power of the binary
scale. In fact, an octal digit corresponds to a
triplet of binary digits. Then, binary arithmetic
may be used whenever a number either is to be
converted. to the octal scale or is given in the octal
scale and is to be converted to some other scale.

Decimal 1 2 3 4 5 6 7 8 9 10

Octal 1 2 3 4 5 6 7 10 11 12

Binary 1 10 11 100 101 110 111 1 000 1 001 1 010

Example 1. Convert (1360)00) to the octal

scale. By (1) we have b=10, T)-8o; and so,
using decimal arithmetic,

1369/8=171+1/8,

171/8=21+3/8,

21/8=2+5/8,
2/8=0+2/8;

X,,--,(2531)04).

By (II) we have b=(12),,, and A3=1/8), A,
3r2 At= 6,4 A0= (11)0n, Hence, using octal

arithmetic,
X3-1.12 I- 3. (15)04

X1=15.12+6=(210)(8),
X=210.12 +11= (2531)(0.

Using binary arithmetic we have, by (II),
(1010)4) and A, 11), Ag',-,-(11)(1), A, (110)(1),

A0(1001 ),9;:_. :rug

X2, 1.1010 f 11 --- (1101),9,

.1010 110 (10 001 000)01

X 10 001 000 .1010 4 1001 (10 101 011 001)(2

whence, on converting to the octal scale,

X t, (2531)00.

then

1013

(IV) 6-scale arithmetic. Convert 6 and a_i,
a_2, . . to the 1-scale and define, using
arithmetic operations in the ro-scale,

x-s.4.1=a-sib {41

4-,11+2= X lib+a+at

then

Methods
Example 2. Convect X= (2531) (g) to the

decimal scale. By (I) we have b= 10= (12)0) and
hence, using octal arithmetic,

2531/12=210+11/12

210/12=15+6/12
15/12-.1+3/12

1/12=0+1/12

Thus, converting to the decimal scale,

(11)0)=9, 711=6(10-=6, Ar="3(2) =3, A2=1,

and so
(1369)oo.

By (H) we have 6=10, and the octal digits of X
are unchanged in the decimal scale. Hence,
using decimal arithmetic,

X2=-, 2 .8 +5= (21)(10,

X1=21.8 f3.(171)no,
171.8+1 (1369);101.

Using binary arithmetic we have, by (II),
6=8=(1000)(,) and A0=1, Al ( 11) ae, Aa=(101)(2),
As=.(10)(,). Then,

X1=10.1000+101=(10 101)12),

X1=10 101.1000+11= (10 101 011)(a),

X=10 101 011.1000 1- (10 101 011 001)(21,

whence, on converting to the decimal scale,

(1:360)(m.

Observe that in both examples above, octal
arithmetic is used as an intermediate step to
convert, according to (II), the given number to
the binary scale. If, instead, the given number is
first converted to the binary scale, then binary
arithmetic may be applied directly to convert,
according to (I), the given number from the
binary scale to the scale desired.

1 044



1014 SCALES OF NOTATION

For example, in convert X= (2531)0) to the
decimal scale, we find first 10101011001)m
and then obtain, using (I) with 10= (1010)(,),

10 101 011 001/1010=10 0 00+1001/1010,
10 001 000/1010=1101+110/1010,

1101/1010=1+ 11/1010,

1/1010=0+1/1010.

Thus, on converting to the decimal scale,

AO, (1001)(3)=9, A1=0106=6,
A9 =(11)(2)= 3, Air-=

(1369)(10).

Example 3. Convert x (0.355)(0) to the bi-
nary scale,

We first convert to the octal scale, using decimal
arithmetic. By (III), we find witii

(0.355).8=2' F.5.840, (0.080).8=04 0.640

(0.840)8=6+0.720, (0.640).8=5+0.120
(0.720) 8.54-0.760, (0.120) .8=0 +0.960
(0.760) 8.6+0.080, (0.960).8=7+0.680

whence (0.26560507 .)0). Thus, on con-
verting to the binary scale,

whence

(0.010 110 101 110 000 101 000 111 . . .)0).

In order that inverse conversion of x from the
binary to the decimal scale yield again x to the
given number n of decimal digits, we must round
in the binary scale to at least Ti digits where is
chosen such that 2">10". As a working rule', we

may take n > 10
n. Hence, to obtain x= (61.355)

by inverse conversion, x must be rounded in the
_ 10

binary 'wale to n 10 digits.

Thus,
s=- (0.010 110 110 0)0).

To carry out the inverse conversion we can first
convert to the octal scale,

(0.266)00,

and then apply (IV) with b 8, using decimal
arithmetic:

t 6/8 f 66.75,
y , 6.75/8 1 2,2.84375,

4687 1.

Alternatively, we can apply (HI) with (1010)(2),
using binary arithmetic:

(0.010 110 11).1010=11+ (0.100 011 1),

(0.100 011 1).1010=101+ (0.100 011),

(0.100 011) 1010 = 101 (0.011 11),

(0.011 11).1010=100-F(0.101 1).

Converting the integral parts to the decimal scale,
we find

i1 -)= (11)() =3, zi-a=a-s=(101)m=5,

a._4= (100)0)=4,
and thus

x=(0.3554)(10)

Note that the fractional part in any step is the
unconverted remainder. .Thus, to round at any
step, it is only necessary to ascertain whether the
unconverted portion to be neglected is greater or
less than i; i.e., whether, in the binary scale, the
first neglected digit is 1 or 0.

Example 4. Convert x= (3.141593)00.10"G to
the binary scale.

The desired representation is

x.(1,a_ia_s . a_.)(1).2-4

where n and k. are such that inverse conversion
from the binary scale to the decimal scale will
produce x to the same given 15 decimal digits.
Accordingly, by the rule stated in Example 3, n

and k are to be chosen so as to satisfy ni-k>1.15
=50.

From Table 28.1 we find

2-"<,(3.141593)00).10-a<rs'

Thus, we must take k=29 and, consequently,
choose n>21. The conversion on a desk calcu-
lator thus proceeds as follows. First, we obtain
by use of Table 28.1

2"x= (1.686 629 899)00)

Then, for convenience's sake, we convert' this
number to the octal scale, using the method of
Example 3 and rounding as required, to at least
7 octal (=21 binary) digits. We find

249x= (1.537
Ilence

43:37)0).

x. (1.537 433 7)01) . 2-"

and, consequently,

101 011 111 100 011 011 111)(3).



ACALES OF NOTATION

TO convert rek its the decillial :trale %VP only
need to obtrittt (MAO Table 28.1 the various powers
of 2 .,,vhi,41 appear in the above representat ,tti and
slim, them. flowever,
any real constant, no,
real Oil' 11141 the Hilary
form

since 2-^' ..2-'1.- 2 " for
it is more convenient, to
repre..sentation of .r to the

2."'").f 2 " 2 44 -'2

and th,n ,41;iii these powers of 2 (.Note that the
:mother of summands thereby decreased from
16 to 7 I Friuli Table 28.1 we have

( ; 290 298 .10 '9
14.1,r1 i'51;1 287 .10 1

.5 '. lit., 415 322 .10 "
1!01 989 10 -2

5 .2,

as ,1100

227
02X

374
'122 .10 ..

.1100 (11,1) ssm .I()

:t 141 592 71141 10-9

N., 015,5154 41;1111 iligit8 are used for sufficient accuracy

re-:441%1. 'I envy, rounding. to !Wren significant
tl(!t,lrs. tiara it.111

Lt.141593),1,10

To convert a 111111,Pr such as

to the binary -wale, where k is it tuysitive integer
14 kir. that Table 28.1 rittin..t he used, apply the

dpvi(i.:

(1 t t-
1,1v, 2

two. lc is, Ow quotient and ,r1 the retimimier, the

di, t aot slimed mil IN the de( 'IMO -kettle.

Till, !Hid vl Uri, , r, fg,,, q, uil f hilt

hefit

A'

1110. hr A' I

o:r.el the -wale

Mr! 111111.1 I 0)141 111111%.1.

,k .;11111iit III %, 111:1.1 I,e 11,1041 if) I t Itl 1111'

.44" 1111111 't Ift 'I 11111)1.1 iltt) 0. otill.ille
I "ably 211.1

l'Aissosi)l 3. CiinPr I r ,, 10" to flit,
41.310

h »n, of

1015

We first compute, using 4.1.19 and 'ruble 4.1,

login .r 83.44295. 97+.057f54
log, 2 101-03 .30103'

and find from Table 1.1, .05764
[fence

login 1.1419.

277.r
log, 1.1419=277

log2 1.1419
log,, 2

and so
. .1., (1,1419),1,,22".

Now we apply the methods of Example 3 to ob-
tain (1 .1419),,,,,, (1.110516),,,, where octal nota-
tion is used for the sake of eonvenienee.

To round such that inverse conversion will yield
the sante deeittial digits of .r, observe that the last
non-zero decimal digit of ,r is 3.1e. Table.28.4
shows that 2m<1041'<2258. Hence, in the binary
scale, ,r. must be a binary integer times 2266; i.e.*,

(1.110516)0o must be rounded to 4 octal (-,,,12
binary) digits. As at result,

.r (1.11(5) ,1, 22" '---, (11105)(K) 22"

=-=, (1 001 001 000 101)0)2266

Conversion hack to the decimal scale proceeds
as f01-1-04.r we write

login .r----log, 2 log2 1

log, 2 f 265 I log, (11105) ob I

{ lOgio (11105),g)
----logio 2 205+ ---,

togio 2

21)5 logn, 2 .1- logio (11105)(4),

Ilence, converting .(11105),,,, to the decimal
scale by any of the methods of Example 2, we
obttitn

!-21;f1 log, 2.1- foga, 4677

which yields, using 'Cable 4.1

s3.12112

Thus, by Table 1.1, we find, rounded to four
.4ignificant figures,

r. (2.773 ',pc 10".

It Is ft.retives

II .1 N1,t1Pourrali, r:i.i,i, dert APrifilres bitudres

Sri NialttAtitatlipit, 1.;1Iition ttilTuti,
Ny11411111,1, ;1114.: (0:00.

.1 1) I. N1ornirk,11, vomplio.1
rnln, IL ,4 Inc NVA

I .ti It k A$.0411111.01. oponttimi in (144031

elmiput r. Vlit Nostra:Jilt-0,1m, , New York,
1,1 04 N

prograitilitinK
York, N.Y ,
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28.1

1

2

4

8
16
32

fl

0

1

2

3

4

5

2 " IN DECIIRI.

'

0

1. 0

0.5
0.25

0.125
0. 0625

0. 03125

64 6 0.01562 5

128 7 0.00781 25
256 8 0..00390 625

512 9 0.00195 3125
1024 10 0.00097 65625
2048 11 0.00048 82812 5

4096 12 0.00024 41406 25
8192 13 0.00012 20703 125
16384 14 0.00006 10351 5625

32768 15 0.00003 05175'78125
65536 16 0.00001 52587 89062 5

1 31072 17 0.00000 76293 94531 25

2 62144 18 0.00000 38146 97265 625
5 24288 19 0.00000 19073 48632 8125

10 48576 20 0.00000 09536 74316 40625

20 97152 21 0.00000 04768 37158 20312 5
41 94304 22 0.00000 02384 18579 10156 25
83 88608 23 0.00000 01192 09289 55078 125

167 77216 24 0.00000 00596 04644 77539 0625
335 54432 25 0.00000 00298 02322 38769 53125
671 08864 26 0.00000 00149 01161 19384 76562 5

1342 17728 27 0.00000 00074 50580 59692 38281 25
2684
5368

35456
70912

28
29

0.00000
0.00000

00037
00018

25290
62645

29846
14923 095 125

10731 41824 30 0.00000 00009 31322 57461 54785 15625
21474 83648 31 0.00000 00004 65661 28730 77392 57812 5
42949 67296 32 0.00000 00002 32830 64365 38696 28906 25

.

85899 14592 33 0.00000 00001 16415 32182 69348 14453 125
1 /1798 69 }84 34 0.00000 00000 58207 66091 34674 07226 5625
3 43597 38368 35 0.00000 00000 29103 83045 67337 03613 28125

6 87194 76736 36 0.00000 00000 14551 91522 83668 51806 64062 5

11 74389 53472 37 0.00000 00000 07275 95761 41834 25903 32031 25
21 48179 06944 38 0.00000 00008 03637 97880 70917 12951 66015 625

54 97558 13888 39 0.00000 00000 01818 98940 3545. 56475 83007 8125
101 95116 27776 40 0.00000 00000 00909 49470 17729 28237 91503 90625
219 90232 55552 41 0.00000 00000 00454 74735 08864 64118 95751 95312 5

439 80465 11104 42 0.00000 00000 00227 37367 54432 32059 47875 97656 25
879 60930 22208 41 0.00000 00000 00113 68683 77216 16029 73937 98828 125

1159 21860 44416 44 0.00000 00000 00056 84341 88608 08014 86968 99414_0625

ir,114 41/20 88832 45 0.00000 00000 00028 42170 94304 04007 43484 49707 03125
1046 81441 11h64 4E 0.00000 00000 00014 21085 47152 02003 71742 24853 51562 5

14011 14883 55328 47 0.00000 00000 00007 10542 73576 01001 85871 12426 75781 25

78147 49161 10656 48 0.00000 00000 00003 55271 36788 00500 92935 56213 37890 625
56294 99r,34 21312 49 0.00000 00000 00001 77635 68394 00250 46467 78106 68945 3125

1171,81 91068 42624 50 0.00090 00000 00000 88817 84197 00125 23233 89053 34472 65675



t
0.001
0.002
1 003
0.004
0.005
0.006
0.007
0.008
0.009

1 2'
1.00069 3)874 62581
1.00138 72557111335
1.00208 16050,79633
1.00277 64359 01078
1.00347 17485 09503
1.00416 73432 38973
1.00486 38204 23785
1.00556 05803 98468
1.00625 70234 97782

SCALES OF NOTATION

21 IN DECIMAL

x 2'
0.01 1.00695 35500 56719
0.02 1.01395 94797 90029
0.03 1.02101 21257 07193
0.04 1.02811 38266 56067
0. OS 1.03526 49238 41377
0.06 1.04246 51608 41121
0.07 1.04971 66836 23067
0.08 1. 05701 80405 61380
0.09 1.06437 01924 53360

x
0.1
0.2
0.3
0.4
0.3
0.6
0.7

.,0.8
0.9

1.07177
1.14869
1.23114
1.33950
1.41421
1.51571
1.62450
1.74110
1.86606

2'
34625
83549
44133
79107
35623
65665
47927
11265
59830

1017

Table 28.2

36293
97035
44916
72894
73095
10398
12471
92248
73615

10* IN OCTAL Table 28.3
10" n 10-1' 10" n 10

1 0 1.000 000 000 000 obo 000 00 112 402 762 000 10 0.000 000 000 006 676 337 66
12 1 0.063 146 314 631 463 146 31 1 351 035 564 000 11 0,000 000 000 000 537 657 77

144 2 0.005 075 341 217 270 243 66 46 432 451 210 000 12 ,).000 000 000 000 043 136 32
I 150 3 0.000 406 111 564 S70 651 77 221 411 634 520 000 13 0.000 000 000 000 003 411 35

23 420' 4 0.000 032 155 613 530 704 15 2 657 142 036 440 000 14...-0.000 000 000 000 000 264 11

303 240 S 0.000 002 476 132 610 706 64 34 327 724 461 SOO 000 15 0.000 000 000 000 000 022 01
3 641 100 6 0.000 000 206 157 364 055 37 434 137 115 760 200 000 16 0.000 000 000 000 000 001 63

46 113 200 7 0.000 000 015 327 745 152 7S S 432 127 413 542 400 000 17 0.000 000 000 000 000 000 14
515 160 400 8 0.000 000 001 257 143 361 06 67 405 553 164 731 000 000 18 0.000 000 000 000 000 000 01
346 545 000 9 0.000 000 000 104 560 276 41

n log10 2, n lop 10 IN DECIMAL Table 28.4

n n101602 n log2 10 n n logio 2 n log2 10
1
2
3
4
5

0.30102
0.60205
0.90308
1.20411
1.50514

99957
99913
99870
99827
99783

3.32192
6.64385
9.96578

13.28771
16.60964

80949
61898
42847
23795
04744

6
7
8
9

10

1.80611
2.10720
2.40823
2.70926
3.01029

99740
99696
99653
99610
99466

19.93156
23.25349
26.57542
29.89735
33.21928

85693
66642
47591
28440
09489

ADDITION AND MULTIPLICATION TABLES

Addition Multiplication
Binary Scale

Table 28.5

0 # 0 0 0 s 0 0
0 1 * I + 0 1 0 1 1 x 0 * 0

1 + 1 10 1x1.1

Octal Scale

0 01 03 04 OS 06 07 1 02 03 04 05 06 07

1 02 03 04 05 06 07 10 2 04 06 10 12 14 16

2 03 04 04 06 07 10 11 3 06 11 14 17 22 25

3 04 OS 06 07 10 11 12 4 10 14 20 24 30 34

4 OS 06 07 18 11 12 13 5 12 17 24 31 36 43

5 06 01 10 11 2 13 14 6 14 22 30 36 44 52

6 07 10 11 12 13 14 15 7 16 25 34 43 ST 61

/ 10 11 12 1) 14 IS 16

MATHEMATICAL CONSTANTS F OCTAL. SCALE Table 28.
1 (1.11031 55/47110) ("). (2.55760 521)05)(4 1,- (0.44142 141107)(4

(0.24276 301556)(4 e - (0.27426 430661)(4 In _00.43121 2336021(0

(1.61111 611061)41 5 e. (1.51411 230704)
(4)

10/4/ ti .4 0,62573 030645)

In (1. 11206 404415) (4 0- (0.33626 154251)(4 2" ( 1. 12404 146120)(4

logj (1.11544 16)223)(4 loge e. (1.14252 166245)(4 In 2 (0.54211 071 /60)(4

110 " ( 3.12105 4012671(4) log2 10, (3.24464 /41136)(4 In 10- (2.232/3 067359(4

1048
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29. Laplace Transforms
29.1. Definition of the Laplace Transform

One - dimensional Laplace Transform

29.1.1 f(8) =2' {F(t)}f e--"F(e)dt
0

F(t) is a function of the real variable t and ft is a
complex variable. F(t) is called the original func-
tion and f(s) is called the image function. If the
integral in 29.1.1 converges for a real 8=80, i.e.,

lim e-seiF(t)dt
A-44) A

exists, then it converges for all s with a8 >80, and
the image function is a single valued analytic

29.2.1

29.2.2

29.2.3

29.2.4

29.2.5

29.2.6

29.2.7

function of s in the half-plane at 8>80.

Two-dimensional Laplace Transform

29.1.2

fff(u,e). (F(x,y)} =
o o

5.) e's"PF(x,y)dzdy

Definition of the Unit Step Function

0 (1<0)
29.1.3 tt(t)=( it (1=0)

1 (t>0)

In the following tables the factor u(t) is to be
understood as multiplying the original function
F(t).

29.2. Operations for the Laplace Transform'
Original Function FM

F(t),

Inversion Formula

re+o

J "_ e"f(8)(14

Linearity Property

AF(t) +BG(t)

Differentiation

F' (t)

Ff *1 (t)

Integration

fos F(r)dr

r,
F(J

e

0J0'')4dr

Image Function f (a)

fo* e-"F(t)dt

f (8)

Af WA- BO)

es)F(+0)
3 "./(8)-8*-1F(+0)-8*-7' (+0) . . Pm- "(+0) .

f(8)

-0(8)

Convolution (Faltung) Theorem
29.2.8

(f f.)( r )dr ----4.1*F21:.

29.2.9

29.2.10 ( 1 ) "t ist'( t )

Differentiation

' Adapted 1)v permission from It. V. Churchill, 6peratiotial mathematics, 2d ed., McGraw-Hill Book Co., Inc!, New
Ybrk, N Y , 19S8

1020
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LAPLACE TRANSFORMS

294.11

29.2.12

29.2.13

29.2.14

FOrigisal Pundit)* P(t)

F(t)

en)
e e

r(-t) (c>0)

1 et5 olF0 (c>0)

Translation

29.2.15 F(t (6>0)

Periodic Functions

29.2.16 F(t+a).11(t)

29.2.17 F(t +a). no
Half-Wave Rectification of F(t) in 29.2.17

29.2.15 F(t) 5,4(-1)**1na)

FullWave Rectification of F(t) in 29.2.17

29.2.19 IF(t)i

29.2.20

29.2.21 eat

ti piss) too
-i q (as)

r pa -at(a) to -t

(rnjt

Image Amite/11W
Integration

f,. (z)dx

Linear Transformation
(8 a)

f (c8)

f (c8

f(s)101

fc

: e -"F(t)de

1 e'"

e-"F(t)dt

1+e-a,

f(s)
e

,f(s) coth 4

HestViside Estitatudon Theorem

P-4(81, q(8)4 (a-0(8-42) . . . (sa.)
p(s) a polynomial of degree< m

P(s)
(sa)'
p(s) a polynomial of degree<1.

IP

1021

29.3. Table of Laplace Transforms"

For a comprehensive table of Laplace and other integral transforms see (29.91. For a titbit' of two-
dimensional Laplace transforms see (29.11).

29.3.1

29.3.2
=....11=1.111

1

The numb' ra in bold type in the J(8) and P(1) columns indicate the chapters in which the properties of the respective

higher mathematical functions are given.
I Adapted by permission from it. V. Churchill, Operational mathematics, 2.1. ed., \lc( ;raw-llill Hook Co.. the., Xm'

York, N. Y., 1958. 1051



1022

29.3.3

29.3.4

29.3.5

29.3.6

29.3.7

29.3.8

29.3.9

29.3.10

29.3.11

29.3.12

29.3.13

29.3.14

(a,

29.3.15

29.3.16

29.3.17

29.3.18

29.3.19

29.3.20

29.3.21

8 (11+11

1(0

(n=1, 2, 3,

(n=1,42, 3, . .)

r (k)

1

s 4- a

1

(s +a)*

(n=1, 2, 3, ...)

(k>O)

(a pti b)

(apt 6)
(8 + a)(8 -4- b)

1

(s 4-4)(8 4- b) +e)

b,c distinct constants)

LAPLACE TRANSFORMS

ts-1

(n-1)!

1

art

T"-
1.3.5 ... (2n-1)1,61:

6 t"

e-CII

to -'t

tio-te-ca

(n -1)I

6 t" e -41

e -at - tot

b a
aeos_bebs

a b
(6 c)e-1 (ea) -b' + (a b)

(a b)(bc)(c a)

1 1- sin at
si + aa*

8
iR

1

s*al

s --a

1

.41/ f a')

1

(82 }a')'
1052

cos at

a
1 .still at

cosh at

1

I t'Oti at
r/2

sin at)

I

2a3
(sire atat V05 at)

'

.41



29.3.22

29.3.23

29.3.24

29.3.25

29.3.26

29.3.27

29.3.2A

29.3.29

29.3.30

29.3.31

29.3.32

29.3.33

29.3.34

29.3.35

29.3.36

29.3.37

29.3.38

29.3.39

29.3.40

(.'+a')'

0
(a' +a')'

(81+0)a

8

(83+ as) (82+0) (a' ,db')

,tea

84+444

LAPLACE TRANSFORMS

t .

sin at

Fa
1 (sin at +at .cos at)

t cos at

cos atcos bt

e-°' sin bt

e-0' cos bt

r"eaal (cos ale-4 sin a--1.)

sin at cosh atcos at sinh at

8 1

8' +4a'
2pt. sin at sinh at

1 1

a
270 (Binh atsin at)T i8

8 1

84_44 2---421, (cosh atcos at)

We
( ii-T-Cisja

(1 +aata) sin at at cos at

1 ( sL-1\* L.(t)
8 k 8 l°

(s+a)i

8 011

1

ii(sa')

e-4(1-240i/it
1 (e-et _e-st)

2,heta

erfc ay i
Ort

1 erf aft
Ahrt

1 2a a 4 1ej
ae °' "ertaft

1053

U,

1023

7

7

7



1024

29.3.41

29.3.42

29.3.43

29.3.44

29.3.45

29.3.46

29.3.47

29.3.48

29.3.49

29.3.50

29.3.51

29.3.52

29.3.53

29.3.54

29.3.55

29.3.56

29.3.57

b2a11
(8(e)(b Ira)

1

s(Nref-a)

(s+a)N1s-16

64 a'

vr8-(8--a2)(vi+b)

(1a)'

4*

118+24,

Vs

1

+ay's +

r (k)
(s+a)4(e+b)

yr

LAPLACE TRANSFORMS

(k>0) 6

(ab)4
(,,r8-4171+

(k>0)

(vs- }- a+ f)-"
aNC; AliT

(Y>-1)

(v> 1)

1 (k>0)

1054

2 .ssfa41 cor

alfir e 0

ea's[ba erf bebh erfe 6y I

ea'' Mr. aNfi

II lib_(te at erf (Vbari)

eot erf (a11)-1]-1-eit erfe

(2/1744112*(//i)

ni
(2n+1)!NT

7-41/1(at):1-10(0)1

840+010 (a`b t)
2

NT
e-0+014.4 (a--2 b t)

teL+0, rro (43-2,15 0+1.1(1V to

1 _
e ii(at)

e-140114
Ca 2 b

t)

e a at)

41,,(at) I

a'.1,(at)1

GaY-'411-1(at)

7

7

7

22

22

9

10

9

9

9

9

9

6,10
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LAPLAC4 TRANSFORMS
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29.3.59
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29.3.61

(s- 1(8'-as)*

A17---70

1
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1- e
8

(p>-1) a'i,(at)

(k>0) 111-1: t(fa). (at)

u(t-k)

29.3.62
e

_k, (t-k)u(t,4e)

29.3.63

/
29.3.64

-.

,/
1 cfAmc)s-I u(t -k)e "" Gt>0)

80 , )

to
8

29.3.65
1 .1+coth

8(1-e") 28l

29.3.66

29.3.67

8(8R -a)

1 tanh ks
8

29.3.68
1 E (-1)*u(t-nk)

*076

u(t) - u(t- k)

u(t -nk)

a-lu(t-nk)
01

0

. u(t) +2 A: 1)440 -2nk)

29.3.69

29.3.70

29.3.71

a-t nh ka

1

s cosh GCB

9

9

6,10

6

/1110

tu(t)+2N(-1).(tZnk)u(t-2nk)

2 utt- (2n+1 gel
Ar

(-1)*u(t- (27a+ Oki
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29.3.72

29.343

29.3.7429.3.74

29.3.73

29.3.76

29.3.77

79.3.78

29.3.79

29.3.80

29.3.81

29.3.82

29.3.83

29.3.84

29.3.83

29.3.86

29.3.87

29.3.88

1- coth ka
V

.; k >0)

.; k>0)

.
..

/

cosh
eT:1 -P ik

e1
,

(83+1)(1

1 *E -7

1 -1....._

1
e

118

1
e I

1 I?Me*

1 -*- e ; (M >0)
so ,

f t
1- e (s>0)

so

e *16 (k>0)

1 . .* arj- e (k>, 0)
8

1 tmi;
(k >0)

li e

1 _k1,5

ii e
(k 0)

1

4
171e-41; .

I

*-I j-
2 * (n.,-0, 1,2,

e-411-
0)(k>

So pap u. 1056

F(t)

u(t)-1-2 Xj u(i -2nk)
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(-J) " u(t-ny) sin t
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cos 2.47

cosh 241
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9

9

7
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?la

exp
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-40
11
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VI/I/
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0.3.92

29.3.93

29.3.94
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eSs slrfffres

(k 0)

(1a0)

(>5)
O

0-41 (k>0)

aye -4111aiP
29.3.97 (r >--1, k ())

48T+70(47-1-7a1+8)' .

29.3.98 1 In s
8

39.3.99 In 8 (k>0)

29.3.100

29.3.101

29.3.102

29.3.103
1
- ln (1 -1-1A)

29.3.104 In

29.3.105 - In (1 +00) (k>0)

29.3.106
1- In (a4.0)

(k>0)
I

(4>0)
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c

1(t)

ade's ark (aiii+47)-1-erfc

es* elle r;
I(' +2lit)

.

s`.010(iai417-11)a(tk)

J'0(aliir7T)Iu(tk)

/0(a F-713.)u(tk)

Jo(a -1-2kt)

4

ak J1 (a t' )10_,k)

ak407:ph (a ir--P),a(tk)

etitrar.(alrii.E%(tk)
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29.3.107

29.3.108

29.3.109

29.3.110

29.3.111

29.31.112

29.3.113

29.3.114

29.3.115

29.3.116

29.3.117

29.3.118

29.3.119

29.3.120

29.3.121

29.3.122

29.3.123

29.3.124

29.3.105

?In (8' +a') (a>0)

In 83 -4-ea

rt

7

7

7

7

7

7

9

9

9

9

9

9

9

In
8-al

aretan 0.

-

arctan -
8

k
8

8°11 erfc. k8 (k>0)

-1 8" err; Its (k>0)

e" erfc ks (k>O)

erfd Ifkrt (k>

1 et' erfc s (k > -0)

erf
Ni8

1 k
ei erre

y8

14(kt (k>0)

KO(kAr8) (k>0)

e"Ki(ke) (k>0)

(k>0)

1

8
Ko(

V

) (k>0)

re-"10(les) (k>0)

e-"11(les) (k>0)

F(01

2zi [at In a+sin at-at Ci (at))

- (1.-cos at)

(1-cosh eft)

sin kt

Si (let)

Tiu(t-k)

I 1

kir (t -4)

1 sin- i 2k- s t
irt

k

1
[u(t)-d(e-2k))

t--t)
WO- u(t--214j
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29.3.126 enEl(as) (a >0)

1

29.3.127 ---8euEl(ae) (a>0)
a

29.3.128. a'-"e"E(ae) (a>0; n--=0,

29.3.129 [2r-Si (8)] cos s4-4)i(s) sin 8

29.4.1

29.4.2 e -" (k>0)

'*
29.4.3,

1

1

-41
(k?0)

e

29:4.4

29.4.5
1 (k>0)

sinh

29.4.6 1 (k>0)
cosh kw

29.4.7 tanh ke (k>0)

29.4.8

20.4.9

29.4.10

29.4.11 1,` -*as (0<ko<ki<...)
f8.0
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5

5

172, ...) 5

5

?71-7s

1
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(t +a)2

(i=1:a)n

1

/2+1

29.4. Table of Laplace-Mlelkjes Transforms

1 (k>0)

1

sinh (ks+a)

sinh (ks+a)

Binh (he b)

(k>0)

(k>0, h>0)

(0< li<k)

A

. u(t-- k)

u(t nk)

1)1u(tnk)

2 E utt (2n-} -1)kl
n=4)

2 E OW (20- 1)ki

u(t) +2 17, ( :)11u(t 24)
ft

For the definition of the La placc-Stieltjes
transform see 129.71. practice, Laplace-St id ties
transforms are often writ ten as ordinary Laphiee
transforms involving Dirac's delta funct ion 5(1).
This "funet ion" may formally be considered as

2 r e-("+"ult (2n, + 1)k1

2 E e- (2+ 'mutt --:h (2n+l)k)
n.,0

E e (24 fng{ ebult +h (2n +1)kl

(24+ 1)k) }
n4=40

Eanti(t k)
n.0 4

thederivativeof t lie unit step function du(t),---. 8(0

ill, SO that duct)----4a(1),It--
1 (j.>0).

{() (,r<0)
The correspondence 29.4.2, for imitative, own

assunies the form e " e "6(1 .
e

' Adapted by permission from I'. NI. Morse niol If. Feshbach, Methods 4.1 theoretical physics, %Ills. I, 2, Me(lrow-
Hifi book Co., Inc., New York, N.Y . 1953,
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computation Of . 454
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. difftrential equations 446, 448
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integral representations of _.... . _ _ 447
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896

367, 446, 510, 540, 689
446
447
448
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tables of.
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Airy integrals. . _
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Bernoulli numbers 804
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.Confluent hypergeometric functions 282,
298, 300, 962, 377, 488, 503, 686, 691, 695, 780

alternative notations for_ 504
analytic continuation of 504
asymptoticexpansions and limiting forms 508
Barnes-type contour integrals 508
calculation of seros and turning points of 513
computation of. 511
connections with Bessel functions 506
differential properties of 606'
expansions in series of Bessel functions 506
general confluent equation 505
graphing of 513
grail of zeros of 513
graphs of 514
integral representations of 505
Kummer's equation_ 504
Kummer's functions . 504
Kumfaer's transformations 505
recurrence relations 506
special cases of 509
table of 516
table of seros of 535
Whittaker's equation 505
Whittaker's functions 505
Wronskian relations 505
seros and turning values 510

Conformal mapping 642
Conical functions. 337
Constants

mathematical 1

physical, miscellaneous 5
Continued fractions 19, 22,68, 70,

78, 81, 85, 88, 229, 258, 263, 298;363, 932, 941, 944
Conversion factors

mathematical 1

physical 5
Cornish,Fieher asymptotic expansions 935
Correlation 936
Cosine integral 231, 510

asymptotic expansions of 233
computation of. 233
definitions 231
graphs of_ 232
integral representation of . _ 232
integrals involving.. 232
rational approximations 233
relation to the exponential integral 232
series expansions for 232
symmetry relations.. 232
tables pf 238, 243

Coulomb wave functions 809, 837
asymptotic behavior of . 642
asymptotic expansions of 540
compttation of. 843

. differential equation 538
expansions in terms of Airy functions . 640
expansions in terms of Bessel-Clifford functions. 539
expansions in terms of spherical Bessel functions. 540
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general solution 538
graphs of 639, 541
integral representations of. 539
recurrence relations 539
series expansions for.. , J 538
special values of 642
tables of.. ,_ ' 546
Wronskian relations 539

cubic equations, solution of 17, 20
Cumulants 928
Cumulative distribution function

multivariate
univariate

Cunningham functionL .. .510
Cylinder functions 361

.

Cr27
927

D
Dawson's integral' 262, 298, 305, 692

graph of .237
table of 319

DebYe funotions,t 998
DeMoivre'e theqiem 74, 84
Derivatives 11
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of circular f notions 77
of hyperbolic functions 85
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partial 888

Differences i 877
central 877
divided s 877
forward 877
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mean 877
reciprocal 878

Differential equati 805
of second order th turning points 450
ordinary first . . er 896
solution by A , 'a formulas 896

by Gill's I I ethod 898
by Miln e I I ethod 896
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by predictor - corrector methods 896
by Runge-Kutta method 896

solution by trapezoidal formula 898
system of 897

Differentiation 882
Everett's forinula 883
Lagrange's formula 882
Markoff's formula 883

Differentiation coefficients 882
table of 914

Digamma function 258
(see pet function)

Dflogarithm function 1004
Distribution functions. a 927

asymptotic expansions of 935
characteristics of 928
continuous 927
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Distribution functions Continued
discrete
inequalities for
lattice
one-dimensional continuous
one-dimensional discrete

Divisor functions
table of

Double precision operations

INDEX

Pass
927
931
927
930
929
827
840

21

Economisation of series 791
Edgeworth asymptotic expansion 935,955
Einstein functions 999
Elliptic functions

Jacobian- 867
(see Jacobian elliptic functions)

. Weierstreas 827
(see Weierstrags elliptic functions)

Elliptic integrals 587
amplitude 690
canonical forms 589'
characteristic 390
definition 889
graphs of the bomplete 692
griphs of the first kind 692, 393
graphs of the incomple 593, 894
graphs of the second d t 692, 694
graphs of the third d 600
modular angle 890
modulus 690
of the first kind 589
of the second kind 589
of the third kind 590, 899
parameter. 590, 602
reduction formulas 589, 897
reduction to canonical form , 600
relation to Weierstrase elliptic functions 649
tables of complete 608
tables of the incomplete a 613
tables of the third kind 625

Elliptic integrals, complete 690
computation of 601
infinite series for 591
Legendre's relation 891
limiting values 891
of the first kind 590
of thosecond kind 690
of the third kind 599,605
polynomial approximations 891
teeries for 591
relation to hypergeometric functions 891

Elliptic integrals, incomplete 692
amplitude of any magnitude 592
amplitude near T/2 593
complex amplitude 892
computations involving 898, 602, 605
Imaginary amplitude 594
Jacobi's imaginary transformation 692
negative amplitude 692
negative parameter.. 593
numerical evaluation of 598

Peas
parameter greater than unity 893
special cases of ti 594

Elliptical coordinates 782
Equianharmonie case 662
Error

absolute 14
percentage 14
relative 14

Error function 282, 297, 301, 304, 308, 809
altitude chart in the complex plane 298
asymptotic expansion of. 298
complex woe of 329
continued fraction for. 298
definite and indefinite integrals related to 302
derivatives of 298
graphs of 297.
inequalities for 298
infinite series approximation for the complex 'I

lunation 299
integral representation of 297
rational approximations 299
relation to the confluent hypergeometric function 298
repeated inteograls of 299
series expansions for 297
symmetry relations 297
table,for complex arguments 328
table of repeated integrals of 317
tables of 310, 312; 310
value at infinity_. 298

Eta functions. 577
Euler lunation 826

table of 840
Euler-Maclaurin formulas. 806
Euler- Maclaurin summation formula-- 18, 22, 808, 888
Euler numbers 804

table of s 810
Euler polynomials 803

as sums of powers 804
coefficients of 809
derivatives of 804
differences of 804
expansions of 804
Fourier expansions of 803
generating function for 804
inequalities for 805
integrals involving 808
multiplication theorem for . 804,
relations with Bernoulli polynomials 806
special values of 808
symbolic operations 806
symmetry relations 804

. Euler summation formula 806
Euler-Totient function 826
Euler's constant r 255.
Euler's formula 74, 288
Elder's integral 268
Euler's transformation of series 18, 21

, .Everett interpolation coefficients. 880
relation to Lagrange coefficients 880

Everett's formula 880, 883
Exam 928
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ExpeCied value operator
pro
9213

Exponential function. 69, 90, 5.19
Chebyshey approximation
continued fractions for. 70
differentiation formulas 71

'Eider's formula 74
graph of 70

.70
indefinite integrals 71

inequalities for 70
limiting values
periodic property of 70
polynomial approximations 71
series expansions for 69
tables of 116, 140, 219

.Exponential integral- .. -a,; 227, 282, AO
asymptotic expansion of 231
computation of_ 233
continued friction far 229

, definite integrals 230
derivatives of 230
graphs of 228
indefinite integrals. 230
inequalities for 229
interrelations 228
polynomial approximations 231
rational approximations 231
recurrence relations 229
relation to incomplete gamma function.. 230
relation to spherical Bessel functions 230
series expansions for 229

-tables of 238, 243, 2 5, 248, 249,251

F

P- distribution function 946
approximations to 947, 948
computation of 961
limiting forms -. 947, 948
fibn-central 947
reflexive relation 948
relation to the zt-distribution 948
relation te Student'sl-distribution 947
series expansions for 948, 948
statistical properties of - 946

Factorial function 255
. (see gamma function)

Factorization
table of 844, 864

Faltung theorem 1020
Filon's quadrature formula 890

coefficients for _ 924\
Floquet's theorem 727
Fresnel integrals 262, 300, 440

asymptotic expansions hf 302
auxiliary functions. 300, 323
complex zeros of 329

definition.. 300
derivatives of 301

graph of.. 301

integrals involving 303.
interrelations 300
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maxima and minima of 329
rational approximations .302

relation to spherical Bessel functions 301
rekition to the confluent hypergeometric function- 391
relation to the error function 301
series expansion for 301
symmetry relations 301
table of 321, 323
value at infinity- 301

Fundamental period parallelogram 829

Gamma function 255, 283
asymptotic formulas 257
binomial coefficient 256
'continued fraction for 258
definite integrals 258
duplication formula.. . 256
Euler's formula__ .255
Euler's infinite product 255
Euler's integral 255
fractional values of 255
Gauss' mdtiplication formula 286,
graph of 285
Hankel's contour integral 255
in the complex plane .258
integer values of 255
Pochhammer's symbol 266
polynomial approximations 257
power &ries for 266
recurrence formulas 286
reflection formula 286
series expansion for 1 /r(s) 256
Stirling's formula.. 257
tables of 267, 272, 274, 276
triplication formulas_ 256
Wallis' formula. ts, 258

Gauss series 558
Gaussian integration 887

abscissas and weight factors for 918
for integrands with a logarithmic singularity_ _ 920
of momenta. 921

Gaussian probability function 931
Gauss' transformation 573
Gegenbauer polynomials__ 861

(see orthogonal polynomials)
coefficients for and s* in terms of 794
graphs of 776

Generalized hypergeometrio function.._ 382, 377,556
Generalized Laguerre polynomials 771

(see orthogonal polynomials)
Generalised mean.. 10

Geometric mean 10

Geometric progression 10

Gill's method 896
Gudermannian 77

H
Henkel functions 358, 379, 510
Hankel's contour integral 255
Harmonic apalysis 202, 881
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Harmonic mean _

H aversine
Heaviside expansion thdoreir
Hermite functions
Hermits integration

abscissas and weight factors for
Hermits polynomials

(see orthogonal polynomials).

300, 510,

Pam
10
78

1021
509, 891

890
924

691, 77e

coefficients for and x in terms of 801
graph of_ 7811r
values of 802

Heuman's lambda function. 595
graph of 595
tableof.. . _ _ 822

Rh function 300, 891
Holder's inequality for integrals 11

for sums 11
Horner's scheme 788
Hyperbolic functions_ 83

addition and subtraction of 84
addition formulas for 83
continued fraction for 85
f Moi vre's theorem 84
differentiation formulas I 85
graph of 83
halt -angle formulas 83
indefinite integrids 88
infinite products 85
modulus and phase 84
multiple angle formulas
negative a4: formulas
periodic p rties of
products of

84
83
83
84

real and imaginary parts 84
relations between g3
relation to circular functions 83
series expansions for _ 85
tables of 213, 219

Hypergeometric differential equation . .582
solution of -. 563

Hypergeometric funi4ions_ 332,
335, 336, 362, 377, 487, 555, 779

nA Legcndte functions 581
as polynomials 581
as reductions of Riemann's P-function 565
asymptotic. expansions of 565
differentiation \formulas 557
(;cuss series 558
Gau s' relations for contiguous functions 557
inte al representations 558
spe al cases of 561
spe ial elementary cases 556

Hal values of the argument_ _ _ ...... 558
vans formation formulas 559

rl

incomplete beta function
approximations to.
asymptotic expansions of
computation o f. . . . . . . .-

continued fraction for...

283, 944
945.
945
989
944

1066

Pass
recurrence formulas 283, 944

, relation to other functions 945
relation to the binomial expansion 283
relation to the 0-distribution 944
relation to the hypergeometric function 283
series expansion for 944
symmetry relation_ 283

Incomplete gamma function ' 230, 260, 488, 509
as a confluent hypergeome notion 282
asymptotic expansions of r 263
computation of 969
continued fraction for,_ 4 283
definite integrals 283
derivatives and differential equations 282
graph of 281
Pearson's -form of 282
recurrence formulae 282
series developments for 282
special values of 282
table of. 978

Indeterminate forms (L'Hospital's rule) 13
Inequality, Cauchy's 11

Chebyshev's 11
Holder's for integrals 4

11
f101der's for sums 11
Minkowski's for integrals 11
Minkowaki's for sums 11
Schwars's 11
triangle 11

Integral of a bivariate normal distribution over a"
polygon 958

Integrals
of circular functions 77
of exponential fulncticrns 71
of hyperbolic functions 86
of inverse circulTir functions 82
of inverse hyperbolic functions 88
of irrational algebraic functions 12
of logarithmic functions 69
of ratio* algeblaic functions., 12

Integratffin 883
Bode's rule. . 886
by parts 12
Chebyshev's equal weight formula 887
Eider-Maclaurin summation formula 888
Ffion's formula. 890
five-point rule fbr analytic functions 887
Gaussian type formulas 587
iterated integrals 891
Lagrange formula 886
Lobatto's integration formula 888
multidimensional 891
Newton-Cotes formulaidiar

-tk
886

Radau's integration foil% 888
Simpson's rule 886
trapezoidal rul; 885

Interpolation 878
Aitken's iteration method. 879
Bessel's formula s 881
bivariate 882
Everett's formula 880

a
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harmonic analysis. 881
invent sof
Lagrange formula 878
Newton's divided difference formula 880
Newton's forward difference formula '880

"stlor's expansion 880
ele's formula 881

throwback formulas 880
trigonometric 881

Invariants 629
tables*, 680

Inverse circular functions 22, 79, 92
addition and subtraction of 80

./ Chebyehev approximations 82
continued fractions for 81
differentiation formulae 82

111111)1si of 79
indefinite integrals 82
logarithmic representatiop 10
negative arguments 80
polynomial approximations 81

real and imaginary parts 80
relation to inverse hyperbolic fpurtions 80
series expansions for 81

table of 203
Inverse hyperbolic functions 86, 93

addition and subtraction Of 87
iontinued fractions foe 88
differentiation foirnulas. 88
graphs of 86
indefinite integrals 88
logarithmic representations
negative arguments

8777relation to. inverse circular functions 87
series expansions for 88
tables of 221

Jacobian elliptic functions 587
addition Sheratons for 674
approximations in terms of circular functions _ . 673
approximations In terms of hyperbolic functions. 574
calculation by use" of the arithmetic-geometric .

mean r S71
calculation of 679, 581
change of argument. 572
change of parameter 673
classification of 570
complex arguments 675
definitions 669
derivatives of 674
double arguments 574
graphs of. 570
half - arguments. 674
integrals ... .

integral; of the squares
Jacobi's imaginary transformation...
Landen transformation
leading terms of series in powers of u
parameter
principal terns

....

quarter periods.
reciprocal parameter
relations between squares of the functions
relation to the copolar trio
relation with Weierstraes functions
series expansions in terms of the nome q
special arguments

eta function
Jacobre polynomials.

(see orthogonal polynomials)
coefficients for
graphs of

Jacobi's theta function (see theta, functions)
Jacobi's seta function

addition theorem for..
calculation by use of the arithmetic-geometric

mean 578
graph of t 695

\Jacobi's imaginary transformation 595
q-series for 595
relation to theta functions sn, 695
special

619
ialvalues 595

Kelvin functions 379, 887, 509'
ascending series for .f 379
ascending series for product* of.
eaymptotio expansions for large arguments.

381

asymptotic expansions for large zeros 383
asymptotic expansions of modulus and phase
asymptotic expansions of products
definitions
differegtial equations
expansions in series of Bessel functions.
graphs of
Indefinite integrals
modulus and phase
of negative argument
polynomial approximations
recurrence relations ,
recurrence relations for products
relations between
tables of
uniform asymptotic expansions for large orders._
zeros of functions of order' sero

&meeker delta
Kummer functiqrks
Mummer's trans/aviation of series.

1037

Pose
569
573
573
570
649
575
571
577

561, 773

793
776, 776

576
578, 598

595

K

s.\

Lagrange differentiation formula. 882
Lagzinge integration coefficients 886

675 table of 915

676 Lagrange interpolation coefficients.. 878

674 table of 900

573 Lagrange interpolation formula 878

575 Lagrange's expansion 14

569 Laguerre integration 890

672 abscissas and weight factors for- .. 923

I.

383
383
379
379
381
382
380
3.82
380
384
aso
380
379
430
384
381
822
504

16
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Pass
Laguerre polynomials _ : 509, 510, 773

(see orthogonal polynomials)
coefficientsfor and zn in terms of_
graph of
values of

Lam6's equation
Landen's transfOrmation

ascending.
descending!'

Laplace transforms.
definition.

, operations.
1 tables of..
Lapbsce-Stieltjes transforms.

tables of.
Laplace's spuatioti
Laplacian

in spherical coordinates
Laurent series .,
Least square approximation*:
Legendre functions ...... 332 362, 377, 561, 774

asymptotic'exparisions of 335
cmoinputation of.
explicit expressions for .. _ . _ 333 .

granite of, 338, 780
integral representations of 335
integrals involving. ..... _ 337
notation for 332
of negative argument . _ 333
of negative degree. 333
of negative order _ . 333
recurrence relations 333
relation to elliptic inteKrals. _ . 337
relations between . _ 333
Rodrigues' feint' a 334
special values of_ 334
summation formulas 335
tables of 342
trigonometric expansions of 335
values on the cut_ . , 333
Wronskian relatioteel _ _ _ . 333

I.egemlr polynomials 332, 486, 773
(see orthogonal polynomials)

coefficients for and .0 in terms of _ 798
graph of. _ . _ ..... . _ 338, 780

799
780
800
641

573, 598, 604
573, 597, 604

1019
1020
1020
1021
1029
1029

17
885
752
635
790

values of. .

Legendre's differential equation
solutions of

Leihniss thecirem for
differentiation of a product_ _

differentiation of an integral_
Lemnisoate constant
Leminscatic cloak
L'Hospital's rule
Loot, to integration ..

,k1111 weight factors for_

342
332
332

12
11

658
658

13
888
920

Logarithmic function 67, 89
change of base . 07,89
characteristic 89
lichysticv approximations 09

common . 13$, Mu

continued tractions for
definite integrals ..
differentiation formula .
graph of
indefinite integrals
inequalities for...,
limiting values
mantissa
polynomial approximations
series expansions for
tables of t

Logarithmic integral
graph of

228, 231,

Psi.
63
89
89
67
89
68
68
89
88
68

P5
810
231

M

Matkoff's differentiation formula . 884
Mathematical constants 1

in octal scale 1017
Mathieu functions 721

asymptotic representations of 740
comparative notation for 744
expansions for small q 730
expansions in terms of parabolic cylinder func-

tions 742
graphs of 725, 734
integral equations for 735)
integral representatiblis of 738
joining factors, table of 748
normalisation of 782
orthogonality properties of 732
other properties of 735, 738
power series in q for periodic solutions 725
proportionality factors 735
recurrence relations among the coefficients 723
special cases of 728
special values of 740
table of coefficients for 750
table of critical values of 748
seros of 739

Mathieu'e equation 722
characteristic exponent 727

generation of 727
graphs of 728

characteristic values 722, 748
asymptotic expansions of 726
determination of 722
graph of 724
power series for 724

Floquet solutions 727
other solutions 730
relation to... roidal wave equation 722
solutions in ng products of Bessel functions_ 731
stability regions of 728

Mathieu's modified equation 722
radial solutions of_ 732

Maxima 14
Mean... 928

arithpietic. 10
generalised 10
geometric 10
harmonic 10

'i06&



INDEX

Page-....,..
Milne's method_ _ . '. . .., 896
Minima . 1.1

Minliowsk4 inequality for integrals.. 11

for mums. . J il
Miscellaneous functions.. ... ,,, 997
Mohius function. - 826
Modified Wesel functions, I,(s), K,(s)_ . ..... .__ 374

analytic continuation of 370
ascending series for. 375
asymptotic expansions for large arguments 377
connection with Legendre functions 377
derivatives with respect to order 377
differential equation 374
formulas for derivatives . :176

generating function and associated s: .lea 378
graphs of 374
in terms of hypergeometxic functions.. 377
integral repreaentationi of 376
limiting forms for.sfnall arguments 375
multiplicatiAm tiseorems for 377
Neumann see .14 for K.(1)- - - 377
other diffe ntial equations.. 377
polynom)al approximations 378
recurrence relations. 376
relatiohs between . 1 375
tables of_ 416
uniform asymptotic expansions for large orders_ - 378
Wronekian relations 375
zeros of 377

Modified Mathieu functions. 722
graphs of 734

Modified spherical Besse) functions. 443, 453, 498
addition theorems for. 445
ascending series for 443
computation of, ., 453
definitions

.

I 443
degenerate forms. 445
derivatives with respect to order._ _ ._... 445
differential equation 443
differentiation formulas 444
duplication formula 445

iillati of Itayleigh's type ...
/...1

445)ge crating functions for. _ . ' . _ 445
Ohs o f . . . . . . 444

recurrence relations . 444
representations by elementary functions.- .. 443
tables of . . .. 409.
Wronskian relations . _ . .. _ 443

Modified Struve functions .. _ 498
asymptotic expansion for large IA . . 498
computation of ..... __ _ __ _ 409
graph of,, .. . 498
integral representations of.. 408
integrals . 498
power series expansion for / _ , 49g
reeorrenee n4atiorka . . .... ,.. 498
relation to modified spherical Bow) ftitietlints. 4118

_,....--tables of 501

; --- 11ishillis.. . ' 10

Nlornerit A . 92%

M ultidimensional integration. MI

Multinomial coefficients -
table of .

N

1039

Page
823
831

Nepmann's polynomial 383
Neville's notation.. 578
1Neville'a theta functions. 578

expression as infinite products. 579
expression as infinite series *579

graphs of 578
tables of 582

Newton coefficients 880
..elation to Lagrange coefficients 880

Newton interpolation formula 880, 883
Newton's method of approximation 18

Newton -Cotes formula .

Nome... 591,
table of 608, 610, 6 2

Normal probability density function
derivatives of. 933

Normal probability function 931
asymptotic expansions of 932
bounds for 933
computation of 953
continued fraction for. 932
error curves fot 933
polynomial and rational approximations 932
power series for 932
relation to other functions 934
values of x for extreme values of P(x) and Q(z).- 977
values of z in terms of P(x) and Q(x).._. 978
values of X(z) in terms of P(z) and Q(x) 975

Normal probability functions and derivatives 933
tables of 988

Normal probability integral
repeated integrals of 934

Number. theoretic functions_ 828

0
Oblate spheroidal coordinates 752
Octal scale 1017
Octal tables. 1017
Operations with series_ 15
Orthogonal polynomials 771

as confluent hypergeornetrif functions 780
as hypergeometric functions 779
as Legendre functions 780
as parabolic cylinder functions- 780
change of interval of orthogonality 790
coefficients for 793
definition 773
differential equations.. _ 773, 781
differential relations 783
evaluation of. . 788
explicit expressions for 775
generating functions for .. _ _ 783
graphi of_ - .773, 776-780
Inequalities for . 788
integral representations of.. _ 784
integrals involving . 785

interrelations. 777

1 1 69
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Orthogonal polynomials Continued
limit relations .

of a discrete variable
orthogonality relations
Powers of a in terms of
recurrence relations, miscellaneous

4

Page
787
788
774

793, 794-801
773, 782

recurrence relations with respect to degree 782
Rodrigues' formula 773, 788
special values of
sum formulas
tables of
seros of

777
785

795, 796, 800, 802
787

Parabolic cylinder functions tl(a, a), V(a, a), a 300,
509, 688, 780

asymptotic expansions of 689
computation of 697
connection with Besse) funnions 692, 697
connection with confluent hypergeometr111 tune-

t ions , 691
connection with 'termite polynomials and func-

tions 691
connection with probability integrals and

Dawson's integral 69l
Darwin's expansions 689
differential equation.. 688
expansions for a large, a moderate 689
expansions for x large, a moderate 689

.expansions in terms of Airy functions. 689
integral representations of 687
modulus and phase 690
power series in x for 686
recurrence relations 688
standard solutions. 687
table of 700
Wronskian and other relations 687
zeros of 696

Parabolic cylinder functions W(a, a) _ 692
asymptotic expansions of 693
complex solutions 693
computation of_ 699
connection with Hensel functions_ 698
connection with confluent hype rgeometric

functions. 698
Darwin's expansions. 694
differential equation 686, 692
expansions for a large, x moderate 694
expansions fors large, a moderate 693
expression in terms of Airy functions 693
integral representations of 693
Modulus and phase 698
power series in a for 692
standard solutions 692
table of. 712
Wronskian and other relations_ a 893
zeros of... 696

Parameter Pi . 869, 602
table of.. 612

Partitions.. 425
into distinct parts 828
tables of . 431, 836

1070

Pais
unrestricted 825

Pearson's form of the incomplete gamma function 282
Pentagamma function 260

(see polygamma functions)
Percentage points of the 0-distribution

valties of 0 in terms of Q and 984
Percentage points of the P-distribution

values of Fin terms of Q, rr, rt.: 986
Percentage points of the t-distribution

values of t in term" of A and r 990
Planck's radiation function 999
Plane triangles, solution of 78, 92
Pochhammer's symbol 258
Point-slope formula .4b 898
Poisson-Charlier function 809
Poisson distribution._.,. 959

table of cumulative sums of 978
Polar form 16
Polygamma unctions 260

asymptotic formulas 260
fractional values of. 280
integer values of 260
multiplication formula for 260
recurrence formula 260
refiedion formula 260
series expansions for 260
tables of 267, 271

Polynomial evaluation 788
Powers

computation of_ 19, 90
general... 69
graph of.. 19
of complex numbers 18
of two 1018
of x*/ill 818
tables of 24

Predictor -oorrector method 896
Primes 231

table of 870
Primitive roots 827

table of. 864
Probability density function 931

asymptotic expansion of 935
Probability functions 927
Probability integral 282, 691

of the xLdistribution, table of 978
Progressions

arithmetic 10
geometric 10

Prolate spheroidal coordinates 752
Pseudoleniniseatio ease 682
Psi function 258, 264

asymptotic formulae 289
definite integrals 259
duplication formula 289
fractional values of 258
graph of 288
In the complex plane 1 259
integer values of 268
recurrence formulas 288
reflection formula 4 259



'Kummer's transformation of
Lagrange's.expansion
logarithmic:
operations with

.reversion of
Taylor's
trigonometric

Shifted Chebyehev ynomiale
(see orthogonal polynomials)

Shifted Legendre polynomials
(see orthogonal polynomials)

Sievert integral
Simpson's rule
Sine integral

asymptotic expansions of
computation of
definitions
graphs of
integral representation of
integrals

,rational approximations
relation to exponential integral
seri% expansions f
symmetry relations
tables of

Skewness
Spence's integral
Spherical Hemel functions 230,

addition theorems for
analytic continuation of
ascending series for
complex zeros of hT(s), ht)(s)
computation of
crone products of
definitions .
degenerate forms
derivatives with respect to order ":(
differential equation
differentiation formulae
duplication formula
Gegenbauer's generalisation for

'generating funotion8 for_
graphs of
infinite series involving f,;(s)
limiting values as 8)-0)
modulus and phase .
Poisson's integral
Rayleigh'e formula for
recurrence relations_ _ - -

relation to Frame] integrals
representations by elementary f4nctione
tables of
Wroneklan relations
zeros and their asymptotic expansions

Spherical polynomials (Legendrel
(see orthogonal polynomiale)

Spherical triangles, solution of
Spheroidal wave functions..

asymptotic behavior of.
asymptotic expansions of

Ill

301,

1041

Pose
16
14
68
15
16
14
74

774

774

1000
886

231, 310
233
233
231
232
232
232
233
232
282
232

238, 243
9211

1004
433, 340

440
439
437
441
432
439
437
440
440
437
439.
440
438
439
438
440
437
439
438
439
439
440
437
457
437
440
332

79

751

756
758

INDEX

PM*
series expansions for. 259
tables of 4." 267, 272, 276, 288
zeros of

Quadratic equation, solution of 17, 19
Quart's) equation, resolution into quadratic factors 17, 20

Radau's integration formula
Random deviates, generation of
Random numbers

methods of generation of
table of

Repeated integrals of the error fufiction
as a single integral
asymptotic epaneion of
definition
derivatives of '
differential equation
graph of
power series for.
recurrence relations
relation to Hermits polynomials
relation 'to parabolic cylinder functions.,
relation 1p the confluent hypergeometrie funo-

tion
relation to the H4 function
table of
value at .zero

Representation of numbers
Reversion of series
Ricoati- Bessel functions

definitions
differential equation
Wronskian relations

Riemann zeta function
special values of

Riemann's differential equation
solutions of

Riemann's P function
transformation formulas

Ring functions
Rodrigues' formula
Roots

computation of 19, 89

graph of 19

of complex numbers . 17, 20

tables of 24, 223
Runge-Kutta methods 898

888
949
949
949
991
299
299
300
299
300
299
300
299
299
300
300

300
300
317
300

1012
18, 882

445
445
445
445

256, 807
807
564
864
584
565
336

334, 773, 785

Scales of notation
general conversion methods

Sehwarz's inequality
Seetoral harmonies _ _ -

Series
binomial .. _

Euler-Maclaurin summation formula_ _ .

Euler's transformation of . _

exponential _

1011
_ 1012

11

332
14
14

16, 22
16, 21

69
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Spheroidal wave functions -- Continued PAP
characteristic values for 753, 756
differential equations 753
evaluation of coefficients for 7E4. ...

expansions for
joining factors for 757
normalisation of 755
'tables of 766
table of eigenvalues of 760
table of prolate joining factors 769.

Stirling numbers 824
table of the first .kind 833
table of the Second kind 835

Stirling's fovniika.44. 257
Stniveriefunctions'. SP-v 495

0
asymptotic expansions for large orders 498

(asymptotic expansions 'or large a 497, 418
computation of $0,6404
differential equation 496

,. graphs of. 496
integral representations 496, 498
iltegrals 497, 498
meOlfied 498
powWseries expansion for 496, 498
reeurrenet-i'relations 496, 49
relation to Weber's function 498
special properties of 497
tables of 501

Student's t-distribution 845
approximations to 949
asymptotic expansion of 949
limiting distribution. 949
non-central 949
series expansions for_ 948
statistical properties of 948

Subtabulation 881
Summable series 1005
Summation of rational series 264
Sums of positive powers 813
Sums of powers 804
Sums of reciprocal powers 807, 811
Systems of differential equations of first order_____ 897

T
Taylor expansion 880
Taylor's formula 14
Tesaeral harmonies 332
Tetrachorie functions 934
Tetragamma function_ _ _ ..... 260

(see polygamma functions)
Theta functions 576

addition of quarter-periods 577
calculation . by use of the arithmetic-geometric

mean 577, 580
expansions in terms of the nome q 576
Jacobi's notation for.. 4 577
logarithmic derivatives of 576
logarithms of sum and difference 577
Neville's notation for . 578, 582
relations between squares of the functions. 576
relation to Jacobi's seta function 57$
relation with Weierstrass elliptic functions 850

1072'

Pew
Thiele's interpolation formula , 881
Toroidal functions 338
Toronto function 509

niiiioldal ............ 885
Triangle inequality *4 11
Trigamma function ,. 260

(see polygamma functions) 1 *

Trigonometric functions
(see circular functions)

71

Truncated exponential function 70, 262

U

Ultraspherieal polynomials
(see orthogonal polynomials)

coefficients for and re in terms of

774

794
graphs of 776

Unit step function 1020
Ye

V
Variance 928
Variance-ratio distribution function 946

(see F- distribution function)
Vector-addition coefficients. 1006

Wallis,' formula.
Wave equation

in prolate and oblate spheroidal coordinates 752
Weber's function 498

relation to Anger's function 498
relation to Steuve's function 498

Weierstrass elliptic functions 627
addition formulas for 636
case a 030 651
computation of 663
conformal mapping of 642, 654, 659
definitions 629
derivatives of 640
determination of periods from given invariants 666
determination of values at half-periods, etc., from

given periods 664
differential equation 629, 640
discriminant 629
eqWanharmonio case 852
expressing any elliptic function in terms of And

651
fundamental period parallelogram 629
fundamental rectangle 630
homogeneity relations 631
laterals 641
invarants 629
Iso,.ndre's relation 634
lemniscatio ease 658

. maps of 642, 654, 659
multiplication formulas 635
other series Involving .9, g'. t 839
pseudo-lemniscatic case. 4 662
reduction formulas 631
relation with complete elliptic integrals 649
relations with Jacobi's elliptic functions 649
relations with theta functions 650

258

.,/



reversed series for large Il I" In
reversed series for small Is
series expansions for -
special values and relations
symbolism
tables of

N
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Page \

638 Whittaker functions
640 Wagner coeffielents 1008

. 635 Z
en Zeta function

. a 629 Jacobl's 578

673 Riemanp's 256, 807
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Index of Notations
Pegs

(a) ss.11(a n) A(a) (Pochhammer I' symbol) 258
egg) characteristic v ue of Mathieu's equation. 722
A(x) .2P(x) 1 nor probability function 931
Al(s) Airy function 448
A.G.Bd. arithmetic -geo trio mean 571
am s amplitude gf the c plex moodier a 18
sntilog antilogarithm (lo 89
arcein a, arccos s inverse oular functions 79

aretan ts, arcoot I
WC84)0 /I, WOO a

wallah a, arocoeb a Inver hyperbolic functions 86
arctanh a, arocoth
stanch a, arceach s

arg s argument of s 18
b,(q) chsraoieristio value of Mathieu's equation.. 722
B. BernoniK_ !umber 804
8.(x) Bertroulli polynomial 804
bets, bet a, Kelvin functions 379
Bi(s) Airy function. 448
od, ad, nd Jacobian elliptic functions 570
c,d.f. cumulative distributionfunction 927
ea,(8, q) Mathieu function_... r 725
cn Jacoblan elliptic function 589
en, Dn, Sn integrals of the. squares of Jacobian

elliptic functions 578
ca, do. ns Jacobian elliptib functions 870
C(z) Preenel integral 300
C(x) Chebyehey polynomial of the second kind 774
CCi; a) enefalteea Pecans integral. 262
Ce,(s, q) modified Math function 732
C,(s), Cs(s) Fresnel irate als 300
C40 (x) ultraspherical ( genbsuer) polynomial 774
Chi(s) .hyperbolic cosine( integral 231
Cl(s) cosine integral 231
Cin(s) cosine integral 231
Cinh(s) hyperbolic cosine integral 231
colog cologarithm7 89
covers A; coy r e A 78
dc, fie, so Jac an elliptic functions. 570
do ==.11(01 del amplitude (Jacobian elliptic func-

tion). 589
1).(x) parabolic cylinder function (Whittaker's

form) 887
oh, es. PI roots of a polynomial (Welerstrass form) 829
es exponential function_ 69
N(n) truncated exponential function 282

a) elliptic integral of the second kind 589
E(a,1) parabolic cylinder function 693

s) Weber's function 498
15.,0)(r) Weber parabolic cylinder. function. 609
E(m) complete elliptic integral. of the second

kind 690

1044

Ri(x) exponential integral
E, (s) ' exponential integral
E(g(X)J expected value operator for the function

f(x)
Ein(s) modified exponential integral
B. Baler number
R.(x) 'Euler polynomial
/Ms) exponential integral
erf s error function
erfo a complementary error function
elm same exponential function
este° A, exsecant A
I,,,. fc, joining factors for Mathieu functions--
F(6, b; a; a) hypergeometrio function
P(o\ar) elliptic integral of the first
PAP) Coulomb wave function (regular)
FPP fundamental perioil parallelogram-

. a.; . . leis; s) generalised
geometric function.

gs, gs invariants of Weierstrass elliptic funetions
p.,,, p... joining factors for Mathieu functions
g(x, p, p) blvariate normal probability (unction
01(s) related Airy function
Gage p) Coulomb wave function (irregular or loga-

rithmic) 538
6.(p, q, a) Jacobi polynomial "774
gd(s) Gudermannian 77

(s) ephericallieseel function of the..third kind. __437
hay A haversine 78
il,(s) Struve's function 496
Hi(s) related Airy function 448
Ile.(s) Hermits polynomial 775
H; 6(s) . Bessel (unction of the third kind (11ankel) 868
lik.(0)1 His (probability) function 300,091
11.(x) Hermit. polynomial' 775
m(nis, x) confluent bypergeometric function. - 896
,/,(s) modified Bessel function' 374
4177-r s/.4)4(1) modified spherical Basel function

of the first kind 443
1475/- st(s) modified. spherical Bomb function

of the second kind
, p) incomplete gamma function (Penton's
forid)

1 b) incomplete bets function
imaginary part of s(t=y)

e o a repeated integral of the error function...
/(s) spherical Bessel function of the first kind...."
i,(s) Anger's function 498
J,(') Bessel function of the first kind 358
is modulus of Jacoblau elliptic funictions 890
le complementary modulus 590
Ms) Bateinan's function . 510

568
829
740
938
448

443

282
283.

16

009,
437
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.Ki(s) repeated integrals of K0(11) 483

Ifit/s K ;4(s) modified spherical Bessel func-
tion of the third kind 443

K,(a) modified fiessel function 374

K(m) corniOete elliptic integral of the first kind: 590
ker.?. kei,r/ Kelvin functions_ 379 i
1i(z) logarithmic integral ; 228

NOTATIONS

q(n) number of partitions into distinct integer
summands

0(s) associated Legendre function of the second
kind

Q(x) Legendre function of the second kind
Ms real part of s(=x)

F) radial spheroidal wave function.

1045

Pegs

332
334

16
753

lim limit_ 13 SO4 Stirling number of the first kind 824

logior common (Briggs) logarithm 68 /boll) Stilling number of the second kind 824

logo logarithm of a to base n 67 **As, q) Mathieu function 725

In a ( logos) natural, Naperian or hyperbolic sn Jacobian elliptic function. 569

logarithm 68 S(a) Fresnel integral 300

21F( 0174(8) Laplace transform. 1020 S,(s), 82(s) Fresnel integrals 300

L(6, k, p) cumulative hivariate normal proba- Sega, q) modified Mathieu function 733

bility function 936 S(x, a) generalized Fresnel integral 262

Li,(x) Laguerre polynomial 775 Shi(s) hyperbolic sine integral 231

14,,1a)(x) generalised Laguerre polynomial. 775 Si(s) sine integral 231

1.,(s) modified Struve function. 498 Ss(x) .Chebyshev polynomial of the first kind-- 774

mean. 928 8111W hyperbolic sine integral. 231

ni parameter (elliptic functions) 569 Sig(c, a) angular spheroidal wave function 753

;no. rOmplementary parameter. 589 ells) sine integral 232

M(a, 6, a) Karnnwr's confluent hypergeometric sin s, cos a, tan a circular functions. 71

function 504 cot a, sec a, CNC .$ 72

Itteco(e; q) modified Mathieu function 733 ninh a, cosh a, teinh a hyperbolic functions 83

Ms,(1)(s, q) modified Mathieu function 733 coth r, sech a, csch a.. 83

211,,,(z) Whittaker function,. 505 T(m, n, r) Toronto function 509

a characteristic of the elliptic integral of the third
kind_ . . 590

T(x) Chebyshev polynomial of the first
T:(x) shifted Chebyshev polynomial of the first

774

0(as) us, us is of the order of tes (uslies is bounded). 15
us

o(vs) us, lim 259
a+. "

kind
U(a,b,,$) Kummer's confluent hypergeonietrio

. function

774

504

O ( s) Neuttionsteei polynoMial 363

p(n) number of partitions.. 825
tr.(x) Chebyshev polynomial of the second kind.
U;(z) shifted; Chebyshev polynomial of the second

-770

cp(a) Weierstrass elliptic function 629 kind 774

ph a Phase of the complex number s ....... 16 11(a, i) Weber parabolic cylinder function 687

Nair) incomplete gamma function . . _ 260 vern A, versine A 78

P(allr) probability of the x'-- distribution. _ .... 262, 940 V(a, a) Weber parabolic cylinder function 687

P"(8) associated legendre function of the first to(s) error function 297

kind 332 W(a,x) Weixer parabolic cylinder function 892

P(x) normal probability function. 931 Mugs) Whittaker function 505

P.(t) 'Legendry function (spherical polynomials) .333. 774 W11(z), g(z) I (=fiz)uqz)-r(z)tgx)) Wronskian re-
shifted I.egendre polynomial. 774 lation 505

t's40)(x) Jacobi polynomial. 774 fro, xi, , xo) divided difference 877

PriX <xl probability of the event X 927 y4(1) spherical Bessel function of the second kind.. 437

q mime 591 r(s) Bessel function of the second kind 358

Q(x) 1 I'(.) normal probability funition (tail 11%0 surface harmonic of the first kind 332

area) 931 2(x) normal probability 'density function 931

IP.

ar.

1075
ti
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a modular angle (elliptic function')
,./ .418a(t).

A.(z; L. tole-8W_

n(n) Ea ( ....1) ( 2 k 1)

11,(a, b) incomplete beta function
Ms, w) beta function

Eiihir's emistteit
v(eo, .r) incomplete gamma function Inormalised) _

coefficient of skewness
art

-re
IA4-3

coefficient of 4.11CPMS .
cr

NZ) gamma function. . . . _ _

No, incomplete gamma function _

6., Kronecker delta ( =0 if folk; -,=1 if E.-. k).
.1.) central difference

a difference operator . _ - -

discriminant of Weierstrass' canonical toren__
A(1,0 forward difference. _ _ _

it absolute error .

Vs) Itieniatin zeta function i
fief Weierstrass zeta funetion
X( mien I Jacobi's zeta finictio ei

Page
590

228

228

887

263
258
255
260

928

928

255
260
822
877
822
629
877

14
807
629
578

0
of Oil =X (--1)*--ik-,........:____ . ...... ......... 807

..1
ni 1'(04) W'eierstrasti elliptic function ... . 631
II( ui, 11,(11 ) Jacobin fyia function .. ... .. 577
01(z) theta function , . _....... ______ .... 576
elte( \a),Itd(Aal, Nville's notation _ .... 578

for
efsbi \ abd*(\ al theta functions

1(ulnt) Jambi's theta function.f_
xi, nth cumulant.
4 joining fictor for spheroidal wave functions._

a
X(n).r(2k1)-6_ 807

17.5

X. characteristic value of the spheroidal wave
equation 753

A0(91\a) Ifeutnan'a lambda function.. 596
offs) wan difference 877
p(a) Mobius function 826
po nth central moment 928
p's nth moment about the origin 928
it(x) number of primes 5x 231
zo(x) = (zxo) (x x 878
11(a;40\a) elliptic integral of the third kind. 590
II (a) factorial function 255
p correlation coefficient 936
p.(zo,xl, . . .,x.) reciprocal difference.. 878

z) Poisson-Charlier function 509
standard deviation 298

el variance. _ _ _ 928
re(g) Wek'rstrass sigma function 629
0 an) divisor function..

tetrachtwic function
u, amplitude 569

o(n) Eider-Totlent function.. 828
$0(0= E(ses2) characteris'-ic function of X 928
(a; b; z) confluent hypergeometric function..... 504
Ip(s) logarithmic derivative of the gamma

function 258
°(a; c; s) confluent hypergeometric function 504
4u., period of Weierstrass elliptic functions 629
0.0(x) Cunningham function 510

Paso
577 .-
928
767

.

Miscelbineous Notations
Page

14, 19
lad volume) matrix. _ 19
v^ Laplacian operator 752
..%; forward difYrretw operator 877
(.)

partial derivative?. 883or
r V 1) 70
(I') binomial coefficient 10
a! factorial function 255
(2s10 2.4.0 . . (2n) -Vat 258

greatest common divisor. 822
WOk EfFi 77, k)7 (Hankers symbol). _ 437

In ar,Ls . . multinomial coefficient.. _ 823
197Rcst integer 66

1076

,,,,p1

1046

Page
<x> nearest integer to x 222

11 complex c ugate of a (x---,iy) 16
s.x+ iy eon kx number (Catilesian form) 16
=re* (po form) 16

psi absolute value or modulus of a 18
Z overall summation . - 822
Z' restricted summation 755
Z 11 sum or product taken over all prime nUmbi:rsp_ 807

Z II sum or product overall positive divisors d of a 828di. di.

r Cauchy's principal value of the integral_._. 228f
r5 approximately equal 14
" asymptotically equal 18
<, >, < > inequality, inclusion 10
tod unequal 12


